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Abstract

Models of HIV-1 infection that include intracellular delays are more accurate representations of the
biology and change the estimated values of kinetic parameters when compared to models without delays.
We develop and analyze a set of models that include intracellular delays, combination antiretroviral
therapy, and the dynamics of both infected and uninfected T cells. We show that when the drug efficacy is
less than perfect the estimated value of the loss rate of productively infected T cells, d, is increased when
data is fit with delay models compared to the values estimated with a non-delay model. We provide a
mathematical justification for this increased value of d. We also provide some general results on the stability
of non-linear delay differential equation infection models. � 2002 Elsevier Science Inc. All rights reserved.
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1. Introduction

Mathematical modeling has proven to be valuable in understanding the dynamics of HIV-1
infection. By direct application of models to data obtained from experiments in which antiret-
roviral drugs were given to perturb the dynamical state of infection in HIV-1 infected patients,
minimal estimates of the death rate of productively infected cells, the rate of viral clearance and
the viral production rate have been obtained [1–4]. While these results established the usefulness
of mathematical techniques in HIV-1 research, the estimates were minimal estimates due to
simplifying assumptions implicit in the models. First, the models assumed that infection could
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occur instantaneously once a virus contacted a cell susceptible to infection, a ‘target cell’. Second,
the drugs being used were assumed to be 100% effective, and third, the number of target cells was
assumed to remain constant during therapy.
Here we review work that relaxes these three assumptions as well as providing new results on

models that include delays. To account for the time between viral entry into a target cell and the
production of new virus particles, models that include delays have been introduced [5–10]. The
first model that included this type of ‘intracellular’ delay was developed by Herz et al. [5] and
assumed that cells became productively infected s time units after initial infection. Thus, the
model incorporated a fixed, discrete, delay. While their model was non-linear in that it incor-
porated a bilinear term for the rate of target cell infection by free virus, the authors assumed
therapy was 100% effective and thus set this non-linear term to zero when analyzing drug per-
turbation experiments, reducing the problem to a linear one. They reported that including a delay
changed the estimated value of the viral clearance rate, c, but did not change the productively
infected T cell loss rate, d. Mittler et al. [8] examined a related model but assumed that the in-
tracellular delay, rather than being discrete, was continuous and varied according to a gamma
distribution. Fitting the model to experimental data, they obtained new estimates for the viral
clearance rate constant, c [11]. As did Herz et al., they assumed the drug to be completely effective
and observed no change in the estimated value for d.
Grossman et al. [7] developed a related non-linear delay model, in which the assumption that a

productively infected cell died by a first order process, was replaced by introducing a delay in the
cell death process. Because Grossman et al. [7] assumed that the delay was given by a gamma
function, i.e., the cell moving through a set of n-stages, with death and production of virus only
occurring at the last stage, the model also incorporated the feature that production of virus was
delayed from the time of initial infection. However, the model also assumed that the rate of loss of
the end stage cell that was producing virus, what we have called d, was identical to the rate of
progression through the stages leading up to death. In the delay models that we analyze below, the
death rate d and the delay parameters are chosen independently. As in the models to be presented
below, Grossman et al. allowed a less than perfect drug, and emphasized the effects of drug ef-
ficacy on viral dynamics. However, as discussed in Appendix A, their model concluded that the
rate of viral decay after the start of therapy could be arbitrarily large and that the slope of the
decay curve could not be interpreted as the death rate of productively infected cells. Our work
shows it is possible to interpret the slope of the decay curve by the death rate of productively
infected T cells. In fact, a mathematically rigorous analysis of the Grossman model, shows that
their model also leads to the conclusion that the slope of the viral decay curve is d.
Recently, we showed using amodel with a discrete infection delay and constant target cell density

that if the assumption of completely effective drug was relaxed then the estimated values of both c
and d were affected by the delay when the model was fit to experimental data [12].
In this paper, we extend the development of delay models of HIV-1 infection and treatment to

the general case of combination antiviral therapy that is less than completely efficacious. We
present results about the changes in the concentration of productively infected T cells as well as
viral load. Also, we analyze models in which uninfected T cells are either held constant or allowed
to vary, with the latter models being non-linear. We conclude by presenting a general result on the
stability of a set of delay differential equations that may have applicability to a broad range of
infectious disease models.
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2. Background

The dynamics of HIV-1 decay observed in patients after potent antiretroviral therapy is ini-
tiated have distinct phases. For patients whose viral load is stationary before initiation of therapy,
there is a period that lasts anywhere from 6 h to a few days after initiation of therapy where little
change is noticed in the virus concentration [3]. During this period the viral decay curve is said to
have a ‘shoulder’. The delay or shoulder is believed to be due to a number of processes. First, a
pharmacological delay, i.e., a delay associated with the transport and intracellular processing of
drug. Second, if protease inhibitors are given, infected cells continue to produce virus, but the
virus is non-infectious. Thus, the virus concentration does not fall until there is a decrease in the
number of virus producing cells. Third, if a reverse transcriptase inhibitor is given, cells that have
already had the virus enter and its RNA reverse transcribed, will continue to go through the set of
intracellular events that slowly lead to virus production [3,5,8].
After the shoulder, the viral decline is at first very rapid (first phase) and then one to two weeks

after therapy initiation the rate of decline slows (second phase) [4]. Perelson et al. [3] showed that
the rate of plasma virus decline during the first, rapid, phase could provide an estimate for d, the
decay rate of productively infected T cells. However, the effectiveness of the drug [12–15] and the
intracellular delay [8,10,12] were also shown to contribute to the rate of plasma virus decline and
hence affect the estimate of d.

3. Models

Models used to study HIV-1 infection have involved the concentrations of uninfected target
cells, T, infected cells that are producing virus, T �, and virus, V. After protease inhibitors are
given, virus is classified as either infectious, VI, i.e., not influenced by the protease inhibitor, or as
non-infectious, VNI, due to the action of the protease inhibitor which prevents virion maturation
into infectious particles.

3.1. The standard model

The general class of models that have been studied [3,16–20] have a form similar to

dT
dt

¼ s� dT T � kVT ;

dT �

dt
¼ kTV � dT �;

dV
dt

¼ NdT � � cV ;

ð1Þ

where s is the rate at which new target cells are generated, dT is their specific death rate and k is the
rate constant characterizing their infection. Once cells are infected we assume that they die at rate
d either due to the action of the virus or the immune system, and produce N new virus particles
during their life, which on average has length 1=d. Thus, on average, virus is produced at rate Nd.
Alternatively, one can view virus as produced in a burst of N particles when infected cells die; thus
producing virus at rate Nd. Lastly, virus particles are cleared from the system at rate c per virion.
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Other versions of this model have been introduced in which target cells proliferate logistically, or
in which virus also disappears by infecting cells [16,21]. Other variations can also be considered in
which virus spreads by cell-to-cell infection, in which infected cells can proliferate, or in which an
explicit immune response is followed, but here we will focus on this basic model and use it to study
the effects of taking into consideration the delay between the time a cell is infected and the time it
starts producing virus.
Models of this simple form have been adequate to summarize the effects of drug therapy on the

virus concentration. For example, Perelson et al. [3] used this model to analyze the response to a
protease inhibitor. They assumed that the target cell density remained unchanged during the
observation period, thus reducing the model to

dT �

dt
¼ kT0VI � dT �;

dVI
dt

¼ ð1� npÞNdT � � cVI;

dVNI
dt

¼ npNdT � � cVNI;

ð2Þ

where T0 is the constant level of target cells and np is the efficacy of the protease inhibitor scaled
such that np ¼ 1 corresponds to a completely effective drug that results only in the production of
non-infectious virions, VNI. (If a reverse transcriptase inhibitor were also to be used then k would
be replaced by ð1� nrtÞk in the model, where nrt is the effectiveness of the reverse transcriptase
inhibitor in preventing new infections.)

3.2. Delay model

We generalize the standard model by allowing a delay, s, from the time of initial infection until
the production of new virions. Here we call a productively infected cell, T �, a cell that is producing
virus and thus it is only s time units after initial infection that such cells appear. For the general
case in which the value of s varies according to a probability distribution f ðsÞ, we have

dT �

dt
¼ ð1� nrtÞkT0

Z 1

0

f ðsÞVIðt � sÞe�ms ds � dT �;

dVI
dt

¼ ð1� npÞNdT � � cVI;

dVNI
dt

¼ npNdT � � cVNI:

ð3Þ

The term e�ms accounts for cells that are infected at time t but that die before becoming pro-
ductively infected s time units later. In Mittler et al. [8] f ðsÞ, the delay distribution, was chosen as
a gamma distribution (or more precisely an Erlang distribution) and defined by

f ðsÞ ¼ gn;bðsÞ �
sn�1

ðn� 1Þ!bn e
�s=b; ð4Þ

where the parameters n and b define the mean delay, �ss ¼ nb, the variance, nb2, and the peak,
ðn� 1Þb, of the distribution [22]. In [8] as well as here n is assumed to be a positive integer, nP 1.
If we substitute b ¼ �ss=n into (4) we get
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gn;�ssðsÞ ¼
nnsn�1

ðn� 1Þ!�ssn e
�ns=�ss; ð5Þ

with variance �ss2=n. Thus, the mean delay provides a way to set the location of the delay and n
provides a way to set the width of the distribution, once the mean is specified. This gamma
distribution can reproduce a variety of biological delay distributions and is amenable enough to
allow for analytical solutions [8,23]. When n ¼ 1, the distribution reduces to an exponential
distribution, and in the limit n ! 1, the distribution function approaches a delta function,
dðt � �ssÞ, a case studied in Nelson et al. [10].

3.3. Combination therapy and delay

Data from a variety of studies suggests that chronically infected HIV-1 patients maintain a rel-
atively constant level of virus in their blood [3]. In order to be compatible with this observation, we
assume for t6 0 that the levels of virus and productively infected cells are in quasi-steady state, i.e.

dT �

dt
¼ d

dt
ðVI þ VNIÞ ¼ 0:

Further, before therapy is initiated we assume, VNI ¼ 0, and thus as initial conditions we chose
T �ð�1; 0
 ¼ T �

0 , VIð�1; 0
 ¼ V0 and VNIð�1; 0
 ¼ 0.
At time t ¼ 0þ, we assume the system is perturbed by the initiation of drug therapy. Before

therapy is initiated there is no drug in the system and thus nrt ¼ np ¼ 0. For convenience, we let
t ¼ 0 be the time drug actually enters cells, and hence we assume that any pharmacological delays
are accounted for by redefining t ¼ 0. We assume that the RT and protease inhibitors act at the
same time and hence for t > 0, nrt > 0 and/or np > 0. Thus, in this simple model we do not ac-
count for the time needed to activate a pro-drug, like AZT, which must be phosphorylated in-
tracellularly before becoming active. Protease inhibitors and non-nucleotide reverse transcriptase
inhibitors do not need to be activated and hence can act immediately.

3.4. Analysis

The linear system (3) has an equilibrium at the origin. As in the case of non-delay models
[14,24], one can show that if the drug is effective enough the model predicts the virus will be
eliminated and that the origin is a stable steady state. When modifying an instantaneous model by
including a delay it is desirable to maintain the set of equilibria established for �ss ¼ 0. For the case
of a discrete delay, this property is always maintained but for the continuous case the delay kernel
must be normalized such that

R1
0

f ðsÞe�ms ds ¼ 1 in order for the equilibrium points of the in-
stantaneous model to remain equilibria of the delay model [23]. In (3), this property is not
maintained since

R1
0

f ðsÞds ¼ 1, and hence
R1
0

f ðsÞe�ms ds < 1 for m > 0. However, for the case of
a gamma function, f ðsÞ ¼ gn;bðsÞ, it is possible to re-scale the equations to get

dT �

dt
¼ ð1� nrtÞ�kkT0

Z 1

0

gn;b0 ðsÞVIðt � sÞds � dT �;

dVI
dt

¼ ð1� npÞNdT � � cVI; ð6Þ
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dVNI
dt

¼ npNdT � � cVNI;

where �kk ¼ ðk=ð1þ mbÞnÞ, b0 ¼ ðb=1þ mbÞ and
R1
0

gn;b0 ðsÞds ¼ 1. In this form, the equilibrium of
(6) is a linear combination of the equilibrium of (3). We will use this rescaled equation throughout
the remainder of the paper. The characteristic equation for (6) is

ðk þ cÞðk2 þ ðd þ cÞk þ dc� ð1� gcÞNd�kkT0F ðkÞÞ ¼ 0; ð7Þ

where gc ¼ 1� ð1� npÞð1� nrtÞ is the efficacy of combination therapy and F ðkÞ, the Laplace
transform of the delay kernel, is defined as

F ðkÞ �
Z 1

0

gn;b0 ðsÞe�ks ds ¼ ð1þ b0kÞ�n; ð8Þ

with b0 ¼ ð�ss0=nÞ,

F ðk; �ssÞ ¼ 1

 
þ k

�ss
n

!�n

; ð9Þ

where for notational simplicity we have replaced �ss0 by �ss. Note that in the limit as n ! 1,
F ðk; �ssÞ ¼ e�k�ss, thus recovering the characteristic Eq. (7) for the discrete delay, whereas when
�ss ¼ 0, F ðk; �ssÞ ¼ 1, leading to the characteristic equation for the non-delay case. Knowing that one
of the eigenvalues of (7) is k ¼ �c, we rewrite the characteristic equation, focusing only on the
quadratic term,

Hðk; �ssÞ ¼ PðkÞ � KðkÞF ðk; �ssÞ ¼ 0; ð10Þ
where PðkÞ ¼ k2 þ ðd þ cÞk þ dc and KðkÞ ¼ ð1� gcÞNd�kkT0.
We previously showed that with no delay or with a discrete delay, where F ðkÞ ¼ e�ks, (7)

maintains all of its roots in the left half plane given c > ð1� gcÞNkT0 [10,24] and therefore under
this condition the origin is always stable. Now we consider the continuous delay case. Since the
characteristic equation is a continuous function of �ss, there is continuity in the eigenvalues for
�ssP 0. Hence given the eigenvalues were all negative in the non-delay case, introducing a delay can
cause a change in stability if and only if for some value of �ss > 0 there exists a purely imaginary
root of Hðk; �ssÞ ¼ 0, i.e., the eigenvalues must cross the imaginary axis if they are to become
positive.

Lemma 1. Let LðkÞ ¼ PðkÞ=KðkÞ and k ¼ l þ ix. If jLðixÞj > 1 and c > ð1� gcÞNkT0 then there
are no purely imaginary roots of Hðk; �ssÞ ¼ 0.

Proof. By contradiction F ðixÞ ¼
R1
0

gn;b0 ðsÞe�ixsds and jF ðixÞj6
R1
0

gn;b0 ðsÞje�ixsjds ¼R1
0

gn;b0 ðsÞds ¼ 1. Hence jF ðixÞj6 1. Now assume that Hðk; �ssÞ ¼ 0. Then PðixÞ � KðixÞF ðixÞ ¼ 0,
which implies jP ðixÞ=KðixÞj ¼ jF ðixÞj6 1, and hence jP ðixÞj � jKðixÞj6 0. Now take the
squares of the absolute values of PðixÞ and KðixÞ to get jPðixÞj2 ¼ x4 þ ðd2 þ c2Þx2 þ ðdcÞ2 and
jKðixÞj2 ¼ ðð1� gcÞNkT0dÞ

2
. Hence x4 þ ðd2 þ c2Þx2 þ ðdcÞ2 � ðð1� gcÞNkT0dÞ

2
6 0 but since c >

ð1� gcÞNkT0 > ð1� gcÞN�kkT0 as k > �kk, the equation can not be satisfied and there are no purely
imaginary roots of Hðk; �ssÞ ¼ 0.
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4. A delay model with time varying target cells

During antiretroviral therapy the number of CD4þ T cells in a patient typically increases with
time. The increase in CD4þ T cells should lead to an increase in target cells, and thus, depending
on the efficacy of therapy, potentially allow the virus to regrow. To explore these issues, we ex-
amined the following model in which target cells are generated from a source at rate s and die at
per cell rate dT :

dT
dt

¼ s� dT T � ð1� nrtÞkVIT ;

dT �

dt
¼ �kkð1� nrtÞ

Z 1

0

gn;b0 ðsÞT ðt � sÞVIðt � sÞds � dT �;

dVI
dt

¼ ð1� npÞNdT � � cVI;

dVNI
dt

¼ npNdT � � cVNI;

ð11Þ

where T ðtÞ 2 Rþ and the remaining variables and parameters are the same as in (6). Previous
analysis has shown that the early viral dynamics, observed after the initiation of drug therapy, are
not drastically changed by including a proliferation term in the uninfected target cell equation and
thus this generalization will not be studied here [24,25].

4.1. Steady state analysis

The system (11) has two non-negative steady states, the first, called the viral free steady state, is
ðT̂T ; T̂T �; V̂VI; V̂VNIÞ ¼ ðs=dT ; 0; 0; 0Þ and the second, termed the infected steady state, is

ðT ; T �
; V I; V NIÞ ¼

c
ð1� gcÞN�kk

;
s�kk
dk

 
� dT c
ð1� gcÞNdk

;
sN�kkð1� npÞ

ck
� dT
ð1� nrtÞk

;
npNdT̂T �

c

!

ð12Þ
where gc ¼ 1� ð1� nrtÞð1� npÞ.

Lemma 2. The infected steady state, exists if and only if

gc < 1�
dT c
sN�kk

� gcritical: ð13Þ

If gc > gcritical the only steady state is the viral free steady state, which implies that the drug treatment
is sufficient to eliminate the virus. If gc < gcritical then there is a second positive steady state which
may be stable or unstable.

Proof. From the condition for the infected steady state (12) we have

V I ¼
sN�kkð1� npÞ

ck
� dT
ð1� nrtÞk
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which is positive, or exists, if and only if

sN�kkð1� gcÞ
c

> dT

or

gc < 1�
dT c
sN�kk

:

The parameters, s and dT , which define the steady state level of uninfected T cells also directly
impact the steady state levels of T � and VI. If s is increased then the steady state concentrations of
T � and VI will increase, hence s is an ‘activator’. Also, if dT is increased then both T � and VI are
decreased, hence dT is an ‘inhibitor’. Hence the steady states are directly impacted by the level of
uninfected T cells present in the patient (see Fig. 1).

4.1.1. Viral free steady state
We linearize about each steady state of (11) to determine the model’s local behavior. For the

viral free steady state the linearized equations are

Fig. 1. Numerical solutions of (11), with s ¼ 10 days�1, dT ¼ 0:03 days�1, c ¼ NkT0, T0 ¼ 180 cells/ll, and d ¼ 0:32
days�1 (see [12]). For these parameter values, gcritical ¼ 0:952. The plots show the predicted behavior for T and

V ¼ VI þ VNI assuming drug effectiveness to be below gcritical (top plots) or above gcritical (bottom plots). When drug

therapy is below the critical efficacy the viral load exhibits damped oscillatory behavior (top plot). When the therapy is

above the critical efficacy, the virus decays and a sustained increase in T cells occurs.
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dT
dt

¼ �dT T � ð1� nrtÞks
dT

VI;

dT �

dt
¼ ð1� nrtÞ

�kks
dT

Z 1

0

gn;b0 ðsÞVIðt � sÞds � dT �;

dVI
dt

¼ ð1� npÞNdT � � cVI;

dVNI
dt

¼ npNdT � � cVNI:

ð14Þ

The characteristic polynomial for (14) is determined by solving

det

�dT � k 0 � ð1�nrtÞks
dT

0

0 �d � k ð1� nrtÞ �kks
dT
F ðk; �ssÞ 0

0 ð1� npÞNd �c� k 0
0 npNd 0 �c� k

0
BBB@

1
CCCA ¼ 0

or

ðk þ dT Þðk þ cÞ k2
"

þ ðd þ cÞk þ dc� ð1� gcÞNd
�kks
dT

F ðk; �ssÞ
#
¼ 0: ð15Þ

Two of the characteristic roots are k1 ¼ �dT and k2 ¼ �c. The remaining two roots are found by
solving k2 þ ðd þ cÞk þ dc� ð1� gcÞNdð�kks=dT ÞF ðk; �ssÞ ¼ 0, which is equivalent to (10) with T0 ¼
s=dT . Hence the conditions for stability of the viral free steady state is given by Lemma 1.

4.1.2. Infected steady state
The analysis in the previous section provides a condition on the effectiveness of the drug

treatment for which the model predicts that the virus will be eliminated. Thus the model assumes a
knowledge of the effectiveness of the drug treatment, which in clinical experiments is usually
unknown. However, we can explore different levels of drug effectiveness and the implications on
the outcome of the disease by linearizing (11) about the infected steady state, yielding

dT
dt

¼ �ðdT þ ð1� nrtÞkV IÞT � ð1� nrtÞkTVI; ð16Þ

dT �

dt
¼ ð1� nrtÞ�kkV I

Z 1

0

gn;b0 ðsÞT ðt � sÞds þ ð1� nrtÞ�kkT
Z 1

0

gn;b0 ðsÞVIðt � sÞds � dT �; ð17Þ

dVI
dt

¼ ð1� npÞNdT � � cVI: ð18Þ

For simplicity we ignore the equation for non-infectious virus, VNI, since it is easily solved once we
know T � and as shown above it simply adds one eigenvalue equal to �c.
To analyze the stability of the infected steady state we introduce the Jacobian

J ¼
�q 0 � ck

ð1�npÞN�kk

wF ðk; �ssÞ �d cF ðk;�ssÞ
Nð1�npÞ

0 ð1� npÞNd �c;

0
B@

1
CA
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where

q ¼ sN�kkð1� gcÞ
c

and w ¼ sN�kk2ð1� gcÞ
ck

� dT�kk
k

:

The characteristic equation

k3 þ ðd þ cþ qÞk2 þ ðdcþ ðd þ cÞq � dcF ðk; �ssÞÞk þ dcq � dcðq � w0ÞF ðk; �ssÞ ¼ 0; ð19Þ
where w0 ¼ wk=�kk.

Lemma 3. If the infected steady state exists, then in absence of a delay, i.e., �ss ¼ 0, the infected
steady state will be stable.

Proof. With no delay, F ðk; �ssÞ ¼ 1, the characteristic equation for the infected steady state is
k3 þ Ak2 þ qðd þ cÞk þ dcw0 ¼ 0; ð20Þ

where A ¼ d þ cþ q. The Routh–Hurwitz conditions for stability of a cubic polynomial provide a
sufficient condition for (20) to have all of its eigenvalues negative, i.e., Rek < 0.
The conditions are [26]

A > 0;

dcw0 > 0;

Aqðd þ cÞ � dcw0 > 0:

ð21Þ

Let X be the parameter space defined by (21). First, substitute q into A to get

A ¼ d þ cþ sN�kkð1� gcÞ
c

> 0:

Hence by inspection we can see that the first condition is always satisfied.
The second condition requires that dcw0 > 0, but applying Lemma 2 we know that w > 0 and

therefore w0 > 0, hence this condition is also satisfied.
Finally, consider Aðd þ cÞq � dcw0 > 0, which we can write as

sN�kkð1� gcÞ
c

Aðd
"

þ cÞ � dc
�kk
k

#
þ ddT c�kk

k
> 0: ð22Þ

Looking at the term inside the brackets, we get Aðd þ cÞ � dcð�kk=kÞ, which simplifies to d2 þ c2þ
dcð2� ð�kk=kÞÞ þ qðd þ cÞ and since we know that k > �kk then 2� ð�kk=kÞ > 0. Hence all the terms are
positive and the condition is satisfied. Therefore the proof is complete. �

Now we further explore the effect of the delay on stability and determine if there are positive
values for the delay, i.e., s > 0, which will cause the infected steady state to become unstable.

4.2. A more general result on stability

The model we consider (11) is of a standard form used in many biological models. For instance,
it is consistent with SIR type models that assume a bilinear kinetic term for infection, and it is the
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appropriate generalization of the standard models for HIV, hepatitis B virus and hepatitis C virus
infection that would include delays [27–29]. By focusing the analysis on the system (11), written in
the form,

dT
dt

¼ s� dT T � ð1� nrtÞkVT ;

dT �

dt
¼ ð1� nrtÞ�kk

Z 1

0

f1ðsÞT ðt � sÞV ðt � sÞds � dT �;

dV
dt

¼ ð1� npÞNd
Z 1

0

f2ðsÞT �ðt � sÞds � cV ;

ð23Þ

where the f1ðsÞ term has incorporated the death term e�ms, we can make some general comments
about the stability of a class of models. We combine these results into the following theorem.

Theorem 1. Introduction of a single discrete delay into (23), i.e., f1ðsÞ or f2ðsÞ but not both is a delay
term, will not effect the stability of the equilibrium determined in the non-delay case, i.e., s ¼ 0, given
the delay is small, i.e., s < 1, or that the delay is large, i.e., s � 1.

Proof. Let either f1ðsÞ or f2ðsÞ represent a delay function and set the other to be instantaneous,
i.e., s ¼ 0. The system (23) will exhibit two equilibria, viral free and infected as seen in Section 4.1.

Case 1: The condition for the viral free steady state to be stable was shown by Lemma 1, when
the delay was in the second equation of (23), or f1ðsÞ ¼ dðs � �ssÞ and f2ðsÞ ¼ dðs � 0Þ.

Case 2: For the case when a discrete delay is incorporated into the third equation of (23), i.e.,R1
0

f2ðsÞT �ðt � sÞds ¼ T �ðt � sÞ, we get the characteristic equation:

ðk þ dT Þðk2 þ ðd þ cÞk þ dc� ð1� gcÞ
Nd�kks
dT

F ðk; sÞÞ ¼ 0 ð24Þ

which has the same quadratic term as (7) with T0 ¼ s=dT . Hence Lemma 1 applies to this case as
well.

Case 3: Now consider the stability of the infected steady state by setting
R1
0

f1ðsÞT ðt � sÞV ðt�
sÞds ¼ T ðt � sÞV ðt � sÞ and

R1
0

f2ðsÞT �ðt � sÞds ¼ T �ðtÞ to get the following transcendental
equation,

k3 þ Ak2 þ ðB� dce�ksÞk þ dcq � dcðq � w0Þe�ks ¼ 0; ð25Þ

where A ¼ d þ cþ q and B ¼ dcþ ðd þ cÞq.
Case 4: If we set

R1
0

f1ðsÞT ðt � sÞV ðt � sÞds ¼ T ðtÞV ðtÞ and
R1
0

f2ðsÞT �ðt � sÞds ¼ T �ðt � sÞ we
obtain the same characteristic equation as (25) (see [9]). Hence analyzing (25) is sufficient to
complete the proof. �

We will follow similar lines as seen in Murray [26], Nelson [30], and Tam [9]. We have shown in
Lemma 3, the conditions, X, on which the infected steady state was stable given s ¼ 0. Now
consider s > 0. We will show that for s > 0, the stability of the infected steady state does not
change, given X, and hence Re k < 0, for all s P 0. Let
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x � k3 þ Ak2 þ ðB� dce�ksÞk þ dcq � dcðq � w0Þe�ks: ð26Þ
Notice the delay introduces the exponential terms which does not allow for the simplifications we
obtained for s ¼ 0. Let k ¼ l þ im and substitute into (26) to get

½l3 � 3lm2 þ Aðl2 � m2Þ þ Bl � dce�lsðl cosðmsÞ þ m sinðmsÞÞ þ dcq � dcðq � w0Þe�ls cosðmsÞ

þ i½�m3 þ 3l2m þ 2Alm þ Bm � dce�lsðm cosðmsÞ � l sinðmsÞÞ þ dcðq � w0Þe�ls sinðmsÞ
:

ð27Þ

Due to the continuity of the eigenvalues and Rouche’s Theorem [31] it is sufficient to show that
given s > 0 if (27) does not have a solution which passes through the origin, i.e., crosses the
imaginary axis, then we maintain stability. In other words, defining the parameters by X, which is
necessary for l < 0 when s ¼ 0, so long as (27) does not vanish for l ¼ 0 stability is maintained
for all s > 0. Set l ¼ 0 in (27) to get

x � ½�Am2 � dcm sinðmsÞ þ dcq � dcðq � w0Þ cosðmsÞ

þ i½�m3 þ Bm � dcm cosðmsÞ þ dcðq � w0Þ sinðmsÞ
 ¼ 0: ð28Þ

We must show that there is no solution for (28) for any parameters contained in X. Hence we need
to study

� Am2 � dcm sinðmsÞ þ dcq � dcðq � w0Þ cosðmsÞ ¼ 0;
� m3 þ Bm � dcm cosðmsÞ þ dcðq � w0Þ sinðmsÞ ¼ 0;

ð29Þ

which can be re-written as

cotðmsÞ ¼ Am2 þ dcm sinðmsÞ � dcm
mðB� dc cos ms � m2Þ � F ðm; sÞ: ð30Þ

There is no exact solution available for (30) due to the implicit nature of the equation. However, it
is possible to obtain asymptotic behavior of the equation considering small and large values of the
delay. This is sufficient for proving the result due to the continuity of the eigenvalues. We have re-
written the set of equations (29) into one Eq. (30). Due to the Implicit Function Theorem, it can be
shown that assuming a solution exists, mðsÞ, which satisfies (30) then this solution must also satisfy
one of the two equations in (29); hence we will define

G � �m3 þ Bm � dcm cosðmsÞ þ dcðq � w0Þ sinðmsÞ ¼ 0:
First note that m ¼ 0 is not a possible solution since this would violate the conditions in (21).
We can confine mðsÞ 2 X2 such that X2 is defined by 0 < mðsÞ < ðp=sÞ, due to the asymptotic

behavior of the cotangent function and 0 < mðsÞ <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dcþ ðcþ dÞq � dc cos ms

p
, due to the as-

ymptotic behavior of F ðm; sÞ. Using the fact that �16 cos ms6 1, we can show that F ðm; sÞ is
defined for 0 < mðsÞ <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd þ cÞq

p
. Now assuming a solution, mðsÞ > 0 exists we can substitute this

into G to get

dcðq � w0Þ ¼ mðsÞ½m2ðsÞ � Bþ dc cosðmðsÞsÞ

sinðmðsÞsÞ : ð31Þ
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Let mðsÞ be a solution of (30), satisfying X2, and consider the case 0 < s � 1. This reduces (30) to

mðsÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcþ dÞq

p
� Aqðd þ cÞ � dcw0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dcþ ðcþ dÞq � dcv

p s þ 0ðs2Þ; ð32Þ

where v 2 ½�1; 1
. Substituting (32) into (31) gives

GðsÞ � s½Aqðd þ cÞ � dcw0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðcþ dÞq

p
þ 0ðs2Þ ð33Þ

which due to the conditions in (21) implies GðsÞ > 0. Since the function G is always positive, there
is no mðsÞ which satisfies (30). Hence for 0 < s � 1 there is no change in stability. Now consider
the case s � 1, and in similar fashion as above we get

GðsÞ � p
s

qðd
"

þ cÞ 1

 
� w0

q

!#
þ 0 1

s2

� �
: ð34Þ

One can immediately see that G > 0 for all s � 1 if q > w0, which implies that

sN�kkð1� gcÞ
c

� sN�kk2ð1� gcÞ
ck

þ dT
�kk
k
> 0:

After simplifying this becomes

sN�kkð1� gcÞ
c

1

"
�
�kk
k

#
þ dT

�kk
k
> 0

and since k > �kk the bracketed term is always positive. Therefore, there is no mðsÞ which satisfies
(30) and one of (29). Hence the introduction of a delay does not lead to a change in stability.
If we consider a gamma distribution instead of the discrete delay, it has been commented on by

MacDonald [23] that the conditions for stability for any n should be the same as for the case
n ! 1. This is due to the fact that the gamma distribution is a reducible kernel. Hence Theorem 1
could be applied to the continuous delay case as well. Therefore introducing a time delay given by
a discrete delay or by a gamma distribution in a non-linear model with time varying target cells
does not cause instabilities. Hence the inclusion of a non-linear infection term does not provide
enough forcing to allow the delay to cause instabilities. Similar work has shown that adding to the
non-linearity by accounting for cell proliferation in a logistic manner does not change these results
[25]. Although there are no changes in stability, the non-linear model does have an impact on the
value for length of delay and the decay rate of productively infected T cells estimated from data.

5. Numerical results

In order to illustrate some of the effects of distributed delays, we numerically solve the system of
delay differential equations using Heun’s method assuming the system is initially in a quasi-steady
state, i.e., c ¼ NkT0, with VNIð0Þ ¼ 0, VIð0Þ ¼ V0, and T �ð0Þ ¼ ðcV0=NdÞ. Patient data was used to
set V0 and T0. We use step sizes of h ¼ 0:001 days for both the integration of the system and the
interpolation of the integral term. We also compare the solutions of (6) to data from two patients
described in Perelson et al. [3] in which HIV-infected patients with steady state viral loads were
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given protease inhibitor monotherapy. Because implicit in the delay model is the assumption that
the viral load remains unchanged for the period of the delay, rather than using the first measured
viral load as V0, we performed linear regression over the shoulder region to obtain an estimate for
V0. In addition, we assumed that there was a pharmacological delay of 2 h for these two patients
and thus choose t ¼ 0, the time at which drug takes effect, to correspond to the viral load mea-
sured at 2 h after the start of therapy and translated all subsequent data by 2 h. Details of this
procedure are given in [12]. The code then calculates the initial values for productively infected T
cells for each estimated value of d using T �ð0Þ ¼ ðcV0=NdÞ (see [12]).
To illustrate that the model provides an adequate description of the data, we fit the data of

patient 105, assuming either no delay (n ¼ 0) or a mean delay of 1 day. Fig. 2 illustrates the effect
of choosing different values of the parameter n in the gamma function. Parameters other than d
were held fixed and in particular a drug efficacy of 90% was assumed. Our fits showed that the

Fig. 2. Numerical solutions of (6) compared with data from patient 105 [3] for different values of n. n ¼ 0 corresponds
to the no delay case, i.e., �ss ¼ 0. For n ¼ 3 and n ¼ 1 we set the mean delay, �ss ¼ 1 day. We set N ¼ 480 virions/cell,
c ¼ 2:0 days�1, nrt ¼ 0, np ¼ 0:9 , T0 ¼ 11 cells/ll and V ð0Þ ¼ 1495000 virions/ml, and then using non-linear regression
found the best fit value for d, i.e., the value that minimizes SSR, the sum of squared residuals. The results suggest the
best fit to the data occurs with a discrete delay and that there is a noticeable change in the estimated value for d when
the delay is present. However, there is not much difference in the estimated values of d for values of nP 3.
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estimated value for d increased when the model includes a delay and that the best fit was obtained
for delays that were approaching a delta function, i.e., large values of n, such as nP 300. With
patient 105, illustrated in Fig. 2, we found d ¼ 0:55 days�1 for no delay and d ¼ 0:74 days�1 with a
delay, and that the best fit was obtained for n very large, i.e., n ¼ 1. In other words, for this
patient the lifespan of infected T cells in the productive state was estimated to decrease from 30 to
22 h when the model included an intracellular delay.
Examining the numerical solutions, we also observed that the length of the shoulder region

appears to be the same when using either the discrete delay or the continuous delay but after this
initial period differences in the solution occur depending on the type of delay that is used. This is
illustrated for patient 102 in Fig. 3.
To explore the increase in the estimate of d that we observed in the delay models further,

consider the fixed delay version of (3). We then have

dT �

dt
¼ ð1� nrtÞkT0VIðt � sÞe�ms � dT �:

If an RT inhibitor is active for t > 0, then the system is perturbed due to the ‘turning on’ of nrt.
This immediately changes the effective infectivity rate from k to ð1� nrtÞk and hence T � starts to
decrease. If a protease inhibitor is used, as in Fig. 2, then k is not affected but for 06 t < s,

Fig. 3. Numerical solutions of (6) compared with data from patient 102. Parameters were �ss ¼ 0:50 days, d ¼ 0:32
days�1, nrt ¼ 0, np ¼ 0:85, and remaining parameters are given in the caption to Fig. 4. We show solutions of (6) for
three different values of n. The results are almost identical up to t ¼ 1 day but differences are noticeable during the
exponential like decline. Also note the two time points at t ¼ 0. The first time point is actually minus 2 h but for es-
timating purposes we included this as a second time point at zero hours.
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VIðt � sÞ remains at V0 and hence more infected cells are generated with the delay model then in
the non-delay model. To compensate for this, when comparing solutions to data, a higher value of
d is needed. In general, there are noticeable differences in T � and V ¼ VI þ VNI depending on what
dynamics is being turned on or off due to the drug therapy and the delay (see Table 1, Figs. 4 and
5). The combination of delay with multiple drug therapy affects the rate at which productively
infected cells are generated such that T �ðtÞ with no delay is less than or equal to T �ðtÞ with delay
(see Table 1). This is why the estimated values for d differ in models with and without delays.

5.1. Approximation to dominant eigenvalues

Our results show that the delay influences the best estimate of d. We can confirm this by using
asymptotic methods to find an analytical expression for the value of the largest or dominant root,
kd, gc ¼ 0:8 the error is R1 ¼ 0:0336, while for gc ¼ 0:9, R1 ¼ 0:0425. The approximation is exact
when gc ¼ 0.
Note, it is possible depending on how the expansion of the square root term in the solution of

the quadratic characteristic equation is carried out to obtain a different relationship for the error.
If we factor ðc� dÞ instead of cþ d out of the square root, we can obtain the relationship

R11 ¼
ðdcð1� gcÞÞ

2

ðd � cÞ3

�����
�����;

which shows the error goes to zero when the drug is completely effective. The difference between
R1 and R11 is solely based on how the approximation to (7) is carried out.
When the model includes a discrete delay [10],

kd �
�dgc

1þ ð1� gcÞds
: ð35Þ

This result is obtained by first expanding the exponential term in the characteristic equation (7),

F ðkÞ ¼ e�ks � 1� ks þ 1
2
ðksÞ2;

to second-order, with an error of Rt ¼ jðksÞ3
6
j. For biologically realistic parameters, say k 2

ð�0:7; 0Þ, and s 2 ð0:5; 1Þ, Rt 2 ð0; 0:052Þ. Using this Taylor expansion in (7), applying the qua-
dratic formula, and assuming m ¼ 0, hence c ¼ NkT0, we get

Table 1

The source term for the productively infected T cells in (3) when considering delay and combination drug therapy

Source term for T �ðtÞ in (3)

No delay Delay ð0 < t < sÞ
Protease inhibitor only kT0VIðtÞ kT0V0
RT inhibitor ð1� nrtÞkT0VIðtÞ ð1� nrtÞkT0V0

The main difference is seen when comparing the VIðtÞ term with the V0 term since in the presence of drug therapy, VIðtÞ is
declining and hence the source for T � is also declining. Hence for 0 < t < s the concentration of T � is higher in the

presence of the delay since V0 > VIðtÞ. When an RT inhibitor is given, this takes the system out of steady state

immediately as seen in the second row of the table. But again, the delay acts to keep the level of T � higher.
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ki ¼ � d þ cþ sð1� gcÞcd
2 1� s2

2
ð1� gcÞcd

� � 1

"
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

4 1� s2
2
ð1� gcÞcd

� �
½dcgc


ðd þ cþ sð1� gcÞcdÞ
2

s #
: ð36Þ

Now, if we apply the binomial expansion to the square root term, take the negative root (because
we factored out a negative term the largest root is the one closest to zero), and keep only the first
two terms, we obtain

Fig. 4. Predicted concentration of productively infected T cells after initiation of drug treatment. We set

V ð0Þ ¼ 5:2� 105 virions/ml and T ð0Þ ¼ 16 cells/ll, from data in Perelson et al. [3] for patient 102, and chose m ¼ 0:03
days�1, N ¼ 480 virions/cell, d ¼ 0:32 days�1, k ¼ 0:0014453 ll/(virions day), and c ¼ NkT0. We then solved (3) for
different levels of drug effectiveness and for different discrete time delays. The combination of delay and combina-

tion drug therapy acts to keep the level of productively infected T cells higher then in the non-delay case. During

protease inhibitor monotherapy, as used in Perelson et al. [3], the delay acts to keep the productively infected T cells and

the total viral output, i.e., V ¼ VI þ VNI at steady state until after the delay. To compensate for this a higher value of d
is needed when fitting patient data. However, if an RT inhibitor were to be used then even with a delay, T � begins to fall

once the drug becomes effective. If we compare the case with s ¼ 0 to the case with s P 0 we see that in the presence

of an RT inhibitor (solid line) the concentration of productively infected T cells is higher when an intracellular delay

is present. Hence we anticipate finding a higher value of d when fitting combination therapy patient data using a delay
model.
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kd � � d þ cþ sð1� gcÞcd
2 1� s2

2
ð1� gcÞcd

� � 1

2
4 � 1þ

2 1� s2

2
ð1� gcÞcd

h i
dcgc

ðd þ cþ sð1� gcÞcdÞ
2

3
5 ¼ �dcgc

d þ cþ sð1� gcÞcd
: ð37Þ

Now, assuming c � d we get (35). The error with this approximation is computed by keeping the
second-order term in the binomial expansion, and is

R2 ¼
ð1� s2

2
ð1� gcÞdcÞðdcgcÞ

2

ðd þ cþ ð1� gcÞcdsÞ3

�����
�����: ð38Þ

This error, R2, is improved compared to R1 due to the introduction of delay (with d ¼ 0:5 per day,
c ¼ 3 per day, gc ¼ 0:8 and s ¼ 1 day, we get R2 � 0:0223, which is less than R1.
For the continuous delay case, with f ðsÞ being a gamma function with mean �ss, the dominant

eigenvalue can be approximated by

kd �
�dgc

1þ ð1� gcÞd�ss
: ð39Þ

Fig. 5. Predicted viral concentration after initiation of drug therapy, assuming np ¼ 0:85 and nrt varying. We used
d ¼ 0:33 days�1, c ¼ 11:1 days�1, and parameters estimated for patient 102 (given in the caption for Fig. 4). The solid
line represents the effect of partially effective protease inhibitor monotherapy in a system with a discrete delay of half a

day. The middle curve shows the results for the same delay but with combination therapy, while the bottom curve

corresponds to combination therapy with no delay. Comparing the bottom two curves shows that the viral concen-

tration is higher when an intracellular delay is present.
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This result is obtained by re-writing (10) as

k2 þ ðd þ cÞk þ dc� xð1þ �ssk=nÞ�n ¼ 0;
where x ¼ ð1� gcÞNd�kkT0, approximating the last term with a binomial expansion out to order k2,
with error Rf ¼ nðn� 1Þðn� 2Þð�ssk=nÞ3=6, and proceeding as in the discrete case.
In each of the above cases one can see that the asymptotic slope of the viral decay, kd, during the

first phase is not only affected by the decay of productively infected cells, d, and drug efficacy, gc,
but also by the mean length of the time delay, �ss. Also, notice that for a perfect drug, i.e., gc ¼ 1, the
effects of the delay are voided in the each of the approximations for kd, and therefore do not have
an effect on the overall viral dynamics.
If we evaluate (39) for Fig. 3 where d ¼ 0:32 days�1, gc ¼ 0:85, and �ss ¼ 0:50 days, we find

kd � �0:27 days�1. From the numerical solution for the viral decay we can approximate the
average rate of change between any two time points, t0 and tf . If we assume the solution depends
on a dominant eigenvalue, kdn, i.e., V ðtÞ ¼ V0ekdnt , then

kdn �
1

tf � t0
ln
VT ðtf Þ
VT ðt0Þ

: ð40Þ

If we let tf ¼ 6 days, t0 ¼ 3 days and substitute the values for VT obtained from numerical solutions
for each of these time points for the discrete delay case we find kdn � �0:31 days�1. Comparing this
to kd ¼ �0:27 days�1, the analytical approximation, we find a difference of 15%. We can do the
same for Fig. 2 where gc ¼ 0:9. For the n ¼ 3 case where d ¼ 0:72 days�1 and �ss ¼ 1:0 day,
kd � �0:60 days�1, and our numerical solutions, with VT ð3Þ ¼ 718; 800 HIV RNA/ml and
VT ð6Þ ¼ 152; 300 HIV RNA/ml give kdn � �0:52 days�1, a difference of 15% when compared to kd.

6. Conclusions

This paper focused on two topics. First, we studied variations in a linearmodel that has been used
previously to studyHIV-1 infection [3].We accounted for combination therapy, intracellular delays
and less than perfect drug efficacy. Adding each of these features improved upon previous models.
The analysis here, as well as previous work [10,12], shows that the estimate of d is changed when the
model includes intracellular delays and less than perfect combination therapy. Our theoretical
analysis of the dominant eigenvalue verified these results and found analytical representations for
the dominant eigenvalue for the cases of both discrete and continuous delays. This counters pre-
vious work [5,8] that reported no change in d when a delay was introduced but in those models the
drug was assumed to be 100% efficacious. Including a continuous delay, i.e., a gamma distribution,
and less than perfect drug extended the work of Mittler et al. [8] and Nelson et al. [10]. Our results
show that the value for d estimated from patient data was directly influenced by the assumed
variance and mean of the gamma distribution. We compared results obtained using a discrete delay
and a continuous delay and found a better fit to patient data was obtained by using a discrete delay.
This may be due to the fact that a gamma distribution with a mean of a day or less and a small value
for n gives considerable weight to very short values of s, whereas infected lymphocytes are subjected
to a time delay constrained by physical processes and can not produce virions for a period of 12 h or
more [32–34]. To match this requires high values for n or a discrete delay.
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We also analyzed the dynamics when combining an RT inhibitor with a delay and showed that
the RT inhibitor will decrease the concentration of productively infected T cells produced and
lead to a higher estimate of d. Through a mathematical analysis of the model equations (see Table
1) we determined that the predicted changes in the concentration of productively infected T cells
accounted for the increased estimates of d.
The second focus examined the impact of including a varying population of target cells. In

previous studies it has been assumed that during the first week of antiretroviral therapy there is not
enough change in the uninfected T cell population to affect viral dynamics and therefore the linear
model was a good representation [24]. We considered a model that allows for increases in the target
cell population after initiation of antiretroviral treatment, determined its steady states, and proved
a theorem about the stability of the steady states in the presence of delay that should be applicable
to a general set of delay differential equations that can be used to study infectious diseases.
Due to the complexity of delay differential equations, many scientists do not include them in

their models. However, many biological processes have inherent delays and including them may
lead to additional insights in the study of complicated biological processes.
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Appendix A. The Grossman model

In response to one of the original reviewers of this paper we have included a comparison of our
model to that of Grossman et al. [7]. Grossman proposed the following model:

dI1=dt ¼ bTIn � kI1;

dI2=dt ¼ kI1 � kI2;

..

.

dIn=dt ¼ kIn�1 � kIn;

dV =dt ¼ pIn � cV ;

where b is the infection rate, and k is the rate of transition between the n stages in the life of an
infected cell. Virus is only produced by cells in the nth stage. The virus concentration was assumed
to be proportional to In, which appears in place of V in the I1 equation. The average lifespan of a
cell from time of infection to death, s ¼ n=k, is comparable for large n to the delay that we in-
troduced in our model from time of infection to time of virus production, since the two delays are
the time needed to reach the nth-stage and the ðn� 1Þth-stage, respectively. The death rate of
productively infected cells, what we have called d in the text, is k the rate of loss of In in the
Grossman model.
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In order to efficiently analyze the behavior of this model, Grossman et al. introduced the re-
productive ratio, R ¼ bT=k. They then calculated the eigenvalues of the I1; . . . ; In system, which
they call �k, obtaining the relation ð1� ks=nÞn ¼ bT=k ¼ R, which in the limit of large n they
argue becomes e�ks ¼ R, or �k ¼ lnðRÞ=s. Therapy by a reverse transcriptase inhibitor reduces b
and in the case of 100% effective therapy b ¼ 0. Hence Grossman et al., conclude k, which is slope
of the viral decay curve should become infinite. However, as can be seen by a direct calculation of
the eigenvalues of the I1; . . . In system with b ¼ 0 that the system is lower triangular and has the
eigenvalue �k is repeated n times. Hence, on a plot of ln V versus time on therapy, the negative
slope of the viral decay curve will asymptotically approach k, which for this model is the death
rate of productively infected cells.
The difference, in our opinion, is because Grossman et al., in their analysis, take the limit of

large n, and hold s constant, which implies that k must increase proportional to n. Since k is the
death rate of infected cells they implicitly force k to approach infinity. One approach to resolve
this difficulty would be to assume the rates of transition between compartments is nk rather than
k. If this were assumed s would now equal 1=k, and would remain invariant as n is changed.
However, the eigenvalues rather than being �k would now become �nk, the new death rate, and
as n ! 1 one is again forcing the death rate to go to infinity. Another difference in interpretation
with the Grossman formulation is that the infection rate b does not appear in the characteristic
equation in the limit of n ! 1, s fixed, since k ! 1. A reviewer commented that this could be
overcome by assuming the infection rate is nb rather than b. This has the advantage of making the
reproductive ratio R ¼ nbT=k ¼ sbT , a quantity independent of the number of stages. However,
the biological basis for this assumption is not clear, and for perfect drug therapy with b ¼ 0, this
has no effect and the direct calculation of the eigenvalues remains unchanged.
The Grossman model assumes that the death rate of of virus producing cells is the same as the

transition rate between stages in the model. We suggest a better approach is to separate the delay
from the death of virus producing cells, In, as we do in the present text. Another minor criticism of
the Grossman model, is that it was applied to the analysis of data in which patients were given
protease inhibitors. As shown by Perelson et al. [3], the kinetics of viral decay are slightly different
when protease inhibitors are given rather than reverse transcriptase inhibitors, since protease
inhibitors cause the production of non-infectious virus rather than directly blocking infection.
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