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Preface

The book gives a contemporary account of the study of the class of projective algebraic surfaces
known as Enriques surfaces. These surfaces were discovered more than 125 years ago in an attempt
to extend the characterization of rational algebraic curves via the absence of regular (or holomor-
phic) differential 1-forms to the two-dimensional case.

The theory of differential forms on algebraic varieties of arbitrary dimension and their birational
invariance was laid out in the works of Clebsch and Noether between 1870 – 1880. The further
developments of these ideas and clarification of their geometric meaning were undertaken by the
school of Italian algebraic geometers, who were probably the first to define one of the main goals
of algebraic geometry, namely the classification of algebraic varieties up to birational equivalence.
They also understood the significance of vector spaces of regular differential forms. One of the
main achievements of their work was the classification of algebraic surfaces, which is mainly due to
Castelnuovo and Enriques. Central results of this classification are achieved via the analysis of the
canonical and pluri-canonical linear systems and the Albanese map. The main numerical invariants
are q, pg, and Pn, which are by definition the dimensions of the vector spaces of regular 1-forms,
regular 2-forms, and regular n-pluri-canonical forms, respectively. A rational variety, that is, an
algebraic variety birational to projective space, has no nonzero regular forms and the converse is
true for algebraic curves. In 1894, Castelnuovo proved that vanishing of q, pg, and P2 is sufficient
for the rationality of an algebraic surface. In discussions with Enriques, about whether the condition
P2 = 0 can be eliminated, each came up with an example that shows that it cannot be done. In the
example of Enriques, one has P2n = 1, P2n+1 = 0 for all n ≥ 0 and in the example of Castelnuovo,
one has Pn = [1 + n

2 ], that is, linear growth as n tends to infinity. Enriques mentions this example
in a letter to Castelnuovo in July 22, 1894 [218, Letter 11] and he also mentions it in his 1896 paper
[214, §39]. Castelnuovo’s example is discussed in his 1896 paper [106]. In the later development
of the classification of algebraic surfaces, these two examples occupy different places: Enriques’
example is of Kodaira dimension 0 and shares this class with abelian surfaces, K3 surfaces, and
hyperelliptic surfaces. On the other hand, Castelnuovo’s example is a surface of Kodaira dimension
1. The Enriques construction has a birational model that is a non-normal surface of degree 6 in P3

that passes through the edges of the coordinate tetrahedron with multiplicity 2. It was dubbed an
Enriques sextic surface and the notion of an Enriques surface as a smooth projective surface with
q = 0 and P2 = 1 occurs in Artin’s thesis from 1960 [18], in Shafarevich’s seminar in 1961 – 1963
[5], as well as in Kodaira’s 1963 paper [391, part 3, p.719].

In 1906, Enriques proved that every (general) surface with invariants pg = q = 0 and P2 = 1 is
birationally equivalent to an Enriques sextic. He also gave other birational models of his surfaces,

1
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for example, as double planes branched along a certain curve of degree 8, an Enriques octic. A
special case of the double plane construction was known to Enriques already in 1896 [218, Letter
302].

A minimal, smooth, and projective surface satisfies pg = q = 0, P2 = 1 if and only if its
fundamental group is of order 2 and its universal cover is isomorphic to a K3 surface, which is
characterized by being a minimal, smooth, and projective projective surface with invariants q = 0,
pg = P2 = 1. This was already understood by Enriques, who proved that the pre-image of his
sextic surface under the double cover of P3 branched along the union of four coordinate planes is
birationally equivalent to a K3 surface [216]. This leads to the modern definition of an Enriques
surface as the quotient of a K3 surface by a fixed-point-free involution. This point of view suggests
that the theory of Enriques surface may be understood as a part of the theory of K3 surfaces, which is
widely discussed and used in the modern literature, see, for example, [42], [313], or [407]. However,
most usage of K3 surfaces in the study of Enriques surfaces consists in applying transcendental
methods related to the theory of periods of K3 surfaces, which has little to do with the fascinating
intrinsic geometry of Enriques surfaces.

The classification of algebraic surfaces was extended to the fields of positive characteristic in the
work of Bombieri and Mumford [525], [74] and [75]. In particular, they gave a characteristic-free
definition of Enriques surfaces. It turns out that Enriques surfaces in characteristic 2 live in a com-
pletely different and beautiful world that has many features, which have no analogs in characteristic
6= 2. For example, the canonical double cover still exists but is a torsor under one of the three finite
group schemes µ2, Z/2Z, α2 of order 2. Accordingly, this splits Enriques surfaces in characteris-
tic 2 into three different classes, which are called classical, µ2-surfaces (or singular surfaces), and
α2-surfaces (or supersingular surfaces). In the case where the canonical cover is inseparable, it is
never a smooth surface, and in some cases, it is a rational surface, so it is not birationally equivalent
to a K3 surface. Since there are many good modern expositions of the theory of algebraic surfaces
and the theory of Enriques surfaces over the complex numbers (see, for example [42]), our priority
is in providing the first complete as possible treatment of Enriques surfaces over fields of arbitrary
characteristic. The price that we have to pay for this noble goal is reflected in the size of our book
and also in requiring many more technical tools that we use. We collect all these needed tools in
Chapter 0 and, in fact, more than we need, in the hope to serve as a useful reference source for the
study of algebraic surfaces over fields of arbitrary characteristic.

The authors have to admit that the initial goal of providing a complete exposition of the theory
of Enriques surfaces over fields of arbitrary characteristic turned out to be too ambitious. Among
the important topics that had to be left out are the theory of vector bundles on Enriques surfaces,
arithmetic properties, as well as the theory of special subvarieties of the moduli spaces of algebraic
curves that represent curves lying on Enriques surfaces.

We are grateful to many colleagues for many valuable discussions, which allowed us to improve
the exposition as well to include many results previously unknown to the authors. They include D.
Allcock, W. Barth, K. Hulek, T. Katsura, J. Keum, W. Lang, E. Looijenga, G. Martin, Y. Matsumoto,
S. Mukai, V. Nikulin, H. Ohashi, C. Peters, M. Reid, M. Schütt, N. Shepherd-Barron, I. Shimada,
Y. Umezu, A. Verra. We thank the referees for their numerous suggestions, which also helped us
to improve the exposition, and for providing many corrections. We acknowledge the support from
JSPS under Grant-in-Aid for Scientific Research (S) 15H05738, (A) 20H00112.



CONTENTS 3

Each chapter ends with a bibliographical note, where we tried our best to give the credit to the
original research discussed in this chapter. Special credit goes to François Cossec, who did not
participate in the present project, but whose contribution to the theory of Enriques surfaces is hard
to overestimate. Some of the results, which had not found a place in the first edition of Part I, are now
included in the new editions of Part I and II and are based on his unpublished results communicated
to the second author.
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Introduction to Part Two

Chapter 6 ‘Nodal Enriques surfaces’ is an expanded revision of Chapter 3 from the first edition of
Part I [132]. In section 1 we discuss canonical isotropic sequences and introduce the non-degeneracy
invariant nd(S) of an Enriques surface. It is a maximal length of a sequence (f1, . . . , fk) of nef
numerical classes of divisors with fi ·fj = 1−δij . The main result of this section is Corollary 6.1.14
that asserts that nd(S) ≥ 3 always if the characteristic 6= 2. We give a new conceptual proof of this
result which is different from the case-by-case proof sketched by F. Cossec in [129]. The situation
in characteristic 2 is much more complicated. There are extra-special surfaces of three different
type discussed in section 2 for which nd(S) ≤ 2. One expects that nd(S) ≥ 3 for all other surfaces.
The first edition contains a proof of this result that consists of more than 30 pages of case-by-case
analysis of possible dual graphs of sets of smooth rational curves arising from the assumption that
nd(S) ≤ 2. A more conceptual proof of this result in all characteristics was recently provided by
G. Martin, G. Mezzedimi and D.C. Veniani [479].

In section 3 we discuss among other things the results of Cossec and the first author [133] on the
minimal degrees of smooth rational curves on polarized Enriques surfaces. In section 4 we introduce
different invariants of an Enriques surface that control the set of smooth rational curves. Among
them are the Nikulin root invariants, the nodal and the Reye lattices. We also discuss an important
class of special Enriques surfaces arising from the Hessian surfaces of cubic surfaces and compute
their nodal invariants. In the last section 5 we define the notion of a general nodal Enriques surface
and give their different geometric characterizations.

Chapter 7 ‘Reye congruences’ discusses a classical construction of nodal Enriques surfaces as a
smooth congruence of lines in the Grassmannian of lines in P3. The canonical cover of such surfaces
is birationally isomorphic to a famous Cayley quartic symmetroid. Some of the modern exposition
of this theory can be found in a paper by F. Cossec [131] and the book of the first author [179].
The novel feature here is the analogous construction of Reye congruences and their relationship to
Enriques surfaces in characteristic 2.

Chapter 8 ‘Automorphisms of Enriques surfaces’ plays the central role in Part Two. In section 1,
after reminding some general facts about the group scheme of automorphisms of algebraic varieties,
we prove that the automorphism group of an Enriques surface is discrete and hence it is determined
by its representation in the group of isometries of the lattice Num(S) of numerical divisor classes.
This opens a way to relate these groups to discrete groups of isometries of hyperbolic space H9.

In section 2, we study the finite group of automorphisms of an Enriques surface which act iden-
tically on Num(S) or on Pic(S). The surfaces for which such a group is non-trivial are very rare

5
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and have been completely classified over the field of the complex numbers by S. Mukai and Y.
Namikawa [512], [514]. We supply the classification in all characteristics different from 2. The
characteristic 2 case is the subject of a paper [189] by the first author and G. Martin. We give an
exposition of the main results from this paper.

The group of automorphisms of a general Enriques surface over the complex numbers was deter-
mined in the early eighties in a paper [41] by W. Barth and C. Peters, and independently in a paper
[542] by V. Nikulin. In section 3 we reprove their result by using purely geometric methods that do
not make any assumptions on the characteristic of the ground field. Section 10 of Chapter 2 of the
first edition of Part I contains a preparatory computer computations needed for this proof. The new
proof gets rid of this by using some nice and short lattice-theoretical arguments due to D. Allcock
[8].

Section 4 extends the results of the previous section to the case of a general nodal Enriques surface.
The structure of the group of automorphisms of such surfaces over fields of arbitrary characteristic
was announced by F. Cossec and the first author in a short note [134] and we give here the complete
proof of the announced results. Again we replace some computer computations from [132] with
another lattice-theoretical argument due to D. Allcock [8]. As application, we discuss in section 5
automorphism groups of a Cayley quartic symmetroid.

The next two sections 6 and 7 are devoted to expositions of results of H. Ito and H. Ohashi [331]
on cyclic groups of automorphisms of complex Enriques surfaces. In section 8, we also discuss the
results of S. Mukai and H. Ohashi about automorphisms of Mathieu type of Enriques surfaces [517],
[518] and [519]. Again, we use different methods not relying on the theory of periods of Enriques
surfaces that allow us to extend these results to the case of positive characteristic.

The question of the existence of an Enriques surface whose group of automorphisms is finite was
raised by F. Enriques. We refer to the history of this question to Bibliographical Notes to Chapter
8. In section 9 we discuss a complete classification of Enriques surfaces with finite automorphisms
over a field of complex numbers due to V. Nikulin [544] in terms of periods of their K3 covers and
a purely geometric classification over fields of characteristic zero due to the second author [399].
In section 10 we give a brief exposition of a recent classification of such surfaces over fields of
characteristic 6= 2 due to G. Martin [475] and characteristic 2 due to T. Katsura, the second author
and G. Martin [365].

Chapter 9 ‘Rational Coble surfaces’ is devoted to close cousins of Enriques surfaces which are
smooth rational surfaces that contain an isolated curve in its anti-bicanonical linear system. They
appear as nonsingular models of type II degenerations of Enriques surfaces and share many common
properties with Enriques surfaces. Over a field of characteristic different from 2 they appear as
quotients of K3 surfaces by an involution with the disjoint union of smooth rational curves fixed
pointwise. They also arise as the blow-up of the projective plane at ≥ 10 double points of a plane
curve of degree 6. Such curves and their Cremona equivalence classes were intensively studied by
A. Coble in the first half of the last century. In section 1 we discuss the relationship between Coble
surfaces and Enriques and K3 surfaces. In section 2 we introduce the Coble-Mukai lattice and prove
that it is isomorphic to the Enriques lattice.

In sections 4 and 5 we discuss the work of R. Winger [718] and [719] on the classification of
irreducible rational plane sextics with non-trivial projective group of automorphisms. They give
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rise to Coble surfaces that admit a finite group of automorphisms preserving the Fano polarization.

In section 6, following Coble’s work we find the automorphism group of a general Coble surface
which turns out to have the same structure as the automorphism group of a general Enriques surface.

The group of automorphisms of a Coble surface as well as of an Enriques surface could be a finite
group. In the last section of this Chapter we classify Coble surfaces with finite automorphism group
over fields of arbitrary characteristic referring for proofs to the work of Katsura and the second au-
thor [364], [409]. There are only three types of complex Coble surfaces with finite automorphism
group discovered by S. Mukai. However there are many more in positive characteristic. Some of
them arise as either a reduction to positive characteristic of Enriques surfaces with finite automor-
phism group or as the limits in the families of such surfaces in characteristic 0 or 2.

Chapter 10 ‘Enriques surfaces and supersingular K3 surfaces’ deals with classical or α2-Enriques
surfaces in characteristic 2 whose canonical cover is birationally isomorphic to a K3 surface X .
It turns out that X is always a supersingular K3 surface and conversely a general such Enriques
surface can be obtained in this way by considering its quotient by a rational vector field. We tried
to be self-contained by giving an introduction to the theory of supersingular K3 surfaces over fields
of arbitrary positive characteristic. In particular, we discuss the periods of such surfaces and Ogus’s
Global Torelli Theorem. Each supersingular K3 surface comes with the Artin invariant σ determined
by the discriminant of the Néron-Severi lattice ofX . The moduli space of supersingular K3 surfaces
is of dimension σ − 1 and the K3 surface with σ = 1 is unique up to an isomorphism. In the last
section we discuss Enriques and Coble surfaces whose canonical cover is birationally isomorphic
to a supersingular K3 surface with Artin invariant equal to 1.

We did not discuss the dynamical properties of automorphisms of Enriques surfaces. A reader
interested in this topic may consult [188] and [481] where one can also find some other references.
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Chapter 6

Nodal Enriques surfaces

A general Enriques surface does not contain smooth rational curves. In this Chapter we will present
some basic facts about Enriques surfaces that contain such curves. They are called nodal Enriques
surfaces. In Volume 1 we showed that, over the complex numbers, the isomorphism classes of nodal
Enriques surfaces form a codimension one subvariety of the moduli space of Enriques surfaces.

6.1 Canonical isotropic sequences

Recall from Chapter 1, Section 1.5 that the Enriques lattice E10 has a root basis (α0, . . . , α9) with
the Dynkin diagram

• • • • • • • • •

•

α1 α2 α3 α4 α5 α6 α7 α8 α9

α0

(6.1.1)

It contains 10 isotropic vectors f1, . . . , f10 such that αi = fi−fi+1, i ≥ 1, and α0 = h−f1−f2−f3
for some h ∈ E10. We have fi · fj = 1, i 6= j, and

3h = f1 + · · ·+ f10.

An ordered set (f1, . . . , fk) of k ≥ 2 isotropic vectors with fi · fj = 1, i 6= j, will be called an
isotropic k-sequence. If k = 1, we assume that f1 is primitive. It follows from above that an
isotropic k sequences exists for any 1 ≤ k ≤ 10 and does not exist for k > 10.

Consider the standard embedding of the lattice E10 in the standard hyperbolic lattice I1,10 as de-
scribed in loc.cit.. Let k10 = 3e0 − e1 − · · · − e10 generate the orthogonal complement of E10

in I1,10. Let (f1, . . . , fk) be an isotropic k-sequence. Then the vectors vi = fi − k10 satisfy
vi

2 = −1,vi · vj = 0, i 6= j. A sequence (v1, . . . , vk) of vectors in I1,10 with v2
i = −vi · k10 =

−1, vi · vj = 0, is called an exceptional k-sequence.

We use the notation from Section 1.5.

9
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Proposition 6.1.1. The Weyl group W (E10) acts transitively on the set of isotropic k-sequences
with 1 ≤ k 6= 9 and has two orbits of isotropic 9-sequences represented by (k10 + e0 − e1 −
e2, f3, . . . , f10) and (f2, . . . , f10).

Proof. Suppose k = 2. An isotropic 2-sequence (f1, f2) (resp. (f ′1, f
′
2)) generates a unimodular

hyperbolic sublattice U (resp. U ′) of E10. Let E10 = U ⊕M = U ′ ⊕M ′. By Witt’s theorem,
there exists an element σ ∈ O(E10) such that σ(U) = U ′. This gives (σ(f1), σ(f2)) = (±f ′1,±f ′2),
or (±f ′2,±f ′1). Composing σ with − idE10 , we may assume that σ ∈ W (E10). Composing σ
with an isometry of U which acts identically on M , we may assume that (σ(f1), σ(f2)) = (f ′1, f

′
2).

Thus the assertion is true for k = 2. It also shows that W (E10) has one orbit on the set ex-
ceptional 2-sequences. In particular, we may assume that the first two vectors in an exceptional
k-sequence (v1, . . . , vk) coincide with the vectors e1, e2 from the standard basis (e0, e1, . . . , e10)
of I1,10. The orthogonal complement of the sublattice spanned by (e1, e2) is the lattice I1,8. Since
all roots in I1,8 belong to its sublattice E8 = k⊥8 , its Weyl group coincides with W (E8) that em-
beds naturally in W (E10) by acting identically on the orthogonal complement. It is known that
W (E8) acts transitively on exceptional r-sequences with r 6= 7 and has two orbits on the set
of exceptional 7-sequences (see [156], [473]). The two orbits are represented by the exceptional
7-sequences (e0 − e1 − e2, e3, . . . , e7) and (e2, e3, . . . , e7). This corresponds to the isotropic
sequences (f , f3, . . . , f10) and (f2, . . . , f10), where f = k10 + e0 − e1 − e2. This proves the asser-
tion.

Corollary 6.1.2. If k 6= 9, any isotropic k-sequence (g1, . . . , gk) in E10 can be extended to a
canonical isotropic 10-sequence (g1, . . . , gk, gk+1, . . . , g10).

Proof. Consider an isotropic 10-sequence (f1, . . . , f10) and find w ∈ W (E10) such that w(gi) =
fi, i = 1, . . . , k. Then set gk+i = w−1(fk+i), i = 1, . . . , 10− k.

Recall that we denoted by U an abstract quadratic lattice with a basis (f1, f2) formed by two
isotropic vectors with f1 · f2 = 1. Its generalization is the lattice U[k] with a basis formed by
isotropic vectors (f1, . . . , fk) such that fi · fj = 1, i 6= j.

Proposition 6.1.3. The lattice U[k] is an even hyperbolic lattice with cyclic discriminant group of
order k− 1. Every isotropic k-sequence contained in U[k] is a basis. The vector s = f1 + · · ·+ fk is
a unique vector in U[k] such that s2 = k(k− 1) and |s · f | ≥ k− 1 for any isotropic vector f ∈ U[k].

Proof. Obviously, the Gram matrix of the basis (f1, . . . , fk) has −1 and k − 1 as its eigenvalues
of multiplicities k − 1 and 1, respectively. So, its discriminant is equal to (−1)k(k − 1). This
also shows that any isotropic k-sequences forms a basis of U[k]. The theory of elementary divisors
implies that the discriminant group is cyclic. Writing any vector v ∈ U[k] as a linear combination of
the vectors f1, . . . , fk, and computing v · fi and v · v, we obtain that v must coincide with s.

We continue to use S to denote an Enriques surface and continue to denote the reflection group
generated by reflections in classes of (−2)-curves on S by W nod

S .

Definition 6.1.4. A nef isotropic k-sequence in Num(S) is an isotropic k-sequence that consists of
nef vectors.
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Proposition 6.1.5. Let (f1, . . . , fk) be an isotropic k-sequence in Num(S) of effective isotropic
classes. There exists a unique w ∈ W nod

S such that, after reindexing, the sequence (f ′1, . . . , f
′
k) :=

(w(f1), . . . , w(fk)) contains c ≥ 1 nef vectors forming an isotropic subsequence f ′i1 , f
′
i2
, . . . , f ′ic

with 1 = i1 < i2 < . . . < ic ≤ k, such that, for any is < i < is+1,

f ′i = f ′is +Ris,1 + · · ·+Ris,i−is ∈W nod
S · fis ,

where Ris,1 + · · ·+Ris,i−is is a nodal cycle of a rational double point of type Ai−is .

Proof. Let f = f1 + · · ·+ fk. Let w′ ∈ W nod
S such that h = w′(f) = f ′1 + · · ·+ f ′k is nef. Since

W nod
S sends effective divisor with non-negative self-intersection to effective divisors, the classes f ′i

are effective. Then h2 = k(k − 1) and Φ(h) ≤ h10 · f ′i = k − 1. Let Φ(h) = h10 · f0 for some
isotropic vector f0. By Theorem 2.3.3, we can write f0 = g0 +

∑
Ri, where g0 is a nef isotropic

class and Ri are (−2)-curves. Since h is nef, we get h10 · f0 ≥ h10 · g0, hence we may assume that
f0 is nef. Since f0 · f ′i ≥ 0, we obtain that f0 is one of the f ′i . After reindexing, we may assume
that there exists a sequence 1 = i1 < . . . < ic such that f ′is are nef, and f ′i , is < i < is+1 belong to
the W nod

S -orbit of f ′is . If c = 10, there is nothing to prove. Assume c < 10, and is+1 − is > 1. For
any is < i < is+1, we can write

f ′i = w(fis) = f ′is +
∑

mαRα,

where Rα are different (−2)-curves and mα > 0. Intersecting with f ′is , we find a unique Rα such
that f ′is ·Rα = 1 and mα = 1. The class f ′is +Rα is isotropic and

h10 · (f ′is +Rα) = h10 · (f ′is+1 −
∑
β 6=α

mβRβ) ≤ h10 · f ′is+1 ≤ k − 1.

Since Φ(h) = k − 1, the class f ′is + Rα must be one of the classes f ′i , is < i < is+1. After
reindexing, we may assume that f ′is+1 = f ′is +Ris,1, where Rα = Ris,1. Assume i > is + 1. Then

1 = f ′is+1 · f ′i = (f ′is +Ris,1) · (f ′is +Ris+1 +
∑
β 6=α

mβRβ) = Ris,1 · (
∑
β 6=α

mβRβ).

This shows that there exists a unique β such that Ris,1 · Rβ = 1 and mβ = 1. As above we show
that f ′is + Ris,1 + Rβ is equal to one of f ′i , is < i < is+1. After reindexing, we may assume
that fis+2 = fis + Ris,1 + Ris,2, where Ris,2 = Rβ . Continuing in this way, we show that, after
reindexing f ′i = f ′is + Ris,1 + · · · + Ris,i−is−1, is < i < is+1, where Ris,1 + · · · + Ris,i−is is a
nodal cycle of type Ai−is .

An isotropic k-sequence (f1, . . . , fk) which, after reindexing, is equal to the sequence (f ′1, . . . , f
′
k)

described in the previous lemma, is called canonical.

It also follows from the lemma that for any isotropic k-sequence there exists a unique w ∈ W nod
S

such that (w(f1), . . . , w(fk)) is a canonical isotropic k-sequence.

The number c of nef members in a canonical isotropic k-sequence is called the degeneracy invari-
ant of the sequence. We say that a canonical isotropic k-sequence is c-degenerate if its degeneracy
invariant is equal to c. A canonical isotropic k-sequence with the degeneracy invariant equal to k is
called non-degenerate.
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Proposition 6.1.6. A canonical isotropic sequence (f1, . . . , f10) is non-degenerate if and only if
f = f1 + · · ·+ f10 is an ample numerical divisor class.

Proof. Assume that (f1, . . . , f10) is non-degenerate. By definition, each fi is nef. Then f is nef and
f2 = 90 > 0. If f is not ample, then there exists some (−2)-curve R such that f · R = 0. Then
R · fi = 0 for all i. Since f1, . . . , f10 generate Num(S) ⊗ Q, we get a contradiction. Conversely,
suppose f is ample but (f1, . . . , f10) is degenerate. Then we can find some fi which is equal to
fi−1 +R, where fi−1 is nef and R · fi−1 = 1. It follows from the definition of a canonical isotropic
sequence that (f1 + · · ·+ f10) ·R = 0, hence f is not ample.

Proposition 6.1.7. A canonical isotropic sequence (f1, . . . , fk) with k 6= 9 with degeneracy invari-
ant c can be extended to a canonical isotropic 10-sequence with degeneracy invariant c′ ≥ c.

Proof. Applying Corollary 6.1.2, we can extend (f1, . . . , fk) to a maximal isotropic 10-sequence
(f1, . . . , fk, fk+1, . . . , f10). Applying some w ∈ W nod

S we obtain a canonical isotropic sequence
(f ′1, . . . , f

′
10). Let f ′1, . . . , f

′
c′ are the nef vectors in this sequence. Then each vectors f ′i belongs to

the W nod
S -orbits of one of these vectors. In particular, the nef vectors in (f1, . . . , fk) belong to the

orbits of f ′1, . . . , f
′
c′ . Since two different nef vectors cannot belong to the same orbit, we may assume

that f ′i = fi, i = 1, . . . , c. The vectors fc+1, . . . , fk belong to the W nod
S -orbits of f1, . . . , fc. The

vectors f ′c+1, . . . , f
′
k belong to the W nod

S -orbits of f ′1, . . . , f
′
c′ . Since the orbits of different isotropic

vectors are disjoint, we obtain that fc+i = f ′c+i, i = c+ 1, . . . , k.

Definition 6.1.8. A primitive lattice embedding j : U[k] ↪→ Num(S) is called a U[k]-marking of
S. Two U[k]-markings j and j′ are called equivalent if there exists an isometry σ of U[k] and an
element w ∈W nod

S such that j′ = w ◦ j ◦ σ.

We say that a U[k]-marking is canonical (resp. non-degenerate) if the image (f1, . . . , fk) of its
canonical basis (f1, . . . , fk) is a canonical (resp. non-degenerate) isotropic k-sequence. It follows
from Proposition 6.1.5 that any U[k]-marking is equivalent to a canonical U[k]-marking.

When k = 2, the lattice U[2] coincides with the standard hyperbolic plane lattice U. So, in this
case we just say a U-marking. A canonical U-marking is called a U -pair. A non-degenerate U -pair
is uniquely defined by an ordered pair of nef isotropic vectors f1, f2 with f1 · f2 = 1. A canonical
degenerate U -pair is uniquely defined by a choice of a nef isotropic vector f and the class r of a
smooth rational curve such that f · r = 1.

Definition 6.1.9. The non-degeneracy invariant of an Enriques surface is the maximal length nd(S)
of a non-degenerate isotropic sequence.

Of course, if S has no (−2)-curves, then any isotropic k-sequence is non-degenerate and the
non-degeneracy invariant is equal to 10.

In characteristic 2 it may happen that nd(S) = 1 if S is extra Ẽ8-special in the following sense.
It contains a half-fiber F of type Ẽ8 and a (−2)-curve intersecting F with multiplicity 1. The dual
graph of the ten (−2)-curves is a T2,3,7-diagram 6.1.1.
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• • • • • • • • •

•

R2 R3 R4 R5 R6 R7 R8 R9 R10

R1

The classes of the curves Ri form a crystallographic root basis in Num(S). Recall that this
means that the reflection subgroup of W nod

S generated by the reflections sRi is of finite index in
O(Num(S)). It follows from Proposition 0.8.19 that it coincides with W nod

S , hence the set of
W nod
S -orbits of isotropic vectors coincides with the set of primitive nef isotropic classes. It follows

from the theory of reflection groups that the set of W nod
S -orbits is equal to the number of parabolic

subdiagrams of maximal rank. In our case the rank is equal to 8. Looking at the diagram we find
that there is only one such subdiagram, hence there is only one genus one fibration on S.

Theorem 6.1.10. Suppose p 6= 2 or p = 2 and S is not extra-Ẽ8-special. Then any isotropic nef
class f can be extended to a non-degenerate canonical 2-sequence (f1, f2). In particular, the non-
degeneracy invariant nd(S) of a not extra-Ẽ8-special Enriques surface is greater than or equal to
2.

Proof. It is enough to show that one can find a canonical 10-sequence with the non-degeneracy
invariant ≥ 2. Suppose it does not exist. Starting from any isotropic class f = f1 we extend it to
an isotropic 10-sequence and then apply an element of W nod

S to transform the latter to a canonical
10-sequence (f1, f2, . . . , f10) with the non-degeneracy invariant c equal to 1. By Proposition 6.1.5,
we may assume that fi = f1 +R1 + · · ·+Ri−1, where R1 + · · ·+R9 is a nodal cycle of type A9

with (R1 + · · ·+R9) · f1 = R1 · f1 = 1. Let f1 = [F ] for some genus one curve F and |2F | be the
corresponding genus one pencil. Since Ri · f1 = 0, the nodal cycle R2 + · · · + R9 is contained in
some member D of |2F | and D ·R1 = 1 or D ·R1 = 2. The classification of genus one curves on
S shows that D is of type Ã8 or Ẽ8.

Case 1: D is of type Ã8 and D = Dred.

LetD = R2 + · · ·+R9 +R10. SinceR1 ·D = 2 andR1 intersectsR2 + · · ·+R9 with multiplicity
1, we must have R1 ·R10 = 1. This is pictured on the following diagram:

• •• •• •• •• •

•

F R1 R2 R3 R4 R5 R6 R7 R8 R9

R10

Consider the divisor F ′ = R1 +R2 +R10. It is a genus one curve of type Ã2 intersecting F with
multiplicity 1. The pair [F ], [F ′] is a non-degenerate isotropic 2-sequence.

Case 2: D is of type Ã8 and D ∈ |2F |. We have the following picture:

• • • • • •

•

• • • •F R1 R2 R3 R4 R5 R6 R7 R8 R9

R10

We see that the divisor D = R6 + 2R7 + 3R8 + 4R9 + 5R10 + 6R2 + 3R1 + 4R3 + 2R4 is of type
Ẽ8 and sinceD ·R5 = 3, it must be a half-fiber. Therefore p = 2 and the surface is not a µ2-surface.
On the other hand, we see that the divisor R2 + · · ·+ R10 is of type Ã8 and R1 ·D = 1. Thus the
surface admits an elliptic fibration with a double fiber of type Ã8, and hence it is a µ2-surface. This
contradiction excludes this case.

Case 3: D is of type Ẽ8. One of the two possible cases is when S is extra Ẽ8-special. In other
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case, we have the following picture:

• •• •• •• •• •

•

F R1 R2 R3 R4 R5 R6 R7 R8 R9

R10

Since R10 comes with multiplicity 3, the curves R1 and R10 do not intersect.

We see that D′ = R1 +D −R8 −R9 is the support of a divisor of type Ẽ7 such that F ·D′ = 1.
Thus (F,D′) is a non-degenerate U -pair.

Corollary 6.1.11. Suppose S is not Ẽ8-special. Then there exists a degre 2 cover f : S → D, where
D is a symmtroeid quartic del Pezzo surface D1,D2 or D3. In particular, if p 6= 2, D is a 4-nodal
anti-canonical quartic del Pezzo surface.

Proof. Let |2F | and |2F ′| be two genus one fibrations such that ([F ], [F ′]) is a non-degenerate U -
pair. Then the linear system |2F + 2F ′| is a non-special bielliptic linear system and the assertion
follows from Theorem 6.1.10.

Theorem 6.1.12. Assume that p 6= 2. Then any non-degenerate canonical isotropic 2-sequence
(f1, f2) can be extended to a non-degenerate canonical isotropic 3-sequence (f1, f2, f3).

Proof. Suppose we cannot extend (f1, f2) to a non-degenerate canonical 3-sequence (f1, f2, f3).
We can always extend (f1, f2) to a canonical isotropic sequence of two types

(a) f1, f1 +R1, . . . , f1 +R1 + · · ·+Ra, f2, f2 +R8, . . . , f2 +R8 + · · ·+Ra+1, or

(b) f1, f2, f1 +R1, . . . , f1 +R1 + · · ·+R8.

In case (a), each (−2)-curve from the sets Z1 = {R2, . . . , Ra} and Z2 = {Ra+1, . . . , R7} has zero
intersection with F1 and F2. In case (b) the same is true for curves in the set Z = {R2, . . . , R8}. In
case (a) we let Z = Z1 + Z2.

• • • •

• • • •

f1

f2

· · ·

· · ·

R1 R2 Ra

R8 R7 Ra+1

• • • • • • • • •

•

f1

f2

R1 R2 R3 R4 R5 R6 R7 R8

(a) (b)

Let |2F1| and |2F2| be the elliptic pencils with f1 = [F1] and f2 = [F2]. Then each curve
R ∈ Z is contained in some fiber D1 of the first pencil and some fiber D2 of the second pencil. Let
φ : S → D1 be a bielliptic map defined by the linear system |2F1 +2F2|. SinceR ·F1 = R ·F2 = 0,
the map φ blows down R to a singular point P of the branch curve W ∈ |OD1(2)| of φ.

Assume that Z contains a curve R not contained in a half-fiber of |2F1| or |2F2|.

This guarantees that the point P = φ(R) does not lie on any line in D1.

Recall from Section 3.3 that |D| = |2F1 + 2F2 − R| is a bielliptic linear system with D2 = 6
that defines a degree 2 map φ′ : S → C1 to a 4-nodal cubic surface C1. It is known that a 4-nodal
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cubic surface is isomorphic to the blow-up of the vertices of a complete quadrilateral of lines in
the plane (see Example 8.7.14 in Section 8.7). It contains 9 lines, the images of the six exceptItal
curves of the blow-up and the images of the proper transforms of the three diagonals. Each line
defines a pencil of residual conics in the pencil of planes passing through the line. There are three
distinguished pencils of conics, each containing two double lines. These are the pencils of conics
residual to the proper transforms of the three diagonals. The genus one pencils |2F1| and |2F2| are
the pre-images on S of two of such pencils. The pre-image of the third one gives a genus one pencil
|2F3| with F1 · F3 = F2 · F3. The pencil |2F3| is the pre-image on S of the pencil of hyperplabe
sections of D1 that are tangent to D1 at the point P .

Assume now that any curve from Z is contained in a half-fiber of |2F1| or |2F2|.

Since the lines may intersect only at singular points of D1 and W does not contain these points,
no half-fiber of |2F1| contains a common irreducible component with some half-fiber of |2F2|.

We have to consider the following possible cases

(i) Z1 is contained in F1 and Z2 contained in F ′1 ∈ |F1 +KS |;

(ii) Z1 is contained in F1 and Z2 is contained in F2;

(ii)’ Z1 is contained in F2 and Z2 is contained in F1;

(iii) Z is not connected and contained in F1 or F2;

(iv) Z is connected and contained in F1;

(iv)’ Z is connected and contained in F2.

•

•

•

•

•

•

φ(Z1) φ(Z2)

•

•

•

• • •

φ(Z1)

φ(Z2)

•

•

•

• • •
φ(Z1)

φ(Z2)

(i) (ii), (ii)′ (iii), (iv), (iv)′

We will use the following lemma whose proof we leave to the reader.

Lemma 6.1.13. Suppose we have one of the following diagrams of (−2)-curves

• • •
• •

• •

R
•

•
• • •

•

• • •

R
•

•
• • •

•

•

R

(1) (2) (3)

In case (1) (resp. (2), resp. (3)) there exists a divisor D of type Ẽ6 (resp. Ẽ7, resp. D̃6) with
irreducible components from the curves in the diagram that contains R with multiplicity 2.

Case (i).
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Since R8 intersects Z2 but does not intersect F2, it must be contained in F ′1. Then F1 is of type
Ãk1 with k1 ≥ a− 1 and F ′1 is of type Ãk2 with k2 ≥ 8− a. The curve R1 is a special bisection of
|2F1|. We are in a situation of Lemme 6.1.13 with R = R1. If a = 2, we get case (1), if a = 3, 6,
we get case (2), and if a = 4, 5, we get case (3). The divisor D is a simple fiber of an elliptic
fibration |2F3| with F1 · F3 = F2 · F3 = 1.

Case (ii). Here we may also assume that a ≤ 4. Let F2 = Z2 + Θ2, where Θ2 is a chain of (−2)
curves connecting R7 with Ra+1. Similarly, let F1 = Z1 + Θ1. The half-fibers intersect at one of
the points qi that lies on an irreducible component θ1 of Θ1 and on an irreducible component θ2 of
Θ2.

The following picture illustrates this case when Θ1 = θ1 and Θ2 = θ2.

• • • •

• • • •

•

•

f1

f2

· · ·

· · ·

R1 R2 Ra

R8 R7 Ra+1

θ2
θ1

Assume that a = 2, 3, hence Z2 contains R7, R6, . . . , Ra+1 6= R5. Choose a chain Θ′2 ⊂ Θ2 that
connects θ2 with R7 and let R be an irreducible component of Θ2 that intersects θ2. It could be
Ra+1 or some component from Θ2. Let D = R8 + 2R7 +R6 + 2Θ′ +R+ θ1. Then D is a simple
fiber of type D̃n in an elliptic pencil. It satisfies D · F1 = D · F2 = 2 that achieves our goal.

If a = 4, we find a divisor D of type D̃5 that contains 2θ1 + 2θ2. It satisfies D ·F1 = D ·F2 = 2.

Case (ii’). In this case F1 contains R8 +Z2 and F2 contains R1 +Z1. The two chains are disjoint
and the total number of (−2)-curves is equal to 8. Since all irreducible components, except one, of
F1 and F2 are blown down under φ, F1 = R8 + Z2 + θ1 and F2 = R1 + Z1 + θ2 for some (−2)-
curves θ1 and θ2. Since R1 must intersect F1, it intersects θ1. For the similar reason R8 intersects
θ2. Let F3 = R8 + θ1 +R1 + θ2. It is a half-fiber of type Ã3 of the elliptic fibration |2F3| satisfying
F1 · F3 = F2 · F3 = 1.

• • • •

• • • •

•

•

f1

f2

· · ·

· · ·

R1 R2 Ra

R8 R7 Ra+1

θ1

θ2

If a 6= 4, we let D = R1 + 2θ2 + 3θ1 + 2R8 + R7 + 2Ra+1 + Ra+2 be a simple fiber of type
Ẽ6 of some elliptic fibration. Then f1 · D = 1, and we get a contradiction. If a = 4, we take
D = R8 +R4 + 2θ1 + 2θ2 +R7 +R8 of type D̃6 with D · f1 = D · f2 = 1, and get a contradiction
again.

Case (iii).

Without loss of generality, we may assume that Z = Z1 + Z2 is contained in F1. Then R8 is also
contained in F1 and hence F1 has already two disconnected chain of 7 irreducible components. This
implies that F1 is of type Ã8 and there are two new components θ1 and θ2, one connects R2 with
R8 or Ra+1, another connects Ra with Ra+1 or R8. This gives the following possible diagrams:
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• • • •

• • • •

• •

f1

f2

· · ·

· · ·

R1 R2 Ra

R8 R7 Ra+1

θ2θ1

•• •

• • • •

•

• •

f1

f2

· · ·

· · ·

R1 R2 Ra

R8 R7 Ra+1

θ1 θ2

Here we see a half-fiber F of type Ã8 and its special bisection R1. This is impossible for any
Enriques surface in characteristic p 6= 2. In fact, in this case, there would be a divisor of type Ẽ8

with irreducible components R1 and other irreducible components from F that intersects F with
multiplicity 3.

Case (iv)

The fiber F1 must be the union of Z and either one additional component connecting R2 with
R8 or two intersecting components θ1 + θ2 with θ1 intersecting R2 and θ2 intersecting R8. The
half-fiber F2 intersects θ1 or θ2.

In the first case D = R7 + 2R8 + 3θ+ 4R2 + 3R3 + 2R4 +R5 + 2R1 is of type Ẽ7 and intersects
F2 with multiplicity 3, a contradiction.

In the second case the elliptic fibration |2F2| contains a fiber with 9 components R1, . . . , R8, θ1

or R1, . . . , R8, θ2. They span a root lattice of type D9 or A9, no such fiber is possible.

• • • • • •

• •

f1

f2

R1 R2 R3 R7 R8

· · ·

θ

• • • • • •

•

• •

f1

f2

R1 R2 R3 R7 R8

· · ·

θ2

θ1

•

•

• • • • •

•

•

f1

f2

R1 R2 R3 R7 R8

· · ·

θ2

θ1

Case (iv’)

In this case R1 +Z is a part of F2. We have F2 = R1 +Z + Θ, where Θ connects R1 with R8. It
is or type Ã8. Since F1 ·F2 = 1 and F1 intersects R1, we have F1 ·Θ = 0. Thus R2 + · · ·+R8 + Θ
is a part of a simple fiber D from |2F1|. It can be extended to a fiber F of type Ã8 or Ẽ8 by adding
one more curve R9.

In the first case, we use that the Mordell-Weil group of the jacobian fibration of |2F1| is isomorphic
to Z/3Z and it acts on S by translations. The orbit of the rational bisection R1 consists of three
rational bisections. One of them R0 intersects the irreducible components R6 and R8. The divisor
D = R1 + R9 + R0 + R7 + 2(θ + R8) is of type D5 and intersects F1 with multiplicity 3, a
contradiction.

In the second case, we find that R1 · F = 3, a contradiction.

• • • • • • • • •

• •

•

f2

f1

R1 R2 R3 R4 R5 R6 R7 R8

R9

Θ

•

•

• • • • • • •

•

•

•

•

f2

f1

R1 R2 R3 R4 R5 R6 R7 R8

R9

Θ

Corollary 6.1.14. Let nd(S) be the non-degeneracy invariant of an Enriques surface over a field of
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characteristic p 6= 2. Then
nd(S) ≥ 3.

Remark 6.1.15. It is claimed in [132, Theorem 3.5.1] that the assertion of the theorem remains true
in characteristic 2 except for explicitly classified extra-special Enriques surfaces with nd(S) ≤ 2
(see the next section for their classification). The proof is similar to the proof of Theorem 6.1.10
but there are many more cases to consider, and the proof occupies 32 pages of the book. We are not
sure that the authors have not missed some cases, fortunately a more conceptual and shorter proof
has been recently given in [479].

We refer to Sections 8.8 and 8.10 where we compute nd(S) for Enriques surfaces with finite
automorphism group.

Remark 6.1.16. Suppose we have a non-degenerate isotropic 3-sequence that defines three genus
one pencils |2Fi|, i = 1, 2, 3. We have (2F1 + 2F2 − F3)2 = 0, hence the pencil |2F1 + 2F2|
contains irreducible divisor F1 + F ′1. Suppose F ′1 is nef, i.e. a genus one curve and has no common
irreducible components with F1. In this case F1 + F ′1 is the pre-image of a hyperplane section of
D1 that splits under the cover φ : S → D1.

6.2 Extra-special and exceptional Enriques surfaces

We have already encountered a surface with nd(S) = 1. It contains (−2)-curves forming the
following intersection graph of type T2,3,7.

• • • • • • • • •
•

It follows from the definition of a crystallographic root basis that the classes of the curves corre-
sponding to the vertices of this diagram form a crystallographic root basis in Num(S).

Definition 6.2.1. An Enriques surface is called nodal reflective surface if it contains a crystallo-
graphic root basis formed by the divisor classes of (−2)-curves.

We will later give a classification of such surfaces in §8.9, 8.10. It coincides with the classification
of Enriques surfaces with finite automorphism group. It follows from this classification that in the
case when char(k) 6= 2, the cardinality c of such root bases is larger than or equal to 12. However,
in characteristic 2 we have several possibilities with c < 12 given in the following theorem.

First let us prove the following lemma of multiple use.

Lemma 6.2.2. Let F1, F2 form a non-degenerate U -pair. Then, F1 and F2 have no common irre-
ducible components.

Proof. By Proposition 2.5.2, a fiber F1 is numerically 2-connected, i.e. if we write F1 as a sum
of two proper effective divisors F1 = D1 + D2, then D1 · D2 ≥ 2. Now, if D1 is the maximal
effective divisor with D1 ≤ F1 and D1 ≤ F2 and if we let F1 = D1 + D2 and F2 = D1 + D′2 be
decompositions into effective divisors, we have D2.D

′
2 ≥ 0. Therefore 1 = F1 · F2 = (D1 +D2) ·

F2 = D2 ·D1 +D2 ·D′2 ≥ D2 ·D1, hence D1 = 0.
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Theorem 6.2.3. Let B be a crystallographic root basis in Num(S) formed by k classes of (−2)-
curves such that, for any α, β ∈ B, α · β ≤ 2. Assume that k ≤ 11. Then the intersection graph of
the curves is one of the following.

• • • • • • • • •
•

Ẽ8

• • • • • • • • • •
•

Ẽ
(1)
7

• • • • • • • • •
••

Ẽ
(2)
7

• • • • • • • •
• •

D̃8

• • • • • •
•

• •

•
•D̃4 + D̃4

Every such crystallographic basis of (−2)-curves is realized in characteristic 2.

Proof. We will show later in Section 8.10 that such crystallographic bases are realized in charac-
teristic 2. Now let us show that the five diagrams are the only ones that can be realized under the
assumption of the theorem.

Let Γ be the Coxeter diagram of the reflection group WB of the crystallographic basis formed
by the curves Ri. Since the fundamental polytope P (B) is of finite volume and is not compact
(since W (E10) is not cocompact), Γ contains a maximal rank parabolic subdiagram P of rank 8.
Let P1, . . . , Pm be its connected components, and let ni be the number of vertices in Pi. Then

8 =

m∑
i=1

(ni − 1) = −m+

m∑
i=1

ni ≤ k − 1−m

gives m ≤ k − 9.

Assume k = 10. Then m = 1. A connected parabolic diagram with 9 vertices must be of type
Ã8, Ẽ8, or D̃8. We must have an additional vertex v10. If it intersects two vectors vi, i 6= 10, then
we find a parabolic subdiagram of type Ãk with k < 8. It is easy to see that it cannot be extended
to a parabolic subdiagram of rank 8. Thus v10 intersects only one other vector. By assumption,
α · β ≤ 2, hence the edge between (vi, v10) is simple or double. In the latter case, it defines a
parabolic subdiagram that is not contained in a unique maximal rank parabolic subdiagram P . Thus
the edge (vi, v10) is simple. In the case Ã8, we get the following diagram:
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• • • • • • • •
•

•

Here the red vertex corresponds to v10. It is clear that the graph contains a parabolic subdiagram of
type Ẽ7. It is not of maximal rank and it is not contained in a maximal rank parabolic subdiagram.
This contradicts the assumption k = 10.

A similar argument shows that in the case Ẽ8 and D̃8, we get the following diagrams:

• • • • • • • • •
•

• • • • • • • •
• •

Let us assume that k = 11. We will apply Vinberg’s Theorem 0.8.22. The assumption on B is
equivalent to the property that the fundamental polytope P (B) has no divergent faces.

Suppose there is a non-connected maximal rank parabolic subdiagram P . Then there exists a
unique vertex v 6∈ P . Suppose we have another non-connected maximal rank parabolic subdiagram
P ′. One of its connected components must contain v. Another one must be contained in P , a con-
tradiction. We conclude that any other maximal rank parabolic subdiagram must be connected. In
particular, v is connected to only one vertex of each connected component of P unless the com-
ponent is of type Ã1 (or Ã∗1, we will always assume this alternative). To sum up, there are two
possibilities: either all maximal rank parabolic subdiagrams are connected, or there exists a unique
non-connected maximal rank parabolic subdiagram.

Case 1: All maximal rank parabolic subdiagrams are connected.

In particular, the diagram has no multiple edges and any v 6∈ P is connected to at most one other
vertex.

Case 1a: Γ contains a maximal rank parabolic subdiagram P of type Ã8.

The diagrams are of the following pattern:

• • • • • • • •
•

••

Let r be the smallest number of vertices between the vertices connected to the red vertices. Then,
if r = 0, 1, 2, 3, we find a parabolic subdiagram D̃5, D̃6, D̃7, Ẽ7, respectively. This obviously
contradicts the assumption that all maximal rank parabolic subdiagrams are connected.

Case 1b: Γ contains a maximal rank parabolic subdiagram P of type D̃8.

Adding only one new vertex, we get the following possible diagrams:
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• • • • • • •
••

•
• • • • • • •

••

•
(a) (b)

• • • • • • •
••

•
• • • • • • •

••
•(c) (d)

In cases (a), (b), and (c) we have a parabolic subdiagram of type D̃4, D̃5, D̃6, For the same reason
as in the previous case, it cannot be contained in a connected parabolic subdiagram of maximal
rank.

In case (d), adding the second red vertex connected to any vertex except the one of the two extreme
vertices on the right, we obtain a parabolic subdiagram of one of the types D̃5, D̃4, Ẽ6, D̃6, D̃7

which is not contained in a maximal rank parabolic subdiagram. It remains to consider the case of
the following possible diagram:

• • • • • • •
••

• •
R

In this case, the diagram contains a root lattice of rank 10 isomorphic to E6 ⊕ A4 which is impos-
sible because NS(S) has signature (1, 9).

Case 2: There exists a maximal rank parabolic subdiagrams P that consists of two connected
components P1, P2.

In this case there is only one additional vertex v. As we remarked before, there could be only
one disconnected parabolic subdiagram of maximal rank. So, any parabolic subdiagram different
from P1 and P2 must be a connected maximal rank parabolic subdiagram. In particular, there are
no double edges unless it represents a parabolic subdiagram of type Ã1 Also, v is connected to only
one vertex of P1 and P2 unless P1 or P2 is of type Ã1.

Case 2a: P1 and P2 are of types Ãs, Ãt with s+ t = 8.

If s, t > 2, the diagram contains a parabolic subdiagram of type D̃6:

•

•
• • •

•

•
•

It cannot be a part of any connected maximal rank parabolic subdiagram.

If s = 2, t = 6, we have the following subdiagram

•
•

•

•

•

• •

• •
••

In this case we see a subdiagram of type Ẽ6 not contained in any maximal rank parabolic subdia-
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gram.

If s = 1, we have the following possible subdiagrams:

•

•

•

•

• •

• •
•••

•

•

•

•

• •

• •
•••

In both cases we have a parabolic subdiagram of type Ẽ7 which is not a part of a maximal rank
parabolic subdiagram.

Case 2b: P1 is of type D̃s and P2 is of type Ãt with s+ t = 8, s ≥ 4.

If s 6= 4 and v is connected to one of the tri-valent vertices of the parabolic subdiagram P1,
we obtain a parabolic subdiagram of type D̃4 which is not contained in a maximal rank parabolic
subdiagram. If v is connected to one of the extreme vertices of P1, then, adding some vertices from
P2, we obtain a parabolic subdiagram of type D̃7 (if s = 4, 5), or Ẽ7 (if s = 6, 7). None of them
can be extended to a parabolic subdiagram of rank 8.

Case 2c: P1 and P2 are of type D̃4. If the new vertex is connected to a 4-valent vertex of the
subdiagrams of type D̃4, we obtain a parabolic subdiagram of type D̃6 or D̃7 which is not contained
in a maximal rank parabolic subdiagram. This gives the diagram

• • • • • •
•

• •

•
• (6.2.1)

Since the fibers of type D̃4 are double fibers, we see that KS 6= 0 and p = 2. We know that the
jacobian fibration with these types of reducible fibers must be a quasi-elliptic fibration.

Case 2d: P1 is of type Ẽ6 and P2 is of type Ã2.

If the new vertex joins a vertex of P1 different from the extreme one, we find a parabolic sub-
diagram of type Ẽ6 which is not contained in a maximal rank parabolic subdiagram. The only
possibility is the following:

• • • • • •
•
•

•

•
•

R1

R2

R3

R4

(6.2.2)

Observe that we have two parabolic subdiagrams of types Ẽ8 that define two genus one fibra-
tions |2F1| and |2F2| with F1 · F2 = 3. The half-fibers share common irreducible components
contradicting Lemma 6.2.2. This case is excluded.

Case 2d: P1 is of type Ẽ7 and P2 is of type Ã1.

The only possibilities here are given in cases (E1
7) and (E2

7) of the Theorem.
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Definition 6.2.4. An Enriques surface is called extra-special if nd(S) ≤ 2.

It follows from Theorems 6.1.10 and 6.1.12 that there are no extra-special surfaces in characteristic
different from two.

Proposition 6.2.5. Let S be an Enriques surface that admits a crystallographic basis of one of the
types Ẽ8, Ẽ

(1)
7 , D̃8 from the assertion of Theorem 6.2.3. Then S is extra-special. The surface of type

Ẽ
(2)
7 has nd(S) = 3 and the surface of type D̃4 + D̃4 has nd(S) = 4.

Proof. Let S have a crystallographic basis of type Ẽ8. It has only one genus one fibration, hence
nd(S) = 1.

Suppose S contains a crystallographic basis of (−2)-curves of type Ẽ(2)
7 . Then S has one genus

one fibration |2F1| with reducible fibers F1 of type Ẽ7 and Ã1 and two genus one fibrations
|2F2|, |2F3| with reducible fibers of type Ẽ8. We may assume that F1 is of type Ẽ7. Let D2, D3 be
the divisors defined by the parabolic diagrams of type Ẽ8. We have to decide whether Di ∼ 2Fi or
Di ∼ Fi. Let us index the vertices by the corresponding (−2)-curves as follows

• • • • • • • • •
••

1

2 3 4 5 6 7 8 9 10

11

and denote the corresponding curves by Ri. Consider the genus one pencil |D1| with two fibers
of types Ẽ7 and Ã1 (or Ã∗1). The curve R9 is its bisection and we see that the first fiber is double
and the second is not. Thus [R10 + R11] is divisible by 2 in Num(S) and hence v = 1

2 [R10 −
R11] ∈ Num(S). Let M be the sublattice of Num(S) generated by the curves Ri and v. It is
easy to see that M is isomorphic to the lattice E7 ⊕ A1 ⊕ U, where A1 is generated by v. Its
discriminant group is generated by r1 = 1

2v mod M and r2 = 1
2 [R2 + R4 + R1] mod M with

r2
1 = −1

2 , r
2
2 = −3

2 , r1 · r2 = 0. We see that r = r1 + r2 is a unique non-zero isotropic vector
in the discriminant group. Adding it to M , we obtain a unimodular lattice that must coincide with
Num(S). Since D2 · r and D3 · r are even, we see that D2 ∈ |2F2|, D3 ∈ |2F3| are simple fibers.
Now, it is easy to see that F1 · F2 = F1 · F3 = F2 · F3 = 1. This shows that nd(S) = 3.

Suppose S contains a crystallographic basis of (−2)-curves of type Ẽ(1)
7

• • • • • • • • • •
• 1

2 3 4 5 6 7 8 9 10 11
(6.2.3)

Then S has two genus one pencils |2F1| and |2F2|. The first one has two half-fibers of type Ẽ7

and Ã∗1 and the second one has a fiber (or half-fiber) D2 of type Ẽ8. We observe that F1 ·D2 = 2.
Consider the sublattice M of Num(S) spanned by the classes of (−2)-curves represented by the
vertices of the diagram. It is easy to see that it is isomorphic to the lattice A1 ⊕ E7 ⊕ U. It is a
sublattice of index 2 in Num(S). The vectors v1 = [R1 +R2 +R4] and v2 = [R1 +R6 +R8 +R10]
have even intersection with all curves in the diagram, hence, r1 = 1

2v1 and r2 = 1
2v2 belong to the

dual lattice M∨. The residues of r1, r2 modulo M generate the discriminant group of M . We have
r2

2 = 0, hence r2 mod M is the unique isotropic vector in discr(M) and thus joining r2 to M , we
obtain the unimodular lattice that must coincide with Num(S). Since [D2] intersects any vector in
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M evenly and [D2] · v2 = 0, we obtain that D2 intersects all classes in Num(S) evenly, and hence
D2 is a double fiber. Thus F1 · F2 = 1 and nd(S) = 2.

Suppose S contains a crystallographic basis of (−2)-curves of type D̃8.

• • • • • • • •
• •1

2 3 4 5 6 7 8 9

10

(6.2.4)

Then S has one genus one fibration |2F1| with reducible half-fiber F1 of type D̃8 and two genus
one fibrations |2F2|, |2F3| with reducible fibers of type Ẽ8. Let D2, D3 be the divisor defined by
the parabolic diagrams of type Ẽ8. We have to decide whether Di ∼ 2Fi or Di ∼ Fi.

Consider the sublattice M of Num(S) generated by the (−2)-curves represented by the vertices
of the diagram. It is easy to see that it is isomorphic to D8 ⊕ U, a sublattice of index 2 in E10. The
curve R1 +R5 +R7 +R10 has even intersection with all curves in the diagram. As in the previous
cases, we show that the discriminant group ofM is generated by vectors r1 = 1

2 [R1+R5+R7+R9]
mod M and r2 = 1

2 [R1 + R5 + R7 + R10] mod M with r1 + r2 = 1
2 [R9 + R10] mod M . We

have r2
1 ≡ r2

2 ≡ 0, (r1 + r2)2 ≡ 1. Adding one of the vectors r1, r2 to M generates a sublattice
isomorphic to E10. Since both of r1, r2 cannot belong to Num(S), only one of them belongs to
Num(S). This shows that one of the fibers of type Ẽ8 is non-double, let it be D2 ∼ 2F2 and
let D3 = F3 be a half-fiber. Now, we find that F1 · F2 = 1, F1 · F3 = 2, F2 · F3 = 1, and
hence ([F2], [F3]) and ([F1], [F2]) are the only non-degenerate isotropic 2-sequences. This gives
nd(S) = 2.

Suppose S is of type D̃4 + D̃4, we index the vertices as follows

• • • • • •
•

• •

•
•2

0

1

3

4 5 6

10

7

8

9
(6.2.5)

and denote by Ri the corresponding (−2)-curves. We have one maximal parabolic subdiagram
of type D̃4 + D̃4 and nine maximal parabolic subdiagrams of type D̃8. Using the classification
of extremal jacobian genus one fibrations on rational surfaces we find that the genus one fibration
corresponding to the diagram of type D̃4 + D̃4 is quasi-elliptic. The curve R5 is the curve of cusps
and we have two half-fibers F1 = 2R0 +R1 +R2 +R3 +R4 and F2 = 2R10 +R6 +R7 +R8 +R9

of type D̃4.

Let M ∼= U ⊕ D4 ⊕ D4 be the sublattice Num(S) of index 4 spanned by the numerical divisor
classes of the curves Ri. The numerical classes r1 = 1

2 [R2 + R3 + R8 + R9] and r2 = 1
2 [R1 +

R2 +R7 +R9] generate a maximal isotropic subspace in the discriminant group ofM , and hence, as
above, we obtain that Num(S) is generated by M and the classes r1, r2. Let Fa,b, a = 1, 2, 3, b =
7, 8, 9, be the parabolic subdiagram spanned by the curves Ri except Ra and Rb. We check that
F1,7, F3,8 and F2,9 intersect both r1 and r2 with multiplicity 2. All other Fa,b intersect one of
the ri with multiplicity 1. This implies that the F1,7, F3,8 and F2,9 are simple fibers of genus one
fibrations, all other Fa,b are half-fibers. We also check that F1,7, F3,8 and F2,9 intersect each other
with multiplicity 4 and intersect F1 with multiplicity 2, hence the half-fibers of these fibrations
together with F1 form a non-degenerate canonical 4-sequence, and the other Fa,b are not involved
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in non-degenerate canonical sequences. It is a maximal such sequence, hence nd(S) = 4.

From now, referring to an extra-special surface of type Ẽ(1)
7 we say that it is an extra-special

surface of type Ẽ7.

The following theorem was claimed in [132, Theorem 3.5.2], however its proof was based on
lengthy case-by-case considerations and there is no guarantee that it is correct. A more conceptional
proof was recently supplied in [479].

Theorem 6.2.6. An extra-special surface must be one of the three types Ẽ8, Ẽ7, D̃8.

Proposition 6.2.7. Let S be an extra-special Enriques surface.

• An extra-special surface of type Ẽ8 has only one genus one fibration. It is quasi-elliptic and
has a half-fiber of type Ẽ8.

• An extra-special surface of type Ẽ7 has two genus one fibrations |2F1| and |2F2|. Both of
them are quasi-elliptic. One of them has two half-fibers of types Ẽ7 and Ã∗1, hence S is a
classical Enriques surface. Another one has a simple fiber of type Ẽ8. We have F1 · F2 = 1.

• An extra-special surface of type D̃8 has three genus one fibrations |2F1|, |2F2|, |2F3|. The
first fibration has a half-fiber of type D̃8. The fibration |2F2| has a simple fiber of type Ẽ8 and
it is elliptic and the fibration |2F3| has a half-fiber of type Ẽ8. We have F1 · F2 = F2 · F3 =
1, F1 · F3 = 2.

Proof. Suppose S is an extra-special surface of type Ẽ8. It has only one parabolic subdiagram and
hence only one genus one fibration. We have to prove only that it is a quasi-elliptic fibration.

Suppose it is an elliptic fibration. We know that the set of (−2)-curves on S generates Num(S)
and only one of them is not contained in fibers. It is a special bisection R. It follows that any
bisection of the fibration must be numerically equivalent to R + A, where A is contained in fibers.
Thus the generic fiber has a unique degree two point. However, by Riemann-Roch, an effective
Cartier divisor of degree 2 on an genus one curve moves in a pencil. Thus f is a quasi-elliptic
fibration and R is its curve of cusps. Recall from Table 4.9 in Volume 1 that the jacobian fibration
of f has a unique reducible fiber.

Suppose S is an extra-special surface of type Ẽ7. We use diagram (6.2.3) to index all (−2)-curves
on the surface. It has one genus one fibration |2F1| of type Ẽ7 + Ã1 and one of type |2F2| of type
Ẽ8. The sublattice of Num(S) generated by reducible components of the fiber of |2F1| of type Ẽ7,
its bisection R9 and a component R10 of the fiber of the second reducible fiber is isomorphic to
E7⊕A1⊕U. It is of index 2 in the Enriques lattice E10. Adding the component R11, we see that the
curves R1, . . . , R11 span E10. Repeating the argument from the previous case, we obtain that |2F1|
is a quasi-elliptic pencil and R9 is its curve of cusps.

Since |2F1| has two half-fibers, we also see thatKS 6= 0. This implies that the second pencil |2F2|
contains two half-fibers and they are neither of multiplicative type nor supersingular elliptic curves.
Suppose |2F2| is an elliptic pencil. The classification of extremal rational surfaces in characteristic
2 given in Table 4.7 in Volume 1 shows that the jacobian fibration either contains one half-fiber of
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type Ã∗0 or has absolute invariant equal to zero. So, we get a contradiction and conclude that |2F2|
is a quasi-elliptic fibration and R11 is its curve of cusps.

Suppose S is an extra-special surface of type D̃8. It has one genus one pencil |2F1| with a half-
fiber F1 of type D̃8 and two genus one pencils |2F2|, |2F3| of type Ẽ8. We have seen in the proof of
Proposition 6.2.5 that only one of the latter fibrations has a half-fiber of type Ẽ8, so we may assume
that F2 is of this type and F3 is irreducible. We also have F1 · F2 = 1, F1 · F3 = 2, F2 · F3 = 1.
Since the pencil |2F2| has no a special bisection, it cannot be quasi-elliptic.

Note that in this case the set of (−2)-curves span a sublattice of index 2 in E10, so we cannot use
the previous argument to show that some of the fibrations must be quasi-elliptic.

Remark 6.2.8. It follows from Remark [365, Remark 12.4] that in the third case of Proposition
6.2.7, |2F1| is a quasi-elliptic fibration and the remaining two fibrations are elliptic.

We have also a partial converse statement.

Proposition 6.2.9. Let S be an -Enriques surface in characteristic 2. Then

• S is extra-special of type Ẽ8 if and only if it is classical or α2-surface and admits a quasi-
elliptic fibration with a half-fiber of type Ẽ8.

• S is extra-special of type Ẽ7 if and only if it is a classical Enriques surface that admits a
quasi-elliptic fibration with a simple fiber of type Ẽ8 and a quasi-elliptic fibration with a
half-fiber of type Ẽ7.

Proof. We proved in the previous proposition that an extra-special of type Ẽ8 is quasi-elliptic. Since
it admits a quasi-elliptic fibration it cannot be an µ2-surface. So, the first properties are necessarily.
In the second case, we proved that S must be classical and the stated properties of the fibrations are
necessarily.

Suppose S has a quasi-elliptic fibration with a half-fiber F of type Ẽ8. Then the curve of cusps
C is its special bisection. Together with irreducible components of F they form a crystallographic
basis of type Ẽ10. Thus the surface is extra-special of type Ẽ8.

Suppose S has a quasi-elliptic fibration with simple fiber F of type Ẽ8. Let C be the curve
of cusps. Then it intersects F at an irreducible component of multiplicity 2. Thus we have two
possible diagrams of (−2)-curves

• • • • • • • •
•

C • • • • • • • • •
• C•

The first diagram shows that S admits a fibration with a half-fiber of type Ẽ7. Since the curves in
the second diagram form a crystallographic basis that contains an affine root basis of type D̃8 there
are no more (−2)-curves on S. Therefore, S does not contain a fiber of type Ẽ7. In fact, it describes
an extra-special surface of type D̃8.
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Example 6.2.10. In this example we construct a one-dimensional family of classical extra-special
surfaces of type Ẽ8 (see another construction of this family in [365, 10.3]).

The surface has only one bielliptic linear system. It corresponds to the degenerate isotropic se-
quence (f, f + R), where f is the numerical class of a half-fiber of type Ẽ8 and R is the special
bisection. The linear system defines a degree 2 map φ : S → D′1, where D′1 is a symmtroid quar-
tic del Pezzo surface with singularities 2A1, A3. We know from Section 0.6 that S has a double
plane model given by equation w2 + xyf(x, y, z) = 0, where V (f(x, y, z) is a plane sextic passing
through 5 points p3 � p2 � p1, p4 � p5, where p1, p2, p3 and p1, p4, p5 are on a line. We choose
projective coordinates such that p1 = [0, 0, 1] and p2 = [0, 1, 0]. We take

f(x, y, z) = xy(y2z4 + x2y3z + x6 + λx2y4). (6.2.6)

We use the affine open set z = 1 and blow-up at the point p1 = [0, 0, 1] using the substitution
w = xu, y = xv. After the normalization, we get the equation of the surface in a neighborhood of
the point p2.

u2 + v(v2 + x4 + x3v3 + λx4u4) = 0.

After the blow-up p2 using the substitution u = zt, v = xt and the normalization, we get the
equation in a neighborhood of the point p3

z2 + t3 + t+ t4t5 + λt5x8 = 0

The coordinate t of the intersection point P of the proper transform of the sextic V (f) with the
exceptional curve (one of the two lines on D′1) over p3 is equal to 0. However, after we replace t
with t+ 1, and replace z with z + t, we get the following equation

z2 + t3 + x5(1 + γ(t5 + t4 + t+ γ)x3) = 0.

This shows that the surface has a singular point of type E(0)
8 at a point Q 6= P on one of the lines

on D′1. After we resolve this singularity of the surface at Q, we obtain an extra-special surface of
type Ẽ8.
Example 6.2.11. In this example we construct an extra-special classical Enriques surface of type Ẽ7

(see another construction in [365, 11.1]). We use the unique non-degenerate U -pair of half-fibres
(F1, F2) of types Ẽ7 and Ã∗1. It defines an inseparable degree 2 map φ : S → D1. The surface D1

is the blow-up of 5 points p1, p3 � p2, p5 � p3 where p1, p2, p3 and p1, p4, p5 are on a line. We
choose the coordinates such that p1 = [0, 0, 1], p2 = [0, 1, 0], p3 = [1, 0, 0] and consider the double
plane model of S given by equation w2 + xyf(x, y, z) = 0, where the curve W = V (f) is the
union of a line ` and a quintic curve V (g). We require that V (g) has a simple point at p1 and double
points at p2, . . . , p5 and also that the line ` is tangent to V (g) at p1 with multiplicity 3. We choose
` = V (x+ y) and

g(x, y, z) = (x+ y)z4 + xy(c1x+ c2y)z2 + x2y2(x+ y)

. We check that the double plane w2 + xy(x+ y)g(x, y, z) = 0 has a simple singular point of type
A2 over the point q = [1, 1, 0] and a simple point of type E7 over p1. The preimage of the line `
gives us a simple fiber of type Ẽ8, the pre-image of the exceptional curve over p1 gives a half-fiber
of type Ẽ7 and the pre-image of the line V (z) gives a half-fiber of type Ã∗1.

In Section 8.10 following [365], we will give a construction of all extra-special surfaces.

In the remaining part of this section we will follow the work of T. Ekedahl and N. Shepherd-



28 CHAPTER 6. NODAL ENRIQUES SURFACES

Barron [209] and provide more details for their proof of Theorem 1.4.10. Following the authors, we
introduce the following definition.

Definition 6.2.12. A classical Enriques surface S in characteristic 2 is called exceptional if it
admits a non-zero regular vector field.

As we shall see not every extra-special surface is exceptional and vice versa not every exceptional
surface is extra-special.

Assume that the K3-cover X of S is not normal and let A be the conductrix of S. Recall from
section 1.3 that 2A is equal to the divisorial part of a 1-form ω spanning H0(S,Ω1

S/k). We have
proved that A2 = −2, h0(A) = 1, each irreducible component of A is a (−2)-curve, and A is
numericaly connected. Also, we have an exact sequence

0→ OS → π̃∗OY → ωS(A)→ 0,

where π̃ : Y → S is the composition of the K3-cover π : X → S and the normalization map
σ : Y → X . We also have the exact sequence

0→ OS(2A)→ Ω1
S/k → JZ(KS − 2A)→ 0,

where Z is the 0-dimensional part of the scheme (ω) of zeros of ω with h0(OZ) = 4. For any point
x ∈ S, we denote the length of OZ at x by 〈ω〉x.

Suppose R is an irreducible component of multiplicity m of a non-multiple fiber F of f . Let t be
a local parameter at f(F ). If m is odd, then we can write f∗(t) = εum, where u = 0 is a local
equation of R at its general (not generic) point x and ε is a unit at x. Passing to formal completion,
and applying Hensel’s Lemma, we can replace u with ε1/mu and obtain f∗(t) = um. This gives
ω = df∗(t) = mum−1du, hence R enters in 2A with multiplicity m− 1. On the other hand, if m is
even, we obtain ω = umdε, so that R enters in 2A with multiplicity≥ m. If f is quasi-elliptic, then
at a general point of the curve of cusps C, we have f∗(t) = y2 + x3, so that ω = x2dx vanishes on
C with multiplicity 2. Thus C enters in A with multiplicity 1.

Suppose f is smooth at a closed point x. We can choose a local parameter u at x such that the
equation of the fiber F through x is given by local equation u = 0. Then f∗(t) = εu, where ε is a
unit in OS,x. Replacing u with εu, we may assume that ε = 1. Thus ω = du and hence does not
vanish at x. Suppose f is an elliptic fibration. Then any curve C not contained in a fiber intersects
some fiber at its smooth point. This implies that ω does not vanish at a general point of C.

To summarize, we obtain that A is a combination of irreducible components of fibers if f is
elliptic and 2A = 2C + 2A′, where A′ is a combination of irreducible components of fibers, if f is
quasi-elliptic.

Suppose x is an isolated singular point of a non-multiple fiber F of an elliptic fibration. We have

〈ω〉x = dimk Ext1(Ω1
S/k,x,OS,x)

(see [150]). The number 〈ω〉x is called the Milnor number of f at x.

If x is an ordinary double point, then, in some local coordinates u, v at x, we can write f∗(t) = uv.
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This implies that 〈ω〉x = 1. Thus, if the fiber is of type In, then∑
x∈F
〈ω〉x = νx(∆), (6.2.7)

where ∆ is the discriminant of the associated jacobian fibration.

If x is an ordinary cusp (resp. a triple point) of the fiber, then f∗(t) = ε(u2 + v3) (resp. ε(u2v +
v2u)), and 〈ω〉x depends on the unit ε. It follows from [149], Théorème 2.6, that (6.2.7) still holds.
This time 〈ω〉x = e(F ) + α, where α is the invariant of wild ramification. In our case 〈ω〉x = 4 in
each case, hence Z = {x} and the singularity of the K3-cover over x is a rational double point of
type D(0)

4 . If F has a cusp at x, then the invariant of the wild ramification is equal to 2, otherwise it
is equal to zero.

Let us derive some immediate corollaries of our previous discussion.

Proposition 6.2.13. Let p = 2 and let S be a classical or α2-surface. Let ω be a generator of
H0(S,Ω1

S/k). Let f : S → P1 be an elliptic fibration with a non-multiple fiber of type D̃n or Ẽn.
Then the divisorial part D of the scheme of zeros of ω is equal to 2A, where A is defined by the
following weighted graph with weights indicating the multiplicities of the irreducible components.

• • • •· · ·1 1 1 1

D̃n

• • •
•

1 1 1

1

Ẽ6

• • •
•
• •1 1 2 1 1

1

Ẽ7

• • • • • • •
•

1 2 3 2 2 1 1

1

Ẽ8

(in case D̃n the components are all multiple components of the fiber). If f : S → P1 is a quasi-
elliptic fibration then D is described by the following diagrams, where the star indicates the curve
of cusps.

•∗
1 1

D̃4

• • •
∗

1 1 1

1

D̃6

• • • • •1 1 1

1

1 1

∗
D̃8

• • •
•
• •1 1 2 1 1

1∗1
Ẽ7

• • • • • • •
•

2 2 3 2 2 1 1

1∗1
Ẽ8

Proof. If R is a component of a non-multiple fiber of a genus one fibration of even multiplicity m
with local equation u = 0 at its general point, then dπ∗(t) = umdε. It is easy to see that dε can
vanish onR only with even multiplicity. Suppose f is an elliptic fibration, thenA is equal toA′+B,
where A′ is as in the assertion of the proposition and B is a combination of components Ri entering
in the fiber containing A . One easily computes A2 = (A′+B)2 and obtain that A2 < −2 if B 6= 0
contradicting (1.3.7). If f is quasi-elliptic, then we know that the curve of cusps C enters in A with
multiplicity 1. We also know which component of F the curve C intersects (see Remark 4.9.11).
The rest of the argument is the same.

Corollary 6.2.14. Assume p = 2 and let π : X → S be the K3-cover of an Enriques surface.
Suppose X is birationally isomorphic to a K3 surface. Then S does not admit a quasi-elliptic
fibration.
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Proof. We know that a µ2-surface does not admit a quasi-elliptic fibration. In other cases the
canonical cover is inseparable. Moreover we know that H0(S,Ω1

S/k) 6= {0} and, by Proposition
0.2.21, X is singular over zeros of a nonzero regular 1-form ω. However, we know that the curve
of cusps C enters in the scheme of zeros of ω. Thus X is not normal, and hence not birationally
isomorphic to a K3 surface. This contradicts the assumption of the Corollary.

One can analyze the conductrix A for surfaces with H0(S,ΘS/k) 6= 0 not assuming that it is
supported at non-multiple fibers. The classification of possible configurations of A is more delicate
and we refer for this to [209]. As we noted before in the proof of Theorem 1.4.10, this analysis
allows the authors to classify exceptional Enriques surfaces.

Recall from the proof of Theorem 1.4.10 thatH0(S,ΘS/k) 6= 0 if and only if h0(2A+KS) 6= {0}.
Suppose S is exceptional and the dual graph of the support of A is a part of a Dynkin diagram of
finite type. Let D ∈ |2A + KS |. We have 4A ∼ 2D, hence 4A and 2D span a pencil. Since its
moving part has non-negative self-intersection, we get a contradiction. Thus h0(2A+KS) = 0 and
S cannot be exceptional.

(∗) Suppose S is exceptional. Then the dual graph of the support of A is not a part of a Dynkin
diagram of finite type.

Suppose f is an elliptic fibration. By inspection of the graphs from Proposition 6.2.13, we see
that the support of A is equal to the support of a half-fiber. The further classification of possible
conductrices shows that the only possibilities for the dual graphs of A are the following.

• • • • • • •
•

1 2 2 3 2 2 1

1

Ẽ7

• • • • • • • •
•

2 3 5 4 4 3 2 1

2

Ẽ8

• • • •
••

•1 1 2 1 1

11

Ẽ6

(6.2.8)

Assume KS 6= 0 and let F̄ be a half-fiber containing the support of A and let F̄ ′ be another half-
fiber. In all three cases A = F̄ − B, where 0 < 2B ≤ F̄ . Thus 2A + KS ∼ 2F̄ − 2B + KS ∼
F̄ ′ + (F̄ − 2B) > 0. Thus in all these cases we have a nonzero regular vector field.

Assume now that f is a quasi-elliptic fibration. Let A = A′ + C, where C is the curve of cusps.
Suppose the support of A′ is contained in a non-multiple fiber F . By inspection of the list in
Proposition 6.2.13, we find that condition (∗) is satisfied in the last two cases. In the case E7, we
observe that A is contained in a half-fiber F of type Ẽ6 in some genus one fibration on S. So, this
case has been already considered and we have concluded that in this case 2A + KS is effective.
In the case E8, let A′′ is obtained from A by deleting the component R which is extreme on the
right side of the diagram. Then A′′ + C is a part of half-fiber G of type Ẽ7 of some genus one
fibration with R being a special 2-section. Moreover, A′′ + C = G−B, where 0 < 2B < G. Thus
2A+KS ∼ 2R + 2A′′ + 2C ∼ 2R + 2G− 2B +KS ∼ 2R +G′ + (G− 2B) > 0, where G′ is
another half-fiber of |2G|.
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Next we assume that f is a quasi-elliptic fibration, A is contained in a half-fiber F of f and
condition (∗) is satisfied. It follows from [209] that there are two possible cases for A:

• • • • • • •
•

∗
1 2 2 3 2 2 1 1

1

Ẽ7

• • • • • • • •
•

∗
2 3 5 4 4 3 3 2 1

21

Ẽ8

∗ (6.2.9)

In both cases 2A contains F , hence 2A+KS is linearly equivalent to an effective divisor containing
the second half-fiber. Note that in the second case S is an Ẽ8-special Enriques surface.

The above discussion provides more details for the proof of Theorem 1.4.10. Let us summarize
what we have found.

Theorem 6.2.15. Let S be an exceptional Enriques surface and let ω be a basis of H0(S,ΘS/k).
Then its divisorial partD is equal to 2A, whereA is a curve with dual weighted graphs from (6.2.8),
(6.2.9) and the last diagram from Proposition 6.2.13. The surface contains a genus one fibration
with a half-fiber of type Ẽ6, or Ẽ7, or Ẽ8. If the fibration is quasi-elliptic with a half-fiber of type Ẽ7

or Ẽ8, then there exists a special 2-section. In particular, in the last case the surface is extra-special
of type Ẽ8.

Thus we infer that S must admit a quasi-elliptic fibration such that the conductrix A is supported
on a half-fiber.

Writing KS as the difference of two half-fibers F1 − F2, we obtain that 2A + KS ∼ F2 − B is
not effective. If f is quasi-elliptic, we get 2A = F −B + C. It follows from the above Proposition
that C · A = 1 and C · B = 0. Then 2A + KS ∼ F2 − B + C, and intersecting with C, we obtain
(2A+KS) ·C = C2 +(F2−B) ·C) = −1. This implies that C must be a component of an effective
divisor in |2A+KS |. Thus F2 − B must be effective, and we get again a contradiction. It follows
that the support of conductrix A is contained in the union of a half-fiber and the curve of cusps, if f
is quasi-elliptic.

Since the divisorial part D of the scheme of zeros of ω does not depend on a choice of an elliptic
fibration, we obtain that D enters in a fiber of any other elliptic fibration on S. Since we know
that two non-reduced non-multiple fibers must be of types D̃4 and they occur only for quasi-elliptic
fibrations, we see that the type of a non-reduced non-multiple fiber of an elliptic fibration on a
classical Enriques surface does not depend on the fibration.
Example 6.2.16. Let S be as above, and let f be an elliptic fibration on S with a non-multiple
fiber F of type Ẽ8. Note that it is possible to find a classical (resp. supersingular) surface with a
non-multiple fiber of type Ẽ8. We take an extremal rational elliptic surface with a fiber of type Ẽ8

with the invariant of wild ramification δ equal to 1 (resp. 2). We choose two (resp. one) smooth
fiber and apply the Ogg-Shafarevich theory to create a torsor with two double fibres (resp. one wild
double fiber). Note that in the case of a rational elliptic surface with δ = 2, all smooth fibers are
supersingular curves, so the torsor must have a wild fiber. This is our Enriques surface.

It follows from Theorem 6.1.10 from Section 4.1 that there always exists another genus one pencil
f ′ : S → P1 on S such that its general fiber intersects F with multiplicity 4. Since f is an elliptic
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fibration, the bielliptic map S → D onto a quartic del Pezzo surface must be separable. This implies
that f ′ is also an elliptic fibration. Since the conductrix does not depend on the choice of a fibration,
we see that f ′ also contains a non-multiple fiber F ′ of type Ẽ8. The fibers F and F ′ share all
components except their reduced components R and R′. It is easy to see that we must have the
following diagram of the components

• • • • • • •
•

•
•R′

R

The divisor R + R′ (or 2R + 2R′) defines a third genus 1 fibration f ′′ on S. Its other reducible
fiber or a half-fiber must be of type Ẽ7. It consists of irreducible components of A and a component
R0 depicted on the following diagram.

• • • • • • • •
•

•
•R′

RR0 C
(6.2.10)

Note that C ·R0 = 0 because. otherwise, C ·R0 = 1 and hence there exists a genus 1 fibration with
a double fiber of type Ã7 which is a contradiction.

Since the curve of cusps C intersects R + R′ with multiplicity 2, the fiber R + R′ is a simple
fiber. The eleven components form a crystallographic root basis in Num(S), so there are no more
(−2)-curves on S. The surface is Ẽ(1)

7 -special.

It remains to see the existence of an exceptional Enriques surface.

In the previous example, we constructed an extra-special Ẽ(1)
7 -surface starting from a quasi-elliptic

fibration with a non-multiple fiber of type Ẽ8. As we have shown this implies that the surface is
exceptional.

Example 6.2.17. Take a quasi-elliptic surface with a non-multiple fiber F of type Ẽ7 and a reducible
non-wild half-fiber of type Ã∗1. It obviously exists as a torsor of a rational quasi-elliptic surface. This
surface admits another genus one fibration f ′ such that the conductrix A is supported in a half-fiber
F ′ of type Ẽ6. This fibration must be elliptic. The conductrix A is supported in F ′, so we get an
exceptional Enriques surface. We obtain the following diagram.

• • • • • • •
•
• C

Here C is the curve of cusps of the quasi-elliptic pencil. Since it has a reducible half-fiber, we
obtain the following diagram
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• • • • • • •
•
• • •

Now we see that our diagram contains two more parabolic subdiagrams of type Ẽ7 and each must
contain another reducible half-fiber of type Ã∗1. We also see that the second fibration with fiber of
type Ẽ6 has another reducible fiber, a component of the half-fiber of the first quasi-elliptic fibration.
The only possible configuration is the following one.

• •

•

•

•
•
•

•
•
•

•
•

•

Note that the Mordell-Weil group of the jacobian fibration of the elliptic fibration of type Ẽ6 +A∗2
is of order 3 and it acts on this diagram by a symmetry of order 3. The vertices of the diagram
define a crystallographic root basis in Num(S) of cardinality 13. We will see in Theorem 8.10.19
(resp.Theorem 8.10.26) that the automorphism group of the surface S is isomorphic to the symmet-
ric group S3 × Z/5Z (resp. S3) if S is a α2-surface (resp. a classical surface).

Example 6.2.18. We take an Enriques surface, denoted by S, with a quasi-elliptic fibration with a
reducible half-fiber of type Ẽ7 or Ẽ8 defining the conductrix from diagram (6.2.9). In the former
case the quasi-elliptic fibration must have an additional reducible fiber of type Ã∗1. If this fibre were
not multiple, we get the diagram (6.2.10). This defines an extra-special Enriques surface of type
Ẽ

(1)
7 . If the fiber is multiple, we get the following digram:

• • • • • • • •
•

• • (6.2.11)

This shows that S is an extra Ẽ(2)
7 -special Enriques surface.

In the latter case, when the conductrix is supported on a half-fiber of a quasi-elliptic fibration of
type Ẽ8, we get an extra Ẽ8-special Enriques surface.

6.3 Smooth rational curves on an Enriques surface

Let |2F | be a genus one pencil on S. If it contains a reducible member, then its irreducible compo-
nents are (−2)-curves. The next theorem shows that each (−2)-curve occurs in this way.
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Recall the function Φ : Num(S)+ → Z≥0 defined in Chapter 2 (2.4.6). We use the same formula
to define Φ(R), where R is a (−2)-curve. A (−2)-curve is an irreducible component of some genus
one pencil if and only if Φ(R) = 0.

Lemma 6.3.1. Let h ∈ Num(S) be the class of a divisor with h2 > 0. Then

Φ(h) ≤ 1

2
h2.

Proof. Let ω0, . . . , ω9 be the fundamental weights for the Enriques lattice defined in Proposition
1.5.3. Applying an element from W (E10), we may assume that h =

∑
miωi with non-negative

integers. Using the explicit formulae for ωi in terms of isotropic vectors fi from Proposition 1.5.3,
we can write

h = m0h+m1(h− f1) +m2(2h− f1 − f2) +
9∑
i≥3

mi(3h− f1 − · · · − fi).

Using Remark 1.5.5 we can rewrite it in the form

h = m0(f1 + f2 + f1,2) +m1(f2 + f1,2) +m2(f1 + f2 + 2f1,2) +
9∑
i≥3

mi(fi+1 + · · ·+ f9).

This gives

h2 = h · (m0(f1 + f2 + f1,2) +m1(f2 + f1,2) +m2(f1 + f2 + 2f1,2) +

9∑
i≥3

mi(fi+1 + · · ·+ f10))

≥ (3m0 + 2m1 + 4m2 +
∑
i≥3

(10− i)mi)Φ(h).

This implies that h2 ≥ 2Φ(h) unless h = ω9. However, ω2
9 = 0.

Remark 6.3.2. One can prove a stronger inequality Φ(h) ≤
√
h2 (see [132, Corollary 2.7.1]).

Theorem 6.3.3. Suppose p 6= 2 or p = 2 and S is not extra-special of type Ẽ8. For any (−2)-curve
R, there exists a genus one pencil |2F | such that R is an irreducible component of its member.

Proof. We have to show that Φ(R) = 0. Suppose Φ(R) = R · f0 ≥ 2 and let F0 be a genus
one curve with [F0] = f0. Since f0 is nef, the divisor class C = F0 + R is nef. Since C2 =
2(F0 · R − 1) ≥ 2, the previous lemma implies that there exists a genus one pencil |2F | such that
C ·F = F ·F0 +F ·R ≤ F0 ·R−1. Since F0 is nef, this gives that F ·R ≤ F0 ·R−1 contradicting
the choice of F0.

Suppose Φ(R) = R · F0 = 1. In this case C2 = 0. We can find a canonical isotropic sequence
(f1, . . . , f10), where f1 = [F0], f2 = [F0 +R] = [C]. If there exists a nef numerical class fi, i > 2,
then fi · f2 = 1 implies that fi · R = 0, and we are done. So, assume that the sequence contains
only one nef isotropic divisor class f1. Then f3 = f1 +R+R1, . . . , f10 = f1 +R+R1 + · · ·+R8,
where Ri are (−2)-curves, and we have the following diagram
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• • •• •• •• ••
R R1 R2 R3 R4 R5 R6 R7 R8f1

Let D be a member of |2F0| that contains the curves R1, . . . , R8. Since the surface is not extra-
special of type Ẽ8, D cannot be of type Ẽ8. Hence, there are three possibilities:

•

• • •• •• •• ••
R R1 R2 R3 R4 R5 R6 R7 R8

R9

f1

or

•

• • •• •• •• ••
R R1 R2 R3 R4 R5 R6 R7 R8

R9

f1

or

•

• • •• •• •• ••
R R1 R2 R3 R4 R5 R6 R7 R8

R9

f1

In the first case the curves R,R1, R2, R3, R4, R9, R8, R7 support a genus one curve F ′ of type
Ẽ7 that contains R as an irreducible component. Hence R is a component of a member of |2F ′|. In
the second case, R is a component of a curve R + R1 + R9 of type Ã2. Finally, in the third case,
R is a component of a curve of type Ẽ7 formed by the curves R,R1, . . . , R6, R9. This proves the
assertion.

Definition 6.3.4. Let |2F | be a genus one pencil on an Enriques surface. A smooth rational curve
R with F ·R = 1 is called a special bisection.

Theorem 6.3.5. Assume that S contains a (−2)-curve R. Then there exists a genus one fibration
with a special bisection.

Proof. If S is extra-special of type Ẽ8, then, by its definition it contains a bisection. By Proposition
6.2.7, it is the curve C of cusps. Assume that S is not extra-special of type Ẽ8. By the previous
theorem, R is contained in a fiber D of some genus one fibration |2F1|. By Theorem 6.1.10, there
exists a genus one fibration |2F2| such that F1 · F2 = 1. Since D · F2 = 2, either R · F2 = 1, and
we are done, or there exists an irreducible component R′ of D such that R′ · F2 = 0. Let U be the
sublattice of Num(S) generated by [F1], [F2]. Its orthogonal complement U⊥ is isomorphic to E8,
which contains r′ = [R′] and a root α with α · r′ = 1. Then f3 = [F1] + [F2] + α is an isotropic
vector in Num(S) with f3 · r′ = 1. If f3 is nef, we have a genus one fibration with a half-fiber F3

with [F3] = f3 and its bisection R′.



36 CHAPTER 6. NODAL ENRIQUES SURFACES

Suppose f3 is not nef. Let f3 = [F3], where F3 is an effective divisor. Then there exists a (−2)-
curve R′′ such that F3 · R′′ < 0. This implies that R′′ is an irreducible component of F3 and
(F3 − R′′)2 = −2F3 · R′′ − 2 ≥ 0. Since D = F3 − R′′ is effective, intersecting it with F1 we
obtain 0 ≤ D ·F1 = 1−R′′ ·F1 and hence 0 ≤ R′′ ·F1 ≤ 1. If F1 ·R′′ = 1, we have found a special
bisection of the pencil |2F1|. So, we obtain F1 · R′′ = 0 and similarly, we get F2 · R′′ = 0. Thus
the divisor class of any (−2)-curve R′′ with R′′ · F3 < 0 belongs to the orthogonal complement
U⊥. Applying the reflections in the divisor classes of such curves, we may assume that F3 is nef
and r′ is the sumR of the divisor classes of (−2)-curves in U⊥. The (−2)-curves from the support
ofR intersect F1 with multiplicity 0, and hence they are components of some fibers of |2F1|. Since
F1 · F3 = 1, we see that F3 · R′ = 1, hence R′ is a bisection of a genus one pencil |2F3|, and we
are done.

Remark 6.3.6. It is not true that any (−2)-curve is a special bisection of some genus one fibration.
For example, in Figure 8.4 that gives the intersection graph of all (−2)-curves on a surface S with
finite automorphism group, the curves R2, R4, R6, R8 are not bisections of any genus one fibration.
We do not know examples of surfaces with infinitely many (−2)-curves such that neither of them is
realized as a special bisection of a genus one fibration.

Corollary 6.3.7. Let S be a nodal Enriques surface. Then

(i) S contains a genus one fibration with a reducible fiber;

(ii) S contains a genus one fibration with a special bisection;

(iii) S admits a special bielliptic linear system;

(iv) if S is not an extra-special of type Ẽ8, there exists a non-special bielliptic map S → D that
blows down a (−2)-curve to a point;

Recall that a choice of a nef and big divisor class H (resp. numerical class h) on a smooth
projective algebraic surface X is called a polarization (resp. numerical polarization). The number
h2 is called the degree of the polarization. The pair (X,H) (resp. (X,h) is called a polarized (resp.
numericallly polarized) algebraic surface.

Let h be a numerical polarization and letRS be the set of (−2)-curves on S. We set

δ(h) = min{h ·R,R ∈ RS}. (6.3.1)

Clearly δ(h) > 0 if and only if h is ample.

We refer for the proof of the following lemma to [133, Theorem 1.5].

Lemma 6.3.8. Let α be a root in the Enriques lattice E10 and let x be a vector in E10 with x2 > 0.
Then there exists an isotropic vector f such that f · α = 0 and

x · f < x · α, or x · α ≤ 3x2

Φ(x)
,

where Φ(x) = min{|x · g|, g2 = 0}.
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Note that, by Hodge Index Theorem, Φ(x) > 0. Also note that the assertion is true for x if and
only it is true for −x.

Theorem 6.3.9. Let (S, h) be a numerically polarized nodal Enriques surface. Assume that Φ(h) ≥
3. Then

0 ≤ δ(h) ≤ 3h2/Φ(h) ≤ h2.

Proof. Let R0 be a (−2)-curve on S. Assume

R0 · h > 3h2/Φ(h). (6.3.2)

Applying the previous lemma, we find an effective isotropic divisor class f such that R0 · f = 0
and h · f < R0 ·h. Obviously, we may assume that f is primitive and f = [D], where D > 0. If R0

is an irreducible component of D, then h ·R0 ≤ f · h, and hence Lemma 6.3.8 gives the inequality
that contradicts (6.3.2). Thus R0 is not an irreducible component of D. Suppose D is not nef. Let
R be a (−2)-curve such that R · D < 0. Obviously, R is an irreducible component of D. Since
R0 is not an irreducible component of D and D · R0 = 0, we have R · R0 = 0. Next, we apply
reflections with respect to curves R. We have

sR(f) · h = (f + (R · f)R) · h = f · h+ (R · f)(R · h) ≤ f · h < R0 · h,

sR(f) ·R0 = (f + (R · f)R) ·R0 = f ·R0.

Replacing f with sR(f), and continue in this way, we may assume that f is nef. Thus f = [F ],
where |2F | is a genus one pencil. Since R0 ·D = R0 · R = 0, we did not use R0 in the process of
applying reflections sR. Thus R0 · F = 0, and hence R0 is an irreducible component of some fiber
D′ of |2F |. Let R′ be another irreducible component of D. We have

h ·R′ ≤ h · (D′ −R0) = h ·D′ − h ·R0 < 2h · f − h ·R0 < h · f < R0 · h.

Continuing in this way, we obtain that δ(h) ≤ 3h2

Φ(h) . The assertion has been proven.

Let H10 be a Fano polarization on S and let h10 = [H10] be its numerical class, we can write

3h10 = f1 + · · ·+ f10

for some canonical isotropic 10-sequence (see (3.5.4)).

The next result shows that the bound from the previous theorem is not the best one.

Theorem 6.3.10. Let h10 be a numerical Fano polarization of a nodal Enriques surface. Then
δ(h10) ≤ 4.

Proof. Assume that R · h10 > 4 for any (−2)-curve R on S. In particular h10 is ample and,
by Proposition 6.1.6, each fi is nef. Thus, (f1, . . . , f10) is a non-degenerate canonical isotropic
sequence.

Let us show that for every w ∈ W (Num(S)), w(h10) is ample and δ(w(h10)) > 4. The proof is
by induction on the length lg(w) of w as an element of the Coxeter group (W (Num(S)), B), where
B is the set of reflections corresponding to the root basis formed by α0 = h10− f1− f2− f3, αi =
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fi − fi+1. If lg(w) = 1, then w = sαi . If i > 0, we have αi · h10 = 0, hence w(h10) = h10. If
i = 0, then

3w(h10) = w(f1) + · · ·+ w(f10) = f23 + f13 + f12 + f4 + · · ·+ f10,

where fij = h10−fi−fj are isotropic classes with h10 ·fij = 4. If fij is not nef, then fij−R′ ≥ 0
for some (−2)-curve R′, hence h10 ·R′ ≤ 4 contradicting our assumption.

Thus (f ′1, . . . , f
′
10) = (w(f1), . . . , w(f10)) is a non-degenerate canonical isotropic sequence. If

R is a (−2)-curve with f ′i · R = 0, then R is a component of a fiber F of a genus one fibration
|2F ′i | with [F ′i ] = f ′i , hence 2f ′i − R − R′ ≥ 0 for some (−2)-curve R′. Since h10 · f ′i = w(h10) ·
fi = (2h − f1 − f2 − f3) · fi ≤ 4, this implies that h10 · R or h10 · R′ is less than or equal
to 4, contradicting our assumption. Thus f ′i · R ≥ 1 for all i, hence w(h10) · R ≥ 10/3. Thus
δ(w(h10)) ≥ 4. If δ(w(h10)) > 4, we have proved our claim. Suppose the equality holds. Then
12 = R · 3w(h10) = R · (f ′1 + · · · + f ′10) implies that there exists f ′i such that f ′i · R = 3 and
f ′j ·R = 1 for j 6= i, or f ′i ·R = f ′j ·R = 2 and f ′k ·R = 1 for k 6= i, j.

Suppose f ′i ·R = 3. Then (w(h10)− 2w(fi)) · w(fi) = R · w(fi) = 3, and (w(h10)− 2w(fi)) ·
w(fj) = R · w(fj) = 1. Since w(f1), . . . , w(f10) generate Num(S) ⊗ Q, we obtain that the
numerical class [R] of R is equal to w(h10)− 2w(fi).

If i > 3, then w(fi) = fi and

R · f1i = R · (h10 − f1 − fi) = (w(h10)− 2fi) · (h10 − f1 − fi)

= (2h10 − f1 − f2 − f3 − 2fi) · (h10 − f1 − fi) = 0.

Thus 2h10−2f1−2fi−R = R′ ≥ 0 and this implies that h10 ·R′ ≤ 8−h10 ·R ≤ 3, contradicting
δ(h10) > 4. If i ≤ 3, say i = 1, then w(f1) = h10 − f2 − f3 and we can repeat the argument by
taking f2 instead of f1i.

Suppose f ′i ·R = f ′j ·R = 2. Again, by comparing the intersection numbers, we find that

R = w(h10)− w(fi)− w(fj).

However, this implies that R2 = 0, a contradiction. So, we have checked that δ(w(h10)) > 4 if
lg(w) = 1, applying the induction, we obtain that w(h10) · R > 4 for all w ∈ W (Num(S)) and
R ∈ RS . By taking w = sR, we obtain w(h10) · R = h10 · w(R) = −h10 · R < 0 which is
absurd.

Recall that the linear space over F2

E10/2E10
∼= U/2U⊕ E8/2E8

∼= F10
2

is equipped with the induced quadratic form which is a non-degenerate quadratic form of even type.
It is known that it contains exactly 496 = 24(25−1) vectors of norm 1. These vectors are the cosets
of vectors v ∈ E10 with v2 = −2.

Corollary 6.3.11. Let h10 be a numerical Fano polarization on a nodal Enriques surface S. Write
3h10 = f1 + · · ·+ f10 for some canonical isotropic sequence.

Then S contains a (−2)-curveR such that its class in Num(S) is equal to the one of the following
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classes representing 496 cosets in Num(S)/2 Num(S) of roots in Num(S):

R · h10 = 0 : fj − fi, 1 ≤ i < j ≤ 10, (6.3.3)

R · h10 = 1 : h10 − fi − fj − fk, 1 ≤ i < j < k ≤ 10,

R · h10 = 2 : fi + fj + fk + fl − h10, 1 ≤ i < j < k < l ≤ 10,

R · h10 = 3 : fi + fj − fk, 1 ≤ i < j < k ≤ 10,

R · h10 = 4 : h10 − 2f1.

Proof. By the previous theorem, we can find a (−2)-curve R such that h10 · R ≤ 4. Assume
R · h10 = 0. Then R · fi 6= 0 for some fi. It follows from the description of a canonical isotropic
sequence that we may assume that fi = fj +R1 + · · ·+Ri−j , where Ri−j = R and fj is nef. Thus
fi−1 = fj +R1 + · · ·+Ri−j−1 and R ∼ fi − fi−1.

Let G = (fi · fj) be the Gram matrix of (f1, . . . , f10). Its inverse G−1 is equal to 1
9G except the

diagonal elements are changed to −8/9.

Assume d = h10 ·R > 0. Let mi = fi ·R, where we may assume that m1 ≥ m2 ≥ m3 ≥ · · · ≥
m10 with

3d = m1 + · · ·+m10.

Since R · fi < 0 implies that 3h10 · R = (fi−1 + fi) · R = 1 − 1 = 0, we may assume that all
mi ≥ 0. Write R =

∑10
i=1 xifi with xi ∈ Q. Then the vector tx = (x1, . . . , x10) is equal to the

product of G−1 · v, where tv = (m1, . . . ,m10).

Assume d = 1. Then m1 +m2 +m3 = 3. If m1 = m2 = m3 = 1,

R = −2

3
(f1 + f2 + f3) +

1

3
(f4 + · · ·+ f10) = h10 − f1 − f2 − f3.

that agrees with the assertion. If (m1,m2,m3) = (2, 1, 0), we get, in the same way, that R =
h10 − 2f1 − f2 but R2 = −4 in this case, so this case is not realized. If (m1,m2,m3) = (3, 0, 0),
then R = h10 − 3f1 and again R2 6= −2.

Assume d = 2. We have m1 + · · · + m6 = 6. If (m1, . . . ,m6) = (1, 1, 1, 1, 1, 1), we get
R = −1

3(f1 + · · ·+ f6) + 2
3(f7 + f8 + f9 + f10) = −h10 + f7 + f8 + f9 + f10, again in agreement

with the assertion. All other possibilities lead to the wrong value of R2.

Assume d = 3. then 9 = m1 + · · ·+m10. If we take (m1, . . . ,m10) = (2, 1, 1, 1, 1, 1, 1, 1, 0, 0),
we obtain R = −f1 + f9 + f10 that agrees with the assertion. Other choices should be discarded
(for example, (m1, . . . ,m10) = (1, 1, 1, 1, 1, 1, 1, 1, 1, 0) gives R = f10).

Assume d = 4. Then m10 > 0 since otherwise R is an irreducible component of an effective
divisor D with [D] = 2f10, and h10 · D = 2h10 · f10 = 6 implies that R′ = D − R is an
effective divisor with h10 · R′ = 2, R′2 = −2. Thus R′ is congruent mod 2 Num(S) to a sum of
(−2)-curves which intersect h10 with multiplicities ≤ 2. Thus the previous computations show that
R = −R′+2f10 is congruent mod 2 Num(S) to one of the previous vectors, giving a contradiction.
Thus we have two possible cases (m1, . . . ,m10) = (3, 1, . . . , 1) or (2, 2, 1, . . . , 1). In the first case
x = (−5

3 ,
1
3 , . . . ,

1
3), hence R = h10 − 2f1 that agrees with the assertion. The second case gives

R = −2
3(f1 + f2) + 1

3(f3 + . . .+ f10) = h10 − f1 − f2 with R2 = 0, a contradiction.
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For any numerical Fano polarization h10 we denote by Πh10 the set of cosets of Num(S)/2 Num(S)
represented by effective classesRwithR2 = −2, R·h10 ≤ 4. The previous Corollary gives a choice
of possible representatives of Πh10 .

Proposition 6.3.12. Let Φnod
h10

be the subset of Φh10 represented by smooth rational curve. Then
these curves form a root basis whose Dynkin diagram Γ has only simple or double edges.

Proof. Under the map S → P5 defined by the Fano polarization h10, each (−2) curve is either
contracted or is mapped to a rational curve Ri of degree ≤ 4. It follows from the description of the
set Πh10 that |x · y| ≤ 2 for any two distinct x, y ∈ Πh10 . This proves the assertion.

Remark 6.3.13. In fact, one observes that, if |x · y| = |x · y′| = 2 then y = y′. Also, if |x · y| = 2,
then |h10 · x|+ |h10 · y| ≤ 4.

Now we will give another (much simpler) proof of Theorem 6.3.10 and its Corollary that works if
p 6= 2 or the canonical cover is birationally isomorphic to a K3-surface. It is based on the following
lemma communicated to us by E. Looijenga.

Lemma 6.3.14. Assume the canonical cover X → S of an Enriques surface S is birationally
isomorphic to a K3 surface. Let R be a (−2)-curve on S, H an ample divisor, α ∈ Num(S) with
α2 = −2, α ·H > 0 and R− α ∈ 2 Num(S). Then α is the numerical class of an effective divisor.

Proof. Let α = R+2x for some divisor class x. SinceOR(KS) ∼= OR, we obtain that the canonical
cover splits over R.

Assume first that π : X → S is separable, this means that π∗(R) = R1 + R2, where R1, R2 are
disjoint (−2)-curves on X . We have

π∗(α) = π∗(R) + 2π∗(x) = R1 +R2 + 2π∗(x) = (R1 + π∗(x)) + (R2 + π∗(x)).

Using that
−4 = π∗(α)2 = 2(R1 + π∗(x))2 + 2(R1 + π∗(x)) · (R2 + π∗(x))

= 2(R1 + π∗(x))2 + 2(2R1 · π∗(x) + π∗(x)2) = 4(R1 + π∗(x))2 + 4,

we obtain
(Ri + π∗(x))2 = −2, (R1 + π∗(x)) · (R2 + π∗(x)) = 0.

Since
(R1 + π∗(x)) · π∗(H) =

1

2
π∗(α) · π∗(H) = α ·H > 0,

applying Riemann-Roch, we obtain Ri+π∗(x) is linearly equivalent to an effective divisor R′i, i =
1, 2. Thus, π∗(α) is represented by the sum of two effective divisors which are permuted by the
cover involution. This immediately implies that α is linearly equivalent to an effective divisor D on
S equal to the image of the curve R′i on S.

Next we assume that π is inseparable. Then π∗(R) = 2R′ for some curve R′ isomorphic to R.
Let σ : X ′ → X be the minimal resolution of singularities. Let x′ = π∗(α), we have π∗(α) =
2(R′+x′) and σ∗(π∗(α)) = 2R̄′+2σ∗(x′)+R, whereR is the exceptional divisors over the points
lying on R. We will see later in Lemma 10.2.9 that there are two such points and R2 = −4 and
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R̄′ ·R = 2 (see Example 10.6.8). This gives−4 = 4(R̄′+σ∗(x′))2+4, hence (R̄′+σ∗(x′))2 = −2.
As in the separable case, we check that R̄′ + σ∗(x′) is an effective divisor and its image on S is
linearly equivalent to α.

The proof of Theorem 6.3.10 and Corollary 6.3.11 is now easy. The cosetR+2 Num(S) contains
a class from the list (6.3.3). By the previous lemma, it is an effective class. Since α2 = −2, one of
the irreducible components of an effective representative of α is (−2)-curve R′. Since α · h ≤ 4,
we obtain that R′ · h ≤ 4.

Lemma 6.3.15. Let (|2F1|, |2F2|) be a non-degenerate U -pair on a nodal Enriques surface S.
There exists a (−2)- curve R with F1 ·R ≤ 1, F2 ·R ≤ 1.

Proof. We extend f1 = [F1], f2 = [F2] to a canonical c-degenerate maximal isotropic sequence
(f1, f2, . . . , f10). If c < 10, there exists a (−2)-curve R satisfying R · f1 = R · f2 = 0, hence
R satisfies the assertion. Thus we may assume that the sequence is non-degenerate and 3h10 =
f1 + · · · + f10 is a numerical Fano polarization. By Theorem 6.3.10, we can find a (−2)-curve R
with 0 < d = h10 ·R ≤ 4 and we can apply Corollary 6.3.11.

If h10 · R = 1, then we can choose R with [R] = h10 − fi − fj − fk and R · fs ∈ {0, 1}, so we
are done.

If h10 ·R = 2, then we can choose R with [R] = fi+fj +fk +fl−h10 and R ·fs ∈ {0, 1} again.

If d = 3, then [R] = fi+fj−fk and, for any s,R ·fs ∈ {0, 1} unless s = k in which caseR ·fk =
2. We havem = R ·(f1 +f2) ≤ 3. Ifm ≤ 1, we are done. Supposem = 2 and the assertions of the
Lemma are not satisfied. Without loss of generality, we may assume thatR·f1 = 2, R·f2 = 0. Then
R is an irreducible component of some divisor D with [D] = 2f2. Then f1 ·D = 2 and any other
irreducible component R′ of D does not intersect f1. Then R · f1 = R · f2 = 0, and we are done. If
m = 3, we may assume that [R] = f3 + f4− f1 so that R · f1 = 2 and R · f2 = 1. Then R · f3 = 0,
and we can choose a component R′ of a divisor D with [D] = 2f3 with f1 ·R′ = 0, f2 ·R1 ≤ 1.

Finally, ifR·h10 = 4, we can chooseRwith [R] = h10−2fi. If i > 2, thenR·f1 = R·f2 = 1, and
we are done. So, we may assume that [R] = h10−2f1 in which case R ·f1 = 3, R ·fj = 1, j 6= 1.

Let f1,3 = h10−f1−f3. It satisfies f2
1,3 = f1,3 ·R = 0. Write an effective divisorD′ representing

f1,3 as a sum of a nef divisor F and some (−2)-curves. Since 2 = f1 ·D′ ≥ f1 ·R = 3, we see thatR
is not an irreducible component of D′. Thus R ·F = 0 and hence R is an irreducible component of
an effective divisor D′′ ∈ |2F |. Let R′ be another irreducible component of D′′. It is a (−2)-curve
that satisfies R′ · f1 ≤ (D′′ −R) · f1 ≤ 4− 3 = 1 and R′ · f2 ≤ D′′ · f2 −R · f2 ≤ 2− 1 = 1. So,
R′ satisfies our assertion.

Corollary 6.3.16. Let (f1, f2, f3) be a non-degenerate canonical sequence on a nodal Enriques
surface. Then there exists a (−2)-curve such that

f1 ·R ≤ 2, f2 ·R ≤ 1, f3 ·R ≤ 1.

Proof. Let 3h10 = f1 + f2 + f3 + · · ·+ f10 be as in the proof of the previous Lemma and let R be
a (−2)-curve with d = h10 ·R ≤ 4 such that R · f2 ≤ 1, R · f3 ≤ 1. Assume that f1 ·R ≥ 3. As in
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the proof of the lemma, we may assume that d > 0 and (f1, . . . , f10) is a non-degenerate isotropic
sequence.

Assume d = 3, then 9 ≥ 3 +
∑10

i=2R · fi implies that R · fi = 0 for some i ≥ 4. Thus R is
an irreducible component of an effective divisor D ∈ |2Fi|, where [Fi] = fi. Then 3 ≤ R · f1 ≤
2fi · f1 = 2 which is a contradiction.

Assume d = 4. By the above argument, we may assume that R · fi ≥ 1 for any i. Since,
12 = (f1+· · ·+f10)·R, we getR·f1 = 3. In the Fano model, the numerical class f = h10−f1−f4

represents a curve F of degree 4 and arithmetic genus 1. For any nef primitive isotropic class
f 6= fi, i = 1, . . . , f10, we have h10 · f ≥ 4, showing that the numerical class f is nef. Since
R · f = 4 − 3 − 1 = 0, there exists a divisor D with [D] = 2f such that R is its irreducible
component. For any other irreducible component R′ of D, we have R′ · f1 ≤ 2f · f1 − R · f1 =
1, R′ · fi ≤ 2f · fi −R · fi = 1, i = 2, 3. So, R′ satisfies the assertion.

Lemma 6.3.17. Let |2F1|, |2F2| be two genus one pencils on a nodal Enriques surface withF1·F2 =
2. Then there exists a (−2)-curve R such that F1 ·R ≤ 2, F2 ·R ≤ 1.

Proof. Let fi = [F1], f2 = [F2]. The divisor class v = f1 +f2 ∈ Num(S) satisfies v2 = 4,Φ(v) =
2. By Corollary 1.5.4, v = h − f with Φ(h) = 3, h2 = 10, f2 = 0 and h · f = 3. If h is not
effective, intersecting h−f with−h, we get a contradiction. Similarly, intersecting h−f with−f ,
we see that f is effective.

Suppose h and f are both nef devisors. By Theorem 6.3.10, we can find a (−2)-curve R with
R · h ≤ 4. Then (f1 + f2) ·R ≤ h ·R− f ·R ≤ 4. If the inequality is strict, we are done unless we
may assume that f1 · R = 3, f2 · R = 0. In this case R is a component of some D ∈ |2F2|, hence
there exists an irreducible component R′ of D such that f1 ·R′ ≤ 2f2 · f1 −R · f1 = 1, and we are
done.

Suppose that (f1 + f2) · R = 4. Then f · R = 0 and R is an irreducible component of a divisor
D ∈ |2F |, where [F ] = f , and we can find another componentR′ that satisfies h ·R′ ≤ 2h ·f−4 =
6− 4 = 2, and we are done again.

Let h0 (resp. f0) be a nef divisor in the sameW nod
S -orbit of h (resp. f ). We can write h = h0 +R1

and f = f0 + R2, where R1,R2 are the zero divisors or sums of (−2)-curves. This gives us
f1 + f2 = h0 − f0 +R′1 −R′2, where R′i ⊂ Ri have no common components. Suppose there is a
(−2)-curve R such that R · h < 0. Then R ∈ R′1 and R · (f0 +R′2) ≥ 0, thus R · (f1 + f2) < 0, a
contradiction. Thus h is a nef divisor andR′1 = 0.

Intersecting f1 + f2 = h − f with f , we obtain 3 = h · f = (f1 + f2) · f . Since f1, f2 are
nef and f is effective with f2 = 0, we have fi · f ≥ 0. If fi · f = 0, then f = fi and we have
h2 = (2f1 + f2)2 = 8, a contradiction. Thus we may assume that f1 · f = 1, f2 · f = 2. If f is
not nef, a component R ofR′2 satisfies f1 ·R = 0, f2 ·R ≤ 1, and we are done. Thus both h and f
must be nef, and, by the above, we are done.

Theorem 6.3.18. Let (S, h) be a polarized nodal Enriques surface. Then

δ(h) ≤ h2.
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Proof. If Φ(h) ≥ 3, this follows from Theorem 6.3.9. Assume Φ(h) = 1. By Proposition 2.6.1, h
is one of the following forms: h = nf1 + f2 for some nef isotropic classes f1, f2 with f1 · f2 = 1,
or h = (n+ 1)f +R for some nef isotropic class f and a (−2)-curve R with f ·R = 1.

Note that in both cases h2 = 2n. In the first case we apply Lemma 6.3.15 to find a (−2)-
curve R such that fi · R ≤ 1, i = 1, 2. Then h · R ≤ n + 1 ≤ 2n = h2. In the second case,
h ·R = n− 1 = 1

2h
2 − 1 ≤ h2.

Assume Φ(h) = 2 and h2 = 4k. We apply Proposition 2.6.6. In case (1), we have h = kf1 + 2f2,
where fi are as above. We choose R as above, and get h ·R ≤ k + 2 = 1

4h
2 + 2 ≤ h2. In case (2),

we have h = (k + 2)f + 2R, where f,R are as above. We get h ·R = k = 1
4h

2 ≤ h2. In case (3),
h = kf1 + f2, where f1, f2 are nef isotropic classes with f1 · f2 = 2. We apply Lemma 6.3.17 and
find a (−2)-curve R such that h ·R ≤ 2k + 1 = 1

2h
2 + 1 ≤ h2. In cases (4)-(6), we take the nodal

cycle R in the notation of Proposition 2.6.6 to obtain h ·R = k − 1 ≤ 1
4h

2 − 1 ≤ h2.

Assume Φ(h) = 2 and h2 = 4k + 2. We apply Proposition 2.6.7. In case (i), we have h =
kf1 + f2 + f3, where fi are as in Lemma 6.3.16. We take R from the assertion of the lemma to
obtain h · R ≤ 2 + 2k = 1

2h
2 + 1 ≤ h2. In case (ii) there exists a curve R such that h · R = 0. In

cases (iii) and (iv), R1 · h = k − 1 = 1
4h

2 − 3
2 .

It follows from the proof that the bound δ(h) ≤ h2 can be improved for polarizations h with
Φ(h) < 3.

Corollary 6.3.19. Assume Φ(h) ≤ 2. Then

δ(h) ≤ 1 +
1

2
h2.

Remark 6.3.20. A long and elaborate proof of the following inequality

δ(h) ≤ h2

Φ(h)
+

Φ(h)

3

can be found in unpublished manuscripts of F. Cossec.

We will see later that a general nodal surface has infinitely many smooth rational curves. However,
in a special case the set of such curves could be finite. By Theorem 8.1.12 this happens if and only
the automorphism group of S is finite. We will classify all such surfaces in Sections 8.9 and 8.10.

6.4 Nodal invariants

Let RS be the set of (−2)-curves on an Enriques surface S. We assume that it is not empty. It
spans a nonzero sublattice NS of Num(S) which we will call the nodal sublattice. We define the
r-invariant Nod(S) of S as the image ofRS in the vector space

Num(S) := Num(S)/2 Num(S) ∼= E10/2E10
∼= F10

2 .

The homomorphism of multiplication by 2

E10(2)∨/E10(2)→ E10/2E10
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is an isomorphism from the discriminant group of the lattice E10(2) to the additive group of the
vector space Num(S). Under this identification, the discriminant quadratic form from Chapter 0,
§6 equips Num(S) with a non-degenerate symplectic bilinear form defined by

(x+ 2 Num(S)) · (y + 2 Num(S)) = x · y mod 2

and the quadratic form q defined by

(x+ 2 Num(S))2 =
1

2
x2 mod 2.

Let
〈Nod(S)〉 ⊂ Num(S)

be the linear span of Nod(S).

It is clear that
NS/2 Num(S) ∩ NS ∼= 〈Nod(S)〉.

Obviously,
Nod(S) ⊂ q−1(1).

Choose a numerical Fano polarization h10 and let Πnod
h10

be the set of elements in Πh10 represented
by the classes of (−2)-curves modulo 2 Num(S). Let Nh10

S be the sublattice spanned by these
classes. By Proposition 6.3.12, the set Πnod

h10
forms a root basis in Nh10

S whose Dynkin diagram has
only simple or double edges.

Since any element in NS is congruent modulo 2 Num(S) to an element from Nh10
S , the image of

Nh10
S in Num(S) spans the same subspace 〈Nod(S)〉. We also see that the kernel

N0 := Ker(NS/2NS → Num(S)) = NS ∩ 2 Num(S)/2NS

coincides with the kernel

Gh10 := Ker(Nh10
S /2Nh10

S → Num(S)) = Nh10
S ∩ 2 Num(S)/2Nh10

S .

Since any g ∈ Gh10 is represented by an element 2x, where x ∈ Num(S), we have x = 1
2g ∈

(Nh10
S )∨ and x2 ∈ 2Z, we see that Gh10 defines an isotropic subgroup of the 2-torsion group of

D(Nh10
S ).

Definition 6.4.1. The pair (Nh10
S ,Gh10) is called the Fano root invariant of S.

We believe that the Fano root invariant (Nh10
S ,Gh10) does not depend on a Fano polarization. Next

we give a partial confirmation of this under the assumption that p 6= 2 or S is a µ2-surface.

Let π : X → S be the K3-cover. Assume that it is an étale map, i.e. p 6= 2 or S is a µ2-surface.
Let σ be the covering involution and let

Pic(X)± := {L ∈ Pic(X) : σ∗(L) = L⊗±1}.
We have Pic(X)+ = π∗(Pic(S)) = π∗(Num(S)). Let

∆± = {δ± ∈ Pic(X)± : δ2
± = −4, there exists δ∓ ∈ Pic(X)∓ such that δ± + δ∓ ∈ 2 Pic(X)}.
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Since (δ+ + δ−)2 = −8, 1
2(δ+ + δ−)2 = −2. Replacing δ+, δ− with −δ+,−δ−, we may assume

that D+ = 1
2(δ+ + δ−) and D− = 1

2(δ+ − δ−) are effective divisors on X with D2
± = −2 and

D+ +D− = π∗(C),

where C is an effective divisor on S with C2 = −2. Write C =
∑
niCi +

∑
miRi as a sum of

irreducible curves Ci of positive arithmetic genus with primitive numerical class [Ci] and smooth
rational curves Ri. The exact sequence

0→ OS(KS − Ci)→ OS(KS)→ OCi(KS)→ 0

together with the Vanishing Theorem 2.1.15 from Volume 1, shows that the étale cover π does not
split over Ci. It splits over each Ri. Thus we can write

π∗(C) =
∑

niπ
∗(Ci) +

∑
miπ

∗(Ri) =
∑

niπ
∗(Ci) +

∑
mi(R

+
i +R−i ) = D+ +D−.

The only way to split the sum into the sum of two positive divisors which are conjugate with respect
to the covering involution σ is to take D+ = 1

2

∑
niπ
∗(Ci) +

∑
miR

+
i , D− = 1

2

∑
niπ
∗(Ci) +∑

miR
−
i . Thus, we obtain that δ− = D+ −D− =

∑
mi(R

+
i −R

−
i ).

Let K ′ be the sublattice of Pic(X)− spanned by the classes δ− = R+ − R−, where R± is an
effective divisor class on S with (R±)2 = −2. Since δ2

− = −4, the lattice K = K ′(1
2) is a negative

definite (because Pic(X)+ contains an ample divisor class) and generated by the vectors of norm
−2. Thus K is a root lattice. It follows from above that K is generated by the classes

δR = R+ −R−, (6.4.1)

where π∗(R) = R+ +R− for some (−2)-curve R.

Choose a root basis in K represented by vectors δRi = R+
i −R

−
i and let φ(Ri) = [R+

i +R−i ] =
π∗(Ri). Define a homomorphism

φ : K/2K → Num(S)/2 Num(S) (6.4.2)

by assigning to δRi the class of Ri modulo 2 Num(S). This definition does not depend on a choice
of a root basis since under a reflection si : x 7→ x+ (x, δRi)δRi , we have φ(si(x)) = φ(x) (we use
that (x, δRi)K = 1

2(x, δRi)K′ so (x, δRi)K ∈ Z implies that x · δRi ∈ 2Z).

LetH be the kernel of the homomorphism φ. Let h ∈ H be represented by an element
∑
niδRi ∈

K ′. Then 1
2

∑
ni(R

+
i + R−i ) ∈ π∗(Num(S)) and hence 1

2

∑
niδRi ∈ Pic(X)−. This shows that

we can identify H with a subgroup of the 2-torsion subgroup of the discriminant group D(K ′). It
defines a sublattice K̃ ′ of Pic(X)− that contains K ′. Since Pic(X)+ contains an ample divisor,
Pic(X)− does not contain divisor classes of smooth rational curves, i.e. the lattice Pic(X)− does
not contain vectors of norm −2, hence K̃ ′ does not contain vectors of norm −2. Its elements x
satisfy x2 ∈ 4Z. Thus, considered as elements in K∨, they satisfy x2 ∈ 2Z.

Definition 6.4.2. The pair (K,H) is called the Nikulin R-invariant of S and is denoted by Nik(S).

Theorem 6.4.3. Suppose Nh10
S is negative definite. Then it is isomorphic to the lattice K.

Proof. If R′ is a (−2)-curve with [R′] = [R + 2D] for some divisor D on S, we have [π∗(R′)] =
[R′+ +R′−] = [π∗(R) + 2π∗(D)] = [(R+ +π∗(D))] + [(R−+π∗(D))]. It follows from the proof
of Lemma 6.3.14, that (R+ + π∗(D))2 = (R− + π∗(D))2 = −2 and both classes [R+ + π∗(D)]
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and [R− + π∗(D)] are effective. Since h0(R′+ +R′−) = 1, we must have R′+ ∼ R+ + π∗(D) or
R′+ ∼ R− + π∗(D). This implies that [R′+ − R′−] = ±[R+ − R−]. Thus, we see that the lattice
K ′ is generated by the classes of R+ −R−, where R ∈ Πnod

h10
.

Let R,R′ ∈ Πnod
h10

with R · R′ = 0. Then R+, R−, R′+, R′− are disjoint (−2)-curves and hence
δR · δR′ = 0. Assume Nh10

S is negative definite. Choose a root basis of Nh10
S represented by (−2)-

curvesR1, . . . , Rl. Its Dynkin diagram Γ has no loops and we may assume that it is connected. This
implies that the canonical cover splits over R =

∑
Ri. We may assume that π∗(R) = R+ + R−,

where R+ =
∑
R+
i , R

− =
∑
R−i are connected with the Dynkin graph isomorphic to Γ. This

implies that the matrix (δRi · δRj ) = 2C, where C is the Cartan matrix of Γ. Thus Nh10
S
∼= K ′(1

2) =
K.

Recall some terminology and facts about quadratic forms over a field of two elements. A quadratic
form on a linear space q : V → F2 over F2 of dimension n defines an associated symmetric bilinear
form bq(x, y) = q(x+ y) + q(x) + q(y). It is always a symplectic form, i.e. satisfies bq(x, x) = 0.
The kernel of q is the subspace ker(q) of the radical of bq on which q vanishes. A quadratic form
is regular if its kernel is trivial. Geometrically this means that the quadric V (q) is regular over F2.
The rank of q is rank(q) := n − dim ker(q) and the rank of bq is rank(bq) := n − dim rad(bq).
Since q| rad(bq) is a semi-linear map to F2, we have dim rad(bq)−dim ker(q) ≤ 1. This difference
is called the defect of q and the quadratic form is called defective if it is not equal to zero. Since
bq is alternating, q is regular if and only if its radical is trivial. In this case bq is a symplectic form.
Otherwise, we have dim rad(bq) ≥ 2. However, when n is odd, rad(bq) is always non-trivial, and
q is regular if and only if is defective and dim rad(bq) = 1.

A linear subspace of V is called isotropic if the restriction of q to this subspace is identically zero.
A vector is isotropic if it spans an isotropic line. The Witt index of q is the maximal dimension of an
isotropic subspace. It is equal to 1

2(r− 1) if r = rank(bq) is odd and it is equal to 1
2r or 1

2(r− 2) if
r is even. A quadratic form q of even rank r and the Witt index equal to 1

2r (resp. 1
2(r − 2)) is said

to be of even type (resp. odd type).

After an appropriate choice of a basis (e1, . . . , en) in V such that the radical of V is spanned by
the last n−2m vectors, a quadratic form with defect δ can be written in one of the following forms:

1. q(
∑

xiei) =
m∑
i=1

xixm+i + x2
2m+1 if δ = 1; (6.4.3)

2. q(
∑

xiei) =
m∑
i=1

xixm+i if δ = 0;

3. q(
∑

xiei) =

m−1∑
i=1

xixm+i−1 + x2
2m−1 + x2m−1x2m + x2

2m if δ = 0.

In the second (resp. third) case q is even (resp. odd). We assign to it sign 1 (resp. −1) if it is
even (resp. odd). Viewing the sign as an element ε of the group {+1,−1} ∼= Z/2Z, the sign of the
direct sum of quadratic forms (defined in a natural way) is equal to the product of the signs of the
summands. We refer to a linear space equipped with a quadratic form as a quadratic space.

We denote by O(V, q) or just O(V ) the orthogonal group of a quadratic space (V, q). If q is
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regular and n is odd, O(V, q) ∼= Sp(V/ rad(V ), bq). If q is a regular quadratic form on Fn2 given by
formula (6.4.3), we denote the orthogonal group by Sp(n−1,F2) if n is odd and by O(n,F2)+ (resp.
O(n,F2)−) if n is even and q is even (resp. odd). Note that here we differ from the terminology in
[127], where this notation is reserved to the subgroup of index 2, the kernel of the spin norm. Our
groups are denoted by GO±n (q).

The type of a quadratic form of rank r = 2m and defect δ on a quadratic space of dimension n
can be recognized by the number #q−1(1) of non-zero non-isotropic vectors (see [17, Chapter III,
§6]).

#q−1(1) =


0 if q = 0,

2n−1 if δ = 1,

2n−m−1(2m − 1) if q is even, δ = 0,

2n−m−1(2m + 1) if q is odd, δ = 0.

(6.4.4)

We will also use Witt’s Theorem (see [257, Theorem 12.10]).

Theorem 6.4.4. Let L1 and L2 be two isomorphic linear subspaces of a non-defective quadratic
space V . Then there exists an orthogonal transformation of V that maps L1 onto L2 and an orthog-
onal transformation that maps L⊥1 onto L⊥2 .

Let M be an even lattice of rank l and let M̄ = M/2M , considered as a vector space over F2. We
equip M̄ with the quadratic form defined by

q(x+ 2M) =
1

2
x2 mod 2Z.

The polar bilinear form bq associated with q is defined by

bq(x+ 2M,y + 2M) = x · y mod 2Z.

Lemma 6.4.5. Let M be a root lattice and let (r, δ, ε) be the rank of bq, defect and the sign of the
quadratic form q on M̄ . Then

(r, δ, ε) =



(2m, 1
2(1 + (−1)m), (−1)

1
2
m(m+1)) if M = A2m+1,

(2m, 0, (−1)
1
2
m(m+1)) if M = A2m,

(4m− 2, 0, (−1)m) if M = D4m,

(4m, 1, (−1)(m+1)) if M = D4m+2,

(2m, 0, (−1)
1
2
m(m+1)) if M = D2m+1,

(6, 0,−1) if M = E6,

(6, 1, 1) if M = E7,

(8, 0, 1) if M = E8.

Proof. The rank of bq is equal to l−s, where s is the order of the 2-torsion group of the discriminant
group of M . The known discriminant groups given, for example, in Bourbaki’s Tables [86], check
the assertion for the rank.

Let M = A2m+1 with the standard root basis α1 = e1 − e2, α1 = e2 − e3, . . . , α2m+1 =
e2m+1 − e2m+2, where (e1, . . . , e2m+2) is the standard basis of I0,2m+2. The radical M̄⊥ of M̄ is
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spanned by the vector r = α1 + α3 + · · · + α2m+1 mod 2M . We have q(r) = m + 1 mod 2.
Thus the defect δ is equal to 1 + (−1)m. We check that M̄/M̄⊥ decomposes into the direct sum of
m subspaces V1, . . . , Vm, where Vi is spanned by the cosets of α1 +α3 + · · ·+α2i−1 and α2i. The
quadratic form on Vi is odd if i is odd and even otherwise. Thus the sign of the quadratic form on
M̄/M̄⊥ is −1 if m ≡ 1, 2 mod 4 and it is equal to 1 otherwise.

SupposeM = A2m. The bilinear form is non-degenerate and, as above, we find the decomposition
M̄ = V1⊕· · ·⊕Vm into the sum of quadratic forms with the signs indicated in the above paragraph.

If M = Dl, we use our notation for the simple roots α0, α1, . . . , αl−1, where α2 is the trivalent
vertex in the Dynkin diagram and α0, α1 correspond to the short arms. If l = 2m (resp. l =
2m + 1), the radical M̄⊥ of M̄ is generated by the cosets of α0 + α1 if l = 2m + 1 and cosets of
α0 + α1, α1 + α3 + · · · + αl−1 if l is even. If l is odd, M̄ is not defective. If l = 2m, then M̄ is
defective if and only if m is even. The quotient by the radical M̄/M̄⊥ is spanned by the cosets of
α2, . . . , αl−1 if l is even and α1, . . . , αl−1 is l is odd. If l is even (resp. odd) the quadratic space
is isomorphic to Āl−2 (resp. Āl−2). Now we can apply the previous case and find the sign of the
reduced quadratic form.

Suppose M = E6. The quadratic form on M̄ is regular of dimension 6. It contains 36 non-
isotropic vectors, the cosets of positive roots. Comparing the known number of such vectors, we
obtain that the form is odd.

If M = E7, the radical is spanned by the coset of the vector r = α0 + α4 + α6. Modulo the
radical, M̄ ∼= Ē6. Since q(r) = 1, we obtain (r, δ, ε) = (6, 1, 1). It is also confirmed by computing
the number of positive roots which is equal to 63. Their cosets are non-isotropic vectors.

Finally, if M = E8, then the form is non-degenerate and contains 120 non-isotropic vectors, the
cosets of positive roots. This shows that q is even.

Using that E10
∼= E8 ⊕ U, and U/2U is an even quadratic space of rank 2, we obtain

Corollary 6.4.6. The quadratic form on Ē10 = E10/2E10 is a regular even form of rank 10.

Let (Nh10
S ,Gh10) be the Fano root invariant of an Enriques surface S. To determine the image of

N̄h10 = Nh10
S /2Nh10

S in the quadratic space Num(S), we write Nh10
S as the direct sum of irreducible

root lattices and use the previous lemma. If N̄h10 is a regular quadratic space, the group Gh10 is
trivial. Otherwise, it is a subgroup of the radical of N

h10 . Its structure depends on the embedding of
Nh10
S in Num(S).

The following well-known fact from the theory of Coxeter groups (see [86, Chapter V, §4, Exercise
2(d)]) will be useful for us here and later.

Lemma 6.4.7. Let H be a finite subgroup of a Coxeter group (W,S). Then there exists a finite
subset J of S such that the subgroup WJ generated by s ∈ J is finite and H is conjugate to a
subgroup of WJ .

A subgroup WJ of a Coxeter group is called a parabolic subgroup. It is a Coxeter group (WJ , J)
and its Coxeter graph is called the type of WJ . In our case (W,S) is the Weyl group W (E10) with
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the set of generators corresponding to the canonical root basis with the Coxeter-Dynkin diagram of
type T2,3,7. Finite parabolic subgroups of W (E10) with connected Coxeter-Dynkin diagrams are of
types Ak, Dk, E6, E7, E8.

Note that different subdiagrams of the same type in the Coxeter graph T2,3,7 of W2,3,7 may define
non-conjugate subgroups. In general, there is an algorithm, due to V. Deodhar and R. Howlett (see
[602]) that decides whether two subsets J, J ′ of the set S of Coxeter generators of a Coxeter group
(W,S) areW -equivalent. In our case, it works as follows. For any J ⊂ S generating a finite Coxeter
group and s ∈ S, let us denote by L = L(J, s) the connected component of J ∪{s} which contains
s. Let A(J) be the set of elements s ∈ S such that the Coxeter group WL generated by L(J, s) is
of type Ak, k > 1, D2k+1, or E6. Let s ∈ A(J) and s′ = w0(s), where w0 is the element of the
maximal length (it acts as the symmetry of the diagram) in WL. We set K(s, J) = (J ∪{s′})\{s}.
We say that J andK are related by an elementary operation. Two subsets J, J ′ defineW -equivalent
subgroups WJ ,WJ ′ if and only if there is a chain of elementary operations relating J and J ′.

Example 6.4.8. In most cases, two parabolic subgroups WJ and WJ ′ of the Weyl group W of
an irreducible root lattice are conjugate in W if and only if the subdiagrams corresponding to the
subsets J and J ′ are isomorphic. However, it is always true.

For example, in notation of the Dynkin diagram from Figure 3 in Volume 1, two non-equivalent
subsets of simple roots in E7 are {α1, α3, α5} and {α0, α4, α6}. However, if we add one more root
α7 to get a root lattice of type E8, the two subsets become equivalent.

On the other hand, if we consider the affine root lattice Ẽ7 with simple roots α0, . . . , α7, there will
be still two non-equivalent subdiagrams of type A1 + A1 + A1. They are defined by the subsets
{α0, α5, α7} and {α0, α1, α3}.

Any finite parabolic subgroup WJ of W (E10) is contained in a parabolic subgroup WJ ′ , where
#J ′ = 9. They are of the following types

A9, D9, E8 +A1, A1 +A8, A6 +A2 +A1, A4 +A5, E6 +A3, E7 +A2, D5 +A4. (6.4.5)

A subgroup of a Coxeter group generated by reflections is always a Coxeter group, however it is
not necessarily conjugate to a parabolic subgroup. For, example, the lattice E8 contains a sublattice
isomorphic to A⊕8

1 but its Weyl group is not conjugate to a parabolic subgroup of W (E8) because
E8 does not contain 8 orthogonal simple roots.

However, if W is the Weyl group of some root lattice, then any reflection subgroup of W is
conjugate to the Weyl group of some root system of rank r (see, for example, [194]). The latter can
be found using the following the Borel-de Siebenthal-Dynkin algorithm that can be derived from
[82] or [198].

LetM be an irreducible root lattice with Dynkin diagram Γ. Extend it to the affine Dynkin diagram
Γ̃ by adding the maximal root αmax. Then throw away one vertex v different from the new one.
The remaining diagram Γv = Γ̃ \ {v} is the Dynkin diagram of a root sublattice of M of the same
rank, maybe equal to M . We repeat the process until no new sublattices are created in this way.
For example, a subdiagrams of type An does not create new sublattices of the same rank. All root
sublattices of the same rank are obtained in this way.

If M is reducible, we write it as a direct sum of irreducible root lattices Mi. Since the set of roots
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of a sublattice N of M is equal to the disjoint sum of the subsets of roots of each direct summand,
we obtain that N is the direct sum of root sublattices of each Mi.

We can also create in this way all root sublattices of smaller rank. To do so, at each step we delete
more than one vertex.

Example 6.4.9. Let α0, . . . , α9 is the canonical root basis of E10 from Figure 6.1.1. The sub-
diagrams of type A8 in the Dynkin diagram T2,3,7 of E10 defined by the sets of simple roots
J = {α0, α3, . . . , α9} and {α2, . . . , α9} are related by one elementary operation and define con-
jugate parabolic subgroups. However, the subdiagrams α1, . . . , α8 and α0, α3, . . . , α8 are not W -
equivalent. On the other hand, all subsets of type A7 are W -equivalent.

For another example, let M be a root lattice of type A⊕4
1 spanned by α0, α2, α4, α6 embedded in

E7 which we consider as a sublattice of E10 spanned by α0, . . . , α6. Using the Borel-de Siebenthal-
Dynkin algorithm, one easily shows that all parabolic subgroups corresponding to a set of dis-
joint vertices of the Dynkin diagram are conjugate. However, if we take roots (β1, β2, β3,β4) =
(αE7

max, α2, α4, α6), where αE7
max = 2α0 + 2α1 + 3α2 + 4α3 + 3α4 + 2α5 + α6 is the maximal toot

of the lattice E7, we find a non-conjugate root sublattice isomorphic to A⊕4
1 . To see that we have

obtained different embeddings of the sam lattice, one checks that the sum α0 +α1 +α4 +α6 6∈ 2E7

in the parabolic embedding and β1 + β2 + β3 + β4 ∈ 2E7 in the non-parabolic embedding.

One can consider another A⊕4
1 ↪→ E7 defined by (β1, β2, β3, β4) = (αD4

max, α0, α2, α4), where
αD4

max = α0 +α2 +α4 + 2α3 is the maximal root of the lattice D4. We leave it to the reader to check
that it is conjugate to the previous one. Note that 1

2(β1 + β2 + β3 + β4) defines an isotropic vector
in D(N). In the non-parabolic case it corresponds to an embedding A⊕4

1 in D4.

To decide whether the group Gh10 in the Fano root invariant (Nh10
S ,Gh10) is non-trivial, one checks

whether the discriminant group of Nh10
S has a non-trivial 2-torsion subgroup. We refer to Table 1

from Volume 1 for the information about the discriminant forms of root lattices. We also use that
the discriminant form of U(2) is equal to u2.

We will also use the following lemma.

Lemma 6.4.10. Let π : X → S be the canonical cover which we assume to be étale. LetR1, . . . , Rk
be (−2)-curves on S. Let M ′ be the sublattice of Pic(X) spanned by the divisor classes δRi from
(6.4.1) and M = M ′(1

2).

(i) M is a root lattice.

(ii) If R1, . . . , Rk span a negative definite lattice Q, then M ∼= Q.

(iii) If
∑k

i=1Ri is the irreducible decomposition of a half-fiber of type Ãk−1 on S, then M ∼=
A1 ⊕ A1 if k = 2, A3 if k = 3 and Dk if k ≥ 4.

(iv) Suppose R1, . . . , Rk span a half-fiber of type Ãk−1. Let R0 be a special bisection. Then
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k ≤ 8 and δR0 , · · · δRk span a sublattice N such that

N(1
2) ∼=



A1 ⊕ A2 if k = 2,

A4 if k = 3,

D5 if k = 4,

E6 if k = 5,

E7 if k = 6,

E8 if k ≥ 7.

Proof. (i) Choose an ample divisor D on S. Then π∗(D)2 > 0 and each δR is orthogonal to π∗(D).
Thus the divisor classes δR span a negative definite lattice. Also, since δ2

R = −4, the lattice M is
spanned by vectors of norm square −2 and hence must be a root lattice.

(ii) Since Ri is simply-connected, the cover splits over R into a disjoint sum of two nodal cy-
cles whose components span a lattice isomorphic to Q. Choosing the notation R±i for irreducible
components of π∗(Ri), we can write

π∗(R) =

k∑
i=1

R+
i +

k∑
i=1

R−k , (6.4.6)

where R+
i ·R

−
j = 0. We have

(R+
i −R

−
i ) · (R+

j −R
−
j ) = R+

i ·R
+
j +R−i ·R

−
j = (R+

i +R−i ) · (R+
j +R−i ) = 2Ri ·Rj .

Thus δR1 , . . . , δRk is a root basis of M isomorphic to the root basis of Q.

(iii) As above we can choose the notation to write π∗(R) as in (6.4.6), where R+
i and R−i are

opposite vertices in the dual graph of the components R±i isomorphic to a 2k-gon. If k = 2, we
see that M(1

2) ∼= A1 ⊕ A1. Assume k ≥ 3. We see that (R+
1 − R

−
1 ) · (R+

k − R
−
k ) = −2 and

(R+
i − R

−
i ) · (R+

j − R
−
j ) = 2 if i = 1, . . . , k − 1, j = i + 1, and (R+

i − R
−
i ) · (R+

j − R
−
j ) = 0

if i, j = 1, . . . , k − 1, j 6= i + 1. Replacing the basis (e1, . . . , ek) = (δR1 , . . . , δRk) of M ′ with
(ek−1, ek−2, . . . , e1,−(e2 + · · · + ek)) we find a root basis in M of type A3 if k = 3 and Dk if
k ≥ 4. This proves (iii).

(iv) Throwing away R0, we find a root basis (ek−1, ek−2, . . . , e2,−(e2 + · · ·+ ek), e1) as in (iii).
We may assume that π∗(R0) = R+

0 +R−0 , where R+
0 intersects R+

1 and R−0 intersects R−1 . Adding
to the previous basis δR0 as the last vector, we obtain a root basis in M of type A1 ⊕ A2 if k = 2,
A4 if k = 3, D5 if k = 4 and Ek+1 if k = 5, 6, 7. If k = 8 or 9, the Gram matrix becomes
singular, and hence the vectors δR0 , . . . , δRk are linearly dependent. So, we obtain a root lattice
of rank 8. By deleting some Ri, i 6= 0, and using (i) and (ii) we see that the lattice M contains
sublattices isomorphic to A8,D8,A1 ⊕ A7,E8. Since the rank of M is equal to 8, we see that the
only possibility is that M ∼= E8.

All of this makes it feasible to classify all possible Fano root invariants and the corresponding
quadratic subspaces 〈Nod(S)〉 of Num(S). We restrict ourselves only with the cases where the
Fano root invariants are of rank l ≤ 4.

Remark 6.4.11. We see from the previous table that two different Fano root invariants may define
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l Nh10
S K K̃ dim〈Nod(S)〉 (r, δ) ε

1 A1 A1 A1 1 (0, 1)

2 A⊕2
1 A⊕2

1 A⊕2
1 2 (0, 1)

2 A2 A2 A2 2 (2, 0) -1
2 Ã1 A⊕2

1 A⊕2
1 2 (0, 1)

3 A⊕3
1 A⊕3

1 A⊕3
1 3 (0, 1)

3 A1 ⊕ Ã1 A⊕3
1 A⊕3

1 3 (0, 1)

3 A1 ⊕ A2 A1 ⊕ A2 A1 ⊕ A2 3 (2, 1)

3 • • • A1 ⊕ A2 A1 ⊕ A2 3 (2, 1)

3 A3 A3 A3 3 (2, 0) -1
3 Ã2 A2 A2 2 (2, 0) -1
4 A⊕4

1 A⊕4
1 D4 3 (0, 1)

4 A⊕4
1 A⊕4

1 A⊕4
1 4 (0, 1)

4 Ã1 ⊕ Ã1 A⊕4
1 A⊕4

1 4 (0, 1)

4 A⊕2
1 ⊕ A2 A⊕2

1 ⊕ A2 A⊕2
1 ⊕ A2 4 (2, 1)

4 • • • • A⊕2
1 ⊕ A2 A⊕2

1 ⊕ A2 4 (2, 1)

4 Ã1 ⊕ A2 A⊕2
1 ⊕ A2 A⊕2

1 ⊕ A2 4 (2, 1)

4 Ã2 ⊕ A1 A1 ⊕ A2 A1 ⊕ A2 4 (2, 1)

4 A4 A4 A4 4 (4, 0) -1
4 A1 ⊕ A3 A1 ⊕ A3 A1 ⊕ A3 4 (2, 1)

4 • • •
•

A4 A4 4 (4, 0) -1

4 • • •
•

A4 A4 4 (4, 0) -1

4 D4 D4 D4 4 (2, 0) -1

Table 6.1: Fano root invariants of rank l ≤ 4

the same quadratic space 〈Nod(S)〉. Also note that for larger rank the Fano root invariant is not
necessarily defined by a subdiagram of the Dynkin diagram of E10. An example is the lattice A⊕8

1

that can be realized by a quasi-elliptic surface.

The next invariant of a nodal Enriques surface is the Reye lattice defined by

Rey(S) := {x ∈ Num(S) : x ·R ∈ 2Z for all R ∈ RS} = {x ∈ Num(S) :
1

2
x ∈ N∨S}. (6.4.7)

It is clear that
Rey(S) = p−1(〈Nod(S)〉⊥),

where p : Num(S) → Num(S)/2 Num(S) is the projection to the factor-space. Applying Witt’s
Theorem 6.4.4 and the fact that the homomorphism O(E10)→ O(Ē10) is surjective, we obtain

Proposition 6.4.12. The isomorphism class of Rey(S) depends only on the isomorphism class of
the quadratic space 〈Nod(S)〉.

It follows that

Num(S)/Rey(S) ∼= Num(S)/Nod(S)⊥ ∼= Fa2, (6.4.8)

Rey(S)/2 Num(S) ∼= F10−a
2 . (6.4.9)

We have
Rey(S) ⊂ Num(S) ⊂ Rey(S)∨. (6.4.10)
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Thus the discriminant group D(Rey(S)) fits into an exact sequence

0→ (Z/2Z)a → D(Rey(S))→ (Z/2Z)a → 0. (6.4.11)

Since Num(S) is a unimodular lattice, we infer that the maximal isotropic subgroup of D(Rey(S))
is of order 2a = 1

2#D(Rey(S)) and

D(Rey(S)) = (Z/2Z)⊕α ⊕ (Z/4Z)⊕β. (6.4.12)

It follows from Theorem 0.8.1 from Volume 1 that gives a classification of finite discriminant forms
on such groups that the discriminant quadratic form on the group (Z/2Z)⊕α is the orthogonal sum of
wε2,1, u1 and v1. Also, the discriminant quadratic form on the group (Z/4Z)⊕β is the orthogonal sum
of wε2,2,w

5ε
2,2, u2, v2. Since the maximal isotropic subgroup of wε2,2 is trivial, we obtain that β must be

even and the quadratic form on (Z/4Z)⊕β must be direct sum of quadratic forms u2, v2,w
1
2,2⊕w−1

2,2

or w5
2,2 ⊕ w−5

2,2.

It follows from [541, Proposition 1.11.2], that the lattice with discriminant form isomorphic to
v2 must have signature congruent to 0 modulo 8. This can happen in our case since it is either a
hyperbolic lattice of rank 10 (we will see later that it is isomorphic to E4,4,4) or a negative definite
lattice of rank 8 (we will see that it is a direct summand of E4,4,4).

Note that the decomposition of the discriminant quadratic form into the orthogonal sum is not
unique. For example,

vk ⊕ vk ∼= uk ⊕ uk.

It follows from the definition that the image Rey(S) in Num(S) coincides with the orthogonal
complement of the quadratic space 〈Nod(S)〉

Rey(S) = 〈Nod(S)⊥〉. (6.4.13)

Since dim Rey(S) = dim Rey(S)/2 Num(S), we obtain that

a = dim〈Nod(S)〉.

Lemma 6.4.13. Let L be a sublattice of E10 with E10/L ∼= (Z/2Z)a. Let L̄ be its reduction
modulo 2E10 in the quadratic space Ē10 = E10/2E10. Then its orthogonal complement L̄⊥ is
isomorphic to the quotient group D(L)/D(L)0 of D(L) by the maximal isotropic subspace D(L)0

that corresponds to the embedding L ↪→ E10. The quadratic form on L̄⊥ is defined by q(x) = 2x2

mod 2Z, where x2 is the quadratic form on D(L).

Proof. Since L∨/E10 is a 2-elementary group, 2L∨ ⊂ E10, and hence we can define a natural
homomorphism L∨ → E10, x 7→ 2x + 2E10. Obviously, L ⊂ L∨ is contained in the kernel, hence
we get a homomorphism φ : D(L) = L∨/L→ E10. It is immediate to see that its kernel is equal to
E10/L that can be identified with the maximal isotropic subgroup D(L)0 of D(L) that corresponds
to the embedding L ↪→ E10. The image of φ is equal to L̄⊥. The assertion about the quadratic form
follows from the definition.

Example 6.4.14. Let (α0, . . . , α10) be a basis of L = D4 ⊕ D4 ⊕ U given in (6.2.5). Here
α0, α1, α2, α3 generate one copy of D4, and α7, α8, α8, α10 generate another copy of D4 and
the summand U is generated by f = α1 + α2 + α3 + α4 + 2α0, g = f + α5. Note that
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α6 + α7 + α8 + α8 + 2α10 and f are half-fibers of the same genus one fibration. The lattice
L is isomorphic to a sublattice of E10 of index 22. The discriminant group of L is generated by
v1 = 1

2(α1 + α2), v2 = 1
2(α1 + α3), v3 = 1

2(α7 + α8), v4 = 1
2(α7 + α9). The discriminant

quadratic form is isomorphic to v1 ⊕ v1
∼= u1 ⊕ u1. The maximal isotropic subspace corresponding

to this embedding is generated by v1 +v3, v2 +v4. The quotient is generated by the cosets of v1, v2.
Since v2

1 = v2
2 = 1, v1 · v2 = 1

2 in D(L), we see that the subspace L̄ is isomorphic to a regular
quadratic space with quadratic form q = x1x2.

Example 6.4.15. Consider the lattice E4,4,4 spanned by a root basis defined by the following diagram

• • • • • • •
•
•
•

We already noticed that its discriminant form is isomorphic to the finite discriminant form v2

defined by matrix
(

1
2

1
4

1
4

1
2

)
.

One can embed this lattice in E10 by using the following diagram

• •

•

•

•
•
•

•
•
•

•
•

•

As we will see later it is realized as the dual graph of (−2)-curves on an exceptional classical
Enriques surface of type Ẽ6 (see Table 8.13). We use the notation of the vertices of any Tpqr-
diagram from Part I, Figure 3. We find that v1 = 1

4(α0 + 2α1 + 3α2 + α5 + 2α4 + 3α3), v2 =
1
4(α9 + 2α8 + 3α7 + α5 + 2α4 + 3α3) generate D(L) and 2v1, 2v2 generate D(L)0. We have
v2

1 = v2
2 = 1

2 , v1 · v2 = 1
4 as expected. We see that under an isomorphism D(L)/D(L)0 → L̄⊥,

this corresponds to a basis of the quadratic space of vectors e1, e2 with e2
1 = e2

2 = 1 and e1 · e2 = 1.
This defines the odd quadratic form x2

1 + x1x2 + x2
2.

For future use, let us observe that the lattice E4,4,4
∼= U⊕ E′4,4,4, where E′4,4,4 is generated by the

roots α4, α5, α6, α7, α8, α2 spanning a copy of E6 and vectors α3 − α0, α9 − α0. The hyperbolic
plane is spanned by isotropic vectors of type Ẽ6 and the half of an isotropic vector of type Ẽ7.

Theorem 6.4.16. The Reye lattice Rey(S) with a ≤ 5 is isomorphic to one of the lattices from the
following Table 6.4.

Here the lattices L1, L2, L3 are given by the matrices M1,M2,M3 below. The triple (r, δ, sign)
denote the rank, the defect and the sign of the quadratic space L̄⊥ ⊂ Ē10.

Proof. The embedding Rey(S) ⊂ Num(S) corresponds to a 2-elementary isotropic subgroup of
D(Rey(S)) of order a. This gives a restriction for a possible discriminant quadratic form. This
number is always less than or equal to 8 unless (α, β) = (10, 0), (8, 2), (6, 4), (4, 6), (2, 8), (0, 10).
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a Rey(S) rank defect sign
1 A1 ⊕ E7 ⊕ U ∼= E2,4,6 0 0
2 E4,4,4 2 0 -1
2 A1 ⊕ E7 ⊕ U(2) 0 1
3 A1 ⊕ E7 ⊕ U(4) 2 1
3 E′4,4,4 ⊕ U(2) 2 0 -1
3 D4 ⊕ A⊕4

1 ⊕ U 0 1
4 D4 ⊕ D4 ⊕ U(4) 4 0 1
4 E′4,4,4 ⊕ U(4) 4 0 -1
4 D6 ⊕ A⊕2

1 ⊕ U(4) 2 1
4 L1 ⊕ U 2 0 1
4 A⊕8

1 ⊕ U 0 1
5 A⊕4

1 ⊕ D4 ⊕ U(4) 2 1
5 A⊕8

1 ⊕ U(2) 0 1
5 L2 ⊕ U 4 1
5 L3 ⊕ U 4 0 1

Table 6.2: Reye lattices with a ≤ 5

In the first case, Rey(S) is a maximal isotropic subspace of Ē10, hence its orthogonal complement
does not contain a vector v with q(v) = 1. Hence it cannot be realized as 〈Nod(S)〉. In the last case
we obtain that Rey(S) = 2 Num(S), hence Rey(S) ∼= E10(4). Except this, we have α + β ≤ 8,
so we may apply Theorem 0.8.5 to obtain that the lattice is uniquely determined by its discriminant
form.

In the following we denote Rey(S) by L. Assume a = 1. There is only one isomorphism class
of a non-trivial one-dimensional quadratic space. Applying Proposition 6.4.12 we obtain that there
is only one possible Reye lattice. Since D(L) = (Z/2Z)⊕2, possible discriminant forms with non-
trivial isotropic subgroup are u1 and w1

2,1 ⊕ w−1
2,1. In the first case D(L)/D(L)0 is generated by

an isotropic vector, so this case is discarded since 〈Nod(S)〉 = L̄⊥ is generated by a non-isotropic
vector. The remaining case is realized by a lattice L ∼= A1 ⊕ E7 ⊕ U.

Assume a = 2. In this case there are two possible 2-dimensional quadratic spaces generated
by non-isotropic vectors. They are defined by non-defective odd quadratic form or a defective
quadratic form of rank 0. To realize the first case we can take the lattice L = A1 ⊕ E7 ⊕ U(2) with
discriminant form D(L) ∼= (w1

2,1⊕w−1
2,1)⊕ u1. The second possible quadratic space corresponds to

the case (α, β) = (0, 2). The only possible discriminant form satisfying our conditions is v2. It is
realized by the lattice E4,4,4.

Assume a = 3. There are three possible 3-dimensional quadratic spaces generated by non-
isotropic vectors:a non-defective odd quadratic form of rank 2, a defective quadratic form of rank
2 and a quadratic form of rank 0. Using the previous case, we realize the first quadratic from by
the lattice L = E′4,4,4 ⊕ U(2) with discriminant form v2 ⊕ u1. Here E′4,4,4 is the negative defi-
nite lattice of rank 8 with finite discriminant quadratic form v2 introduced in Example 6.4.15. We
have (α, β) = (6, 0), (2, 2). So, the lattice L corresponds to the case (α, β) = (2, 2). Another
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possibility in this case is the discriminant quadratic form (w1
2,1 ⊕ w−1

2,1) ⊕ u2. It is realized by the
lattice L = A1 ⊕ E7 ⊕ U(4). The case (α, β) = (6, 0) corresponds to a lattice of rank 10 with a
2-elementary discriminant group. According to Nikulin [542] there are two isomorphism classes
of such lattices L = D⊕2

4 ⊕ U(2) and D4 ⊕ A4
1 ⊕ U ∼= D6 ⊕ A⊕3

1 ⊕ A1(−1). We check that in
the first case the quadratic space is an even non-defective of rank 4. It has only two non-isotropic
vectors and so this case does not occur in our classification. The remaining case realizes a quadratic
defective space of rank 4.

Assume a = 4. We have (α, β) = (8, 0), (4, 2), or (0, 4). In the first case, the discriminant group
is 2-elementary. According to Nikulin, there are two isomorphism classes of such lattices of rank
10. They are represented by the lattices A⊕8

1 ⊕U and E8(2)⊕U. The second lattice does not embed
in E10 (a maximal isotropic subgroup corresponds to an embedding into an odd unimodular lattice
I1,9). Since D(L) in the first case is generated by orthogonal vectors with value of the quadratic
form equal to 1

2 , we see that L̄ has rank 0. So, L realizes the quadratic space of rank 0.

Assume now that (α, β) = (4, 2). Possible discriminant quadratic forms are (w1
2,1)⊕2⊕(w−1

2,1)⊕2⊕
u2 and u⊕2

1 ⊕ u2. The first one is realized by the lattice L = D6⊕A⊕2
1 ⊕U(4). The quadratic space

L̄⊥ has r = 2 and δ = 1. The second quadratic form is realized by the lattice D4⊕D4⊕U(4). The
quadratic space L̄⊥ is non-defective, even of rank 4.

In the case (α, β) = (0, 4), we must have D(L) = u2⊕ v2 or u⊕2
2 . The first case is realized by the

lattice L = E′4,4,4 ⊕U(4). The quadratic space is the direct sum of an odd rank 2 space and an even
rank 2 space. So, L̄ has (r, δ, ε) = (4, 0,−1). Note that we do not see an R-invariant M of rank≤ 5
with M̄ isomorphic to such quadratic space. However, this space is realized by a Fano root invariant
M ∼= D6 of rank l = 6. By Proposition 1.11.2 from [541], the signature of L realizing u⊕2

2 must
be equal to 0 mod 8. We have not realized the possibility that the quadratic space L̄⊥ is even of
rank 2. So, this must be the case when L has the discriminant quadratic form u⊕2

2 . We use that L is
orthogonal mod 2 to the Fano root invariant M = D4. By embedding D4, in an obvious way, into
E10 we find that L is generated by α0 + α2 + α4, 2αi, i 6= 4, 6, 7, 8, 9 and αi, i = 6, 7, 8, 9. Thus
L ∼= L1 ⊕ U, where L1 is given by the following matrix:

M1 =



−6 −4 2 −4 0 2 0 0
−4 −8 4 0 0 0 0 0
2 4 −8 4 0 0 0 0
−4 0 4 −8 4 0 0 0
0 0 0 4 −8 0 0 0
2 0 0 0 0 −8 2 0
0 0 0 0 0 2 −2 1
0 0 0 0 0 0 1 −2


The integral Smith normal form of M1 gives that (α, β) = (2, 4).

Assume a = 5. We have (α, β) = (10, 0), (6, 2) or (2, 4). According to [542], there are only
two even hyperbolic lattices of rank 10 with 2-elementary discriminant group of rank 10. They are
E10(2) and I1,9(2) ∼= A8

1 ⊕ U(2). Only the second one embeds in E10 as A8
1 ⊕ U(2) ↪→ E8 ⊕ U.

Using the previous case, we find that L̄⊥ is an even quadratic form with (r, δ) = (0, 1). The lattice
L = D8(2) ⊕ U realizes the case (6, 2). Its discriminant quadratic form is u⊕3

1 ⊕ u2. We see that
L̄⊥ is a quadratic space with (r, δ) = (2, 0, 1).

We can also realize the case (6, 2) by the lattice A⊕4
1 ⊕ D4 ⊕ U(4) with discriminant quadratic
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form (w−1
2,1)⊕4 ⊕ v1 ⊕ u2. We can choose D(A⊕4

1 ⊕ D4)0 generated by v1 + v2 + w1, v1 + v3 +

w2, v1 +v2 +v3 +v4, where (v1, v2, v3, v4) is an orthogonal basis of A⊕4
1 and w1, w2 is the standard

basis of v1. The quadratic space L̄⊥ is defective of rank 2.

Unfortunately, we do not see how to realize other three possible cases by using the orthogonal
sum of root lattices and scaled hyperbolic planes. So we have to find them by straightforward
computations.

Assume that the quadratic space is defective of rank 4. We may take M = A1 ⊕ A4 generated by
simple roots α1, α2, α3, α4, α6.

• • ••
•

◦ ◦ ◦ ◦ ◦

The Reye lattice is spanned by 2α0, 2α1, 2α2, 2α3, α0 + α4, α1 + α3 + α5 + α7, α6, 2α7, α8, α9.
The lattice is the orthogonal sum of U and the lattice L2 given by the matrix

M2 =



−8 0 0 4 −4 2 0 0
0 −8 4 0 0 −4 0 0
0 4 −8 4 0 4 0 0
4 0 4 −8 4 −4 0 0
−4 0 0 4 −4 3 0 0
2 −4 4 −4 3 −8 2 −4
0 0 0 0 0 2 −2 2
0 0 0 0 0 −4 2 −8


.

The integral Smith normal form of the matrix M2 shows that the discriminant group has (α, β) =
(2, 4).

Note that there is another, non-isomorphic, embeddings of A1⊕A4 in E10. It is represented by the
diagrams

• • • ••
◦
◦ ◦ ◦ ◦

In both cases M defines the Fano root invariant (Nh10
S , Gh10) with Gh10 = {0} and M̄ does not

depend on the isomorphism class of the embedding.

Finally, to realize the quadratic space with (r, δ, ε) = (4, 0, 1) we take Nh10
S = A2 ⊕ A3 generated

by α1, α2, α4, α5, α6

• • • ••
•

◦ ◦ ◦ ◦ ◦

The Reye lattice is spanned by α0, 2α1, 2α2, 2α3, α4 +α6, 2α4, 2α5, 2α7, α8, α9. It is isomorphic
to U⊕ L3, where L4 is given by the matrix

M3 =



−2 0 0 2 0 0 0 1
0 −8 4 0 0 0 0 −4
0 4 −8 4 0 0 0 4
2 0 4 −8 2 4 0 −4
0 0 0 2 −4 −4 4 4
0 0 0 4 −4 −8 4 4
0 0 0 0 4 4 −8 −4
1 −4 4 −4 4 4 −4 −8
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The integral Smith normal form of M3 shows that the discriminant group has (α, β) = (2, 4).

Example 6.4.17. In this example we will compute the Fano root invariants and the Reye lattices of
extra-special Enriques surfaces.

Suppose that S is extra-special of type Ẽ8 with crystallographic nodal basis equal to the canonical
root basis of Num(S) ∼= E10. Obviously, NS ∼= E10 and Rey(S) = 2 Num(S) ∼= E10(4). There is
only one numerical Fano polarization h10 defined by the canonical isotropic sequence

(f, f +R9, f +R9 +R8, . . . , f +R9 + · · ·+R2).

We have h10 · Ri = 0, i 6= 0 and h10 · R0 = 1. Thus the Fano model has one line and a rational
double point of type A8 lying on this line. Obviously, Nh10

S = NS .

Let S be an extra-special surface of type Ẽ7. Then the (−2)-curves on S are given by vertices of
the diagram Ẽ1

7 from Theorem 6.2.3. It is obvious that NS ∼= A1 ⊕ E7 ⊕ U.

There is only one numerical Fano polarization h10 defined by the canonical isotropic sequence

(f, f +R9, f +R9 +R8, . . . , f +R9 + · · ·+R3, g, g +R10),

where f is the class of half-fiber of type Ẽ7 and g is the class of a half-fiber of the genus one fibration
with simple fiber of type Ẽ8. We find that h10 ·Ri = 0 for i 6= 1, 10, 11 and h10 ·R1 = 1, h10 ·R10 =
h10 · R11 = 3. Thus Nh10

S = NS . We see that 1
2Nh/2Nh is generated by 1

2 [R1 + R6 + R8 + R10],
hence Gh10

∼= Z/2Z. Thus the Fano root invariant of S is equal to (E2,4,5,Z/2Z).

It follows now that the quadratic space N̄nod is 9-dimensional, defective of rank 8. Its orthogonal
complement is a defective quadratic space of rank 0 and dimension 1. The Reye lattice coincides
with its pre-image under the map p : Num(S)→ Num(S), hence it must be isomorphic to 2E9⊕A1.

Finally, let S be an extra-special surface of type D̃8. In notation of the diagram (6.2.4), we see that
D(NS) is generated by 1

2 [R1 +R5 +R7 +R9] and 1
2 [R9 +R10]. Thus, again NS has 2-elementary

discriminant form. Computing the discriminant quadratic form, we find that NS ∼= E8 ⊕ U(2).

We can confirm the previous computations by computing Nh10
S . Note that R1 +R5 +R7 +R9 ∈

2 Num(S) if we assume that it is supported in a simple fiber of type Ẽ8. We take a Fano polarization
corresponding to a canonical isotropic sequence (f, f+R9, f+R9+R8, . . . , f+R9+· · ·+R4, f+
R9 + · · · + R4 + R1, g, g + R2), where f is the numerical class of the half-fiber of the genus one
fibration of type D̃8 and g is the numerical class of a half-fiber of the genus one fibration with a
simple fiber of type Ẽ8. We assume that the latter contains the component R10. We check that
h10 · Ri = 0 for i 6= 1, 10 and h10 · R3 = 2, h10 · R9 = 1. Thus, again, Nh10

S = NS . The group
Gh10 is generated by the cosets of 1

2 [R9 + R10] and 1
2 [R1 + R5 + R7 + R9]. It is isomorphic to

(Z/2Z)⊕2. Thus the Fano root invariant of S is equal to (E8 ⊕ U(2), (Z/2Z)⊕2).

We see that N̄nod = p(E8 ⊕ U(2)) is a regular, non-defective even quadratic space of dimension
8. Its orthogonal complement is a regular non-defective even quadratic space of dimension 2. This
easily implies that Rey(S) ∼= 2E8 ⊕ U.

The Reye lattice will play an important role when we will study automorphisms of Enriques sur-
faces.
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Remark 6.4.18. In [41, p.393], the authors define the nodal type of a complex Enriques surface. Let
π : X → S be the canonical cover of S. Consider the following sublattices of L = H2(X,Z) ∼=
LK3. Let L+ ⊕ L− ⊂ L be the orthogonal direct sum of the invariant and anti-invariant sublattices
with respect to the deck transformation of X/S. First let L1 = π∗(NS)′ ⊂ L+, where (NS)′ is the
primitive closure of NS . Let L2 be the smallest sublattice of L− containing the classes R+ − R−,
where π∗(R) = R+ +R− for some (−2)-curve R on S. Let L3 = L⊥2 ∩ Pic(X) ∩ L−. The nodal
type of S is defined to be the smallest primitive sublattice N of L containing TX = Pic(X)⊥ and
L3. It is clear that N determines L2 which is the lattice K in the Nikulin R-invariant Nik(S).

Assume that k = C. Following a communication from S. Mukai, one can give the following
refinement of the Nikulin R-invariant. We identify the fundamental group π1(S) with 〈σ〉, where σ
is the Enriques involution of X . Let ZωS be the local coefficient system on S defined by the unique
non-trivial homomorphism Z/2Z = π1(S) → GL(Z) = {±1}. We have π∗(ZωS) = ZX and,
hence, a canonical homomorphism ZωS → π∗(ZX). It identifies ZωS with a subsheaf of π∗ZX . The
quotient sheaf is the sheaf ZS , so that we get an exact sequence of local coefficient systems on S

0→ ZωS → π∗ZX → ZS → 0

The map π∗(ZX)→ ZS is the local trace map. The cup-product defines a perfect pairing

ZωS × ZωS → ZS .

It allows one to extend the usual Poincaré duality and the universal coefficient theorem from Section
0.10 to the cohomology with coefficients in ZωS . Since ZωS is not trivial, we have H0(S,ZωS) = {0}.
The map H0(S, π∗ZX) = H0(X,Z) → H0(S,ZS) is the multiplication by 2 map Z → Z. This
gives H1(S,ZωS) ∼= Z/2Z and H3(S,ZωS) = 0. Since H1(S,ZS) = 0, we obtain an exact sequence

0→ H2(S,ZωS)→ H2(X,Z)→ H2(S,Z)→ 0. (6.4.14)

This gives
H2(S,ZωS) ∼= Z12.

The Poincaré Duality defines a structure of a unimodular quadratic lattice onH2(S,ZωS) of signature
(2, 10). The latticeH2(S,ZωS)(2) is a sublattice ofH2(X,Z). SinceH2(S,Z) has torsion subgroup
of order 2, it is not a primitive sublattice.

For any γ ∈ H2(X,Z), we can write 2γ = (γ+σ∗(γ))+(γ−σ∗(γ)). Thus, for any α ∈ H2(S,Z),
we have

(2γ, π∗(α))X = (γ + σ∗(γ), π∗(α))X = 2(β, α)S ,

where π∗(β) = γ + σ∗(γ). This shows that the homomorphism H2(X,Z)→ H2(S,Z) in (6.4.14)
coincides with the Gysin map π∗ : H2(X,Z) → H2(S,Z). We saw before that it is a surjective
map (see another proof in [50]). Thus,

H2(S,ZωS)(2) = Ker(π∗).

The saturation of the sublattice H2(S,ZωS) in H2(X,Z) coincides with the sublattice Ker(1 + σ∗).
As we explained in Section 5.3 in Volume 1, one can find a decomposition H2(X,Z) = E⊕2

10 ⊕ U
such that, for any x, y ∈ E10, a ∈ U, we have σ∗(x, y, a) = (y, x,−a). This shows that

Ker(1 + σ∗) = {(x,−x, a), x ∈ E10, a ∈ U} ∼= E10(2)⊕ U.

It is equal to the orthogonal complement of π∗(H2(S,Z)) ∼= E10(2) in H2(X,Z). It is easy to
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see that the only unimodular lattice M of rank 12 of signature (2, 10) such that M(2) embeds in
E10(2)⊕ U as a sublattice of index 2 is the odd lattice

I2,10 ∼= E10 ⊕ 〈1〉 ⊕ 〈−1〉 ∼= 〈1〉⊕2 ⊕ 〈−1〉⊕10

where I1,1(2) = 〈2〉⊕ 〈−2〉 embeds in U as a sublattice generated by f + g and f − g, where f, g is
a canonical basis of U. This realization of the lattice I2,10 was first introduced in [6] who used it to
simplify the theory of periods for Enriques surfaces. Thus, we obtain an isomorphism of quadratic
lattices

H2(S,ZωS) ∼= I2,10.

It follows from the previous discussion that

Ker(1 + σ∗) = 〈H2(S,ZωS)(2), α〉,
where π∗(α) = KS .

Suppose now that k is not necessarily the field of complex number but the canonical cover π :
X → S is étale. Following Mukai, we set

Picω(S) := Ker(Nm),

where Nm : Pic(X) → Pic(S) is the norm map defined in Section 1.3. It follows from [234,
Theorem 1.4] that it coincides with the map π∗ : Pic(X) → Pic(S) defined on the divisor classes.
If k = C, we identify Picω(S)(1

2) with a sublattice of H2(S,Zω). It is clear now that

Im(1− σ∗) ⊂ Picω(S) ⊂ Ker(1 + σ∗),

and the first factor is non-trivial if and only if the homomorphism Br(S)→ Br(X) is the zero map,
and the second factor is non-zero if and only if KS ∈ Im(Nm). Since 2x = (x + π∗(x)) + (x −
π∗(x)), we obtain that Ker(1 + σ∗)/ Im(1− σ∗) is killed by 2.

It is easy to describe elements of the group Im(1 − σ∗). Note that, for any irreducible curve
C on X , we have C · σ∗(C) is even (otherwise τ has a fixed point on C). This implies that
(C − σ∗(C))2 ≡ 0 mod 4, and hence Im(1 − σ∗) is an even sublattice of Picω(S)(1

2). Thus
if Picω(S)(1

2) is an odd sublattice of H2(S,ZωS), we have Picω(S) 6= Im(1 − σ∗), hence the map
π∗ : Br(S) → Br(X) is the zero map. Conversely, if this map is the zero map, then, by Corollary
5.7 in [50], there exists a divisor class D ∈ Ker(Nm) such that D2 ≡ 2 mod 4. This shows that
Picω(S)(1

2) is an odd lattice in this case.

Note that the definition of Picω(S) makes sense in any characteristic p 6= 2 and in characteristic
2 if S is a µ2-surface. It is a quadratic lattice such that Picω(S)(2) coincides with Ker(Nm). In
particular, Picω(S) lies in the orthogonal complement of π∗(Pic(S)) and hence must be a negative
definite quadratic lattice. Also, by Riemann-Roch, any divisor of norm −2 on X must be effective
or anti-effective, and, since π∗(Pic(S)) contains an ample divisor class, we see that Picω(S) does
not contain elements of norm −1.

For any smooth compact oriented 4-manifold M , the exact sequence

0→ Z [2]→ Z→ Z/2Z→ 0 (6.4.15)

defines an exact sequence

0→ H2(M,Z)⊗ Z/2Z→ H2(M,Z/2Z)→ H3(M,Z)[2]→ 0.
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The Poincaré Duality defines a non-degenerate symmetric form on H2(M,Z/2Z) with values in
Z/2Z. The cohomology H2(M,Z/2Z) contains a special class, the Stiefel-Whitney class w2(M)
such that, for any x ∈ H2(M,Z/2Z), we have (w2, x) = x2. If M is a complex surface, then
w2(M) is the image of c1(M) = −KM in H2(M,Z/2Z).

Applying this to M = X , we get

H2(X,Z)⊗ Z/2Z ∼= H2(X,Z/2Z).

Applying this to M = S, we get an exact sequence

0→ H2(S,Z)⊗ Z/2Z p→ H2(S,Z/2Z)
φ→ H3(S,Z)[2]→ 0.

We have H2(S,Z)⊗Z/2Z ∼= Num(S)⊕ZKS
∼= F11

2 , and H3(S,Z)[2] ∼= Br(S). For any x in the
image of p, we have w2(S) · x = 0, hence x2 = 0.

One has the analog of the exact sequence (6.4.15) for cohomology with coefficient in local sys-
tems. For our need we use the exact sequence

0→ ZωS
[2]→ ZωS → (Z/2Z)ωS → 0.

Since GL(Z/2Z) = {1}, the local coefficient system (Z/2Z)ωS is trivial, hence isomorphic to
(Z/2Z)S . The exact sequence of cohomology gives an exact sequence

0→ H1(S,Z/2Z)→ H2(S,ZωS)⊗ Z/2Z→ H2(S,Z/2Z)→ 0.

Let
c : Picω(S)→ H2(S,ZωS)→ H2(S,Z/2Z)

be the composition of the inclusion of Picω(S) in H2(S,ZωS) with the reduction mod 2 map
H2(S,ZωS)→ H2(S,ZωS)⊗Z/2Z followed by the projection mapH2(S,ZωS)⊗Z/2Z→ H2(S,Z/2Z).
For any x ∈ H2(X,Z), we can write 2x = (x + σ∗(x)) + (x − σ∗(x)). This shows that the re-
striction of c to the subgroup Im(1 − σ∗) is defined as follows. Let x = σ∗(y) − y ∈ Picω(S).
Then σ∗(y) + y = π∗(z) for some z ∈ Pic(S). It is immediate to see that z mod 2 Pic(S) is
independent of a choice of y and hence defines an element in Num(S) ⊂ H2(S,Z) ⊗ Z/2Z. Its
image in H2(S,Z/2Z) is equal to c(x).

Let w2(S) be the image of KS in H2(S,Z/2Z). Suppose it belongs to c(Picω(S)). Then, by
Wu’s formula (0.10.12), for any x in the orthogonal complement of Picω(S)(1

2) in H2(S,ZωS), we
have x2 ≡ 0 mod 2. This shows that Picω(S)(1

2)⊥ is an even lattice. The converse is also true,
if Picω(S)(1

2)⊥ is an even sublattice of H2(S,ZωS), then w2(S) ∈ c(Picω(S)). Also note that the
latter happens if and only if there exists a divisor class D in Pic(X) such that Nm(D) = KS .

Let L be a negative definite quadratic lattice that does not contain elements of norm −1. We
say that an Enriques surface is of Mukai’s nodal type L if there is a primitive embedding of L in
Picω(S)(1

2). We say that the nodal type is odd (resp. even) if the orthogonal complement of L in
Picω(S)(1

2) is odd (resp. even). When we want to distinguish these cases, we will write (L, even)
(resp. (L, odd)).

Let (K,H) be the Nikulin R-invariant of S. It is clear that K is a sublattice of Picω(S)(1
2). It is

the maximal root sublattice of Picω(S)(1
2). Also, one can show that the maximal even sublattice of

Picω(S)(1
2) coincides with the overlattice of K corresponding to the subgroup H , i.e. Picω(S)(1

2)
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is generated by K and elements 1
2h ∈ K∨, such that h mod 2K ∈ H . Note that, in general,

the maximal even sublattice L of Picω(S)(1
2) could be larger than K. For example, if S admits

an elliptic fibration with a double fiber F = 2F0 of type Ã∗0, we have π∗(F0) = R1 + R2, where
R1 +R2 is a fiber of type Ã1 on X , and R1 −R2 ∈ L(1

2) but R1 −R2 6∈ K(1
2).

Example 6.4.19. Let C = V (F ) be a nonsingular cubic surface in P3 over a field k of characteristic
different from 3. It is called Sylvester non-degenerate if the homogeneous cubic form F can be
written as l31+· · ·+l35 = 0, where li are linear forms spanning the 4-dimensional linear space of such
forms no two of which are proportional. It is known that a general cubic surface is Sylvester non-
degenerate. The Sylvester Theorem asserts that the linear forms (l1, . . . , l5) are defined uniquely by
C up to common scaling ([179, Theorem 9.4.1]). One can rewrite its equation in the form

t0 + · · ·+ t4 = a1t
3
0 + · · ·+ a4t

3
4 = 0, ai 6= 0.

Assume additionally that char(k) is not equal to 2. The Hessian surface of C is a quartic surface
H(C) defined by the determinant of the matrix of second order partial derivatives of the polynomial
F . In variables t1, . . . , t5, the equation of the Hessian surface can be written in the form

t1 + · · ·+ t5 =
1

a1t1
+ · · ·+ 1

a5t5
= 0. (6.4.16)

The last sum is shorthand for the quartic polynomial got by clearing denominators. It contains 10
ordinary double points Pab satisfying ti = 0, i 6= a, b and 10 lines `ab satisfying ti = 0, i ∈ {a, b}.
For any 2-subsets α, β of {1, 2, 3, 4, 5}, we have Pα ∈ `β if and only if α ∩ β = ∅. The union Π of
the hyperplanes ti = 0 in P3 identified with the hyperplane t1 + · · ·+ t5 = 0 is called the Sylvester
pentahedron. The points Pα are its vertices and the lines `α are its edges.

The Hessian surface may acquire other singular points. It is easy to see that they do not lie on
the coordinate hyperplanes ti = 0 and satisfy the equations ait2i − ajt2j = 0. They coincide with
singular points of the cubic surface C.

The birational involution of P4 defined by

T : (t1, . . . , t5) 7→
(

1

a1t1
, . . . ,

1

a5t5

)
leaves the surface H(C) invariant. It extends to a biregular involution τ of a surface X ′ obtained
from H(C) by resolving the ten nodes Pα. Let Eα be the exceptional curve over the point Pα and
Lα be the proper transform of the line `α. The involution switches Eα with Lα. The fixed points of
T coincide with singular points of H(C) different from the nodes Pα.

In particular, if C is a smooth cubic surface, we see that X ′ is a K3 surface X and the involution
τ has no fixed points. Thus π : X → S = X/(τ) is the canonical cover of an Enriques surface. We
call it an Enriques surface of Hessian type. The curve Eα +Lα descends to a (−2)-curve Uα on S.
The intersection graph of the curves Uα is the famous Petersen graph given in Figure 6.1.

One computes the determinant of the intersection matrix of the curves Uα and finds that it is equal
to −256. Thus, the classes [Uα] span Num(S)Q. In fact, any Uα is a component of a singular fiber
of an elliptic pencil |2Fα| with a simple fiber

∑
β,#β∩α=1 Uβ of type Ã5. The pre-image of this

elliptic pencil on H(C) is the pencil of residual cubics in hyperplane sections passing through the



6.4. NODAL INVARIANTS 63

Figure 6.1: Petersen graph

line `α. We have
h =

∑
α

Uα (6.4.17)

is a Fano polarization on S and

3h ≡
∑
α

Fα. (6.4.18)

The pre-image of h on the canonical cover is equal to h+τ∗(h), where h is the class of a hyperplane
section (see [188]).

The sublattice L of Pic(X) generated by the curves Eα and Lα is of rank 16 and discriminant 48.
Its discriminant quadratic form is u1 ⊕ qA2(−2). There exists a unique (up to isometry) hyperbolic
lattice with same rank and discriminant form. This lattice primitively embeds into the K3-lattice
and its orthogonal complement is isomorphic to U⊕ U(2)⊕ A2(2). If C is a general cubic surface
(this can be made precise but we are not going to elaborate on this), the sublattice L coincides with
the Picard lattice Pic(X) (see [174]).

We assume now that C is a general cubic surface. It is clear that the divisor classes rα = Lα−Eα
generate the subgroup Im(1 − σ∗) of Picω(S). They also generate the whole group Ker(1 + σ∗).
In fact, suppose D =

∑
nαLα +

∑
mαEα belongs to this group. Then σ∗(D) =

∑
nαEα +∑

mαLα,

D + σ∗(D) =
∑

(nα +mα)(Lα + Eα) =
∑

(nα +mα)π∗Uα = 0.

One can compute the determinant of the intersection matrix (Uα · Uβ) to obtain that it is equal
to −256. In particular, the divisor classes Uα on S are linearly independent. This implies that
nα +mα = 0, hence D ∈ Im(1− σ∗).

We have r2
α = −4 and rα · rα′ = −2Uα ·Uα′ . Consider a subgraph of the Petersen graph obtained

by deleting the vertices U23, U24, U25, U14. It is the Coxeter-Dynkin diagram of the root system of
typeE6. The vectors rα corresponding to the vertices of this diagram span the latticeM isomorphic
to E6(2). It is shown in [174] that, for any i = 1, 2, 3, 4, 5,

ria + rib + ric + rid = 2(h′ − σ∗(h′)), (6.4.19)

where {a, b, c, d, i} = {1, 2, 3, 4, 5} and h′ is the class of a plane section of H(C). Using relations
(6.4.19), one can easily show that the remaining divisor classes r14, r23, r24, r25 are linear combina-
tion of the previous 6 divisor classes and 2(h − τ∗(h)). This shows that the sublattice Im(1 − σ∗)
of Picω(S) is isomorphic to E6.
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Let us now compute the lattice Nh10
S . It follows from (6.4.17) that each Uα becomes a line in the

Fano model defined by |h| = |h10|. SupposeR is a (−2)-curve with h10·R ≤ 4, thenR·
∑

α Uα ≤ 4

implies that R coincides with one of the curves Uα. It follows that Nh10
S is generated by the ten

classes [Uα] and the Dynkin graph of its root basis formed by [Uα] is equal to the Petersen graph.
The elliptic fibration |2Fα| contains a simple fiber of type Ã5 with componentsUβ , where α∩β 6= ∅.
This shows that

∑
β∩α 6=∅[Uβ] ∈ 2 Num(S). Computing the matrix A = (Uα ·Uβ), where we order

α’s as (12, 13, 14, 15, 23, 24, 25, 34, 35, 45), we find that the null-space of A over F2 is generated
by 4 linearly independent vectors

v1 = (1, 1, 1, 1, 0, 0, 0, 0, 0, 0), v2 = (1, 0, 0, 0, 1, 1, 1, 0, 0, 0),

v3 = (0, 1, 0, 0, 1, 0, 0, 1, 1, 0), v4 = (0, 0, 1, 0, 0, 1, 0, 1, 0, 1).

This shows that the discriminant quadratic form has isotropic subgroup isomorphic to (Z/2Z)4.
Thus the Fano root invariant with respect to h10 is equal to (Nh10

S ,Gh10), where Gh10 = (Z/2Z)4. In

particular, the quadratic space N
h10 is of dimension 6. By taking the representatives of Πnod

h10
/Gh10 ,

we find that it is a regular odd quadratic space that coincides with the r-invariant of S defined by
the Nikulin R-invariant (E6, 0).

6.5 General nodal surfaces

A nodal Enriques surface S is said to be general if Nod(S) consists of one element (in other words,
all (−2)-curves are congruent modulo 2 Num(S)).

Lemma 6.5.1. Assume S is general nodal. Then for any two (−2)-curves R and R′

R ·R′ ≡ 2 mod 4.

Proof. We have R′ − R = 2x for some x ∈ Num(S). This yields −4 − 2(R · R′) = 4x2 ≡ 0
mod 8, hence R ·R′ ≡ 2 mod 4.

Corollary 6.5.2. Let S be a general nodal Enriques surface. Then S has neither chains of (−2)-
curves nor disjoint (−2)-curves.

Corollary 6.5.3. A general nodal surface does not admit quasi-elliptic fibrations.

Proof. It follows from Proposition 4.1.14 in Chapter 4 of Volume 1 that the curve of cusps C in a
quasi-elliptic fibration is a smooth rational curve. By Corollary 4.1.12, a quasi-elliptic fibration on
an Enriques surface contains a reducible fiber. Obviously, an irreducible component of a reducible
fiber that intersects the curve of cusps is not congruent to C modulo 2 Num(S).

The following corollary follows from Theorems 6.3.5 and 6.3.3.

Corollary 6.5.4. Every (−2)-curve on a general nodal Enriques surface is realized as an irre-
ducible component of some genus one fibration or as a special bisection.
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Two (−2)-curves R and R′ are called f -equivalent if there exists a sequence of genus one fibra-
tions |2F1|, . . . , |2Fk−1| and a sequence of (−2)-curves R1 = R, . . . , Rk = R′ such that

R1 +R2 ∈ |2F1|, R2 +R3 ∈ |2F2|, . . . , Rk−1 +Rk ∈ |2Fk−1|.
Obviously, the f -equivalence is an equivalence relation on the set of (−2)-curves.

The following result gives some characterizations of general nodal Enriques surfaces.

Theorem 6.5.5. The following properties are equivalent.

(i) S is a general nodal Enriques surface;

(ii) Any genus one fibration on S contains at most one reducible fiber that consists of two irre-
ducible components. A half-fiber is irreducible.

(ii)’ Any genus one fibration on S contains at most one reducible fiber that consists of two irre-
ducible components.

(iii) The degeneracy invariant c of any canonical isotropic 10-sequence is larger than or equal to
9.

(iv) Any two (−2)-curves are f -equivalent.

(v) For any Fano polarization, the set Πnod
h10

consists of one element.

(vi) For any d ≤ 4, S admits a Fano polarization such that Πnod
h10

consists of one vector represented
by a (−2)-curve R with R · h10 = d.

(vii) A genus one pencil that admits a special bisection does not contain reducible fibres.

Proof. (i) ⇒ (ii) The first assertion follows from Corollary 6.5.2. It remains to show that a half-
fiber F is irreducible. If not, then, by the same corollary, it must consist of two components R1, R2

intersecting with multiplicity 2. Then R1 + R2 ≡ 2R1 mod 2 Num(S), hence [F ] is divisible by
2, a contradiction.

(ii)⇒ (ii)’. Obvious.

(ii)’ ⇒ (iii) Suppose we find a canonical isotropic sequence (f1, . . . , f10) with degeneracy in-
variant ≤ 8. It follows from (ii)’ that no nodal cycle of type Ak, k > 1, has zero intersection
with a nef isotropic class f , without loss of generality, we may assume that f1, f2 are nef and
f3 = f1+R1, f4 = f2+R2 with notations from Proposition 6.1.5. We have f1 ·R1 = 1, f1 ·R2 = 0.
Again since there are no chains of (−2)-curves of length larger than 1, we can find a nef class fi
for some i > 4, then fi · R1 = fi · R2 = 0, and we obtain that a genus one fibration that does not
satisfy property (ii)’.

(iii)⇒ (ii) Suppose (ii) is not true. Then there exist two (−2)-curvesR1 andR2 with [R1]−[R2] 6∈
2 Num(S) and a nef isotropic vector f1 such that f1 · [R1] = f1 · [R2] = 0. Let us extend f1 to a
canonical isotropic sequence (f1, . . . , f10). By assumption its degeneracy invariant ≥ 9. Consider
the vectors vi = (f1 · Ri, . . . , f10 · Ri) mod 2. Since the images of fi form a basis in Num(S)
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these vectors are nonzero and v1 6= v2. Moreover, since R1 · R2 is equal to 0 or 1 (if they lie
in the same fiber), the image of R1 + R2 in Num(S) is of square norm 0. This implies that the
vectors v1, v2 have at least two different coordinates. Without loss of generality, we may assume
f2 · R1 = f3 · R2 = 1 and f3 · R1 = f2 · R2 = 0. By assumption, only one of the classes f2, f3 is
not nef. Suppose that f2 is nef. If R1, R2 are components of the same fiber with R1 · R2 = 1, then
(f1, f2, f2 +R1, f2 +R1 +R2) can be extended to a canonical isotropic sequence with degeneracy
invariant ≤ 8. Thus we have proved that no fiber contains more than two irreducible components,
so we may assume that R1 and R2 are components of different fibers.

Suppose that f2, f3 are both nef. Then (f1, f2 + R1, f3 + R2) extends to a canonical isotropic
sequence with degeneracy invariant ≤ 8. If f2 is not nef and f3 is nef, then one of fi, i > 3 is equal
to f2+R. Since fi ·f1 = fi ·f2 = 1, we obtainR·R1 = fi ·R = 0. Thus (f1, f2, f2+R, f3, f3+R1)
extends to a canonical isotropic sequence with degeneracy invariant ≤ 8.

(iii)⇒ (iv) Let R and R′ be two (−2)-curves with R · R′ = n. We use induction on n. If n = 2,
by (iii), R + R′ must be a simple fiber of a genus one fibration, hence R and R′ are f -equivalent.
Assume n > 2. Since S has no chains of (−2)-curves of length larger than one, by Theorem 6.3.3,
there exists an nef isotropic vector f1 with f1 · R = 0. We use the argument and the notation from
the previous argument to find an isotropic sequence (f1, . . . , f10) with f1 nef and f2 ·R = 1. Now
we extend (f1, f2, f2+R) to a canonical isotropic sequence (g1, g2, g3, g4, . . . , g10). By assumption
(iii), all gi, i 6= 3, are nef. Since gj · R = 0 for j ≥ 3, the curve R is contained in a simple fiber
of each pencil |2Gj |, j 6= 3, with [Gj ] = gj . Let Rj be another component of a fiber of |2Gj |.
If Rj · R′ < n, we are done by induction, so we may assume that Rj · R′ ≥ n for j 6= 3. Let
h = 1

3(g1 + . . .+ g10). We know that R′ · gj ≥ R′ ·Rj ≥ n for j 6= 3 and also R′ · g1 ≥ R′ ·R ≥ n.
Since we may assume thatR′ is not a fiber component of |2G1|, we haveR′ ·g3 = R′ ·(R+R′) ≥ n.
Intersecting h10 with R′, we get

h10 ·R′ ≥
1

3
(10n) ≥ 10 =

3h2

Φ(h)
.

Applying Theorem 6.3.9, we find a genus one pencil |2F ′| such that F ′ ·R′ = 0, and 0 < h10 ·F ′ <
h10 ·R′. Let R′ +R′′ be a fiber of |2F ′|. We have h10 ·R′′ = 2h10 · F ′ − h10 ·R′ < h10 ·R′. The
curve R′′ is f -equivalent to R′, if R′ ·R,R′′ ·R > n, we repeat the argument, replacing R′ with R′′

to decrease further h10 · R′′. Continuing in this way, we get a (−2)-curve equivalent to R′ which
intersects R or R′ with multiplicity < n. Note that if h10 ·R′′ = 0, the curve R′′ must be in one of
the fibers of |2Gj |.

(iv)⇒ (i) We use that f -equivalence implies that two (−2)-curves are congruent modulo 2 Num(S).

(i)⇔ (v) Obvious.

(v)⇒ (vi) Obvious.

(v)⇐ (vi) We have to show that, for any 0 ≤ d ≤ 4 there exists a Fano polarization h10 such that
the unique nodal curve R in Πh satisfies h10 · R = d. We know that S contains a nodal curve R
with d = h10 ·R ≤ 4. Suppose d < 4. We use Corollary 6.3.11. If d = 0, we represent R by some
fi−fj . Then α = h10−fi−fk−fl, j 6= k, l, satisfies α2 = −2, α ·h10 = 1. If it were effective, it
must be linearly equivalent to a (−2)-curveR′. However, α is not congruent toR mod 2 Num(S).
Hence, it is not effective, and we can apply the reflection x 7→ x + (x · α)α to transform h10 to
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a new polarization h′10 such that the class of R becomes equal to h10 − fj − fk − fl. We have
now h′ · R = 1. Now take α = h10 − fm − fn − fr, where {j, k, l} ∩ {m,n, r} = ∅. As above,
applying the reflection in α, we obtain the class of a (−2)-curve R with h10 · R = 2 representing
2h10−fj−fk−fl−fm−fn−fr = −h+fa+fb+fc+fd. Next we use α = h10−fc−fd−fj
to transform h10 to h′10 such that the (−2)-curve with the class fa + fb − fj satisfies R · h′10 = 3.
Finally, we use α = h10 − fa − fb − fj to find a (−2)-curve with R · h′10 = 4.

(i)⇒ (vii) Suppose |2F | is a genus one fibration with a special bisection R and a reducible fiber
F . Then R intersect one of the components R′ of a F with multiplicity 1. This contradicts Lemma
6.5.1.

(vii)⇒ (iii) Suppose there is a canonical isotropic sequence (f1, . . . , f10) with the degeneracy in-
variant c ≤ 8. Without loss of generality, we may assume that (f1, f2, f3, f4) = (f1, f1+R, f3, f3+
R) or (f1, f2, f3, f4) = (f1, f1 + R, f1 + R + R′, f4). In the first case R · f1 = 1, R′ · f1 = 0
contradicting condition (vii). In the second case, R′ · f1 = 0, R · f1 = 1, again contradicting
(vii).

Remark 6.5.6. Some of the properties of elliptic fibrations on a general nodal Enriques surface
follow also from the analysis of isomorphism classes of elliptic fibrations on such surfaces based
on the known structure of the automorphism group (see 8.4). For example, this analysis shows that
a general nodal surface does not admit two elliptic fibrations |2F1| and |2F2| with F1 · F2 = 2 that
share a common irreducible fiber components.

Remark 6.5.7. We will prove later in Corollary 7.9.9 that, assuming p 6= 2, the Picard lattice of the
canonical cover of a general nodal Enriques surface S is isomorphic to U⊕ E8(2)⊕ A1(2).

The following corollary follows from the discussions from the previous section.

Corollary 6.5.8. Let S be a general nodal Enriques surface. The lattice Nh10
S is isomorphic to A1

and theR-invariant is (A1, {0}). It coincides with the NikulinR-invariant when the canonical cover
is étale. The Reye lattice is isomorphic to E2,4,6 and the r-invariant is a one-dimensional defective
quadratic space. Conversely any of these properties characterize a general nodal Enriques surface.

Corollary 6.5.9. Let R be a (−2)-curve on a general nodal Enriques surface S. Then there exists
a canonical isotropic 10-sequence (f1, . . . , f10) of degeneracy invariant 9 such that f1, . . . , f9 are
nef, and f10 = f9 +R.

Proof. By Theorem 6.5.5 (vi), there exists a numerical Fano polarization h10 and a (−2)-curve
R with h10 · R = 0. Thus, if we write 3h10 = f1 + · · · + f10, as usual, the non-degeneracy
invariant c of the isotropic sequence (f1, . . . , f10) will be≤ 9. Thus we may assume that f1, . . . , f9

are nef and f10 = f9 + r, where r is the class of a (−2)-curve. Intersecting with [R], we get
0 = f1 · [R] + · · ·+ 2f9 · [R] + r · [R]. This obviously implies r = [R].

Recall that we proved in Theorem 6.3.3 that any (−2)-curve on a nodal Enriques surface occurs
as an irreducible component of a fiber of some genus one fibration. We also proved that in Theorem
6.3.5 that there are exist genus one fibrations with a special bisection. The next Corollary strengthen
the latter result.
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Corollary 6.5.10. Any (−2)-curve on a general nodal Enriques surface is a special bisection of
some elliptic fibration.

Corollary 6.5.11. Let S be a general nodal surface. Then its canonical cover is a normal surface.
Moreover, H0(S,ΘS) = {0} unless S is an α2-surface.

Proof. We know from Proposition 10.2.7 that the singular points of the canonical cover lie over
singular points of fibers in any genus one fibration on S. By Corollary 6.5.3, all genus one fibrations
are elliptic fibrations. Since S is a general nodal Enriques surfac, there is at most one reducible
fiber and its type is Ã1. Thus the canonical cover has only isolated singular points, hence must
be a normal surface birationally isomorphic to a K3 surface or a rational surface with one elliptic
singularity. If KS 6= 0, then the second assertion follows from Theorem 1.4.10. Also, by Corollary
1.4.5 from Volume 1, a µ2-surface has no nonzero regular global fields and an α2-surface has them
always.

Remark 6.5.12. It is not true that X is always birationally isomorphic to a K3-surface. There are
examples due to S. Schröer [622] and Y. Matsumoto [482] of an unnodal Enriques surface S such
that all its elliptic fibrations have only one singular irreducible fiber and its canonical cover is a
normal rational surface. It is proven by Matsumoto that S must be an α2-surface [482, Proposition
3.2].
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The notions of nodal and NikulinR-invariant from section 6.4 were first introduced in [544]. The Fano root
invariant that can be defined in all characteristics seems to be new. The notion of the Reye lattice coincides
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Chapter 7

Reye congruences

In this chapter we discuss a classical theory of congruences of lines in P3 and examples of nodal
Enriques surfaces called Reye congrurences. A general nodal Enriques surface in the sense of
moduli is isomorphic to a Reye congruwnce. We also present an analog of a Reye congruebce in
characteristic 2.

7.1 Congruences of lines

According to classical terminology, a congruence of lines in P3 is an irreducible surface S in the
Grassmann variety G = G1(P3) of lines in P3. We will use both notations employ other notation
different notations for the Grassmannian The line `s in P3 corresponding to a point s ∈ S is a ray
of the congruence. We will use some general facts about the geometry of G1(P3) that can be found
in many sources, e.g. in [234] or [179], Chapter 9. For any point x, a line ` and a plane Π in P3, let

σx = {` ∈ G : x ∈ `}, (7.1.1)

σΠ = {` ∈ G : ` ⊂ Π}, (7.1.2)

σ` = {`′ ∈ G : `′ ∩ ` 6= ∅}, (7.1.3)

σx,Π = {` ∈ G : x ∈ ` ⊂ Π}. (7.1.4)

be the Schubert subvarieties of G1(P3). The Chow ring A∗(G) is generated by the classes of these
varieties, the class of a point and the class of G:

A∗(G) =

4⊕
i=0

Ai = Z[G]⊕ Z[σ`]⊕
(
Z[σx]⊕ Z[σΠ]

)
⊕ Z[σx,Π]⊕ Z[point].

The multiplication in A∗(G) is determined by formulas:

[σΠ]2 = [σx]2 = [point], [σx]·[σΠ] = 0, [σx]·[σ`] = [σx,Π], [σΠ]·[σ`] = [σx,Π], [σ`]
2 = [σΠ]+[σx].

(7.1.5)
The class [S] of a congruence is determined by the two numbers (m,n) called the order and the
class of S:

[S] = m[σx] + n[σΠ].

71



72 CHAPTER 7. REYE CONGRUENCES

It follows from the previous formulas that

m = [S] · [σx], n = [S] · [σΠ], m+ n = [S] · [σ`]2.
The Grassmann variety G is isomorphic to a nonsingular quadric in P5 embedded via the Plücker
embedding. The class [σ`] is the class of a hyperplane section of G. Thus the number m + n
coincides with the degree of S in the Plücker embedding. The pair (m,n) will be called the bidegree
of S.

In coordinate-free way, we consider P3 as the variety of lines in a linear space E of dimension 4
over k. In Grothendieck notation, |E| = P(E∨), where E∨ is the dual linear space. The Plücker
space becomes |

∧2E| = P(
∧2E∨). A line in |E| is |U |, where U is a 2-dimensional subspace

of E, and the Plücker embedding is |U | 7→ |
∧2 U | ⊂ |

∧2E|. The Grassmann variety comes
equipped with a natural exact sequence of locally free sheaves

0→ SG → E ⊗OG → QG → 0

and the dual exact sequence

0→ Q∨G → E∨ ⊗OG → S∨G → 0. (7.1.6)

The fiber of the geometric vector bundle V(SG) over a point ` = [U ] ∈ G is the subspace U of
the fiber of V(E ⊗ OG) = E, where we consider E as the associated affine space over k. The
locally free sheaf SG identified with the corresponding vector bundle V(SG) is called the universal
vector subbundle. The locally free sheaf QG is called universal quotient bundle. The surjection
E∨ ⊗OG → S∨G defines a canonical closed embedding

ZG := P(S∨G)→ P(E ⊗OG) = |E| ×G.

The Plücker embedding is given by the surjection
∧2E∨ ⊗OG →

∧2 S∨G. In particular,
2∧
S∨G ∼= OG(1). (7.1.7)

The usual properties of the Chern classes and equalities (7.1.5) give

c1(QG) = [σ`] = c1(OG(1)),

c2(SG) = [σΠ],

c2(QG) = [σx].

Let

ZG
p1

}}

p2

��
|E| G

be the projection maps. The variety ZG coincides with the flag variety of points-lines in |E|:
ZG = {(x, `) ∈ |E| ×G : x ∈ `}.

The projection p2 : ZG → G is the projective bundle. It is the projective subbundle of the trivial
bundle EG := P(E∨ ⊗OG). We have OEG(1) ∼= p∗1O|E|(1). The restriction OZG(1) of OEG(1) to
ZG is the tautological invertible sheaf corresponding to the choice of an isomorphism ZG ∼= P(S∨G).
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The projection map p1 : ZG → |E| is a projective bundle over |E|. The Euler exact sequence

0→ Ω1
|E| → E∨ ⊗O|E|(−1)→ O|E| → 0 (7.1.8)

defines a canonical isomorphism of the projective bundles

ZG ∼= P(Ω1
|E|(1)). (7.1.9)

Twisting (7.1.8) by O|E|(2), we obtain a canonical isomorphism

H0(|E|,Ω1
|E|(2)) ∼= Ker(E∨ ⊗ E∨ → S2E∨) =

2∧
E∨. (7.1.10)

Let ZS = p−1
2 (S) ⊂ ZG and

ZS
π1

~~

π2

��
|E| S

be the restriction of the projections p1 and p2 to ZS . For any point x ∈ |E|, the projection π2 defines
an isomorphism of the fiber π−1

1 (x) ∼= S∩σx. In particular, ifm > 0, π1 : ZS → |E| is a morphism
of degree equal to m. It is known, and it is easy to prove, that a congruence S with m = 0 is equal
to a Schubert variety σΠ for some plane Π.

There is a natural duality isomorphism G1(|E|) ∼= G1(P(E)) that assigns to a line ` the pencil
of planes containing `. Under this isomorphism a congruence of bidegree (m,n) is mapped to a
congruence of bidegree (n,m). In particular, a congruence with n = 0 has order m = 1 and
coincides with a Schubert variety σx. The varieties σx, x ∈ |E| (resp. σΠ,Π ∈ P(E)) are planes,
classically called α-planes (resp. β-planes). They form two rulings of the quadric G by planes.

From now on we assume that S is smooth and m,n > 0, if not stated otherwise. We also assume
that the projection map π1 is separable. Since ZS is a P1-bundle over smooth S, this assumption
is rather mild. We know from Example 0.2.22 from Volume 1 that there are no finite inseparable
morphisms Y → Pn if Y is smooth.

Let R(S) ⊂ ZS be the set of points z = (x, `) ∈ ZS such that the morphism π1 is not smooth
at z. Since S is smooth, ZS is also smooth and consists of points at which the relative differential
sheaf Ω1

ZS/P3 is not zero. Thus the set R(S) is the support of the closed subscheme of ZS given by
the Fitting ideal defined by the map of locally free sheaves π∗1ΩP3 → Ω1

ZS
. We equip R(S) with the

structure of this subscheme. Recall that the Fitting ideal sheaf is the image of the canonical map
3∧
π∗1ΩP3 ⊗ (

3∧
Ω1
ZS

)−1 → OZS .

Locally, it is given by the determinant of a 3 × 3-matrix, in particular R(S) is an effective divisor
on ZS such that

KZS ∼ R(S) + π∗1(KP3). (7.1.11)

The following lemma computes the canonical sheaf of ZG and ZS (see [179, 10.1.1]).
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Lemma 7.1.1.

ωZG
∼= π∗1OP3(−2)⊗ π∗2OG(−3),

ωZS
∼= π∗1OP3(−2)⊗ π∗2ωS(1).

Applying (7.1.11), we obtain

OZS (R(S)) ∼= π∗2ωS(1)⊗ π∗1OP3(2) ∼= π∗2ωS(1)⊗OZS (2). (7.1.12)

The adjunction formula gives

ωR(S)
∼= π∗2ωS(1)⊗2 ⊗OR(S). (7.1.13)

Thus the ramification divisor of π2 : R(S)→ S belongs to the linear system |π∗2OS(2)⊗OR(S)|.

Assume p 6= 2, so that the morphism π2 : R(S)→ S is a separable degree 2 cover.

We have ωR(S) = π∗2(ωS ⊗ L), where a section of L⊗2 defines the branch divisor B of π2. It
follows from (7.1.13) that

OS(2B) ∼= ω⊗2
S ⊗OS(4). (7.1.14)

Let π1 : ZS → Z ′S → P3 be the Stein decomposition. The map α : ZS → Z ′S is a birational
morphism onto a normal variety and the map π′1 : Z ′S → P3 is a finite morphism of degree m. If
m > 1, and π2 is separable, the branch divisor Foc(S) of this map is a surface in P3 called the
focal surface of S. The image Fund(S) of the exceptional divisor of α under the map π′1 is called
the fundamental locus of S. In the classical terminology, its points are singular points of S but this
terminology is somewhat confusing because it is usually assumed that S is smooth. Fundamental
points often exist even when S is a smooth surface. The one-dimensional part of Fund(S) is called
the fundamental curve. One can show that it is always an irreducible curve. This fact, together with
the description of such curves, can be found in [15]. For every singular point x ∈ Fund(S), the
fiber π−1

1 (x) is one-dimensional and isomorphic to the intersection of the plane σx with S.

The fibers over points of Fund(S) are points in R(S) such that the rank of the determinant of
f : π∗1Ω1

P3 → Ω1
ZS

drops by 2. It is contained in the closure of points where the corank is equal to
1. This shows that Fund(S) is a closed subset of Foc(S).

If p 6= 2, the corank of f at a point z = (x, `) ∈ R(S) is equal to the dimension of the fiber
π−1

1 (x) [247]. In particular, ramification points of R(S) → Foc(S) over points in the complement
of Fund(S) are all simple ramification points.

Applying the projection formula for the morphism π1 to (7.1.12), we obtain that a general fiber of
the projection π2 : ZS → S intersects R(S) with multiplicity 2. This shows that R(S) contains at
most two irreducible components that are mapped onto S, all other components are blown down to
irreducible curves on S.

We will assume that Fund(S) consists of isolated points. In this case, the ramification divisor R(S)
is reduced, and the projection π2 : R(S) → S is a double cover. Every ray `s of the congruence is
touching R(S) at two points, the image of the intersection points π−1

2 (s) with R(S). Thus

S ⊂ Bit(Foc(S)), (7.1.15)

where, for any reduced surfaceX in P3, the bitangent congruence ofX is defined to be the closure in
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G of the set of lines in P3 that are tangent to X at two points (maybe equal). Note that Bit(Foc(S))
could be a reducible surface, so S is one of its irreducible components.

For any singular point x ∈ Fund(S) of the congruence, the intersection σx ∩ S is a plane curve
F (x). The image of π−1

2 (F (x)) under the projection π1 is a cone over the curve F̄ (x) equal to the
projection of π−1

2 (F (x)) ∩ R(S) to Foc(S). Note that a line contained in Fund(S) or Foc(S) may
be a ray of S. It is called a multiple ray.

Let g be the genus of a general hyperplane section of S. It is called the sectional genus of S.

Proposition 7.1.2. Let S be a smooth congruence of bidegree (m,n). Assume π1 is a separable
map, R(S) is reduced and Fund(S) consists of points. Then

deg Foc(S) = 2g − 2 + 2m.

Proof. Let ` be a general line in P3. Its pre-image under π1 consists of pairs (x, s) ∈ `×S such that
x ∈ `s. Since ` is not a ray and two lines intersect at one point, the projection π2 is an isomorphism
from π−1

1 (`) to a curve C in S that is cut out in S by a hyperplane section σ` of G. Thus the
genus of C is equal to the sectional genus of S. The cover π1 : C → ` is a degree m finite cover.
By Hurwitz’s formula the degree of the ramification divisor is equal to 2g − 2 + 2m. We have
already observed that all ramification points of R(S)→ Foc(S) that do not belong to Fund(S) are
simple ramification points. Thus the number of branch points is equal to 2g − 2 + 2m. This is the
intersection number of ` ∩ Foc(S). Note that if the map π1 : R(S) → Foc(S) is of degree d > 1,
we have to consider Foc(S) as non-reduced scheme with [Foc(S)] = d[Foc(S)red]. So, the formula
is still true.

The following formula can be found in [294]. For the sake of completeness, we supply the proof.

Proposition 7.1.3. Let S be a smooth congruence of bidegree (m,n) and let g be its sectional
genus. Then

m2 + n2 = 3(m+ n) + 8(g − 1) + 2K2
S − 12χ(OS). (7.1.16)

Proof. Using the intersection theory on G, we obtain [S]2 = m2 + n2. On the other hand, this
number is equal to the second Chern class of the normal sheaf NS/G = (IS/I2

S)∨ of S in G. The
standard exact sequence

0→ IS/I2
S → Ω1

G ⊗OS → Ω1
S → 0,

after passing to the dual sequence and taking the Chern classes, gives

c1(NS/G) = −KG · S +KS = −4 deg c1(OS(1)) +KS = 4c1(OS(1)) +KS ,

c2(NS/G) = c2(G) · S − c2(S) +KS · c1(NS/G).

The second class of the quadric G in P5 is computed using th exact sequence

0→ ΘG → ΘP5 ⊗OG → OG(2)→ 0

that easily gives c2(G) = 7c1(OG(1))2. Now we apply Noether’s formula c2(S) +K2
S = 12χ(OS)

and obtain

c2(NS/G) = 7(m+ n)− (12χ(OS)−K2
S) + 4c1(OS(1)) ·KS +K2

S
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= 7(m+ n)− 12χ(OS) + 2K2
S + 4c1(OS(1)) · (KS + c1(OS(1)))− 4c1(OS(1))2

= 7(m+n)−12χ(OS)+2K2
S +4(2g−2)−4(m+n) = 3(m+n)−12χ(OS)+2K2

S +8(g−1).

We finish this section with an example.

Example 7.1.4. Let C be a smooth connected curve of degree d and genus g in P3. Consider the
congruence S = Bis(C) of bisecants of C. Projecting from a general point x ∈ P3, we obtain a
plane curve of degree d and genus g = 1

2(d− 1)(d− 2)−m, where m is the order of S. Thus

m =
1

2
(d− 1)(d− 2)− g.

A general plane intersects C at d points. The class is equal to the number of joints of two points in
this set, i.e.

n =
1

2
d(d− 1).

In similar way, we obtain the bidegree of the congruence Join(C1, C2) of joints of two disjoint
smooth projective curves of degrees d1, d2 and genus g1, g2. A joint is a line x1, x2, where xi ∈ Ci.
As before, the projection of Ci is a plane curve of genus gi = 1

2(di − 1)(di − 2) −mi, where mi

is the order of Bis(Ci). The number of common bisecants is expected to be equal to # Bis(C1) ∩
Bis(C2) = m1m2 + n1n2. We take the center of the projection not lying on any common bisecant.
Taking x even more general, we may assume that the projections intersect transversally at d1d2

points. Thus m = d1d2. The class is equal to the number of joints of d1 on C1 and d2 points on C2,
i.e.

n = m = d1d2.

It is easy to see that Join(C1, C2) is a complete intersection of two hypersurfaces of degrees d1 and
d2 in G1(P3). The divisors are the Chow forms of the curves.

We will need two special cases. In the first one, we take d = 4 and g = 1. The curve C is the
intersection of two quadrics. We get a congruence S of bidegree (2, 6). It is isomorphic to the
symmetric product C(2) of C. The natural map C(2) → Pic2(C) ∼= C is a P1-bundle. Its fiber
over c ∈ Pic2(C) is equal to the linear system |c| of degree 2. The surface is a minimal elliptic
ruled surface. We have K2

S = 0, q = 1, pg = 0. By formula (7.1.16), its sectional genus is equal
to 3. Note that Bis(C) contains four special lines. They parameterize rays through a point xi such
that the projection from xi is a double cover of a plane conic. The points xi are the singular points
of four quadric cones containing C. They are also the fundamental points of the congruence. The
focal surface is the union of the four singular quadrics containing C. Its degree is 8, that agrees with
formula from Proposition 7.1.2. The ramification divisor R(S) ⊂ ZS is the union of the preimages
of the four special fibers of the ruled surface S.

Another special case is when S = Join(C1, C2), where d1 = d2 = 1. The congruence is a
nonsingular quadric in G1(P3) cut out by a linear space of codimension 2. The lines C1, C2 are the
fundamental curves of S. The map π1 : ZS → P3 is the blow-up of C1 and C2. The focal surface is
not defined.
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7.2 Hyperwebs of quadrics

Let W = |L| be an n-dimensional linear system of quadrics in Pn = |E|, a hyperweb of quadrics.
In this section, we assume that char(k) 6= 2. We refer to [179, Chapter 1], for the following varieties
associated with W .

• The discriminant variety D(W ) ⊂ W parameterizing singular quadrics in W . It is either
the whole Pn or a hypersurface of degree n + 1 given by the intersection of W with the
discriminant variety of singular quadrics on Pn. If (λ0, . . . , λn) are projective coordinates in
W corresponding to a basis formed by quadrics associated to symmetric matricesA0, . . . , An,
then

D(W ) : det(λ0A0 + · · ·+ λnAn) = 0. (7.2.1)

• The Steinerian variety St(W ) ⊂ Pn, the union of Sing(Q), Q ∈W . It is either the whole Pn
or a hypersurface in Pn of degree n+ 1. If (t0, . . . , tn) are projective coordinates in Pn, then
in the notation from above,

St(W ) : det
([
A0

t0...
tn

 , . . . , An

t0...
tn

]) = 0

(here the matrix is written as the collection of its columns).

• The base locus Bs(W ) of W , the intersection of quadrics in W .

• The polar base locus PB(W ) ⊂ Pn × Pn, the base locus of the linear system |W̃ | = |L̃|
of divisors of bidegree (1, 1) on P(E) × P(E) defined by the bilinear forms associated to
quadrics from W . In the notation from the above, it is given by n+ 1 bilinear equations

PB(W ) : (t0, . . . , tn) ·Ai ·

t
′
0
...
t′n

 = 0, i = 0, . . . , n. (7.2.2)

• The Reye variety Rey(W ) ⊂ G1(|E|) parameterizing lines in |E| contained in the base locus
of linear subspace of W of codimension ≤ 2. They are called Reye lines.

Suppose thatD(W ) is a reduced hypersurface. Then it contains an open subsetD(W )0 of quadrics
of corank 1. The map that assigns to such a quadric its unique singular point is the Steinerian map

st : D(W )0 → St(W ).

If the Steinerian is a hypersurface, then this map is a birational morphism. Note that the open subset
D(W )sm of nonsingular point in D(W ) is contained in D(W )0. The image st(D(W )sm) is the
open subset St(W )0 of points x such that there exists a unique quadric Q ∈W with x ∈ Sing(Q).

Let
D̃(W ) = {(x,Q) ∈ Pn ×D(W ) : x ∈ Sing(Q)}.
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In coordinates, (λ0, . . . , λn) in W and (t0, . . . , tn) in |E|, it is given by the equations

(
n∑
k=0

λiA
(k)) ·

t0...
tn

 = 0.

The variety D̃(W ) comes with the projections

D̃(W ))
prW

zz

pr|E|

$$
D(W ) St(W )

For any Q ∈ D(W ), the fiber pr−1
W (Q) is isomorphic to Sing(Q). For any x ∈ St(W ), the fiber

pr−1
|E|(x) is isomorphic to the linear subspace of D(W ) of quadrics Q with x ∈ Sing(Q).

Recall that a quadratic form q ∈ S2E∨ defines a bilinear form bq ∈ (S2E)∨. We will identify
the bilinear form bq associated to a quadratic form q ∈ S2E∨ with a linear map bq : E → E∨.
In the language of projective geometry, the map is given by x 7→ Px(Q), where Px(Q) is the first
polar hypersurface of the quadric hypersurface Q = V (q). A quadric Q = V (q) is singular at x
if x ∈ Ker(bq), or, equivalently, Px(Q) = |E|. For any point x = [v] ∈ |E|, the intersection
∩q∈Lbq(v) ⊂ E∨ is equal to {0} unless there exists q ∈ L such that bq(v) = 0. In the language
of projective geometry this means that ∩Q∈WPx(Q) 6= ∅ if and only if there exists y ∈ Pn such
that y ∈ Px(Q) for all Q ∈ W . This is also equivalent to that there exists Q ∈ D(W ) such that
x ∈ Sing(Q). This implies the following.

Proposition 7.2.1. Let p1, p2 : PB(W ) → Pn be the projection map induced by the projections
Pn × Pn → Pn. Then the image of p2 is equal to St(W ) and the projection p1 defines an isomor-
phism

p−1
2 (x) ∼= ∩Q∈WPx(Q).

The images of the varieties D̃(W ) and PB(W ) under the projection to Pn coincide with St(W ),
and the fibers of the projection maps are isomorphic. However, they are, in general, not isomorphic.
In fact they are transpose to each other in the following sense (see [203, Exercise A3.22]). Let us
consider the natural polarization mapL→ E∨⊗E∨, q 7→ bq. We view this map as a homomorphism
of locally free sheaves on |E|:

p : L(−1)→ E∨, (7.2.3)

where, for any linear space V , we denote by V the sheaf of sections of the trivial vector bundle
associated to V . We assume that a general quadric in |L| is nonsingular, i.e. the discriminant variety
D(W ) is a hypersurface. Then the map p is injective at a generic point of W . Since a locally free
sheaf does not contain torsion sheaves, the homomorphism p is injective. Let C be the cokernel of p.
Its support is equal toD(W ). Passing to fibers, we find that C([v]) = Coker(L→ E∨, q 7→ bq(v, ·))
and C([v])∨ = {w ∈ E : bq(v, w) = 0, for all q ∈ L}. This shows that P(C([v]) = {y ∈ |E|, y ∈
Px(Q), for all Q ∈ W}. and Proj (Sym(C∨)) is isomorphic to PB(W ) embedded in P(E∨) via
the surjection E∨ → C. Since the dimensions of the cokernel of a linear map of the linear spaces of
the same dimension and its transpose are equal, we obtain that the fibers D̃(W ))x and PB(W )x of
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the projections D̃(W )→ St(W ) and PB(W )→ St(W ) have the same dimension. However, there
is no canonical isomorphism of these fibers except when the fibers are of dimension 1.

It follows from the above discussion, that the variety St(W ) coincides with the degeneracy scheme
of the homomorphism of vector bundles p in the sense of [234]. Let

St(W )r = {x ∈ St(W ) : dim D̃(W ))x ≥ r}.
It is known that the expected codimension (i.e. for general W ) of St(W )r in St(W ) is equal to r2

and

deg St(W )r =
r∏
i=0

(n+ 1 + i)!i!

(n− r + i)!(r + 1 + i)!
. (7.2.4)

The proof of the following proposition can be found in [179, Proposition 1.1.28 and Proposition
1.1.30].

Proposition 7.2.2. A point (x, y) ∈ PB(W ) is singular if and only if x = y, or there exists a quadric
Q ∈W such that x, y ∈ Sing(Q). In this case the point (Q, x) ∈ Sing(D̃(W )). Conversely, (Q, x)
is a singular point of D̃(W ) if and only if x ∈ Bs(W ) or there exists a point y 6= x such that
x, y ⊂ Sing(Q).

Assume that Bs(W ) = ∅. Then PB(W ) does not intersect the diagonal ∆ of Pn×Pn. Consider a
map f : PB(W )→ G1(|E|) that assigns to (x, y) ∈ PB(W ) the line ` = x, y spanned by x and y.

Proposition 7.2.3. The map f is of degree 2 onto Rey(W ).

Proof. A quadric Q = V (q) contains a line ` if and only if q vanishes at three distinct points on `.
Let Q contain x = [v] and y = [w], then q(v + w) = bq(v, w) + q(v) + q(w) = 0. This shows
that Q contains `. Thus ` imposes only two conditions on quadrics to contain it. This implies that
` ∈ Rey(W ). It is clear that f factors through the involution (x, y) 7→ (y, x) of Pn × Pn. For
any ` ∈ Rey(W ), the restriction of W to ` is of dimension ≤ 1. Since W is base-point-free, the
dimension is equal to 1. Let |L−`| be the linear system of quadrics inW that contain `. A base-point
free pencil of divisors of degree 2 on a line contains two ramification points. If ` = x, y for some
(x, y) ∈ PB(W ), then there exists a quadric Q ∈ W such that x ∈ Sing(Q). This easily shows
that all quadrics in W intersect ` at x with multiplicity 2. Thus, x and y are the two ramification
points. Conversely, if x, y are the ramification points of the pencil, then, for any quadric Q ∈ W ,
the line ` is contained in the tangent plane Px(Q) and Py(Q). Thus y ∈ Px(Q) and y ∈ Px(Q), i.e.
(x, y) ∈ PB(W ).

We see that any Reye line comes equipped with two points x, y such that (x, y) ∈ PB(W ).

Proposition 7.2.4. Assume Bs(W ) = ∅. The two points x, y lie on the Steinerian hypersurface
St(W ). Let x ∈ Sing(Q) for some quadric Q ∈ W . Then Q contains ` if and only if there exists a
pencil of quadrics in W with singular point at x.

Proof. The restriction of W to ` is a pencil P without base points. It defines a degree 2 map
f : ` → P∗ with two ramification points x′, y′. Let Q ∈ W be a quadric that intersects ` at x′
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with multiplicity 2 but does not contain `. Together with the (n − 2)-dimensional linear system
|L − `| ⊂ W of quadrics containing ` they span a hyperplane in W of quadrics touching ` at
the point x′. By dimension count, one of the quadrics in the linear system must have the tangent
space equal to the whole Pn, i.e. it is singular at x′. Thus x′ ∈ St(W ). Let Q = V (q0) with
x′ = [v] ∈ Sing(Q). Then bq0(v, w) = 0 for all w ∈ E, hence the map L → E∨, q 7→ bq(v, ·), is
contained in a hyperplane of E∨. This shows that we can find w ∈ E such that bq(v, w) = 0 for all
q ∈ L. Therefore, (x′, [w]) ∈ PB(B) and x′ is equal to x or y.

Choose projective coordinates such that ` = {t2 = . . . = tn = 0} and x = [1, 0, . . . , 0], y =
[0, 1, 0, . . . , 0]. Then we can find a basis in L such that W consists of quadrics of the form

q(λ) = λ0t
2
0 + λ1t

2
1 +

n∑
i=2

λiLi(t0, . . . , tn) = 0,

where the coefficients in Li are linear forms in t2, . . . , tn. Computing the partials at the point x, we
obtain that the conditions for x to belong to Q(λ) are

Lj(1, 0, . . . , 0) = 0, j = 2, . . . , n, λ0 = 0.

Let A(j)
0 be the coefficients in Lj at x0. The linear forms A(j)

0 are linearly dependent if and only
if there exists a quadric containing ` with singular point at x. In this case we can find a2, . . . , an
not all zeros such that the quadrics Q(a) = V (

∑
aiqi) and Q1 = V (q1) are linearly dependent and

have x as their singular point.

Definition 7.2.5. A hyperweb of quadrics W is called regular if PB(W ) (or, equivalently, D̃(W ))
is smooth.

Note that, by the adjunction formula, PB(W ) has trivial canonical class, so, when it is nonsingular,
it is a Calabi-Yau variety.

Theorem 7.2.6. Let W be a regular n-dimensional linear system of quadrics in Pn. The following
properties hold:

(i) Bs(W ) = ∅;

(ii) The map f : PB(W )→ Rey(W ) is an étale finite map of degree 2;

(iii) Rey(W ) is smooth;

(iv) Sing(D(W )) consists of quadrics Q ∈W of corank > 1;

(v) D̃(W )→ D(W ) is a resolution of singularities;

(vi) The projections PB(W ) → St(W ) and D̃(W ) → St(W ) are weak resolutions of singulari-
ties.1

cal
1A weak resolution of singularities requires only to be a birational morphism, not necessarily an isomorphism over

the set of nonsingular points.
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Proof. Assertion (i) follows from Proposition 7.2.2.

Let us prove (ii). By Proposition 7.2.3, a fiber of the map f consists of two distinct points. We
have to show that the differential at each point is bijective. Let (v0, w0) ∈ E × E represent such
a point. The fiber of the map F : |E| × |E| → G1(|E|), (x, y) 7→ x, y over a line ` is equal to
`×` ⊂ |E|×|E|. If ` = f(x, y), F−1(`) consists of pairs ([λv0 +µw0], [λ′v0 +µ′w0]), so the fiber
has the natural coordinates [λµ, λµ′, λ′µ, λ′µ′] in the Segre embedding of `× `. The intersection of
F−1(`) ∩ f−1(`) is given by equations

bq(λv0 +µw0, λ
′v0 +µ′w0) = (λµ′+λ′µ)bq(v0, w0) +λλ′q(v0) +µµ′q(w0) = λλ′q(v0) +µµ′q(w0) = 0,

where V (q) ∈ W . These are bilinear equations on ` × `. By (i), not all coefficients are zeros.
Passing to the symmetric product `(2) we see that these are linear equations in the plane. Since we
know that there is only one solution of these equations, we obtain that the fibers of the differential
consist of one point, hence the map is étale.

(iii) Follows from (ii).

(iv) Let Dn be the discriminant variety of singular quadrics in Pn and Dn(k) be the closed sub-
variety of quadrics of corank ≥ k. It is known that Dn(k + 1) = Sing(Dn(k)). In particular, the
singular locus of Dn consists of quadrics of corank > 1. The discriminant variety D(W ) is equal to
the intersection W ∩ Dn(1). The tangent space of Dn at a nonsingular point Q can be canonically
identified with the space of quadrics passing through the unique singular point of Q (see [179, p.
32]). Thus, a quadric of corank 1 in W is a singular point in D(W ) if and only if the singular point
of Q is a base point of W . Thus a quadric of corank 1 in a regular web W is always nonsingular
point ofD(W ). On the other hand, a quadricQ of corank≥ 2 is a singular point of the discriminant
hypersurface Dn(1), hence it is a singular point of D(W ) if we assume that D(W ) 6= Pn.

(v) By Proposition 7.2.2, D̃(W ) is smooth. It is known that a nonsingular point Q of D(W ) is
of corank 1. Thus the fiber pr−1

W (Q) consists of one point, hence prW is an isomorphism over the
subset of nonsingular points. Note that a quadric Q ∈ D(W ) of corank 1 could be a singular point
of D(W ) but this implies that D̃(W ) is singular over Q.

(vi) We know that pr|E| : D̃(W ) → St(W ) and p2 : PB(W ) → St(W ) are isomorphic as
schemes over St(W ). It remains only to prove that p2 is a birational morphism. By (iv), the set of
quadrics in W of corank 1 (i.e. with isolated singular point) is the open subset of smooth points
on D(W ). The Steinerian map st : D(W )sm → St(W ) has linear spaces as fibers. Since both the
source and the target are hypersurfaces in an n-dimensional projective space, the map is a birational
morphism. Thus St(W ) contains an open subset St(W )0 that consists of points x such that there
exists a unique quadric Qx in W with x ∈ Sing(Q). Moreover, this quadric is of corank 1. This
implies that dim∩Q∈WPx(Q) = 0, hence, by Proposition 7.2.1, the projection PB(W ) → St(W )
is an isomorphism over x.

Definition 7.2.7. A hyperweb of quadrics in Pn is called excellent if it is regular and the projection
map PB(W )→ St(W ) is an isomorphism.

Proposition 7.2.8. A regular hyperweb W is excellent if and only if D(W ) does not contain lines.

Proof. Suppose W is excellent. Then, for any point x ∈ St(W ), the intersection of polar hy-
perplanes Px(Q), Q ∈ W, consists of a single point. Thus there exists a unique quadric Q with
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x ∈ Sing(Q). Suppose D(W ) contains a pencil. By Bertini’s Theorem, there exists a point x ∈ Pn
such that all quadrics in this pencil have x as its singular point. This gives a contradiction. This
argument also proves the converse.

Example 7.2.9. Assume n = 2, so we are dealing with a net W of conics in P2. The classification
of nets of conics up to projective equivalence over C is due to C. Jordan [345] (see a modern survey
in [1]). It consists of 15 isomorphism classes. For our application we restrict ourselves with the
case when the net is base-point-free. There are the following four non-projectively equivalent nets:

(i)

λ(2x0x1) + µ(2x0x2 + x2
1) + γ((−a− 3

4
α2)x2

0 − αx2
1 + x2

2 + αx0x2) = 0,

where α is one of the three distinct roots of the equation α3 + aα+ b = 0. The discriminant
curve is a nonsingular plane cubic

D(W ) : λ2γ + µ3 + aµγ2 + bγ3 = 0, 4a3 + 27b2 6= 0.

The Steinerian curve is a nonsingular plane cubic curve:

St(W ) : x2
1x2 +

3

2
αx0x

2
1 − x0x

2
2 − (a− 3

4
α2)x3

0 = 0.

The curve PB(W ) and D̃(W ) are isomorphic toD(W ). The Reye curve lies in the dual plane
and parameterizes line components of singular conics in W . It coincides with the Cayleyan
curve of St(W ) [179, 3.2]. The map PB(W )→ Rey(W ) is an étale double cover.

(ii)
λx2

0 + 2µx1x2 + γ(x2
1 + x2

2 + 2x0x1) = 0.

The discriminant curve is a nodal irreducible cubic

D(W ) : γ3 + λµ2 − λγ2 = 0.

The Steinerian curve is the union of a line and a conic intersecting transversally:

St(W ) : x0(x2
2 − x2

1 − x0x1) = 0.

The curve PB(W ) and D̃(W ) are isomorphic to St(W ). The Reye curve is a nodal cubic.
The map PB(W )→ Rey(W ) is an étale double cover.

(iii)
λx2

0 + µx2
1 + γ(2x0x1 + x2

2) = 0.

The discriminant curve is the union of a line and a conic intersecting at two points:

D(W ) : γ(λµ− γ2) = 0.

The Steinerian curve is the union of three non-concurrent lines:

St(W ) : x0x1x2 = 0.

The curves PB(W ) consists of four irreducible components. In the Segre embedding of
P2 × P2, two components are lines and other two are conics. The curve D(W ) is isomorphic
to PB(W ). The Reye curve is isomorphic toD(W ), the map PB(W )→ Rey(W ) is a double
cover with the deck transformation switching two conics and two lines.
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(iv)
λx2

0 + µx2
1 + γx2

2 = 0.

The discriminant curve is the union of three non-concurrent lines

λµγ = 0.

The Steinerian curve is the union of three non-concurrent lines:

St(W ) : x0x1x2 = 0.

The curve PB(W ) consists of six irreducible components. In the Segre embedding of P2×P2,
they are lines. The curve D(W ) is isomorphic to PB(W ). The Reye curve is isomorphic
to D(W ), the map PB(W ) → Rey(W ) is a double cover with the deck transformation
switching two skew lines.

A net of conics is regular if and only if the discriminant curve D(W ) is nonsingular. A regular net
of conics is an excellent net.

The proof of the following theorem can be found in [282] or [349]).

Theorem 7.2.10. Let Dn(k) be the variety of quadrics of corank k in Pn.

• Dn(k) is an irreducible Cohen-Macaulay subvariety of codimension 1
2k(k + 1);

• Sing(Dn(k)) = Dn(k + 1);

• degDn(k) =
∏

0≤i≤k−1

(
n+1+i
k−i

)(
2i+1
i

) .
A general W intersects Dn(k) transversally and D(W ) inherits all properties from Theorem

7.2.10. We do not know if a regular hyperweb of quadrics satisfies these properties.

Finally, we introduce one more variety associated to a hyperweb of quadrics |L|. We know that
E∨⊗E∨ =

∧2E∨⊕S2E∨. The map given by the linear system |
∧2E∨|maps |E|×|E| to |

∧2E|.
The map given by the linear system |S2E∨| maps |E| × |E| to |S2E|. Consider the restriction of
these maps to PB(W ). The image of PB(W ) under the first map is the Reye variety Rey(W ). The
image of PB(W ) under the second map is a subvariety of quadrics of rank 2 in |L⊥| ⊂ |S2E|.
It is called the Cayley variety of W and it will be denoted by Cay(W ). Note that, by Theorem
7.2.10, one expects that Cay(W ) is of codimension n(n − 1)/2 in |L⊥| ∼= P

1
2
n(n+1)−1, i.e. it is

of dimension n − 1 = dim PB(W ). Its degree is equal to 1
2

(
2n
n

)
. The complete linear system

|E∨⊗E∨| defines the Segre map |E|× |E| → |E⊗E|. The Reye variety (resp. the Cayley variety)
is the projection of the Segre variety from the subspace |L⊥| (resp. |S2E|).

Proposition 7.2.11. The Cayley variety of a regular hyperweb of quadrics is a smooth subvariety
of P

1
2
n(n+1)−1 of degree 1

2

(
2n
n

)
. It is isomorphic to Rey(W ) and to the quotient of PB(W ) by a

fixed-point free involution (x, y) 7→ (y, x).

Proof. The Cayley variety is equal to the image of the restriction of the map |E| × |E| → |S2E| =
P(S2E∨) given by (x, y)→ Hx ∪Hy, where Hx and Hy are hyperplanes in |S2E∨| corresponding
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to the points x, y ∈ |E|. Since W is regular, the base locus of W is empty. This implies that
PB(W ) does not intersect the diagonal. Hence Cay(W ) ∼= PB(W )/(τ), where τ is the involution
(x, y) 7→ (y, x).

7.3 Hyperwebs of quadrics in characteristic 2

Now we assume that p = 2. The crucial difference between the cases p = 2 and p 6= 2 is that a
quadratic form q is not determined uniquely by its polar bilinear form bq. In coordinates, a quadratic
form q ∈ S2E∨ can be written in the form

q =
∑

0≤i≤j≤n
aijtitj , (7.3.1)

the polar bilinear form bq is written in coordinates tit′j on E ⊗ E as

bq =
∑

0≤i<j≤n
aij(tit

′
j + tjt

′
i)

and it could be zero without q being zero. We have

Sing(V (q)) ⊂ V (Ker(bq)), (7.3.2)

where Ker(bq) = {v ∈ E : bq(v, w) = 0 for all w ∈ E}. The projective space |Ker(bq)| is called
the nullspace of Q. A quadric is called defective if the inclusion (7.3.2) is strict. In this case, the
set of singular points of Q is the subspace of codimension 1 in the nullspace. In geometric terms, a
point x with Px(Q) = Pn is not necessarily a singular point of Q as it is in the case p 6= 2. Recall
that any quadratic form q(t0, . . . , tn) over an algebraically closed field k of characteristic 2 can be
reduced to the form t0t1 + · · ·+ t2k−2t2k−1 or t0t1 + · · ·+ t2k−2t2k−1 + t22k, where 2k is the rank
of the bilinear form bq. Such a quadric Q = V (q) is nonsingular if and only if k = [n2 ]. In the first
case the discriminant of the polar bilinear form is zero, and, in the second case, it is not zero.

If n = 2k + 1 is odd, the quadric V (q) is nonsingular if and only if the polar bilinear form is
non-degenerate. In coordinates, this means that the determinant of its matrix is nonzero. Since the
associated bilinear form is alternate and the determinant of a general alternate form is the square of
the pfaffian determinant, we see that the discriminant hypersurface D2k is of degree k + 1 and is
given by the pfaffian determinant of the matrix (aij).

If n = 2k is even, the analog of the discriminant of a quadric is the half-discriminant [384].
In order to define it, one considers a polynomial q =

∑∑
0≤i≤j≤nAijTiTj ∈ Z[Aij , Ti]. Let

discr(q) be the determinant of the symmetric matrix defining the associated symmetric bilinear form∑n
i=0 2Aii+

∑
0≤i<j≤nAij(TiT

′
j+TjT

′
i ). Reducing modulo 2, we get a polynomial in F2[Aij ]. If n

is even, evaluating it on any quadratic form, we get zero. This implies that all coefficients of discr(q)
are even integers. We define the universal discriminant discr′(q) by setting discr′(q) = 1

2 discr(q).

We define the half-discriminant discr′(q) of any quadratic form q(t0, . . . , tn) to be the value of
discr′(q) on q if n is even. If n is odd, we do not correct the definition of the discriminant. As
is for the usual discriminant, the half-discriminant does not depend on a choice of basis up to a
multiplicative factor of nonzero squares in the field k.
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One can give an explicit formula for the half-discriminant as follow. Let q ∈ S2E∨ and bq ∈∧2E∨ be the associated polar bilinear form. The symbolic power b(k)
q ∈

∧2k E∨ can be identified,
via a choice of a basis in

∧2k+1E∨ with a vector pf(q) fromE. In coordinates inE, the coordinates
of pf(q) are the pfaffians of the principal minors of the alternate matrix of bq (see [203, Exercise
A2.11]). We have

discr′(q) = q(pf(q)).

This allows one to write an explicit formula for the half-discriminant hypersurfaceD(n) in the space
of quadrics S2E∨. If we use the coefficients aij in (7.3.1), we get

D(2) : a00a
2
12 + a11a

2
02 + a22a

2
01 + a01a12a02 = 0. (7.3.3)

If n = 4, we get

D(4) : (a00a
2
12a

2
34 + · · · ) + (a2

01a23a34a24 + · · · ) + (a01a12a23a34a04 + · · · ) = 0. (7.3.4)

We leave it to the reader to guess the general formula.

We denote the discriminant variety by D(W ) = W ∩ D(n) by using the pfaffian equation if n is
odd and the half-discriminant if n is even.

Recall from the previous section that a linear subspace L of S2E∨ defines a linear subspace L̃
of the linear space (S2E)∨ of symmetric bilinear forms. It is equal to the image of L under the
polarization map

p : S2E∨ → (S2E)∨.

Since p = 2, the image is contained in the subspace
∧2E∨ of alternating forms. The kernel of p

consists of quadratic forms l2, where l ∈ E∨. We assume that L does not contain such quadratic
form, and hence can be identified with a linear subspace of

∧2E∨.

We have the canonical exact sequence

0→
2∧
E∨ → E∨ ⊗ E∨ → S2E∨ → 0 (7.3.5)

that comes from the definition of the symmetric square of a linear space. In characteristic 6= 2, the
polarization map splits this exact sequence.

The base locus of the linear system W̃ = |L̃| on |E| × |E| now contains the diagonal ∆. We
denote by Bs(W̃ )0 the residual component of dimension 2 of the base locus.

Let (S2E)∨ be the subspace of E∨⊗E∨ of symmetric bilinear forms. As in the previous section,
we view |(S2E)∨| as the space of symmetric divisors of type (1, 1) on |E| × |E|. Restricting to
Bs(W̃ ) ⊂ |E| × |E|, we obtain a linear system |(S2E)∨/L̃|. It defines a rational map

Bs(W̃ ) 99K |L̃⊥| ⊂ |S2E| = |(S2(E)∨)∨|.
This is the analog of the Cayley map in characteristic 6= 2. It assigns to a point (x, y) ∈ Bs(W̃ )
the reducible quadric Hx + Hy in |E∨|, where Hx, Hy are hyperplanes associated to the points
x, y ∈ |E|.

Note that the polarization map L ↪→ S2(E∨)→ Sym2(E)∨ defines a linear map

p : L→
2∧
E∨.



86 CHAPTER 7. REYE CONGRUENCES

We will assume that this map is injective. This can happen if and only if L does not contain quadrics
of rank 1. Let

D(W )′ = {Q = V (q) ∈W : Ker(bq) 6= {0}}.

If n is even, it is equal to the whole |L|, if n is odd, it is a hypersurface of degree 1
2(n+ 1) given by

the pfaffian of the matrix bq, where q =
∑n

i=0 λiqi for some basis (qi) of L.

Proposition 7.3.1. Let A(n+1
2 ) be the variety of alternating matrices of size n + 1. Let Pfn(k) be

the (reduced) closed subvariety of matrices of rank k.

(i) Pfn(2c) = Pf(2c+ 1), 2c ≤ n, is defined by pfaffians of principal (2c× 2c)-submatrices of
size 2c;

(ii) Pfn(2c) is a Cohen-Macaulay variety of codimension 1
2(m− 2c+ 2)(m− 2c+ 1);

(iii) Pfn(2c− 2) = Sing(Pfn(2c)) if 2c < n+ 1;

(iv) deg Pfn(2c) = 2−n+2c
∏n−2c−1
i=0

( n+1+i
n−2c−i)
(2i+1

i )
.

The proof of properties (i)-(iii) can be found in [382]. The formula for the degrees can be found
in [349] or [282]

Let D(n)k be the set of quadrics V (q) in |E| with dim Sing(V (q)) ≥ k. If n = 2k + 1, then
D(n)k = Pfn(k), hence D(n)2s = D(n)2s+1, s ≥ 0, and D(n)0 = D(n). We do not know the
analog of Proposition 7.2.10 in the case when n is even.

We set

D̃(W )′ = {([v], Q) ∈ |E| ×W : v ∈ Ker(bq)},
D̃(W ) = {(x,Q) ∈ |E| ×W : x ∈ Sing(Q)}.

Proposition 7.3.2. The projection D̃(W )′ → |E| is surjective. It is a birational morphism if a
general quadric in W is of corank ≤ 2.

Proof. In coordinates, D̃(W )′ is given by (7.2.1), where the matrices Ai are the matrices of the
polar bilinear form. Since the matrices Ai are alternating, for any point x = [x0, . . . , xn], we have
tx ·Ai ·x = 0. This shows that x belongs to the left kernel of the matrixB(x) = [A0 ·x, . . . , An ·x].
Thus detB(x) = 0, and there exists a quadric Q = V (q) such that x ∈ |Ker(q)|. Note that the
right kernel of B(x) can be identified with the linear space of q ∈ L such that x ∈ |Ker(bq)|. The
assumption on W implies that dim D̃(W ) = n. This implies the assertion.

Let St(W ) be the image of the projection of D̃(W ) to |E|. We assume that dimD(W ) = n− 1,
i.e. a general member of W is a nonsingular quadric, and a general point of D(W ) represents a
quadric with isolated singular point. Then the image St(W ) of the projection D̃(W ) → D(W ) is
a proper subvariety of Pn. We continue to call it the Steinerian hypersurface. It follows from the
following proposition that it is, in fact, a hypersurface.
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Proposition 7.3.3. Assume that dimD(W ) = n−1. Then St(W ) is a hypersurface of degree n+1.

Proof. A point x ∈ Pn belongs to St(W ) if and only if there exists a quadric Q = V (q) such that
x ∈ |Ker(bq)| and x ∈ Q. Choose a basis q0, . . . , qn in L and coordinates (t0, . . . , tn) in |E|. Then
Q(λ) = V (

∑
λiqi) contains x = [x0, . . . , xn] in its singular locus if and only if B(x) · λ = 0 and

x ∈ Q(λ), whereB(x) is the matrix from the proof of the previous proposition. Assume that St(W )
is not contained in the subset {x : corankB(x) > 1}. Then, for a general point x, there exists a
unique quadric Q(λ) such that x ∈ Sing(Q(λ)). We can take [λ0, . . . , λn] to be a column of the
adjugate matrix adj(B(x)). Thus each λi is a polynomial of degree n in coordinates of x. Since x
belongs to the right kernel of the matrix B(x), we see that each entry Cij in a row (Ci0, . . . , Cin) of
adj(B(x)) is divisible by xi. This shows that each column (C0j , . . . , Cnj) of adj(B(x)) is divisible
by xj . Thus we can take λi to be polynomials of degree n − 1 in x. This gives the equation of
St(W ) of degree n+ 1.

To extend the construction of the double cover PB(W )→ Rey(W ) to characteristic 2, we have to
use a different definition of PB(W ). In fact, in characteristic 2, the old definition of PB(W ) shows
that it contains the diagonal of |E|× |E|. We will define PB(W ) now as a certain closed subvariety
of the projective completion T(|E|) of the tangent bundle T (|E|) that is projected to the Steinerian
variety of W .

Recall that for any quasi-coherent sheaf F on a scheme Y , one defines the following schemes:

C = V(F) = Spec (S(F)),

X = P(F) = Proj (S(F)),

Ĉ = V(F) := P(F ⊕OY ) ∼= Proj (S(F)[z]),

C0 = the closed subscheme of C defined by the surjection S(F)→ S0(F) := OY ,
C∗ = C \ C0,

s0 : Y = P(OY )→ Ĉ = the closed embedding corresponding to the surjection F ⊕OY → OY ,
i : C ↪→ Ĉ = the open embedding with the complement s0(Y ),

Ĉ∗ = Ĉ \ s0(Y ),

s∞ : X → Ĉ = closed embedding corresponding to the surjection F ⊕OY → F ;

p : Ĉ∗ → X = the morphism corresponding to the natural inclusion S(F) ⊂ S(F)[z];

π : C∗ → X = the composition p ◦ i.
We specialize by taking F to be a locally free sheaf of rank r + 1. Then C = V(F) is the vector
bundle associated toF . The sheafF∨ is the sheaf of local sections of V(F). The schemeX = P(F)
is the projectivization of the vector bundle C. It is a projective r-bundle. Its fibers Xy are the
projective spaces P(F(y)) = |F(y)∨| of dimension r. The scheme Ĉ = V̄(F) is the projective
completion of the vector bundle V(F).

To specialize it furthermore, we take S = Pn and F = Ω1
Pn . Then V(Ω1

Pn) is the tangent bundle
T (Pn) of Pn, P(Ω1

Pn) = PT(Pn) is its projectivization, V(Ω1
Pn) = T(Pn) is the completion of the

tangent bundle. We denote by T(Pn)∞ (resp. T(Pn)0) the image of the projectivized tangent bundle
PT(Pn) (resp. of Pn) under the morphism s∞ (resp. s0). Note that T(Pn)0 is the analog of the
diagonal of Pn × Pn.
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We use a canonical isomorphism (7.1.10)
2∧
E∨ → H0(|E|,Ω1

|E|(2)),

which, in coordinates, is given by ti ∧ tj 7→ t2jd
ti
tj

. Thus, if we write

T(|E|) = P(Ω1
Pn ⊕O|E|) = P(Ω1

Pn(2)⊕O|E|(2)),

we will be able to identify the vector space
∧2E∨⊕S2E∨ with the space of sections ofOT(|E|)(2).

If p 6= 2, we have
∧2E∨⊕S2E∨ ∼= E∨⊕E∨, and sections of the latter are identified with sections

of O|E|×|E|(1, 1) to which the polar symmetric bilinear forms belong.

Let OT(|E|)(1) be the invertible sheaf on T(|E|) whose direct image in the base is equal to
Ω1
|E|(1)⊕O|E|(2).

Recall that a tangent vector tx ∈ T (|E|)x at a point x is canonically identified with a linear map
tx : x → E/x, where x is considered as the line in E corresponding to the point x ∈ |E|. We
identify the space T(|E|)x with |Hom(x,E/x)⊕k|. We denote vectors from Hom(x,E/x)⊕k by
t̄x and write them (tx, a) and denote the corresponding point in T(|E|)x by x̃ or by [̄tx]. The tangent
space T (|E|)x = Hom(x,E/x) embeds in T(|E|)x as the set of points [tx, 1]. The projectivized
tangent space |T (|E|)x| embeds as the hyperplane of points [tx, 0]. The point [0, 1] belongs to
T(|E|)0.

By definition, the corrected polar bilinear form b′q of a quadratic form q ∈ S2E∨ is defined to
be a section (bq, q) of

∧2E∗ ⊕ S2E∨. Considered as a section of the tautological invertible sheaf
OT(|E|)(2) it defines a divisor Z(b′q) on T(|E|). We have t̄x = [tx, a] ∈ Z(b′q) if and only if
bq(v, tx(v)) + aq(v) = 0, where x = [v].

In characteristic 2, we define the polar base variety PB(W ) of a hyperweb W as the intersection
scheme ∩q∈WZ(b′q). Note that

PB(W )0 := PB(W ) ∩ T(|E|)0 = s0(Bs(W )), (7.3.6)

PB(W )∞ := PB(W ) ∩ T(|E|)∞ = ∩q∈LV (bq) ⊂ PT(|E|). (7.3.7)

Here bq ∈
∧2E∨ is considered as a section of the invertible sheaf OPT(|E|)(1) ⊗ p∗O|E|(2) on

PT(|E|) = P(Ω1
|E|). Recall from [179, 10.2.3] that a point in |

∧2E∨|, viewed as a hyperplane

in the Plücker space |
∧2E|, is identified with a linear complex, i.e. a hyperplane section of the

Grassmann variety G1(|E|). We assume that the polarization map L→
∧2E∨ is injective, i.e. W

does not contain quadrics of rank 1. Then W defines a linear system of linear complexes in G. In
this terminology, the variety PB(W )∞ becomes isomorphic to the preimage in ZG of the base locus
of the corresponding linear system of linear line complexes in G. Its dimension is equal to n − 2.
Its degree is equal (2n−2)!

(n−1)!n! , the degree of the Grassmann variety G.

We keep the definitions of the Reye variety Rey(W ) and the Reye line.

For any point x̃ = [̄tx, a] ∈ PB(W ) \ PB(W )0, let `x̃ denote the line through x with the tangent
direction tx.

Lemma 7.3.4. For any x̃ ∈ PB(W ) \ PB(W )0, the line `x̃ is a Reye line. All quadrics in W are
tangent to `x̃ at the point x. For any Reye line ` not passing through a base point of W , there exists
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a unique x̃ such that ` = `x̃.

Proof. Let Q = V (q) be a quadric from W containing ` = `x̃. Let x = [v] and y = [w] ∈ `x̃, y 6=
x. Since q(v) = q(w) = q(v + w) = 0, we get bq(v, w) = 0. Conversely, if q(v) + bq(v, w) = 0
and q(w) = 0 for some y = [w] ∈ `, y 6= x, we obtain that ` ⊂ Q. This shows that ` imposes two
(instead of expected three) linear conditions on a quadric Q ∈ W to contain `. This implies that `
is a Reye line. Also observe that q(v) = 0 implies bq(v, w) = 0, hence the line ` is tangent at the
point x to all quadrics from W .

Conversely, let ` be a Reye line. Then the restriction of W to ` is of dimension ≤ 1. If the
dimension is equal to zero, all quadrics in W have a base point x on `. Thus we may assume that
the dimension is equal to 1 and the pencil does not have a base point. Let φ : ` → P1 be the
corresponding map of degree 2.

Assume φ is a separable map. Then φ has a unique ramification point x = [v] ∈ `. Thus there
exists a quadric in the pencil that it is tangent to ` at x. This implies that there exists a hyperplaneH
of quadrics in W such that all quadrics from H are tangent to ` at x. For any tx ∈ T (`)x, we have
bq(v, tx(v)) = q(v) = 0 for all V (q) ∈ H . We can find a scalar a such that bq(v, tx(v))+aq(v) = 0
for all q ∈W . This implies that the point x̃ = [̄tx, a] ∈ PB(W ) and ` = `x̃.

Assume φ is an inseparable map. Then, for each point x ∈ `, there exists a hyperplaneH(x) ⊂W
of quadrics tangent to ` at x. Take two different points x1 = [v1], x2 = [v2] on ` and let Qi = V (qi)
be quadrics in W that touch ` at the points xi. Take a point x̃1 ∈ T(|E|)∞x defined by [tx1 ] = [v2 −
v1] ∈ P(T (|E|))x. Since H(x1) and H(x2) generate W , we find that b′q(x̃1) = bq(v1, tx1(v1)) = 0
for all q ∈W . Thus ` = `x̃1 .

Definition 7.3.5. We say that a Reye line that does not pass through a base point of W is separable
(resp. inseparable) if the restriction of W to ` defines a separable (resp. inseparable) map ` → P1

of degree 2.

It follows from the proof of the previous proposition that a separable (resp. inseparable) Reye line
is equal to a line `x̃ for some point x̃ ∈ PB(W )\(PB(W )0∪PB(W )∞) (resp. x̃ ∈ PB(W )∞). We
know from the description of the subvariety PB(W )∞ that the subvariety Rey(W )ins ⊂ Rey(W )
of inseparable Reye lines is of dimension n− 3 and its degree in the Plücker embedding is equal to
degG = (2n−2)!

n!(n−1)! . The formula for the canonical class of G = G1(Pn) shows that

ωRey(W )ins
∼= ORey(W )ins

. (7.3.8)

Assume that Bs(W ) = ∅. Consider the Reye map

r : PB(W )→ Rey(W ), x̃ 7→ `x̃.

It is equal to the restriction to PB(W ) of the composition of the projections T(|E|)∗ → PT(|E|) =
ZG → G.

Proposition 7.3.6. Let r : PB(W )
σ→ PB(W )′

r′→ Rey(W ) be the Stein factorization of the Reye
map. Then map r′ is an inseparable finite map of degree 2 and σ is the blowing down of PB(W )∞

onto r′−1(Rey(W )ins).
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Proof. Consider the map pr : T(|E|)∗ → ZG. The fiber over a Reye line ` is equal to the fiber
of pr over the preimage of `, considered as a point of G in the ZG. Consider the restriction of
T(Pn)→ Pn over `. Its intersection with PB(W ) is isomorphic to the intersection of PB(W ) with
the surface T(`) ∼= F2 embedded in T(Pn)|` via the surjection Ω1

Pn ⊕ O` → Ω1
` ⊕ O`. Since ` is

a Reye line, the restriction of the linear system |b′q| of corrected polar forms to T(`) is the scheme-
theoretical intersection of two sections s1 and s2 of the ruled surface F2. If ` is a separable Reye
line `x̃, then s1 and s2 do not intersect the exceptional section e = T(`) ∩ PB(W )0. They intersect
at one point x̃ with multiplicity 2. If ` is an inseparable line, then s1 = s2 = e. So, the fiber is the
section taken with multiplicity 2. This proves the assertion.

Remark 7.3.7. Note that the projection T(Pn)∗ → PT(Pn) is a line bundle, a torsor over the
group Gm. The subscheme PB(W ) is invariant with respect to the subgroup µ2 and the quotient
PB(W )/µ2 is isomorphic to the blow-up of the locus of inseparable Reye lines in Rey(W )′.

Note that, for any locally free sheaf V over a scheme S, the relative Euler exact sequence gives an
isomorphism ωP(V)/S

∼= det(p∗E(−1)). This gives

ωT(|E|) ∼= p∗ω|E| ⊗ ωT(|E|)/|E| ∼= p∗ω|E| ⊗ p∗ω|E|(−n− 1) = OT(|E|)(−n− 1).

Applying the adjunction formula, we obtain

ωPB(W )
∼= OPB(W ).

However, as we will see later, the variety PB(W ) is always singular.

Consider the canonical projection p : T(|E|) → |E|. The restriction of the projection to PB(W )
defines a morphism q : PB(W ) → |E|. The scheme-theoretical image is the Steinerian variety
St(W ). In fact, x = [v] ∈ p(T(|E|)) if and only if bq(v, tx(v)) + aq(v) = 0 for some [̄tx, a] ∈
T(|E|)x and all q ∈ L. Let q0 be an element of the kernel of the linear map L → (E/x)∨, q 7→
(̄tx 7→ bq(v, t̄x(v))). Then bq0(v, w) = 0 for all w ∈ E and q0(v) = 0, i.e. [v] ∈ Sing(V (q0)).

Proposition 7.3.8. A point (x,Q) ∈ D̃(W ) (resp. D̃(W )′) is singular if and only if x ∈ Bs(W ),
or there exists a point x̃ ∈ PB(W ) (resp. x̃ ∈ PB(W )∞) such that the line `x̃ ⊂ |Ker(bq)|.

Proof. Suppose (x,Q) is a singular point of D̃(W ). Choose coordinates (λ0, . . . , λn) in L and
coordinates (t0, . . . , tn) in E. Let qk =

∑
a

(k)
ij titj , k = 0, . . . , n be the corresponding basis in

L and let B(k) = (b
(k)
ij ) be the alternating matrices defining the polar bilinear form bqk . We have

b
(k)
ii = 0, b

(k)
ij = b

(k)
ji = a

(k)
ij . We write A(λ) =

∑
λkA

(k), B(λ) =
∑
λkB

(k). The equations of
D̃(W ) are

Fi =
∑

0≤j,k≤n
λkb

(k)
ij tj = 0, i = 0, . . . , n,

G =
∑

0≤j,k≤n
λka

(k)
ij titj = 0.
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The Jacobian matrix at the point λi = αi, ti = xi is equal to
∑n

j=0 b
(0)
0j xj . . .

∑n
j=0 b

(n)
0j xj

∑n
k=0 αkb

(k)
00 . . .

∑n
k=0 αkb

(k)
0n

...
...

...
...

...∑n
j=0 b

(0)
nj xj . . .

∑n
j=0 b

(n)
nj xj

∑n
k=0 αkb

(k)
n0 . . .

∑n
k=0 αkb

(k)
nn∑n

i,j=0 a
(0)
ij xixj . . .

∑n
i,j=0 a

(n)
ij xixj

∑n
k,j=0 αkb

(k)
0j xj . . .

∑n
k,j=0 αkb

(k)
nj xj


Note that the last n + 1 entries in the last row are equal to zero because B(α) · x = 0. Since the
point (α, x) is singular, there exist a nonzero vector (β0, . . . , βn+1) such that the linear combination
of the rows with coefficients βi is equal to zero. This gives∑

0≤i,j≤n
a

(0)
ij βixj + βn+1a

(0)
ij xixj = . . . =

∑
0≤i,j≤n

b
(n)
ij βixj + βn+1a

(n)
ij xixj = 0,

∑
0≤i,k≤n

a
(k)
i0 βiαk = . . . =

∑
0≤i,k≤n

a
(k)
in βiαk = 0.

If βi = 0 for i 6= n+1, we obtain that qk(x) = 0 for all k, i.e. x ∈ Bs(W ). Assume (β0, . . . , βn) 6=
0. The first n + 1 equations imply that bqk(x, β) + βn+1qk(x) = 0, k = 0, . . . , n. The last n + 1
equations imply that A(α) · β = 0. Let t̄x : x → E = kn+1 be defined by (β0, . . . , βn) and let
a : x → x be defined by βn+1. This shows that the point x̃ = (̄tx, a) belongs to PB(W ) and the
line `x̃ belongs to the nullspace of the matrix B(α). Conversely, if this happens, the point (x,Q) is
a singular point.

If we follow the previous proof and take G = 0, we obtain the assertion about singularities of
D̃(W )′.

Assume n is odd. One can restate the previous proposition in terms of the projections π : D̃(W )→
D(W ) and π : D̃(W )′ → D(W ). A point (x,Q) ∈ D̃(W ) (resp. (x,Q) ∈ D̃(W )′) is singular if
and only if x ∈ Bs(W ), or the fiber π′−1(Q) does not contain a Reye line `x̃ (resp. an inseparable
Reye line `x̃).

Proposition 7.3.9. A point x̃ = [̄tx, a] ∈ PB(|E|) is a singular point if and only if x̃ ∈ PB(W )0

(equivalently, x ∈ Bs(W )), or there exists a quadric Q = V (q) ∈ W such that x ∈ Sing(Q) and
the line `x̃ ⊂ |Ker(bq)|.

Proof. We keep the notation from the proof of the previous proposition. Let x̃ ∈ Sing(PB(W )).
We may assume that x = [e0], where (e0, . . . , en) is a basis in E corresponding to coordinates
(t0, . . . , tn). We identify E/x with the span of the basis vectors e1, . . . , en. A point x̃ is defined
by linear maps tt : x → E/k and a ∈ k. We identify these maps with a vector α = (α0, . . . , αn)
and a scalar a = αn+1, respectively. The point x̃ belongs to PB(W )0 if and only if tx = 0, or,
equivalently, x ∈ Bs(W ).

The equations of PB(W ) are

Fk =

n∑
i,j=0

b
(k)
ij tjyi + yn+1a

(k)
ij titj = 0, k = 0, . . . , n. (7.3.9)
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We have

∂Fk
∂tj

(x, α) =
n∑
i=0

b
(k)
ij αi + αn+1

n∑
i=0

a
(k)
ij xi, j = 0, . . . , n, (7.3.10)

∂Fk
∂yi

(x, α) =
n∑
j=0

b
(k)
ij xi, i = 0, . . . , n, (7.3.11)

∂Fk
∂yn+1

(x, α) =

n∑
i,j=0

a
(k)
ij xixj . (7.3.12)

The point x̃ is singular if and only if there exists [β0, . . . , βn] ∈ Pn such that
n∑
k=0

βk
∂Fk
∂tj

(x, a) =

n∑
k=0

βk
∂Fk
∂yj

(x, a) = 0

for all i = 0, . . . , n and j = 0, . . . , n + 1. The last two equations imply that x · A(β) · x = 0 and
B(β) · x = 0, i.e. (x,Q(β)) ∈ D̃(W ). The first equation implies that the line x, [α] belongs to
Ker(bq(β)). Conversely, if this happens, the point x̃ is a singular point of PB(W ).

Assume n is odd. Let D(W )2 be the subset of quadrics Q = V (q) such that dim Ker(q) = 2. We
can view D(W )2 and let D̃(W )′2 be its preimage in D̃(W )′. Then the projection π : D̃(W )′2 →
D(W )2 is a P1-bundle. Consider the map a : D(W )2 → G1(Pn) that sendsQ = V (q) to |Ker(bq)|.
The preimage a−1(`) of a line ` ∈ G1(Pn) is the linear system of quadrics containing ` in its
nullspace. If the fiber is of positive dimension, then all quadrics from a−1(`) are tangent to ` at
some points. Let P be a pencil of quadrics contained in a−1(`). We may assume that ` is given
by equations t2 = . . . = tn = 0. Thus the coefficients at t0ti, i = 1, . . . , n in equation of any
quadric in P are equal to zero. We can find a quadric Q = V (q) in P such that the rank of bq,
considered as a bilinear form in t2, . . . , tn, is less than n − 1. Thus bq has corank > 2. The set of
such quadrics is of expected codimension 15. Assume that D(W ) does not consist of quadrics with
nullspace of dimension > 1. In this case the map a is birational. So, the null-lines of quadrics in
W are parameterized by a subvariety of dimension n − 1 in G1(Pn). Since the Reye variety is of
dimension n − 1, we expect that they intersect. By Proposition 7.3.8, the point (Q, x) ∈ D̃(W )
such that x lies on a Reye line contained in a nullspace of Q is a singular point. Thus we expect that
D̃(W ) is always singular. In the same way, we see that PB(W ) is expected to be singular.

Applying Proposition 7.2.2, we also see that D(W ) is singular.

Proposition 7.3.10. The image of the projection p : PB(W )→ Pn is equal to St(W ).

Proof. Let x̃ ∈ PB(W ) be represented by t̄x : x → E/x and a ∈ k. Taking coordinates such that
x = [1, 0, . . . , 0], we may assume that E/x has coordinates y1, . . . , yn so t̄x = (tx, a). Choose a
basis (q0, . . . , qn) in L and let qk =

∑
a

(k)
ij titj and let bqk be represented by an alternating matrix

A(k). The equations of PB(W ) imply that (y0, y1, . . . , yn) satisfy the equations
n∑
j=0

n∑
i=1

yixjλkb
(k)
ij + y0

∑
0≤i,j≤n

a
(k)
ij titj = 0, k = 0, . . . , n.
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A point x belongs to the image of the projection if and only if

det


∑

j=0 b
(0)
1j xj . . .

∑
j=0 b

(0)
1j xj

∑
0≤i,j≤n a

(0)
ij titj

...
...

...
...∑

j=0 b
(n)
1j xj . . .

∑
j=0 b

(n)
1j xj

∑
0≤i,j≤n a

(n)
ij titj

 = 0.

Expanding the determinant along the last column of the matrix, we obtain that the equation of
p(D̃(W )) coincides with the equation of St(W ).

Example 7.3.11. One can classify the projective equivalence classes of nets of conics in character-
istic 2. There are 19 projective equivalence classes [39].

The base-point-free nets of conics are represented by the following families:

(i)

λx0x1 + µ(x0x2 + x2
1) + γ(

a6

a2
1

x2
0 + x2

2 + a1x1x2 +
√
a4x0x2) = 0,

where a1 6= 0. The half-discriminant curve is an ordinary elliptic curve:

D(W ) : λ2γ + a1λµγ + a1
√
a4λγ

2 + µ3 + a4µγ
2 + a6γ

3 = 0.

The curves D(W ),PB(W ), D̃(W ) are isomorphic, there is a separable isogeny of degree
D(W ) → Rey(W ) of elliptic curves corresponding to the unique non-trivial 2-torsion point
on D(W ). The curve Rey(W ) lies in the dual plane and coincides with the Cayleyan curve
of D(W ).

(ii)
λx0x1 + µ(x0x2 + x2

1) + γ(ax2
0 + x2

2) = 0, a 6= 0

The discriminant curve is a cuspidal cubic:

D(W ) : µ3 + λ2γ = 0.

The curve D̃(W ) consists of two smooth rational curves C1 + C2, the projection D̃(W ) →
D(W ), restricted to C1, is the normalization map, it maps C2 to the cusp [0, 0, 1]. The
Steinerian curve St(W ) is a non-reduced reducible cubic

x0(ax2
0 + x2

2) = 0.

The curve PB(W ) = C ′1 +C ′2 is isomorphic to D̃(W ). It is mapped bijectively onto St(W ).
The Reye curve is isomorphic to D(W ) and consists of lines αx0 + βx1 + γx2 satisfying the
equations

Rey(W ) : αβ2 + γ(α2 + aγ2) = 0.

The line x0 = 0 corresponding to the singular point [1, 0, 0] of Rey(W ) is the unique insepa-
rable Reye line of W . Under the map PB(W )→ Rey(W ), one component is mapped to this
point, another component is a degree two inseparable cover of Rey(W ).

(iii)

λx2
0 + µ(x0x1 + a−1x2

1) + γ(x2
2 + ax0x2 + x2

1 + x1(εa−2x1 + x2)) = 0, a 6= 0, ε = 0, 1.
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The discriminant curve is the union of a conic and its tangent line:

D(W ) : γ(a2λγ + (ε+ a2)γ2 + a2µ2) = 0.

The curve D̃(W ) consists of 3 smooth rational curves C1 +C2 +C3, the projection D̃(W )→
D(W ), restricted to C1 + C2 an isomorphism, it maps C3 to the tangency point [1, 0, 0]. The
Steinerian curve St(W ) is a non-reduced reducible cubic, the union of two lines ax0 +x1 = 0
and x0 = 0, the latter taken with multiplicity 2. The intersection point of the two lines is the
base point of the pencil γ = 0. The Reye curve is isomorphic to D(W ) and has equation

Rey(W ) : δ(αδ + aβ2 + (a+ εa−1)δ2) = 0.

Its singular point [1, 0, 0] corresponds to the line x0 = 0. There are inseparable Reye lines
and the map PB(W )→ Rey(W ) is an inseparable map of degree 2.

(iv)
λx2

0 + µx1(x0 + x1) + γ(x2
2 + ax0x1 + x0x2) = 0, a 6= 0.

The discriminant curve, the Steinerian curve and the Reye curve are the unions of three con-
current lines

D(W ) : γ(µγ + µ2 + a2γ2) = 0,

St(W ) : x0x1x2 = 0,

Rey(W ) : β(β2 + βδ + aδ2) = 0.

(v)
λx2

0 + µx2
1 + γx2(x0 + x2) = 0.

The discriminant curve is given by the equation:

D(W ) : γ2µ = 0.

The Steinerian curve is the line x2 = 0 taken with multiplicity 3. The Reye curve has the
equation

Rey(W ) : δ2β = 0.

(vi)
λx2

0 + µx2
1 + γx2

2 = 0.

All curves in the net are singular.

7.4 Reye congruences: p 6= 2

Now let us specialize. We assume that n = 3 and W = |L| is a regular web of quadrics in
P3 = |E|. The surface D(W ) is a quartic in W , the surface St(W ) is a quartic in P3. The
morphisms π1 : D̃(W )→ D(W ) and π2 : PB(W )→ D(W ) are resolutions of singularities. Both
of these surfaces are K3 surfaces, so the resolutions are minimal, hence there is an isomorphism

σ : PB(W ) ∼= D̃(W ).
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Since the exceptional curves of the resolutions are isomorphic to P1, we obtain that all singular
points of D(W ) are ordinary double points. Their number is equal to the degree of the locus of
quadrics of corank 2, which is equal to 10. Thus D(W ) is a quartic surface with 10 nodes. It is
called a Cayley quartic symmetroid.

If W is an excellent web, the quartic surface St(W ) is nonsingular. The projection π : D̃(W )→
St(W ) is a minimal resolution of singularities. The image of an irreducible exceptional curve of
the resolution under the projection to P3 is a line on D(W ). Conversely, a line on D(W ) defines
a pencil of singular quadrics. By Bertini’s theorem they have a common singular point. Thus this
pencil is the projection of an exceptional curve of π. A pencil of singular quadrics with a common
singular point x is mapped to a pencil of conics under the projection from x. A pencil of conics has
three singular conics unless it contains a double line. Since no quadrics in W is a double plane, we
obtain that the line of singular quadrics passes through three nodes of D(W ).

The surface PB(W ) is a K3 surface in P3 × P3. The Reye surface is isomorphic to the quotient
of PB(W ) by a fixed-point-free involution. It is an Enriques surface embedded in G1(|E|), i.e. it
is a smooth congruence in G1(|E|). It is called the Reye congruence associated to W . The surface
PB(W ) is isomorphic to its K3-cover.

Proposition 7.4.1. Assume W is an excellent web. Then no Reye line is contained in the Steinerian
surface.

Proof. Suppose a Reye line is contained in St(W ). This means that, for any point x ∈ `, there
exists a quadric in W with a singular point at x. Suppose ` is not the singular line of a quadric from
|L − `|. Then, there are at most two singular points of the base curve of the pencil that lie on `.
Therefore, there are at most two quadrics from |L − `| that have singular points on `. This shows
that, for a general point x on `, there exists a quadric Q not containing ` and containing x as its
singular point. This implies that the restriction of W to ` is a linear series of non-reduced divisors
of degree 2. Since p 6= 2, this is impossible.

Assume now that ` is the singular locus of a quadric Q ∈ |L − `|. Since ` is a Reye line,
by Proposition 7.2.4, it contains two points (x, y) ∈ PB(W ) such that there exists a quadric not
containing ` but containing x as its singular point. Then there is a pencil of quadrics with singular
point at x, hence the fiber of D̃(W )→ D(W ) is one-dimensional. This contradicts the assumption
that W is an excellent web,

According to classical terminology, the complete intersection of G1(Pn) and a hypersurface of
degree d in the Plücker space is called a complex of lines of degree d.

Lemma 7.4.2. Let N be a net of quadrics in Pn. Assume that N does not consist of singular
quadrics, does not contain quadrics of corank ≥ 2, and its base locus is of expected codimension 3.
Then the set of lines in Pn contained in some quadric from N is a cubic complex M(N) in G1(Pn).

Proof. Take a general line in G = G1(Pn) represented by a pencil σx,Π of lines in a general plane
Π. The restriction of N to Π is a net N(Π) of conics. If all conics are singular, then all quadrics
in N are touching Π. By Bertini’s Theorem, all conics in N(Π) have a common singular point x0,
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hence there exists a pencil in N of quadrics with singular point at x0. Since N does not contain
quadrics of corank ≥ 2 and has the curve of singular quadrics, the set of singular points of quadrics
from N is a curve in Pn. By taking a general Π, we get a contradiction.

Thus, we may assume that not all conics in N(Π) are singular, hence the set of singular conics is
a plane cubic F in N(Π). Taking Π away from Bs(N), we can further assume that N(Π) has no
base points. This easily implies that F is reduced. Take a general point x0 in Π and consider the
pencil of conics in N(Π) that contain x0. Then it is a general pencil of conics, hence it intersects F
at three different points corresponding to three singular conics in the pencil. This implies that there
are three singular conics passing through x. By taking x0 general enough, we may assume that none
of these conics have a singular point at x0. Hence x0 belongs to three line components of singular
conics from the net. This implies that a general pencil of lines in Π contains three line components
of reducible conics in N(Π). Therefore, σx,Π intersects M(N) at three points. This shows that the
class [M ] of M in A2(G) is equal to 3[σ`], i.e. M(N) is a complete intersection of G and a cubic
hypersurface.

The cubic complex of lines M(N) constructed from the lemma is called the Montesano complex
of lines.

Theorem 7.4.3. The Reye congruence Rey(W ) is a smooth congruence of bidegree (7, 3) and its
sectional genus is equal to 6. Any smooth congruence of bidegree (7, 3) and sectional genus equal
to 6 is isomorphic to an Enriques surface.

Proof. Let N be a general net in W . It easy to see that it satisfies the assumption of the previous
lemma. Let M1 and M2 be the Montesano complexes of two general nets. They intersect at a
congruence of bidegree 9[σ`]

2 = (9, 9). A line ` from M1 ∩M2 is either contained in a quadric
from the pencil N1 ∩ N2, or it is contained in a quadric Q1 from N1 and a quadric Q2 from N2

not belonging to N1 ∩ N2. In the latter case, the line is a Reye line of W . In the former case, `
intersects the base curve of N1 ∩ N2 at two points. Conversely, every such line is contained in a
quadric from N1 ∩ N2. This shows that M1 ∩M2 = Rey(W ) ∪ S, where S is the congruence
Bis(B) of bisecants of the base curve B of N1 ∩N2 from Example 7.1.4. We know that the order
of S is equal to 2 and the class is equal to 6. This implies that Rey(W ) is a congruence of bidegree
(9, 9)− (2, 6) = (7, 3).

The Reye variety Rey(W ) admits an étale double cover PB(W ) → Rey(W ). Since PB(W )
is smooth and is a complete intersection of 4 divisors in P3 × P3, it is a K3 surface. Therefore,
Rey(W ) is a smooth Enriques surface embedded as a Fano model in P5. By the adjunction formula,
the sectional genus of Rey(W ) is equal to 6.

Let us prove the converse. By formula (7.1.16), we have K2
S = 6(χ(OS)− 1). Let C be a general

plane section of S. Since g(C) = 6, by adjunction formula,C ·KS = −C2+2g−2 = −10+10 = 0.
This implies that KS ≡ 0 or no nonzero integer multiple of KS is effective. In the first case,
K2
S = 0, hence χ(OS) = 1. By Proposition 1.1.5, S is an Enriques surface. In the second case, by

Riemann-Roch, K2
S = 0, thus, again χ(OS) = 1. Let φ : S → S′ be the morphism from S to its

minimal model. We have K2
S′ ≥ K2

S = 0 and KS − φ∗(KS′) ≥ 0. This implies that the Kodaira
dimension of S is equal to −∞ and S′ is a minimal ruled surface. If it is not rational, χ(OS) ≤ 0,
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so it must be a rational surface. It is easy to see that the anticanonical linear system | − KS | of a
rational surface is non-empty. This contradiction proves the assertion.

We will prove later that, if p 6= 2, any smooth congruence of bidegree (7, 3) and sectional genus 6
is equal to a Reye congruence Rey(W ) for some regular web of quadrics in P3.

Let ` be a Reye line of W . It is spanned by the ramification points x1, x2 of the restriction of
W to `. The points x, y are the singular points of quadrics Q1, Q2 such that xi ∈ Sing(Qi). This
shows that {x1, x2} = `∩St(W ), in fact, ` is tangent to St(W ) at these points. It is known that the
variety of bitangent lines to a normal quartic surface is a congruence of lines. Its class n is equal to
the number of bitangents of a plane quartic curve, known to be equal 28. Its order is equal to the
number of bitangents passing through a general point in P3. It is equal to 12 [616, p. 283]. Thus
Rey(W ) is one of irreducible components of the bitangent surface Bit(St(W )). However, the focal
surface of Rey(W ) is not St(W ).

Recall that the focal surface Foc(S) of a congruence S is the branch surface of the projection
map ZS → P3. In our case it consists of points x ∈ P3 such that the net of quadrics N(x) in
W containing x has less than eight base points. This is equivalent to that N(x) does not intersect
D(W ) transversally.

The linear system W of quadrics defines a map

f : |E| → P(L) = |L∨|, x 7→ N(x). (7.4.1)

For any point H ∈ P(L), considered as a plane in W , the fiber f−1(H) consists of base points of
the net H . Thus the map is of degree 8. Its branch divisor is the set of nets in W that have less than
8 base points. This happens if and only if one of the quadrics in the net has a singular point at one
of the base points. This base point must be on the Steinerian surface St(W ). Thus we see that the
branch locus B(f) of f is equal to f(St(W )). Since a transversal plane section ofD(W ) has 8 base
points, we obtain that B(f) is contained in the dual surface D(W )∗ of D(W ). Since St(W ) and
D(W )∗ are irreducible,

B(f) = D(W )∗.

It is known that the degree of the dual surface of a quartic surface with 10 ordinary nodes is equal
to 16 (see [179, 1.2.3]). The canonical class formula K|E| = Ram(f) + f∗(KP(L)) shows that the
degree of the ramification divisor is equal to 4. Thus

Ram(f) = St(W ).

The restriction ofW to St(W ) is given by a linear subsystem of |OSt(W )(2)|. The image of the map
is a surface of degree 16, this implies that the degree of the map f : St(W )→ D(W )∗ is equal to 1
and therefore

f−1(D(W )∗) = St(W ) ∪ F,

where degF = 32− 8 = 24.

Remark 7.4.4. One can compute the sectional genus of Rey(W ) without appealing to the fact that
Rey(W ) is an Enriques surface. In the notation of the proof, a hyperplane section H of Rey(S) ∩
Bis(B) is a complete intersection of two hypersurfaces of degree 3 and a quadric in P4. Its arithmetic
genus is equal to 28. On other hand, it is a reducible curveH1∪H2, whereH1 is a hyperplane section
of Rey(W ) and H2 is a hyperplane section of Bis(W ). The curves intersect at δ points, where δ is
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the degree of the intersection curve Rey(W ) ∩ Bis(B). Let us compute the degree. Consider the
restriction of W to the base curve B of a general pencil P1 of quadrics in W . A general quadric in
W intersects B at 8 points, a member of the linear system |OB(2)|. Any join of two intersection
points is a Reye line. Take a general line in P3 and consider a pencil P2 contained in |OB(1)|. A
line from Rey(W ) ∩ Bis(W ) intersects B at two points that are common to a divisor from P1 and
P2. It follows from [12, Example on p. 344], that the number of such divisors is equal to 20. We
know that the genus of H2 is equal to 3. The formula 28 = pa(H1 ∪H2) = g(H1) + g(H2) + δ− 1
implies that g(H1) = 6.

Proposition 7.4.5. Assume thatW is an excellent web of quadrics in P3. Then the Reye congruence
Rey(W ) has no fundamental points and has no multiple rays. The residual part F in f−1(D(W )∗)
is the focal surface of the Reye congruence. It is irreducible and reduced.

Proof. Let S = Rey(W ) and let π : ZS → P3 be the natural projection. Assume that x ∈ P3 is a
fundamental point of S. This means that dimπ−1(x) > 0. By definition, π−1(x) is the set of Reye
lines passing through x. Let N(x) be the net of quadrics from W with one of the base points equal
to x. The restriction of W to a Reye line ` containing x is the same as the restriction of N(x) to `.
Thus ` is contained in a pencil of quadrics from N(x), or, equivalently, the restriction of N(x) to
` is a set of two base points of N(x) which may coincide. Thus, either all quadrics in N(x) have
a multiple base point at x, or the base locus of N(x) is a curve. In the former case, there exists a
pencil of quadrics singular at x, contradicting the assumption that W is excellent. In the latter case,
a quadric from W \N(x) intersects the base curve of N(x) at a base point of W . This contradicts
the assumptions on W . This proves that Fund(S) = ∅.

Assume ` is a multiple ray of S. Recall that this means that ` is a Reye line contained in the focal
surface. By above, for any point x ∈ `, π−1

1 (x) consists of Reye lines joining x with another base
point of N(x). The line ` is multiple if, for each x ∈ `, the net N(x) has a multiple base point on
`. A multiple base point of a net is a singular point of one of its member. Thus, for each x ∈ `,
there exists a quadric in N(x) singular at some point yx ∈ `. Since two different N(x) and N(y)
span W , and W has no base points, we obtain that the set of points yx is equal to the whole `. This
implies that ` is contained in the Steinerian surface St(W ). This contradicts Proposition 7.4.1.

We know that Foc(S) is the image of the ramification divisor Ram(π1) ⊂ ZS of the map π1 :
ZS → |E| and the projection π2 : Ram(π1) → S is of degree 2. Suppose Ram(π1) is not
reduced or it is reducible. Then it contains an irreducible component mapping birationally onto S.
On the other hand, it maps dominantly onto Foc(S) and hence onto D(W )∗. The latter surface is
birationally isomorphic to a K3 surface. Since an Enriques surfaces cannot be mapped birationally
onto a K3 surface, we obtain a contradiction.

Finally, let us see that F = Foc(S). Let us consider the map (7.4.1). For any x ∈ Foc(S), the
net N(x) has less than 8 base points, hence f(N(x)) ∈ B(f). This shows that x ∈ f−1(B(f)) =
St(W ) ∪ F and Foc(S) ⊂ St(W ) ∪ F . Let x′ be a multiple base point of N(x) and let ` = x, x′

be the Reye line joining the two points. If x ∈ St(W ), then there exists a quadric Q ∈ N(x) with
x ∈ Sing(Q). Since x′ ∈ Q, the line ` is contained in Q. Applying Proposition 7.2.4, we obtain
that the fiber of PB(W ) → P3 over y is one-dimensional. The number of such points is finite and
it is equal to zero when the web is excellent. By the above, Foc(S) is an irreducible component of
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F . Comparing the degree of F with the degree of the focal surface found in Proposition 7.1.2, we
find that F = Foc(S).

Let Rey(W )∗ be the dual congruence of lines in P(E) = |E∨|. It consists of pencils of planes
containing a Reye line. Its bidegree is equal to (3, 7). Its fundamental locus consists of planes Π
that contain infinitely many Reye lines. If P is not contained in any quadric from W of corank
2, the restriction of W to Π is a web of conics. One can classify web of conics (as apolar linear
systems to pencils of conics) to check that a web of conics without base points contains only finitely
many pencils with reducible base locus. This shows that Π has only finitely many (in fact, ≤ 3)
Reye lines. On the other hand, if we take Π to be an irreducible component of a corank 2 quadric,
the restriction of W to Π is a net of conics without base points. Its Reye variety is isomorphic to a
cubic curve. We have 20 such planes, and a Reye line from this plane will be called an exceptional
Reye line.

Let ` be a Reye line and let |L−`| be the pencil of quadrics containing `, a line inW . Its base locus
contains `. If ` is a general Reye line, the pencil contains only two singular quadrics corresponding
to the tangency points of ` and the focal surface Foc(Rey(W )). This shows that |L − `| intersects
D(W ) at two points instead of expected four. It is easy to check that these points are the tangency
points. Thus the line |L − `| is a bitangent of the Cayley quartic symmetroid D(W ). Thus we
obtain a map

ν : Rey(W )→ Bit(D(W )), (7.4.2)

where Bit(D(W )) is the closure in G1(W ) of lines bitangent to D(W ) at two nonsingular points.

Theorem 7.4.6. The bidegree of the congruence Bit(D(W )) is equal to (12, 28), in particular, it
is a surface of degree 40 in the Plücker space P5. It has 45 singular points corresponding to lines
yi, yj through two singular points of D(W ). Its singular locus consists of 10 pairs of plane cubic
curves Bi, B′i representing the generators of the enveloping cone of D(W ) at one of the 10 nodes.
The unionBi∪B′i is equal to the intersection of Bit(D(W )) with the plane of lines through the node
yi. Two cubics Bi and B′i intersect at 9 points corresponding to the lines `ij = yi, yj , j 6= i. Two
cubics from different pairs (Bi, B

′
i) and (Bj , B

′
j) intersect at one point `ij . Under the normalization

map ν : Bit(D(W ))′ → Bit(D(W )) the map ν : ν∗(Bi) → Bi is an unramified map of degree 2
(same for B′i). The pre-image of `ij consists of 4 points. The map ν is the normalization map.

Proof. A general plane section of D(W ) is a plane quartic curve. It has 28 bitangents. Thus the
class of D(W ), i.e. the intersection of the surface with the set of lines in a general plane, is equal to
28. Let x be a general point in P3. We already observed that the number of bitangents to a normal
quartic surface passing through x is equal to 12. Thus gives the order of Bit(D(W )). We can also
argue without referring to [616]. A bitangent toD(W ) defines a pencil of quadrics in W containing
only two singular quadrics. The base locus of such a pencil is either an irreducible rational cubic and
its bisecant, or a conic plus two lines. The latter correspond to the case when the pencil contains a
reducible quadric, i.e. the bitangent line passes through a singular point of D(W ). In both cases the
line components are Reye lines of W . Conversely, a Reye line is contained in a pencil of quadrics
with a singular base locus. Such a pencil in an excellent web W has only two singular quadrics,
and the base locus is either a line plus an irreducible cubic, or an irreducible conic plus two lines,
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or 4 lines. The latter corresponds to the case when the pencil passes through two nodes of D(W ).
In this way, we see that the map

ν : Rey(W )→ Bit(D(W )).

is a normalization map satisfying the properties from the assertions of the theorem.

Let us see that the order of Bit(D(W )) is indeed equal to 12. Consider the regular map f : P3 →
W ∗ given by the linear system W . The pre-image of a plane is a quadric from W . It is singular if
and only if the plane is tangent to the branch locus of f . Thus the dual hypersurface of the branch
locus is D(W ), so, by the duality, the branch locus is D(W )∗, the dual hypersurface of D(W ). A
line P in P3 is bitangent to D(W ) if and only if the line P∗ in W ∗ of quadrics in W containing
P is bitangent to D(W )∗. In other words, the congruence of bitangent lines to a surface is dual, in
the sense of Grassmannian of lines, to the congruence of bitangents of the dual surface. Under this
duality, the order and the class interchange. To compute the order Bit(D(W )) we need to compute
the class of Bit(D(W )∗). A plane in W ∗ is a point in W , i.e. a quadric Q from W . A bitangent to
D(W )∗ contained in this plane corresponds to a Reye line contained in Q. Let N be a general net
of quadrics which together with Q generates W . The number of Reye lines contained in Q is equal
to the number of lines in N contained in N and in Q. By Lemma 7.4.2, the set of lines contained
in at least one quadric from a general net of quadrics in P3 is a cubic line complex. Now the set of
lines in a nonsingular quadric is parametrized by the union of two disjoint conics in G1(P3). Hence
the cubic complex intersects the union at 4× 3 = 12 points.

Remark 7.4.7. In the proof of the previous Theorem, we showed that the map (7.4.2) is the normal-
ization map. Let us note that this map is given by a linear subsystem in |ORey(W )(2)|. To see this,
we may assume that W = P(E) is spanned by four quadrics Qi which we represent by symmetric
matrices Ai. Take a Reye line ` represented by 2 points ([v], [w]) ∈ PB(W ) ⊂ P3 × P3. Consider
the evaluation map

E ∼= k4 → k3, A 7→ (tvAv, twAw, tvAw).

Its kernel consists of quadrics containing `. Since ` is a Reye line, we have tvAw = 0, hence
the evaluation map is k4 → k2, and its kernel is the pencil of quadrics containing `. The Plücker
coordinates of the pencil are equal to the maximal minors of the matrix(

tvA1v
tvA2v

tvA3v
tvA4v

twA1w
twA2w

twA3w
twA4w

)
It is easy to see that they are expressed by quadratic polynomials in Plücker coordinates of `.

Remark 7.4.8. As we saw in the proof, for any normal quartic surfaceX the bidegree of the congru-
ence of bitangent is equal to (12, 28). However, Bit(X) could be highly reducible. For example,
when X is a Kummer quartic surface with 16 nodes, the surface Bit(X) consists of 6 components
of bidegree (2, 2) and 16 β-planes corresponding to tropes of X . We do not know how many irre-
ducible components the bitangent surface Bit(St(W )) has.

Let X be an irreducible quartic surface in P3 with an ordinary double point x0 = [1, 0, 0, 0]. We
can define X by equation

t20A2(t1, t2, t3) + 2t0A3(t1, t2, t3) +A4(t1, t2, t3) = 0,
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where Ai are homogeneous forms of degree indicated in the subscript. Projecting from x0, we see
that X is birationally isomorphic to the double cover of P2 with branch curve B of degree 6 given
by equation A2

3 −A2A4 = 0. The conic A2 = 0 is equal to the image of the exceptional curve over
the node after we extend the projection map to a minimal resolution of the quartic surface. Its splits
under the cover z2 = A2

3 +A2A4 into two rational curves with equations z±A3 = 0. Conversely, a
double cover π : X → P2 branched along a plane sextic curve B such that there exists a conic that
splits under the cover admits a birational model isomorphic to a quartic surface with an ordinary
node. The linear system that map the cover to P3 is equal to |π∗(`) +C|, where ` is a line in P2 and
C is one of the two parts of the split conic.

For example, the double cover of P2 branched along an irreducible 9-nodal plane sextic curve that
is everywhere tangent to a smooth conic is isomorphic to a quartic surface with 10 nodes. Its nine
nodes come from the singular points of the double cover, and the enveloping cone at tenth node is
irreducible. It follows from Theorem 7.4.6 that the quartic surface is not isomorphic to a Cayley
symmetroid.

The next theorem, due to Cayley, shows that the breaking of the eveloping cone at each node into
two cubic cones characterizes Cayley quartic symmetroids.

Theorem 7.4.9. A quartic surface X with 10 ordinary nodes is a Cayley quartic symmetroid if and
only if one of the following conditions is satisfied:

(i) Let π : X ′ → X be the minimal resolution of X and let θ1, . . . , θ10 be the classes of excep-
tional curves. Then 3π∗(c1(OX(1))− θ1 − · · · − θ10 is divisible by 2 in Pic(X ′);

(ii) At every node, the enveloping cone is the union of two cubic cones.

Proof. Assertion (i) follows from the theory of symmetric determinantal representations of hyper-
surfaces, see [179, 4.2.6]. To prove (ii) we use that the Steinerian map st : D̃(W )→ St(W ) is given
by the linear system of polar cubics that generate a linear subsystem of |3c1(OX(1))−θ1−· · ·−θ10|.
By (i), it is equal to |OSt(W )(2)|. Let Q ∈ |OSt(W )(2)| be the corank 2 quadric corresponding to
the singular point pi of D(W ). It corresponds to the polar of D(W ) with pole at pi. Since Qi is the
union of two planes πi, π′i , the pre-image of Qi under the Steinerian map intersects D(W ) at the
union of two cubics, each isomorphic to the residual cubic in πi ∩ St(W ) and π′i ∩ St(W ).

Consider the map f : P3 →W ∗ = |L∨| from (7.4.1). Its restriction to a Reye line ` is given by the
pencil obtained by restriction of the web W to `. The map is a degree 2 cover onto a line `∗ in W ∗

with ramification points x, y, where (x, y) ∈ PB(W ). The images of the two points are the points
on the branch divisor equal to D∗. The line `∗ is tangent to D∗ at these points. The set of lines `∗

is the dual congruence of lines ν(`) = |L − `|. This shows that the lines `∗ are parameterized by
the dual congruence Bit(D)∗ of bidegree (28, 12). The set of 28 lines `∗ passing through a general
point H ∈W ∗ is the set of lines joining two base points of the net of quadrics in W defined by H .

Recall that we have defined the Cayley variety of W . This is a subvariety of the projective space
|L⊥| ∼= P5. Since PB(W ) is smooth, by Theorem 7.2.11, Cay(W ) is a smooth surface of degree
10 in P5. We will see later that it is not contained in a quadric, although Rey(S) is.
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Consider the universal family U = {(`,Q) ∈ G1(|E|) ×W : ` ⊂ Q} of lines contained in some
quadric from W and its two natural projections

U
p1

{{

p2

��
G1(|E|) W

(7.4.3)

By definition of a Reye line, the first projection p1 : U → G1(|E|) is isomorphic to the blow-up
of Rey(W ). The fiber of the second projection p2 : U → W over a quadric Q is isomorphic under
the projection p1 to the subvariety of G1(|E|) parameterizing lines in Q. If Q is nonsingular, then
the fiber is the union of two conics. If Q is a singular quadric of corank 1 with vertex x0, then
the fiber is a conic in the plane σx0 taken with multiplicity 2, and if Q is the union of two planes
Π ∪ Π′, the fiber is the union of two planes σΠ ∪ σΠ′ intersecting at one point Π ∩ Π′. Using the
Stein factorization, we factor p2 as the composition of a morphism g : U → X and the double cover
π : X → W branched along the quartic symmetroid D(W ). The variety X is singular over the 10
nodes of D(W ). The morphism g : U → X is birationally isomorphic to a conic bundle over X .
Its fibers over π−1(W \ D(W )) are conics, its fibers over nonsingular points of π−1(D(W )) are
double conics, and its fibers over the preimages of singular points of D(W ) are the unions of two
planes. The variety X is birationally isomorphic to the Artin-Mumford threefold [32]. We refer to
[414] for the description of small resolutions of X (in the category of algebraic spaces) by choosing
a plane σΠi or σΠ′i

in each fiber consisting of two planes. Note that under the first projection the
image of each plane intersects Rey(W ) along a cubic curve Fi or F ′i .

Let f : G1(|E|) 99K W be the composition of the rational maps p2 ◦ p−1
1 . The preimage of a

plane in W = |L|, i.e. a net N of quadrics in W , is the Montesano complex of lines of N . Thus the
map f is given by a linear system in |OG1(|E|)(3)| isomorphic to the dual space W ∗ = |L∨| of W .
We refer to a later Proposition 7.10.8, where this observation is used to find a resolution of the ideal
sheaf of Rey(W ) in G1(|E|), or, equivalently, the base locus of the map f .

7.5 Catalecticant quartic symmetroid

In this section, we assume that p = 0. Let us first briefly remind some basic facts from the theory
of apolarity (see [179, Chapter 1].

Let E be a linear space over k of dimension n + 1. An element f of a symmetric power SkE
of E is called apolar to an element g from SmE∨ if f(g) = 0, where SkE is identified with a
linear subspace of (SmE∨)∨ by the natural extension to symmetric products of the isomorphism
E → (E∨)∨. Two forms are called apolar if f(g) = g(f) = 0. In a basis (e0, . . . , en) in E and the
dual basis (t0, . . . , tn) in E∨, we identify SkE with the space of degree k homogeneous polyno-
mials k[u0, . . . , un]k and the space SmE∨ with the space of degree m homogeneous polynomials
k[t0, . . . , tn]m, then we view each ei as the differential operator ∂

∂ti
and apply f( ∂

∂t0
, . . . , ∂

∂tn
) to

g(t0, . . . , tn). For example, ifm = k = 2, a quadratic form f =
∑n

i=0 aiiu
2
i +2

∑
0≤i<j≤n aijuiuj
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is apolar to a quadratic form g =
∑n

i=0 biit
2
i +

∑
0≤i<j≤n bijtitj if and only if∑

0≤i≤j≤n
aijbij = 0.

For any form g ∈ SmE∨ and k ≤ m, the apolarity defines a homomorphism

apg : SkE → Sm−kE, f 7→ f(g)

(for k > m such a homomorphism is obviously zero). For example, if e ∈ E and g ∈ SmE∨, the
value of g at e is defined to be em(g). If we use a basis as above and consider e as a vector in E
with coordinates (α0, . . . , αn) and g as a polynomial in k[t0, . . . , tn]m, then ed(g) is obtained by
plugging in ti = αi and coincides with the value of the polynomial g at the vector e multiplied by
m!.

In the special case k = m, the apolarity defines a perfect pairing SmE ⊗ SmE∨ equal to the
mth symmetric power of the canonical pairing E ⊗ E∨ → k. In particular, it defines a canonical
polarization isomorphisms

SmE∨ → (SmE)∨, SmE → (SmE∨)∨ (7.5.1)

which we will constantly use in order to identify these spaces.

Now let U denote a linear space of dimension 2 over k. Elements from SdU∨ are called binary
forms on U of degree d. Let νd : P1 = |U | → |SdU | ∼= Pd be the dth Veronese map defined
by the map U → SdU, u 7→ ud. Its image is the Veronese curve Rd of degree d. It follow from
above that the Veronese map coincides with the map |U | → |SdU∨|∗ = |(SdU∨)∨| given by the
complete linear system |O|U |(d)| = |SdU∨|. Thus a hyperplane H in the projective space |SdU |
of binary forms of degree d on U∨ can be considered as an element [bH ] of |SdU∨| defined by a
binary form bH ∈ SdU∨. Geometrically, H cuts Rd along the positive divisor DH = νd(V (bH)).
A hyperplane H is called an osculating hyperplane of Rd if the support of DH is equal to one
point. In this case bH = ld, where l ∈ U∨, therefore the set of osculating hyperplanes can be
identified with the Veronese curve in the dual projective space |SdU∨|, the image of the Veronese
map ν∗d : |U∨| → |SdU∨|, l 7→ ld. We call it the dual Veronese curve and denote it by R∗d. If
we use a correlation isomorphism c : U → U∨ defined by an isomorphism

∧2 U ∼= k, then the
composition ν∗d ◦ c : |U | → |SdU∨| will assign to [u] ∈ |U | the osculating hyperplane at the point
νd([u]).

The projective space |S2(SdU∨)| is the complete linear system |O|SdU |(2)| of quadrics in |SdU |.
The restriction of a quadric to Rd comes from a natural (meaning SL(U)-equivariant) homomor-
phism S2(SdU∨) → S2dU∨ whose kernel is the linear space I(Rd)2 of elements of degree 2 in
the homogeneous ideal I(Rd) of Rd in |SdU |. The restriction homomorphism splits and defines an
isomorphism of linear representation of SL(2)

S2(SdU∨) ∼= S2dU∨ ⊕ I(Rd)2. (7.5.2)

It is a special case of the plethysm isomorphism (see [236, §11]). Replacing U with the dual space
U∨, we obtain a decomposition of linear representations of SL(U)

S2(SdU) ∼= S2dU ⊕ I(R∗d)2, (7.5.3)
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where R∗d is the dual Veronese curve. We have

S2dU = (S2dU∨)∨ = (S2(SdU∨)/I(Rd)2)∨ = I(Rd)
⊥
2 ⊂ S2(SdU) = S2(SdU∨)∨.

Thus the space |S2dU | can be naturally identified with the space of quadrics in |SdU∨| = |SdU |∗
apolar to quadrics vanishing on the Veronese curve Rd. They are also known as harmonic quadrics
with respect to the Veronese curve.

Choose a basis (u0, u1) in U and the dual basis (t0, t1) in U∨. It defines a monomial basis
(ud0, u

d−1
0 u1, . . . , u

d
1) in SdU . In coordinates, the Veronese map νd is given by sending

[αu0 + αu1] 7→ [

d∑
k=0

(
d
k

)
αd−k0 αk1u

d−k
0 uk1].

If we modify the monomial basis by inserting the binomial coefficients
(
d
k

)
in from of ud−k0 uk1 , then

the map is given by familiar formula

[t0, t1] 7→ [td0, t
d−1
0 t1, . . . , t0t

d−1
1 , td1].

The dual of the modified basis of SdU is (td0, t
d−1
0 t1, . . . , t0t

d−1
1 , td1). The dual Veronese map ν∗d is

given by
[u0, u1] 7→ [ud0, du

d−1
0 u1, . . . ,

(
d
k

)
ud−k0 uk1, . . . , du0u

d−1
1 , ud1].

The composition ν∗d ◦ c : |U | → |SdU∨| is given now by

[t0, t1] 7→ [−u1, u0] 7→ [ud1,−dud−1
1 u0, . . . , (−1)kud−k1 uk0, . . . , (−1)dud0].

If (x0, . . . , xd) are coordinates in |SdU | with respect to the modified monomial basis, then the
equations of the Veronese curve Rd are given by the 2× 2-minors of the matrix

A =

(
x0 x1 · · · xd−1

x1 x2 . . . xd

)
.

The equations of the dual Veronese curve R∗d are given by 2 × 2-minors Hij of the matrix ob-

tained from the matrix A by replacing xk with (−1)k
(
d
k

)−1
ξd−k, where (ξ0, . . . , ξd) are the dual

coordinates.

For example, if we take d = 2, the equation of the Veronese conic is t0t2−t21 = 0 and the equation
of the dual Veronese conic is 4ξ0ξ2 − ξ2

1 = 0.- If d = 3, the equations of the Veronese cubic R3 are

x0x2 − x2
1 = x0x3 − x1x2 = x1x3 − x2

2 = 0

and the equations of the dual Veronese cubic R∗3 are

9ξ0ξ3 − ξ1ξ2 = 3ξ0ξ2 − ξ2
1 = 3ξ1ξ3 − ξ2

2 = 0. (7.5.4)

Thus a quadratic form q =
∑d

i=0 aiix
2
i + 2

∑
0≤i<j≤d aijxixj is harmonic with respect to Rd

if and only if each Hij , considered as a differential operator in ∂
∂t0
, . . . , ∂

∂td
, vanishes at q. This

happens if and only if

q =

2d∑
k=0

sk(
∑
i+j=k

xixj). (7.5.5)

The projection of this harmonic quadratic form in S2dU∨ to S2dU∨ is equal to
∑2d

k=0 skt
2d−k
0 tk1 .
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A subspace Λk−1 of dimension k−1 is called a k-secant ofRd if the linear system of hyperplanes
with base locus Λk−1 cuts out in Rd a base-point free linear system of divisors of degree d − k. A
1-secant is a point on Rd, a 2-secant is a line called a bisecant of Rd.

Proposition 7.5.1. Under the inclusion ι : S2dU∨ ↪→ S2(SdU∨) defined by (7.5.2), the following
conditions are equivalent

(i) Ker(apg) 6= {0};

(ii) the quadric V (ι(g)) is singular;

(iii) the point [g] ∈ |S2dU∨| belongs to a d-secant of the Veronese curve R2d.

Proof. It is known that the first condition is equivalent to the condition that g belongs to the closure
of the locus of binary form that can be written as a sum l2d1 + · · · + l2dd of powers of linear forms
li ∈ U∨. This easily implies that conditions (i) and (iii) are equivalent. Since dimSdU = d + 1, a
quadratic form Q ∈ S2(SdU∨) is degenerate if and only if it can be written as a sum of d powers
of squares of linear forms.

Suppose (i) holds to show that (ii) holds it is suffices to show that, for any l ∈ U∨, we have
ι(l2d) = L2 for someL ∈ SdU∨. Choosing coordinates (t0, t1) inU , we may assume that l2d = t2d0 .
It follows from (7.5.5) that the harmonic quadric q which is projected to t2d0 must coincide with
q = x2

0.

Let Cat2d denote the subvariety of |S2dU∨| parametrizing binary forms g which admit an apolar
form f ∈ SdU . Since apg is a linear map of spaces of the same dimension d + 1, Cat2d is a
hypersurface of degree d+ 1 in |S2dU∨|. It is called the catalecticant hypersurface of binary forms
of degree 2d. If we choose a modified monomial basis in S2dU∨ to write f =

∑2d
i=0

(
2d
i

)
ait

2d−i
0 ti1,

the equation of Cat2d is given by the determinant of the catalecticant matrix (or Hankel matrix) :

det


a0 a1 . . . ad−1 ad
a1 a2 . . . ad ad+1
...

...
...

...
...

ad ad+1 . . . a2d−1 a2d

 = 0. (7.5.6)

Let Seck(Rd) be the union of (k − 1)-secants of Rd. Using Proposition 7.5.1, we can identify
Cat2d with the discriminant hypersurface D in the space of harmonic quadrics |S2(SdU∨)|harm.
The argument from the proof of the Proposition 7.5.1 can be used to prove that

Seck(Rd) = |S2(SdU∨)|harm
k = Dd−k,

where |S2(SdU∨)|harm
k is the closure of the locus of harmonic quadrics of corank ≥ d− k.

The following proposition [315, Theorem 1.56] (that goes back to J. Sylvester and S. Gundelfin-
ger) shows that the subspace |S2dU∨| of harmonic quadrics intersects the discriminant hypersurface
D2d of quadrics in |SdU | transversally, i.e. the catalecticant hypersurface Cat2d inherits the nice
properties of D2d from Theorem 7.2.10.
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Proposition 7.5.2. For any 1 ≤ k ≤ d, the kth secant variety Seck(R2d) is projectively normal and
Cohen-Macaulay. Its singular locus is Seck−1(R2d) and its degree is

(
2d−k+1

k

)
. Its homogeneous

ideal is generated by the size k + 1 minors of the catalecticant matrix.

We specialize by letting d = 3. Then Cat6 is a quartic hypersurface in P6 = |S6(U∨)| equal
to the intersection of the discriminant hypersurface D(3) of quadrics in P3 = |S3U | with the 6-
dimensional hyperweb of harmonic quadrics in |S3U | with respect to the Veronese curve in the dual
space |S3U |.

Its singular points are the intersection points ofW with Sec2(R6). Since the degree of the singular
locus of the discriminant hypersurface of quadrics in P3 is equal to 10, we see from Theorem 7.2.10
that, for a general W , the surface D(W ) has 10 nodes, as expected.

Recall that a rational normal curve C of degree d in |V | = Pd is the image of the Veronese curve
Rd under an isomorphism |SdU | → |V | defined by a linear isomorphism SdU → V . Assume
that d = 3, the space of quadrics in P̌3 = |V ∨| apolar to quadrics vanishing on C is of dimension
6. A choice of a web of quadrics in this space depends on dimG3(P6) = 12 parameters. On the
other hand we know that the variety of rational normal cubics also depends on the same number of
parameters. It is a natural guess that a general web W of quadrics in P̌3 is equal to the space of
quadrics apolar to C and some other rational normal curve C ′. This is the assertion of a classical
theorem of T. Reye (see a modern proof in [204, Lemma 4.3]).

Theorem 7.5.3 (T. Reye). For any general web of quadrics W in P3 there exists exactly one pair of
rational normal curves C1, C2 such that W is equal to the space of quadrics apolar to C1 and C2.

Given a reducible quadric Q = V (q) in W , we can write q in the form l21 + l22, where l1, l2
are some linear forms. The hyperplane Q⊥ of quadrics in the dual space apolar to Q contains the
subspace of quadrics vanishing at the points [l1] and [l2]. Hence it contains a hyperplane H of
quadrics containing the line ` = 〈[l1], [l2]〉. Let |I(Ci)2| denote the net of quadrics containing Ci.
The hyperplane H intersects the planes |I(Ci)2| in Q⊥ along a line of quadrics vanishing on ` and
Ci. Thus ` is a common bisecant line of C1 and C2. We also see that the singular line of Q is the
dual line of this bisecant.

The linear systems |I(C1)2| (resp. |I(C2)2|) maps C2 (resp. C1) to a rational curve Σ2 ⊂
|I(C2)2|∗ (resp. Σ1 ⊂ |I(C1)2|) of degree 6. The images of ten common bisecants are the 10
nodes of the sextics. Thus we see that a quartic symmetroid defines a pair of rational plane sextics
whose nodes correspond to the nodes of the symmetroid. We will explore this connection in the last
chapter of the book.

Remark 7.5.4. The remarkable fact that two general rational normal cubics have ten common bise-
cants is originally due to Luigi Cremona. Nowadays, it easily follows from the intersection theory
on the Grassmannian G1(P3). The variety of bisecants of R3 is a congruence of lines in the coho-
mology class [σx] + 3[σΠ], where σx (resp. σΠ) is the Schubert variety of lines through a point x
(resp. lines in a plane Π). The intersection of these two surfaces in G1(P3) is equal to 10.
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7.6 Reye congruences: p = 2

We specialize the discussion from Section 7.3 to the case n = 3. It starts with a 4-dimensional
linear space B of symmetric bilinear forms on the 4-dimensional linear space E. We still consider
the subvariety Bs(|B|) of base points of the divisors of bi-degree (1, 1) in |E| × |E| defined by
binary forms from B. It is a complete intersection of 4 divisors of bi-degree (1, 1). For general B,
its intersection with the diagonal is empty, and we can define a fixed-point-free involution τ with
the quotient Enriques surface embedded in the Grassmann quadric G1(|E|) in P5 as the congruence
S of lines ` = 〈x, y〉, where (x, y) ∈ Bs(|B|). If we consider b ∈ B as a linear map E → E∨, then
the condition that b(x, y) = 0 for all b ∈ B implies that the line ` is contained in the null-space of
b. Thus the congruence S coincides with the congruence Nul(|B|) of null-planes of binary forms
from B.

We also have the same attributes as in the case p 6= 2. In particular, PB(|B|) is birationally
isomorphic to a quartic symmetroid D(|B|) and the Steinerian quartic surface St(|B|). Let us
compute the class of the congruence Nul(B). Take a general plane Π in P3. The restriction of |B| to
Π is a 5-dimensional linear system of conics. The variety of singular conics is the half-discriminant
cubic hypersurface. It is isomorphic to the quotient of P2 × P2 by the switch involution. The image
of our surface X = Bs(|B|) is isomorphic to the image of a complete intersection of four divisors
of type (1, 1) in P2 × P2. It consists of 3 points. Thus the class of the congruence is equal to 3.
Since the degree of S in the Plücker embedding is equal to 10, and the sum of the order and the class
is equal to the degree, the order of S must be equal to 7. Thus the bidegree of the congruence is
equal to (7, 3). So, we get an analog of a Reye congruence in the case p = 2. The Enriques surface
Nul(|B|) is a µ2-surface with a smooth canonical cover Bs(|B|).

We have also a construction of a classical Enriques surface as a Reye congruence of a web W
of quadrics in P3 = |E| from section 7.3. In this case the linear system |B| of polar symmetric
bilinear forms contains the diagonal in its set Bs(|B|) and D(W ) is a quadric surface (taken with
multiplicity 2). The set of quadrics of rank 2 in P3 is a 6-dimensional variety isomorphic to the
quotient of P3 × P3 by the involution (x, y) 7→ (y, x). It is the quotient of the Segre variety of
degree

(
6
3

)
= 20 by the involution. Its degree in the space |S2E∨| is equal to 10. Its intersection

with the 3-dimensional linear subspace of |S2E∨| is expected to consist of 10 points. We denote
this intersection by D2(W ).

By analogy with the case p 6= 2, we say that W is excellent web of quadrics if the following
properties hold:

(i) Bs(W ) = ∅;

(ii) the polarization map L→
∧2E∨ is injective;

(ii) D(W ) is a nonsingular quadric;

(iii) D(W )2 consists of 10 points;

(iv) the projection D̃(W )→ St(W ) is an isomorphism.
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We leave it to the reader to adjust the proof of Proposition 7.4.1, to show that condition (iv) implies
that no Reye line belongs to D(W )2 and no separable Reye line is contained in St(W ).

One can show that a general web W is excellent. From now on, we assume that W is excellent.

The projection D̃(W )′ → D(W ) is a P1-bundle over D(W ). It is a preimage of the variety
ZS , where S is the congruence Nul(W ) of nullspaces |Ker(q)|, q ∈ L. Since L does not con-
tain quadrics with the polar bilinear form of rank 1, the polarization map p : L →

∧2E∨ is an
inclusion. This implies that the congruence Nul(W ) is equal to the intersection of G1(|E|) with
the 4-dimensional linear subspace |p(L)| of |

∧2E∨| = |(
∧2E)∨|. It is isomorphic to a |p(L)|.

Since a nonsingular quadric cannot be mapped onto a singular quadric, we obtain that it is a non-
singular quadric and the map D(W ) → Nul(W ), V (q) 7→ |Ker(q)|, is an isomorphism. Since
deg Nul(W ) = 2, and Nul(W ) is not a plane in the Plücker space, we obtain that its bidegree is
equal to (1, 1). It is well-known that a congruence of bidegree (1, 1) has two fundamental skew lines
`1 and `2. In fact, the projection ZNul(W ) → P3 is a birational morphism of nonsingular 3-folds,
and computing the Euler characteristics, we find that it is the blow-up of two skew lines. This shows
that Nul(W ) is a 2-dimensional family of bisecants of `1 ∪ `2.

Proposition 7.6.1. The fundamental lines of the congruence Nul(W ) are the two inseparable Reye
lines of W .

Proof. Let ` be an inseparable Reye line. For any x = [v], y = [w] ∈ ` and any V (q) ∈ |L − `|,
we have bq(v, w) = 0. Also, because ` is inseparable, we can find a quadric V (q1) 6∈ |L − `| such
that bq1(v, w′) = 0 for all y′ = [w′] ∈ ` and a quadric V (q2) such that bq2(v′, w) = 0, for all
x′ = [v′] ∈ `. This shows that bq(v, w) = 0 for all q ∈ L. Consider the matrix B(x) from the
proof of Proposition 7.3.2. Its rank is equal to 2, hence there is a pencil of quadrics Q such that
x is contained in the nullspace of Q. This shows that ` is a fundamental line of the congruence
Nul(W ).

Note that the ten points in D(W )2 define two rays in Nul(W ). Hence the singular lines of re-
ducible quadrics from W intersect the two inseparable Reye lines.

Let us look at the Reye variety of W . It follows from formula (7.3.3) that the discriminant vari-
ety D(2) of singular plane conics is isomorphic to the cubic hypersurface in P5, with coordinates
(a11, . . . , a33) taken as the coefficients of a quadratic form,

a11a
2
23 + a22a

2
22 + a33a

2
12 + a12a13a23 = 0.

Its singular locus is the plane a12 = a13 = a23 of quadrics of rank 1. In fact, scheme-theoretically, it
should be considered as the plane taken with multiplicity 4. It is equal to the image of the inseparable
Veronese map P2 → P5, [l] 7→ [l2].

Theorem 7.6.2. The Reye variety Rey(W ) is a smooth congruence of bidegree (7, 3) and sectional
genus 6. It does not have fundamental points nor does not contain multiple rays. The surface
Rey(W ) is an Enriques surface. Conversely, any smooth congruence of bidegree (7,3) and sectional
genus equal to 6 is isomorphic to an Enriques surface.

Proof. To compute the bidegree, we use the same argument based on the Montesano complexes
associated to general nets of quadrics in W . In order to do this we have to modify the proof of
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Lemma 7.4.2 where we used Bertini’s Theorem to exclude the possibility that any quadric from
W restricts to a singular conic in a general plane Π ⊂ |E|. We used Bertini’s Theorem to deduce
from this that the net of conics has a base point. We know from Example 7.3.11 that it is not in
characteristic 2 and such a net must be given by an equation λx2

0 + µx2
1 + γx2

2 = 0. So all conics
are double lines.

Let WΠ be the net of conics obtained by restrictions of quadrics from W to the plene Π. Suppose
one of the conics in WΠ is a double line 2`. This happens when there exists a quadric Q = V (q)
touching Π along `. We can choose projective coordinates to assume that Π = V (t0) and q =
t0A(t0, . . . , t3) + B(t1, t2, t3)2, where A and B are linear forms. Since ∂q

∂x0
= A, we see that the

line ` = V (t0) ∩ V (A) is the null-line of Q. Since the class of the congruence Nul(W ) is equal
to 1, there is only one ray λ from Nul(W ) contained in Π, hence there is only one double line in
WΠ, and we get a contradiction. The rest of computation for the bidegree of Rey(W ) goes without
change.

Assume Rey(W ) has a fundamental point x. This means that σx intersects Rey(W ) along a curve,
or, equivalently, the net of quadrics N(x) in W containing x has one-dimensional component in its
base locus. Since W is excellent this is impossible.

Let us now show that Rey(W ) does not have multiple rays. As we have noted in the beginning
of the section, a multiple ray of Rey(W ) must be an inseparable Reye line `. We know that ` is
a fundamental line of the congruence Nul(W ). Thus each of the 10 singular lines of reducible
quadrics from W intersect `. Since W is excellent, no two intersect at one point. Thus, ` contains
ten points which are singular points of quadrics fromW . Not all of these quadrics contain `. Choose
one such quadric Q that does not contain ` and intersects ` at a point x. Since ` is a multiple ray,
the net N(x) has a multiple base point on `. It must lie in one of the irreducible components of Q.
Hence ` lies in this component. This contradiction proves the assertion.

Assume ` is a singular point of S = Rey(W ). For any point x ∈ `, the α-plane σx contains ` and
intersects S at ` with some multiplicity. This implies that, for each y ∈ `, the net N(y) of quadrics
from W with base point at y has a multiple base point. Since ` is contained in the base locus of a
pencil |L− `| ⊂ N(y), the multiple base point must be in `. In particular, we see that ` is a multiple
ray of the congruence Rey(W ). As we know for each multiple base point there exists a quadric in
the net which is singular at this point. This shows that ` is a multiple ray Rey(W ), a contradiction.

To compute the sectional genus of Rey(W ), we use the same argument as in Remark 7.4.4 to
find that it is equal to 6. The rest of the assertions is proved in the same way as in the case when
p 6= 2.

We will see later that, in the case p = 2, not every Enriques congruence of bidegree (7, 3) and
sectional genus 6 is equal to a Reye congruence.

Recall that the surface PB(W ) is not smooth. Its singular points are the points x̃ such that the
Reye line `x̃ is a null-line of some quadric. The number of such points is equal to the number of
intersection points of the Reye congruence Rey(W ) and the congruence Nul(W ) of the null-lines.
Since the bidegree of Nul(W ) is equal to (1, 1), the number of intersection points is expected to be
equal to [Rey(W )] · [Nul(W )] = (7[σx] + 3[σΠ]) · ([σx] + [σΠ]) = 10. The Stein factorization
PB(B) → PB(W )′ → Rey(W ) gives two additional singular points on PB(W ) corresponding
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to inseparable Reye lines. The cover PB(W ) → Rey(W ) is a principal µ2-cover of Rey(W ) that
coincides with the canonical cover of the Enriques surface Rey(W ). In particular, Rey(W ) is a
classical Enriques surface. It is expected that the canonical cover PB(W ) is a normal surface with
12 ordinary double points. However, it could degenerate to a non-normal rational surface. This
happens when Rey(W ) ·Nul(W ) contains one-dimensional components.

Remark 7.6.3. In the last chapter we will study in detail canonical covers of Enriques surfaces
S in characteristic 2 with the canonical cover birationally isomorphic to a K3 surface. We will
show that it has rational double points such that the exceptional curves of its minimal resolution of
singularities generate a lattice of rank 12. The case when we have 12 points of type A1 is a general
case. Their images on S are called canonical points. They are singular points of simple fibers of
elliptic fibrations on S. As we saw the realization of S as a smooth Reye congruence gives a choice
of two of these points corresponding to two inseparable Reye rays. Recall from Corollary 7.9.13
that a Reye congruence contains a (−2)-curve R of degree 4 with respect to the Reye polarization.
It follows from Lemma 10.2.9 that each (−2)-curve on S passes through two canonical points. So
the plausible explanation is that the points corresponding to R are the inseparable rays in Rey(W ).
Unfortunately, we cannot prove this assertion.

7.7 The Picard group of a Reye congruence: p 6= 2

Let W = |L| be a regular web of quadrics in P3 = |E|. We know that X = D̃(W ) ∼= PB(W ) are
minimal resolutions of the discriminant surface D(W ). We will identify both surfaces with a K3
surface X , the canonical cover of the Enriques surface Rey(W ). Let π1 : X → D(W ), π2 : X →
St(W ) be the projections. Let Sing(D(W )) = {q1, . . . , q10}, and let Θi be the exceptional curves
of the minimal resolution π1. We have the following divisor classes in Pic(X):

ηH = π∗1(c1(O|L|(1))), ηS = π∗2(c1(O|E|(1))), θi = [Θi], i = 1, . . . , 10. (7.7.1)

The map p : X = PB(B) → Rey(W ) ⊂ |
∧2E| is given by the restriction of the map given by a

linear system of divisors of type (1, 1) on P3 × P3. We set

η = p∗(c1(ORey(W )(1))).

We have
η2
S = η2

H = 4, η2 = 20, ηS · θi = 1, ηH · θi = 0. (7.7.2)

Proposition 7.7.1. The following relation holds in Pic(X):

2ηS = 3ηH − θ1 − · · · − θ10.

The proof can be found in [179, 4.2.25]. We only comment that this relation identifies the web of
quadrics W with the linear system of first polars of the Cayley quartic symmetroid D(W ).

We know that the image of the second projection X → |E| is the Steinerian surface St(W ). If
W is an excellent web, then St(W ) is a smooth quartic surface. Otherwise the fibers of π2 over a
singular point x of St(W ) are isomorphic to P1. The image of such a fiber under the first projection
is a line ` on D(W ) equal to the pencil of quadrics with singular point at x. This pencil consists
of cones over plane conics. A singular conic is the projection of a reducible quadric in the pencil.
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Since there are no quadrics of rank 1 in W , we see that the line ` passes through three nodes of
D(W ). Conversely, any such line gives rise to a singular point of St(W ). Also, it implies that a line
on D(W ) through two nodes necessarily passes through a third node.

The image Θ′i of Θi under the second projection is a line on St(W ). It is one of the 10 singular
lines of reducible quadrics in W . The preimage in X of a plane containing the line Θ′i contains the
union of Θi and proper transform of the lines Pi joining qi with other two nodes. We denote the
union of such curves by Zi. The union Θi + Zi form a nodal cycle of (−2)-curves on X . It is of
type A1 if Zi = ∅, of type A2 (resp. A3, resp. D4) if Zi consists of 1 (resp. 2, resp. 3) curves. In
the latter case, D(W ) has three lines joining qi with 3 disjoints pairs of other nodes. Let

Ei = ηS − θi − [Zi].

The linear system |Ei| is equal to the preimage under π2 of the linear system of plane sections of
St(W ) that contain the line Θ′i. We have E2

i = η2
S − 2θi · ηS + (θi + [Zi])

2 = 4− 2− 2 = 0. This
confirms that the linear system |Ei| is a genus one pencil on X .

Let τ : X → X be the canonical involution of X = PB(W ). The corresponding birational
automorphism of the Steinerian quartic St(W ) permutes the tangency points of St(W ) with a Reye
line. If E is an exceptional curve of π2, then π1(τ(E)) is a line in D(W ).

Proposition 7.7.2. Let Z =
∑
Zi.

(i) η = τ∗(ηS) + ηS;

(ii) θi · τ∗(θi) = 0, θi · τ∗(θj) = 2, i 6= j, i = 1, . . . , 10;

(iii) ηS · τ∗(θi + [Zi]) = 3, i = 1, . . . , 10;

(iv) τ(Ei) ∼ Ei;

(v) 3η = E1 + · · ·+ E10;

(vi) ηH = 4ηS − η − Z;

(vii) 2ηS − ηH = τ∗(θi + [Zi])− θi − [Zi] + [Z], i = 1, . . . , 10;

(viii) τ∗(ηH) = 2η − ηH − τ∗([Z]) = 2τ∗(ηS) + ηS − ηH .

Proof. (i) The involution τ is induced by the involution of P3 × P3 which permutes the factors. Let
pri : PB(W ) → P3 be the two projections. We can identify the second one with the projection
PB(W )→ St(W ), so that OX(ηS) ∼= pr∗2OP3(1). Since

OX(η) ∼= pr∗1OP3(1)⊗ pr∗2OP3(1),

we obtain (i).

(ii) We know that no Reye line is one of the lines Θ′i on St(W ). This implies that, for any x ∈ Θ′i,
the point y = τ(x) 6∈ Θ′i (otherwise (x, y) ∈ PB(W ) and Θ′i is a Reye line). Thus Θ′i ∩ τ(Θ′i) = ∅,
hence Θi · τ(Θi) = 0. On the other hand, if i 6= j, the intersection number Θi · τ(Θj) is equal to
the number of pairs (x, y) = (x, τ(x)) ∈ PB(W ) such that x ∈ Θi, y ∈ Θj . This is the same as the
intersection number of the surfaces Θi × Θj and PB(W ) in |E| × |E|. It is clear that Θi × Θj is



112 CHAPTER 7. REYE CONGRUENCES

contained in Z(bi)∩Z(bj), where bi, bj are the polar bilinear forms of the quadrics qi, qj ∈ D(W ).
Thus the intersection Θi × Θj ∩ PB(W ) is equal to the intersection of two divisors of type (1, 1)
on P1 × P1. It is equal to 2.

(iii) The image of x ∈ Θi under the map τ is equal to the point y such that (x, y) ∈ PB(W ). If x
is the singular point of a unique quadric V (qi) ∈ D(W ), then the point y is the unique point equal
to ∩Q∈WPx(Q). The coordinates of y is basis of the null space of a system of three linear equations
with four unknowns whose coefficients are linear forms in coordinates of the point x. It follows
that the coordinates of y are cubic polynomials in the coordinates of x. If x is a point such that the
dimension of Z = π−1

2 (x) is equal to one, then the curve π1(τ(Z)) is a line. This gives us

τ(θi + [Zi]) · ηS = 3.

Note that, if W is an excellent web, π1(τ(Θi)) is a rational normal cubic contained in D(W )

(iv) First observe that

ηS · τ∗(ηS) =
1

2

(
(ηS + τ∗(ηS))2 − 2η2

S

)
=

1

2
(η2 − 2η2

S) = 6.

This yields

Ei · τ∗(Ei) = (ηS − θi − [Zi]) · (τ∗(ηS)− τ∗(θi)− τ∗([Zi])) = 0.

Therefore Ei and τ(Ei) define the same genus one pencil on St(W ).

(v) We have
Ei · Ej = (ηS − θi − [Zi]) · (ηS − θj − [Zj ]) = 2,

Ei · η = 2Ei · ηS = 2(η2
S − θi · ηS − [Zi] · ηS) = 6.

This shows that (E1, . . . , E10) is the inverse transform under p of a maximal isotropic sequence
(f1, . . . , f10) on Rey(W ) with,

3h = f1 + · · ·+ f10,

where h = [c1(ORey(W )(1))] ∈ Num(Rey(W )), and

3η = 3π∗(h) = E1 + · · ·+ E10.

(vi) By Proposition 7.7.1 and (v),

2ηS + θ1 + · · ·+ θ10 = 2ηS + Σ(ηS − Ei − [Zi]) = 12ηS − 3η − [Z ′] = 3ηH .

This implies that [Z ′] is divisible by 3 and

ηH = 4ηS − η −
1

3
[Z ′].

The fact that [Z ′] is divisible by 3 is not surprising. We already know that each exceptional curve
of the map π1 : D̃(W ) → St(W ) comes from a line on D(W ) that passes through three singular
points. This shows that each irreducible component of Z enters in exactly three divisors Θi + Zi,
and hence enters into Z ′ with coefficient 3. In particular, we see that 3Z = Z ′.

(vii) By (vi)

ηH = 4ηS − η − Z = 3ηS − τ∗(ηS)− [Z], 4ηS − ηH = η + [Z].
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Thus
2ηS − ηH = η − 2ηS + [Z] = τ∗(ηS)− ηS + [Z].

On the other hand,
τ∗(ηS) = E1 + τ∗(θi) + τ∗([Zi]),

ηS = Ei + θi + [Zi],

gives, after subtracting,

2ηS − ηH = −ηS + τ∗(ηS) + [Z] = τ∗(θi + [Zi])− θi − [Zi] + [Z] .

This proves (vii).

(viii) Applying τ∗ to equality (vii):

2ηS − ηH = τ∗(θi + [Zi])− θi − [Zi] + [Z] ,

we obtain
2τ∗(ηS)− τ∗(ηH) = θi + [Zi]− τ∗(θi + [Zi]) + τ∗[Z] .

Adding up, gives (viii).

Define the following divisors on the Reye surface Rey(W ):

Ri = π(Θi + Zi), i = 1, . . . , 10, (7.7.3)

Fi = π(Ei). (7.7.4)

Applying Proposition 7.7.2, we obtain

Theorem 7.7.3. LetW be a regular web of quadrics in P3. Then the Enriques surface S = Rey(W )
contains ten curves Ri of degree 4 and of arithmetic genus 0, 10 genus one pencils |2Fi|, and 45
genus one pencils |2Fij |, where 2Fij ∼ Ri +Rj , i 6= j. Let H = c1(ORey(W )(1))). We have

(i) Fi · Fj = 1 for i 6= j;

(ii) Ri · Fi = 3, Ri · Fj = 1, i 6= j;

(iii) Ri ·Rj = 2, i 6= j;

(iv) Ri · Fij = 0, Rk · Fij = 4, k 6= i, j;

(v) 3H ∼ F1 + · · ·+ F10;

(vi) 4H ∼ R1 + · · ·+R10;

(vii) H · Fi = 3, h · Fij = 4;

(viii) H ∼ 2Fi +Ri +KS

(ix) H ≡ Fi + Fj + Fij .
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Proof. Properties (i) -(vii) immediately follow from the definitions and Proposition 7.7.2. Let us
prove (viii). By (i) from loc.cit., we have [p∗(H)] = τ∗(ηS) + ηS on PB(W ). Applying (ii) and
(iv) from loc. cit., we obtain, by definition of the curves Fi and Ri, that H ≡ 2Fi + Ri. Let
F ′i ∈ |Fi + KS |. Since each curve Fi (resp. F ′i ) is a plane cubic, it is contained in a plane Πi

(resp. Π′i). Obviously this plane must lie in the Grassmann quadric G containing S. Now, since
Fi · Fj = F ′i · Fj = 1, i 6= j, we find that Πi ∩ Πj 6= ∅,Π′i ∩ Πj 6= ∅. This easily implies
that Πi and Π′i belong to the same family of planes in G and hence intersect at one point. Then
the unique hyperplane containing Πi and Π′i cuts out in S an isolated curve from the linear system
|H −Fi−F ′i |. Since (H −Fi−F ′i )2 = −2, this must be a nodal cycle R. If Ri ∈ |H − 2Fj | 6= ∅,
we obtain that 2Ri ∼ 2R,Ri 6= R, that is absurd. Therefore we have only one possibility that
Ri ∼ H − Fi − Fj . In particular, Ri + Rj ∼ 2(H − Fi − Fj) is divisible by 2 in Pic(S). So we
can define Fij . It follows from (iii) that F 2

ij = 0, thus |2Fij | = |Ri +Rj | is a genus one pencil.

(ix) By (iv) we haveRi ·(H−Fi−Fj) = Rj ·(H−Fi−Fj) = 0. Hence Fij ·(H−Fi−Fkj) = 0.
Since (H − Fi − Fj)2 = 0, we obtain (ix).

Recall from Theorem 7.4.6 that under the map ν : Rey(W ) → Bit(D(W )) the set of Reye lines
` such that the pencil |L − `| contains one of the 10 nodes of D(W ) is mapped to the union of
two cubic curves, the union of the cones over these curves form the enveloping cone of the node.
One can easily check that the set of such lines is equal to the union of two genus one curves Fi, F ′i
defining a genus one pencil |2Fi|. On the canonical cover D̃(W ) the preimages of these two curves
are the curves Ei, E′i. Under the double cover D(W ) 99K P2 defined by the projection from the
node, the curve Fi + F ′i is equal to the preimage of the branch curve.

We say that a smooth Reye congruence Rey(W ) is general ifX = D̃(W ) and rank Pic(X) = 11.

Proposition 7.7.4. Assume Rey(W ) is general. Then ηH , ηS , θi, 1 ≤ i ≤ 9 is an integral basis of
Pic(X). There is an isomorphism of lattices

Pic(X) ∼= U⊕ E8(2)⊕ A1(2).

Proof. Since (θ1, . . . , θ10, ηH) is a basis of Pic(X)Q, for any D ∈ Pic(X), we can write

D =
D · ηH

4
ηH −

10∑
i=1

D · θi
2

θi.

Since θ10 = 3ηH − 2ηS −
∑9

i=1 θi, we obtain

D = (
D · ηH

4
− 3D · θ10

2
)ηH + (D · θ10)ηS −

9∑
i=1

D · (θi − θ10)

2
θi. (7.7.5)

We have to show that all coefficients here are integers. The images of the (−2)-curves Θi under
the map given by the linear system |ηS | are disjoint lines `i on a smooth quartic surface S(W ). For
any point x outside `i ∪ `j , the unique line `(x) in P3 that passes through x and intersects `i and `j
intersects S(W ) at another point x′. The rational map x 7→ x′ extends to a biregular involution Φ
of S(W ). This involution is the restriction of birational transformation Φ̃ (an Arguesian involution)
of P3 that assigns to a general point x ∈ P3 the point x′ on the line `(x) such that the pairs of points
{x, x′} and `(x)∩S(W ) are harmonically conjugate on `(x) (see [304]). It is known that Φ̃ is given
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by the linear system of quadric surfaces passing through the lines `i and `j . Restricting it to S(W ),
we see that the involution Φ is given by the linear system |2ηS − θi− θj | of dimension 3 and degree
4. It acts on Pic(S(W )) by formula

Φ∗(D) = −D +
(2ηS − θi − θj) ·D

2
(2ηS − θi − θj).

In particular, we see that D · θi ≡ D · θj mod 2, so the coefficients in (7.7.5) at θi are integers.
Also, we can write D · θi = k+ 2ni, hence, applying Proposition 7.7.1, we get 3DηH = 2D · ηS +
10a+ 2

∑
ni. This shows that ηH ·D is even. Thus, there exist some integers a, b, c1, . . . , c9 such

that D = a
2ηH + bηS +

∑9
i=1 ciθi.. This gives

D2 = a2 + 2(3ab+ 2b2 + b

9∑
i=1

ci −
9∑
i=1

c2
i ).

Since D2 is even, we get that a is also even, hence all the coefficients in (7.7.5) are integers.

The last assertion follows from computing the integral Smith form of the intersection matrix of the
integral basis (ηS , ηH , θ1, . . . , θ9) that shows that the discriminant group of Pic(X) is isomorphic
to (Z/2Z)8⊕Z/4Z. Since Pic(X) contains a sublattice π∗(Pic(Rey(S)))⊕Z(θi−τ∗(θi)) of index
2 isomorphic to U(2)⊕ E8(2)⊕ 〈−4〉, the assertion easily follows. We may also argue as follows.
In the notation of Proposition 7.7.2, the sublattice generated by η − E1 − E2 − E3, E1, . . . , E8

is isomorphic to E8(2). The vector 2ηS − ηH of square norm −4 is orthogonal to the previous
sublattice. Finally, the sublattice spanned by F10 = ηS − R10 and E10 − R10 is isomorphic to U
and is orthogonal to the previous two sublattices. Computing the determinant of the Gram matrix of
the basis (ηS , ηH , θ1, . . . , θ9), we find that it is equal to 210. Thus the orthogonal sum of the three
sublattices coincides with the whole lattice.

7.8 Smooth congruences of bidegree (7, 3)

By Theorem 7.4.3, the Reye surface Rey(W ) of a regular web of quadricsW is an Enriques surface.
In this section, we will prove that, if p 6= 2, every smooth congruence S of bidegree (7, 3) and
sectional genus 6 is equal to the Reye congruence of a regular web of quadrics in P3.

We will start with the following.

Lemma 7.8.1. Let S be a smooth congruence of lines in G = G1(P3) of bidegree (7, 3) and sec-
tional genus 6. Let H = c1(OS(1)). Then S contains 20 plane cubic curves Fi, i = ±1, . . . ,±10,
such that

(i) Fi · Fj = 1, if i+ j 6= 0;

(ii) Fi · F−i = ∅, i = 1, . . . , 10;

(iii) 3H ∼ F1 + · · ·+ F10;

(iv) F ·H ≥ 3 for every genus one curve, and equality holds if and only if F = Fi for some i;
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(v) | H − Fi − Fj |, i+ j 6= 0, consists of an isolated divisor which is either a genus one curve
Fij of degree 4, or the sum of some Fk (k 6= i, j), and a line;

(vi) for each curve Fi there exists a unique β-plane Λi such that Λi ∩ S = Fi;

(vii) H − Fi − F−i ∼ Ri, where Ri is a nodal cycle such that Ri ·H = 4, Ri · Fi = 3;

(viii) Fi ∩ Fj ∩ Fk = ∅ if |i| 6= |j| 6= |k|.

Proof. We have H2 = 10. Since H is an ample divisor class, Φ(h) ≥ 3, hence, H = H10 is
a Fano polarization, and there exists a non-degenerate isotropic sequence (f1, . . . , f10) such that
3h10 = f1 + · · ·+f10. Each isotropic vector fi ∈ Num(S) is nef and is equal to the numerical class
of half-fibers Fi and F−i of a genus one fibration |2Fi| = |2F−i|. Since H10 · Fi = 3, we obtain
that all 20 curves Fi are plane cubics in S. They satisfy properties (i)-(iv).

(v) We have (H10−Fi−Fj)2 = 0 and H10 · (H10−Fi−Fj) = 4. Thus |H10−Fi−Fj | = {D}
for some effective divisor. Its nef part is a genus one curve E so that D = F or D = F +R, where
R ·H10 = 1, i.e. R is a line on S. In the first case, H10 · F = 4, we denote this curve by Fij . In the
second case F ·H10 = 3, so F = Fk for some k 6= i, j.

(vi) Since each curve Fi is of degree 3, it must lie in a unique plane Λi ⊂ G. The linear system
H10−Fi is cut out by hyperplanes containing Λi. Therefore our assertion follows from the fact that
|H10 − Fi| has no fixed components and isolated base points. Obviously, each fixed components
or a base point must lie in the plane Λi. Assume C is a fixed component. Then C · F ≥ 3, hence
(H10−Fi−C) ·Fi = 3−C ·Fi shows that C ·Fi = 3, i.e. C is a line. So C2 = −2, H10 ·C = 1
and (H10 − Fi − C)2 = 6. By Riemann-Roch, dim |H10 − C − Fi| ≥ 3 which is absurd. To show
that |H10 − Fi| has no isolated base points, we apply Corollary 2.6.8. We have to verify that for
every nef divisor D with D2 = 0, one has (H10 − Fi) ·D ≥ 2.

Take Fj such that Fj ·D > 0. By (v), H10−Fi−Fj ∼ Fij or H10−Fi−Fj ∼ Fk +R. Assume
(H10 − Fi) ·D = 1. Take j 6= ±i,±k, then,

(H10 − Fi) ·D = (H10 − Fi − Fj) ·D + Fj ·D ≥ 1

with the equality only if (H10−Fi−Fj) ·D = 0 and Fj ·D = 1. This implies that D = Fij , hence
(H10 − Fi) ·D = 4− 2 = 2.

(vii) If i + j = 0, then H10 − Fi − F−i ≡ H10 − 2Fi has self-intersection equal to −2. Let us
see that it is an effective divisor. Since each curve Fi is of degree 3, it must lie in a unique plane
Λi. Recall that G has two families of planes, α-planes and β-planes. Two different planes from
the same family intersect at one point, and two planes from different families are either disjoint or
intersect along a line. If Λi and Λj intersect along a line, the linear system |H10−Fi−Fj | contains
a pencil of curves cut out by hyperplanes through this line. If i + j 6= 0 this contradicts (v). If
i = ±j, this contradicts the equality (H10 − Fi − Fj)2 = −2. Since Λi ∩ Λj = Fi ∩ Fj 6= ∅ for
i 6= ±j, we obtain that all 20 planes Λi belong to the same family. We claim that this is the family
of β-lanes. In fact, suppose one of these planes is an α-plane σx. Take a general plane Π in P3. Its
preimage under the map ZS → S is a cover of degree 7. On the other hand, by property (v), the
plane Λi intersects the cone of rays in σx at 3 points. This contradiction shows that the congruence
S has 20 fundamental planes Π (as it is expected since it is a Reye congruence).
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In particular, we have Λi∩Λ−i 6= ∅. LetH be a hyperplane section of S cut out by the hyperplane
〈Λi,Λ−i〉 in the Plücker space spanned by the planes Λi and Λ−i. Then |H − Fi − F−i| 6= ∅ and
consists of a divisor R with R2 = −2 and H10 · R = 4. Suppose R has a part R1 with R2

1 ≥ 0.
If R2

1 > 0, then the Hodge Index Theorem gives 10R2
1 < (R1 ·H10)2 ≤ 9, a contradiction. Thus

R2
1 = 0. By putting some components of R1 to R − R1, we may assume that R1 is nef. Then

10 = H2
10 = 2H10 · Fi + H10 · R1 + H10 · (R − R1) implies that H10 · R1 = 3 and hence R1

coincides with some Fj andH10 ·(R−R1) = 1. ThusR−R1 consists of one irreducible component
with self-intersection −2 taken with multiplicity 1. Suppose j 6= ±i. Then −2 = (R − R1)2 =
(H10 − 2Fi − Fj)2 = −4, a contradiction. If j = ±i, then (R − R1)2 = (H10 − 3Fi)

2 = −8, a
contradiction again.

Thus R consists of (−2)-curves of total degree 4 and the sublattice of Num(S) generated by its
components is negative definite. Since R2 = −2, the class of R in Num(S) is a root in some root
system of finite type of rank ≤ 4. It is easy to list all possibilities and get that R is a nodal cycle. In
general, it is an irreducible rational normal quartic in 〈Π,Λ−i〉 ∼= P4.

(viii) Assume Fi∩Fj ∩Fk 6= ∅ for three distinct indices with no two add up to 0. Then the curves
Fj and Fk cut out the same point on Fi, and we have an exact sequence:

0→ OS(Fj − Fk − Fi)→ OS(Fj − Fk)→ OFi → 0.

Since (Fj − Fk − Fi)
2 = −2, and neither Fj − Fk − Fi, nor Fi − Fk is effective, we have

h1(Fj−Fk−Fi) = h0(Fj−Fk) = 0.Considering the exact cohomology sequence, this immediately
leads to a contradiction. This proves the last assertion of the lemma.

Let ι : S ↪→ G be the closed embedding, and let V = ι∗(S∨G) be the restriction of the dual of the
universal subsheaf of the trivial locally free sheaf E on G. We know from Section 7.1 that

c1(V) = ι∗(c1(S∨G)) = ι∗(c1(QG)) = h,

c2(V) = ι∗(c2(S∨G)) = ι∗([σΠ]).

Since V defines the Plücker embedding S ↪→ G, it is generated by global sections. The restriction
of the tautological exact sequence (7.1.6) to S

0→ ι∗(QG)∨ → E∨ ⊗OS → V → 0

gives h0(V) = 4, hi(V) = 0, i > 0.

Lemma 7.8.2. The locally free sheaf V is indecomposable, i.e. it does not split into the direct sum
of two invertible sheaves.

Proof. Assume that V ∼= OS(D1) ⊕ OS(D2). Suppose H0(S,OS(D1)) = 0. Then every sec-
tion of V vanishes on a curve from the linear system |D2|. On the other hand, we know that the
scheme of zeroes of a non-zero section of V is equal to the intersection of S with some plane σΠ

in G. Thus a general section has only three isolated zeros. Since H1(S,V) = 0, we obtain that
H i(S,OS(D1)) = H i(S,OS(D1)) = 0, i > 0. By Riemann-Roch, D2

1 = 2(h0(D1) − 1). We
may assume that h0(D1) ≤ 2. If the equality holds, then D2

i = 2. Since c2(V) = D1 ·D2 = 3, we
get a contradiction to the Hodge Index Theorem. Thus we may assume that

h0(D1) = 1, h0(D2) = 3, D2
1 = 0, D2

2 = 4.
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Since h1(D1) = 0, we haveD1 = F +R, where F is a half-fiber of some genus one fibration andR
is a nodal cycle. By the Hodge Index Theorem, 40 = H2D2

2 < (H ·D2)2. This impliesH ·D2 ≥ 7.
Since H · D1 ≥ 3, we have H · D2 = H2 − H · D1 ≤ 7, we get H · D2 = 7, H · D1 = 3, and
D1 = F . We know that H · F = 3 implies that F = Fi for some i = ±1, . . . ,±10. Thus

V = OS(Fi)⊕OS(H − Fi).
A nonzero section of OS(Fi) defines a section of V that vanishes on the curve Fi ⊂ Λi. The direct
sum decomposition implies that every section of V vanishes on Fi. This is obviously absurd.

It follows from Lemma 7.8.1 (v) that h0(H − Fi − F−i) = h0(H − 2Fi + KS) 6= 0. Since
(H − 2Fi)

2 = −2, this implies that

dimH1(S,OS(H − 2Fi +KS)) = dimH1(S,OS(−H + 2Fi)) = 1.

A nonzero element in H1(S,OS(H − Fi)) ∼= Ext1(OS(H − Fi),OS(Fi)) defines a non-split
extension

0→ OS(Fi)→ V → OS(H − Fi)→ 0.

The proof of the next result can be found in [170, Theorem 2].

Theorem 7.8.3. In the notation from the previous lemma, for any i = ±1, . . . ,±10, there is an
exact non-split sequence

0→ OS(Fi)→ V → OS(H − Fi)→ 0.

Two such extensions are isomorphic.

Corollary 7.8.4.
V ∼= V ⊗ ωS .

Theorem 7.8.5. Assume p 6= 2. A smooth congruence of lines in P3 of bidegree (7, 3) and sectional
genus 6 is isomorphic to the Reye congruence of a regular web of quadrics in P3.

Proof. The tautological exact sequence (7.1.6) gives an isomorphism

E∨ ∼= H0(S,V).

Let π : X → S be the canonical cover of S and let τ be the corresponding fixed-point-free involu-
tion of X . Let Ṽ = π∗(V). Applying the corollary, we find an isomorphism

σ : Ṽ → Ṽ .

Considered as an automorphism of the associated projective bundles, it is an involution. This easily
implies that P(Ṽ) has two disjoint sections corresponding to the locus of fixed points. This shows
that Ṽ splits into the direct sum of invertible sheaves

Ṽ ∼= L+ ⊕ L−,
where

L± ∼= τ∗(L∓). (7.8.1)

We have c1(Ṽ) = π∗(c1(V)) = π∗(h) and c2(Ṽ) = π∗(c2(V)) = 6. Let ηS denote c1(L+). We
have

η := ηS + τ∗(ηS) = π∗(h), ηS · τ∗(ηS) = 6.
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This immediately implies that η2
S = 4. Let

τ∗± : H0(X,L±)→ H0(X,L∓)

be the isomorphism corresponding to the isomorphism (7.8.1). By correcting with a scalar automor-
phism of an invertible sheaf, we may assume that τ∗± ◦ τ∗∓ is the identity.

We have

H0(X,π∗(V)) ∼= H0(S,V)⊕H0(S,V ⊗ ωS) ∼= H0(X,L+)⊕H0(X,L−).

Using Corollary 7.8.4, we choose an isomorphism

E∨ ∼= H0(X,L+).

Thus we will be able to identify H0(X,L±) with E∨, so that |ηS | defines a rational map X → |E|
whose image is a quartic surface. Of course, this will be the Steinerian surface St(W ).

We have η2 = 2h2 = 20. By Riemann-Roch, h0(η) = 12 and

H0(X,OX(η)) = H0(S,OS(h)⊕H0(S,OS(h+KS)).

The first summand can be identified with
∧2E∨.

Since η = ηS + τ∗(ηS), we have a canonical map

φ : E∨ ⊗ E∨ = H0(X,L+)⊗H0(X,L−)→ H0(X,OX(η)).

Assume that |ηS | has no fixed components (we will prove this property later). By the Base-Point-
Free Pencil Trick from [12, p. 126], for any 2-dimensional subspace V of H0(X,L+), the kernel of
the restriction φV of φ to V ⊗H0(X,L−) is isomorphic toH0(X,L−⊗L−1

+ ). Since η is ample and
η · (ηS−τ∗(ηS)) = 0, the linear system |ηS−τ∗(ηS)| is empty. This shows that the kernel is trivial.
Thus the image of φ contains a 8-dimensional linear subspace. Since the map is τ -equivariant, the
image is τ -invariant subspace. However, the image of φ is obviously not τ -invariant, and smallest
τ -invariant subspace it contains must coincide with the whole space. Thus φ is surjective.

The kernel of the composition of this map with the canonical projectionH0(X,OX(η))→
∧2E∨

can be identified with S2E∨. Thus the kernel of φ is a 4-dimensional linear subspace L of S2E∨

and the summand H0(S,OS(H+KS)) can be identified with S2E∨/L. This shows that |H+KS |
maps S to |P(S2E∨/L)| ∼= P5. The image is of course should be the Cayley model of the Reye
congruence.

Now everything is ready to finish the proof. Consider the map

f|η| = f|ηS | × f|τ∗(ηS)| : X → |E| × |E| ⊂ |E ⊗ E|.
By the above its image is contained in the subspace of zeros of Ker(φ) ⊂ E∨ ⊗ E∨. This implies
that the image of X is contained in a complete intersection of 4 divisors of type (1, 1) in |E| × |E|.
The degree of this surface in the Segre embedding is equal to 20, and we know that the map is
given by the linear system of degree 20. So, the image is equal to the complete intersection. It is
a K3 surface birationally isomorphic to X . Since η is ample, the surface is nonsingular. It can be
identified with the surface PB(W ), where W = |Ker(φ)| is a regular web of quadrics. We leave it
to the reader to see that S is the Reye congruence of W .

It remains to pay the debt and check that |ηS | has no fixed components. Consider the exact se-
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quence from Theorem 7.8.3 and take its pull-back to the canonical cover X . After twisting by
OX(−Fi), we get an exact sequence

0→ OX → OX(ηS − Ei)⊕OX(τ∗(ηS)− Ei)→ OX(η − 2Ei)→ 0.

The image of 1 ∈ H0(X,OX) gives an effective divisor D = D1 + D2 ∼ η − 2Ei, where
D1 ∼ ηS − Ei, D2 ∼ τ∗(ηS) − Ei. Since τ∗(Ei) = Ei, we obtain τ∗(D1) = D2. Without loss of
generality, we may assume that

D1 ∈ |ηS − Ei|, i = 1, . . . , 10.

We know that D1 + D2 ∼ η − 2Ei = π∗(η − Ei − E−i). By Lemma 7.8.1, |H − Fi − F−i| is a
nodal cycle Ri. It must split under the cover into the disjoint sum of nodal cycles R̃i, τ∗(R̃i). Thus,
we may assume that D1 = R̃i. We have Fi · R̃i = 1

2(Fi ·Ri) = 3. Hence ηS · Fi = 3, ηS · R̃i = 1.

Suppose A is the fixed part of |ηS |. Then each irreducible component of A is a part of Ei or R̃i.
Since |ηS − A| has an irreducible divisor, by the Vanishing Theorem and Riemann-Roch, we have
(ηS − A)2 = η2

S = 4. One can easily list all possibilities for the nodal cycle Ri and verify that
(ηS −A)2 > 4 for all sums of possible irreducible components of Fi and Ri.

7.9 Nodal Enriques surfaces and smooth congruences of lines in P3

Suppose S is an Enriques surface with KS 6= 0 embedded in G1(P3) as a smooth congruence of
bidegree (7, 3). LetH be the class of a hyperplane section of S in the Plücker embedding. It follows
from Lemma 7.8.1 that R = H − Fi − F−i is a nodal cycle and |Fi| is a half-fiber of a genus one
pencil and R · Fi = 3.

Theorem 7.9.1. Let S be an Enriques surface with KS 6= 0. Assume that there exists a genus one
curve F not moving in a pencil and a nodal cycle R with F · R = n ≥ 3 such that |F + R + KS |
has no fixed components. Then there exists a birational map f : S → S′, where S′ is a surface
in the Grassmann variety G = G1(Pn) with at most rational double points as singularities. If
H = 2F + R + KS is an ample divisor, then S ∼= S′. The map is given by the vector bundle
V = f∗(i∗S∨G) that fits in a non-split extension

0→ O(F )→ V → OS(F +R+KS)→ 0. (7.9.1)

Proof. Let F,R be as in the assertion of the theorem. Since h0(R) 6= 0, by Riemann-Roch and
Serre Duality,

dim Ext1(OS(R+KS),OS) = dimH1(S,OS(−R+KS)) = dimH1(S,OS(R)) = 1.

This implies that there exists a non-split extension (7.9.1). We will show that the vector bundle V
defines the asserted map to the Grassmannian.

We have (F +R+KS)2 = 2F ·R2 = 2n−2. Since h1(OS(F )) = 0 because h0(F ) = 1 , taking
cohomology and using Riemann-Roch, we obtain

h0(V) = n+ 1.

Let us show that V is spanned by its global sections. Let sF be a non-zero section of OS(F ). For
every s ∈ H0(S,V) the section sF ∧ s is either zero, or vanishes on a curve F +D(s) ∈ |OS(H)|
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for some D(s) ∈ |H − F |. Since the map

H0(S,V)→ H0(S,OS(H − F )) = H0(S,OS(F +R+KS))

is surjective, we find that V is generated by its global sections outside the curve F unless |H − F |
has base points. If the latter happens, then, by Corollary 2.6.8, there exists a genus one curve F ′

with (H − F ) · F ′ = (F + R) · F ′ = 1. Obviously, F · F ′ ≤ 1. If F · F ′ = 0, F ≡ F ′ and
R · F ′ = n > 1. If F · F ′ = 1, then F ′ · R = 0, and R is a component of the pencil |2F ′|. But
then 2F · F ′ > F · R = n > 2 that implies F · F ′ > 1. So, we have shown that |H − F | is
base-point-free, and V is spanned by its global sections outside F . We shall show that the same V
can be represented by an extension:

0→ O(F ′)→ V → OS(F ′ +R+KS)→ 0. (7.9.2)

where F ′ ∈ |F +KS |. Then repeating the argument we find that V is spanned by its global sections
outside F ′. Since F ∩F ′ = ∅, this would imply that V is spanned by its global sections everywhere.
Tensoring (7.9.2) by the sheaf OS(−F ′), we obtain an exact sequence:

0→ OS(F − F ′)→ V(−F ′)→ OS(R).→ 0. (7.9.3)

Since h1(F ′ − F ′) = h1(KS) = 0, this implies that h0(V(−F ′)) 6= 0. Let OS(F ′) → V be a
non-trivial map of sheaves defined by a non-zero section of V(−F ′). Let L be the maximal rank 1
subsheaf of V which contains OS(F ′) (identified with its image) and such that the quotient sheaf
V/L is torsion-free. Then, it is easy to see that L is a reflexive sheaf. Since S is a smooth surface,
L is an invertible sheaf. We have an exact sequence:

0→ L → V → IZ ⊗ L′ → 0, (7.9.4)

where IZ is the ideal sheaf of some 0-dimensional subscheme of S and L′ is an invertible sheaf.
This easily follows from the structure of rank 1 torsion free sheaves on a regular two-dimensional
scheme. Counting the Chern classes of V , we obtain:

c1(V) = c1(L) + c1(L′),

c2(V) = c1(L) · c1(L′) + h0(OZ).

On the other hand, we compute the Chern classes of V by using (7.9.2) to get:

c1(V) = h, c2(V) = F · (H − F ) = n.

If L = OS(E), then we find that L ∼= OS(H−E) and Z = ∅. This gives (7.9.3). Assume now that
L 6= OS(F ′). Since h1(OS(F ′)) = 0, we have h0(L) > h0(OS(F )) = 1. Let φ : L → OS(H−F )
be the composition of the inclusion L ↪→ V and the projection V → OS(H − F ). If φ is trivial, L
is a subsheaf of OS(F ) which has a one-dimensional space of sections. This contradiction shows
that φ is non-trivial, hence L ∼= OS(D), where D = F ′ + R1 for some effective divisor R1 6= 0,
and |H − F −D| = |H − F − F ′ −R| = |R−R1| 6= ∅. We have

n = c2(V) = D · (H −D) + h0(OZ) ≥ D · (H −D) = (F ′ +R1) · (h− F ′ −R1) =

= (F ′ +R1) · (F +R−R1) = F ·R+R1 · (R−R1) = n+R1 · (R−R1).

This implies that R1 · (R − R1) = 0, Z = ∅. Since R is connected, R = R1, and D = F ′ + R =
H − F . So, (7.9.4) becomes

0→ OS(F ′ +R)→ V → OS(F )→ 0.
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However, we have

Ext1(OS(F ),OS(F ′ +R)) ∼= H1(S,OS(F ′ − F +R)) ∼= H1(OS(R+KF )) ∼= 0.

This shows that V splits into the sum OS(h− F )⊕OS(F ) in conflict with its construction.

Let f : F → G = G1(Pn) be the regular map given by the bundle V . Recall that it assigns to a
point x ∈ S the quotient space Vx of Γ(V). By construction of V , we have

2∧
V ∼= OS(F )⊗OS(H − F ) ∼= OS(H).

Thus, the composition of f and the Plücker embedding of S′ = f(S) ⊂ G is given by the linear
system |H|. So, the theorem will follow if we verify that |H| defines the map S → S′ with the
asserted properties. By Theorem 2.4.16, it suffices to check that Φ(H) ≥ 3, i.e. for any genus one
curveE′ one hasH ·E′ ≥ 3. We have seen already that Φ(H−F ) ≥ 2 and (H−F ′)·F ′ = 2 implies
F ′ · F = 1. This obviously gives that Φ(H) ≥ 3. This concludes the proof of the theorem.

Corollary 7.9.2. Let S be an Enriques surface with KS 6= 0. Assume that there exists an ample
divisor H with H2 = 4n− 2 and a genus one curve F with h ·F = n ≥ 3 such that h0(H − 2F −
KS) 6= 0. Then S is isomorphic to a smooth surface S in the Grassmann variety G1(Pn).

Remark 7.9.3. We refer to [123], where it is shown that there exists a linear system W of quadrics
in Pn of dimension

(
n
2

)
such that the image of S inG1(Pn) is contained in the subvariety ofG1(Pn)

parameterizing lines in Pn contained in a codimension 2 linear subspace of W . Note that contrary
to the case n = 3, if n > 3 the linear system of quadrics must be very special in order that it defines
a generalized Reye congruence.

Remark 7.9.4. Let h18 = 1
2(g1 + · · ·+ g9) be a Mukai (numerical) polarization with nef vectors gi.

Suppose that it is obtained from a non-degenerate isotropic 10-sequence (f1, . . . , f10) by formula
gi = h10 − fi − f10, i = 1, . . . , 9, where h10 is a (numerical) Fano polarization. Let H and Fi
be the lifts of h18 in Pic(S). For any i 6= 10, we have fi · gi = 2 and fi · gj = 1 if i 6= j.
Thus fi · h18 = 5 and the image of Fi under a map φH18 given by the linear system |H18| is a
genus one curve of degree 5 spanning a P4. Let F−i ∈ |Fi + KS |, where we assume that KS 6= 0.
Then H18 − 2Fi − KS = H18 − Fi − F−i, hence h0(H18 − 2Fi − KS) > 0 if and only if
F1 + F−1, . . . , F10 + F−10 span a hyperplane in P9. If this happens, then the Mukai model of S
lies in the subvariety of the Grassmannian variety G1(P5) parameterizing lines in a 10-dimensional
linear systemW of quadrics in P5 that are contained in a codimension 2 linear subspace ofW . If we
compose the embedding S ↪→ G1(P5) with the Plücker embedding G1(P5) ↪→ P14, then we obtain
that the image of S is contained in the intersection of G1(P5) with a linear subspace of dimension
9. This is a 3-dimensional Fano variety.

Now we assume that KS = 0 and n = 3. Recall that S must be either a µ2-surface or α2-surface.

Lemma 7.9.5. Let (F1, F2, F3) be a representative of a non-degenerate 3-sequence (f1, f − 2, f3).
Suppose that |F2 + F3 − F1 +KS | = ∅. Then, F1 ∩ F2 ∩ F3 = ∅.

Proof. Recall that, by Proposition 4.10.5, two half-fibers have no common irreducible component.
Thus Fi ∩ Fj consists of one point. Consider the natural exact sequence coming from restriction of
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the sheaf OS(F1 − F2) to F3:

0→ OS(F1 − F2 − F3)→ OS(F1 − F2)→ OF3(F1 − F2)→ 0. (7.9.5)

We have (F1−F2−F3) ·F1 = −2. Since F1 is nef, the divisor class F1−F2−F3 is not effective.
By assumption, h0(OS(KS + F3 + F2 − F1)) = 0. Thus, by Riemann-Roch and Serre Duality,
h1(OS(F1 − F2 − F3)) = 0. Now, h0(OS(F1 − F2)) = 0, because (F1 − F2) · F1 = −1 and F1 is
nef. Suppose F1 ∩F2 ∩F3 6= ∅, thenOF3(F1−F2) ∼= OF3 and h0(OF3(F1−F2)) = 1. The exact
sequence of cohomology associated with exact sequence (7.9.5) gives a contradiction.

Remark 7.9.6. Note that for any D ∈ |F2 + F3 − F1 + KS |, we have D2 = −2 and D · F2 =
D · F3 = 0, so each irreducible component of D is a (−2)-curve contained in fibers of |2F2| and
|2F3|.

Theorem 7.9.7. Let S be an Enriques surface with KS = 0. Assume that S contains a genus one
curve F and a (−2)-curve R with F ·R = 3 such that H = 2F +R is ample. Then there exists an
isomorphism f : S → S′, where S′ is a surface in the Grassmann variety G1(P3). The map from S
to the Plücker space is given by the complete linear system |H|.

Proof. We use the same argument as in the proof of Theorem 7.9.1, only this time, instead of taking
F ′ ∈ |F +KS | we take F . Let

3H ∼ F1 + · · ·+ F10 (7.9.6)

with F1 = F . Since H is ample, each Fi is a half-fiber. We claim that, using the previous lemma,
one can choose twoFi andFj different fromF1 such that F1∩Fi∩Fj = ∅. Suppose, Fi∩Fj∩Fk 6= ∅
for some i < j < k. Then |Fa+Fb−Fc| 6= ∅ for {a, b, c} = {i, j, k}. SinceH ·(Fa+Fb−Fc) = 3
and (Fa + Fb − Fc)2 = −2, |Fa + Fb − Fc| = {R1}, where R1 is a (−2)-curve with H · R1 = 3,
or |Fa + Fb − Fc| = {R1, R2}, where R1, R2 are two (−2)-curves with H ·R1 = 2 and H ·R1 =
1. In both cases each Fi, Fj , Fk contains R1 or R1 + R2 in one of their reducible fibers. Since
(Fi +Fj −Fk) · (Fi +Fj −Fl) = −1 if l 6∈ {i, j, k}, we see that |Fi +Fj −Fk| or |Fi +Fj −Fl|
contain a (−2)-curve R′ with H · R′ = 1, we call such R′ a line. Now take Fi = F1, then
1 = H · L = (2F +R) · L for any line L implies that F · L = 0. Since H is ample, there exists Fi
such that Fi · L 6= 0. Thus |F1 + Fi − Fj | = {Rj} for any j 6= 1, i, where Rj is a (−2)-curve with
H ·Rj = 3. Since (F1 + Fi − Fj) · (F1 + Fi − Fk) = Rj ·Rk = −1 for different 1, i, j, k, we get
a contradiction. Thus, we can always find i 6= j 6= 1 such that F1 ∩ Fi ∩ Fj = ∅. Without loss of
generality, we assume that i = 2, j = 3.

Now we shall show that the non-split vector bundle V given by the exact sequence:

0→ OS(F )→ V → OS(H − F )→ 0 (7.9.7)

can be also represented by an extension

0→ OS(Fi)→ V → OS(H − Fi)→ 0 (7.9.8)

for i = 2 and 3. Then, applying Lemma 7.8.1 (vii), and repeating the argument from the proof of
Theorem 7.9.1 with the curve F ′ replaced by Fi, we find that V is generated by its global sections.
The rest of the proof proceeds in the same way.

Twisting (7.9.7) by OS(−F2), and using that h0(H − F − F2) = 1 because (H − F1 − F2)2 =
0 and (H − F1 − F2) · F3 = 1, we find a non-trivial map OS(F2) → V . Let L = OS(D)
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be an invertible subsheaf of V which contains the image of OS(F2) such that the quotient sheaf
V/L ∼= IZ(D′) for some zero-cycle Z and an effective divisorD′. Consider the map φ : OS(D)→
OS(H − F ) obtained as the composition of the inclusion OS(D) in V and the projection map
V → OS(H − F ). If φ is trivial, then OS(D) is isomorphic to a subscheaf of OS(F ), hence
F − F2 > 0, a contradiction. Thus φ is not trivial, hence H − F −D is an effective divisor. Thus
H−F−D ∼ F+R−D ≥ 0, and we obtainH ·D ≤ 7. IfH ·D = 7, we haveH ·(F+R−D) = 0,
hence H − F ∼ F +R ∼ D. Thus V fits in the extension

0→ O(H − F )→ V → O(F )→ 0. (7.9.9)

SinceOS(H−F ) is not a subsheaf ofOS(Fi), we see that the composition ofO(H−F )→ V and
the projection to OS(Fi) in extension (7.9.8) is an isomorphism. Thus the extension splits contrary
to its construction. We have 3 = c2(V) ≥ D · (H −D) that implies that D2 ≥ 4 if H ·D = 6. The
Hodge Index Theorem 10D2 < (H ·D)2 gives a contradiction. Thus H ·D ≤ 5 and D2 ≤ 2.

We have h0(D) = 1, otherwise using Proposition 2.6.1 we obtain that Φ(H) ≤ 2, a contradic-
tion. If L = OS(D) 6= OS(Fj), the quotient sheaf is a torsion sheaf, and we obtain h0(L) ≥ 2
contradicting the previous remark. So we have an exact sequence

0→ L → V → IZ(D′)→ 0,

where L = OS(Fi) or L = OS(H − Fi). Computing the Chern classes we obtain, as in the proof
of Theorem 7.9.1, that Z = ∅ and D′ ∼ H − Fi or D′ ∼ Fi, respectively. In the latter case, the
extension must split contradicting our construction; in the former case we obtain (7.9.8). This ends
the proof of the theorem.

Corollary 7.9.8. Let S be a general nodal Enriques surface in the sense of definition from Section
6.5. Then S is isomorphic to a congruence of lines in P3 of bidegree (7, 3).

Proof. By Theorem 6.5.5, S admits an ample Fano numerical polarization h10 such that there exists
a (−2)-curve R with h10 · R = 4. It follows from Corollary 6.3.11 that it represents the numerical
class h10 − 2fi, where (f1, . . . , f10) is a non-degenerate canonical isotropic sequence such that
3h10 = f1 + · · · + f10. We have fi · R = h10 · fi = 3. Since fi is nef, it represents a half-fiber F
of a genus one fibration. Now we can apply Theorem 7.9.1 and Theorem 7.9.7.

Applying Proposition 7.7.4, we obtain

Corollary 7.9.9. Assume p 6= 2. The Picard lattice of the canonical cover of a general nodal
Enriques surface is isomorphic to U⊕ E8(2)⊕ A1(2).

Note that the lattice U ⊕ E8(2) ⊕ A1(2) occurs in [562, Proposition 3.5] as one of the possible
Picard lattices of complex K3 surfaces that admit a fixed-point-free involution.

Let E be a rank 2 vector bundle on S with c1(E) = H , where H is an ample Fano polarization and
c2(E) = 3. Assume that E has a section s with only isolated zeros. The section s defines an exact
sequence

0→ OS → E → IZ(H)→ 0,

where Z is a 0-dimensional closed subscheme of S with h0(OZ) = 3. Suppose E = V , where V
gives an embedding φ of S into the Grassmannian G = G1(P3). Suppose KS 6= 0. Taking global
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sections, we find that h0(S, IZ(H + KS)) = 4. This shows that the image of Z in G spans a line,
a trisecant line of φ(S). Since H0(S,V) = 4, we have a P3 of trisecant lines. Note that a smooth
Fano model admits 20 planes of trisecat lines, the lines in 20 planes generated by the images of the
half-fibers Fi from (7.9.6). See more about this in the next section.

The following theorem was proven in [170] under the assumption that KS 6= 0. We can modify it
along the lines of the proof of Theorem 7.9.7 to extend it to the case KS = 0.

Theorem 7.9.10. Let E be a rank 2 vector bundle on an Enriques surface S which admits a section
with only isolated zeros. Assume c1(E) is an ample Fano polarization H and c2(E) = 3. Then
either E decomposes into the direct sum of invertible sheaves OS(Fi)⊕OS(H − Fi), or OS(Fi +
KS)⊕OS(H − Fi +KS), or it is isomorphic to one of the following non-split extensions

(i)
0→ OS(H − Fi)→ E → OS(Fi)→ 0

or
0→ OS(H − Fi +KS)→ E → OS(Fi +KS)→ 0.

(ii)
0→ OS(Fi)→ E → OS(H − Fi)→ 0

or
0→ OS(Fi +KS)→ E → OS(H − Fi +KS)→ 0.

In case (i) the vector bundle E defines an isomorphism from S to a congruence of bidegree (7, 3) in
G1(P3)).

Remark 7.9.11. If KS 6= 0, in case (i) the bundle E represents the unique isomorphism class of a
stable rank 2 vector bundle with c1(E) = H and c2(E) = 3. It is also an exceptional vector bundle
in the sense that Ext1(E , E) = {0}.

More generally, it follows from [377], [378] that any exceptional rank 2 vector bundle on an
Enriques surface with c1(E)2 = 4n− 2, c2(E) = n ≥ 3 is isomorphic to a vector bundle E given by
a non-split extension

0→ OS(F )→ E → OS(F +R)→ 0,

where R is a nodal cycle and F is a half-fiber of a genus one fibration with F ·R = n. The bundle
E is stable and maps S onto a generalized Reye congruence.

Definition 7.9.12. A Fano polarization H is called a Reye polarization if the linear system |H|
maps S into a nonsingular quadric Q in P5.

Recall from Theorem 6.3.10 that, for any Fano polarization on a nodal Enriques surface S there
exists a (−2)-curve R with R ·H ≤ 4.

Corollary 7.9.13. Let H be a Fano polarization on a general nodal Enriques surface. Then H is a
Reye polarization if and only if there exists a smooth rational curve R on S such that H ·R = 4.
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Proof. By Corollary 6.3.11, [R] = H − 2f , where f is a nef primitive isotropic class. Thus we can
choose its representative F such that H − 2F ∼ R. Now we apply the previous results.

We do not know whether any nodal Enriques surface admits a Reye polarization.

7.10 Fano-Reye polarizations

Let f = (f1, . . . , f10) be a canonical isotropic sequence with degeneracy invariant c, and

3h = f1 + · · ·+ f10.

Let fi1 , . . . , fic be its nef members. Choose representatives Fi1 , . . . , Fic of fi1 , . . . , fic such that

3H ∼ F1 + · · ·+ F10,

where Rik = Fik+1
− Fik is a nodal cycle of type Aik+1−ik−1 such that Fik · Rik = 1. The linear

system |H| maps S birationally onto a surface S′ in P5 with singular points of type Aik+1−ik−1, the
images of the nodal cycles Rik . The surface S′ is called a Fano model of S. The polarization H
is ample if and only if S ∼= S′, or, equivalently, the isotropic sequence f is non-degenerate. The
images of the curves Fi1 , . . . , Fic are plane curves of degree 3. They span the planes Λi1 , . . . ,Λic
in P5. If KS 6= 0, we denote by F−ij the second half-fiber in the genus one pencil |2Fij |. Let Λ′−ij
be the plane spanning the image of F−ij . If KS = 0, by definition, Fij = F−ij ,Λij = Λ−ij .

Definition 7.10.1. A choice of representatives Fi, H of fi, h in Pic(S), together with an order
prescribed by the definition of a canonical isotropic sequence is called a supermarking of S. The
planes Λi1 , . . . ,Λic are called the Fano planes of the supermarking.

Lemma 7.10.2. The singular point xij lies in Λij . Two Fano planes Λij and Λik intersect at a
unique point which is a nonsingular point of S′.

Proof. The only assertion that does not follow immediately from the definition of a canonical
isotropic sequence is the assertion that dim Λij ∩ Λik < 1. Suppose the intersection contains a
line `. Then the preimage of the linear system of hyperplanes containing the two planes defines
a linear system |H − Fij − Fik | on S of dimension ≥ 1. We have (H − Fij − Fik)2 = 0 and
(H − Fij − Fik) ·H = 4. The fixed part of |H − Fij − Fik | consists of the union of nodal cycles
and the moving part |M | must satisfy M2 = 0. Since M ·H < 4, |M | cannot be equal to |2F | for
a genus one curve F . This shows that dim |M | = dim |H − Fij − Fik | = 0.

Proposition 7.10.3. Let S′ ⊂ P5 be a Fano model of an Enriques surface with KS 6= 0. The
following properties of S′ are equivalent.

(i) S′ lies in a quadric;

(ii) S′ lies in a quadric of corank ≤ 1;

(iii) the Fano planes Λ−i and Λi intersect;
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(iv) for any Fano plane Λi there exists a hyperplane H that cuts out S′ along (Λi ∩ S′) ∪ (Λ−i ∪
S′) ∪ C, where degC = 4 and one of the following cases occurs

(iv)’ C is a connected curve of degree 4 and arithmetic genus 1 spanning a P3 and one of the
singular points of S′ lies on C and coincides with Λi ∩ Λ−i;

(iv)” C is a connected curve of degree 4 and arithmetic genus 0 that spans a hyperplane. If
C contains a singular point of S′, then one of them is the point Λi ∩ Λ−i.

(v) if S = S′, then S′ is isomorphic to a Reye congruence.

Proof. (i)⇔ (ii) If S lies on a quadric Q , then every Fano plane Λi is contained in Q (since it cuts
out a cubic curve in S). If Q contains a line in its singular locus, then two planes intersect along a
line. This contradicts Lemma 7.10.2.

(ii) ⇒ (iii) Since all planes in a singular quadric intersect, we may assume that the quadric is
nonsingular. Then the proof follows from the proof of property (v) in Lemma 7.8.1. To carry on the
proof we need only that c ≥ 2. It is covered by our assumption.

(iii)⇒ (iv). If S = S′, this was proven in Lemma 7.8.1 (vii). In this case the second possibility
is not realized. In the notation of this proof, assume that R ∈ |H − Fi − F−i| contains a nef part
R1 with R2

1 ≥ 0. As in the proof of Lemma 7.8.1 we find that R2
1 = 0 and H · (R−R1) ≤ 1. It is

maybe equal to zero instead of 1 because H is not ample anymore.

SupposeH ·(R−R1) = 1. If S′ is smooth, we deduced from this thatH ·R1 = 3, (R−R1)2 = −2
and got a contradiction. If S′ is singular this only implies that R1 coincides with one of Fj and if
R1 ≡ Fi then (R−R1)2 = −8, R1 · (R−R1) = 3. If R1 6≡ Fi, then (R−R1)2 = −4, R1 · (R−
R1) = 1. In both cases the image of R −R1 is a line ` on S′ passing through some singular points
of S′ and the image of R1 spans one of the planes Λj . In the first case ` ⊂ Λj and in the second
case ` ∩ Λj 6= ∅. In both cases, the image of R spans a projective subspace of dimension ≤ 3. But
h0(H −R) = h0(Fi + F−i) hence the image of R spans a hyperplane in P5, a contradiction.

Suppose H · (R−R1) = 0. Then H ·R1 = 4 and (H − 2Fi) ·R1 = R1 · (R−R1) implies that
either Fi ·R1 = 1, Fi · (R−R1) = 2 and R1 · (R−R1) = 2, or Fi ·R1 = 2, Fi · (R−R1) = 1 and
R1 · (R − R1) = 0. It follows that R − R1 is blown down to one singular point equal to Λi ∩ Λ−i
and this point lies on the image of R1. The image of R1 is a curve of degree 4 and arithmetic genus
1.

If each non-empty part of R is negative definite, the argument applies without change and shows
that R = R1 + R2 is a connected curve, where R1 is a nodal chain with R2

1 = −2 mapped to a
curve of degree 4 of arithmetic genus 0 and R2 is empty or a nodal chain blown down to singular
points s′1. . . . , s

′
k on S′. In the latter case, we have−2 = (R1 +R2)2 implies R2

2 = −2R1 ·R2 < 0,
hence R1 · R2 > 0. Also, (H − 2Fi) · R2 = −2Fi · R2 = R1 · R2 + R2

2 = −R1 · R2 implies that
R2 · Fi > 0. Thus Λi ∩ Λ−i is one of the singular points s′i and the image of R1 contains all the
singular points s′1, . . . , s

′
k.

(iv)⇒ (v) This follows from Corollary 7.9.2.

(v)⇒ (i) Obvious.
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Any conditions in the previous proposition characterizes a Reye polarization among Fano polar-
izations.

Suppose H is an ample Reye polarization, so that S′ = Rey(W ) for a regular web of quadrics W .
Let U be the universal family of lines contained in quadrics from W . We cited a result from [414]
that a choice of a plane component in each of the ten reducible quadrics Qi in W defines a small
resolution (in the category of algebraic spaces) of the double cover of W branched along the quartic
symmetroidD(W ). Since the Reye lines in each plane form the cubic curve Fi or F−i from Lemma
7.8.1, we see that this choice is equivalent to a choice of a supermarking of the Reye polarization.

Note that, if H is a Reye polarization and KS 6= 0, then |H + KS | is not a Reye polarization. In
fact, |H − Fi − F−i| 6= ∅ implies that |H +KS − Fi − F−i| = |H − 2Fi| = ∅.
Remark 7.10.4. We do not know any examples when a Fano polarization maps S into a singular
quadric.

Recall that a line ` in Pn is called a trisecant line of a subvariety V ⊂ Pn if it intersects V in
at least three points taken with appropriately defined multiplicities. If S′ is a Fano model of an
Enriques surface S in P5 and Λi is a Fano plane containing a cubic curve Fi, then obviously any
general line in Λi is a trisecant line of S′.

Proposition 7.10.5. Assume KS 6= 0. Let H be an ample Reye polarization and let S′ be the image
of S under φ|H+KS |. Then there is a three-dimensional family of trisecant lines of S′.

Proof. Let V be the vector bundle on S defined by an extension (7.9.8), where the image of Fi on
S′ spans a Fano plane. We have c1(V) = H, c2(V) = 3. Let s be a section of V with reduced zero
scheme Z of length 3. It defines an exact sequence

0→ OS
s→ V → IZ(H)→ 0.

Tensoring the exact sequence byOS(KS) and applying Corollary 7.8.4, we obtain an exact sequence

0→ OS(KS)
s→ V → IZ(H +KS)→ 0.

We know that h0(V) = 4. Taking cohomology, we find that

h0(IZ(H +KS)) = h0(V) = 4.

This shows that the image Z ′ of Z in S′ is contained in a 3-dimensional linear system of hyperplane
section. The base locus of this linear system is a line containing Z ′. It is a trisecant of S′. One can
reverse the argument to show that any trisecant line t of S′ not passing through singular points of S′

defines a nonzero section s with 0-dimensional scheme Z(s). Taking t to be a general line in a Fano
plane we see that Z(s) is reduced. Thus we obtain a three-dimensional family of lines parametrized
by an open Zariski subset of the space |Γ(V)| ∼= P3.

Now we shall prove the converse.

Theorem 7.10.6. Assume KS 6= 0. Let H be a Fano polarization of an Enriques surface S and
f : S → S′ ⊂ P5 be a birational map given by the linear system |H|. Assume that there exists a
line t in P5 which intersects S′ at three nonsingular points and which does not lie in one of the Fano
planes Λi. Then H +KS is a Reye polarization.
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Proof. The preimage in S of t ∩ S′ is a 0-cycle Z of length 3. Consider the exact sequence

0→ IZ(H)→ OS(H)→ OZ(H)→ 0.

Since |H0(IZ(H))| is isomorphic to the web of hyperplanes in P5 containing the line t, and
h0(OZ(H)) = 3, we obtain that h1(IZ(H)) = 1. By Serre Duality,

dimH1(S, IZ(H)⊗ ω−1
S ) = dim Ext1(IZ(H),OS),

hence there exists a non-split extension

0→ OS → V → IZ(H +KS)→ 0. (7.10.1)

Choose a hyperplane in P5 which contains t and one of the planes Λ−i. Then it defines an effective
divisor F−i+A ∼ H , where Z ⊂ A. Adding to both sidesKS , we get a divisor Fi+A ∈ |H+KS |.
Let s be the section of IZ(H +KS −Fi) defined by the divisor A. Tensoring (7.10.1) byOS(−Fi)
and taking cohomology, we get an exact sequence

0→ H0(V ⊗OS(−Fi))→ H0(IZ(H +KS − Fi))→ H1(OS(−Fi)).
Since h1(Fi + KS) = h1(F−i) = 0, H0(V ⊗ OS(−Fi)) 6= 0 and there is a nonzero section s̃ of
V(−Fi) that extends s. Let

0→ OS(Fi)→ V → F → 0

be the corresponding exact sequence. Suppose OS(Fi) is not saturated in V , i.e. F is not torsion-
free. This implies that V contains an invertible sheaf isomorphic to OS(Fi + C) for some effective
divisor C such that OS(C) is isomorphic to a subsheaf of F . We get an exact sequence

0→ OS(Fi + C)→ V → IZ′(H +KS − Fi − C)→ 0, (7.10.2)

where Z ⊂ Z ′ and h0(H+KS−Fi−C) > 0. Replacing Fi with some other nef Fj in the isotropic
sequence, we obtain a section of V(−Fj). We have h0(V(−Fj)) = h0(H +KS − Fj) = 4. Since
h0(Fi+C) ≤ h0(H+KS−Fi) = 3, we get h0(Fi+C−Fj) ≤ 3. Tensoring (7.10.2) byOS(−Fj)
and taking cohomology, we obtain that h0(H + KS − Fi − Fj − C) 6= 0. Thus C is a part of the
unique divisor Fij ∈ |H +KS − Fi − Fj |. This implies

C ·H ≤ C · Fij = 4, C · Fk ≤ Fij · Fk = 1, k = i, j. (7.10.3)

Computing c2(V) using (7.10.2), we find

c2(V) = 3 = −(Fi + C)2 +H · C + h0(OZ′) ≥ 3− (Fi + C)2 +H · C.
This gives (Fi + C)2 = 2Fi · C + C2 ≥ H · C. Since Fi · C ≤ 1 and C does not move, hence
C2 ≤ 0, we obtain H · C ≤ 2. In particular, the image of C on S′ is a line or a conic, or it is
contained in the singular locus of S′. In any case, no part of C has self-intersection equal to 0. This
implies that C2 ≤ −2, and H ·C ≤ 0. Since H is nef, we obtain H ·C = 0, C2 = −2. Thus C is a
nodal cycle and it is blown down to a singular point of S′. Since C contains Z, and, by assumption,
Z does not contain singular points, we get a contradiction.

So, we have proved that the sheaf F is torsion-free, hence it is isomorphic to a sheaf of the form
IZ′ ⊗OS(D) for some zero cycle Z ′ and divisor D. Computing the Chern classes of the bundle V ,
we find:

c1(V) = H +KS = D + Fi, 3 = c2(V) = (H +KS − Fi) · Fi + h0(OZ′) = 3 + h0(OZ′).
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This implies that
Z ′ = ∅, D ∼ H +KS − Fi,

and we have an exact sequence:

0→ OS(Fi)→ V → OS(H +KS − Fi)→ 0. (7.10.4)

If this extension splits, every section of V vanishes on a subset of Fi. In particular, t is contained
in the image of Fi on S′, hence the trisecant line t lies in Λi. By assumption, this does not happen.
Hence (7.10.4) does not split. Therefore

Ext1(OS(H +KS − Fi),OS(Fi)) ∼= H1(OS(2Fi −H −KS) ∼= H1(OS(H − 2Fi) 6= {0},
and, by Riemann-Roch, |H − 2Fi| 6= ∅. Since (H − 2Fi)

2 = −2, (H − 2Fi) ·H = 4, it is easy to
see that |H − 2Fi| = |H +KS + Fi + F−i| consists of a nodal cycle R with R · Ei = 3. Now we
can apply Theorem 7.9.1 to conclude the proof.

Let us study in more detail a Fano model S′ of an Enriques surface S. We choose a Fano polar-
ization H and a supermarking (F1, . . . , F10) such that 3H ∼ F1 + · · · + F10. Consider the linear
system |3H|. By Riemann-Roch, dim |3H| = 45. On the other hand, dim |OP5(3)| = 55. Thus
we see that S′ is contained in the base locus of a linear system of cubic hypersurfaces of dimension
≥ 9.

The proof of the following proposition can be found in [243].

Proposition 7.10.7. Let S ⊂ P5 be a Fano model of an Enriques surface with KS 6= 0 correspond-
ing to an ample Fano polarization H . Then S is 3-normal, i.e. the restriction map |OP5(3)| →
|OS(3H)| is surjective. The homogeneous ideal of S is generated by quadrics and cubics.

It follows from Proposition 7.10.3 that the homogeneous ideal of S is generated by cubics if the
Fano polarization is not a Reye polarization. Thus S is the base locus scheme of a 9-dimensional
linear system of cubic hypersurfaces in P5.

We can say a little more about the ideal of S when H is a Reye or a Cayley polarization.

Let W = |L| be a regular web of quadrics in P3 = |E| and let Rey(W ) be the Reye congruence
contained in the Grassmann variety G1(|E|) of lines in |E|. We first give a resolution of Rey(W )
in G1(|E|).

Proposition 7.10.8. The following sequence is a locally free resolution of the ideal sheaf IRey(W )

of the Reye congruence Rey(W ) as a closed subvariety of G1(|E|).

0→ S2(SG1(|E|))(−3)→ L∨ ⊗OG1(|E|)(−3)→ IRey(W ) → 0.

Proof. Restricting quadrics from W = |L| to lines in P3 defines a surjective map of locally free
sheaves L ⊗ OG1(|E|) → S2(S∨G1(|E|)). Dualizing, we get a linear map S2(SG1(|E|)) → L∨ ⊗
OG1(|E|). A Reye line ` is contained in a pencil of quadrics from W . Since this pencil intersects
any net of quadrics, we see that ` is contained in the Montesano cubic complex of any net. In other
words, the Reye congruence lies in the intersection of all cubic hypersurfaces defined by points in
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the dual space W̌ = |L∨|. This defines a linear map L∨ ⊗OG1(|E|)(3)→ IRey(W )(3) that gives an
exact sequence

0→ S2(SG1(|E|))(−3)→ L∨ ⊗OG1(|E|)(−3)→ IRey(W ) → 0.

By Proposition 7.10.7, the homogeneous ideal I of Rey(W ) in P5 = P(
∧2E∨) is generated by

10 cubics. We have a 6-dimensional linear space of cubics of the form V (ql), where q = 0 is the
quadric G1(|E|) and l ∈ E∨. Together with the 4-dimensional space of Montesano cubics they
generate I3. This shows that the map OG1(|E|)(3) → IRey(W )(3) is surjective and we get an exact
sequence

0→ S2(SG1(|E|))→ L∨ ⊗OG1(|E|) → IRey(W ) → 0.

It remains to tensor it with OG1(|E|)(3).

Now let us look at the Cayley model. Consider the variety of singular quadrics in P3. It is a
discriminant quartic hypersurface D in P9. The variety D3(2) of quadrics of corank 2 is known
to be its singular locus and hence equal to the intersection of 10 cubic hypersurfaces defined by
the partials of the discriminant quartic. The Cayley model is the intersection of D3(2) with a 5-
dimensional subspace in P9. So it is contained in the base locus of a linear system of cubics of
dimension≤ 9. Taking the minimal resolution of the ideal ofD3(2) and restricting it to a transversal
P5, we obtain the resolution of the Cayley model S = Cay(W ):

0→ OP5(−5)⊕6 → OP5(−4)⊕15 → OP5(−3)⊕10 → IS → 0. (7.10.5)

It shows that S is projectively normal and that the ten partials of the discriminant cubic generate the
sheaf of ideals IS of S in P5.

Remark 7.10.9. The Cayley model is scheme-theoretically defined by 6 cubics, the partials of the
quartic symmetroid in P5. The 6 cubics generate a non-saturated ideal of S(V ∨), whose saturate is
generated by the 10 partials of D ⊂ P9 restricted to P5.

Let S be embedded in P5 = |V | by an ample Fano polarization H and let (Λ1, . . . ,Λ10) be the
Fano planes defined by choice of a supermarking (F1, . . . , F10). Fix a basis of

∧6 V ∼= k and
consider the wedge-product pairing

ω :
3∧
V ×

3∧
V →

6∧
V ∼= k, (7.10.6)

Choose a representative vi ∈
∧3 V of a Fano plane Λi ∈ G2(|V |). Since Λi ∩ Λj 6= ∅, we

obtain that the 3-vectors (v1, . . . , v10) satisfy vi ∧ vj = 0. Suppose KS 6= 0 and H is not a Reye
polarization. Then, we have an opposite supermarking defined by the Fano planes (Λ−1, . . . ,Λ−10).
Let (v−1, . . . , v−10) be the corresponding lifts to

∧3 V . We have vi∧v−j = 0, i 6= j, and vi∧v−i 6=
0. Suppose we have a linear dependence λ1v1 + · · ·+ λ10v10 = 0. Taking the wedge-product with
v−i, we get λi = 0. Thus the 3-vectors v1, . . . , v10 are linearly independent. They generate a
maximal isotropic subspace (a Lagrangian subspace) of

∧3 V , where
∧3 V is equipped with a

structure of a symplectic space by means of the wedge-product pairing. Thus a supermarking of a
non-Reye Fano polarization of an Enriques surface defines a Lagrangian subspace A in the Plücker
space of the Grassmannian G2(P5).

Let V = C6 and let A be a Lagrangian subspace of
∧3 V . To any [x] = Cx ∈ P(V ), we can

associate another Lagrangian subspace x ∧
∧2 V of

∧3 V . Following [201], one defines an EPW-
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sextic hypersurface as the degeneracy locus of points [x] for which these two Lagrangian subspaces
are not in general position:

XA = {[x] ∈ P(V ) : (x ∧
2∧
V ) ∩A 6= 0}.

It is proven in [201] that XA has a scheme structure of a sextic hypersurface in P(V ) unless it is
equal to the whole space. For A generic, its singular locus is the set

SingXA = {x ∈ XA : dim
(
(x ∧

2∧
V ) ∩A

)
≥ 2}.

It is a smooth surface SA of general type of degree 40 with Hilbert polynomial 126P0 − 120P1 +
40P2, where Pn stands for the Hilbert polynomial of Pn. In [556] K. O’Grady proved that there
exists a natural double cover

π : X̂A → XA

ramified along SA which is an irreducible symplectic 4-fold, deformation equivalent to the Hilbert
square of a K3 surface.

Remark 7.10.10. Note that the exact sequence

0→ Ω2
|V | →

3∧
V ⊗O|V | → Ω3

|V | → 0

allows one to identify the subspace v ∧
∧2 V with the fiber of Ω2

|V | at the point [v]. Thus one can
redefine the EPW sextic as

XA = {x ∈ P5 : dim Ω2
|V |(x) ∩A ≥ 1}.

Let
XA[k] := {x ∈ P5 : dim Ω|V |(x) ∩A ≥ k}.

If A is not generic, we have the following proposition proved in [557].

Proposition 7.10.11. Assume that XA is not the whole P(V ). Let [v] ∈ XA. Then XA is smooth
at [v] if and only if [v] 6∈ XA[2] and A does not contain any decomposable form v ∧ ω. In other
words, SingXA is the union of XA[2] and the planes P(W ), where W varies through all 3-planes
of V such that

∧3W ⊂ A.

Proposition 7.10.12. Let A be defined, as above, by a set of linearly independent Fano planes
Λ = (Λ1, . . . ,Λ10). Then the singular locus of XA is the union of the ten planes Λi from Λ and the
degree 40 surface Y := XA[2].

We refer to [183] for the proof and many other geometric constructions related to this construction.

Finally we consider an ample Fano polarization H of an Enriques surface with KS = 0. We know
that any µ2-surface that contains a nodal cycle R and a half-fiber F such that F · R = 3 defines a
Reye polarization h = 2E+R. Viewed as a smooth surface inG1(P3) it is a congruence of bidegree
(7, 3). Unfortunately, we do not know any geometric construction of such congruence. Recall that
the construction from Section 7.8 of such congruence using webs of quadrics in characteristic 2
leads to classical Enriques surfaces. To give explicit examples, we use that the Cayley and Reye
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polarizations coincide. Intersecting the variety D3(2) of reducible quadrics in P3 by a general 5-
dimensional subspace P , we obtain an Enriques surface of degree 10 in P5. It is contained in a
nonsingular quadric in P , the intersection of P with the pfaffian hypersurface D3(1) of singular
quadrics in P3. It has an obvious étale canonical cover X → S, the restriction of the double cover
P5 × P5 → D3(2).

We assume that H is not a Reye polarization. As in the above we consider S embedded in
P5 = |V |. Since Pic(S) = Num(S), a maximal isotropic 10-sequence defined by h10 defines,
uniquely up to an order, a sequence Λ = (Λ1, . . . ,Λ10) of Fano planes. The wedge-product pairing
(7.10.6) becomes a symmetric bilinear pairing. We equip

∧3 V with a non-degenerate quadratic
form defined, with respect to a basis e1, . . . , e10 by

q(
∑

xi1i2i3ei1 ∧ ei2 ∧ ei3) =
∑

xi1i2i3xj1j2j3 , (7.10.7)

where the summation is taken along the set of indices i1 < i2 < i3, j1 < j2 < j3, i1 <
j1, {i1, i2, i3} ∩ {j1, j2, j3} = ∅ (see [202, Lemma 8]).

Let OG(
∧3 V, q) be the orthogonal Grassmannian of Lagrangian (i.e. maximal isotropic) in

∧3 V
with respect to the quadratic form q. It consists of two irreducible components of dimension 55, one
of them consists of fibers of the vector bundle Ω3

P5(3).

The following beautiful result can be found in [202, Theorem 8.6].

Theorem 7.10.13. Assume p = 2. Let A be a general Lagrangian subspace in OG(
∧3 V, q) from

the irreducible component that does not contain fibers of Ω3
P5(3). Then

ZA := {[v] ∈ |V | : dim(v ∧ V ) ∩A) ≥ 3}
is a smooth Fano model of a non-classical Enriques surface with symmetrically quasi-isomorphic
resolutions

0 // OP5(−6) // Ω3
P5

//

��

A∨ ⊗OP5(−3) //

��

OP5 //

��

OZA
∼=

��
0 // OP5(−6) // A∨ ⊗OP5(−3) // Ω3

P5
// OP5 // ωZA

(7.10.8)

There is also the converse.

Theorem 7.10.14. Assume p = 2. Let S ⊂ P5 = |V | be a locally Gorenstein subscheme of
dimension 2 and degree 10, with ωS ∼= OS and hi(OS) = 1 for i = 0, 1, 2. Assume S is linearly
normal and not contained in a quadric. Then there exists a unique Lagrangian subspaceA ⊂

∧3 V
with respect to the quadratic form (7.10.7) such that S = ZA with locally free resolution (7.10.8).

It follows from [202, Proposition 9.1] that a general surface given by this construction is a µ2-
surface and α2-surfaces form a hypersurface in OG(

∧3 V, q) cut out by a SL(V )-invariant hyper-
plane section in the Plücker embedding.
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Bibliographical notes

General facts about the Grassmannians of lines can be found in [234], [283], and [179]. Unfortunately,
no modern textbooks that discuss the theory of line congruences have been written yet. We refer to classical
monographs of C. Jessop [344] and R. Sturm [676] for rather complete expositions of the theory of complexes
and congruences of lines in P3. A modern survey on congruences of lines can be found in [14].

The Reye congruences were first discovered by G. Darboux [142] and were studied more extensively by T.
Reye in [598, NeunzehnterVortrag]. In his terminology, a Reye line is a Haupstrahl of a Gebüsch (web) of
quadrics. It is curious that A. Cayley who introduced the Cayley quartic symmetroid surface in [111] did not
notice the construction of a congruence of lines defined by the symmetroid. The first modern exposition of
the theory of Reye congruences can be found in [131]. Some general facts about the hyperwebs of quadrics
can be found in [179] or [688]. Cayley symmetroids were used in Artin-Mumford’s construction of the first
examples of unirational but not rational threefolds [32]. The examples are birationally isomorphic to the
double covers of P3 branched along a quartic symmetroid.

The extension of Reye’s construction to characteristic 2 seems to be new.

The proof of the fact that a smooth congruence of order 7 and class 3 is isomorphic to an Enriques surface
can be found in [256]. Although the fact that a general, in sense of moduli, nodal Enriques surface is iso-
morphic to a Reye congruence follows from counting constants, the results from section 7.9 are much more
explicit. In particular, they show that a general nodal surface in the sense of the definition from section 6.5 is
isomorphic to a Reye congruence. Theorem 7.9.1, in slightly weaker form, was proven in the case p 6= 2, by
Cossec [131, Theorem 3.3.1]. In this chapter, we prove stronger forms of his result in arbitrary characteristic.
The relationship between Reye congruences and exceptional rank 2 vector bundles on Enriques surfaces was
studied in [170]. Here one also finds a characterization of a Reye polarization among Fano polarization in
terms of the variety of trisecant lines of the embedded surface.

The relationship between Fano polarizations and Lagrangian subspaces in the Plücker space of planes in
P5 traces back to a paper of D. Eisenbud, S. Popescu, and C. Walters [202] where one can find a projective
resolution for the homogeneous ideal of the Fano model of a non-classical Enriques surface S . Over fields
of characteristic different from 2, there is a relationship between Fano models and Lagrangian subspaces that
depends on a choice of a supermarking of S (see Section 5.7 in Volume 1). We refer for this relationship to
[183].



Chapter 8

Automorphisms of Enriques surfaces

Contrary to the case of K3 surfaces, a general Enriques surface has an infinite group of automor-
phisms and there exist Enriques surfaces with an automorphism acting trivially on the Picard lattice.
In this chapter, we discuss automorphisms of Enriques surfaces including the description of the au-
tomorphism group of a general or a general nodal Enriques surface, automorphisms acting trivially
on the Picard group, finite groups acting on Enriques surfaces by automorphisms, and Enriques
surfaces with finite automorphism group.

8.1 General facts

Let X be a proper scheme over a field k. For any k-scheme T , we consider the group of automor-
phisms AutT (X × T ) of XT := X ×k T , considered as a scheme over T . It is easy to see that
T → AutT (X) defines a contravariant functor on the category of schemes over k. It is known that
this functor is representable by a group scheme AutX/k of locally finite type over k [484]. The tan-
gent space of AutX/k is canonically identified with AutI(XI), where I = k[t]/(t2) is the algebra
of dual numbers. There is also a canonical isomorphism of vector spacesH0(X,ΘX) ∼= AutI(XI),
where Θ is the tangent sheaf ofX . When k is perfect, the restriction of the functor T → AutT (XT )
to the category of reduced k-schemes is representable by (AutX/k)red. If char(k) = 0, all group
schemes are reduced, so the automorphism scheme is reduced. Let Aut0

X/k be the connected com-
ponent of identity. The group AutX/k/Aut0

X/k is at most countable, because X can be defined
over a countable field.

Theorem 8.1.1. Let S be an Enriques surface S. Then dimAut0
S/k = 0. If p 6= 2, or p = 2 and

H0(S,ΘS/k) = 0 (e.g. S is a µ2-surface), then AutS/k is reduced and Aut0
S/k is trivial.

Proof. The second assertion follows immediately from the discussion in the above. In any case we
have h0(ΘS/k) ≤ 1. Suppose H0(S,ΘS/k) 6= 0. If AutS/k is reduced then Aut0

S/k is a one-
dimensional connected algebraic group G over k. There are three possibilities: G = Gm,Ga, or
G is an elliptic curve. A connected algebraic group acts trivially on the Néron-Severi group of S.
Since S has a non-trivial genus one fibration with some rational fibers, the group G preserves the

135
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set of singular fibers, and being connected, preserves any singular fiber. If G is an elliptic curve,
then G must fix any point x on a singular fiber. Thus G acts linearly on any mk

S,x/m
k+1
S,x , and being

complete, it acts trivially. This implies that G acts trivially on the completion of the local ringOS,x,
hence on the ring itself, hence on its fraction ring, hence on S.

Suppose G is a linear algebraic group acting on an irreducible algebraic variety X . Then, by
Rosenlicht’s Theorem (see, for example, [175], Theorem 6.2), there exists aG-invariant open subset
U ofX such that the geometric quotientU → U/G exists and its fibers are orbits ofG. In particular,
whenX is a surface, U , and henceX , must be a ruled surface of Kodaira dimension−∞. Applying
this to S, we find a contradiction.

Next we assume thatH0(S,ΘS/k) 6= {0}. By Corollary 1.4.9 from Volume 1, dimH0(S,ΘS/k) =
1. Also we know that it happens if and only if S is a α2-surface or an exceptional classical surface.

If ∂ is a non-zero regular vector field on S, then S has an action of a finite group scheme G
isomorphic to µ2 or α2 dependent on whether ∂ is of multiplicative or additive type. The quotient
S/G = S∂ is a normal surface and the Frobenius morphism S → S(2) factors through the quotient
morphism τ : S → S/G. Since the Frobenius morphism is finite, the morphism τ ′ : S/G → S(2)

is a finite inseparable morphism of degree 2.

Proposition 8.1.2. Suppose that S is anα2-surface and ∂ has only isolated zeros. Then (S∂)(1/2) →
S is the canonical cover of S.

Proof. Let Y = S∂ . Applying Proposition 0.3.14 to the morphism τ : S → S∂ , we obtain that
τ∗(ωY ) ∼= OS . On the other hand, the cover π : Y → S(2) ∼= S is an inseparable cover of degree
2 and ωY ∼= π∗(L) for some invertible sheaf L which is a part of the data defining the cover. We
have (π ◦ τ)∗(L) ∼= OS . Since Pic(S) has no torsion, applying Proposition 0.2.14, we obtain that
L ∼= OS . Thus, π is defined by an element of H1(S,α2), and hence it is a principal α2-cover.
Since it is unique, up to isomorphism, π must be the canonical cover.

We will discuss later in Section 10.3 possible regular vector fields ∂ on normal canonical covers
X of S. The quotient X∂ could be classical or α2-surfaces.

However, we have the following result proven in [478].

Theorem 8.1.3. Suppose S is a genericα2-surface. Then ∂ is of multiplicative type and Aut0
S/k
∼=

µ2.

Let ∂ be a nonzero regular vector field of multiplicative type on S. Then S must be one of the
exceptional Enriques surface which we discussed in Section 6.2. Suppose S is not exceptional, then
it is an α2-surface. Under the isomorphism ΘS/k → Ω1

S/k, the scheme Z(∂) is isomorphic to the
scheme of zeros Z(ω) of a regular 1-form ω on S. By Proposition 1.3.8, the divisorial part of Z(ω)
is not reduced. Thus ∂ has only isolated simple zeros. Applying the previous proposition, we obtain
that the canonical cover has only ordinary double points. Since c2(S) = 12, there are 12 of them,
counting with multiplicities. Let us record this information.
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Corollary 8.1.4. Let S be an Enriques surface with Aut0
S/k
∼= µ2. Suppose it is not an exceptional

Enriques surface. Then S is an α2-surface and its canonical cover is a normal surface with 12
ordinary double points, counting with multiplicities.

Remark 8.1.5. In the case of exceptional Enriques surfaces, the group Aut0
S/k has been recently

computed by G. Martin (unpublished).

1. If S is of type Ẽ6, then Aut0
S/k
∼= µ2.

2. If S is of type Ẽ7, then Aut0
S/k
∼= α2.

3. If S is of type Ẽ8, then Aut0
S/k
∼= µ2 or α4.

Since AutS/k(S)(k) ∼= (AutS/k(S)/Aut0
S/k)(k) = Aut(S) we will concentrate now on the

structure of the automorphism group of S. Since S is a minimal surface, this group is isomorphic
to the group of automorphisms of S. A useful tool to study the automorphism group is to look at its
representations in the orthogonal groups of Pic(S) and Num(S)

ρ : Aut(S) → O(Num(S)), (8.1.1)

ρ̃ : Aut(S) → O(Pic(S)) (8.1.2)

It is natural to ask about the structures of the image Aut(S)∗ of ρ and the kernels of ρ and ρ̃. We
will deal with these questions in subsequent sections.

We know that any Enriques surface has a genus one fibration f : S → P1 whose jacobian fibration
j : J → P1 is a rational genus one surface. Let MW(j) be the Mordell-Weil group of j. It acts by
translations on the generic fiber of f , and this action extends to a biregular action on S that preserves
all fibers of the fibration.

We will be extending some results about finite automorphism groups of Enriques surfaces in char-
acteristic 0 to the case of arbitrary characteristic of the ground field. The following result of J.-P.
Serre [646] shows that nothing new appears if p 6= 2 and the order of the group is coprime to p.

Theorem 8.1.6. Let W (k) be the ring of Witt vectors with algebraically closed residue field k, and
letX be a smooth projective variety over k, and letG be a finite automorphism group ofX . Assume

• #G is prime to char(k);

• H2(X,OX) = 0;

• H2(X,ΘX) = 0, where ΘX is the tangent sheaf of X .

Then the pair (X,G) can be lifted to W (k), i.e. there exists a smooth projective scheme X →
Spec W (k) with special fiber isomorphic to X and an action of G on X over W (k) such that the
induced action of G in X coincides with the action of G on X .

If X = S is a classical Enriques surface, we have

H2(S,ΘS) ∼= H0(S,Ω1
S(KS)) ∼= H0(S,ΘS)
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the theorem also applies to this case when p = 2 and H0(S,ΘS) = 0.

Recall that over the field of complex numbers the fundamental domain of the group of automor-
phisms of an Enriques surface in its nef cone is a rational convex polyhedron. Equivalently, the
group W nod

S o Aut(S) is of finite index in W (Num(S)).

This fact is deduced from analogous theorem for K3 surfaces that follows from the Global Torelli
Theorem (see Theorem 5.5.1 in Volume 1).

The following theorem from [443] extends the latter result to the case of positive odd characteris-
tic.

Theorem 8.1.7. LetX be a K3 surface over a field k of characteristic p ≥ 3. ThenW nod
X oAut(X)

is a subgroup of finite index in O(Pic(X)).

We shall show how their arguments can be used to extend this result to Enriques surfaces.

The following fact was proven earlier in [551] using the theory of quasi-canonical lifts to charac-
teristic zero of K3 surfaces. A simpler proof can be found in [443, Corollary 4.2].

Proposition 8.1.8. Let X be a K3 surface of finite height. Then there exists a lifting X →
Spec W (k) to the ring of Witt vectors with generic geometric fiberXK̄ and special fiber isomorphic
to X such that the homomorphism of specializations of the Picard groups

sp : Pic(XK̄)→ Pic(X) (8.1.3)

is an isomorphism of lattices.

We apply this result to the case when π : X → S is the canonical cover of S. Then Pic(X) con-
tains the sublattice π∗(Num(S)) ∼= E10(2) such that the orthogonal complement does not contain
classes of (−2)-curves. Under specialization isomorphism (8.1.3), Pic(XK̄) contains a sublattice
isomorphic to E10(2) such that the orthogonal complement does not contain vectors of square norm
−2. Next we use the following result due to J. Jang [339, Theorem 2.5] (see [373, Theorem 1] for
the case k = C).

Proposition 8.1.9. A K3 surfaceX of finite height over a field k of odd characteristic is isomorphic
to the canonical cover of an Enriques surface if and only if Pic(X) contains a primitive sublat-
tice isomorphic to E10(2) that does not contain divisor classes of (−2)-curves in its orthogonal
complement.

It follows from this theorem that the lift of the canonical cover of an Enriques surface from Propo-
sition 8.1.8 is the canonical cover of an Enriques surface SK̄ over K̄. Since p 6= 2, the Enriques
involution τ lifts to an involution τX of X too [340, Theorem 3.2]. Since τ is fixed-point-free, the
involution τX is also fixed-point-free, and hence it restricts to an Enriques involution τK̄ of XK̄ .

After embedding K̄ into C, we obtain thatXK̄ is a complex K3 surface that admits an ample lattice
E10(2) polarization. Replacing K by some finite extension L and W (k) by its normal closure A in
L, we may assume that τK̄ is defined over K, and denote it by τK . Let XK denote the generic fiber
of f : XA → Spec A. Any non-trivial automorphism g ofXK extends to a birational automorphism
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of XA over A. Since, H0(X,ΘX) = {0}, the restriction homomorphism Aut(X ) → Aut(X)
defines an injective homomorphism

σ : Aut(XK̄)→ Aut(X)

such that the specialization map (8.1.3) is σ-invariant with respect to the natural action on the Picard
lattices [443, Theorem 2.1]. By definition of the lift, σ(τK) = τ . Passing to the quotient schemes
by the involutions τK and τ , and the invariant sublattices Num(XK)τK and Num(X)τ (both iso-
morphic to E10(2)), we obtain a lift f̄ : S → Spec (W ) of our Enriques surface S. The group
Aut(SK̄) (resp. Aut(S)) coincides with the centralizer subgroup of τK (resp. τ ). Hence we obtain
an injective homomorphism

σ̄ : Aut(SK̄) ↪→ Aut(S).

It is known that the specialization homomorphism (8.1.3) preserves the nef cones [443, Corollary
2.4] and hence defines an isomorphism of the reflection groupsW nod

XK̄
→W nod

X . Since any reflection
sr in the class of a (−2)-curve on S (resp. SK̄) lifts to the product of two reflections sr′◦sτ∗(r′) (resp.
sr′ ◦sτ∗K(r′)) on its K3-cover, we obtain that the specialization isomorphism Num(SK̄)→ Num(S)

defines an isomorphism W nod
SK̄
→ W nod

S . After we embed K̄ into C and apply Theorem 5.5.1 we
obtain that W nod

SK̄
o Aut(SK̄) is a subgroup of finite index in WSK̄ , and therefore W nod

S o Aut(S)

is a subgroup of finite index in W (Num(S)).

This finishes the proof of the following theorem under the assumption that the canonical cover
X → S is of finite height.

Theorem 8.1.10. Assume that p 6= 2. Then W nod
S o Aut(S) is a subgroup of finite index in

W (Num(S)).

In the case when X is supersingular the proof was provided in [712]. It uses Ogus’ Global Torelli
Theorem in crystalline cohomology.

Arguing as in the case k = C (see in Section 5.5 in Volume 1), we extend Corollaries 5.5.2, 5.5.3,
5.5.4 to the case of Enriques surfaces over a field of arbitrary characteristic p 6= 2.

Corollary 8.1.11. Assume p 6= 2 or S is a µ2-surface. Then the following assertions are true.

(i) Aut(S) is a finitely generated group.

(ii) In its action on the nef cone of S, the group Aut(S) admits a rational convex polyhedral
fundamental domain.

(iii) The group Aut(S) has only finitely many orbits on the sets of smooth rational curves, elliptic
fibrations and nef divisor classes D with fixed D2 > 0.

In the next theorem we do not need any assumption on the characteristic. Note that for the proof
we use the classification of Enriques surfaces with finite automorphism group given in Sections 8.9
and 8.10.

Theorem 8.1.12. The following assertions are equivalent.
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(i) The group Aut(S) is finite.

(ii) W nod
S is a subgroup of finite index in W (Num(S)).

(iii) Num(S) contains a crystallographic basis formed by the classes of (−2)-curves.

(iv) The set of smooth rational curves on S is finite.

(v) Any genus one fibration on S is an extremal fibration, i.e. the Mordell-Weil group of its
jacobian fibration is finite.

(vi) The set of genus one fibrations on S is finite and it consists of extremal fibrations.

Proof. Let H9 be the hyperbolic space associated with Num(S)R. We know from Section 0.8 that
W (Num(S)) = W nod

S o A(P ), where P is a fundamental domain for the reflection group W nod
S .

By Proposition 0.8.17, the subgroup W nod
S of W (Num(S)) is of finite index if and only if the set of

(−2)-curves on S form a crystallographic basis. This proves the equivalence of assertions (ii) and
(iii).

The assertion (iii) follows from (iv) immediately since the reflection polytope has finitely many
faces and hence it is of finite volume. By definition, if (ii) is true, the reflection polytope has only
finitely many faces, and hence there exists a finite crystallographic basis of (−2)-curves. Any other
such curve intersects any element of this basis non-negatively, hence belongs to the fundamental
polytope (in other words it belongs to the nef cone Nef(S)). But this implies that its self-intersection
is non-negative, a contradiction.

By Vinberg’s Criterion 0.8.22, a surface with finitely many (−2)-curves contains only finitely
many connected parabolic subdiagrams formed by (−2)-curves and all of them are parts of a
parabolic subdiagram of maximal possible rank. This implies that such a surface contains only
finitely many genus one fibrations and all these fibrations are extremal. Thus (iii) implies (vi).

So, we have proved that the assertions (ii), (iii), (iv) are equivalent. Suppose (ii) is true. The group
Aut(S)∗ leaves invariant the set of (−2)-curves on S and hence it is contained inA(P ). SinceW nod

S

is of finite index in W (Num(S)), we see that Aut(S)∗ is a finite group. Unfortunately, if p = 2, we
do not know a direct proof of the implication (i)⇒ (ii). In the complex case this implication was
Corollary 5.5.4 of the Global Torelli Theorem, and in the case p 6= 2, we can use Corollary 8.1.11.
If p = 2, we prove the converse by classifying Enriques surfaces with finite automorphism group
in Sections 8.9 and 8.10. The classification uses the obvious necessarily condition (v) for finiteness
of Aut(S) and starting from this finds all possible surfaces which may contain a crystallographic
basis of (−2)-curves. So, it proves that (v) implies (iii) and hence (i) implies (iii). Obviously, (vi)
implies (v).

8.2 Numerically and cohomologically trivial automorphisms

An automorphism from Ker(ρ̃) (resp. Ker(ρ)) is called cohomologically trivial (resp. numerically
trivial). The reason for this terminology is the fact that NS(S)⊗ Z` = H2

ét(S,Z`) (resp. NS(S)⊗
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Zp = H2
fl(S,Zp[1]). We let

Autct(S) = Ker(ρ), Autnt(S) = Ker(ρn).

We start with the following.

Proposition 8.2.1. The groups Autct(S) and Autnt(S) are finite groups.

Proof. This applies to any surface S with trivial Aut0
S/k(k) and trivial Pic0(S). In fact, the latter

condition implies that NS(S) = Pic(S) and Num(S) is the quotient of NS(S) by a finite group A.
It follows from the theory of abelian groups that

O(NS(S)) ∼= Hom(Num(S),Tors(NS(S))) o O(Num(S)).

This implies that
Autnt(S)/Autct(S) ⊂ Tors(NS(S))⊕ρ(S). (8.2.1)

So, it is enough to prove that Autct(S) is a finite group. The group acts trivially on Pic(S), hence
leaves invariant the isomorphism class of any very ample invertible sheaf L. For any g ∈ G let
αg : g∗(L)→ L be an isomorphism. Define a structure of a group on the set G̃ of pairs (g, αg) by

(g, αg) ◦ (g′, αg′) = (g ◦ g′, αg′ ◦ g′∗(αg)).
The homomorphism (g, αg)→ g defines an isomorphism G̃ ∼= k∗oG. The sheafL admits a natural
G̃-linearization, and hence the group G̃ acts linearly on the space H0(S,L) and the action defines a
homomorphism G→ Aut(P(H0(S,L))). The group of projective transformations of S, embedded
by |L|, is a linear algebraic group that has finitely many connected components. We know that the
connected component of the identity is trivial. Thus the group G is finite.

In the case when S is an Enriques surface, the torsion group Tors(NS(S)) is of order ≤ 2, hence
we get the following.

Corollary 8.2.2. The quotient group Autnt(S)/Autct(S) is a 2-torsion group.

Let f : S → D be a bielliptic map of degree 2 defined by a non-degenerate or degenerate U -pair
as defined in 3.3. Assume that f is separable. Then the birational deck involution extends to a
biregular involution of S. We call it a bielliptic involution.

Assume that f is given by a non-degenerate U -pair (F1, F2) so that D is one of the three possible
anti-canonical quartic del Pezzo surfaces

D1 : x2
0 + x1x2 = x2

0 + x3x4 = 0,

D2 : x2
0 + x1x2 = x3x1 + x4(x0 + x2 + x4) = 0,

D3 : x2
0 + x1x2 = x3x1 + x4(x2 + x4) = 0.

that depend on whether S is a classical, µ2- or an α2-surface.

Recall that Proposition 0.6.24 and its proof give an explicit description of the connected com-
ponent of the group of automorphisms of the surface D. For sake of convenience, let us remind
it.
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• Action of Aut(D1)0 :

[x0, x1, x2, x3, x4] 7→ [x0, λx1, λ
−1x2, µx3, µ

−1x4]

• Action of Aut(D2)0 :

[x0, x1, x2, x3, x4] 7→ [x0 + αx1, x1, α
2x1 + x2, βx0 + (αβ + α2β + β2)x1

+βx2 + x3 + (α+ α2)x4, βx1 + x4]

• Action of Aut(D3)0 :

[x0, x1, x2, x3, x4] 7→ [x0 + αx1, x1, α
2x1 + x2, (α

2β + β2)x1 + βx2 + x3 + α2x4, βx1 + x4]

[x0, x1, x2, x3, x4] 7→ [x0, λ
−1x1, λx2, λ

3x3, λx4]

By definition, any g ∈ Autnt(S) leaves the divisor classes [2F1] and [2F2] invariant, and hence
leaves the linear system |2F1 + 2F2| invariant. Thus it descends to a projective automorphism ḡ of
the surface D leaving invariant the pencils of conics. Also, if g ∈ Autct(S), then it preserves F1

and F2, hence ḡ leaves invariant the lines on D that give rise to the half-fibers F1, F2, and hence
belongs to the connected component Aut(D)0.

The known information about the automorphism group of the surfaces D allows us to give a
criterion for an automorphism to be a bielliptic involution.

Proposition 8.2.3. Let (F1, F2) be a non-degenerate U -pair and let g be a non-trivial automor-
phism of S. Assume that g preserves F1, F2 and a (−2)-curve R with R ·F1 = R ·F2 = 0, which is
not an irreducible component of one of the half-fibers F1, F2, F

′
1, F

′
2. If S is an α2-surface, assume

additionally that g has order 2n. Then, g is the bielliptic involution associated to the linear system
|2F1 + 2F2|.

Proof. Let φ : S → D be a bielliptic map defined by the linear system |2F1 + 2F2|. Since g
leaves |2F1 + 2F2| invariant, it descends to an automorphism of P4 = |2F1 + 2F2|∗ that leaves D
invariant. Moreover, the induced automorphism preserves the lines onD by assumption. Recall that
E ·F1 = E ·F2 = 0, hence φ(E) is a point P . Since E is not a component of one of the half-fibers,
P does not lie on any of the lines of D. If D = D1, this means that P is not on the hypersurface
x0 = 0 and if D ∈ {D2,D3}, it means that P is not on the hypersurface x1 = 0.

If D = D1, the x0 coordinate x0(P ) of P is non-zero, the equations of D1 from Corollary 0.6.13
show that all xi(P ) are non-zero. The explicit description of Aut(D1)0 shows that the group has no
fixed points outside the union of the four lines. Therefore, g coincides with the covering involution
of φ.

If D ∈ {D2,D3}, we have x1(P ) 6= 0. Again, using the explicit description of Aut(D2)0, there
is no automorphism of D2 fixing P and preserving the lines except the identity. For D3, we use the
additional assumption to exclude the case that g acts on D3 via Gm.

Remark 8.2.4. In fact, as we will see later, the failure of this criterion without the additional as-
sumption in the α2-case leads to the existence of cohomologically trivial automorphisms of odd
order.
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Lemma 8.2.5. Let τ be the bielliptic involution associated to a bielliptic linear system |2F1 + 2F2|.
Suppose τ is numerically trivial. Then, Num(S)Q is spanned by the numerical classes [F1], [F2]
and eight smooth rational curves that are contained in members of both |2F1| and |2F2|.

Proof. The bielliptic map defines a degree 2 finite morphism S′ = S − E → D′ = D − P ,
where E is the union of (−2)-curves blown down to a finite set of points P on D. We have
Pic(D′)Q = Pic(D)Q and Pic(S′)gQ (the invariant part) = f∗(Pic(D′)Q) is spanned by the re-
striction of F1, F2 to S′. Since Pic(S) is spanned by Pic(S′) and the classes of components
of E , we can write any invariant numerical divisor class as a linear combination of [F1], [F2]
and invariant irreducible components of E . In our case all divisors classes are invariant. Since
dim(Pic(S)Q)− dim(〈[F1], [F2]〉Q) = 8, E consists of eight (−2)-curves.

Corollary 8.2.6. Let (F1, F2) be a non-degenerate U -pair such that the bielliptic involution τ as-
sociated to |2F1 +2F2| is numerically trivial. Then, |2F1| and |2F2| are extremal genus one pencils
on S.

Moreover, the following hold:

(1) For every fiber D of |2F1|, all but one component C of D is contained in fibers of |2F2|.

(2) C is a component in the fiber of multiplicity at most 2.

(3) Neither |2F1| nor |2F2| have a singular fiber of multiplicative type with more than two com-
ponents.

Proof. By the previous lemma, there are eight (−2)-curves contained in fibers of both |2F1| and
|2F2|. Since a fiber of |2F1| cannot contain a full fiber of |2F2|, this implies 8 ≤

∑
D∈|2F |(b2(D)−

1) ≤ 8, where b2(D) is the number of irreducible component of D. Hence, by Shioda-Tate formula
(4.3.2), |2F1| is extremal and so is |2F2|. Moreover, if, for some fiber D of |2F1|, two components
of D are not contained in fibers of |2F2|, then, by the same formula, |2F1| and |2F2| share less than
eight (−2)-curves. This contradicts Lemma 8.2.5.

For (2), note that the remaining component C of multiplicity m in D satisfies 2 = D · F2 =
mC · F2. Since C · F2 > 0, this yields (2).

As for (3), assume that D is a singular fiber of multiplicative type with more than 2 components.
Note that C meets distinct points on distinct components of D. The connected divisor D′ = D−C
satisfies D′ · (2F1 + 2F2) = 0, hence it is contained in the exceptional locus of the bielliptic map
φ. Since τ preserves the components of D′, φ(C) is an irreducible curve with a node. But C is
contained in the pencil of conics induced by |2F1|. This is a contradiction.

After these preliminary results we are ready to prove our main results. We start with cohomologi-
cally trivial automorphisms of even order.

Theorem 8.2.7. Let S be an Enriques surface which is not extra-special.

(1) If S is classical or a µ2-surface, then |Autct(S)| ≤ 2. If S is also unnodal, then Autct(S) =
{1}.
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(2) If S is anα2-surface, then the statements of (1) hold for the 2-Sylow subgroupG of Autct(S).

Moreover, if a non-trivial g ∈ Autct(S) (resp. g ∈ G) exists, then g is a bielliptic involution.

Proof. Let g ∈ Autct(S) and assume that g has order 2n if S is an α2-surface. We will show that
there is a U -pair such that g satisfies the conditions of Proposition 8.2.3.

Take a c-degenerate isotropic 10-sequence on S with c maximal. If 3 ≤ c ≤ 9, then there is a
(−2)-curve R in this sequence such that F · R = 0 for at least 3 half-fibers F in the sequence.
Now, Lemma 6.2.2 shows that R is contained in a simple fiber of two pencils |2F1| and |2F2|. By
Proposition 8.2.3, g is the bielliptic involution associated to |2F1 + 2F2|. In particular, g is unique.

If c = 10, assume that one of the half-fibers, say F1, is reducible. Then, by Lemma 6.2.2, for
every Fi in the sequence, all but one component of F1 is contained in simple fibers of |2Fi|. Hence,
we find some component R with R · Fi = 0 for at least 3 half-fibers and the same argument as
before applies.

If |Fi + Fj − Fk| 6= ∅ or |Fi + Fj − Fk + KS | 6= ∅ for some half-fibers Fi, Fj , Fk that occurs
in the sequence, then by Remark 7.9.6 after Lemma 7.9.5, there is an effective divisor D with
D · Fi = D · Fj = 0 and D2 = −2. Since Fi and Fj can be assumed to be irreducible, D contains
a (−2)-curve which is contained in a simple fiber of both |2Fi| and |2Fj |. Again, Proposition 8.2.3
applies.

Therefore, we can assume that all half-fibers are irreducible and Fi ∩ Fj ∩ Fk = ∅ by Lemma
7.9.5. This is immediate if S is unnodal. Then, g fixes all Fi pointwise. This could happen only if
p = 2 since the locus of fixed points is smooth if p 6= 2. But in the case p = 2, the generic fiber of
the genus one fibration defined by the pencil |2F1| has four fixed points, two coming from F2 and
two coming from F3. It follows from the description of an automorphism group of an elliptic curve
or a cuspidal curve that this does not happen (see the proof of Proposition 4.4.7).

In the case of classical Enriques surface in characteristic 2, we can say more, using the classifica-
tion of Enriques surfaces with finite automorphism group which we will give later in this Chapter.

In [365], the groups of cohomologically trivial and numerically trivial automorphisms g of extra-
special surfaces have been calculated. We give them in Table 8.1 (see also Tables 8.13, 8.14).

Type Autct(S) Autnt(S)

classical of type Ẽ8 {1} {1}
α2-surface of type Ẽ8 Z/11Z Z/11Z
classical of type D̃8 Z/2Z Z/2Z
α2-surface of type D̃8 Q8 Q8

classical of type Ẽ7 {1} Z/2Z

Table 8.1: Numerically trivial automorphisms of extra-special surfaces
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Corollary 8.2.8. Let S be a classical Enriques surface in characteristic 2 which is not E8-extra-
special. Then, Autct(S) ∼= Z/2Z if and only if S is D8-extra-special.

Proof. Let F1 be a half-fiber on S. By Theorem 6.1.12, we can extend F1 to a non-degenerate
2-sequence. Assume that there exists a non-trivial g ∈ Autct(S). Then, g acts on D1 via its action
on |2F1 + 2F2|∗. By our description of the automorphism group Aut(D1)0, g acts via G2

m on D1.
But g has order 2 by Theorem 8.2.7, hence it acts trivially on D1. Therefore, g is the covering
involution of the bielliptic map and by Corollary 8.2.6, |2F1| is extremal. Therefore, every genus
one fibration on S is extremal. In particular, by [365] Section 4, S has finite automorphism group.
The groups Autct(S) of these surfaces have been calculated in [365] and the only surfaces for which
the calculation of the groups depends on the specific example given in [365] are the ones of type D̃8

and D̃4+D̃4 (see Table 8.1 and Remark 8.2.16). In the latter case, there is aU -pair of fibrations with
simple D̃8 fibers, which share only 7 components. By Corollary 8.2.6, the corresponding bielliptic
involution is not numerically trivial. Therefore, the calculation of the groups in [365] shows that
theD8-extra-special surface is the only classical Enriques surface which is not E8-extra-special and
has a non-trivial group of cohomologically trivial automorphisms (of order 2).

Before we start with the treatment of cohomologically trivial automorphisms of odd order of α2-
Enriques surfaces, let us collect the known examples. These surfaces have finite automorphism
groups and a detailed study can be found in [365]. In Table 8.2, we give the group of cohomo-
logically trivial automorphisms of these examples. Again, it is not known whether there are more
examples of these surfaces than the ones given in [365]. We will give examples later (see Tables
8.13, 8.14).

Type Autct(S)

Ẽ8 Z/11Z

Ẽ
(2)
7 Z/7Z or {1}
Ẽ6 Z/5Z

Table 8.2: Examples of cohomologically trivial automorphisms of odd order

The surface of type Ẽ6 is the exceptional Enriques surface of type Ẽ6 which we discussed in
Section 6.2. The dual graph of (−2)-curves on this surface is given in (6.2.17).

Lemma 8.2.9. Let S be anα2-Enriques surface which is notE8-extra-special and letG ⊆ Autct(S)
be a non-trivial subgroup of odd order. Then, G is cyclic and acts non-trivially on the base of every
genus one fibration of S.

Proof. Take any half-fiber F1 and extend it to a non-degenerate 2-sequence (F1, F2) on S. Since G
has odd order, it acts on D3 via a finite subgroup of Gm, hence G is cyclic. By explicit computation
of Aut(D3)0, we know that a generator g of G acts on the image D3 of the bielliptic map as

(x0 : x1 : x2 : x3 : x4) 7→ (x0 : λ−1x1 : λx2 : λ3x3, λx4).
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The pencils of conics that give rise to our genus one pencils |2F1| and |2F2| are given by the
equations

ax3 + b(ex0 + x2 + x4) = ax4 + bx1 = 0, a(ex0 + x2 + x4) + bx1 = ax3 + bx4 = 0. (8.2.2)

Such an automorphism acts non-trivially on these pencils of conics, hence g acts non-trivially on
|2F1|.

Lemma 8.2.10. Let F be a fiber of a genus one fibration and let g be a tame automorphism of finite
order that fixes the irreducible components of F . Then, the Lefschetz fixed-point formula

e(F g) =

2∑
i=0

(−1)iTr(g∗|H i
ét(F,Ql)). (8.2.3)

holds for F . If F is reducible and not of type Ã1, then e(F g) = e(F ). If F is of type Ã1, then
e(F g) = e(F ) = 2 or e(F g) = 4. The latter case can only occur if g has even order.

Proof. In the case the order is equal to 2, this is proven in [182] by a case-by-case direct verification.
The proof uses only the fact that a tame non-trivial automorphism of finite order of P1 has two fixed
points. Also note that the verification in case F is of type Ã1 and g interchanges the two singular
points of F was missed, but it still agrees with the Lefschetz fixed-point formula.

Proposition 8.2.11. Let g ∈ Autct(S) be an automorphism of odd order. Then, every genus one
pencil |D| on S has one of the following combinations of singular fibers

D̃4 + D̃4, D̃8 + Ã∗∗0 , Ẽ6 + Ã∗2, Ẽ7 + Ã∗1, Ẽ8 + Ã∗∗0 , Ã8 + Ã0 + Ã0 + Ã0, D̃7, Ẽ7 (8.2.4)

The last three configurations can only occur if g has order 3.

Proof. The claim is clear if S is E8-extra-special, hence we can apply Lemma 8.2.9 and find that g
acts non-trivially on all genus one pencils. Since the order of g is odd, it fixes two members F1, F2

of the pencil, one of which is a double fiber. Since all other fibers are moved, the set of fixed points
Sg is contained in F1 ∪ F2. Applying the Lefschetz fixed-point formula, we obtain

e(S) = 12 = e(Sg) = e(F g1 ) + e(F g2 ), (8.2.5)

where e() denotes the l-adic topological Euler-Poincaré characteristic.

If one of the fibers, say F1 is smooth, then, since g is of odd order and e(F g2 ) ≤ 10, σ acts as an
automorphism of order 3 on F1. It is known that an automorphism of order 3 of an elliptic curve
has three fixed points. Therefore, F2 is of type Ã8, D̃7 or Ẽ7 and g has order 3. By [420], we get
the last three configurations of the Proposition.

If both fibers or the corresponding half-fibers are singular curves, then e(Fi) = e(F gi ). Indeed,
for irreducible and singular curves, this follows from e(F g2 ) ≤ 10 and for reducible fibers, this is
Lemma 8.2.10 for automorphisms of odd order. The formula for the Euler-Poincaré characteristic of
an elliptic surface (4.1.7) from Volume 1 implies that F1 and F2 are the only singular fibers of |D|.
In this case, denoting the number of irreducible components of Fi by mi, we have m1 + m2 ≥ 8,
hence |2F | is extremal and both fibers are of additive type. The classification of singular fibers
of extremal rational genus one fibrations is known [420], [421], [330]. Since the types of singular
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fibers of a genus one fibration and of its Jacobian fibration are the same, it is straightforward to
check that the list given in the Proposition is complete.

Corollary 8.2.12. If S admits an automorphism g ∈ Autct(S) of odd order at least 5, then S is one
of the surfaces in Table 8.2.

Proof. By Proposition 8.2.11, every genus one fibration on S is extremal. It is shown in [365]
Section 4, that such an Enriques surface has finite automorphism group. Using the list of Proposition
8.2.11, the claim follows from the classification of α2-Enriques surfaces with finite automorphism
group (see Section 8.10).

The classification of Enriques surfaces which admit an automorphism g ∈ Autct(S) of order 3
is not known. However, it is known that each such a surface contains the following diagram of
(−2)-curves [189, Proposition 7.9].

• • • • •
•

•
•

• •

•

N

N1

N2

No explicit examples of such surfaces is known to us.

Finally, let us investigate numerically trivial automorphisms. If KS = 0, Autnt(S) = Autct(S),
so we only have to treat the case that KS 6= 0, i.e. S is classical.

By definition, any g ∈ Autnt(S) leaves invariant any genus one fibration, however, it may act
non-trivially on its base, or equivalently, it may act non-trivially on the corresponding pencil |D|.
Also, by definition, any g ∈ Autct(S) fixes the half-fibers of a genus one fibration (their difference
in Pic(S) is equal to KS). The following lemma proves the converse.

Lemma 8.2.13. A numerically trivial automorphism g that fixes all half-fibers on S is cohomologi-
cally trivial.

Proof. Since g is numerically trivial, it fixes any smooth rational curve, because they are the unique
representatives in Pic(S) of their classes in Num(S). By assumption, it fixes the linear equiva-
lence class of all irreducible genus one curves. Applying Enriques Reducibility Lemma from [132],
Corollary 3.2.3 we obtain that g fixes the linear equivalence classes of all curves on S.

Lemma 8.2.14. Let G be a finite, tame group of automorphisms of an irreducible curve C fixing a
nonsingular point x. Then, G is cyclic.

Proof. Since G is finite and tame, one can linearize the action in the formal neighborhood of the
point x. It follows that the action of G on the tangent space of C at x is faithful. Since x is
nonsingular, the tangent space is one-dimensional and therefore the group is cyclic.

Theorem 8.2.15. Let S be an Enriques surface and assume that p 6= 2. Then, Autnt(S) ∼= Z/2aZ
with a ≤ 2. Moreover, if S is unnodal, then Autnt(S) = {1}.



148 CHAPTER 8. AUTOMORPHISMS OF ENRIQUES SURFACES

Proof. By Theorem 8.2.7 and Lemma 8.2.13, any g ∈ Autnt(S) has order 2 or 4, so it suffices to
show that Autnt(S) is cyclic. Since Autnt(S) is tame, by Corollary 0.2.36 from Volume 1, every
numerically trivial automorphism has smooth fixed locus.

Assume that there is some g ∈ Autnt(S)\Autct(S). By Lemma 8.2.13, g switches the half-fibers
of some elliptic fibration |2F1| on S. The argument with the Euler-Poincaré characteristics from the
proof of Proposition 8.2.11 applies and shows that one of the two fibers F ′, F ′′ of |2F1| fixed by g,
say F ′, has at least 5 components. If S is unnodal, we get a contradiction, so Autnt(S) coincides
with Autct(S) and, by Theorem 8.2.7, the latter group is trivial.

If S is nodal, we continue the proof assuming first that F ′ is a reducible fiber of additive type.
Then it has an irreducible component which intersects three other components. Such a component
R must be fixed pointwise by Autnt(S), because, for any g ∈ Autnt(S), it has three fixed points
of g on it. Any adjacent irreducible component cannot be fixed pointwise since the locus of fixed
points is smooth. Hence we can apply Lemma 8.2.14 to this component to obtain that the group
Autnt(S) is cyclic.

If F ′ is a reducible fiber of multiplicative type, the fixed point formula shows that F ′ is of type
Ã7 and g has four fixed points on F ′′. Extend F1 to a non-degenerate U[2]-sequence (F1, F2). Since
F ′ ·F2 = 2, F ′ contains a chain of three (−2)-curves contained in a fiberD of |2F2|. Now, as in the
additive case, we find a (−2)-curve, which is fixed pointwise by Autnt(S). Indeed, if D is additive,
we use the same argument as before and if D is multiplicative, then some component of D meets a
component of F ′ exactly once in a nonsingular point of F ′. This component is fixed pointwise by
Autnt(S).

Remark 8.2.16. The previous Theorem is not true if p = 2. Indeed, there is an Enriques surface S
of type D̃4 + D̃4 with the dual graph of (−2) curves

• • • • •

•

•

•

•

•

•

•

that satisfies Autnt(S) = (Z/2Z)2 (see Theorem 8.10.7). Moreover, we have seen in the proof of
Corollary 8.2.8 that Autct(S) = {1}.

If p = 2, even though we still have the same bound on the size of Autnt(S), the cyclic group of
order 4 can not occur.

Theorem 8.2.17. Let S be a classical Enriques surface in characteristic 2 which is not E8-extra-
special. Then, Autnt(S) ∼= (Z/2Z)b with b ≤ 2.

Proof. By Corollary 8.2.8, Autct(S) 6= {1} if and only if S is D8-extra-special and for such a
surface we have Autnt(S) = Autct(S) = Z/2Z . Hence, we can assume Autct(S) = {1}. By
Corollary 8.2.2, we have Autnt(S) = (Z/2Z)b and we have to show b ≤ 2. Suppose that b ≥ 3
and take some half-fiber F1. By Theorem 6.1.10, we can extend F1 to a non-degenerate 2-sequence
(F1, F2). Since |Autnt(S)| > 4, there is some numerically trivial involution g that preserves F1
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and F2. Using the structure of Aut(D1)0, we find that such an automorphism acts trivially on D1,
hence it has to coincide with the bielliptic involution associated to |2F1 +2F2|. Both fibrations have
a unique reducible fiber F (resp. F ′) which has to be simple, since there is some numerically trivial
involution which does not preserve Fi. By Corollary 8.2.6, F and F ′ are singular fibers of additive
type and share 8 irreducible components. This is only possible if they are of type D̃8 or Ẽ8. If both
fibers are of type D̃8, then F · F ′ = 2 if they share all components except one reduced component
and F ·F ′ = 8 otherwise. Thus F ·F ′ 6= 4 in this case. Similarly, we exclude the case when both F
and F ′ are of type Ẽ8. The only possible case when F and F ′ are of different types, and this leads
to the D8-extra-special surface S. We have already treated this surface.

More information about the classification of classical Enriques surfaces in characteristic 2 with
non-trivial group Autnt(S) can be found in [190]. In particular, in Theorem 7.4 the authors prove
the following theorem.

Theorem 8.2.18. Let S be a classical Enriques surface in characteristic 2. If Autnt(S) is non-
trivial, then S contains one of the following configurations of (−2)-curves:

(A) • • • • • • •

•

•

•

(B) • •• • • • • • • •

•

(C) • • • • •

•

•

•

•

•

•

•

(D)

•

• • • • • •

•

•

•

•

In Cases (A), (B), and (C), these are in fact all (−2)-curves on S.

It follows from this theorem that Autnt(S) is trivial for E6-extra special Enriques surface.

Next we would like to classify all Enriques surfaces with non-trivial group Autnt(S) assuming
that p 6= 2.

Theorem 8.2.19. Assume p 6= 2. Let S be an Enriques surface such that Autnt(S) 6= {1}. Then S
contains one of the following three configurations of (−2)-curves with the dual intersection graphs
as follows.

• • • •

•
•
•

•
•
•

(a) • •

•

•

•

•

•

•

•

•

•

•
(b)

• • •

•

•

• •
• •

•

•

(c)
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Proof. By Theorem 8.2.15, Aut(S) contains a numerically trivial involution. In Section 8.7 we
will classify all involutions on S and their action on Num(S). We prove that any involution is a
bielliptic involution and classify possible actions by looking at the branch curve W of the bielliptic
involution. The numerically trivial involutions are listed in the first three rows of Table 8.8. It
follows from Table 8.7 that Sg is equal to the union of four isolated points, four (−2)-curves and
maybe one elliptic curve.

There are different bielliptic maps defining the same involution, so their branch curves W may be
different.

We start with Type 1 which can be obtained by taking W = W0 ∪ `, where W0 is an elliptic
plane quintic curve with tacnodes at p2, p4 that passes through p1 and has an additional cusp q. The
line ` is the cuspidal tangent line passing through the point p1. This is case (17) in Table 8.7. The
pre-image of ` is a fiber F of type Ẽ8 of the elliptic fibration |2F1|. The proper transform of ` is
its end component that enters with multiplicity 2. Together with the proper transform of the conic
from the pencil |2e0 − e2 − · · · − e5| passing though q this defines our diagram (a).

To realize Type 2 case, we take W to be the union of four conics, two from each pencil |2e0 −
e2 − e3 − e4 − e5| and |e0 − e1|. The singular locus of W consists of 8 isolated ordinary double
points. They define eight disjoint (−2)-curves on S. This is case (30) from Table 8.7. The proper
transform of each conic gives a fiber of the elliptic fibration |2F1| of type D̃4. This gives us picture
(b) of curves on S from the assertion of the theorem.

Finally, to realize Type 3 of a cohomologically trivial involution, we use the double plane con-
struction from case (14) of Table 8.7. The branch curve W is an irreducible rational sextic with
a singular point q of type e7 and a singular point q′ of type a1. The pre-image of the line from
the pencil |e0 − e1| passing through q gives a fiber F of type Ẽ7 of the elliptic fibration |2F1|.
The proper transform of ` intersects the component e2 (we use the pictures from Lemma 8.7.17).
The proper transform W̄ of W intersects the fiber at the components e7 and e1 and intersects ` at
one point. The exceptional curve R over q′ intersects W̄ at two points. Next we consider a cubic
C ∈ |3e0 − e1 − · · · − e5| with an ordinary double point at q that intersects W at this point with
multiplicity 8. Its proper transform C̄ intersects the components e2 and e6. Together F , W̄ , C̄ form
a diagram as in picture (c).

Remark 8.2.20. In each case of Theorem 8.2.19, one can find a maximal root sublattice of rank 8:
E8 (case (a)), D8 (case (b)), E7 ⊕ A1 (case (c)). Over the complex numbers, these root lattices
give Nikulin R-invariants (E8, {0}), (D8,Z/2Z), (E7 ⊕ A1,Z/2Z) of Enriques surfaces with
numerically trivial automorphisms. To classifyR-invariants of such Enriques surfaces was the main
idea of Mukai and Namikawa [512].

The following theorem gives a classification of Enriques surfaces in characteristic 6= 2 that admit
a numerically trivial involution.

Theorem 8.2.21. Assume p 6= 2 and let S be an Enriques surface with non-trivial Autnt(S). Then
the isomorphism class of S belongs to one of the following three 2-dimensional irreducible families:

(A) S is the double cover of a non-degenerate 4-nodal quartic del Pezzo surface D1 with the
branch curve W equal to the union of two conics intersecting at 2 points and an irreducible
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hyperplane section through the intersection points of the two conics. The surface contains the
diagram (a) of (−2)-curves. The deck transformation is cohomologically trivial. One of the
members of the family contains a numerically trivial automorphism whose square is equal to
the deck transformation.

(B) S is the double cover ofD1 with the branch curveW equal to the union of two pairs of disjoint
conics. The deck transformation is numerically trivial but not cohomologically trivial. The
surface contains the diagram of (−2)-curves of type (b).

(C) S is the double cover of D1 with the branch curve W equal to the union of two conics and a
nodal irreducible hyperplane section. The deck transformation is numerically trivial but not
cohomologically trivial. The surface contains the diagram (c) of (−2)-curves.

Any pair (S, σ) consisting of an Enriques surface S and its numerically but not cohomologically
trivial involution is isomorphic to a surface from family (C).

Proof. Applying Theorem 8.2.19, we obtain that all surfaces that admit a bielliptic map with nu-
merically trivial deck involution are divided into 3 classes (A), (B), (C) according to the type of one
of the diagrams (a),(b),(c) of (−2)-curves lying on it.

Type (A):

We give another realization of diagram (a) by choosing construction (28) from Table 8.7. The
bielliptic involution is defined by a choice of a non-degenerate U -pair of elliptic fibrations, each
contains a reducible fibers of type D̃8. In this the octic branch curve on D1 is the union of two
conics and a hyperplane section that passes through the intersection points of the conics. In the
plane model they correspond to a cubic C passing through p1, . . . , p5, a line ` from |e0 − e1|, and a
conic K from the pencil |2e0 − e1 − · · · − e5|. The cubic C passes through two intersection points
q1, q2 of the line and the conic. The curve W has two simple singular points at q1, q2 of type d4.

In appropriate projective coordinates in the plane, the equation of the double plane is given by

x2
3 + x1x2(x1 − x2)(x2

0 − x1x2)(ax2
1x2 + bx2

0x1 + cx2
0x2 + dx2

2x1) = 0,

where a + b + c + d = 0. The points q1, q2 have the coordinates [±1, 1, 1]. For example, if
we take the parameters (a, b, c, d) = (1,−1, 1,−1), we obtain the standard Cremona involution T :
(x0, x1, x2) 7→ (x1x2, x0x2, x0x1) that transforms F to−(x2

0x1x2)2F . Consider a birational model
of S as a surface of degree 8 in the weighted projective space P(1, 1, 1, 4) given by the equations
x2

3 + F (x0, x1, x2) = 0. Then the formula (x0, x1, x2, x3) → (x1x2, x0x2, x0x1, ix3x
2
0x1x2)

defines a birational automorphism of order 4 of S whose square is equal to the deck transformation
σ. Since it fixes the points q1, q2 and the curve branch curve invariant, it is easy to see that it is
numerically trivial.

Let us show that the bielliptic involution is cohomologically trivial. Let N be the sublattice of
Num(S) spanned by the (−2)-curves represented by all vertices of the diagram (a). We compute
the discriminant of this lattice and find that it is equal to −1. Thus the span of the curves generate
Pic(S) and since the involution fixes these curves, it is cohomologically trivial.

Type (B):
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We use the bielliptic involution from the previous theorem. A choice of two lines and two conics
depend on 2 parameters. We fix one line and a conic as in the previous case to assume that their
equations are x1 − x2 = 0 and x1x2 − x2

0 = 0. Then the second line has an equation x1 + ax2 = 0
and the second conic has an equation x1x2 + bx2

0 = 0. Thus the equation of the double plane is

x2
3 + x1x2(x1 − x2)(x1 + ax2)(x1x2 − x2

0)(x1x2 + bx2
0) = 0, (8.2.6)

where a 6= 0,−1, b 6= −1.

Note that in this case, the bielliptic involution is not cohomologically trivial but only numerically
trivial. To see this we consider the Halphen pencil of curves of degree 6 with double points at
p1, . . . , p5 and four of the double points q1, . . . , q4 of W no three of which lie on ` or `′. It is the
pencil λA + µB2, where A = 0 is the equation of the curves A = ` + `′ + K + K ′ and B = 0 is
the equation of the unique cubic B through the nine points pi, qi. The pre-image of this pencil on
S is locally equal to λA2 + µB2 = 0, and it general member splits into the union of two disjoint
elliptic curves. It defines an elliptic fibration over the double cover of the line parameterizing the
Halphen pencil. It is an elliptic fibration on S with a reducible fiber of type Ã7 which we can locate
on diagram (b). The deck involution permutes reducible fibers and hence does not act trivially on
its base, so it is not cohomologically trivial.

Type (C):

We could use the construction of the double plane described in the previous theorem, but we prefer
to give another construction which is case (29) from Table 8.7. We take W to be the union of a
line ` from the pencil |e0 − e1|, a conic from the pencil |2e0 − e1 − · · · − e5| and a cubic from
|3e0 − e1 − · · · − e5| with a node q that passes through one of the intersection points q1, q2 of the
line and the conic. This corresponds to the branch curve on D1 equal to the union of two conics and
a hyperplane section that passes through one of the intersection points and tangent to the surface at
some point. The curve W has one simple singularity of type d4 and four ordinary double points.
The pre-images of the exceptional curves of resolution of singularities of W , the proper transforms
of the components of W form the diagram (c). The vertex connected with the double edge is the
pre-image of the exceptional curve over the node q.

The equation of the double plane is

x2
3 + x1x2(x1 − x2)(x1x2 + x2

0)(ax2
1x0 + bx2

2x0 + cx2
0x1 + dx2

0x2 + ex0x1x2) = 0 (8.2.7)

where a+ b+ c+ d+ e = 0 and we have to add one more condition that the cubic is singular.

We claim that the deck transformation of the bielliptic map is numerically trivial but not coho-
mologically trivial. The argument is the same as in the case (A). We consider a Halphen pencil
λA + µB2 = 0, where A = 0 is the equation of ` + K + C and B = 0 is the equation of a unique
cubic c′ ∈ P3 passing through the four ordinary double points of `+K + C.

Remark 8.2.22. Consider a surface S from family (B). The surface contains eight disjoint (−2)-
curves. Their pre-images on the canonical cover X form a set of 16 disjoint (−2)-curves. If k = C,
by Nikulin’s Theorem [539], X must be birationally isomorphic to the Kummer surface associated
to an abelian surface. In fact, if p 6= 2, one can see it directly by considering the base change of
the bielliptic map f : S → D1 under the cover F0 → D1. It defines a degree 2 map f̃ : X →
F0
∼= P1 × P1 branched along the union of 8 lines, four in each ruling. It is well-known and easy
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to see that it shows that X is birationally isomorphic to the Kummer surface Kum(E1 ×E2) of the
product E1 × E2 of two elliptic curves. Moreover, one sees that the Enriques involution τ on X is
the descent to the Kummer surface of the involution (a, b) 7→ (a+ε,−b+η), where ε ∈ E1, η ∈ E2

are non-trivial 2-torsion points.

Consider the family of type (C) constructed in the proof of the previous theorem. We can locate
additional three (−2)-curves C1, C2, C3 on S equal to the proper inverse transform of a line `′ and
the conic K ′ from the same pencils that pass through the node q and the conic that passes through
the intersection point of the line and the cubic component of the branch sextic. We get the following
diagram of (−2)-curves on S:

•

•

•

•

•

•

• •

• •
•

•

•
•

•

R10

R7

R8

R9

R1

R3

R2

R4

R5

R6

C1

C0

C2

C3

Here C0 corresponds to the vertex of diagram (c) connected by the double edge.

Let π : X → S be the canonical cover of S. The pre-images of the curves R4, R5, R6, R7, R8, R9

are 12 disjoint (−2)-curves on X . The pre-images of the curves C0, C1, C2, C3 are eight (−2)-
curves, among which we can find four mutually disjoint ones. Together with the previous set of
twelve (−2)-curves they give 16 disjoint curves on X . In the case k = C, we can apply Nikulin’s
Theorem to deduce thatX must be birationally isomorphic to a Kummer surface associated to some
abelian surface. It is shown in [512] that X is birationally isomorphic to Kum(E1 ×E2) again, but
the Enriques involution is different. We refer to its description to section 2 of loc.cit..

In Section 8.9 we will classify all Enriques surfaces with finite automorphism groups over a field
of characteristic 6= 2. We will see that the three diagrams are realized on surfaces of types I, III and
V, respectively.

At present, the classification of Enriques surfaces in characteristic 2 with a numerically trivial
automorphism is not known. Obviously, if KS = 0, a numerically trivial automorphism is cohomo-
logically trivial.

8.3 Automorphisms of an unnodal Enriques surface

In the previous section we discussed the kernel of the homomorphism

ρ : Aut(S)→ O(Num(S)) ∼= O(E10)

and it is not trivial only in very special cases.
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Proposition 8.3.1. Suppose S is an unnodal Enriques surface, then

Ker(ρ) = {1}.

Proof. If p 6= 2, it follows from Theorem 8.2.15 or Theorem 8.2.19 that Autnt(S) = Ker(ρ) is
trivial. If p = 2, Theorem 8.2.7 and Proposition 8.2.11 imply that Autct(S) is trivial, in particular
Autnt(S) = {1} is trivial if KS = 0. Finally, if KS 6= 0, it follows from Theorem 8.2.18 that
Autct(S) is trivial if the surface is unnodal.

Let us discuss the image of ρ. From now on, we fix an isomorphism Num(S) ∼= E10 and identify
these two lattices.

Applying Theorem 8.1.10, we obtain the following.

Proposition 8.3.2. Let S be an unnodal Enriques surface. Assume that p 6= 2. Then Aut(S)∗ is a
subgroup of finite index in W (E10).

We will prove that a more precise assertion is true, and also it is valid in arbitrary characteristic.

Applying Theorem 0.8.5, we see that the reduction homomorphism E10 → E10 = E10/2E10

defines a surjective homomorphism W (E10)→ O+(10,F2) ∼= D(E10(2)). Let

W (E10)(2) := Ker(W (E10)→ O+(10,F2)).

It is called the 2-level congruence subgroup of W (E10). It is clear that under any marking φ :
Num(S) → E10, the subgroup φ ◦ W (E10)(2) ◦ φ−1 is equal to the subgroup WS(2) := {σ ∈
W (Num(S)) : σ ≡ idNum(S) mod 2 Num(S)}. We call it the 2-level congruence subgroup of
the Weyl group W (Num(S)).

Over C, it follows Theorem 5.5.1 that Aut(S)∗ contains W (Num(S))(2). In the following we
will prove this result in the case of a field of arbitrary characteristic.

Proposition 8.3.3 (A. Coble). The subgroupW (E10)(2) is the smallest normal subgroup containing
the involution σ = 1U ⊕ (−1)E8 for some (hence any) orthogonal decomposition E10 = U⊕ E8.

Proof. Coble’s proof is computational. It is reproduced in [132], Chapter 2, §10. The following
nice short proof is due to Allcock [8].

Let Γ = 〈〈σ〉〉 be the minimal normal subgroup containing σ. It is generated by the conjugates of
σ in W = W (E10). Let {f, g} be the standard basis of the hyperbolic plane U. If {α0, . . . , α7} is
the basis of the sublattice E8 corresponding to the subdiagram of type E8 of the Dynkin diagram of
the Enriques lattice E10, then we may take

f = 3α0 + 2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 3α6 + 2α7 + α8, g = f + α9.

The stabilizer Wf of f in W is the semi-product E8 oW (E8) ∼= W (E9). The image of v ∈ E8 = U⊥

in Wf is the transformation

φv : x 7→ x+ (x · v − 1

2
(x · f)v2)f− (x · f)v.
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The Weyl group W (E8) is a subgroup of W (E9) generated by reflections in the roots α0, . . . , α7

that span a subdiagram of type E8. In particular, any w ∈ W (E8) acts identically on E⊥8
∼= U. The

image of σ in W (E9) is equal to (−1)E8 ∈W (E8) ⊂W (E9). Let us compute the φv-conjugates of
σ. If x ∈ E8, we have

φv ◦ σ ◦ φ−v(x) = φv(σ(x− (v · x)f))

= φv(−x− (v · x)f) = (−x− (v · x)f)− (v · x)f = −x− 2(v · x)f.

Thus the intersection of Γ with Wf is equal to φ(2E8) o Z/2Z. The quotient Wf/(Γ ∩ Wf) is
isomorphic to (Z/2Z)8 o O(8,F2)+, it injects into O(Ē10) ∼= O(10,F2)+.

Let us consider the subgroup H generated by Wf and Γ. Since Wf/(Γ ∩Wf) injects in O(Ē10),
the kernel of the homomorphism H → O(Ē10) coincides with Γ. To finish the proof it suffices to
show that H coincides with the preimage Wf̄ in W of the stabilizer subgroup of the image f̄ of f in
O(Ē10). Indeed, the kernel of Wf̄ → O(Ē10) is equal to W (E10)(2) and hence coincides with Γ.

Consider the sublattice L of E10 generated by the roots α0, . . . , α7, α8 and α′9 = α8 + 2g− f. The
Dynkin diagram is the following

• • • • • • • •

••

α1 α2 α3 α4 α5 α6 α7 α8

α′9α0

Here all the roots, except α′9, are orthogonal to f. So, H contains the reflections defined by these
roots. Also the root α8 − f is orthogonal to f, and α′9 is transformed to it under the group 2E8 ⊂ Γ
stabilizing g. So H contains sα′9 too. The Dynkin diagram contains 3 subdiagrams of affine types
Ẽ8, Ẽ8 and D̃8. The Weyl group is a crystallographic group with a Weyl chamber being a simplex
of finite volume with 3 vertices at the boundary. This implies that H has at most 3 orbits of (±
pairs) of primitive isotropic vectors in L. On the other hand, Wf̄ contains H and has at least three
orbits of them, because the stabilizer of f̄ in O(Ē10) has three orbits of isotropic vectors (namely,
{̄f}, the set of isotropic vectors distinct from f̄ and orthogonal to f̄, and the set of isotropic vectors
not orthogonal to f̄). This implies that the set of orbits of H is the same as the set of orbits of Wf̄.
Since the stabilizers of f̄ in these two groups are both equal to Wf, it follows that H = Wf̄.

Theorem 8.3.4. Let S be an unnodal Enriques surface. Then the image Aut(S)∗ of ρ contains
W (Num(S))(2).

Proof. Consider a bielliptic linear system |D| = |2F1 + 2F2| with D2 = 8. It defines a degree 2
bielliptic map φ : S → D ⊂ P4, where D is one of the anti-canonical surfaces D1,D2,D3. Since
S has no smooth rational curves, the cover is separable map. Let σ be the deck transformation of
the cover and σ∗ = ρ(σ) ∈ W (Num(S)). For any irreducible curve C on S, the divisor class
c = [C + σ∗(C)] is σ∗-invariant. Since Pic(D)Q ∼= Q2 and φ is a finite map of degree 2, we
have c = (c · [F2])[F1] + (c · [F1])[F2] in Num(S)Q. This shows that σ∗ acts as the identity on
〈[F1], [F2]〉 ∼= U and as the minus identity on 〈[F1], [F2]〉⊥ ∼= E8.

Now any conjugate of σ∗ inW (Num(S)) is also realized by some automorphisms. In fact, w ·σ∗ ·
w−1 leaves invariant w(〈F1, F2〉), and the deck transformation corresponding to the linear system
|2w(F1) + 2w(F2)| realizes w · σ∗ · w−1.
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Now we invoke the previous proposition that says thatW (E10)(2) is the minimal normal subgroup
of W (E10) containing σ∗.

Remind from Section 5.2 that, for a moduli general complex Enriques surface, the group Aut(S)∗

coincides with W (Num(S))(2). We characetrized surfaces with larger automorphism groups in
terms of the periods of their canonical covers.

We refer to [477] for the proof of the following result.

Theorem 8.3.5. Let S be an unnodal Enriques surface. Suppose p 6= 2, or S is a µ2-surface.
Let Aut(S) be the image of Aut(S) in W (E10)/W (E10(2)) ∼= O+(10,F2). Then #Aut(S) ∈
{1, 2, 4}. The group is trivial if p = 2.

Note that all possible cases for the order of #Aut(S) are realized. We refer to loc.cit. for examples
of families of Enriques surfaces whose general member has an extra automorphism.

8.4 Automorphisms of a general nodal surface

In this section, we assume that S is a general nodal Enriques surface in the sense of the definition
from section 6.5. Recall that we have defined the Reye lattice in (6.4.7)

Rey(S) = {x ∈ Num(S) : x ·R ≡ 0 mod 2 for any (−2)-curve R}.
Obviously, the action of Aut(S) on S preserves the set of (−2)-curves, hence preserves the Reye
lattice. Thus we have a homomorphism

ρ : Aut(S)→ O(Rey(S)).

By (0.8.12), O(Rey(S))′ = W (Rey(S)). Thus we may assume that the image of ρ is contained in
the Weyl group W (Rey(S)).

Proposition 8.4.1. Assume that S is a general nodal Enriques surface, then the homomorphism ρ
is injective.

Proof. If p 6= 2, by Theorem 8.2.19, a surface with non-trivial Autnt(S) cannot be a general nodal
surface. If p = 2 and KS 6= 0, Theorem 8.2.18 implies that S cannot be a general nodal surface.
If KS = 0, then Ker(ρ) = Autct(S) and Proposition 8.2.11 implies that Ker(ρ) does not contain
non-trivial elements of odd order.

By Theorem 8.2.7 a non-trivial element of even order in Autct(S) must be a bielliptic involution.
By Lemma 8.2.5, S cannot be a general nodal Enriques surface.

Fix a canonical root basis in E10 defined by an isotropic 10-sequence (f1, . . . , f10). It defines a
sublattice of E10 isomorphic to the Reye lattice E2,4,6. Its canonical root basis is formed by the
vectors (β0, . . . ,β9) with

β0 = f1 + f2 + f3 + f4 − h10, (8.4.1)

βi = fi+1 − fi, i > 0.
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The vectors β0, . . . ,β9 form a root basis of E2,4,6 with Dynkin diagram of type T2,4,6

• • • • • • • • •

•

β2 β3 β4 β5 β6 β7 β8 β9β1

β0

Figure 8.1: Reye lattice

We fix this embedding E2,4,6 ↪→ E10. It satisfies the property that E2,4,6 = {x ∈ E10 : x · r ∈ 2Z},
where r = h10 − 2f10. The root basis (β0, . . . ,β9, r) is a crystallographic root basis of E2,4,6 with
Dynkin diagram (8.2). Recall that we have already encountered this crystallographic basis when we
considered extra-special Enriques surfaces in characteristic 2.

• • • • • • • • • •

•

β2 β3 β4 β5 β6 β7 β8 β9β1

β0

r

Figure 8.2: Crystallographic root basis in E2,4,6

Definition 8.4.2. A Reye marking of a general nodal Enriques surface is an isomorphism φ :
Num(S)→ E10 such that φ(Rey(S)) = E2,4,6 and r = φ−1(r) is the class of a (−2)-curve R.

By Proposition 0.8.9,W (E2,4,6) = 〈〈sr〉〉oW2,4,6, whereW2,4,6 is the Coxeter group correspond-
ing to the standard root basis of the lattice E2,4,6 with Dynkin diagram T2,4,6. Using a Reye marking
φ : Rey(S)→ E2,4,6, we obtain

W (Rey(S)) = 〈〈sr〉〉oW (Rey(S))0,

where W (Rey(S))0 = φ−1(W2,4,6).

Proposition 8.4.3.
W nod
S = 〈〈sr〉〉,

i.e. W nod
S is a minimal normal subgroup containing sr.

Proof. Fix a Reye marking φ : Rey(S) → E2,4,6. Let βi = φ−1(βi). By Corollary 6.5.11, the
canonical cover of S is birationally isomorphic to a K3 surface. Since β1, . . . , β10 intersect r with
even multiplicity, we can apply Lemma 6.3.14 to obtain that any W (E2,4,6)-conjugate of r is the
class of a (−2)-curve. By Corollary 0.8.10, (E2,4,6)−2 has two orbits with respect to W (E2,4,6). We
have shown that the orbit of r is contained in the set of effective roots (the classes of (−2)-curves).
Suppose an effective root r′ belongs to another obit. Then r′ = w(β1) for some w ∈ W2,4,6. Since
r′ ≡ r mod 2E10, applying w−1 to both sides we obtain that β1 ≡ w−1(r) ≡ r mod 2E10. We
can choose a Reye marking φ such that r = φ−1(r) = φ−1(h10 − 2f10). Since for a general nodal
Enriques surface all (−2)-curves are congruent mod 2 Num(S), the numerical Fano polarization
h10 = φ−1(h10) is ample. This gives h10 − f10 ≡ h10 − f1 mod 2E10, obviously impossible.

Proposition 8.4.4. Let W (Rey(S))0 be the image of W2,4,6 for some Reye marking. Then the
subgroup W (Rey(S))0 consists of elements from W (Rey(S)) that leave invariant the nef cone
Nef(S) of S.



158 CHAPTER 8. AUTOMORPHISMS OF ENRIQUES SURFACES

Proof. Suppose w(Nef(S)) 6= Nef(S) for some w ∈ W (Rey(S))0. Since W (Rey(S))0 nor-
malizes W nod

S , its elements permute w′(Nef(S)), w′ ∈ W nod
S . Thus w must coincide with some

element from W nod
S . Since W2,4,6 ∩ 〈〈sr〉〉 = {1}, we get a contradiction. Since no element of

W nod
S leaves Nef(S) invariant, we obtain that W (Rey(S))0 is the group of isometries of E2,4,6 that

leaves Nef(S) invariant.

Corollary 8.4.5. Under a Reye marking φ that sends r to the class of a (−2)-curve, the nef cone of
S is equal to the union of W2,4,6-translates of the set

C = {x ∈ (E2,4,6)R : x · βi ≥ 0, x · r ≥ 0}.

Recall from Section 6.4 that
Ē2,4,6 = E2,4,6/2E2,4,6

is a 10-dimensional quadratic space V with the quadratic form q(x+ 2E2,4,6) = 1
2x

2. Its radical is
spanned by the coset r̄ of r and the coset f̄E8 of the generator fE8 of the radical of the affine root
sublattice of type Ẽ8 in E2,4,6. Note that 1

2 fE8 − f1 ∈ E10. Also note that 1
2r and 1

2 fE8 generate the
discriminant group of the lattice E2,4,6.

It is known that the orthogonal group O(Ē2,4,6) is isomorphic to (Z/2Z)⊕8 o Sp(8,F2). The
2-elementary abelian group can be identified with (V/V ⊥)∨ that acts on V by

el : v 7→ v + l(v + V ⊥)̄fE8 .

The subgroup Sp(8,F2) = Sp(V/V ⊥) can be identified with the orthogonal group of the 9-
dimensional subspace equal to the orthogonal complement of f̄E8 in V .

Lemma 8.4.6. The reduction homomorphism

r : W2,4,6 → O(Ē2,4,6) ∼= 28 o Sp(8,F2).

is surjective. In particular,

W2,4,6/W2,4,6(2) ∼= 28 o Sp(8,F2).

Proof. It is a special case of a more general result about reduction mod 2 of Coxeter groups with
Coxeter diagram of type Tp,q,r that can be found in [250]. However, for completeness sake, we pro-
vide a proof. First, the normal subgroup 〈〈sα〉〉 is contained in the kernel of the action of O(E2,4,6)
on Ē2,4,6. Thus, it suffices to prove that the reduction homomorphism O(E2,4,6)′ = W (E2,4,6) →
O(Ē2,4,6) is surjective. We can identify Ẽ8 with the affine root sublattice of E2,4,6 corresponding to
the parabolic subdiagram of type Ẽ8. We know from (0.8.17) from Section 0.8 that

W2,3,6 = W (Ẽ8) = E8 oW (E8) ∼= Z8 oW2,3,5.

Formula (0.8.8) shows that, under the reduction modulo 2 homomorphism, the image of the sub-
group W (Ẽ8) is equal to 28 oW (E8) ∼= 28 o O(8,F2)+. It is known that O(8,F2)+ is a maximal
subgroup of Sp(8,F2) of index 136 (see [127]). Thus the image of the whole group O(E2,4,6) is
equal to 28 o Sp(8,F2).

Let r : W (E2,4,6) = O(E2,4,6)′ → 28 o Sp(8,F2) be the reduction homomorphism. By Theorem
0.8.5, the homomorphism is surjective. We know that W (E2,4,6) = 〈〈sr〉〉 oW2,4,6. Since r inter-
sects any vector from E2,4,6 with even multiplicity, its image under the reduction homomorphism is
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equal to zero. Thus, we have a surjective homomorphism

r : W2,4,6 → 28 o Sp(8,F2).

Let W2,4,6(2) = Ker(r) be the 2-level congruence subgroup of W2,4,6. We have

W2,4,6/W2,4,6(2) ∼= 28 o Sp(8,F2) (8.4.2)

Let
W ′2,4,6 ⊂W2,4,6 (8.4.3)

be the normal subgroup of W2,4,6 that is equal to the pre-image of the normal subgroup 28 of
O(E2,4,6/2E2,4,6) ∼= 28 o Sp(8,F2).

Theorem 8.4.7. Assume p 6= 2 or S is a µ2-surface. Under a Reye marking, Aut(S) contains a
subgroup isomorphic to W ′2,4,6 = W2,4,6 ∩W2,3,7(2).

Proof. By Proposition 8.4.1, the homomorphism Aut(S) → Aut(S)∗ is bijective, so we can iden-
tify Aut(X) with a subgroup of W (Rey(S)) and via a marking with a subgroup of W2,4,6, where
we identify E2,4,6 with the Reye sublattice of E10 of vectors intersecting the fixed root r with even
multiplicity. Since W2,4,6 is generated by reflections in vectors from E2,4,6 ⊂ E10, it extends to a
subgroup of W (E10). Thus W (E10)(2) ∩W2,4,6 makes sense.

Applying Corollary 8.4.4 and Theorem 8.1.10, it suffices to show that this intersection coincides
with W ′2,4,6. Let

0→ 2E10 ∩ E2,4,6/2E2,4,6 → E2,4,6/2E2,4,6 → E2,4,6/2E10 ∩ E2,4,6 → 0

be the natural exact sequence of quadratic spaces over F2. We know from Section 6.4 that E2,4,6/2E10∩
E2,4,6 is a 9-dimensional subspace of Ē10 = E10/2E10 equal to the orthogonal complement to a non-
isotropic vector. The subspace 2E10 ∩ E2,4,6/2E2,4,6 is generated by an isotropic vector v0 in the
2-dimensional radical of E2,4,6/2E2,4,6. We have

W2,4,6/W2,4,6(2) ∼= O(E2,4,6/2E2,4,6)

and, since any element of the right-hand-side group preserves the unique isotropic vector in its
radical, we have a natural homomorphism

W2,4,6/W2,4,6(2)→ O(E2,4,6/E2,4,6 ∩ 2E10) = Sp(8,F2).

By Witt’s theorem it is surjective. The kernel of this homomorphism is equal to the quotient group
W2,4,6 ∩W (E10)(2)/W2,4,6(2). This shows that W2,4,6 ∩W (E10)(2) = W ′2,4,6.

Corollary 8.4.8. Suppose k = C. Then there exists an open subset U of the moduli spaceMnod
Enr of

nodal Enriques surfaces such that for any S with the isomorphism class in U , Aut(S) ∼= W ′2,4,6.

Proof. We know that Aut(S)∗ = Aut(S) for any nodal surface and hence Aut(S) contains W ′2,4,6.
Since Aut(S)∗ acts identically onMm,nod

Enr , the kernel of the action of W (E10) onMm,nod
Enr contains

the group W ′2,4,6. Since the kernel of the action is a normal subgroup of W (E10) and the normal
closure of W2,4,6 contains W2,4,6 with quotient Sp(8,F2), we obtain that either the kernel of the
action coincides withW ′2,4,6 or containsW2,4,6. SinceW nod

S ⊂W2,4,6, this is impossible. Since the
set of points in U such that some point in its pre-image Ũ inMm

Enr has non-trivial finite stabiliser is
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a closed proper subset, we see that a general point in Ũ has trivial stabilizer, and hence Aut(S) ∼=
W2,4,6 for such points.

For any involution σ of a lattice M we set

M+ = {m ∈M : σ(m) = m}, M− = {m ∈M : σ(m) = −m}.
It is obvious, that (M+)⊥ = M−.

We choose a standard root basis (β0, . . . ,β9) of E2,4,6 with Coxeter-Dynkin diagram of type T2,4,6

as above, we immediately observe one affine subdiagram of types Ẽ7 and one affine subdiagram of
type Ẽ8. Let

r1 = 2β0 + β1 + 2β2 + 3β3 + 4β4 + 3β5 + 2β6 + β7, (8.4.4)

r2 = 3β0 + 2β2 + 4β3 + 6β4 + 5β5 + 4β6 + 3β7 + 2β8 + β9, (8.4.5)

be their primitive isotropic vectors.

Lemma 8.4.9. The group W (E2,4,6) acts transitively on the set of involutions σ of E2,4,6 such that
E−2,4,6

∼= E8 and has two orbits on the set of involutions with E−2,4,6
∼= E7 or E−2,4,6 ∼= E7 ⊕ A1.

Proof. It suffices to show that the group W (E2,4,6) acts transitively (resp. with two orbits) on the
set of primitive sublattices M of the lattice E2,4,6 isomorphic to E8 (resp. E7, resp. E7 ⊕ A1). The
lattice E8 embeds as the direct summand 〈β0,β2, . . . ,β8〉 of E2,4,6 with the orthogonal complement
〈r2, r1 − β9〉 isomorphic to I1,1(2) ∼= A1 ⊕ A1(−1). It follows from [541, Proposition 1.15.1] that
a primitive embedding of E8 is unique.

Since D(E7) ∼= Z/2Z and D(E2,4,6) ∼= (Z/2Z)⊕2, the loc. cit result of Nikulin shows that there
are two primitive embedding, up to isometry, of E2,4,6. They can be represented by the sublattices
E7 and 〈β0,β1, . . . ,β6〉 and 〈β0,β2, . . . ,β7〉. Their orthogonal complements are 〈β8,β9, r1〉 ∼=
U⊕ A1 and 〈β9, r1, r2〉 ∼= U(2)⊕ A1, respectively.

It follows that there are two primitive embedding of E7 ⊕ A1, one with orthogonal complement
isomorphic to U and another with the orthogonal complement U(2).

Definition 8.4.10. A Kantor involution K (resp. Bertini involution B, resp. Geiser involution G)
of the lattice E2,4,6 is an involution with (E−2,4,6,E

+
2,4,6) ∼= (E7,U ⊕ A1) (resp. (E−2,4,6,E

+
2,4,6) ∼=

(E8,A1 ⊕ A1(−1)), resp. (E−2,4,6,E
+
2,4,6) ∼= (E7 ⊕ A1,U(2))).

Consider the following sublattices of E2,4,6.

• L1 = 〈β0,β1 . . . ,β6〉 ∼= E7 with L⊥1 = 〈r1,β8,β9〉 ∼= U⊕ A1.

• L2 = 〈β0,β2, . . . ,β8〉 ∼= E8 with L⊥2 = 〈r2, r1 − β9〉 ∼= A1 ⊕ A1(−1).

• L3 = 〈β0,β2, . . . ,β7,β9〉 ∼= E7 ⊕ A1 with L⊥3 = 〈r1, r2〉 ∼= U(2).

Note that we have
L1 ⊥ L⊥1 ∼= L2 ⊥ L⊥2 ∼= E2,4,6,
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and L3 ⊥ L⊥3 is a sublattice of index 2 in E2,4,6.

The involution − idLi ⊕ idL⊥i
is a Kantor (resp. Bertini, resp. Geiser) if i = 1 (resp. 2, resp. 3).

It follows from the definition that B,K,G act trivially on the discriminant groups of Li ⊥ L⊥i ,
hence can be extended to involutions of the Enriques lattice E10. We will often identify these
involutions with the corresponding extended involutions of E10.

The main ingredient of the proof of our main result is the following analog of Proposition 8.3.3.

Theorem 8.4.11. The groupW2,4,6(2) (resp.W2,4,6(2)′) as defined in (8.4.3) is equal to the smallest
normal subgroup of W2,4,6 containing the involutions B and K (resp. B,K and G).

A computational proof can be found in [132]. We refer for a conceptual proof to [8].

We will show now that the involutions B,K and G can be realized by automorphisms of a general
nodal Enriques surface.

Fix a Reye marking φ : Rey(S) → E2,4,6 and consider a geometric canonical basis (β0, . . . , β9)
with φ(βi) = βi. By definition of a Reye marking, φ−1(r) is the class of a (−2)-curve R with
[R] = r. Using (8.4.1), we can extend the Reye marking to a marking φ̃ : Num(S) → E10 that
defines an isotropic sequence (f1, . . . , f10) such that R = R10 := h10 − 2f10, where h10 is the
numerical Fano polarization defined by the isotropic sequence. Let fij = h10 − fi − fj , 1 < i <
j ≤ 10 and Ri = h10 − 2fi, i = 1, . . . , 10.

Proposition 8.4.12. Let K be a Kantor involution in W (E2,4,6). Then there exists a marking φ :
Num(S)→ E10 with the associated Reye marking φr : Rey(S)→ E2,4,6 and an automorphism gK
of S such that K = φr ◦ g∗K ◦ φ−1

r .

Proof. In the notation from above, we have f8,9 · f9,10 = 1 and f8,9 · R9 = f9,10 · R9 = 0. Let
|2Fi,j | be an elliptic pencil with [Fi,j ] = fi,j . Let us consider the bielliptic map defined by the linear
system |D| = |2F8,9 + 2F9,10| of degree D2 = 8. This is a polarization of type (i) in Proposition
3.3.1 (note that [F8,9 +F9,10−R9] can be taken as the class of an isotropic nef class). The bielliptic
map S → D blows down R9 to a point x0 ∈ D, and the composition of this map with the projection
from x0 defines a regular degree 2 map f : S → C, where C is the Cayley symmetroid cubic
surface in P3. Recall from section 0.7 that it is obtained from a 4-nodal anti-canonical quartic del
Pezzo surface D1 by blowing up one point x0 (corresponding to the point p6 in the notation of
Propositions 0.7.2, 0.7.3, 0.7.4). Since R is not a component of a double fiber, the point x0 does
not lie on a line in D. It follows from Theorem 6.5.5 that no other (−2)-curve is blown down, so f
is a finite separable cover of degree 2. The pencils |2F1| and |2F2| are the pre-images of pencils of
conics on CM(V) and the image of R is a line on C. It is easy to see that f∗(Pic(C)) = Pic(S)σKQ
is generated over Q by the classes of F8,9, F9,10 and R9. Since 2Fij ∼ Ri +Rj , it is also generated
by R8, R9, R10. Let gK be the deck transformation of this cover. The Picard group of C is of rank
3 and is generated over Q by the classes of f(F8,9), f(F9,10), f(R9). For any divisor class A, there
exist rational numbers m,n, l such that

g∗K(A) +A = mR8 + nR9 + lR10.
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Suppose A · R9 = A · R9 = A · R10 = 0. Intersecting both sides with R8, R9, R10, we obtain
m = n = l = 0. This shows that g∗K(A) = −A. Observe, that the sublattice of Num(S) generated
by R8, R9, R10 is isomorphic to U(2) ⊕ A1 and its orthogonal complement is isomorphic to L1.
More precisely, we have the following formula for g∗K :

g∗K(x) = −x+ (x · f9,10)R8 + (x · f8,10)R9 + (x · f8,9)R10. (8.4.6)

It is clear that φr ◦ g∗K ◦ φ−1
r is the Kantor involution K.

Proposition 8.4.13. Let B be a Bertini involution in W (E2,4,6). Then there exists a marking φ :
Num(S)→ E10 with the associated Reye marking φr : Rey(S)→ E2,4,6 and an automorphism gB
of S such that B = φr ◦ g∗B ◦ φ−1

r .

Proof. This time we choose a Reye marking as in the previous case and choose the linear system
|4F9 + 2R10|. It defines a bielliptic map f : S → D′ to an anti-canonical quartic del Pezzo surface
D′ = D′1,D′2, or D′3. The curve R is blown down to the singular point of D′ and the pencil |2F1| is
the pre-image of a pencil of conics on D′ that contains a double line. It follows from Propositions
0.7.2, 0.7.3 and 0.7.4 that f defines a finite map of degree 2 f ′ : S → C′ to a degenerate cubic
symmetroid surface. The image f ′(R10) is a line on C′ (blown up from the point p6 in the notation
of the Propositions). The involution B is realized by the deck transformation gB of the double
cover f ′ : S → D′. In fact, as above, we have g∗B(F9) = F9, g

∗
B(R10) = R10 and the numerical

class of any gK-invariant curve is contained in Q[F9] + Q[R10] = f∗(Pic(C′)Q) ∼= Q2. We have
g∗B(x) = −x for any numerical class orthogonal to the sublattice 〈[F9], [R10]〉 = 〈f9, h10 − 2f10〉.
Intersection of this sublattice with Rey(S) is equal to 〈2f9, h − 2f10〉 ∼= A1 ⊕ A1(−1). It is easy
to see that its orthogonal complement contains the sublattice 〈β0, β2, . . . , β8〉 ∼= E8. Since the
discriminant of A1⊕A1(−1)⊕E8 is equal to the discriminant of the whole lattice E2,4,6, we obtain
that 〈2f9, h − 2f10〉⊥ ∼= E8 and E2,4,6

∼= E8 ⊕ A1 ⊕ A1(−1) ∼= A1 ⊕ E7 ⊕ U. The involution gB
acts on Num(S) by formula:

g∗B(x) = −x+ 2(x ·R10)f9 + 2(x · f9)(2f9 +R10). (8.4.7)

Thus g∗B realizes the Bertini involution B.

Proposition 8.4.14. Let G be a Geiser involution in W (E2,4,6). Then there exists a marking φ :
Num(S)→ E10 with the associated Reye marking φr : Rey(S)→ E2,4,6 and an automorphism gG
of S such that G = φr ◦ g∗G ◦ φ−1

r .

Proof. We have sβ9(R10) = sβ9(h10−2f10) = h10−2f9. By Lemma 6.3.14, h10−2f9 is effective.
Since h10 · (h10 − 2f9) = 4, it must be the class of the (−2)-curve R9. We have R9 + R10 is a
member of the elliptic pencil |2(H − F9 − F10)| with half-fiber F9,10 ∼ H − F9 − F10. Consider
the bielliptic linear system |2F1 + 2F9,10|. It defines a bielliptic map f : S → D1, where D1 is a
4-nodal anti-canonical quartic del Pezzo surface. We have (F1 + F9,10) · R = 1, hence any (−2)-
curve intersects F1 + F9,10 with odd multiplicity. Thus the linear system |2F1 + 2F9,10| is ample,
and the map f : S → D1 is a degree 2 finite map. Let gG be its deck transformation. Then we argue
as in the previous cases to obtain that gG acts as the identity on 〈f1, f9,10〉 and as the minus identity
on 〈f1, f9,10〉⊥. The intersection of 〈f1, f9,10〉 with Rey(S) is equal to 〈2f1, F9,10〉 ∼= U(2). Its
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orthogonal complement in Rey(S) is equal to the sublattice 〈β0, β2, . . . , β6, β8〉 ∼= E7 ⊕ A1. Let
f9,10 = [F9,10]. We have the formula for g∗G

g∗G(x) = −x+ 2(x · f9,10)f1 + 2(x · f1)f9,10. (8.4.8)

Thus g∗G realizes the Geiser involution G.

Corollary 8.4.15. Let W (E2,4,6)+ = 〈〈K,B,G〉〉 be the minimal normal subgroup of W (E2,4,6)
that contains a Kantor, a Bertini and a Geiser involution. Then there exists a Reye marking φr :
Rey(S)→ E2,4,6 such that φ−1

r ·W+
2,4,6 · φ ⊂ Aut(S)∗.

Proof. The previous three propositions realize some representatives of the conjugacy classes of
Kantor, Bertini and Geiser involution in W (E2,4,6). Since W2,4,6 transforms the root α to a root β
congruent to α modulo 2E10, we can apply Lemma 6.3.14 to see that under the new Reye marking
β goes to the class of a (−2)-curve on S. Thus, using the above propositions, we will be able to
realize all such involutions and, of course, their products.

Applying Theorem 8.4.11, we obtain the main result of this section.

Theorem 8.4.16. Let S be a general nodal Enriques surface defined over a field of arbitrary char-
acteristic. Then there is a homomorphism Aut(S) → W2,4,6 whose kernel is trivial if p 6= 2 or
KS = 0 (see Proposition 8.3.1), and its image contains the normal subgroup W (E2,4,6)(2)′ with
the quotient isomorphic to Sp(8,F2).

Corollary 8.4.17. All smooth rational curves on a general nodal Enriques surface form one orbit
with respect to the automorphism group.

Proof. By Lemma 6.5.1, for any two (−2)-curves R1, R2, we have R1 · R2 ≥ 2. This shows that
(R1 + R2)2 ≥ 0, and hence the hyperplanes H[R1] and H[R2] in the hyperbolic space H9 do not
intersect in H9. Since W nod

S oW ′2,4,6 is a subgroup of finite index of W nod
S oW2,4,6 = W (E2,4,6),

it has a rational polyhedral fundamental domain in the nef cone. Since the representatives of the
orbits of W ′2,4,6 on the set of hyperplanes Hδ are boundary faces of the polyhedron, no two of them
must diverge. This contradiction proves the assertion.

Let us compute the fibers of the forgetting mapMEnr,v →MEnr over the locus of general nodal
Enriques surfaces as promised in Section 5.4.

We use Corollary 8.4.5 and its notation that describes the nef cone Nef(S). Let β∗i be the dual
vectors of the standard root basis (β1, . . . ,β10) of the Reye lattice E2,4,6. The inverse matrixC−1 =
(β∗i ,β

∗
j ) of the Cartan matrix C = (βi,βj) is equal to the matrix



5
2

3
2 3 9

2 6 5 4 3 2 1
3
2 0 1 2 3 5

2 2 3
2 1 1

2
3 1 2 4 6 5 4 3 2 1
9
2 2 4 6 9 15

2 6 9
2 3 3

2
6 3 6 9 12 10 8 6 4 2
5 5

2 5 15
2 10 15

2 6 9
2 3 3

2
4 2 4 6 8 6 4 3 2 1
3 3

2 3 9
2 6 9

2 3 3
2 1 1

2
2 1 2 3 4 3, 2 1 0 0
1 1

2 1 3
2 2 3

2 1 1
2 0 −1

2


(8.4.9)
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As above we fix a Reye polarization φ : Rey(S) → E10 that defines a root basis (β0, . . . , β9) in
Rey(S) and an isotropic sequence of nef vectors (f1, . . . , f10) such that φ−1(r) = r is the class of
a (−2)-curve and r = h10 − 2f10. We know that Nef(S) is a convex span of the dual vectors β∗i
and lies in the half-space {x : (x, r) ≥ 0}. A vector in the nef cone belongs to the W (Rey(S))-
orbit of a linear combination of the vectors β∗i with non-negative half-integer coefficients. Using
matrix (8.4.9) we can find all orbits of nef divisor classes ω in Num(S) of degree d = ω2 =
0, 2, 4, 6, 10. Writing them as linear combinations of isotropic vectors f1, . . . , f10 with numerical
Fano polarization h = 1

3(f1 + · · ·+ f10), we will be able to find those of them with maximal value
of the function Φ (for d 6= 0).

The following Table summarizes the results of the computations. HereGω stands for the stabilizer
subgroup of v in W ′2,4,6 so that the degree of the map on the orbit of v is computed by formula

N(v) =
# Sp(8,F2)#Gω

#W (v⊥)
=

216 · 35 · 52 · 7 · 17

#W (v⊥)
.

We also give the expression of v as a positive linear combination of the classes of isotropic vectors
fi, fi,j = h− fi − fj and the class r of a (−2)-curve representing r from diagram (8.2).

Let ω1(d), . . . , ωk(d)(d) represent the different orbits N(ωi(d)) of polarizations of degree d =
2, 4, 6, 10 and let ei be the corresponding numbers from the last column of the Table. Then we have

k(d)∑
i=1

eiN(ωi(d)) = N(d),

whereN(d) is the degree of the forgetting map for general unnodal Enriques surfaces. This suggests
that, if ei = 2, the forgetting map simply ramifies on the corresponding W2,4,6-orbit. We do not
know the reason for this.

d orbit v · r v⊥ Gω N(v) ei

0 β∗8 = r1 0 Ẽ7 + A1 W (E7)× 2 15 · 17 · 30 1
0 β∗1 = r2 2 Ẽ8 2×W (E8) 23 · 17 2
2 β∗2 = f1 + f2 2 A1 +D8 2 22 · 33 · ·5 · 17 2
2 β∗1 + β∗8 = f1 + f9,10 1 A1 + E7 2 26 · 3 · 5 · 17 1
2 2β∗1 + 2β∗9 = f1 + r 0 E8 2 23 · 17 1
2 β∗7 + β∗9 = f8,10 + f9,10 0 A1 + E7 1 27 · 3 · 5 · 17 1
4 β∗6 = f6,7 + f8,9 2 A3 +D6 1 25 · 32 · 5 · 7 · 17 1
4 β∗0 + β∗9 = f10 + r 1 A8 1 29 · 3 · 5 · 17 2
4 β∗2 + 2β∗9 = f1 + f2 + r 0 A1 +D7 1 25 · 33 · 5 · 17 2
6 β∗3 = f1 + f2 + f3 3 A2 + A7 1 28 · 32 · 5 · 17 2
6 β∗2 + β∗8 = f1 + f2 + f9,10 2 A2

1 +D6 1 25 · 33 · 5 · 7 · 17 2
6 2β∗7 = 2f7,8 + r 2 A2 + E7 2 26 · 5 · 17 1
6 β∗1 + β∗7 + β∗9 = f8,9 + f1 + r 1 A1 + E6 1 28 · 3 · 7 · 5 · 17 2
6 2β∗1 + β∗8 + 2β∗9 = f9,10 + 2f1 + r 0 E7 1 26 · 3 · 5 · 7 · 17 1
6 β∗7 + 2β∗9 = f7,8 + f9,10 + r 0 A2 +D6 1 26 · 32 · 5 · 7 · 17 1
10 2β0 = h 4 A9 1 28 · 3 · 17 2
10 β1 + β∗7 = f8,9 + f10 + r 3 A6 + A2 1 211 · 32 · 5 · 17 2
10 β∗5 + β∗9 = f6,7 + f8,9 + r 2 A5 + A3 1 29 · 32 · 5 · 7 · 17 2
10 β∗3 + 2β∗9 = f1 + f2 + f3 + r 1 A2 + A6 1 211 · 32 · 5 · 17 2
10 β∗1 + β∗2 + 3β∗9 = f1,10 + 2f1 + r 0 A7 1 29 · 33 · 5 · 17 1

Table 8.3: Degree ofMEnr,v →MEnr for general nodal surfaces.
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8.5 Automorphisms of a Cayley quartic symmetroid surface

In this section, we will explain the reason for attaching the names Kantor, Bertini, and Geiser to the
involutions studied in the previous section. We will also give another proof of Theorem 8.4.11 that
follows closely the ideas of A. Coble. We assume that p 6= 2 and S is a general nodal surface and
consider a Fano-Reye polarization H that defines an isomorphism from S onto a Reye congruence
Rey(W ) ⊂ G1(|H|∗) of an excellent web of quadrics in P3. We know from Corollary 7.9.8 that
the canonical cover X of S is isomorphic to a minimal nonsingular model D̃(W ) of a quartic
symmetroid surface D(W ). We have 10 elliptic fibrations |2Fi| with [Fi] = fi and 10 smooth
rational curvesRi with [Ri] = h−2fi such thatRi+Rj ∈ |2Fi,j |, i 6= j, where Fi,j = H−Fi−Fj
is a double fiber of the elliptic pencil |2Fij |. The pre-images of the curves Ri on X are 20 smooth
rational curves Θi, τ

∗(Θi), where τ is the deck Enriques involution of X . By Proposition 7.7.1, we
have divisor classes ηS , ηH on X such that

2ηS = 3ηH −Θ1 − · · · −Θ10. (8.5.1)

The linear system |ηH | maps X to P3 onto the quartic symmetroid D(W ) and the linear system
|ηS | maps X onto a smooth quartic surface in another P3. The curves Θi are identified with the
exceptional curves of D̃(W )→ D(W ).

We make a further assumption that rank Pic(X) = 11, i.e. ηH , ηS ,Θi generate Pic(X)Q. Apply-
ing Proposition 7.7.4, we obtain that ηS , ηH ,Θ1, . . . ,Θ9 form a basis of Pic(X).

Let P = {p1, . . . , p10} be the ten nodes of the quartic symmetroidD(W ) and let BlP → P3 be the
blow-up of P3 with center at the closed reduced subscheme defined by the set P . Let Ei = σ−1(pi)
be the exceptional divisors of the blow-up. Let e0 be the divisor class corresponding to σ∗OP3(1)
and ei be the divisor classes of the exceptional divisors Ei. We have

KBlP = −4e0 + e1 + · · ·+ e10.

The proper transform of D(W ) under the blow-up is isomorphic to X . Let

r : Pic(BlP)→ Pic(X)

be the restriction homomorphism. We have

k = r(
1

2
KBlP ) = −2ηH + Θ1 + · · ·+ Θ10 = −2ηS + ηH .

Lemma 8.5.1. Let τ be the Enriques involution of X . Then τ∗ acts on Pic(X) as the reflection

sk : x 7→ x+
1

2
(x · k)k.

Proof. It is enough to check this formula on the classes Θi, ηS , ηH . We have k2 = −4, k · Θi =
−2, k · ηS = −2, k · ηH = −8. Thus 1

2k ∈ Pic(X)∨, hence we can consider the reflection

sk : x 7→ x+
1

2
(x · k)k.
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Applying Proposition 7.7.2, we check that

τ∗(ηS) = 3ηS − ηH = sk(ηS),

τ∗(ηH) = 8ηS − 3ηH = sk(ηH),

τ∗(Θi) = Θi − k = sk(Θi).

Now we have to invoke the theory of Cremona actions of Weyl groups on the configuration spaces
of points in the projective space (see [119], [169], [178]). Let e0 be the class of the preimage of a
line in BlP in the Chow ring A∗(BlP), and let ei be the class of a line in the exceptional divisor Ei.
The intersection bilinear form A1(BlP)×A2(BlP)→ Z, gives us that

(ei, e
j) = 0, i 6= j, (e0, e

0) = 1, (ei, e
i) = −1.

Consider the map Ψ : A1(BlP) → A2(BlP) defined by sending e0 to 2e0 and ei to ei and define a
quadratic lattice structure on A1(BlP) by

x · y = (x,Ψ(y)).

Obviously, it is isomorphic to the odd lattice 〈2〉 ⊥ 〈−1〉⊕10. Let

κ = Ψ(
1

2
KBlP ) = 4e0 − e1 − . . .− e10.

Then

NP = K⊥BlP
= {x ∈ A1(BlP) : (x, κ) = 0} = 〈e0 − e1 − e2 − e3 − e4, e1 − e2, . . . , e9 − e10〉.

Consider the divisor classes

α0 = e0 − e1 − e2 − e3 − e4, αi = ei − ei+1, i = 1, . . . , 9.

We have α2
i = −2 and (αi, αj) = −2I10 + Γ, where Γ is the incidence matrix of the graph T2,4,6.

Thus B = (α0, . . . , α9) is a standard root basis of the lattice K⊥BlP
∼= E2,4,6. The reflection group

generated by the reflections sαi is isomorphic to W2,4,6. Let R be the set of roots of E2,4,6, i.e.
elements of the orbit of WB(E2,4,6) of any simple root αi. We say that a root α is effective if Ψ(α)
can be represented by the class of a curve on BlP . For example, αi is always effective since we
assuming that pi 6= pj . The root α0 is effective if and only if p1, p2, p3, p4 do not lie on a conic, in
particular, they are not coplanar. We say that P is an unnodal set if all roots are not effective. One
can show that the subset of (P3)10 which consists of unnodal sets is equal to the complement of a
countable set of closed proper subsets ([178], Lemma 2.2).

Let P 10
3 be the GIT-quotient of (P3)10 by the group SL(4) acting diagonally with respect to the

linearization defined by the invertible sheaf O�10
P3 . Let unP 10

3 be the subset of orbits of unnodal
sets. We denote by |P| the orbit of an unnodal set. The group W2,4,6 acts on unP 10

3 as follows.
Its subgroup generated by simple roots sαi , i 6= 0, acts by permuting the points. The element
sα0 acts as follows. We find a representative of P such that the first 4 points have the projective
coordinates [1, 0, 0, 0], [0, 0, 1, 0], [0, 0, 1, 0], [0, 0, 0, 1]. Then we consider the standard quadratic
Cremona transformation T0 that sends [t0, . . . , t3] to [t−1

0 , t−1
1 , t−1

2 , t−1
3 ] and let sα0 act by sending

(p1, . . . , p10) to (p1, p2, p3, p4, T0(p5), . . . , T0(p10)).
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We use the basis (e0, . . . , e10) to define an isomorphism of lattices

φP : 〈2〉 ⊕ 〈−1〉⊕10 → A1(BlP).

We call it a geometric marking. Its restriction to K⊥BlP
defines an isomorphism of lattices φ′P :

E2,4,6 → K⊥BlP
.

Proposition 8.5.2. For any w ∈W2,4,6 and a geometric marking φP , the isomorphism

φP ◦ w−1 : 〈2〉 ⊕ 〈−1〉⊕10 → A1(BlP)

is a geometric marking defined by some unnodal set of points Q such that w(|P|) = |Q|.

Suppose that w(|P|) = |P|, i.e. w belongs to the stabilizer of W2,4,6 in its action on unP 10
3 .

Then Proposition 2 from [178] tells us that there exists a birational automorphism f : BlP 99K BlP
which is an isomorphism outside of a closed subset of dimension 1 (a pseudo-automorphism) such
that w = φ−1

P ◦ f∗ ◦ φP .

Observe that under the restriction homomorphism r : A1(BlP) = Pic(BlP)→ Pic(X), the image
of the lattice K⊥BlP

is equal to the sublattice

π∗(Rey(S)) = 〈ηH −Θ1 −Θ2 −Θ3 −Θ4,Θ1 −Θ2, . . . ,Θ9 −Θ10〉.
However, it is not an isomorphism of lattices, but becomes isomorphism of the lattices

K⊥BlP
(2)→ π∗(Rey(S)) ∼= Rey(S)(2) ∼= E2,4,6(2).

Suppose w ∈ W2,4,6 satisfies w(|P|) = |P| and hence defines a pseudo-automorphism fw :
BlP 99K BlP . It follows from the definition that w leaves invariant the linear system | − KP3 |.
Now observe that P consists of the nodes of a quartic symmetroid D(W ), so | −KP3 | = {D̃(W )}.
This shows that fw|X is a birational transformation. Since X is a minimal surface of non-negative
Kodaira dimension, it extends to an automorphism of X .

Coble shows that the Kantor, Bertini, or Geiser involution w of E2,4,6 belongs to the stabilizer
of |P| and hence each defines an automorphism of X that commutes with τ and descends to the
automorphism gK , gB or gG, respectively, which we used before.

The Kantor involution coincides with the deck involution of a rational degree 2 map

P3 99K V ⊂ P6,

V is a projective cone over a Veronese surface in P5. It is defined by the 6-dimensional linear system
|Q| of quartics with double points at the nodes p1, . . . , p7 of the symmetroid.

Consider the net |L| of quadrics with the set of base point {p1, . . . , p7, q}. After we blow up the
base points, we obtain an elliptic fibration f : Y → |L∨| ∼= P2. The exceptional divisor E(q) over
the point q is its section which we use to define a group law on the generic fiber. The negation
involution a 7→ −a of the generic fiber extends to a birational pseudo-automorphism of Y , called
the Kantor involution (see [119]). The base scheme of a general pencil P in |L|, considered as a
point in |L∨|, is a quartic elliptic curve E(P ) isomorphic to the fiber of f over the point P . Take a
point p on a quartic elliptic curve E(P ) through p1, . . . , p7, q. A quartic surface with seven nodes at
p1, . . . , p7 passing through the point p intersects E(P ) at one more point p′. It cuts out the divisor
2(p1 + · · · + p7) + p + p′ on E(P ). On the other hand a quartic with 8 nodes at p1, . . . , p7, q cuts
out the divisor 2(p1 + · · · + p7) + 2q. This shows that p + p′ ∼ 2q, so that p′ = −p in the group
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law on E(P ). Thus the involution p 7→ p′ on E(P ) is the restriction of the Kantor involution to
E(P ). The set of fixed points of σK restricted to E(P ) is the set of four 2-torsion points. The set
of fixed points of σK in Y is the closure of the set of 2-torsion points on a generic fiber of f . It
is equal to the union of the exceptional divisor E(q) and the proper inverse transform of a certain
surface of degree 6 with triple points at p1, . . . , p7, the Cayley dianodal surface (see [119], [169]).
Our quartic symmetroid surface is a quartic with 10 nodes, including the nodes at p1, . . . , p7. It
does not pass through the point q (otherwise the quadrics through p1, . . . , p8 will cut out the net
|2ηH−Θ1− . . .−Θ8|), however, by Riemann-Roch, this is just a pencil). Thus the three remaining
nodes of the symmetroid are fixed and this makes the symmetroid invariant under σK .

For any general plane Π in P3, the linear system |Q| maps Π to a surface of degree 16 which is
cut out in V by a quartic hypersurface. This shows that σ∗K(Π) + Π ∼ f∗(4H), where H is a
hyperplane section in P6. Let e0, e1, . . . , e7 be the geometric basis of Pic(Blp1,...,p7). Thus

σ∗K(e0) = 4(4e0 − 2(e1 + · · ·+ e7))− e0 = 15e0 − 8(e1 + · · ·+ e7).

Similarly, we see that the proper transform of the linear system |Q| to Y maps each exceptional
divisor E(pi) to a surface of degree 2 cut out from V by a quadric. This gives

σ∗K(ei) = −ei + 2(2e0 − e1 − · · · − e7), i = 1, . . . , 7.

Restricting to X , we get

σ∗K(ηH) = 15ηH − 8Θ1 − · · · − 8Θ7, (8.5.2)

σ∗K(Θi) = −Θi + 2(2ηH −Θ1 − · · · −Θ7), i = 1, . . . , 7,

σ∗K(Θj) = Θj , j = 8, 9, 10.

One can rewrite these formulas in the following way

σ∗K(x) = −x+ (x · f̃9,10)Θ8 + (x · f̃8,10)Θ9 + (x · f̃8,9)Θ10, (8.5.3)

where f̃i,j = π∗([Fi,j ]). Comparing this with formula (8.4.6), we find that σK is the lift to X of a
Kantor involution on S. The involution σK commutes with the Enriques involution τ and descends
to an involution of S whose action on Num(S) coincides with the action of a Kantor involution gK .
Since, by Proposition 8.4.1, no automorphism of S acts identically on Num(S), we obtain that it
coincides with gK .

Next we consider the lift of a Bertini involution. Recall that a Bertini involution of P2 is defined
by a choice of a set of eight points Q = {q1, . . . , q8} such that its blow-up BlQ is a weak del Pezzo
surface D of degree 1. The linear system | − 2KD| defines a degree 2 finite map onto a singular
quadric Q in P3 with a smooth canonical curve of degree 6 as the branch locus (see [179, 8.8]). The
deck transformation of the cover BlQ → Q is a birational involution of the plane, called a Bertini
involution. The Bertini involution defines the negation involution on a general member of the pencil
of cubic curves with base points p1, . . . , p8, q9 with the group law defined by the point q9. We see
that the Kantor involution is its three-dimensional analog.

For any birational transformation T : Pn 99K Pn given by homogeneous polynomials G0, . . . , Gn
of degree d in variables t0, . . . , tn, one defines a dilated transformation of Pn+1 as follows. Choose
homogeneous polynomial Fn+1(t0, . . . , tn, tn+1) = tn+1A1(t0, . . . , tn)+A2(t0, . . . , tn) of degree
d + r and homogeneous polynomials Q(t0, . . . , tn, tn+1) = tn+1B1(t0, . . . , tn) + B2(t0, . . . , tn)
of degree d+ r such that A1B2 − A2B1 6= 0. Then the transformation defined by the polynomials
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(QG0, QG1, . . . , QGn, Fn+1) is a birational transformation T̄ of Pn+1 such that

pr0 ◦T̄ = T ◦ pro,

where o = [0, . . . , 0, 1] ∈ Pn+1 and pro : Pn+1 99K Pn is the projection from o to the hyperplane
tn+1 = 0 (see [119], [570]). The base scheme of the linear system defining the dilated transfor-
mation is the cone with the vertex at o over the base scheme B of the linear system defining the
transformation T . It follows from the definition of a dilated transformation that the multiplicity of
a general member of the linear system defining T̄ at the point o is equal to d+ r − 1. Let ni (resp.
ki) be the minimal of multiplicities of Fn+1 (resp. Q) at the line o, q, where q ∈ B. Then a general
member of the linear system defining the base locus B̄ of T̄ has multiplicity at this line equal to
min{ni, ki +mi}, where mi is the multiplicity of q in B.

For example, if we take for T the standard Cremona involution T0 : [t0, t1, t2] 7→ [t1t2, t0t2, t0t1]
and take F3 = t0t1t2 and Q = t3, we obtain the standard cubic Cremona involution of P3 defined
by formula

T̃0 : [t0, t1, t2, t3] 7→ [t1t2t3, t0t2t3, t0t1t3, t0t1t2].

It is known that the planar Bertini transformation β acts on Pic(Blq1,...,q8) by formula

β∗(e0) = 17e0 − 6(e1 + · · ·+ e8), (8.5.4)

β∗(ei) = −ei + 6e0 − 2(e1 + · · ·+ e8),

where (e0, e1, . . . , e8) is the natural basis in Pic(Blq1,...,q8) (see [179], 8.8.2). We hope that no
confusion arises because we are using the same notations for a geometric basis of the blow-up of P2

and P3.

Let p1, . . . , p9 be general points in P3, and q1, . . . , q8 be their projections to a general plane in P3

from the point p9. Let β be the Bertini involution in the plane defined by the points q1, . . . , q8 and
β̃ be its dilation defined by the point o = p9. Coble shows that one can choose polynomials F3 and
Q such that the dilated transformation β̃ is given by the linear system of hypersurfaces of degree 33
vanishing at the point p9 with multiplicity 32 and vanishing on the lines p9, pi with multiplicity 12.
In the geometric basis of the blow-up Blp1,...,p9 , the transformation β̃ acts by formula

β̃∗(e0) = 33e0 − 32e9 − 12(e1 + · · ·+ e8), (8.5.5)

β̃∗(ei) = 6e0 − 2(e1 + · · ·+ e8)− ei − 6e9, i = 1, . . . , 8,

β̃∗(e9) = 16e0 − 2(e1 + · · ·+ e8)− 15e9.

Let D(W ) be a quartic symmetroid with nodes at p1, . . . , p10. One checks that β̃ leaves the linear
system |4e0 − 2(e1 + . . . + e9)| invariant. In particular, the image of the symmetroid under β̃ is
a quartic surface with nodes at p1, . . . , p9, β̃(p10). One can show that the nine nodes of a quartic
symmetroid determines the tenth one. Thus β̃(D(W )) is a quartic symmemtroid with the same set
of nodes, so it must coincide with D(W ). This shows that β̃ defines an automorphism σB of D(W )
that acts on the natural basis of the Picard lattice of a minimal resolution X of D(W ) as follows.

σ∗B(ηH) = 33ηH − 32Θ9 − 12(Θ1 + · · ·+ Θ8), (8.5.6)

σ∗B(Θi) = 6ηH − 2(Θ1 + · · ·+ Θ8)−Θi − 6Θ9, i = 1, . . . , 8,

σ∗B(Θ9) = 16ηH − 6(Θ1 + · · ·+ Θ8)− 15Θ9,

σ∗B(Θ10) = Θ10.
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One checks that this transformation of the Picard group is of order 2, so it defines an involution σB
of X . One also checks that σB commutes with the Enriques involution, hence σB descends to an
involution gB of the Reye congruence S = Rey(W ). Using Proposition 7.7.2, we easily find the
action of gB on Num(S):

g∗B(h) = 33h− 16R9 − 6(R1 + · · ·+R8), (8.5.7)

g∗B(Ri) = 12h− 2(R1 + · · ·+R8)−Ri − 6R9, i = 1, . . . , 8,

g∗B(R9) = 32h− 6(R1 + · · ·+R8)− 15R9,

g∗B(R10) = R10.

It follows that g∗B(2f9) = g∗B(h − R9) = h − R9. Thus g∗B acts identically on the sublattice
〈2f9 +R10, R10〉 ∼= A1⊕A1(−1). We also check that it acts as the minus identity on its orthogonal
complement. Therefore g∗B coincides with a Bertini involution.

Finally, we consider the lift of a Geiser involution to the K3-cover. Let Blq1,...,q7 be a weak del
Pezzo surface of degree 2 obtained by blowing up 7 points q1, . . . , q7 in P2. Recall that the anti-
canonical map is a degree 2 map onto P2 and its deck transformation γ is called a planar Geiser
involution associated to 7 points q1, . . . , q7 on P2. For a general point q in the plane, γ(q) is the
ninth base point of the pencil of cubic curves passing through the points q1, . . . , q7, q. It is known
(see [179, 8.7.2]) that the planar Geiser transformation β acts on the Pic(Blq1,...,q7) by formula

γ∗(e0) = 8e0 − 3(e1 + · · ·+ e7), (8.5.8)

γ∗(ei) = 3e0 − (e1 + · · ·+ e7)− ei,
where (e0, e1, . . . , e7) is the natural basis in Pic(Blq1,...,q7). Let p1, . . . , p7, p8 be the first eight
nodes of the quartic symmetroid. One can define a dilated Geiser transformation σG of P3 that acts
on the geometric basis of Blp1,...,p8 as follows

γ̃∗(e0) = 15e0 − 14e8 − 6(e1 + · · ·+ e7), (8.5.9)

γ̃∗(ei) = 3e0 − (e1 + · · ·+ e7)− ei − 3e8, i = 1, . . . , 8,

γ̃∗(e9) = 7e0 − 3(e1 + · · ·+ e7)− 6e8.

We immediately check that it leaves the linear system |4e0 − 2(e1 + . . .+ e8)| invariant and sends
our symmetroidD(W ) to a quartic symmetroid with nodes at p1, . . . , p8, σG(p9), σG(p10). One can
show that the nine nodes of a quartic symmetroid determines the tenth one. Thus σG(D(W )) is a
quartic symmetroid with the same set of nodes, so it must coincide with D(W ). This shows that γ̃
defines an automorphism σG of D(W ).

σ∗G(ηH) = 33ηH − 32Θ9 − 12(Θ1 + · · ·+ Θ8), (8.5.10)

σ∗G(Θi) = 6ηH − 2(Θ1 + · · ·+ Θ8)−Θi − 6Θ9, i = 1, . . . , 8,

σ∗G(Θ9) = 16ηH − 6(Θ1 + · · ·+ Θ8)− 15Θ9,

σ∗G(Θ10) = Θ10.

Again we check that this transformation of the Picard group is of order 2, so it defines an involution
σG of X . We also check that σG commutes with the Enriques involution, hence σG descends to an
involution gG of the Enriques surface S(W ). Using Proposition 7.7.2, we easily find the action of
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gG on Num(S):

g∗G(h) = 33h− 16R9 − 6(R1 + · · ·+R8), (8.5.11)

g∗G(Ri) = 12h− 2(R1 + · · ·+R8)−Ri − 6R9, i = 1, . . . , 8,

g∗G(R9) = 32h− 6(R1 + · · ·+R8)− 15R9,

g∗G(R10) = R10.

It follows that g∗G(2f9) = g∗G(h − R9) = h − R9. Thus g∗G acts identically on the sublattice
〈f9, R10〉. We also check that it acts as the minus identity on its orthogonal complement. Thus g∗G
coincides with a Geiser involution.

8.6 Cyclic groups of automorphisms of an Enriques surface

Let G be a finite group of automorphisms of an Enriques surface S and let G∗ be its image in
W (Num(S)) ∼= W (E10). We have already studied the possible kernel of the homomorphism
G → W (Num(S)). Let us identify W (Num(S)) with W (E10) and consider the reduction ho-
momorphism

r : W (E10)→ O+(10,F2).

Let G∗0 = G∗ ∩ W (E10)(2) be the kernel of the restriction of this homomorphism to G∗. The
following proposition due to D. Allcock.

Proposition 8.6.1. Let H be a finite non-trivial subgroup contained in W (E10)(2). Then it is a
group of order 2, and all such subgroups are conjugate in W (E10).

Proof. We identify Num(S) with the lattice E10. SupposeH contains an element σ of order 2. Then
V = (E10)Q splits into the orthogonal direct sum of eigensubspaces V+ and V− with eigenvalues 1
and −1. For any x = x+ + x− ∈ E10, x+ ∈ V+, x− ∈ V−, we have

σ(x)± x = (x+ − x−)± (x+ + x−) ∈ 2E10.

This implies 2x± ∈ 2E10, hence x± ∈ E10 and the lattice E10 splits into the orthogonal sum of
sublattices V+ ∩ E10 and V− ∩ E10. Since E10 is unimodular, the sublattices must be unimodular.
This gives V+ ∩ E10

∼= U or E8 and V− ∩ E10
∼= E8 or U, respectively. Since O(E10) = W (E10)×

{± idE10}, only one of these possibilities occurs, say the latter one. Thus all elements of order 2 in
W (E10)(2) are conjugate to the element idU⊕− idE8 .

SupposeH contains an element σ of odd orderm. Then σm−1 = (σ−1)(1+σ+· · ·+σm−1) = 0,
hence, for any x 6∈ 2E10 which is not σ-invariant, we have

x+ σ(x) + · · ·+ σm−1(x) ≡ mx mod 2E10.

Since m is odd, this gives x ∈ 2E10, a contradiction.

Finally, we may assume that H contains an element of order 2k, k > 1. Then it contains an
element σ of order 4. Let M = Ker(σ2 + 1) ⊂ E10. Since σ2 = − idE8 ⊕ idU for some direct sum
decomposition E10 = E8⊕U, we obtain M ∼= E8. The equality (σ2 + 1)(σ(x)) = σ3(x) +σ(x) =
−(σ2 + 1)(x), implies that σ(M) = M . Consider M as a module over the principal ideal domain
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R = Z[t]/(t2 + 1). Since M has no torsion, it is isomorphic to R⊕4. This implies that there exists
v, w ∈M such that σ(v) = w and σ(w) = −v.However, this obviously contradicts our assumption
that σ ∈W (E10)(2).

Corollary 8.6.2. Let G be a finite group of automorphisms of an Enriques surface and let G∗ be its
image on W (Num(S)). Then G∗ or its quotient by a cental subgroup of order 2 is isomorphic to a
finite subgroup of O+(10,F2).

It is known that
# O+(10,F2) = 221 · 35 · 52 · 7 · 17 · 31. (8.6.1)

It follows that the only primes that may divide #G∗ are 2, 3, 5, 7, 17, or 31. We can also use the
information about Autnt(S) from Section 8.2 to get possible prime divisors of #G.

We say that a group of automorphisms of an Enriques surface is of translation type if it leaves
invariant a genus one fibration and is realized by a subgroup of the Mordell-Weil group of the
jacobian fibration that acts on S by translation automorphisms.

The proof of the following result can be found in [559] and [628, Theorems 8.8 and 8.9].

Theorem 8.6.3. Let J → P1 be a rational jacobian elliptic surface. Then its Mordell-Weil group is
isomorphic to one of the following groups:

Zr (1 ≤ r ≤ 8), Zr ⊕ Z/2Z (1 ≤ r ≤ 4), Zr ⊕ Z/3Z (1 ≤ r ≤ 2), Zr ⊕ (Z/2Z)2 (1 ≤ r ≤ 2),

Z⊕ Z/4Z, Z/4Z⊕ Z/2Z, (Z/3Z)2, (Z/2Z)2, Z/6Z, Z/5Z, Z/4Z, Z/3Z,Z/2Z, {1}.
The groups containing a subgroup isomorphic to (Z/2Z)2 (resp. (Z/3Z)2) can be realized only in
characteristic 2 (resp. 3).1

Corollary 8.6.4. All the groups from the list in the previous theorem can be realized as groups of
automorphisms of an Enriques surface over an algebraically closed field of characteristic 6= 2, 3.

Proof. Since the Mordell-Weil of the jacobian fibration acts by translations on the torsor, we use the
Ogg-Shafarevich theory (see Proposition 4.10.1 from Volume 1) to construct a torsor on an Enriques
surface in characteristic 6= 2, 3 on which these groups act.

We will later in section 8.10 that the group (Z/2Z)3 is realized as a group of automorphisms of
an Enriques surface in characteristic 2.

Corollary 8.6.5. Suppose G is a group of translation type of a quasi-elliptic surface. The Mordell-
Weil group of a jacobian quasi-elliptic pencil is a p-torsion group and its structure can be found
in Table (4.9) in Volume 1. An Enriques surface with a quasi-elliptic fibration is a torsor of such a
surface only if p = 2. This gives us that the possible group must be isomorphic to (Z/2Z)⊕r, 1 ≤
r ≤ 4.

1Theorem 8.9 in [628] asserts mistakenly that Case Z ⊕ Z/3Z is not realized in characteristic 2 but later, on p. 184,
one finds a realization of this group in any characteristic.



8.6. CYCLIC GROUPS OF AUTOMORPHISMS OF AN ENRIQUES SURFACE 173

In the following we will try to classify possible finite cyclic group actions on an Enriques surface.
If p 6= 2 and the order of the group is prime to p, we can apply Theorem 8.1.6 to assume that k = C
and use the theory of periods of the K3-covers. However, even in this case, we would like to avoid
this non-geometric approach.

Let G be a finite subgroup of Aut(S). Applying Lemma 6.4.7, we obtain, after identifying
Num(S) with E10, that the image G∗ of G in Aut(S)∗ is contained in some parabolic subgroup
WJ of W (E10). As we explained after that Lemma, WJ is a subgroup of the Weyl groups of a root
lattice of one of the following types:

A9, D9, E8 +A1, A1 +A8, A6 +A2 +A1, A4 +A5, E6 +A3, E7 +A2, D5 +A4. (8.6.2)

Lemma 8.6.6. Let g ∈ Aut(S) and let x ∈ Num(X) with x2 ≥ 0 such that g∗(x) = x. Then there
exists w ∈W nod

S such that y = w(x) is nef and g∗(y) = y.

Proof. Since Nef(S) is a fundamental domain for W nod
S , there exists a unique w ∈W nod

S such that
y = w(x) ∈ Nef(S). We have

g∗ ◦ w ◦ (g∗)−1(x) = g∗(w(x)) = g∗(y) ∈ Nef(S).

Since g∗ ◦ w ◦ (g∗)−1 ∈W nod
S , the uniqueness of w implies that w = g∗ ◦ w ◦ (g∗)−1. Thus

g∗(y) = g∗ ◦ w(x) = w ◦ g∗(x) = w(x) = y.

Computing the orthogonal complements of the lattices from (8.6.2) in E10, we obtain the follow-
ing.

Corollary 8.6.7. Let G be a finite group of automorphisms of S. Then it preserves a nef numerical
class h with h2 ∈ {2, 4, 6, 10, 12, 18, 20, 30, 42}.

Note that the set of possible values of h2 is exactly the set of values of ω2, where ω is a funda-
mental weight of the standard root basis of E10 (see Proposition 1.5.3 in Volume 1).

We will use the known classification of conjugacy classes of elements in the Weyl groups of root
systems of finite type given in Table 8.6. According to [102] they are indexed by certain graphs.
We call them Carter graphs. One writes each element w ∈ W as the product of two involutions
w1w2, where each involution is the product of reflections with respect to orthogonal roots. Let
R1,R2 be the corresponding sets of such roots. Then the graph has vertices identified with ele-
ments of the set R1 ∪ R2 and two vertices α, β are joined by an edge if and only if (α, β) 6= 0.
A connected Carter graph with no cycles is a Dynkin diagram. It represents the conjugacy class
of the Coxeter element of the corresponding Weyl group. The (first) subscript n in the notation
An, Dn, En, An(ak), Dn(ak), En(ak) of a Carter graph indicates the number of vertices. The no-
tation also indicates that the conjugacy class is realized by an element of the Weyl group of the
corresponding type. It may or may not be the conjugacy class of a Coxeter element of this group, if
not, it has an additional notation likeE6(a1). The subscript n is also equal to the difference between
the rank of the root lattice Q and the rank of its fixed sublattice Q(w).
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The Carter graph determines the characteristic polynomial of w. In particular, it gives the trace
tr2(g∗) of g∗ on the l-adic cohomology space H2(S,Ql). If the order of g is prime to the character-
istic, we can apply the Lefschetz fixed-point formula to obtain

tr(g∗) := tr(g∗|H∗(S,Ql)) = 2 + tr2(g∗) = e(Sg). (8.6.3)

The following Table gives the conjugacy classes of elements defined by connected Carter graphs.

Graph Order Characteristic polynomial Trace
Ak k + 1 tk + tk−1 + · · ·+ 1 −1

Dk 2k − 2 (tk−1 + 1)(t+ 1) −1

Dk(a1) l.c.m(2k − 4, 4) (tk−2 + 1)(t2 + 1) 0

Dk(a2) l.c.m(2k − 6, 6) (tk−3 + 1)(t3 + 1) 0
...

...
...

...
Dk(a k

2
−1) even k (t

k
2 + 1)2 0

E6 12 (t4 − t2 + 1)(t2 + t+ 1) −1

E6(a1) 9 t6 + t3 + 1 0

E6(a2) 6 (t2 − t+ 1)2(t2 + t+ 1) 1

E7 18 (t6 − t3 + 1)(t+ 1) −1

E7(a1) 14 t7 + 1 0

E7(a2) 12 (t4 − t2 + 1)(t3 + 1) 0

E7(a3) 30 (t5 + 1)(t2 − t+ 1) 1

E7(a4) 6 (t2 − t+ 1)2(t3 + 1) 2

E8 30 t8 + t7 − t5 − t4 − t3 + t+ 1 −1

E8(a1) 24 t8 − t4 + 1 0

E8(a2) 20 t8 − t6 + t4 − t2 + 1 0

E8(a3) 12 (t4 − t2 + 1)2 0

E8(a4) 18 (t6 − t3 + 1)(t2 − t+ 1) 1

E8(a5) 15 t8 − t7 + t5 − t4 + t3 − t+ 1 1

E8(a6) 10 (t4 − t3 + t2 − t+ 1)2 2

E8(a7) 12 (t4 − t2 + 1)(t2 − t+ 1)2 2

E8(a8) 6 (t2 − t+ 1)4 4

Table 8.4: Carter graphs and characteristic polynomials.

Let H be a finite subgroup of W (E10) (or its element w). We say that H (or w) is of E8-type
if it is conjugate to a subgroup of the parabolic subgroup WJ defined by the set J of vertices of
the subdiagram of T2,3,7 of type T2,3,5 (of type E8). It is easy to see that it must coincide with the
parabolic subgroup WJ , where J is the set of vertices of a subdiagram of type E8. A finite group
G of automorphisms (resp. an automorphism g) of S is said to be of E8-type if the image G∗ of G
(resp. g∗) in W (Num(S)) is of E8-type. All conjugacy classes of elements in W (E8) are listed in
[102]. Note that two elements of the same type are not necessarily conjugate, for example, there are
two conjugacy classes of elements of type 4A1 or 2A3.

Lemma 8.6.8. Let G be a finite group of automorphisms of S. Assume that its image G∗ in
W (Num(S)) is of E8-type. Then there exists a G-equivariant bielliptic map φ : S → D such
that G is a lift of a group G′ of automorphisms of D. The group G leaves invariant the genus one
fibrations defined by the pre-images of the pencils of conics onD and a bisection defined by another
genus one fibration (if D = D1,D2,D3)) or a smooth rational curve (if D = D′1,D′2,D′3).
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Proof. We know that E10
∼= E8 ⊕ U. Thus G leaves invariant a hyperbolic plane U and acts

identically on it. It follows from Proposition 6.1.5 that there exists a unique w ∈ W nod
S such

that w(U) is generated by a canonical isotropic 2-sequence (f1, f2) that defines a biellliptic linear
system |D|. Thus we may assume that G leaves U invariant and acts identically on it. Let φ : S →
D ⊂ |D|∗ be the corresponding bielliptic map. Then G acts in |D|∗ leaving D invariant. Thus G
is a lift of a subgroup of automorphisms of |D|∗ which leaves D invariant. If (f1, f2) are both nef,
D = D1,D2,D3, and we have two genus one pencils |2F1| and |2F2| with [Fi] = fi, both fixed by
G. Otherwise, f1 is nef, and f2 = f1 + r, where r is the class of a smooth rational curve R. Then
D = D′1,D′2,D′3, and we have one genus one fibration |2F1| with [F1] = f1 and a bisection R.

The following useful lemma was communicated to the first author by J.-P. Serre.

Lemma 8.6.9. Let V be a smooth proper connected variety of dimension n over an algebraically
closed field with H i(V,OV ) = 0, i > 0. Then any endomorphism g of V has a fixed point.

Proof. If g is of finite order prime to p this follows from the Woods-Hole formula [320, Corollary
6.12]:

n∑
i=0

(−1)i tr(g∗|H i(V,OV )) =
∑
x∈V g

1

det(1− dgx)
(8.6.4)

where dg is the differential of g at a fixed point x (under the assumption that the set V g is finite).
So, if we assume that V g is empty, we obtain that the right-hand side is 0 but the left-hand side is
positive, a contradiction.

Without any assumption on the order of g but assuming that V g is a finite set, we use the same
argument and the following formula [320, Remark 6.12.1]:

n∑
i=0

(−1)i tr(g∗|H i(V,OV )) =
∑
x∈V g

Resx
du1 ∧ . . . ∧ dun

(u1 − g∗(u1)) · · · (un − g∗(un))
, (8.6.5)

where (u1, . . . , un) are local coordinates at a point x ∈ V g.

Recall that an automorphism of a K3 surface X is called symplectic if it acts identically on
H0(X,ωX).

Lemma 8.6.10. Assume p 6= 2 or S is a µ2-surface. Let g be an automorphism of S of odd order
n. Then its lift g̃ of order n to the canonical cover X is a symplectic automorphism of X .

Proof. We follow a nice argument from [518]. Suppose g̃ is not symplectic. Let φ : X → Y =
X/(g̃) be the quotient map, it extends to a separable morphism φ′ : X ′ → Y ′, whereX ′ is birational
to X and Y ′ is a nonsingular model of Y . Since φ′ is separable, the map φ′∗ : H i(Y ′, ωY ′) →
H i(X ′, ωX′), i = 0, 1, is injective. Its image is contained in H i(X ′, ωX′)

g̃ = {0}. Since φ′ is
separable, kod(Y ′) ≤ 0 and q(Y ′) = pg(Y

′) = 0. Since an automorphism of order equal to the
characteristic is symplectic, we may assume that n is prime to p. It follows from Lemma 8.6.9 that
the descent of the Enriques involution τ to Y and then its lift to Y ′ has a fixed point. Its image on Y
is a fixed point y ∈ Y . The fiber over this point has odd cardinality and it is invariant with respect
to τ . Hence τ has a fixed point on the fiber, contradicting the fact that it acts on X freely.
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Proposition 8.6.11. Assume p 6= 2 or S is a µ2-surface. Let g be a non-trivial automorphism of an
Enriques surface of odd order n. Then n = 3 or 5.

Proof. Let g̃ be a lift of g to a symplectic automorphism of the K3-cover. The odd order n of a
symplectic automorphism of a K3 surface takes possible values 1, 3, 5, 7 and 11 [177]. The latter
case occurs only if p = 11 [172]. It follows from Section 8.2 that Autnt(S) is of order 2 or 4.
Applying Corollary 8.2.2 and (8.6.1) we see that Aut(S) has no elements of order 11.

It remains to exclude the case n = 7. An element of order 7 in W (E10) is of E8-type. Hence it
fixes a genus one fibration and its bisection. In particular, it cannot be of translation type (the latter
follows also from the fact that the Mordell-Weil group of the jacobian fibration cannot be of order
7). Thus g acts on the base of the fibration, and since n is odd, it fixes the two double fibers. Since
an element of order p fixes only one point in P1, we must have p 6= 7. It is known that in this case a
symplectic automorphism of order 7 has three fixed points. This applies to the lift g̃, and since the
Enriques involution leaves this set invariant, we obtain that it has a fixed point, a contradiction.

The following result in the case k = C can be found in [564, Proposition 3.1].

Theorem 8.6.12. Assume p 6= 2. Let n be the order of an element σ ∈ G∗. Then

n ∈ {1, 2, 3, 4, 5, 6, 8}.

Proof. We already know that an odd n must be equal to 3 or 5. Thus n = 2a, 2a · 3 or 2a · 5. The
classification of possible orders of elements in a finite parabolic subgroup of W (E10) shows that
a ≤ 3. Since there are no elements of order 15, the only possibilities are listed in the assertion and
n = 10, 12.

To finish the proof it suffices to exclude the last two cases.

Assume n = 10. We will show later in Proposition 8.6.18 that an element of order 10 lifts to a
symplectic automorphism of the canonical cover X . If p 6= 5, there are no such automorphisms of
X . The same is true if p = 5 [376].

Let us assume that n = 12. Applying the Woods-Hole formula (8.6.4) to g3 we obtain that
#Sg

3
= 2. Since Sg ⊂ Sg3

, this implies that #Sg ≤ 2.

Assume p 6= 3, then the same formula gives us #Sg
4

= 3 and the differential of g4 acts at a fixed
point with eigenvalues ε3, ε23 (this is the only possibility to make the left-hand side an integer). Since
g leaves the set Sg

4
invariant and fixes at most two points, we obtain #Sg = 1 and the differential

of g acts at a fixed point with eigenvalues ε12, ε
2
12. Now we apply again the Woods-Hole formula,

to get a contradiction.

Next we will assume that p = 3. First, we use that h = g4 is an element of order 3. It follows
from [375] that g has only one fixed point. This implies that Sg consists of one point. But now, it
follows from the Woods-Hole formula (8.6.4) that #Sg

3
= 2, since Sg ⊂ Sg

3
we see that g must

fix two points, a contradiction.

Remark 8.6.13. If p = 2, we do not know whether there exists an Enriques surface with an auto-
morphism of order 10 or 12.
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Following S. Mukai, we introduce the following.

Definition 8.6.14. An automorphism g of an Enriques surface S is called semi-symplectic if it acts
trivially on H0(S,OS(2KS)) ∼= k. We say that a finite grpup G acts semi-symplectically if all its
elements act semi-symplectically.

Note that, although OS(2KS) ∼= OS , the isomorphism is not canonical, so the action does not
coincide with the trivial action on the constants. By duality, we have a canonical isomorphism
H0(S,OS(2KS)) ∼= H2(S,OS(−KS))∨. Therefore, if KS

∼= OS , the action on H0(S,OS(2KS))
is isomorphic to the action on H2(S,OS).

The following two propositions show that the semi-simplicity is an analog of the condition for an
automorphism of a K3 surface X to be symplectic.

Proposition 8.6.15. Assume that p 6= 2, or S is a µ2-surface. Let π : X → S be the K3-cover.
Then an automorphism g of S is semi-symplectic if and only if one of its lifts to an automorphism of
X is symplectic.

Proof. Since π∗(ωS) ∼= OX , we have a canonical isomorphism

H0(S,OS(2KS)) ∼= H2(S,OS(−KS))∨ ∼= H2(X,OX)∨ ∼= H0(X,ωX).

So, the action of two lifts differ by the action of the canonical cover involution. If p = 2, both of
the lifts could be symplectic.

Proposition 8.6.16. Suppose g is of odd order n prime to p. Then it is semi-symplectic if and only
if Sg consists of isolated fixed points and the quotient surface Y = S/(g) has only rational double
points of type An−1.

Proof. A section of H0(S,OS(2KS)) can be represented, locally in an affine neighborhood U of
a fixed point x ∈ S, by φ(dx ∧ dy)2, where φ is an invertible function on U and x, y are local
coordinates. Since g is semi-symplectic det(dgx)2 = 1 and, since g is of odd order, we have
det(dgx) = 1. Since (p, n) = 1, we may find local coordinates such that g acts on them via a
diagonal matrix diag(εn, ε

−1
n ). The image of the point x in the quotient is locally isomorphic to the

rational double point An−1.

Conversely, if the quotient singularity is a rational double point of type An−1, we obtain that g
acts via the diagonal matrix diag(εn, ε

−1
n ) and hence det(dgx) = 1. This implies that one of the

lifts of g is symplectic.

Remark 8.6.17. The assumption that (n, p) = 1 is essential. It follows from [375] that the locus Sg

of fixed points of an automorphism of S of order p could be a connected curve or an isolated point
and, in the latter case the quotient may have a singular point which is not a rational double point.

It is known that the possible order of a symplectic automorphism of a K3 surface of order n prime
to p satisfies n ≤ 8, and all such values are realized (see [177], Theorem 3.3). Moreover, if n = p,
then p ≤ 11 (loc.cit., Theorem 2.1). The symplectic lifts of automorphisms of an Enriques surfaces
satisfy a stricter condition.
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Proposition 8.6.18. Assume p 6= 2 or S is a µ2-surface. Any automorphism g of order n not
divisible by 4 is semi-symplectic. An element of order 8 cannot be semi-symplectic.

Proof. Let π : X → S be the K3-cover. It follows from Lemma 8.6.10 that any element of odd
order is semi-symplectic. A lift of an automorphism of order 2 of X is either symplectic or its
composition with the covering involution τ is symplectic.

Suppose n = 2k, where k > 1 is odd. Let g̃ be a lift of g such that g̃2 is a symplectic lift of g2.
If g̃ is not symplectic, then it acts as −1 on H0(X,ωX), hence g̃ ◦ τ acts identically and defines a
symplectic lift of g.

It remains to exclude the case n = 8.

Suppose a semi-symplectic automorphism g has order n = 8. Let g̃ be its symplectic lift to the
canonical cover X . It is known that #X g̃ = 2. But then Sg consists of one point. Applying the
Woods-Hole formula, we find a contradiction. Note that there is no contradiction with a symplectic
lift of an element of order 4 since it gives us that #Sg = 2 and the differential at each point has
eigenvaluses ±

√
−1. The formula confirms that #Sg = 2.

Let g̃ be a symplectic lift of an automorphism g of S. The image of a fixed point of g̃ on S is
a fixed point of g which is called a symplectic fixed point. Other fixed points of g are called anti-
symplectic fixed points. We denote the set of symplectic (resp. anti-symplectic) fixed points by Sg+
(resp. Sg−). Note that, Sg+ ∩ S−− = ∅ because the differential dgπ(x) and dg̃x are isomorphic linear
representations of g and g̃.

Let g be a symplectic automorphism of finite order n > 1 coprime to p of a K3 surface X .
Then Xg is finite and we have the following Table for possible number f of fixed points (see [177,
Theorem 3.3]).

n 2 3 4 5 6 7 8
f 8 6 4 4 2 3 2

Table 8.5: Number of fixed points of an automorphism of a K3 surface

Corollary 8.6.19. Let g be a semi-symplectic automorphism of order n of S. If p|n, then #Sg = 1
or Sg is a connected curve. If p - n, then

(n=2) #Sg+ = 4 and e(Sg−) = tr(g∗)− 4;

(n=3) #Sg+ = #Sg = 3;

(n=4) #Sg+ = #Sg− = 2;

(n=5) #Sg+ = #Sg = 2;

(n=6) #Sg+ = 1 and #(Sg−) ∈ {1, 2}.
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Proof. Assume p|n. If n = p, then it is known that Sg is connected [375]. Write n = pkn′, then

Sg ⊂ Sg
pk−1n′

and the assertion follows. Now we assume that (n, p) = 1. If n is odd (i.e. 3 or 5),
then X g̃◦τ ⊂ X g̃2

= X g̃ so Sg− = Sg+. If n = 4, then X g̃◦τ ⊂ X g̃2
, so Sg− = Sg

2

+ \ S
g
+. If n = 6,

then #X g̃ = 2. Also X g̃◦τ and X g̃ are subsets of the set #X g̃2
of cardinality 6. This implies

#Sg+ = 1 and #Sg− ≤ 2.

Example 8.6.20. If p 6= 2 or S is a µ2-surface, all possible orders of semi-symplectic automor-
phisms can be realized by translation automorphisms of the Mordell-Weil group of the jacobian
elliptic fibration. We know that these numbers are among possible orders of such groups. It remains
to see that the translation automorphisms are semi-symplectic. In fact, one of the two lifts of such an
automorphism is a translation automorphism of an elliptic fibration on the K3-cover, the pre-image
of the elliptic fibration on S. It is well-known that such an automorphism is symplectic. One can
see it, for example, by considering the exact sequence

0→ ωX(−F )→ ωX → OF (ωX)→ 0,

where F is a general fiber of the elliptic fibration. Via the adjunction formula ωF ∼= OF (ωX),
and the exact sequence defines a canonical isomorphism H0(X,ωX) → H0(F, ωF ). Since the
translation automorphism of an elliptic curve acts identically on H0(F, ωF ), we obtain that it acts
identically on H0(X,ωX).

8.7 Involutions of Enriques surfaces

In this section, we will study involutions of an Enriques surface and classify them in characteristic
p 6= 2. We assume that p 6= 2 in this section although some statements may be valid in characteristic
2 too.

All involutions on Enriques surfaces over the field of complex numbers have been classified by H.
Ito and H. Ohashi in [331]. Their classification relies heavily on the Global Torelli Theorem for K3
surfaces and Nikulin’s results on quadratic lattices together with an isometry of order 2. There are
18 types of involutions in the case k = C. We will show that the same result is true over a field of
arbitrary characteristic p 6= 2.

We start with the following.

Lemma 8.7.1. Let f : S → P1 be a genus one fibration on an Enriques surface. Suppose it admits
a separable bisection B. Then S admits an automorphism of order 2 that preserves the fibration
and the bisection B. Conversely, any automorphism of order 2 of S that preserves a genus one
fibration, acts identically on the base, and leaves invariant a separable bisection arises in this way.

Proof. A bisection is a point x of degree 2 on the generic fiber Sη of f . The assumption implies
that the residue field of this point is a separable extension of k(η). The linear system |x| defines
a separable degree 2 map Sη → P1

η. Its deck transformation is a birational involution on S that
extends to a biregular involution. The point x is the pre-image of a rational point on P1

η and hence
is preserved by the deck transformation.
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Conversely, an automorphism σ of order 2 of S that preserves a genus one fibration f : S → P1

and a separable bisection restricts to Sη to define a separable map φ : Sη → C = Sη/(σ). Since σ
leaves invariant the generic point x of the bisection, we obtain that x = φ−1(y) for some point y of
degree 1 on C. Hence C ∼= P1

η, and σ arises in the way described in above.

Corollary 8.7.2. Suppose S admits an elliptic fibration f : S → P1. Then the automorphism group
Aut(S) contains an element of order 2.

Proof. We know that f : Sη → P1 is a torsor of period 2 over an elliptic curve. Applying Theorem
4.6.5 and Proposition 4.6.4, we obtain that Sη contains a point x of degree 2 with a separable residue
field. Then the assertion follows from Lemma 8.7.1.

Let C ⊂ S be a separable bisection of an elliptic pencil |2F |. Applying Enriques’s Reducibility
Lemma (Theorem 2.3.5 from Volume 1), we see that C is linearly equivalent to a positive sum of
smooth rational or genus one curves. Thus we may assume that C is one of them and the involution
of S defined by C coincides with the bielliptic involution arising from a bielliptic map |2F + 2F ′|
or |4F + 2R|.

Let us look how an involution g can act on Num(S).

According to R. Richardson [602], the conjugacy classes of involutions in a Coxeter group (W,S)
can be described as follows. We say that a subset J of the set of Coxeter generators S satisfies
the (−1)-condition if the Coxeter group WJ generated by J contains an element σJ that acts as
− id in the geometric realization RS of W . In the case of Weyl group the root sublattice generated
by J must be the orthogonal sums of root lattices of types A1, D2n, E7, E8). Since E10 has rank
10, we have the following types of irreducible root sublattices generated by a subset satisfying the
(−1)-condition:

A1, D4, D6, D8, E7, E8.

Other possible root sublattices (they are all primitive sublattices of E10) with this property are the
orthogonal sums of suitable irreducible sublattices. The following proposition is Theorem A from
[602].

Proposition 8.7.3. Any involution in a Coxeter group is conjugate to the involution σJ for some
subset J defining a finite parabolic subgroup that satisfies the (−1)-condition. Two involutions σJ
and σJ ′ are conjugate if and only if the subsets J and J ′ are equivalent (as explained in Section 6.4
after Lemma 6.4.7).

Applying this proposition we find 15 non-equivalent diagrams that correspond to an involution in
W (E10).

A1, 2A1, 3A1, 4A1, 5A1, D4, D4 +A1, D4 + 2A1, D6, D6 +A1, D8, E7, E7 +A1, E8, E8 +A1.
(8.7.1)

Proposition 8.7.4. Let g be an involution of S. Then g preserves a numerical polarization of degree
2.
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Proof. Let M be one of the sublattices of E10 defined by a diagram from the list (8.7.1) and let N
be its orthogonal complement in E10. It follows from Lemma 8.6.6 that it suffices to find a vector
v ∈ N with v2 = 2. For example, we can achieve this if we show that N contains a sublattice
isomorphic to U.

We use the standard root basis B = (α0, . . . , α9) as in (6.1.1). Let Σ be a subset of B. Suppose
αi 6∈ Σ and αj ∈ Σ is incident to αi such that αi, αj is a connected component of Σ ∪ {αi}. Then
the elementary operation defined by αi allows one to replace αi with αj (see the definition of an
elementary operation in Coxeter groups before Example 6.4.8). We leave it to the reader to check
that, using such operations, one can replace Σ, not of types

5A1, D4 + 2A1, D6 +A1, D8, A1 + E7, E8 +A1, (8.7.2)

with a subset Σ′ contained in the set {α0, . . . , α8} which spans M ∼= Ẽ8 and also is disconnected
with α9. So, the orthogonal complement contains the generator f of the radical of 〈α0, . . . , α8〉 ∼= Ẽ8

which together with α9 generates a sublattice isomorphic to U.

If Σ is of type D4 + 2A1, then it is equivalent to the diagram with vertices α0, α2, α3, α4, α6, α8.
Let αD8

max be the maximal root of the sublattice of E10 of type D8 spanned by the roots αi, i 6= 1, 9.
Then f, αD8

max span a sublattice isomorphic to U which is orthogonal to all roots from Σ. The same
sublattice is orthogonal to the subset α0, α2, α3, α4, α5α6, α7 of type D6 +A1. It is easy to see that
any diagram of type D6 +A1 is equivalent to the diagram with this set of vertices.

It remains to consider the diagrams 5A1, D8, E7 +A1 and E8 +A1. In the first case, the diagram
is equivalent to the diagram with vertices α1, α3, α5, α7, α9. The vector v = 2f + α9 is orthogonal
to all these vectors, and v2 = 2. The same is true for Σ of type E8 + A1. If Σ is of type D8, then
the vector v = f + α1 is orthogonal to the sublattice spanned by Σ and satisfies v2 = 2.

Finally, suppose the diagram is of type E7 + A1. Then the orthogonal complement is spanned by
the vectors v1 = f and v2 = α8 + 2α9 with Gram matrix

(
0 2
2 −6

)
. We have (2v1 + v2)2 = 2.

Let g be an involution of S. We set

Num(S)± := {v ∈ Num(S) : g∗(v) = ±v}.

From now on in this Section, we assume that p 6= 2.

Thanks to our assumption on the characteristic, we can apply the Lefschetz fixed point formula.
Since c1 : Num(S)Ql → H2

ét(S,Ql) is an isomorphism for l 6= 2, we obtain

e(Sg) = 2 + tr2(g∗), (8.7.3)

where e(Sg) is the Euler-Poincaré characteristic of the locus of fixed points of g and tr2(g∗) is the
trace of g∗ on Num(S)Q. We have

tr2(g∗) = 10− 2 rank Num(S)−.

This allows us to compute possible e(Sg) to obtain the following table.

We already know that any bielliptic linear system on S defines a bielliptic involution, the deck
transformation of the corresponding bielliptic map. This involution leaves invariant a general mem-
ber of the pencils |2Fi| and induces an involution on it such that the quotient by the involution is a
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Num(S)− A1 2A1 3A1 4A1 D4 5A1 D4 +A1 D4 + 2A1

Num(S)+ E7 + U D6 + U D4 +A1 + U 4A1 + U D4 + U 4A1 +A1(−1) 3A1 + U 3A1 +A1(−1)

e(Sg) 10 8 6 4 4 2 2 0

Num(S)− D6 D6 +A1 E7 D8 E7 +A1 E8 E8 +A1

Num(S)+ 2A1 + U 2A1 +A1(−1) A1 + U ( 0 2
2 2 ) A1 +A1(−1) U A1(−1)

e(Sg) 0 −2 −2 −4 −4 −4 −6

Table 8.6: 15 types of involutions of an Enriques surface

conic on a 4-nodal quartic del Pezzo surface D = D1 or D′1.

Lemma 8.7.5. Let g be an involution of an Enriques surface leaving invariant a bielliptic linear
system |D| = |2F1+2F2| or |4F1+2R| withD2 = 8. Then g coincides with the bielliptic involution
σ defined by the corresponding bielliptic map S → D if and only if it leaves invariant all members
of the pencils |2Fi|.

Proof. Each pencil is the pre-image of a pencil of conics on D, so the bielliptic involution leaves it
invariant.

Conversely, since g commutes with σ, it induces a projective automorphism ḡ of D. If it acts
identically on the genus one pencils |2Fi|, then ḡ acts identically on the pencils of conics that give
rise to the genus oen pencils. In particular, it acts identically on the set of lines onD since it is taken
twicely belongs to the pencils. Thus, ḡ belongs to the identity component Aut(D)◦. We use the
information about this group given in Proposition 0.6.24 in Volume 1.

If D = D1, then Aut(D)◦ is a 2-dimensional torus that acts, in the double plane model of S by
[x, y, z] 7→ [λ, µy, γz]. Obviouslty it does not act identically on the pencils of conic represented by
lines ax+ by = − or conics axy + bz2 = 0.

If D = D′1, then Aut(D)◦ is given by transformations [x, y, z] 7→ [x, ay, bz+ cx] and we come to
the same conlcusion.

Definition 8.7.6. An involution g of an Enriques surface is called an irrational involution if the
quotient space S/(g) is not a rational surface.

It follows from the classification of algebraic surfaces that the quotient S/(g) is birationally iso-
morphic to an Enriques surface.

Example 8.7.7. Let S be an Enriques surface with an elliptic fibration |2F | with a reducible fibers
D of type D̃4. LetR0 be its unique component of multiplicity 2. ThenD−2R0 ∼ 2F −2R0, hence
the sum Σ = D − 2R0 of simple irreducible components of F is divisible by 2 in Num(S). Hence
there is a double cover φ : X → S ramified over Σ. The ramification divisor of φ is the sum Σ′ of
four disjoint (−1)-curves. Let F ′ be another half-fiber of |2F |. We have KX = φ∗(KS + Σ′) =
φ∗(F )−φ∗(F ′)+Σ′ and e(X) = 2e(S)−e(Σ) = 16. After we blow down Σ′, we obtain a smooth
surface Y with K2

Y = 0 and e(Y ) = 12. It follows from the classification of algebraic surfaces that
it must be an Enriques surface.

Example 8.7.8. Let f : S → P1 be an elliptic fibration with reduced fibers such that its jacobian
fibration j : J → P1 admits a non-trivial 2-torsion section C0. Then the translation automorphism
of S corresponding to this section is an irrational involution. LetC = Jβ be the set of fixed points of
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the negation involution β. Since p 6= 2, it is a smooth curve. It contains as its connected components
the zero section O and the 2-torsion section C0. We assume that the residual curve C1 = C − C0

is irreducible. It follows from the construction of the Weierstrass model of j that C1 is an elliptic
curve and, generically, j has four reducible fibers of type A1. The branch points of the double cover
C1 → P1 induced by the fibration j : J → P1 correspond to fibers of type Ã∗0. The set of fixed
points of the translation involution σ is the set of nodes of irreducible singular fibers. This shows
that σ is an irrational involution. The quotient surface is birationally isomorphic to an Enriques
surface which admits an elliptic fibration with the same types of singular fibers. The images of
the reducible fibers are irreducible singular fibers of type Ã∗0, and the images of irreducible fibers
(after we blow-up the fixed point) are reducible fibers of type Ã1. This example coincides with
Example 8.7.7, if S contains another elliptic fibration g : S → P1 invariant with respect to σ such
that one of its half-fibers F is smooth and passes through the four fixed points of the translation
automorphism. In this case the image of the fibration g on the quotient surface has a fiber of type
D̃4 and its pre-image on S is equal to F .

Proposition 8.7.9. An involution σ of an Enriques surface is an irrational involution if and only if
Sg consists of isolated points. Moreover, the number of fixed points is equal to 4.

Proof. Suppose that Sσ consists of isolated fixed points. Let α : S′ → S be the blow-up of Sσ

and V = S′/(σ′), where σ′ is the unique lift of σ to S′. The cover φ : S′ → V is ramified over
the union Ē of k disjoint (−2)-curves Ē1, . . . , Ēk on V and its ramification curve is the union E of
(−1)-curves E1, . . . , Ek such that φ∗(Ēi) = 2Ei. We have

KS′ = α∗(KS) + E = φ∗(KV ) + E,

hence φ∗(KV ) = α∗(KS). This easily gives h0(KV ) = 0, 2KV = 0, hence V is an Enriques
surface. The formula e(S′) = 12 + k = 2e(V )− 2k = 24− 2k shows that k = 4.

Conversely, let σ be an irrational involution. Suppose that Sσ consists of k isolated fixed points
and maybe also a smooth curve C. Let S′ be the blow-up of isolated fixed points. The ramification
curve of the quotient map φ : S′ → V = S′/(σ′) consists of the sum Σ of k disjoint (−1)-curves
E1 + · · ·+ Ek and the curve C (which we identify with the curve on S).

As above,
α∗(KS) = φ∗(KV + C̄)

where φ∗(C̄) = 2C. This gives 2(2KV + C̄) = 0. If Sσ contains a one-dimensional part, this
implies 2KV < 0, and hence V is a rational surface. So, we may assume that Sg consists of k
isolated fixed points. Then, as in the first part, α∗(KS) = φ∗(KV ) implies that S is an Enriques
surface and k = 4.

Corollary 8.7.10. Let g be an irrational involution of an Enriques surface. Then

Num(S)− ∼= A⊕4
1 , Num(S)+

∼= A⊕4
1 ⊕ U.

Proof. In the notation of the proof of the previous proposition, φ∗(Num(V )) is a sublattice of
Num(S′) isomorphic to E10(2). It is contained in Num(S′)+ and the quotient group is isomorphic
to 〈E1, . . . , E4〉/〈E1 + · · · + E4〉 ∼= (Z/2Z)⊕3. Thus the index of the sublattice φ∗(Num(V ))
is equal to 23, hence its discriminant is equal to 24. The discriminant groups of Num(S)− and
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Num(S′)+ are isomorphic, hence Num(S)− has discriminant group isomorphic to the discriminant
group of A⊕4

1 . In our Table 8.6 there is only one such lattice of rank 4.

Remark 8.7.11. Since the lattice A⊕4
1 is not from the list (8.7.2), an irrational involution commutes

with some bielliptic involution. It is a lift of a projective involution of a surfaceD that preserves the
pencil (or two pencils) of conics but acts non-trivially on the pencil.

We will use the following result from [100, Corollary 1.3].

Proposition 8.7.12. Let V be a weak del Pezzo surface that contains an even set of disjoint (−2)-
curves. Then there exists a birational morphism f : V → V ′, where V ′ is a weak del Pezzo surface
of degree 4 containing an even set of (−2)-curves.

Recall that a set R1, . . . , Rk of (−2)-curves on an projective smooth surface is called even if the
sum R1 + · · ·+Rk is divisible by 2 in the Picard group.

It follows from our classification of symmetroid quartic del Pezzo surface in Section 0.6 that V ′ is
a minimal resolution of singularities of the surface D1 or D′1.

Theorem 8.7.13. Every involution of an Enriques surface is either an irrational involution or a
bielliptic involution.

Proof. Suppose σ is not an irrational involution. Following the proof of Proposition 8.7.9 we show
that

0 = α∗(KS) + E = φ∗(KV +
1

2
(C̄ + Ē)),

where C is the non-empty one-dimensional part of Sσ and Ē is the sum of m disjoint (−1)-curves,
the images of the exceptional curve of α : S′ → S in V . This easily implies that

C̄ ∈ | − 2KV |,
1

2
Ē ∈ Pic(V ) \ {0}.

Thus m 6= 0, and Ē ∼ 2D is an even set of (−2)-curves on V . An even set of (−2)-curves on
an algebraic surface consists of 4a curves (since the self-intersection of the sum of the curves is
divisible by 4). Let π′ : Y → V be the double cover of V branched along Ē. The ramification
divisor E′ consists of 4a (−1)-curves. We have

e(Y ) = 2e(V )− 8a, KY = π′
∗
(KV +D).

This gives 2KY = π′∗(2KV + Ē). Since C̄ ∈ | − 2KV |, this easily implies that Y is a rational
surface. By Noether Formula,

12 = e(Y ) +K2
Y = 2(K2

V + e(V ))− 12a = 24− 12a.

Thus a = 1 and E′ consists of four (−1)-curves that can be blown down to points q1, . . . , q4 ∈ S.

Applying Proposition 8.7.12, there exists a birational morphism β : V → D. Thus σ, as a
birational involution, coincides with the deck transformation of the rational map S 99K S′ → V →
D. Since the exceptional curve of S′ → S is blown down to the singularities of D, the composition
map is a regular map of degree 2 to a quartic surface in P4. It is given by a linear system L ⊂ |D|
with D2 = 8. By Riemann-Roch, L = |D| and hence L coincides with a bielliptic linear system of
degree 8. So, σ coincides with the corresponding bielliptic involution.
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Example 8.7.14. Let p1, . . . , p6 be the vertices of a complete quadrilateral of lines in the plane.
Choose two general points p7, p8 in the plane and let D be a weak del Pezzo surface of degree 1

• •

•

•

• •

p1

p3

p5

p4

p6

p2

Figure 8.3: Complete quadrilateral

obtained by blowing up the set {p1, . . . , p8}. Consider the double cover f : S′ → D branched
along a curve B equal to the union of a smooth sextic C̄ ∈ | − 2KD| and the union of the proper
transforms `i of the sides of the quadrilateral.

We use a standard geometric basis (e0, e1, . . . , e8) of Pic(D). We have

B ∼ (6e0 − 2
8∑
i=1

ei) + 2(2e0 −
6∑
i=1

ei).

Thus KS′ = f∗(KD + 1
2B) = f∗(2e0 −

∑6
i=1 ei). We have f∗OS′ = OX ⊕OD(−1

2B), thus

h0(f∗(2e0 −
6∑
i=1

ei)) = h0(2e0 −
6∑
i=1

ei) = 0.

However,

2KS′ = E1 + . . .+ E4,

where E2
i = −1 and f(Ei) = `i. The Hurwitz type formula shows that

e(S′) = 2e(D)− e(C)− e(E1 + · · ·+ E4) = 22 + 2− 8 = 16.

Let π : S′ → S be the blowing down of E1, . . . , E4. Then e(S) = 12 and h0(KS) = h0(KS′) = 0
but h0(2KS) = h0(2KS′) = 1. Hence S is an Enriques surface and the deck transformation of
S′ → D descends to an involution g of S. Its set of fixed locus is a smooth curve of genus 2 and 4
isolated fixed points. The quotient S/(g) is isomorphic to the anti-canonical model D̄ of D.

Let us see that g is a bielliptic involution. Let d12, d34, d56 be the diagonals of the quadrilateral
passing through Σ12 = {p1, p2}, Σ34 = {p3, p4} and Σ56 = {p5, p6}, respectively. Let Pij be
a pencil of conics in the plane that passing through {p1, . . . , p6} \ Σij . Its pre-image in S is a
σ-invariant elliptic pencil |Dij |. Its half-fibers Gi, Gj are equal to the images on S of the proper
transforms of the lines onX with divisor classes ei and ej . We haveG1·G3 = G1·G5 = G3·G5 = 1.
For example, G1 intersects G3 at one point equal to the point pk such that p1, p3, pk are collinear.
Thus we see that σ coincides with three bielliptic involutions σ12, σ34, σ56 of S defined by non-
degenerate U -pairs (G1, G3), (G1, G5) and (G3, G5). The corresponding bielliptic maps φij blow
down three disjoint (−2)-curves. For example, φij blows down the proper transform of the diagonal
dij and the proper transforms Θ7 and Θ8 of the lines on D with divisor classes e7, e8.
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The lift of the bielliptic map φij : S → D1 to S′ defines a degree two cover of the blow-up of a
minimal resolution D̃1 blown up at 3 points. This is our weak del Pezzo surface D.

Let ` be the line on D with divisor class e0 − e7 − e8. It intersects C̄ at two points a1, a2. Since
2C1 +E1 + · · ·+E4 ∈ |− 2KX |, we see that 2a1 + 2a2 ∈ |2KC̄ |, or a1 + a2 ∈ |KC̄ + ε| for some
nonzero 2-torsion point ε in Pic(C̄). Since there are 15 such points, we see that a1 and a2 coincide
with two Weierstrass points of C. In particular, we find two elliptic curves Q and Q′ from | −KD|
that are tangent to C̄ at a1 and a2, respectively. The restriction of the invertible sheaf L defining the
double cover S′ → D to ` is equal to O`(a1 + a2). This shows that the curves Q and Q′ split under
the cover into a pair F1 + F2 and F1 + F ′2 of elliptic curves intersecting at one point. Moereover,
F1 · F ′1 = F2 · F ′2 = 0. Thus F1 ∼ F ′1, F2 ∼ F ′2 and the the linear system |2F1 + 2F2 is a bielliptic
linear system. The involution g leaves it invariant but does not act identically on the pencils |2Fi|.
It does not coincide with the bielliptic involution defined by |2F1 + 2F2| but is equal to a lift of an
involution of D1 that switches the opposite sides of the quadrangle of lines on D1.

Corollary 8.7.15. Suppose σ is a bielliptic involution given by a bielliptic linear system |2F1 +2F2|
such that the corresponding bielliptic map blows down a curve R (not necessary irreducible) to a
point P on the surface D1 not lying on lines. Then σ leaves invariant a non-bielliptic linear system
|F1 + F2 + F3| of degree 6.

Proof. Our proof is essentially a rewording of the proof of Theorem 6.1.12. We know that the
image of D1 under projection from P is a 4-nodal cubic surface Y (see Section 0.7 in Volume 1).
The linear system |2F1 + 2F2−R| is a bielliptic linear system of degree 6. The involution σ leaves
invariant the curve R and coincides with the deck transformation of double cover S 99K Y defined
by the linear system |2F1 +2F2−R|. As in the previous example, we obtain three pencils of conics
on Y coming from three pencils of conics in the plane passing through 4 vertices of the complete
quadrilateral. Two of them, say P12 and P34, define the elliptic pencils |2F1| and |2F2| on S. The
proper transform of the diagonal 〈p5, p6〉 is the exceptional curve of the inverse map Y → D1.
The pre-image of the corresponding pencil P56 on S is the third elliptic pencil |2F3| on S with
F1 · F2 = F3 · F3 = 1. Obviously, σ leaves invariant the linear system |F1 + F2 + F3|.

The following Example is given in [331, 5.2].

Example 8.7.16. Let S′ be an Enriques sextic surface, a birational model of an Enriques surface S.
Assume that it is invariant with respect to the projective involution τ : [x, y, z, w] 7→ [y, x, w, z]. Its
equation must be of the form

(a1(x2 + y2) + a2(z2 + w2) + a3xy + a4zw + a5(xz + yw) + a6(xw + yz))xyzw

+(x2y2z2 + x2y2w2 + x2z2w2 + y2z2w2) = 0.

The set of fixed points of the involution τ in P3 is the union of two lines x + y = z + w = 0 and
x− y = z−w = 0. Plugging in these equation in the equation of S′, we find that the lines intersect
S′ at four isolated points not lying on the coordinate tetrahedron xyzw = 0. Their pre-images on
S are four isolated fixed points of the involution τ lifted to S. Note that a pair of opposite edges
defines on S a choice of a bielliptic linear system |2F1+2F2|. Our involution preserves any of them.
It leaves invariant the pencils |2F1| and |2F2|, but either permutes both pairs of half-fibers (F1, F

′
1)
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and (F2, F
′
2) or permutes only one pair of half-fibers. This shows that it is a lift of an involution of

a quartic surface D under the bielliptic map.

Now let us study the conjugacy classes of bielliptic involutions on S.

We will use the following lemma from [654]. In view of its importance in the sequel we supply
its proof.

Lemma 8.7.17. Assume p 6= 2 and letX be a smooth minimal projective surface with kod(X) ≥ 0.
Let f : X → Y be a morphism of degree 2 onto a normal surface. Then any connected fiber
C = f−1(y) over a nonsingular point y of Y is a point or the union of (−2)-curves whose dual
graph is of type An, Dn, En as in the following picture:

An • • • • •. . .
a1 a2 a3 an−1 an

Dn • • • • •

•

. . .
b2

b1

b3 b4 bn−1 bn

En • • • • • •

•

. . .
c2 c3 c4

c1

c5 cn−1 cn

where En = E6, E7, E8. The deck transformation σ of f extends to a biregular automorphism of
X . It acts on the components of C as follows

• σ(ai) = an+1−i, i = 1, . . . , n;

• σ(bi) = bi if n is even;

• σ(b1) = b2, σ(bi) = bi, i 6= 1, 2 if n is odd;

• σ(c1) = c1, σ(ci) = c8−i, i 6= 1 if n = 6;

• σ(ci) = ci if n = 7, 8.

Moreover, C contains k irreducible components fixed pointwise by σ, where

k =



0, an,

m− 1, d2m, d2m+1,

1, e6,

3, e7,

4, e8.

Proof. Let X → X ′ → Y be the Stein factorization of f , where X → X ′ is a birational morphism
and X ′ → Y is a finite morphism of degree 2. Since KX is nef, any curve R blown down to a point
of X ′ satisfies R2 < 0 and R ·KX ≥ 0. By the adjunction formula, this implies that R is a (−2)-
curve. By Proposition 0.4.2, the intersection matrix of the irreducible components of C is negative
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definite. Since y = f(C) is a nonsingular point of Y , we obtain that y is a singular point of the
branch curve B of the cover f−1(Y \ Sing(Y )) → Y \ Sing(Y ). Thus the fiber f−1(y) coincides
with C. Let φ(u, v) = 0 be a local equation ofB at y. Then the pre-image x′ of y inX ′ is a singular
point locally isomorphic to w2 + φ(u, v) = 0 and X → X ′ is a minimal resolution of x′ over an
open neighborhood of x′ which is equal to a minimal resolution of a rational double point of type
An, Dn, En. Thus x′ is such a point and y is a simple singularity of B of the corresponding type.
To see how σ acts on the irreducible components of C, one resolves the singular point explicitly
and observes the action of the involution w 7→ −w on the irreducible components. We leave this
exercise to the reader.

Finally, we use thatCσ does not contain isolated fixed points fromXσ since f(C) is a nonsingular
point of Y . The intersection Xσ ∩ C consists of k irreducible components and points where the
proper inverse transform B̄ of B intersects C.

In case A2k, we see that no component is invariant with respect to σ. In the case A2k+1 we see
that only the central component is invariant and it contains two points on it that belong to B̄. Thus
k = 0.

In case D2m, we see that B̄ intersects the components b1, b2, bn at one point, and the components
b3, b5, . . . , bn−1 must enter in Xσ. Thus k = m− 1

In caseD2m+1, B̄ intersects the components b3 and bn at one point, and the components b4, b6, . . . ,
bn−1 must enter in Xσ. Thus k = m− 1, again.

In case E6, B̄ intersects the component c4 at one point, and the second invariant component c1

must enter in Xσ. Thus k = 1.

In case E7, B̄ intersects the components c7 and c1. The components c2, c4, c6 enter in Xσ. Thus
k = 3

In case E8, B̄ intersects the components e1 and the components c2, c4, c6, c8 enter in Xσ. Thus
k = 4

We first apply this lemma to the case when g is a bielliptic involution, the deck transformation of a
bielliptic map φ : S → D given by a bielliptic linear system |D| = |2F1+2F2| or |D| = |4F1+2R|.
The surface D in this case is a 4-nodal quartic del Pezzo surface D1 or its degeneration D′1. We
described the geometry of these surfaces in Sections 0.6 and 3.3 in Volume 1.

We know that g has 4 isolated fixed points. They lie over the singular points of D, the vertices
of the quadrangle of lines (or the degenerate quadrangle of two lines) on D. The one-dimensional
part of Sg consists of the normalization W̄ of the branch curve W ∈ |OD(2)| and smooth rational
curves R1, . . . , Rs that are blown down to singular points of W . We have

e(Sg) = 4 + e(W̄ ) + 2s. (8.7.4)

Each curve blown down by f has zero intersection with F1 and F2, and hence must be contained
in some fiber D1 of |2F1| and some fiber D2 of |2F2|.

Let E be the sublattice generated by all irreducible curves blown down by φ.
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We denote by E(x) the direct summand of E generated by irreducible components blown down to
a point x ∈ D. It follows from Lemma 8.2.5 and Lemma 8.7.17 that the g∗-invariant part E(x)+ of
E(x) is isomorphic to the following lattice:

A⊕k1 if E(x) is of type A2k−1, A2k

D2k if E(x) is of type D2k+1,

D4 if E(x) is of type E6,

E(x) otherwise

For example if E(x) ∼= E6 then E(x)+ has a root basis c1, c4, c3 + c4 + c5, c2 + c3 + c4 + c5 + c6

of type D4.

Since g acts identically on the sublattice U generated by[F1], [F2], we have E+ ⊕U is a sublattice
of finite index in Num(S)+. It follows from above that E is a 2-elementary sublattice. The known
structure of Num(S)+ gives all possible cases. We list them in Table 8.7 below.

No. di gi δ E E+ Num(S)+ m
1 (6) (5) 0 {0} {0} U 10
2 (6) (4) 1 A1 A1 U +A1 9
3 (6) (3) 2 A2 2A1 U + 2A1 8
4 (6) (2) 3 A3 3A1 U + 3A1 7
5 D4, D5, E6 D4 U +D4 6
6 (6) (1) 4 A4 4A1 U +D4 6

6* 4A1 4A1 U + 4A1 6
7 E6 +A1, D4(D5) +A1 D4 +A1 U+D4+A1 5
8 D6 D6 U +D6 4
9 E7 E7 U + E7 3

10 E8 E8 U + E8 2
11 (6) 0 5 A5(n) 5A1 U+D4+A1 5
12 D4(D5) +A2(n), D4+2A1 U +D6 4
13 D6 +A1, D7 +A1, D6 +A2, D6 +A1 U + E7 3
14 E7 +A1 E7 +A1 U + E8 2
15 (5, 1) (1,0) 4 A4 4A1 U +D6 6
16 (5, 1) (1,0) 5 A5 5A1 U+D4+A1 4
17 E7 +A1, E7 +A1 U + E8 3
18 (5,1) (0,0) 6 A6 6A1 U +D4 3
19 D4 +A3 D4+3A1 U + E7 3
20 2D4 2D4 U + E8 2
21 D6 + 2A1 D6+2A1 U + E8 2
22 (3, 3) (1, 1) 4 A4 4A1 U +D4 6
23 (3, 3) (1, 0) 5 A5 5A1 U+D4+A1 4
24 (3, 3) (1, 0) 5 D4(D5) +A3(n) D4+2A1 U +D6 4
25 (3, 3) (0, 0) 6 2D4 2D4 U + E8 2
26 (3, 2, 1) (1, 0, 0) 6 A6 6A1 U +D6 3
27 D4 + 3A1 D4+3A1 U + E7 3
28 2D4 2D4 U + E8 2
29 (3, 2, 1) (0, 0, 0) 7 D4 + 4A1 D4+4A1 U + E8 2
30 (2, 2, 1, 1) (0, 0, 0, 0) 8 A8 8A1 U + E8 2

Table 8.7: Singularities of the sextic branch curve W

Here Ak denotes a part of E of type Ai1 + · · · + Ais , where
∑s

j=1[
ij+1

2 ] = k = δ. Thus
Ak combines various cases, which we do not want to list for typographical reason. For example,
A1 = {A1, A2} but A2 = {2A1, A2 +A1, A3, A4}.

Let S′ be the blow-up of S at the four isolated fixed points of g. The quotient surface D′ =
S′/(g) is a nonsingular model of the 4-nodal quartic surface D. The double plane model w2 +
xyf6(x, y, z) = 0 of S is obtained as the composition of the quotient map S′ → D′ → P2, where
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α : D′ → P2 is a birational map that sends the proper transform in D′ of the branch curve of the
bielliptic map φ : S → D to the partW : f6(x, y, z) = 0 of the branch curve of φ. There is a choice
of the blowing down map α : D′ → P2 that gives a different double plane model of S. Note that
the curve W consists of h irreducible components Wk of degrees d1, . . . , dh represented in Pic(D)

by the classes die0 − m(i)
1 e1 − · · · − m(i)

5 e5 that add up to the class 6e0 − 2e1 − · · · − 2e5. We
let (d1, . . . , dh) be the degrees of these components and (g1, . . . , gh) their geometric genera. The
usual formula

5 = pa(W ) =
h∑
i=1

gi + δ − h+ 1

gives that the total δ-invariant
∑

p∈W δp(W ) is equal to δ = 4 + h−
∑h

i=1 gi.

It is not difficult but tedious to list all possible singularities of W that give the information on
the lattice E , the locus of fixed points Sg and the action of g on Num(S). The Table 8.7 gives the
representatives of Cremona equivalence classes of possible branch curves W .

The next Table 8.8 gives the classification of possible types of involutions of Enriques surfaces.

Type Num(S)− Num(S)+ e(Sg) No. in Table 8.7 Sg

1 0 E8 + U 12 10, 17, 27 C(1) + 4P1 + 4pts
2 0 E8 + U 12 20, 24, 29 4P1 + 4pts
3 0 E8 + U 12 14, 21, 28 4P1 + 4pts
4 A1 E7 + U 10 9 3P1 + C(1) + 4pts
5 A1 E7 + U 10 13, 19, 26 3P1 + 4pts
6 2A1 D6 + U 8 8, 17, 24 2P1 + C(1) + 4pts
7 2A1 D6 + U 8 12, 15 2P1 + 4pts
8 3A1 D4 +A1 + U 6 7 P1 + C(1) + 4pts
9 3A1 D4 +A1 + U 6 11 P1 + 4pts

10 D4 D4 + U 4 5 P1 + C(2) + 4pts
11 D4 D4 + U 4 22 2C(1) + 4pts
12 D4 D4 + U 4 6 C(1) + 4pts
13 4A1 4A1 + U 4 irrational 4pts
14 4A1 4A1 + U 4 6∗ C(1) + 4pts
15 D4 +A1 3A1 + U 2 4 C(2) + 4pts
16 D6 2A1 + U 0 3 C(3) + 4pts
17 E7 A1 + U −2 2 C(4) + 4pts
18 E8 U −4 1 C(5) + 4pts

Table 8.8: Involutions on an Enriques surfaces in characteristic p 6= 2

Here C(g) denote a smooth curve of genus g.

Remark 8.7.18. Here are some comments and hints for the above classification.

1. The first three types (1)-(3) in Table 8.8 are numerically trivial involutions. They correspond
to Cases (A), (B), (C) from Corollary 8.2.21.

2. Type (13) is the only type of an involution that does not arise as a bielliptic involution. Al-
though Num(S)+ and Num(S)− coincide with case (6∗) in Table 8.7 the sets of fixed points
are different.

3. We often use the Cremona transformation given by the linear system |3e0 − e2 − e3 − e4 −
e5− 2eP | or by choosing appropriately an extra point P . That allows sometimes to lower the
degree of components of W . If P is taken to be a triple point of W we acquire a conic as an
additional component.
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4. Another useful Cremona transformation is a quadratic involution given by the linear system
of conics |2e0−e2−e3−e4| or |2e0−e2−e3−e4|. It exchanges the linear system of quartic
|4e0−2e1−e2−e3−e4−e5|with the linear system of quintics |5e0−e1−2e2−2e3−2e4−2e5|.

5. The degrees of possible irreducible components of the branch curve onD are (8), (6, 2), (4, 4),
(4, 2, 2), and (2, 2, 2, 2). They correspond to our cases (6), (5, 1), (3, 3), (3, 2, 1), (2, 2, 1, 1).

6. Type 6∗ occurs when the four singular points are the pre-image points of the intersection of a
conic from the pencil |e0 − e1| and a conic from the pencil |2e0 − e2 − e3 − e4 − e5|.

7. The Table shows that the only lattices from (8.7.1) which are not realized as the sublattice
Num(S)− are the exceptional lattices from (8.7.2).

8. The last case (30) correspond to involutions g such that g∗ is contained in the 2-level congru-
ence subgroup W (Num(S))(2).

Following [307], we can also construct an involution on S by using the rational quadratic twist
construction from Proposition 4.10.9 in Volume 1 (see [307]).

We assume that p 6= 2. Start with a rational elliptic surface j : J → P1 with a section O defining a
group law on the set of sections. We choose two fibers Jt1 and Jt2 of multiplicative type or smooth.
For simplicity of exposition, we assume that they are smooth. We also assume that there is a rational
bisection C invariant with respect to the negation involution β which is tangent to the fibers Jti at
their 2-torsion points ai ∈ Jti . For example, it may arise as the pre-image of a conic under the map
of J to the quotient J/(β) isomorphic to F2. This conic must be tangent to the branch curve at two
points and also intersect it at the images of the points a1 and a2.

Let B → P1 be the double cover branched at t1 and t2. The base change j′ : X = J ×P1 B → B
is a jacobian elliptic fibration. The projection p : X → J is a double cover of J branched along
the union of the two fibers Jt1 and Jt2 . It is a K3 surface which turns out to be isomorphic to the
canonical cover of an Enriques surface S, the result of the rational quadratic twist construction.

The Enriques involution τ on X is constructed as follows. We additionally assume that C splits
under the cover p : X → J into two (−2)-curves R+ and R−. This is automatic if C is smooth.
They define two sections s+ and s− of j′ that add up to 0 in the Mordell-Weil group MW(j′). Let σ
be the deck transformation of the coverX → J and let tR+ be the translation automorphism defined
by the section R+. Then τ = s+ ◦σ switches pairs of fibers Xt and σ(Xt) if t 6= t1, t2 and restricts
to a translation tε by a 2-torsion point ai = R+ ∩Xti on Xti . So, τ is a fixed-point-free involution
that creates two double fibers on the quotient S = X/(τ). The curve R+ + R− is τ -invariant and
descends to a bisection R of the elliptic fibration f : S → P1 on S whose pull-back on X is the
elliptic fibration j′ : X → B. When C is smooth, the bisection R is a special bisection. Note that
σ ◦ τ ◦ σ = σ+ ◦ σ, so the involution s+ ◦ σ is conjugate to τ and gives the same quotient.

To define a new involution on S we consider the composition α = ι ◦ σ, where ι is the negation
involution of the elliptic fibration j′ : X → B. Then

α ◦ τ = (ι ◦ σ) ◦ (s+ ◦ σ) = ι ◦ (σ ◦ s+ ◦ σ) = ι ◦ s−
= s+ ◦ ι = s+ ◦ (ι ◦ σ ◦ ι) = (s+ ◦ σ) ◦ (ι ◦ σ) = τ ◦ α.

(8.7.5)
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Thus α commutes with the Enriques involution and hence descends to an involution α′ of S. The
involution α of X has 8 fixed points, four on each of the fibers Xt1 and Xt2 . The involution of S
has 4 fixed points, two on each half-fiber of the images of Xt1 and Xt2 on S.

The quotient X/(α) has 8 rational double points of type A1 and its minimal resolution is a K3
surface. The quotient S/(α′) is a rational surface with 4 rational double points of type A1. The
composition β = τ ◦ α is a non-symplectic involution of X . The quotient Y is a smooth rational
surface.

We have a commutative diagram of the quotient maps

X
/τ

��
/β
��

/α

  
S

/α′

��

Y

/β′

��

X ′

/τ ′~~
Z

In the case when C is smooth, the map S → Z is a bielliptic map given by the special bielliptic
linear system |4F + 2R| where f is given by |2F |. The surface Z = D1 is a quartic symmetroid
del Pezzo surface. The map Y → Z is the double cover of the quartic symmetroid Z ramified at its
singular points. The surface Y is isomorphic to a nonsingular quadric surface.

Remark 8.7.19. The two torsion points ai ∈ Xti define the local invariants for a torsor of j : J → P1

which is isomorphic to f : S → P1. The quadratic twist construction is nothing more than the usual
construction of the torsor defined by a cocycle (σ) = Aut(B/P1)→ J ′(B) ∼= MW(j′).

Example 8.7.20. Let g be the covering involution of a separable bielliptic map f : S → D. Assume
p 6= 2. If the branch curve W is smooth, we know that g is of type E8 in Table 8.8. When W
is irreducible with k ordinary nodes, then Sg consists of 4 isolated fixed points and a curve of
genus 5 − k. This gives that the trace of g∗ on the cohomology is equal to 4 + 2 − 2(5 − k) =
2k − 4. We also know that g∗ leaves invariant a hyperbolic plane. This gives that g is of type
E7, D6, D4 +A1, 4A1, 3A1, respectively.

8.8 Finite groups of automorphisms of Mathieu type

Recall from [159], 6.2 that a Steiner system S(t, k, v) consists of a set Σ of cardinality v whose
elements are called points and a set B of subsets of Σ of cardinality k whose elements are called
blocks such that any subset of t points is contained in a unique block. The number b of blocks and
the number r of blocks containing a fixed point satisfy:

bk = vr, r =
(v − 1)(v − 2) · · · (v − t+ 1)

(k − 1)(k − 2) · · · (k − t+ 1)
. (8.8.1)

Many interesting subgroups of Sym(Σ) are realized as the symmetry groups of a Steiner system.
The most remarkable examples are the five Mathieu sporadic simple groups M11,M12,M22,M23
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and M24. The corresponding Steiner systems are S(4, 5, 11), S(5, 6, 12), S(3, 6, 22), S(4, 7, 23) and
S(5, 8, 24), respectively.

The group M11 can be realized as a subgroup of M12 that fixes one point, and the subgroups
M22 (resp. M23) are realized as subgroups of M24 that fix two (resp. one) points. The Mathieu
group M12 is also isomorphic to a subgroup of M24. It is a subgroup that preserves the symmetric
difference of two blocks meeting two points in S(5, 8, 24).

The subgroup of M11 that fixes a point is a Mathieu group M10. It is not a simple group but
contains the group A6 as a subgroup of index 2 (but not isomorphic to S6). It is the automorphism
group of the Steiner system S(3, 4, 10).

The number ε(n) of fixed points of the action of σ ∈ M23 on Σ with v = 24 depends only on the
order n of σ. It is equal to

n 1 2 3 4 5 6 7 8 11 14 15 23
χM23(n) 24 8 6 4 4 2 3 2 2 1 1 1

Table 8.9: Mathieu character for M23

According to S. Mukai [513], any finite group G of symplectic automorphisms of a complex
K3 surface X is isomorphic to a subgroup of the M23 with ≥ 5 orbits in its natural action on
a set Σ. This is achieved by analyzing the character χ of the action of G on the cohomology
H∗(X,C) ∼= Q24. By the Lefschetz fixed point formula, for any g ∈ G of order n, we have

χ(g) = |Xg| = ε(n) := 24

n∏
p|n

(
1 +

1

p

)−1

,

and this coincides with the character of M23 in its permutation representation on Σ given in Table
8.9. The set of one-dimensional sub-representations of G in H∗(X,C) corresponds to the orbits
of G in its action on Σ. They are spanned by the Hodge subspaces H0,0, H2,2, H2,0, H0,2 and the
subspace of H1,1 generated by a G-invariant Kähler class. In the case of positive characteristic
p > 0, the same is true if we replace the complex cohomology with the l-adic ones, assume that the
order of G is prime to p (this is always satisfied if p > 11), and X is not a supersingular K3 surface
with Artin invariant 1 (see [177]).

The number of fixed points of an element σ ∈ M11 on the subset Σ+ ⊂ Σ of cardinality 12
depends only on the order n of σ. We have

n 1 2 3 4 5 6 8 11
χM11(n) 12 4 3 4 2 1 2 1

Table 8.10: Mathieu character for M11

Following S. Mukai and H. Ohashi, we say that a finite group G of automorphisms of an Enriques
surface is of Mathieu type if it acts semi-symplectically and the character of χ onH∗(X,Q`) ∼= Q12

l

satisfies
tr(g∗) = χM11(ord(g)), g ∈ G.
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In our case, by Theorems 8.6.12 and Proposition 8.6.15, if p 6= 2, we have n 6= 8, 11.

Note that, applying the Lefschetz fixed point formula, we obtain

2 + tr(g∗) = #Sg.

Proposition 8.8.1. Assume p 6= 2. LetG be a finite group of automorphisms of an Enriques surface.
Then G is of Mathieu type if and only if it does not contain elements of order 8, and, in Carter’s
notation from Table 8.6, the conjugacy class of g∗ 6= 1 must be one of the following types:

(n = 2) D4 or 4A1 with e(Sg) = 4;

(n = 3) 3A2 with e(Sg) = 3;

(n = 4) D4(a1) + 2A1 with e(Sg) = 4;

(n = 5) 2A4 with e(Sg) = 2;

(n = 6) D4 + 2A2 with e(Sg) = 1.

Proof. It follows from Proposition 8.6.15 that an element of order 8 is not semi-symplectic. Table
8.6 gives possible conjugacy classes of elements of order 2 (resp. 4, resp. 6) with the trace equal
to 4 (resp. 4, resp. 1). In the case n = 4, we also eliminate those of them for which the conjugacy
class of the square is not of type 4A1 or D4. The conjugacy classes of elements of odd order satisfy
the assumption on the trace.

The fact that a group of automorphisms G of Mathieu type acting on an Enriques surface in
characteristic p 6= 2 does not contain elements of order 8 and 11 gives some information about
possible structure of a maximal group of this type. Using [125], Table 10.3, we find that a maximal
subgroup of M11 must be isomorphic to one of the following groups:

M10
∼= A·62, L2(11), M9 : 2 ∼= 32 : Q8·2, S5, M8 : S3

∼= 2·S4.

(we employ the notation from loc.cit.). By analyzing subgroups G of these maximal groups which
have no elements of order 8 and 11, we find that G is a subgroup of one of the following groups

A6, S5, N72, C2 × A4, C2 × C4. (8.8.2)

Here Cn denotes a cyclic group of order n and N72 = 32 oD8.

By Lemma 6.4.7, any finite subgroup of W (E10) is conjugate to a subgroup of a finite parabolic
subgroup WJ of one of the types listed in (6.4.5). The groups from (8.8.2) are not of E8-type
because they contain elements of types 3A2 and 2A4 which are not of E8-type. The group A6 is
a subgroup of the Mathieu group M10, it must be conjugate to a subgroup of a parabolic subgroup
WJ of type A9 with W (A9) ∼= S10. The group S5 must be a subgroup of a parabolic subgroup
of type A4 + A5 with W (A4 + A5) ∼= S5 × S6. Finally, the group N72 is one of the maximal
subgroups of M11 and occurs as a stabilizer of a 2-point set. It must be conjugate to a subgroup of
a parabolic subgroup of type A1 +A8 with W (A1 +A8) ∼= S2 ×S9.

It is known that the permutation action of the subgroups A6, S5, N72 of M11 on Σ+ has orbits
(1, 1, 10), (1, 5, 6), (1, 2, 9), respectively. It shows that dimH∗(S,Ql)

G = 3, and rank Num(S)G =
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1. As in the proof of Corollary 8.6.7, we can compute the orthogonal complements of the root sub-
lattices of typesA9, A4+A5, andA1+A8 and obtain that A6, S5, N72 must preserve a polarization
of degree 10, 30, 18, respectively.

We have also the converse.

Proposition 8.8.2. Suppose one of the groups G = A6, S5, N72 acts on an Enriques surface S
preserving an ample polarization of degree 10, 30, 18, respectively. Then the action of G on S is
Mathieu.

Proof. It follows from Proposition 1.5.3 from Volume 1 that a vector v ∈ E10 with v2 = 10, 30, 18
and Φ(v) ≥ 3 belongs to the orbit of the fundamental weight ω0,ω2,ω4, respectively. Its orthogo-
nal complement is a sublattice of E10 isomorphic to A9,A4 ⊕ A5 and A1 ⊕ A8, respectively. Thus
G is embedded in the Weyl groups of these lattices.

AssumeG = A6. The analysis of maximal subgroups of A10 in [125] shows that the only possible
maximal subgroups which may contain A6 and can be parabolic subgroups of W (E10) are the
following ones: A9,S8, (A7 × 3) : 2, (A6 × 4) : 2, and M10. Now we use that G is not conjugate
to a subgroup W (A9) of a parabolic group of type E8. Suppose G ⊂ S8, then S8 acts on 10 letters
by leaving 8 letters invariant and switching a duad in the complement. Then G is contained in a
subgroup of W (E8) isomorphic to A8. This discards this subgroup. The second maximal group
preserves a triad of letters, so G would be embedded in A7. Similar argument discards the group
(A6 × 4) : 2. Suppose G ⊂ A9. Then G is conjugate to a parabolic subgroup of type A8. Its
orthogonal complement in E10 contains an isotropic vector. This would imply that A6 preserves a
genus one pencil which is obviously impossible. The surviving option is the Mathieu group M10,
this is what we need.

Assume G = S5 or N72. It is conjugate to a subgroup of a parabolic subgroup of type A4 × A5

or A1×A8 isomorphic to S5×S6 or S2×S9. We consider these groups as subgroups of S11. A
maximal subgroup of this group either preserves a subset of cardinality 1, 2, 3, 4, 5 or is a subgroup
of two non-conjugate subgroups isomorphic to the Mathieu groupM11. It is easy to see that the first
possibility in our case implies that G is of E8- type or preserves a genus one fibration. This leads to
a contradiction.

The main result of [518] is the following.

Theorem 8.8.3. Assume k = C. A finite group G admits a Mathieu action on S if and only if
it is isomorphic to a subgroup of one of the five maximal groups from (8.8.2). Equivalently, G is
isomorphic to a subgroup of S6 and its order is not divisible by 16.

We are not going to provide a proof and restrict ourselves only with providing examples of Mathieu
actions of the first three maximal groups from the list (8.8.2). We refer to the examples realizing the
last two groups to [517] and [519].

Example 8.8.4. ([517]) Assume G ∼= S5. Let X ′ be a surface of degree 6 in P4 given by the
equations ∑

1≤i<j≤5

xixj =
∑

1≤i<j<k≤5

xixjxk = 0. (8.8.3)
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The surface has obvious S5-symmetry. Also it admits an involution σ defined by the standard
Cremona transformation [x1, . . . , x5]→ [1/x1, . . . , 1/x5]. Its fixed points in P4 are the points with
coordinates ±1. They do not lie on X ′ unless p = 2 or 5.

The Cremona involution σ in P4 is defined by the linear system of quartic hypersurfaces passing
through the points q1 = [1, 0, . . . , 0], . . . , q5 = [0, . . . , 0, 1] with multiplicity ≥ 3. The points are
the only singular points of X ′, they are ordinary nodes. Let X be a minimal resolution of X ′. It is
a K3 surface.

Assume that p 6= 2, 5. In this case the involution σ lifts to a fixed-point free involution τ of X
and the quotient S = X/〈τ〉 is an Enriques surface. The Cremona involution σ restricted to X ′

is defined by quartics passing through the singular points. On X , it is given by the linear system
|4h − 3(E1 + · · · + E5)|, where h is the pre-image of a hyperplane section class of X ′ on X and
Ei are the exceptional curves of the resolution of singularities.

The linear system |5h− 3(E1 + · · ·+E5)| is invariant with respect to the group generated by S5

and τ . Thus X admits a polarization of degree (5h − 3(E1 + · · · + E5))2 = 25 · 6 − 9 · 10 = 60.
It descends to a polarization of degree 30 on S invariant with respect to the group S5 acting on it.
The action of S5 descends to an action of this group on S. Applying Proposition 8.8.2, we obtain
that the action of S5 on S is Mathieu.

Note that it is not true that any action of S5 must be a Mathieu action. In the next section we will
study a surface S birationally isomorphic to the quotient of the surface

5∑
i=1

xi =

5∑
i=1

1

xi
= 0

by the Cremona involution. Its full group of automorphisms is isomorphic to S5 but only its sub-
group A5 acts in a Mathieu fashion.

Example 8.8.5. ([518]) Assume p 6= 2. We construct S as the quotient of a degree 8 K3 surface
in P5 by a fixed-point free involution τ . We use the notation from Section 3.4. Recall that X is
embedded in P5 by the linear system |D′|, where h̃ = [D′] is a τ -invariant polarization of degree
8, a lift of a polarization h of degree 4 on S. The involution τ decomposes the linear space E =
H0(X,OX(D′)) (resp. its dual spaceH0(X,OX(D′))∨) into eigensubspacesE+, E− (resp. E∨+ =
E⊥− , E

∨
− = E⊥+ ). The net |N | of quadrics vanishing on X is defined by a triple (N+, N−, γ), where

N± is a 3-dimensional subspace of S2E± of quadratic forms on E∨±, and γ : N+ → N− is an
isomorphism of linear spaces. The K3 surface X is given by equations

X =
⋂
q∈N+

V (q + γ(q)). (8.8.4)

The discriminant curve h ⊂ |N | of |N | is equal to the union h+ + h− of the discriminant curves
of the nets of conics |N±|. We will deal with the case where the curves ∆± are smooth cubics that
intersect transversally at 9 points p1, . . . , p9. It is known that the space E± is identified with the
space H0(∆±,O∆±(θ±)(1)), where θ± is a non-trivial 2-torsion divisor class on ∆± [179, 4.1.3].

To sum up, starting with any 3-dimensional linear space N , two nonsingular plane cubics ∆± in
|N | = P2 with non-trivial 2-torsion divisor classes θ± on them, we can construct a K3 surface X
as follows. The pairs (∆±, θ±) define nets N± of conics in the planes P(E±), where E± as above,
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then consider E = E+ ⊕ E−, and take X defined by equations (8.8.4). The isomorphism γ is
defined by identifying N+ and N− with N .

Assume additionally that p 6= 3. Recall that the Hessian determinant Hess(F ) of a homoge-
neous polynomial F in three variables is a homogeneous cubic polynomial. The correspondence
F 7→ Hess(F ) is an example of a covariant on the space of cubic ternary forms. The cubic curve
V (Hess(F )) is denoted by Hess(V (F )) and is called the Hessian curve of V (F ). The Hessian
curve Hess(C) of a plane cubic C is equal to the discriminant curve of the net of polar conics of C.
The discriminant curve comes equipped with a non-trivial 2-torsion divisor class θ. Thus, if p 6= 2
(resp. p = 2), there are essentially three (resp. one or none) different ways to represent a non-
singular cubic curve as the Hessian of another plane cubic curve. (see the details in [179, Chapter
3]).

In Section 4.7 and in Example 4.10.12 we already used the definition of a Hesse pencil of plane
cubics. If we take a nonsingular cubic to be a member of the pencil

Cλ : x3 + y3 + z3 + 6λxyz = 0,

then we find that the Hessian covariant cubic Hess(Cλ) is also a member Cλ′ of this pencil with
λ′ = −1+2λ3

6λ2 (see [179, 3.2.2]).

Thus, if we choose two cubics C± from the pencil their Hessians will give us two pairs (∆±, δ±)
that will define two pencils of conics N±.

The Hesse pencil contains 6 anharmonic plane cubics (i.e. cubics whose Weierstrass equation
has the form y2 + x3 + ax = 0, or, equivalently, cubics with vanishing Aronhold invariant T ). It
follows from formula (3.10) in [179] that we find that the corresponding parameter λ is a root of the
equation 8t6 + 20t3− 1 = 0. The six roots of this equation are λi = 1

2(−1±
√

3)ω, where ω3 = 1.
Take one of these roots, say λ+ = 1

2(−1 +
√

3). The Hesse curve Hess(Cλ+) coincides with Cλ− ,
where λ− = 1

2(−1−
√

3). Also, Hess(Cλ−) = Cλ+ .

The net of polar conics of a member Cλ of the Hesse pencil is spanned by conics

x2 + 2λyz = 0, y2 + 2λxz = 0, z2 + 2λxy = 0.

Thus the surface X can be given by equations

q1 = x2
0 + 2λ+x1x2 + y2

0 + 2λ−y1y2 = 0, (8.8.5)

q2 = x2
1 + 2λ+x0x2 + y2

1 + 2λ−y0y2 = 0,

q3 = x2
2 + 2λ+x0x1 + y2

2 + 2λ−y0y1 = 0.

The Hessian groupG216 of projective automorphisms leaving invariant the Hesse pencil is a group
of order 216 isomorphic to 32 : SL(2,F3). The blow-up of the base points of the pencil defines an
extremal rational elliptic surface f : J → P1 with the Mordell-Weil group isomorphic to 32 :=
(Z/3Z)2. The subgroup 32 acts as the group of translations (when we fix one section). The center
of SL(2,F3) acts on a general fiber as the negation automorphism. It is given by the projective
transformation (x, y, z) 7→ (x, z, y). The quotient by the center PSL(2,F3) ∼= A4 acts on the base
of the pencil as the tetrahedral group generated by the transformation σ1 of order two defined by
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λ 7→ −λ+1
2λ+1 and a transformation σ2 of order three defined by λ 7→ ωλ. We check that σ1(λ+) = λ−,

thus a subgroup 32 : 4 of order 36 leaves the discriminant pair invariant and acts on the surfaceX . In
fact, one directly checks that the equations of X are invariant with respect to these transformations
(acting on the variables xi and yi diagonally).

We would like to extend this action to an action of the group N72. To do this we consider an
embedding

Φ : E∨ ↪→ S2E∨+ ⊕
2∧
E∨− ⊂ E∨ ⊗ E∨ = S2E∨ ⊕

2∧
E∨.

The projection map Φ(E∨) → S2E∨+ is equal to the composition E∨ → E∨+ → S2E+, where the
second map is given by the linear system of conics N+. The second projection Φ(E∨) →

∧2E∨−
is equal to the composition E∨ → E∨− →

∧2E−, where the second map is given by canonical
isomorphism E∨− →

∧2E− defined by a choice of a volume form in
∧3E−. In coordinates xi, yi,

if we identify the space S2E+ with the space of symmetric (3× 3)-matrices, and the space
∧2E−

with the space of skew symmetric (3× 3)-matrices, the map Φ is given by

(x0, x1, x2, y0, y1, y2) 7→ A =

 λ+x0 x2 + cy2 x1 − cy1

x2 − cy2 λ+x1 x0 + cy0

x1 + cy1 x0 − cy0 λ+x2

 , (8.8.6)

where c2 = 1− λ2
+ = 1

2

√
3.

One checks immediately that the equations coincide with the equations

2a∗ii = λ+(a∗jk + a∗kj),

where a∗ij are the entries of the adjugate matrix adj(A) and {i, j, k} = {1, 2, 3}. Also, note that
the image Φ(E) is the subspace of matrices A = (aij) satisfying the similar equations, where a∗ij
is replaced with aij . Consider the map adj : A 7→ adj(A) that defines a birational involution
T on the projective space P8 of 3 × 3-matrices. It is given by quadrics V (a∗ij). It follows that
T−1(Φ(P(E))) ∩ Φ(P(E)) = X , hence

T (X) = Φ(P(E)) ∩ T (Φ(P(E))) = Φ(P(E)) ∩ T−1(Φ(P(E)) = X.

Since X is a minimal surface, the birational involution extends to a biregular involution T̄ on S. By
explicit computation, one checks that it commutes with τ and descends to an involution on S that
together with the subgroup 32 : 4 generates a group isomorphic to N72.

The intersection of Φ(P(E)) with the indeterminacy locus of T is isomorphic to a complete inter-
section of three divisors of type (1, 1) in P2 × P2. It is a curve F0 of arithmetic genus one. Let H̃
denote the class of a hyperplane section of X embedded in P(E) ∼= P5 and let H4 be the polariza-
tion of degree 4 on S such that lifts to H̃4. Since T : X → X is given by quadrics passing through
F0, we have T ∗(H̃) ≡ 2H̃ − F0, where f0 = [F0]. Thus H̃ + T ∗(H̃) = 3H̃ − F0 is a polarization
on X of degree (3H̃ − F0)2 = 36. Since τ preserves H̃ and commutes with T , it descends to a
polarization H18 = 3H4−G0 of degree 18. Thus, the group N72 of automorphisms of X preserves
a polarization of degree 18 on X . By Proposition 8.8.2, its action is Mathieu.

We will show in the next example that the same surface S admits a Mathieu action of the group
A6. To do this we have to introduce more geometry of S and its canonical cover X .
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Let xyz = 0 be one of the four singular members of the Hesse pencil. Each of its line components
contains three base points. Consider the pencil of quadrics in P5 parameterized by one of these line,
say x = 0. Its Segre symbol is equal to (2, 2, 2), and it follows from the classification of pencils
of quadrics (see [179, 8.6.1]) that its base locus contains a plane. In our example, the pencil is
generated by the quadrics Q2 = V (q2) and Q3 = V (q3), and we can choose a plane Π23 given by
equations

x1 − y1 = x2 − y2 = λ+x0 − λ−y0 = 0. (8.8.7)

The restriction of the net of quadrics to this plane is a conic. In this way, we obtain three conics Kij

in X , pairwise intersecting at one point corresponding to a singular point of the cubic xyz = 0. The
union of these conics is a curve of arithmetic genus one and degree 6. One checks that this curve
is disjoint from F0, hence moves in the elliptic pencil |F0| on X . It is invariant with respect to the
involution τ and descends to an elliptic pencil |2G0| on S (it called the primary elliptic pencil in
[518]). It contains four pairs of reducible fibers of type Ã2.

Observe that the canonical cover X contains a line. A straightforward way to see this is to use the
equation of such a line `1 (see [518], 2.2):

[x0, x1, x2, y0, y1, y2] = [2λ−t, t+
√

3, t−
√

3, 2
√
−1λ+, 1 +

√
3t, 1−

√
3].

This line lies in the 3-plane Π1 defined by equations

x1 + x2 + 2λ+x0 = y1 + y2 + 2λ−y0 = 0.

It is contained in the quadric Q1 of corank 2 corresponding to the base point [0, 1,−1] of the Hesse
pencil. The 3-plane Π1 also contains the plane Λ23 with equations (8.8.7). It is contained in the
base locus of the pencil generated by Q2, Q3 that coincides with the side x = 0 of the Hesse
triangle xyz = 0. Thus the conic K23 = X ∩ Λ23 is contained in the quartic curve Π1 ∩ X . The
latter becomes the union of two lines `1, `′1 and the conic K23. Since the arithmetic genus of the
intersection of two quadrics in P3 is equal to one, the curves `1, `′1, L23 intersect pairwise at one
point forming a reducible fiber of type Ã2 of the elliptic fibration |F1| corresponding to the quadric
Q1.

Note that the line τ(`1) is skew to `1 and also lies in the τ -invariant 3-plane Π1. The conic τ(K23)
corresponds to the plane τ(Λ23) that also lies in Π1. The curve τ(`1) + τ(`′1) + τ(K23) is disjoint
from `1 + `′1 + K23 and forms another reducible fiber of |F1|. The image of this pair of fibers is a
fiber of type Ã2 of the elliptic fibration |2G1| on the Enriques surface S.

Replacing the quadric Q1 with any other quadric Qi corresponding to different base point of the
Hesse pencil, we obtain 36 lines `i, `′i, τ(`i), τ(`′i) on X . Recall that the twelve sides of the four
Hesse triangles and the 9 base points (or sections of j : J → P1) of the Hesse pencil form the
famous Hesse configuration (123, 94). This easily implies that each fibration |2Gi| is of Hesse type,
i.e. contains four reducible fibers of type Ã2. Also each irreducible component of a reducible fiber
of the primary fibration |2G0| (also of Hesse type) is contained in three reducible fibers of different
fibrations |2Gi|.

Let `(j)i , j = 1, 2, 3, be the sides of the Hesse triangles Ti, i = 1, 2, 3, 4,. Fix one side `(j)i and
let Qa, Qb, Qc be the quadrics corresponding to the base points pa, pb, pc lying on `(j)i . We can
choose the plane Π

(j)
i contained in the base locus of the pencil of quadrics defined by `(j)i and a
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3-plane Λa,Λb,Λc in each Qa, Qb, Qc that contains this plane. Thus the conic K(j)
i corresponding

to the plane Π
(j)
i is a part of a reducible fiber of the elliptic fibrations |Fa|, |Fb|, |Fc|, the other two

components are pairs of lines. The 3-plane Λa intersects the two planes Π
(j)
k , k 6= i, at one point,

this easily implies that F0 · Fi = 2.

Let |2Gi|, i = 0, . . . , 9, be the descents of the elliptic fibrations |Fi| to S. Let gi = [Gi] ∈
Num(S). Then (g0, . . . , g9) is an isotropic 10-sequence. At the end of Section 3.5 in Volume 1,
we have explained that (g−1, . . . , g−9) form an isotropic 9-sequence that cannot be extended to an
isotropic 10-sequence and 1

2(g−1 + · · ·+ g−9) exists in Num(S) and defines a Mukai polarization
of degree 18 on S. Let g−i = h − gi, where h is a polarization of degree 4 (they correspond to a
different choice of a pencil of 3-planes on the quadric Qi). Expressing g0 in terms of h, g1, . . . , g9,
we find

2g0 = −3h+
9∑
i=1

gi = −3h+

9∑
i=1

(h− g−i) = 6h−
9∑
i=1

g−i.

This shows that 3h − g0 = 1
2

∑9
i=1 g−i coincides with the Mukai polarization defined by the base

points p1, . . . , p9.

Now we are ready to explain the next example.

Example 8.8.6. Here we use the notation from Section 3.5 in Volume 1. We recall that h2n denotes
a polarization of degree 2n. We will show that the Enriques surface constructed in the previous
example also realizes a Mathieu action of the group A6.

We know that S contains 10 elliptic fibrations |2Gi| of Hesse type with [Gi] = gi such that
h = 1

3(g0 + · · ·+ g9) is a numerical Fano polarization on S and h18 = 1
2(g1 + · · ·+ g9) is a Mukai

polarization with h18 · gi = 4, i ≥ 1.

The jacobian fibration of each fibration is an extremal rational elliptic surface of Hesse type, and
has the Mordell-Weil group MWi isomorphic to the group 32 := (Z/3Z)⊕2. So, we have ten such
groups acting on S. Let G be the subgroup of Aut(S) generated by these groups. Let us see that G
is a finite group preserving the polarization h4. To see this, we notice that, for any component Rj
of a reducible fiber of any of the ten pencils |2Gi|, we have h18 ·Rj = h18 ·Rj = 2. We know that
MWi acts transitively on the set of irreducible components of fibers and these components together
with some MWi-invariant ample divisor generate Num(S)Q. By writing a divisor class as a linear
combination of these generators, we easily find that it is MWi-invariant if and only if it intersects
equally all the irreducible fiber components.

The group G leaves invariant an ample divisor h, and hence must be a finite group. Since the
canonical non-degenerate isotropic 10-sequence (g0, . . . , g9) is uniquely defined by h, up to an
order, we see that G acts by permutations on the set of vectors gi. Let us see that the image of G in
S10 is the subgroup of the Mathieu group M10 isomorphic to A6.

Recall that M10 is isomorphic to the automorphism group of the Steiner system S(3, 4, 10) on a
set Σ of cardinality 10. It consists of 30 blocks of cardinality 4 and each point in Σ is contained in
12 blocks.

We realize this Steiner system as follows. First we match Σ with the set {g0, . . . , g9}. Then we
match blocks with the sets of irreducible components of reducible fibers of the elliptic fibrations
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|2Gi|. Recall that |2Gi| contains four reducible fibers, each consists of three irreducible com-
ponents. Each irreducible component is contained in fibers of four different fibrations |2Gi|. It
corresponds to the fact that each base point of the Hesse configuration is contained in four sides
of the Hesse triangles. Also, the fact that each side of a Hesse triangle contains 3 base points cor-
responds to the property that each subset of three fibrations has a common irreducible component.
This realizes the Steiner system S(3, 4, 10) on which G acts.

Let us consider the action of G on the set of vectors gi defining a homomorphism α : G →
M10. Its kernel acts identically on the set {h10, g0, . . . , g9} and since this set generates Num(S)Q,
it consists of cohomologically trivial automorphisms g. Such an automorphism leaves invariant
components of different fibrations |2Gi|, for each component we have a component of another
fibration that intersects it with multiplicity one at a nonsingular point of the fibers. This shows
that we have at least 4 fixed points one each component, hence all of them are contained in Sg, an
obvious contradiction. Thus α is injective. The image cannot be the whole M10 because we know
from Theorem 8.8.3 that M10 cannot be realized as a group of automorphisms of S of Mathieu
type. Thus, the image of α is contained in A6. Now we use that the image contains 10 subgroups
α(MWi), each isomorphic to 32. The known list of proper maximal subgroups of U6 shows that
none of them contains a pair of commuting elements of order 3. This shows that the image of α is
the whole group U6. It follows from Proposition 8.8.2 that the action of A6 is Mathieu.

Remark 8.8.7. Recall that X contains a line. It follows from Remark 3.4.12 that this implies
that the K3 surface X is isomorphic to a minimal resolution X ′ of the double cover of the plane
|N | branched along the union of the cubics ∆±. In Example 4.10.12 we explained how the data
(∆±, θ±) defines a quadratic twist f : S′ → P1 of the Hesse elliptic fibration j : J → P1 with two
half-fibers over λ± ∈ P1. This, of course, should correspond to the primary elliptic fibration |2G0|
on S. It is a natural question whether the surfaces S and S′ are isomorphic.

In fact, we know thatX contains 36 lines. According to [145] this is maximal possible for an octic
complex K3 surface.

Remark 8.8.8. It is known that A6 is isomorphic to the Valentiner group of projective transforma-
tions of the plane that leaves a certain nonsingular curve of degree 6 invariant. Starting with a Hesse
pencil, W. Burnside gives a geometric construction of nine more pencils projectively isomorphic
to the Hesse pencil such that the corresponding subgroups 32 of their Hessian groups generate the
Valentiner group [99]. This is an amazing analog of what we did in Example 8.8.6 to generate the
group of isomorphisms of an Enriques surface isomorphic to A6.

8.9 Enriques surfaces with finite automorphism group (p 6= 2)

In this section, we would like to classify Enriques surfaces S such that Aut(S) is a finite group.
Over the field of complex numbers such classification was done by S. Kondo [399] and, via periods
of their K3-covers, by V. Nikulin [544]. Recall from Corollary 8.1.11 that, if p 6= 2 or S is a µ2-
surface, such classification is equivalent to the classification of crystallographic root bases of the
classes of (−2)-curves in Num(S). We will see in this section that there are 7 different types I-VII
of such bases in characteristic p 6= 2. In the next section we shall show that in characteristic p = 2
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the types III, IV and V are not realized and there are additional types which go under the names

Ẽ8, Ẽ
(1)
7 , Ẽ

(2)
7 , Ẽ6 + Ã2, D̃8, D̃4 + D̃4, VIII. (8.9.1)

The key to the classification is the following obvious observation.

Proposition 8.9.1. Let S be an Enriques surface with finite automorphism group. Then the jacobian
fibration of any genus one fibration on S has finite Mordell-Weil group.

Since we know by Corollary 6.3.7 that a nodal Enriques surface has always a genus one fibration
with a special bisection, we may start assuming that S has such a fibration with a special bisectionR.
We use the classification of extremal genus one fibrations from Section 4.8. Instead of considering
many possible cases how R could intersect a reducible fiber, we use the quadratic twist construction
from Lemma 4.10.9 to create such a bisection from a section of the Mordell-Weil group. For each
case we can find a new special elliptic fibration on S which should be extremal, and hence we find
a new (−2)-curve(s) on S which is a component of a singular fiber of a new genus one fibration.
If the obtained dual graph of (−2)-curves satisfies Vinberg’s condition (Theorem 0.8.22, 2), then
we obtain a crystallographic basis. Otherwise we continue this process. Finally we get possible
crystallographic basis of seven types, called of type I, . . . ,VII.

We illustrate this procedure in the following example

Example 8.9.2. We start with the following diagram of type Ẽ8

• • • • • • • •

••

We assume that the special bisection R intersects the unique reduced component of the fiber with
multiplicity 2 (a priori it may intersect an irreducible component that enters with multiplicity 2),
Since p 6= 2, the fiber must be a simple fiber, hence R intersects it with multiplicity 2. Thus we
obtain the following diagram.

• • • • • • • •

• •

R1

R

Next consider the diagram of type Ã1 which is a double fiber of a genus one fibration because it
meets a bisection R1 with multiplicity 1. This fibration is of type Ẽ7⊕ Ã1 because a subdiagram of
type E7 is disjoint from the diagram of type Ã1. Since p 6= 2, we have the following:

• • • • • • • •

• •

•

R3

R2 R

Next we see another parabolic diagram of type Ã7 which is a double fiber of a genus one fibration
because it meets a bisection R2 with multiplicity 1. The original bisection R does not intersect any
component of the curve of type Ã7, and hence it must be a component of a parabolic subdiagram
of type Ã7 ⊕ Ã1. Since the bisection R3 of this fibration meets R with multiplicity 2, the fiber of
type Ã1 is not double. Therefore the new (−2)-curve should meets R2 with multiplicity 2. Thus we
obtain the diagram of a crystallographic basis of (−2)-curves on Kondo’s surface of type I:
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• • • • • •

•
•
•

•
•
•

Recently, Martin [475] used the same idea to extend the classification for the cases of characteristic
p > 2 or µ2-Enriques surfaces in p = 2. Moreover, Martin found a subdiagram (which he called
critical) of a crystallographic basis for each type of seven crystallographic bases such that any
Enriques surface contains a set of (−2)-curves whose dual graph is equal to such a subdiagram is
one of the seven types.

In Nikulin’s approach, one translates Proposition 8.9.1 to the classification of possible R-invariants
of S.

Theorem 8.9.3. Assume that k = C. Then Aut(S) is finite if and only if Nikulin’s R-invariant
(K,H) is one of the following:

(E8 ⊕ A1, {0}), (D9, {0}), (D8 ⊕ A1 ⊕ A1, (Z/2Z)⊕2),

(D5 ⊕D5,Z/2Z), (E7 ⊕ A2 ⊕ A1,Z/2Z), (E6 ⊕ A4, {0}), (A9 ⊕ A1,Z/2Z).

Proof. We give a proof for the necessity. The sufficiency follows from the examples below. Let S
be an Enriques surface with the Nikulin R-invariant (K,H). Recall that K is a root lattice of rank
r = rank(K) and H is an isotropic subgroup H ⊂ K/2K with respect to the finite quadratic form
qK : K/2K → F2. All such lattices are isomorphic to the direct sum K1 ⊕ · · · ⊕Ks, where Ki are
root lattices of rank ri with

∑
ri ≤ 10. So, by applying Lemma 6.4.5, we can list all possible root

latticesK and their corresponding subgroupsH and check whether theR-invariant (K,H) satisfies
the following conditions:

(I) rankK ≤ 10. Moreover if rankK = 10, the number of minimal generators of the p-Sylow
subgroup (p 6= 2) of D(K) is at most 2.

(II) The overlattice KH = {x ∈ K ⊗Q : 2x ∈ H} of K does not contain (−1)-vectors because
otherwise S is not an Enriques surface but a Coble surface.

(III)K/2K mod H is isomorphic to 〈Nod(S)〉 as quadratic forms. In particularK/2K mod H
can be embedded in the quadratic space Ē10 which is even, regular and non defective.

(IV) (Proposition 8.9.1) For any non-zero isotropic vector f ∈ Num(S), the linear quadratic space
generated by {x ∈ Nod(S) : bqK (x, f) = 0} has the maximal dimension 8.

For the condition (I), recall thatK(2) is contained in the orthogonal complement of the transcenden-
tal lattice TX of the canonical cover X of S in H2(X,Z)− ∼= E10(2)⊕U. If rankK = 10, KH(2)
and TX are the orthogonal complements to each other, and hence, by comparing their discriminant
quadratic forms, we have the assertion.

First of all, we show that for each root lattice K appearing in Theorem 8.9.3 the group H is
uniquely determined by the above conditions. In cases of E8 ⊕ A1, E6 ⊕ A4, the quadratic form
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qK is regular and hence H = {0}. In case of D9, qK has a one-dimensional kernel ker(q) which
is represented by a (−4)-vector in K. Thus we have H = {0} by the condition (II). In cases of
E7 ⊕ A2 ⊕ A1, A9 ⊕ A1, qK is defective and has a one-dimensional kernel. The condition (III)
implies H = Z/2Z. In case of D8 ⊕ A1 ⊕ A1, qK is defective and has a three-dimensional kernel,
and hence H = (Z/2Z)⊕2 by the conditions (II), (III). In case of D5 ⊕D5, qK is non defective and
has a 2-dimensional kernel, and hence H = Z/2Z by the conditions (II), (III).

Now we check the conditions (I), (II), (III) or (IV) for any pair (K,H). In case that rankK ≤ 8,
the condition (IV) is not satisfied because the quadratic space qK has at most dimension 8. Thus it
suffices to consider the cases rankK = 9, 10.

There are 88 possible lattices K of rank 10.

(i) The following seven K have regular even quadratic forms qK of rank 10 such that K(2) can
not be embedded in E10(2)⊕ U (i.e. K does not satisfy the condition (I) for p = 3):

E6 ⊕ A⊕2
2 , A5 ⊕ A⊕2

2 ⊕ A1, A4 ⊕ A⊕3
2 , A3 ⊕ A⊕3

2 ⊕ A1, A
⊕5
2 , A⊕4

2 ⊕ A⊕2
1 , A⊕3

2 ⊕ A⊕4
1 .

(ii) In the following five cases, qK is a regular quadratic form of odd type and of rank 10. In
particular it does not satisfy the condition (III):

A10, E8 ⊕ A2, A8 ⊕ A2, A6 ⊕ A4, A
⊕2
4 ⊕ A2.

(iii) In the following nine cases, qK is not regular but of odd type and of dimension 10. In particular
it does not satisfy the condition (III):

D8⊕A2, D7⊕A3, A7⊕A3, E6⊕D4, A6⊕D4, D5⊕A3⊕A2, D
⊕2
4 ⊕A2,D4⊕A4⊕A2, D4⊕A⊕2

3 .

(iv) In the following 50 cases, H is non-trivial by the condition (III) but KH contains a (−1)-
vector, i.e. it does not satisfy the condition (II):

D10, D9 ⊕A1, E8 ⊕A⊕2
1 , A8 ⊕A⊕2

1 , E7 ⊕A3, E7 ⊕A⊕3
1 , D7 ⊕A2 ⊕A1, D7 ⊕A⊕3

1 , A7 ⊕A⊕3
1 ,

E6⊕A3⊕A1, E6⊕A2⊕A⊕2
1 ,E6⊕A⊕4

1 , D6⊕D4, D6⊕A4, D6⊕A⊕2
2 , D6⊕A⊕4

1 , A6⊕A3⊕A1,

A6⊕A2⊕A⊕2
1 , A6⊕A⊕4

1 ,D5⊕A5, D5⊕D4⊕A1, D5⊕A4⊕A1, D5⊕A⊕2
2 ⊕A1, D5⊕A2⊕A⊕3

1 ,

D5⊕A⊕5
1 ,A5⊕D4⊕A1, A5⊕A3⊕A2, A5⊕A2⊕A⊕3

1 , A5⊕A⊕5
1 , D4⊕A4⊕A⊕2

1 , D4⊕A3⊕A2⊕A1,

D4⊕A⊕3
2 , D4⊕A⊕2

2 ⊕A
⊕2
1 , D4⊕A2⊕A⊕4

1 , D4⊕A⊕6
1 , A⊕2

4 ⊕A
⊕2
1 , A4⊕A⊕2

3 , A4⊕A3⊕A2⊕A1,

A4⊕A3⊕A⊕3
1 , A4⊕A⊕2

2 ⊕A
⊕2
1 , A4⊕A2⊕A⊕4

1 , A4⊕A⊕6
1 , A⊕3

3 ⊕A1, A
⊕2
3 ⊕A

⊕4
1 , A3⊕A⊕2

2 ⊕A
⊕3
1 ,

A3 ⊕ A2 ⊕ A⊕5
1 , A3 ⊕ A⊕7

1 , A⊕2
2 ⊕ A⊕6

1 , A2 ⊕ A⊕8
1 , A⊕10

1 .

(v) The following is the list of the remaining twelve cases of K except the five types

D8 ⊕ A1 ⊕ A1, D5 ⊕ D5, E7 ⊕ A2 ⊕ A1, E6 ⊕ A4, A9 ⊕ A1

in Theorem 8.9.3:

A7⊕A2⊕A1, D6⊕A3⊕A1, D6⊕A2⊕A⊕2
1 , A6⊕A⊕2

2 , D5⊕A3⊕A⊕2
1 , A5⊕A5, A5⊕A4⊕A1,

A5 ⊕ A3 ⊕ A⊕2
1 , D⊕2

4 ⊕ A⊕2
1 , D4 ⊕ A3 ⊕ A⊕3

1 , A⊕2
3 ⊕ A⊕2

2 , A⊕2
3 ⊕ A2 ⊕ A⊕2

1 .

These cases do not satisfy the condition (IV). To show this we use the following lemma (for the
proof, e.g. [545, Corollary 4.4]).
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Lemma 8.9.4. Let R be an irreducible root lattice and let A1 be a sublattice of R. Then the root
sublattice R0 of the orthogonal complement of A1 in R is given as follows.

(i) In case R = An, R0 = An−2 (n ≥ 3), R0 = ∅ (n = 1, 2).

(ii) In case R = Dn, R0 = A1 ⊕ Dn−2 (n ≥ 5), R0 = A⊕3
1 (n = 4).

(iii) In case R = En, R0 = A5 (n = 6), R0 = D6 (n = 7), R0 = E7 (n = 8).

For example, in case K = A5 ⊕ A5, qK has rank 9 and dimension 10. By the property (III),
H = Z/2Z and qK mod H is defective and of dimension 9. Consider the sum of a root in each
factor A5 ofK which gives a non-zero isotropic vector in the quadratic form qK . The root sublattice
of its orthogonal complement in K is isomorphic to A⊕2

3 ⊕ A⊕2
1 (Lemma 8.9.4) whose image in

K/2K mod H has dimension 7. Thus this case does not satisfy the condition (IV).

We remark that many cases as above do not satisfy not only one but also two or more conditions
among the conditions (I)–(IV).

The proof for the case rankK = 9 is similar and is easier. Almost all cases do not satisfy the
condition (IV). We leave the details to the reader.

It follows that there are seven types of such surfaces over C. It is a surprising result of Martin’s
classification that there are no new types of crystallographic bases in any characteristic p 6= 2, al-
though some of surfaces with finite automorphism group in characteristic 0 do not live in arbitrary
characteristic. The surfaces of the first two types form a one-dimensional family, the surfaces of
other types are determined uniquely by the type of the basis. In this section, we recall Kondo’s
construction of these surfaces and analyze its possible extension to positive characteristic. To sum-
marize, we exhibit the final result of classification in arbitrary characteristic p 6= 2. Here D8 is the
dihedral group of order 8.
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Type
Dual Graph of
(−2)-curves

Aut Autnt Char(k) Moduli

I D8 Z/2Z any
A1 −

{0,−256}

II S4 {1} any
A1 −
{0,−64}

III
(Z/4Z×

(Z/2Z)2) o
D8

Z/2Z 6= 2 unique

IV
(Z/2Z)4 o
(Z/5Z o
Z/4Z)

{1} 6= 2 unique

V S4 × Z/2Z Z/2Z 6= 2, 3 unique
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VI S5 {1} 6= 3, 5 unique

VII S5 {1} 6= 2, 5 unique

Table 8.11: Enriques surfaces with finite automorphism group (p 6= 2)

We refer to Table 8.12 in the next section that shows which of these surfaces exist in characteristic
p = 2.

Type I

These surfaces realize the crystallographic basis whose Coxeter graph has 12 vertices and is given
in the following Figure 8.4

•

•

• •

•

•

•

•

•

•

• •R1

R9 R10

R2

R3

R8

R7

R6

R5

R12R11

R4

Figure 8.4: Crystallographic basis of type I

We know that these surfaces are a part of a 2-dimensional family of type (A) of surfaces which
admit non-trivial numerically trivial automorphisms which we classified in Theorem 8.2.21. We
constructed them as Enriques double planes with the branch curve of degree 6 equal to the union of
a line, a conic and a cubic passing through the intersection points q1, q2 of the line and the conic.
The curves R10 and R11 are the proper transforms of the lines `1 = 〈p2, q1〉 and `2 = 〈p4, q2〉,
where p2, p4 are the tacnode singularities of the Enriques octic branch curve. The special property
of our family is that one of the lines, say `1 is tangent to the cubic at the point q1. The other line
will have the same property automatically.
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We know from the proof of Theorem 8.2.21 from which we borrow the notation that the equation
of the 2-dimensional family of double plane is

x2
3 + x1x2(x1 − x2)(x2

0 − x1x2)(ax2
1x2 + bx2

0x1 + cx2
0x2 + dx2

2x1) = 0, (8.9.2)

where a+ b+ c+ d = 0. The condition that the line `1 = V (x0 − x1) is tangent to the cubic at q1

is (a + c)2 − 4bd = 0. The same condition guarantees that the line `2 = V (x0 + x1) is tangent to
C at q2. Thus we have a one-parameter family of branch curves B satisfying our assumptions.

The canonical cover X of the surface S is birationally isomorphic to the double cover of F0
∼=

P1 × P1 branched along the pre-image B̃ of the curve B. The curve B̃ is equal to the union of a
quadrangle T of lines, the pre-images of the conics, and a curve C of bi-degree (2, 2), the pre-image
of a hyperplane section. It passes through the vertices of T . The pre-images of the lines `1, `2 are
two conics Q1, Q2 on P1 × P1 passing through the opposite vertices of T and tangent to C there.
They intersect at two points fixed under the involution σ such that F0/(σ) = D1.

Figure 8.5: The branch curve for the canonical cover of type I surfaces

Proposition 8.9.5. A crystallographic basis of (−2)-curves of type I can be realized in any char-
acteristic. Any Enriques surface realizing this basis is birationally isomorphic to the double plane
given by equation (8.9.2), where a+ b+ c+ d = 0, (a+ b)2 = 4cd. Moreover,

Aut(S) ∼= D8.

Proof. The only new assertion here is about the structure of the automorphism group. We already
know that the surface admits a cohomologically trivial involution g0. It can be realized by the deck
transformation of the bielliptic cover S → D1 defined by the degenerate U -pair (f,R), where f is
the class of a half-fiber in the elliptic fibration with a fiber of type Ẽ8 and R is its special bisection
which we easily locate in the diagram.

Consider the action of Aut(S) on the diagram. We will show that the image of Aut(S) is the
group of symmetries of the diagram isomorphic to (Z/2Z)2. Together with g0, this will generate a
group isomorphic to D8.

The symmetry of the graph which switches R3 with R7 is realized by the Mordell-Weil group of
the jacobian fibration of one of the two elliptic fibrations with a fiber of type Ẽ7. The other symmetry
which switches R1 with R5 is realized by the Mordell-Weil group of the jacobian fibration of one
of the two elliptic fibrations with a fiber of type D̃8.
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A straightforward computation proves the following.

Proposition 8.9.6. A surface of type I has genus one fibrations with reducible fibers of the following
types:

Ẽ8 (4), D̃8 (2), Ẽ7 + 2Ã1 (2), 2Ã7 + Ã1 (1),

where the number in the brackets is the number of fibrations of given type. Let |2Fi|, i = 1, 2, 3, 4
(resp. |2F5|, |2F6|, resp. |2F7|, |2F8|, resp. |2F9|) be the genus one pencils of the first (resp. the
second, resp. the third, resp. the forth) type. The intersection matrix of the corresponding primitive
isotropic vectors fi is equal to 

0 3 4 5 1 2 1 3 2
3 0 5 4 2 1 1 3 2
4 5 0 3 1 2 3 1 2
5 4 3 0 2 1 3 1 2
1 2 1 2 0 1 1 1 1
2 1 2 1 1 0 1 1 1
1 1 3 3 1 1 0 2 1
3 3 1 1 1 1 2 0 1
2 2 2 2 1 1 1 1 0


In particular, nd(S) = 4.

Proposition 8.9.7. The Fano root invariant of a surface with crystallographic basis of (−2)-curves
of type I is equal to (E8 ⊕ U(4), {0}). The Nikulin R-invariant is equal to (E8 ⊕ A1, {0}). The
quadratic space 〈Nod(S)〉 is defective of rank 8 and dimension 9. The Reye lattice is isomorphic to
E8(4)⊕ A1 ⊕ A1(−1).

Proof. Let f1 be the class of an elliptic fibration with half-fiber of type Ã7, f2 the class of a half-
fiber of the elliptic fibration with fiber of type D̃8 which containsR9, R8, R6, R12 as its components
with multiplicity 1, and f3 the class of a half-fiber of the elliptic fibration with fiber of type Ẽ7

which contains R4, R6 as its components with multiplicity 1. Let us consider the Fano polarization
h defined by the following canonical isotropic sequence

(f1, f1 +R9, f1 +R9 +R1, . . . , f1 +R9 +R1 + . . .+R4, f2, f2 +R7, f2 +R7 +R6, f3).

We find that h10 · Ri = 0, i 6= 5, 8, 10, 11, 12, h10 · R5 = h10 · R11 = 1, h10 · R8 = h10 · R12 =
2, h10 · R10 = 5. Thus we see that Nh10

S is spanned by all Ri’s except R10. Computing the integral
Smith normal form of the intersection matrix, we find that the discriminant group is isomorphic
to (Z/4Z)⊕2. It is generated by 1

4([R6 + R8 + R9 + R12]) and 1
4([R2 + R4 + R9 + R12]). The

discriminant quadratic form is u2. This implies that Nh10
S
∼= E8 ⊕ U(4).

If we add δR10 , we obtain thatK contains a sublatticeM isomorphic to E8⊕A1. SinceR11+R10 is
a simple fiber, δR11 ∈M . Also we know that δR12 , δR1 , . . . , δR8 are linearly dependent, so M is of
finite index in K and does not contain vectors of norm−1. However, the discriminant group D(M)
does not contain isotropic vectors. So, M = K and the Nikulin R-invariant is (E8 ⊕ A1, {0}).

Applying Lemma 6.4.5, we obtain the assertion about the quadratic space 〈Nod(S)〉. The Reye
lattice is the pre-image of a one-dimensional defective quadratic space in Num(S). This easily
implies that Rey(S) ∼= E8(4)⊕ A1 ⊕ A1(−1).
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Type II

Here the crystallographic basis defines the following diagram from Figure 8.6 of twelve (−2)-
curves on S:

• • • •

•

• • • •

• •

•

R4

R10 R12 R6R2

R3 R5

R11

R1 R7
R9 R8

Figure 8.6: Crystallographic basis of type II

Let us construct such surfaces, they will depend on one parameter. Choose a non-degenerate U -
pair formed by two half-fibers F1 = R1 + R2 + R9 + R10 and F2 = R3 + R4 + R5 + R11 of
type Ã3. Each elliptic fibration |2Fi| has an additional simple fiber R4 + R11 + 2R5 + 2R6 +
R7 + R12, R1 + R10 + 2R9 + 2R8 + R12 + R7, respectively, of type D̃5. Let f : S → D1

be the bielliptic map defined by the pair (F1, F2). The two elliptic fibrations share 8 components
R1, R4, R5, R7, R9, R10, R11, R12 that span the lattice isomorphic to A⊕2

3 ⊕ A⊕2
1 . Comparing with

Table 8.7, we find the corresponding involution in row 26. Note that, since F1 and F2 are double
fibers, they are mapped to two non-skew lines L1 and L2 on D1. The branch curve on D1 consists
of two conics C1, C2 from different pencils |e0− e1| and |2e0− e2− e3− e4− e5| and a hyperplane
section C that are tangent to C1 and C2 at one of the intersection points of C1 and C2 with lines
L1, L2 on D1. In the plane model, C1 is a line `, C2 is a conic K, and C is a cubic curve C ′ tangent
` at ` ∩ 〈p2, p4〉 and tangent to K at the exceptional curve over p3. The branch sextic ` + K + C ′

has additionally two double points at the intersection points of ` with K and two tacnodes. It is a
rational curve. These points become the two tacnodes ofW . The ordinary nodes are the intersection
points q, q′ of the conics. The curves R2 and R3 are mapped to the lines L1, L2. The conics are the
images of R6 and R8. The exceptional points over their intersection points q, q′ are the curves R7

and R12. The rest of the curves are the exceptional curves over the tacnodes of the branch curve on
D1.

Here is the picture of the branch curve on D1. Here C1, C2 are conics, and C is a hyperplane
section. The conics intersect at two (different) points P, P ′.

The following Figure 8.8 describes the pre-image of the branch curve to the quadricQ. It becomes
the branch curve of the double cover X → Q. The pre-image of the plane section C is C̄. The pre-
images of the conic C1, C2 are the curves C±1 , C

±
2 . The pre-images of the points q, q′ are the points

q±, q
′
±. The pre-images of the two lines that contain the intersection points of C ∩ C1, C ∩ C2 are

the lines L̄1, L̄2. They correspond to the reducible half-fibers on X of the two elliptic fibrations
lifted from the elliptic fibrations on S..

To find the equation of the double plane we find a line through p1 and a cubic through p1, . . . , p5

that are tangent at a point on the line V (x0) = 〈p2, p4〉. They equation of the line must be ax2 +
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• •

• •

q′q
C1

C2

C

L2

L1

Figure 8.7: The branch curve of the bielliptic map for type II surfaces

• •

• •

C+
1 C−1

C+
2

C−2
P+ P ′−

P ′+ P−
C̄

L̄1

L̄2

Figure 8.8: The lift of the branch curve to the quadric

dx1 = 0 and the equation of the cubic is ax2
1x2 +bx2

0x1 +cx2
0x2 +dx1x

2
2 = 0, where a2 = d2. Now

we find a conic x1x2 + tx2
0 = 0 through p2, . . . , p4 that intersects the cubic with multiplicity 4 at

p2. It corresponds to the parameter t = b/a. Replacing x1 with −x1, we may assume a = −d = 1,
so the equation of the double plane is

x2
3 + x1x2(x1 − x2)(x1x2 − x2

0)(x1x2(x1 − x2) + x2
0(bx1 + cx2)) = 0 (8.9.3)

The isomorphism class of the surface is uniquely defined, via scaling the variables, by the point
[b, c] ∈ P1 \ {0,∞}.

Proposition 8.9.8. Any Enriques surface realizing a crystallographic basis of type II admits a
birational model as an Enriques double plane given by equation (8.9.3). Moreover,

Aut(S) ∼= S4.

Proof. It remains only to describe the automorphism group.

It follows from our description of cohomologically trivial automorphisms that the group Aut(S)
acts faithfully on the set of (−2)-curves. The group of symmetries of the diagram is isomorphic to
the symmetric group

S4
∼= (Z/2Z)2 oS3.

Each of the three commuting involutions switches curves in two of the three pairs (R1, R10),
(R4, R11), (R7, R12) of curves in the diagram. They are realized by the deck transformations
corresponding to the bielliptic linear system defined by a pair of elliptic fibration |Fi|, i = 1, 2, 3
with reducible fibers of type Ã3 and D̃5. It can be also realized by the action of the Mordell-Weil
group of the jacobian fibration of the elliptic fibration on S with a reducible fiber of type D̃8.
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The Mordell-Weil group of the elliptic fibration with a reducible fiber of type Ã8 is isomorphic
to the group Z/3Z. It realizes elements of order 3 in S4. The Mordell-Weil group of the elliptic
fibration |Fi| is isomorphic to Z/4Z. It realizes elements of order 4 in S4. Together these elements
generate S4.

Proposition 8.9.9. A surface of type II has genus one fibrations with reducible fibers of the following
types:

2Ã8 (4), Ã8 (4), D̃8 (6), D̃5 + 2Ã3 (3).

The group Aut(S) acts transitively on each group. Let |2Fi|, i = 1, . . . , 4 (resp. i = 5, 6, 7, 8, resp.
i = 9, . . . , 14, resp. i = 15, 16, 17) be the genus one pencils of the first (resp. the second, resp. the
third, resp. the fourth) type. One can reorder the fibrations in the first group such that intersection
matrix of the corresponding primitive isotropic vectors fi is equal to

0 4 4 4 1 1 1 3 2 2 2 4 4 4 2 2 2
4 0 4 4 1 1 3 1 2 4 2 2 4 2 2 2 2
4 4 0 4 1 3 1 1 4 2 4 4 2 2 2 2 2
4 4 4 0 3 1 1 1 4 4 2 2 2 4 2 2 2
1 1 1 3 0 1 1 1 1 1 2 2 2 1 1 1 1
1 1 3 1 1 0 1 1 1 2 1 1 2 2 1 1 1
1 3 1 1 1 1 0 1 2 1 1 2 1 2 1 1 1
3 1 1 1 1 1 1 0 2 2 2 1 1 1 1 1 1
2 2 2 2 1 1 2 2 0 3 3 3 3 3 1 2 1
2 2 2 2 1 2 1 2 3 0 3 3 3 3 1 1 2
2 2 2 2 2 1 1 2 3 3 0 3 3 3 2 1 1
4 2 4 2 2 1 2 1 3 3 3 0 3 3 1 1 2
4 4 2 2 2 2 1 1 3 3 3 3 0 3 1 2 1
4 2 2 4 2 2 2 1 3 3 3 3 3 0 2 1 1
2 2 2 2 1 1 1 1 1 1 2 1 1 2 0 1 1
2 2 2 2 1 1 1 1 2 1 1 1 2 1 1 0 1
2 2 2 2 1 1 1 1 1 2 1 2 1 1 1 1 0


In particular, nd(S) = 7.

Proposition 8.9.10. The Fano nodal lattice Nh10
S of a surface of Type II coincides with NS . The

NikulinR-invariant is (D9, {0}). The quadratic space 〈Nod(S)〉 is an even quadratic space of rank
8 and dimension 9. The Reye lattice is isomorphic to E8(4)⊕ U.

Proof. Let h10 be the Fano polarization corresponding to the following canonical isotropic sequence

(f1, f1 +R3, f1 +R3 +R4, f2, f2 +R6, f2 +R6 +R7, f3, f3 +R9, f3 +R9 +R10, f4)

where f1, f2, f3 are the classes of half-fibers of type Ã3 that contain R1, R3, R6 as its components,
respectively, and f4 is the class of a half-fiber of a genus one fibration with simple fiber of type Ã8

with components R1, . . . , R9. We find that h10 · Ri = 0 for i = 1, 3, 4, 6, 7, 9, 10 and h10 · Ri = 1
otherwise. Thus Nh10

S is freely generated by all Ri. By Enriques Reducibility Lemma, Num(S) is
generated by NS and the classes of half-fibers of elliptic fibrations. The only half-fibers that is not
composed of (−2)-curves are the half-fibers of elliptic fibrations of type D̃8.

Thus we see that 2 Num(S) ⊂ NS and Num(S) is generated by NS and 1
2(R1 + R10 + R7 +

R12), 1
2(R1+R10+R4+R11), 1

2(R7+R12+R4+R11). This shows that Num(S)/NS ∼= (Z/2Z)⊕2

is a maximal isotropic subgroup of D(NS). We also know that A8 and D8 are realized as sublattices
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of NS . Looking at possible sublattices with the previous properties we find that the only one that
passes all the tests is A1(−2)⊕ D9

∼= U(4)⊕ E8.

Let us compute the Nikulin R-invariant. Applying Lemma 6.4.10 (iii) to the set R1, . . . , R9 we
obtain that K contains a sublattice M of K isomorphic to D9. Now note that R10 + R12 + R1 +
R7 ∈ 2 Num(S) because they are components of a simple fiber of type D̃5. We have also similar
relations involving R10 + R11 and R11 + R12. This shows that K is generated by M and δR10 .
Replacing the set R1, . . . , R8, R9 with R2, R3, . . . , R8, R10, we obtain that K contains another
sublattice isomorphic to D9. No root lattice of rank 10 has this property. So, the two sublattice
coincide and are equal to K.

Applying Lemma 6.4.5, we obtain that 〈Nod(S)〉 is an even quadratic space of rank 8 and di-
mension 9. Thus the image of the Reye lattice in Num(S) is a one-dimensional space with trivial
quadratic form. The Reye lattice is isomorphic to E8(4)⊕ U(2).

Type III

The crystallographic basis consists of 20 curves with the intersection graph of (−2)-curves given
in the following Figure 8.9:

Figure 8.9: Crystallographic basis of type III

The vertices E1, . . . , E12 form a diagram of type (b) in Theorem 8.2.19. By Corollary 8.2.21,
the surfaces containing such a diagram form a 2-dimensional family. They are obtained as double
covers S → D1 branched along the union of four conics, two from each of two pencils. The equation
(8.2.6) of the double plane

x2
3 + x1x2(x1 − x2)(x1 + ax2)(x2

0 − x1x2)(x2
0 + bx1x2) = 0

must be special in order to obtain the remaining 8 (−2)-curves E13, . . . , E20. Let `i ∩ Cj =
{qij , q′ij}, i = 1, 2. The choice of this equation is uniquely determined by the property that there are
4 lines each passing through p2 and a pair of points {q11, q

′
22}, {q′11, q

′
22}, {q12, q21}, {q′12, q

′
21} and
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4 lines each passing through p4 and 4 pairs of points {q11, q22}, {q11, q22}, {q′12, q
′
21}, {q12, q21}

each passes through two intersection points in `i ∩Kj . The pre-image of the pencil of lines through
p1 defines an elliptic fibration on S with two fibers of type D̃4, the pre-images of the lines `1, `2.
The pre-image of the pencil of conics through p2, p3, p4, p5 defines an elliptic fibration on S with
two fibers of type D̃4, the pre-images of the conics K1,K2. The components of these four fibers
correspond to curves E1, . . . , E12 in the diagram. The remaining curves E13, . . . , E20 correspond
to the proper transforms of the eight lines.

Thus we have the following equation of the double plane model of the surface:

x2
3 + x1x2(x4

0 − x2
1x

2
2)(x2

1 − x2
2) = 0. (8.9.4)

Proposition 8.9.11. Let S be an Enriques surface realizing a crystallographic basis of type III.
Then S is unique up to isomorphism and coincides with the surface birationally isomorphic to the
double plane given by equation (8.9.4). Moreover, Autnt(S) ∼= Z/2Z, and

Aut(S) ∼= ((Z/4Z)× (Z/2Z)⊕2) oD8, Aut(S)/Autnt(S) ∼= 23 oD8.

Proof. The uniqueness follows from the equation (8.9.4). One can also argue as follows. The
elliptic fibration |D1| = |2(E1 +E2 +E3 +E9)| has two double fibers of types Ã3. This shows that
it is obtained from its jacobian extremal fibration by choosing local invariants at two reducible fibers
of types Ã3. According to our classification of such fibrations, it is unique, up to isomorphism. It is
easy to see that the Mordell-Weil group of this fibration isomorphic to Z/2Z⊕Z/4Z acts transitively
on these local invariants. Thus the corresponding torsor is defined uniquely up to isomorphism.

Let us describe the group of automorphisms of S. It is easy to see that the group of symmetries
Sym(Γ) of the diagram Γ from 8.9 is isomorphic to the group of symmetries of the subdiagram
with vertices corresponding to the curves E1, . . . , E12. It is isomorphic to the group 24 oD8. The
2-elementary subgroup P consists of transformations that switch the curves in some of the pairs
(E2, E9), (E4, E11), (E6, E12), (E8, E10). We used to determine a double plane model of S by tak-
ing the numerically trivial bielliptic involution g0 coresponding to the U -pair of two fibrations, each
with two reducible fibers of type D̃4. Any automorphism that acts non-trivially on Γ by an element
from P preserves the pair, and hence arises as an automorphism of the 4-nodal quartic D1 and as
an automorphism of the double plane. Suppose g acts on Γ as a switch of one pair, say (E2, E9).
Then its defines an automorphism of the double plane that preserves one of the pencil, say the pencil
of lines through p1 and fixes one of the lines that defines the reducible fiber with the components
E2, E9. We may assume that the line is V (x1 − x2) with 2 pairs of singular points of the branch
sextic q1 = [1, 1, 1], q2 = [1,−1,−1] and q′1 = [1, i, i], q′2 = [1,−i, i] lying on the intersection of
the line with two branch conics. The transformation g must switch only one pair of points. It is obvi-
ous that this is impossible. On the other hand, the group of projective automorphisms generated by
the transformations [x0, x1, x2] 7→ [x0, ix1, ix2], [x0,−x1, x2], [x0, x2, x1] generates the subgroup
H̃ ∼= Z/4Z×(Z/2Z)⊕2 whose image in Sym(Γ) is equal to (Z/2Z)⊕3. The square of a generator of
the first summand define an automorphism of the double plane [x0, x1, x2, x3] 7→ [x0, ix1, ix2, ix3]
whose square is the numerically trivial automorphism g0.

So, it remains to realize the symmetries of Γ that belong to the subgroup G isomorphic to the
dihedral group D8 of order 8.
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To realize a generator of G of order 4 we use an elliptic fibration |E1 + · · · + E8| with two
simple reducible fibers of type Ã7 and Ã1. The Mordell-Weil group of its jacobian fibration is
isomorphic to Z/4Z. Finally, we realize a generator of order 2 of D8 by taking an elliptic fibration
|E1 +E2 +E3 +E8| with two reducible fibers of type Ã3 and two reducible fibers of type Ã1. The
Mordell-Weil group of the jacobian fibration is isomorphic to Z/2Z⊕Z/4Z. It contains an element
that switches E1, E3 and E5, E7.

Proposition 8.9.12. The Fano nodal invariant of Enriques surface of type III is (Nh10 ,Gh10) =
(D8 ⊕ A1 ⊕ A1(−1), (Z/2Z)⊕2). The Nikulin R-invariant of an Enriques surface of Type III is
equal to (D8 ⊕ A⊕2

1 , (Z/2Z)⊕2). The quadratic space 〈Nod(S)〉 is a defective quadratic space of
rank 6 and dimension 8. The Reye lattice is isomorphic to E8(4)⊕ U(2).

Proof. First we claim that the curves Ei with 13 ≤ i ≤ 20 form two cosets modulo 2 Num(S).
Two curves are in the same cosets if and only if they intersect. Observe that the divisors F1 =
E1 + E2 + E3 + E9 and F ′1 = E5 + E6 + E7 + E12 are two half-fibers of type Ã3 of a genus one
fibration. Similarly, we have a genus one fibration with half-fibers F2 = E3 + E4 + E5 + E11 and
F ′2 = E7 +E8 +E1 +E10. The divisors E14 +E18 and E13 +E17 are simple fibers of |2F1| of type
Ã1. Similarly,E15+E19 andE16+E20 are simple fibers of |2F2|. This shows thatE14−E18, E13−
E17, E15 −E19, E16 −E20 ∈ 2 Num(S). Observe also that, if two different (−2)-curves are in the
same coset modulo 2 Num(S) then they must intersect. For example, E13 and E14 are in different
cosets. The divisorE13+E15 is disjoint from the divisorF3 = E1+E9+E3+E4+E5+E6+E7+E8

that forms a half-fiber of type Ã7. The divisor F4 = E2 + 2E3 + E4 + E9 + E11 is a simple fiber
of type D̃4 such that F4 · F3 = 2. Since (E13 + E15) · F4 = 4, we obtain that E13 + E15 is a
simple fiber of type Ã1 of the genus one-fibration |2F1|. Thus E13 − E15 ∈ 2 Num(S). Similarly,
we prove that E13 − E19 ∈ 2 Num(S). Thus the coset of E13 modulo 2 Num(S) consists exactly
of the curves Ei, i ≥ 14 that intersect E13, so the claim has been proved.

Now, we see that NS is generated by the curves E1, . . . , E12, E13, E14. Let π : X → S be the
K3-cover. Consider the sublattice M1 of Pic(X) generated by δEi , i = 2, . . . , 9 and δE13 , δE14 . It
is isomorphic to D8⊕A⊕2

1 . Consider the sublattice M2 of Pic(S) spanned by δEi , i = 1, . . . , 8. By
Lemma 6.4.10, it is isomorphic to D8. Both lattices are of rank 20, hence must be of finite index
in the root lattice K from the Nikulin R-invariant of S. Suppose M1 6= K. Since the discriminant
groups ofM1 andM2 are isomorphic to (Z/2Z)⊕4, the discriminant group ofK must be isomorphic
to (Z/2Z)⊕2 or {0}. Since there are no unimodular root lattice of rank 10, only the first case is
possible. However, in this case, it follows from the Borel-De-Siebethal-Dynkin algorithm that there
is only one of lattice E8 contains only one sublattice isomorphic to D8. It is obtained by deleting the
vertex α1 from the extended Dynkin diagram of type Ẽ8. Thus, in any case, we see that M1 = M2

and δE1 ∈ M1. Similarly, we show that δE10 , δE12 and δE12 ∈ M1. Thus M1 = K. Since the
cosets of E13 and E14 modulo 2 Num(S) belong to the radical of the quadratic space 〈Nod(S)〉 we
see that rank〈Nod(S)〉 ≤ 8 and hence dim〈Nod(S)〉 ≤ 8. Thus the finite part H of the Nikulin
invariant is (Z/2Z)a, where a ≥ 2. On the other hand, the discriminant quadratic form of K is
u1 ⊕ w−1

2,1 ⊕ w−1
2,1, hence its maximal isotropic subgroup is isomorphic to (Z/2Z)2. This shows that

a ≤ 2, and we conclude that a = 2. The assertion about the Nikulin R-invariant has been proved.
We also proved that 〈Nod(S)〉 is a defective quadratic space of rank 6 and dimension 8.
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Let h10 be a Fano polarization defined by a canonical isotropic sequence

(f1, f1+E10, f1, f1+E10+E1, f1, f1+E10+E1+E2, f2, f2+E7, f2+E7+E6, f2+E7+· · ·+E4),

where f1 is the numerical class of a half-fiber of type Ã7, and f2 = [2E1 + E2 + E9 + E8 + E10]
is the class of a simple fiber of type D̃4. Computing the intersection numbers h10 · Ei, we find that
h10 · Ei ≤ 4 for all i = 1, . . . , 14. This implies that Nh10

S = NS . Using our information about
〈Nod(S)〉, the only possibility is that NS is isomorphic to D8 ⊕ A1 ⊕ A1(−1).

It remains to prove the assertion about the Reye lattice Rey(S). It is equal to the pre-image of a
2-dimensional defective quadratic subspace in Num(S). It must be isomorphic to E8(4)⊕U(2).

Proposition 8.9.13. A surface of type III has the following elliptic fibrations

2Ã7+2Ã1 (8), Ã7+Ã1 (8), D̃8 (16), D̃4+D̃4 (2), D̃6+2Ã1+2Ã1 (8), 2Ã3+2Ã3+Ã1+Ã1 (2).

The group Aut(S) acts transitively on each set of fibrations. Two half-fibers from the first or the
second group intersect each other with multiplicity 2, 4, 6 or 8. Two half-fibers from the third group
(resp. the fourth, resp. the fifth, resp. the sixth) group intersect each other with multiplicity 2 (resp.
1, resp. 2, resp. 1). We have nd(S) = 8 and a canonical isotropic 8-sequence realizing nd(S)
can be chosen to be formed by four fibrations from the second group, two fibrations from the fourth
group, one fibration from the fifth group and one fibration from the sixth group2.

Remark 8.9.14. One can realize an Enriques surface of type III as the quotient of the Kummer
surface of the self-product A of the elliptic curves E√−1 with complex multiplication of order 4. To
this we consider two involutions of A

ι : (x1, x2) 7→ (−x1,−x2),

σ : (x1, x2) 7→ (−x1 + α, x2 + α),

where α is a non-zero 2-torsion point on E√−1. The K3-cover of the surface S is a minimal
resolution of Kum(A) = A/(ι) and the surface S is its quotient by the fixed-point involution
descended from σ.

Type IV

The crystallographic basis consists of 20 curves with the dual graph given in the following Figure
8.10.

Let us consider a non-degenerate U -pair formed by F1 = E1 +E11 ≡ E3 +E12 and F2 = E4 +
E9 ≡ E2 +E10. The two elliptic fibrations |2F1| and |2F2| have two simple fibers of types Ã3 and
two double fibers of type Ã1 or Ã∗1. The other reducible fibers areD1 = E6 +E8 +E9 +E10, D

′
1 =

E15 +E16 +E19 +E20 ∈ |2F1| and D2 = E5 +E11 +E12 +E17, D
′
2 = E13 +E14 +E19 +E20 ∈

|2F2|. They share six common irreducible fiber components E9, E10, E11, E12, E19, E20. This im-
plies that the curves E1, E2, E3, E4 are mapped to the lines on D1 and the curves E11, E12, E9, E10

are mapped to points q1, q2, q3, q4, respectively, lying on the lines, with q1, q2 and q3, q4 lying on the
opposite lines of the quadrangle of lines.

2The correct value of the non-degeneracy invariant nd(S) in the proposition was pointed out by Moschetti, Rota,
Schaffler [510]
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Figure 8.10: Crystallographic basis of type IV

This also means that the components C1, C2 of the branch curve on D1, together with the union
of 4 lines belong to the same pencil cut out by hyperplanes passing through the points q1, . . . , q4.
Recall that the equations of the lines on D1 in P4 are xi = xj = 0, i ∈ {1, 2}, j ∈ {3, 4} so
q1 = [0, 1, 0, 0, a1], q2 = [0, 1, 0, a2, 0], q3 = [1, 0, 0, a3, 0], q4 = [1, 0, 0, 0, a4], where ai 6= 0.
The pairs q1, q3 and q3, q4 lie on opposite sides of the quadrangle of lines. The condition that these
points are linearly dependent is a2a3 − a1a4 = 0. We can use projective automorphisms of D1 to
assume that

q1 = [0, 1, 0, 0, 1], q2 = [0, 1, 0, 1, 0], q3 = [1, 0, 0, 1, 0], q4 = [1, 0, 0, 0, 1].

We also see that the curves E19, E20 are mapped to the singular points of C1, C2, thus the images
of C1, C2 are the curves E17, E18. The fibers D′1 and D′2 share the components E19, E20, hence
their images are conics K1,K2 from two different pencils that pass through the singular points of
C1, C2. The other fibers D1, D2 are mapped to conics K3,K4 that pass through the points q1, q3

and q2, q4.

In the plane model, we may assume that two cubics are tangent at p1 with tangent direction x1 −
x2 = 0 and intersect the line x0 = 0 at the point [0, 1, 1] so that the conics K3,K4 are mapped to
the line V (x1 − x2). The two cubics belong to the pencil that contains the cubic x0x1x2 = 0. Thus
their equations are

ax1x2(x1 − x2) + bx2
0(x1 − x2) + cx0x1x2 = 0,

ax1x2(x1 − x2) + bx2
0(x1 − x2) + dx0x1x2 = 0,

A conic x1x2 − λx2
0 intersects these cubics at p2, p4 with multiplicity 3 if and only if a = −b

and λ = 1. Substituting x2 = tx1, we find that the line x2 − tx1 = 0 intersects both of these
curves with multiplicity 2 at some point only if and only if d = −c (here we see why do we
need the assumption p 6= 2). We check that both curves are invariant under the standard Cremona
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transformation corresponding to an automorphism of D1 that switches the skew lines. Thus the
singular point must be one of the fixed points of this transformation, and we check that indeed the
point [−1, 1,±1] is the singular point if and only if c = ±4a. Thus we may assume that the equation
of the curves correspond to (a, c) = (1,−4), (1, 4).

Now we know the equation of the double plane

x2
3 + x1x2((x1x2 − x2

0)2(x1 − x2)2 − 16x2
0x

2
1x

2
2) = 0 (8.9.5)

Remark 8.9.15. The K3-cover of S is the double cover of P1×P1 ⊂ P3 branched over the pre-image
of the branch curve on D1. The pre-image of the each of the two nodal conics are a pair of conics
intersecting at 2 points. The pre-images the four conics are four lines, two in each ruling.

Our other remark is that, after we blow-up D1 at the points q1, q2, q3, q4, we obtain a rational
extremal elliptic surface V with two reducible fibers of type Ã7 and Ã1. The first fiber is the
pre-image of the quadrangle of lines, and the second fiber is the pre-image of the union of the
conics K3,K4. The surface has also two irreducible nodal fibers, the pre-images of the hyperplane
sections C1, C2. There is only one, up to isomorphism, such surface. The surface S is birationally
isomorphic to the double cover of V branched along the union of two irreducible singular fibers and
four disjoint components of the fiber of type Ã7.

Proposition 8.9.16. Let S be an Enriques surface realizing the crystallographic basis of type IV.
It exists only if p 6= 2, and in this case S is unique up to isomorphism and its double plane model is
given in (8.9.5). Moreover,

Aut(S) ∼= 24 oN,

where N = Z/4Z n Z/5Z is isomorphic to the normalizer of a cyclic subgroup of order 5 in S5.

Proof. Let Γ be the diagram of type IV. It follows from Theorem 8.2.21 that classifies surfaces
admitting a non-trivial cohomologically trivial automorphism that our surface does not have such a
property. Hence the natural homomorphism from Aut(S) to the group Sym(Γ) of symmetries of Γ
is injective. Observe that S has 5 elliptic pencils Di with fibers of type Ã3, Ã3, 2Ã1, 2Ã1. So the
group Aut(S) acts on these 5 fibration |Di| and defines a homomorphism r : Aut(S) → S5. It is
easy to see that the kernel K of the homomorphism r : Sym(Γ) → S5 is isomorphic to (Z/2Z)4.
It is generated by even number of permutations of two singular fibers of type Ã1 in each of the 5
fibrations. The elements of the group K are realized by the elements of the Mordell-Weil group of
the jacobian fibrations with two fibers of types D̃4, for example |2E4 +E1 +E15 +E16 +E3|. The
image of Aut(S) contains an element of order 4 defined by the Mordell-Weil group of the jacobian
fibration of any of the five elliptic fibrations |Di|. It also contains an element of order 5 that is
defined by the Mordell-Weil group of the jacobian fibration of any of the elliptic fibrations with 2
reducible fibers of types Ã4, for example, |E3 +E4 +E13 +E16 +E19|. Since the group r(Sym(Γ))
does not have an element of order 3 and does not have any transposition, the assertion follows from
the classification of subgroups of S5.

Remark 8.9.17. One can show that the K3-cover of Enriques surfaces of type IV is birationally
isomorphic to the same Kummer surface as the K3-cover of the surface of type III [399, Proposition
(3.4.2)]. However the action of the Enriques involution is different. This is an example of the
different fixed-point free involutions which may occur on a K3 surface birationally isomorphic to a
Kummer surface studied in [563].



8.9. ENRIQUES SURFACES WITH FINITE AUTOMORPHISM GROUP (P 6= 2) 219

Proposition 8.9.18. The Nikulin R-invariant of an Enriques surface of Type IV is equal to (D⊕2
5 ,Z/2Z).

The quadratic space 〈Nod(S)〉 is an even quadratic space of dimension 9 and rank 8. The Reye lat-
tice is isomorphic to E8(4)⊕ U.

Proof. Consider the genus one fibrations of type D̃5 + 2Ã3 formed by , E1, E2, E4, E14, E19, E20

and E5, E6, E7, E12. The curve E9 is its bisection. Applying Lemma 6.4.10, we find that K con-
tains a sublattice isomorphic to D5⊕D5. Its discriminant group is w−5

2,4⊕w−5
2,4. It maximal isotropic

subgroup A is of order 2. Suppose K 6= M , then K must be an overlattice with discriminant
quadratic form w−1

2,1. There are no such root lattices. By Lemma 6.4.5, K/2K is an even quadratic
space of dimension 10 and rank 8. Since its image cannot be the whole space, the kernel H of the
reduction map K/2K → Num(S) is not trivial. Since the 2-torsion of the discriminant group of K
is of order 2, we obtain that H ∼= Z/2Z. The quadratic space must be of even type, of dimension 9
and rank 8.

Proposition 8.9.19. A surface of type IV has genus one fibrations of the following types

D̃4 + D̃4 (10), D̃5 + 2Ã3 (40), Ã4 + Ã4 (16), 2Ã4 + 2Ã4 (16) Ã3 + Ã3 + 2Ã1 + 2Ã1 (5).

The intersection number of half-fibers of two fibrations from the first (the second, the third, the
fourth) group is equal to 2 (resp. 2, resp. 2, resp. 1). The non-degeneracy invariant nd(S) is equal
to 10.

Type V

This surface has the following crystallographic basis formed by (−2)-curves given in Figure 8.11.

Figure 8.11: Crystallographic basis of type V
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First we locate a genus one fibration

|D| = |2(E1 + E2 + E3 + E8 + E9 + E10)| = |2(E5 + E20)| = |E17 + E18 + E19|
with two double fibers of type Ã5 and Ã1 and one fiber of type Ã2. It shows that such diagram
cannot be realized if p = 2. In fact, the fibration contains two double fibers, hence KS 6= 0. Since
the half-fiber is of multiplicative type, it is impossible.

So we assume, as everywhere in this section, that p 6= 2.

We consider a non-degenerate U -pair formed by the elliptic fibrations

|E10 + E2 + 2E1 + 2E5 + 2E6 + E4 + E7| = |2(E9 + E14)| = |E11 + E13|,

|E2 + E9 + 2E3 + 2E4 + 2E5 + E6 + E7| = |2(E10 + E15)| = |E11 + E12|,

with reducible simple fibers of type D̃6, Ã1 and a double fiber of type Ã1.

We easily locate a subdiagram of type (c) from Theorem 8.2.19. Thus our surface is of type (C)
from Theorem 8.2.21. We use a construction of this surface as a double plane indicated in the proof
of the theorem.

Recall that the branch curve on D1 is the union of two conics from different pencils and a nodal
hyperplane section passing through one of the intersection points of the two conics. In the plane,
the hyperplane section is a cubic C, and the conics are a line ` through p1 and a conic K through
p2, . . . , p5.

Let
` ∩K = {q1, q2}, ` ∩ C = {q1, q3}, C ∩K = {q1, q4}.

The point q1 is a singular point of type d4 of the branch curve W . The remaining singular points
are q2, q3, q4 and a node q of C.

The pre-image of the line ` (resp. the conic K) is the fiber of the type D̃6 of the first (resp. the
second) fibration. The pre-image of the line `′ = 〈p1, q4〉 (resp. the conicK ′ through q3) is a simple
fiber of type Ã1 of the first (resp. the second) fibration.

To realize the double fibers we have to assume additionally the following

(1) the point q3 lies on the line 〈p2, p4〉;

(2) the point q4 lies on the line on D1 equal to the exceptional curve over the point p3.

So far we see all curves Ei except E8, E16, E17, E18, E19, E20. The curve E8 is the proper trans-
form of the cubic C, the exceptional curve over its node is the curve E11. The curve E20 is a
hyperplane section with a node at q1 and passing through q. Counting constants, we find as soon as
we find our cubic C. So, its existence does not impose any new conditions. We also see that E16 is
represented by a line 〈q2, q〉, the same condition we used for a general member of the 4-dimensional
family (C) from Theorem 8.2.21.

We observe that E17, E18, E19 are connected to E6, E4, E7 by double edges. This means that the
corresponding curves are tangent to l,K,C, respectively at the point q1. We also observe that their
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images on D1 are curves of degree 3. The curves E18, E19 also are joined to E11 that represents the
exceptional curve over the node q of C. This prompts us to put the following conditions.

(3) there is a conic from |2e0 − e2 − e3 − e4| that is tangent to ` at q1 and passes through q (this
will give us E17);

(4) the tangent line to K at q1 passes through q (this will give us E18);

(5) the tangent line to C at q1 contains x2 = [0, 1, 0] (this will give us the curve E19).

Now, after straightforward computations, we find the equation of the double plane.

x2
3 + x1x2(x1 − x2)(x1x2 − x2

0)(x1x2(x1 − x2) + x2
0(−9x1 + x2)− 8x0x1x2) = 0. (8.9.6)

The point q1 has coordinates [1, 1,−1], the singular point q of C has coordinates [1,−3, 1].

We see that the construction works only if p 6= 2, 3. We will show in the next section that indeed
these surfaces do not exist in characteristic 2 and it follows from [475, Theorem 7.1] that they do
not exist in characteristic 3.

Remark 8.9.20. The canonical cover of our Enriques surface is the minimal resolution of the double
cover S′ of Q branched along the curve W̃ = C+ + C− + L1,+ + L1,− + L2,+ + L2,−. The curve
C+ + C− is the pre-image of the nodal cubic C, it splits in the cover. The remaining curves are the
pre-images of ` and K. In the following Figure 8.9.20 borrowed from [399], we see also the curves
L3 and F1,±, F2,±. They are the pre-images of `′ and K ′.

Figure 8.12: Branch curve for the canonical cover of surfaces of type V

Proposition 8.9.21. Let S be an Enriques surface realizing the crystallographic basis with diagram
V. It exists only if p 6= 3 and its double plane model is given in equation (8.9.6). Moreover,

Aut(S) ∼= Z/2Z×S4.

Proof. We have only to explain the structure of the group of automorphisms. First of all, we know
that our surface admits a numerically trivial involution of type (c) from Theorem 8.2.19. This is the
bielliptic involution σ corresponding to our double plane model.

Next, as in the previous examples, we consider a homomorphism Aut(S) → Sym(Γ) defined by
the action of Aut(S) on the diagram Γ of (−2)-curves. We immediately see the group Sym(Γ) is
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isomorphic to S4. Consider the subset Σ of vertices E1, E3, E5, E8. Any symmetry of Γ that fixes
this set pointwise is the identity. Thus Sym(Γ) is isomorphic to a subgroup of S4. It is easy to see
that it coincides with this group.

Let us prove that each symmetry of Γ is realized by an automorphism of S. We use that the
Mordell-Weil group of the jacobian fibration of any elliptic fibration on S acts by translations on
S. Thus, if we take an elliptic fibration with reducible fibers of type Ã5, Ã2 and Ã1, we obtain the
group Z/6Z acting on S. For example, take the fiber of type Ã5 to beE1, E2, E3, E9, E8, E10. Then
cube of its generator fixes the vertices E11E12, E13, hence fixes the vertices E8, E1, E3. Hence it
fixes all the vertices of the hexagon defining the fiber. This also implies that it fixes all vertices
of the graph and hence defines the numerically trivial automorphism σ of S. Thus we located an
element of order 3 in Aut(S)/(σ). Now we look at an elliptic fibration with reducible fibers of
type D̃6, Ã1, Ã1. The Mordell-Weil of the jacobian fibration is isomorphic to A = (Z/2Z)⊕2. It
generates the normal subgroup of S4. Finally, we consider an elliptic fibration with a fiber of type
Ã7, for example, we take |E1 + E2 + E3 + E9 + E8 + E7 + E5 + E6|. The Mordell-Weil group
of the jacobian fibration is a cyclic group of order 4. The square of the generator interchanges E6

with E7 and E2 with E9. It defines an element of the Mordell-Weil group of the elliptic fibration
|E6 + E7 + E2 + E9 + 2E3 + 2E4 + 2E5| of type D̃6. Thus we obtain a generator of order 2 and
3 in S4/A ∼= S3 and we have proved the claim.

Proposition 8.9.22. The Nikulin R-invariant of an Enriques surface of type V is equal to (E7 ⊕
A2 ⊕ A1,Z/2Z). The quadratic space 〈Nod(S)〉 is a defective quadratic space of dimension 9 and
rank 8. The Reye lattice is isomorphic to E8(4)⊕ A1 ⊕ A1(−1).

Proof. The divisor E1 + E2 + E3 + E8 + E9 + E10 is a half-fiber of type Ã5. Applying Lemma
6.4.10, we find that the divisor classes of δEi , i = 1, 2, 3, 8, 9, 10 together with the class δE7 generate
a sublattice of K isomorphic to E7. Together with the classes δE17 , δE18 and δE20 they generate a
sublattice L isomorphic to E7⊕A2⊕A1. Its discriminant group is isomorphic to (Z/2Z)⊕2⊕Z/3Z.
IfK 6= L, then its discriminant group must be isomorphic to Z/3Z. ThusH = {0} and the image of
K or NS in Num(S) is the whole space. However, the diagram shows that the image [E20] ·x ∈ 2Z
for any x ∈ NS , hence its image belongs to the radical of the image of NS . This contradiction proves
that K = L. Since dim〈Nod(S)〉 < 10, we see that H 6= {0}, hence it must coincide with the
only isotropic subgroup of K isomorphic to Z/2Z. It follows from Lemma 6.4.5that the r-invariant
〈Nod(S)〉 is a 9-dimensional defective quadratic space of rank 8. The Reye lattice is the pre-image
in Num(S) of 〈Nod(S)〉⊥ and must be isomorphic to 2E8 ⊕ A1 ⊕ A1(−1).

Proposition 8.9.23. A surface of type V has genus one fibrations of the following types:

2Ã5 + Ã2 + 2Ã1(4), Ẽ7 + 2Ã1 (12), D̃6 + 2Ã1 + Ã1(6), Ã7 + Ã1(3), Ẽ6 + Ã2 (4).

The group Aut(S) has 2 orbits on each group except the last one. One of the fibrations in the first
group is invariant. In particular, nd(S) = 7.

Type VI

Observe that the diagram contains a subdiagram isomorphic to the Petersen graph (6.1). Each its
vertex is connected by a double edge to one of the remaining 10 vertices. They form a symmet-



8.9. ENRIQUES SURFACES WITH FINITE AUTOMORPHISM GROUP (P 6= 2) 223

Figure 8.13: Crystallographic basis of type VI

ric incidence configuration (106). The presence of the Petersen graph prompts us to search for a
construction of this surface as an Enriques surface of Hessian type which we studied in Example
6.4.19.

Recall that the most special Hessian surface is the Hessian surface of the Clebsch diagonal cubic
surface. The involutions defined by the projections from the nodes descend to the involutions on the
Enriques surface that generate a group of automorphisms isomorphic to the symmetric group S5.
If we index the nodes as in the Petersen graph, the projection involutions τab act on the (−2)-curves
Uab as transpositions [188, Corollary 4.2]. We also can interpret 10 elliptic pencils |Fab|, 1 ≤ a <
b ≤ 5. defined by the double edges in the diagram. They correspond to pencil of cubic curves cut
out by a pencil of planes through each of the 10 edges Lab of the Sylvester pentahedron Π whose
vertices are the ten nodes of the Hessian surface.

With all this in mind let us construct an Enriques surface of Type VI as the quotient of the Hessian
surface of the Clebsch diagaon cubic surface. It is given by equation

5∑
i=1

ti = t1t2t3t4t5

5∑
i=1

1

ti
= 0, (8.9.7)

in P4. The fixed-point-free involution τ is given by the standard Cremona transformation in P4

given by formula

σ : [t1, . . . , t5] 7→ [
1

t1
, . . . ,

1

t5
].

The involution has no fixed points on X if p 6= 3, 5. It has 5 fixed points if p = 3 and one fixed
point if p = 5.

When p 6= 2, the surface given by these equations is isomorphic to the Hessian surface of the
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Clebsch diagonal cubic surface

C3 :
5∑
i=1

ti =
5∑
i=1

t3i = 0

(see [179]). If p = 2, the same is true only the equation of the Clebsch diagonal surface is the
following

C3 :

5∑
i=1

ti =
∑

1≤i<j<k≤5

titjtk = 0. (8.9.8)

If p 6= 3, the surface X ′ has 10 ordinary double points Pab with coordinates ti = tj = tk = 0 for
i, j, k 6∈ {a, b}. They are the vertices of the Sylvester pentahedron Π formed by the planes ti = 0.
We also have 30 lines

L′ab : ta = tb = tc + td + te = 0, {a, b, c, d, e} = {1, 2, 3, 4, 5},
Lcde(ω)′ : ta + tb = 0, ωtc − td = ω2tc − te = 0, {a, b, c, d, e} = {0, 1, 2, 3, 4},

where ω3 = 1, ω 6= 1. The first 10 lines appear on any Hessian surface, they are the edges of the
Sylvester pentahedron. The additional lines Lcde(ω)′ are absent in the case of the Hessian surface of
a general cubic surface. They correspond to splitting of the conics cut out by planes tangent to the
surface along a line L′ab and passing through opposite node Pab with coordinates tc = td = te = 0
into two lines.

Let Rab be the exceptional curve of the minimal resolution X → X ′ over the singular point Pab
and let Lab, Lcde(ω) be the proper transforms of the lines in X ′. Together we have 40 (−2)-curves
on X .

The Cremona involution σ lifts to a biregular automorphism of the minimal resolution of singular-
ities X of X ′ and switches the curves Lab with the exceptional curve Rcde over the point pcde such
that {a, b} ∩ {c, d, e} = ∅.

The involution σ has 20 orbits on the set of 40 curves Rab, Lab, Lcde(ω). If p 6= 2, the quotient
map X → S = X/〈σ〉 is the canonical cover of an Enriques surface. The images of the forty (−2)
curves on S is the set of twenty (−2)-curves which form the crystallographic basis of type VII. To
see this we first observe that the incidence graph of the images of the orbits Lab, Rab is the Petersen
graph 6.1. The curves E1, . . . , E10 correspond to these curves in the diagram of type VII. The
remaining 10 curves E11, . . . , E20 correspond to 10 lines Labc(ω).

Next we will find an explicit equation of the surface as a double plane model corresponding to a
choice of a bielliptic involution. This will prove the uniqueness of the surface up to an isomorphism
and also will show that the surface exists only under assumption that p 6= 3, 5.

We have mentioned that the surface has 10 elliptic pencils |2Fab| indexed by the vertices of the
Petersen graph corresponding to the nodes of the Hessian surface, and also to the orbits Uab of an
edge and the vertex of the Sylvester pentahedrons. There are two kinds of U -pairs (|2Fab|, |2Fcd|)
formed by these fibrations corresponding to whether the two subsets {a, b}, {c, d} are disjoint or
not. In the latter case the bielliptic involution defined by the pair coincides with the projection
involution defined by the complementary subset of {a, b, c, d} in {1, 2, 3, 4, 5} [188, Lemma 4.5].

Let us, for sake of convenience, reindex the curvesE1, . . . , E10 by subsets {a, b} as in the Petersen
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graph: (
E1 E2 E3 E4 E5 E6 E7 E8 E9 E10

U45 U12 U34 U15 U24 U13 U35 U14 U25 U23

)
Let us choose the U -pair

|2F34| = |E3 + E4 + E5 + E7 + E8 + E9| = |E12 + E16 + E19| = |2(E1 + E20)|,

|2F45| = |E1 + E6 + E5 + E7 + E8 + E10| = |E12 + E15 + E18| = |2(E3 + E17)|

The biellliptic involution acts on the diagram as the transposition (12). We find that the curves
E1, E3, E5, E7, E8, E12 are common irreducible components of both elliptic pencils. They span a
sublattice of Num(S) isomorphic to A3 + A⊕3

1 and they are blown down to singular points of the
branch curve that consist of one tacnode and 3 ordinary nodes. The branch curve can be found in
Row 23 in Table 8.7. It consists of two hyperplane sections tangent at one point and also intersecting
at two points lying on two non-skew lines on the 4-nodal anti-canonical quartic del Pezzo surface
D1, one of them has a node. In the double plane model the branch sextic curve is the union of two
cubics C1 and C2. They intersect at a point q1 on the line 〈p2, p4〉 = V (x0) and at some point p′3
infinitely near to p3. One of them, say C1, has a node q2 and C1, C2 are tangent at some point q3.

It is easy to see from the diagram that the node q2 is the image of E12, the tacnode q3 is the image
of E5 + E7 + E8 where E7 is invariant with respect to the involution, and the other components
are switched. The curve E1 (resp. E3) is mapped to the point p′3 (resp. q1). The curves E20

(resp. E17) is mapped to the line V (x0) (resp. is blown down to the point q2). The curve E2 is
mapped to the cubic C1. The reducible fiber of type Ã5 of the pencil |2F34| is mapped to the line `1
which passes through p1, q1, q3 and its proper transform on S splits under the cover into the curves
E9 +E4. Similarly, the fiber of the same type of |2F45| is mapped to a conic K1 that passes through
p2, p3, p4, p5, p

′
3, q3. Its proper transform splits into E6 + E10. The curves E1 and E3 are the pre-

images of the exceptional curves over q1, p
′
3. The pairs (E15, E18) and (E16, E19) are mapped to

lines `2 ∈ |e0 − e1| and the conic K2 ∈ |2e0 − e2 − e3 − e4 − e5| that pass through the node q2.
They are tangent to the cubic C2 and split under the cover.

So far, all curves Ei have been accounted for, except the curves E11, E13, E14. We observe that
the curve E14 intersects 2(F34 + F45) with multiplicity 4. Since it is invariant under the involution,
it is mapped to a conic on D1 passing through two opposite nodes of D1. In the plane model it is the
line through p4 (not p2 because E14 intersects both E20 and E17) that tangent to C1, C2 at the point
q3. The curves E11 and E13 are switched by the involution and mapped to the cubic curve C3 with
a double point at q3 and containing q2. Since E11, E13 are connected in the diagram, the cubic C3

must be tangent to C2 at some point.

So, now all 20 curves are accounted for, and we may proceed to write down the equation of the
double plane.

First we observe that the involution of the surface defined by the transposition (35) leaves invariant
the U -pair and hence descends to a Cremona involution T of the plane that leaves invariant the
branch curve. Since it switches the two pencils, it corresponds to an automorphism of the surface D1

that fixes two opposite vertices of the quadrangle of lines. It follows from the proof of Proposition
0.6.24, that we may assume that T is given by formula

T : [x0, x1, x2] 7→ [x2
0, x1x2, x0x1].
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Our cubics C1, C2 are invariant cubics from the linear system | −KD1 | that intersect at the same
point on 〈p2, p4〉 = V (z). They must be given by equations

x1x2(ax2 − x1) + x2
0(bix1 − x2) + cix0x1x2 = 0, i = 1, 2. (8.9.9)

Because of the invariance, they automatically pass through the same point q2 infinitely near to x3.

The line ` = V (ax2 − x1) intersects C1, C2 at their tangency point q3. Since the fixed locus of T
is equal to V (x2

1 − x2
0), we may assume that q3 = [a, 1, a].

Computing the partial derivatives, we obtain the condition that the tangent line is of the form
x0 + kx2 = 0 is bi = −(ci − 1)/a. They will be automatically tangent at this point.

Next we use the condition that C1 has a singular point at some point (−1, A, 1) on the other fixed
line. This gives A = 3/a, c1 = −8. Then, we use that the line x2 passing through p1 and this point
is tangent to C2. This gives c2 = 8/3. Thus the equations of C1, C2 and C1 become

C1 : x1x2(ax2 − x1) + (
9

a
x1 − x2)x2

0 − 8x0x1x2 = 0,

C2 : x1x2(ax2 − x1) + (− 5

3a
x1 − x2)x2

0 +
8

3
)x0x1x2 = 0.

Now we observe that, the variable change y′ = ay allows one to assume that a = 1. We verify that
the condition for the existence of the cubic C3 representing E13 is automatic. So, finally we find the
equation of the double plane.

x2
3+x1x2(x1x2(x2−x1)+(9x1−x2)x2

0−8x0x1x2)(x1x2(x2−x1)+(−5

3
x1−x2)x2

0+
8

3
x0x1x2) = 0.

(8.9.10)

We see that the surface exists if and only if p 6= 3, 5. It is indeed proven in [475, Corollary 7.5]
that such surface do not exist in characteristic 3 and 5.

Proposition 8.9.24. Let S be an Enriques surface with a crystallographic basis with the diagram
of type VI. Then it exists only if p 6= 3, 5, it is unique, up to isomorphism, and

Aut(S) ∼= S5.

Proof. We have already explained that the Hessian surface admits S5 group of symmetries that
is inherited from the group of symmetries of the Clebsch diagonal surface and descends to the
group to a of symmetries of the Enriques surface. The group of symmetries of the diagram is
isomorphic to S5 and is induced by the symmetries of the Petersen subgraph. Since the diagram
has no subdiagrams of type (i),(ii),(iii) from Theorem 8.2.19, S has no non-trivial numerically trivial
automorphisms. So, we conclude that Aut(S) ∼= S5.

Remark 8.9.25. If k = C, it is known that the Kummer surface associated with the Jacobian of
a curve of genus 2 is isomorphic to the irreducible Hessian surface of a nonsingular cubic surface
[310]. The coefficients (a1, . . . , a5) in the standard equation of the Hessian surface satisfy a cubic
equation

5∑
i=1

a3
i − 2

∑
1≤i<j<k≤5

a2
i ajak +

∑
1≤i<j≤5

aiajak = 0.
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(see [608, Theorem 7.1]). In particular, taking a1 = a2 = a3 = a4 = a5 = 1, we see that the
Hessian surface of the Clebsch diagonal cubic surface is not a Kummer surface. It is known that the
lattice of transcendental lattice of our Hessian surface is of rank 2 defined by the matrix

(
4 1
1 4

)
(see

[399, p. 277]).

Proposition 8.9.26. The Nikulin R-invariant of an Enriques surface of type VI is equal to (E6 ⊕
A4, {0}). The quadratic space 〈Nod(S)〉 coincides with Num(S). The Reye lattice coincides with
2 Num(S).

Proof. The curves E3, E4, E5, E6, E7, E8 span a sublattice of NS isomorphic to E6. Thus δEi , 3 ≤
i ≤ 8 span a sublattice of K isomorphic to E6. The divisor E12 + E15 + E16 is a half-fiber of
type Ã2 of the genus one fibration with a simple fiber of type Ẽ6. It has a special bisection E20
which is disjoint from E3, E4, E5, E6, E7, E8. Applying Lemma 6.4.10, we find that K contains a
sublattice isomorphic to E6 ⊕ A4. Its discriminant quadratic group has no isotropic vectors. Thus
K = E6 ⊕ A4. Note that the projection of E6 ⊕ A4 to the space 〈Nod(S)〉 is the whole space. One
confirms again following lemma 6.4.5 that it is a regular even space of dimension 10.

Proposition 8.9.27. A surface of type VI has genus one fibrations of the following types:

2Ã4 + Ã4 (12), Ã5 + Ã2 + 2Ã1 (10), D̃5 + Ã3 (15), Ẽ6 + 2Ã2 (10).

The group Aut(S) acts transitively on each group. The non-degeneracy invariant nd(S) is equal to
10.

The last assertion follows from the fact that ten half-fibers corresponding to the double edges in
the diagram form a non-degenerate isotropic 10-sequence. Note that the surface is a special case
of an Enriques surface of Hessian type, and, as follows from (6.4.18), any such surface has the
non-degeneracy invariant equal to 10.

Type VII

The crystallographic basis of (−2)-curves is given in the following Figure 8.14.

We can redraw this graph differently exhibiting more explicitly its S5-symmetry as in the follow-
ing Figure 8.15:

Here 5 outside vertices represent smooth rational curves K1, . . . ,K5, they are joined by thick
edges.

Assume that such a surface exists. We first determine its automorphism group. First we observe
that the group of symmetries of the diagram Γ is isomorphic to S5 via its action on the complete
subgraph K(5) with 10 double edges. Next, looking at parabolic subdiagrams we observe the
following.

Proposition 8.9.28. A surface of type VII has genus one fibrations of the following types:

Ã8 (20), Ã7 + 2Ã1 (15), Ã4 + Ã4 (12), Ã5 + 2Ã2 + Ã1 (10).

The group Aut(Γ) acts transitively on the corresponding maximal parabolic subdiagrams.
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Figure 8.14: Crystallographic basis of type VII

Figure 8.15: Crystallographic basis of type VII:different view

Observe that the numbers 20, 15, 12, 10 are equal to the number of conjugacy classes in S5 of
cyclic subgroups of order 3, 4, 5, 6, respectively. Looking at the Mordell-Weil group of each fi-
bration we find that they are cyclic group of order 3, 4, 5, 6, respectively. So, we can realize these
symmetries by translation transformations. Since the diagram Γ has no subdiagram described in
Theorem 8.2.19, we obtain that Autnt(S) is trivial. This proves the following.

Theorem 8.9.29. Assume p 6= 5. Let S be an Enriques surface with crystallographic basis of
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(−2)-curves of type VII. Then
Aut(S) ∼= S5.

Proof. It is easy to see that the graph has no subgraphs described in Theorem 8.2.19. Thus Aut(S)
embeds in the group of symmetries of the diagram 8.14. We know that it contains S5. On the
other hand, the group of symmetries of the diagram coincides with the group of symmetries of the
subgraph Γ1. It is obviously isomorphic to S5.

Example 8.9.30. To realize a crystallographic basis of type VII we consider, following H. Ohashi,
the surface X ′ of degree 6 in P4 given by the equations∑

1≤i<j≤5

xixj =
∑

1≤i<j<k≤5

xixjxk = 0. (8.9.11)

We have already encountered this surface in Example 8.8.4, where we have shown that the group
S5 acts on S in a Mathieu fashion.

The surface has the obvious S5-symmetry. It also has an involution σ defined by the standard
Cremona transformation [x1, . . . , x5] → [1/x1, . . . , 1/x5]. The surface has 5 nodes that form an
orbit of S5 of the point [1, 0, 0, 0, 0]. The hyperplane sections A′i : xi = 0 are curves of degree 6
and of arithmetic genus 4. Each of these curves contains 4 nodes. The proper transformsAi of these
curves on a minimal resolution X , which is a K3 surface, are smooth rational curves. The lift τ of
the Cremona involution to X interchanges the exceptional curves of the resolution with the curves
Ai.

Assume that p 6= 5. In this case the involution σ has no fixed points on X and the quotient
S = X/〈σ〉 is an Enriques surface. The images of the curvesAi on S is a set of 5 curvesK1, . . . ,K5

whose dual graph is a complete graph Γ1 with 5 vertices and double edges.

For each even involution σ = (ij)(kl) in S5 we have two lines `±σ . If σ = (12)(34), the line `±σ is
the span of the points [1,−1,±

√
−1,∓

√
−1, 0] and [0, 0, 0, 0, 1]. The remaining lines are obtained

by applying permutations of the coordinates.

Their proper inverse transforms of all these lines to X forms the set of 30 smooth rational curves.
The involution τ acts on this set via switching `+σ with `−σ . The images of these curves on S form
the set of 15 curves E1, . . . , E15 whose incidence graph is a 4-regular graph Γ2. The exceptional
curve over the singular point [1, 0, 0, 0, 0] is mapped under the Cremona involution to the proper
transform on X of the hyperplane section H1 = X ′ ∩ V (x1). It is a curve of degree 6 in P3 with
4 nodes [1, 0, 0, 0], . . . , [0, 0, 0, 1]. It intersects with multiplicity 2 the exceptional curves over the
other four nodes ofX ′. The orbit of this curve under the Cremona involution is mapped to the curve
K1 in the graph. In this way, we realize the curves K1, . . . ,K5 in the diagram.

Remark 8.9.31. A different construction of an Enriques surface with a crystallographic basis of type
VII was given by G. Fano [223], and reproduced in [399, (3.7)].

The surface is obtained by a quadratic twist construction from an extremal rational elliptic surface
j : J → P1 with reducible fibers of types Ã7 and Ã1. It can be realized as the blow-up of the base
points of a pencil of cubic curves given in (4.9.14) but we will use a different way to blow down.
In the notation of Figure 4.5, we blow down the exceptional configuration E0 + R0 + · · · + R8 to
one base point x1 of the pencil. The image of R8 is a plane cubic C with a node at x1. We choose
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coordinates in a such a way that the equation of C is x0x1x2 + x3
1 + x3

2 = 0. All other cubics from
the pencil are tangent to one of two branches of C with multiplicity 8. Using the parametrization
x0 = u3 − v3, x1 = −vu2, y = uv2 we find the conditions for a cubic intersect C as above. This
gives us the equation of the pencil

Cλ,µ = λ(x3
1 − x3

2 − x0x1x2) + µ(x2
0x1 + x2

1x2 + x2
2x0) = 0.

The double cover of the rational elliptic surface defined by this pencil branched along two nonsin-
gular fibers is a nonsingular model of a Cayley quartic symmetroid . If we choose the fibers F±
corresponding to the parameters [λ, µ] = [1±

√
−1, 1], then the lines (1±

√
−1)x1 +x2 = 0 define

two bisections tangent to F±. The corresponding quadratic twist defines an Enriques surface of type
VII.

Assume p = 5. Then the points [1, 1, 1, 1, 1] is a fixed points of the Cremona transformation, and
it is also an ordinary double point of X ′. When we resolve this point and take the quotient, we
obtain a rational Coble surface. We will discuss such surfaces in Section 9.8.

Proposition 8.9.32. The Nikulin R-invariant of an Enriques surface of type VII is equal to (A9 ⊕
A1,Z/2Z). The quadratic space 〈Nod(S)〉 is a hyperplane of rank 8 in Num(S). Since 〈Nod(S)〉
is the same as those of type I and type V, the Reye lattice is E8(4)⊕ A1 ⊕ A1(−1).

Proof. The nodal cycle E1 + · · ·+E8 +E12 is of type A9 and the sublattice of K generated by δEi
is isomorphic to A9. Together with δK4 it generates a sublatticeM ofK isomorphic to A9 +A1.

Proposition 8.9.33. Recall that a surface of type VII has genus one fibrations of the following types
(Proposition 8.9.28):

Ã8 (20), Ã7 + 2Ã1 (15), Ã4 + Ã4 (6), Ã5 + 2Ã2 + Ã1 (10).

The group Aut(S) acts transitively on each group. The non-degeneracy invariant nd(S) is equal
to 10 and can be realized by taking 6 elliptic fibrations of type Ã4 + Ã4 and 4 elliptic fibrations
|K1 +Ki|, i = 2, 3, 4, 5.

Unfortunately we were not able to find an explicit formula for a double plane model of a surface
of type VII. Nevertheless, it is true that all such surfaces are isomorphic (see [475, Corollary 9.5]).

Proposition 8.9.34. An Enriques surface with finite automorphism group of type VII is unique up
to an isomorphism.

Proof. This was certainly true in the case k = C. The proof follows from the knowledge of the
Nikulin R-invariant of the surface. However, if p > 0, we need other argument to prove the asser-
tion. We use the Ogg-Shafarevich theory from Chapter 4 in volume 1. It follows from this theory
that a torsor of a jacobian elliptic fibration on a rational surface is uniquely determined by the local
invariants that consist of a choice of a collection of fibers that become multiple fibers in the torsor
and a choice of a torsion point in the connected component of the identity of the Picard group.

Choose an elliptic fibration on S with a double fiber of type Ã1 and a simple fiber of type Ã7.
Then S is isomorphic to a torsor over the corresponding jacobian fibration j : J → P1. It is defined
by a data (J1, ε1, J2, ε2), where J1 is a smooth fiber, J2 is the fiber of type Ã1, and εi are non-trivial
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2-torsion points in the connected component of the identity of Pic(Ji). The pair (F2, ε2) is unique
but there are three choices for ε1. However, the Mordell-Weil group acts with two orbits on the set
of non-trivial 2-torsion points on J1. One orbit corresponds to an elliptic fibration with a special
bisection (it is easy to construct it using a double plane model of S), and another one corresponds to
our elliptic fibration with a special bisection. Thus our surface is unique up to an isomorphism.

Note that the argument from the proof can be used to prove the uniqueness of all surfaces of types
III-VII and the dependence on one parameter for surfaces of types I and II.

Since we have not been able to find an explicit equation for a double plane model as in the previous
cases, we have to prove the following.

Proposition 8.9.35. A surface of type VII does not exist if p = 5.

Proof. We take an elliptic fibration with two reducible fibers of type Ã4. For example, we take
the fibers E1 + E2 + E10 + E12 + E9 and E4 + E5 + E6 + E13 + E7. Then the permutation
(13)(24) defines an automorphism g of the surface that permutes these two fibers. If p = 5, the
jacobian fibration has one irreducible singular cuspidal fiber. It must be invariant and define two
isolated fixed points, one of them is the cusp. The trace of the action of g∗ on the l-adic cohomology
H∗ét(S,Ql) is equal to 4, so, applying the Lefschetz fixed-point-formula we obtain e(Sg) = 4. On
the other hand, there is another invariant fiber which must be smooth. The involution g has no fixed
points on it, or has 4 isolated fixed points, or identical on it, and we get a contradiction.

8.10 Enriques surfaces with a finite automorphism group (p = 2)

In the section 8.9 we discussed Enriques surfaces with finite automorphism group in characteristic
p 6= 2. Table 8.11 summarizes all the information about the existence and the number of parameters
for these surfaces. In this section, we will deal with the case p = 2.

First we check whether a surface with a crystallographic basis of type I−VII exists in character-
istic 2, and then we discuss whether there are new types of crystallographic bases in characteristic
2.

We will use the following easy observation that follows from Theorem 4.10.3.

Lemma 8.10.1. Suppose S has an elliptic fibration with a singular half-fiber of multiplicative type.
Then S is a µ2-surface. Moreover if there are two half-fibers of this type, then S does not exist.

The crystallographic basis of (−2)-curves on the surface allows one to check whether a fiber is
multiple or not and determine its type, however in some cases we cannot distinguish between the
types Ã1 (resp. Ã2) or Ã∗1 (resp. type Ã∗2). The following corollary gives an easy conclusion.

Corollary 8.10.2. (1) A surface with a crystallographic basis of type I, II or VI may exist only
as a µ2-surface.

(ii) A surface with a crystallographic basis of type III, IV or V does not exist.



232 CHAPTER 8. AUTOMORPHISMS OF ENRIQUES SURFACES

(iii) A surface with a crystallographic basis of type VII cannot be a µ2-surface.

Proof. (i) By Proposition 8.9.6, a surface with a crystallographic basis of (−2)-curves of type I
contains a genus one fibration with a double fiber of type Ã7. So, it could exist only as a µ2-surface.
By Proposition 8.9.9, a surface with a crystallographic basis of (−2)-curves of type II contains a
genus one fibration with a double fiber of type Ã3, so we have same conclusion. By Proposition
8.9.27, a surface with a crystallographic basis of (−2)-curves of type VI contains a genus one
fibration with a double fiber of type Ã4, so it could exist only as a µ2-surface.

(ii) By Propositions 8.9.13, 8.9.19, 8.9.23, a surface with a crystallographic basis of (−2)-curves
of type III, IV, or V contains a genus one fibration with two double fibers, and hence it is classical.
Moreover it has a genus one fibration with a half-fiber of multiplicative type. So the surface does
not exist in characteristic 2.

(iii) By Proposition 8.9.33, a surface with a crystallographic basis of (−2)-curves of type VII
contains a genus one fibration with reducible fibers of types Ã5, Ã2(Ã∗2) and Ã1(Ã∗1) and the fiber
of type Ã2(Ã∗2) is a double fiber. However, the classification of extremal genus one fibrations on
a rational surface shows that this fiber is of additive type Ã∗2. So, the surface cannot be a µ2-
surface.

The next task is to realize surfaces with a crystallographic basis of type I, II, or VI as aµ2-surfaces.

Example 8.10.3. Assume that a surface contains a crystallographic basis of type I. Recall that, if
p 6= 2, we have constructed a one-dimensional family of such surfaces as a double cover of the 4-
nodal quartic del Pezzo surface D1 branched along the union of two conics and a hyperplane section
C passing through the their two intersection points. We also have two conics Q1 ∈ |e0 − e2| and
Q2 ∈ |e0 − e4|, each passing through one of the intersection points of C1 with C2.

To extend this construction to the case p = 2, we consider the anti-canonical quartic Del Pezzo
surface D2 instead of D1. Let C1 ∈ |e0 − e1| and C2 ∈ |2e0 − e2 − e3 − e4 − e5| be two conics,
and C be a hyperplane section passing through their two intersection points q1, q2 (everything as
in the case p 6= 2). We also consider two conics Q1, Q2 ∈ |e0 − e2|, each passing through one of
the points q1, q2. Now, we consider the Artin-Schreier double cover of D2 locally given by equation
z2
U+aUz+bU = 0, where (aU ) defines a section ofL ∼= OD2(e0−e3−e5) vanishing onC1+C2 and

(bU ) define a section of L⊗2 vanishing on C + C1 + C2. At each point q1, q2, the local equation of
the cover is z2 +uvz+uv(u+v) = 0. So, the cover has two singular points of typeD(1)

4 over q1, q2.
When we resolve then, the 8 exceptional curves and the pre-images of C1, C2 has the intersection
diagram given in Theorem 8.2.19 (a). The additional two (−2)-curves are the pre-images of Q1 and
Q2. Note that the elliptic fibration of type 2Ã7 + Ã1 now becomes of type 2Ã7 + Ã∗1.

Note that we can obtain the K3-cover of S as an Artin-Schreier cover of the quadric F0 as in [361,
4.1]. The surface D2 is the quotient of F0 by the involution σ that acts as (x, y) 7→ (x−1, y−1) in
affine toric coordinates on F0. The pre-image of the pencil |e0 − e2| on F0 is the pencil of conics
that are tangent at the unique fixed point (1, 1) of σ. Each passes through two opposite vertices of
the triangle T of lines equal to the pre-image of C1 +C2. The branch curve is the union of T and the
pre-image of C. We get the picture as in Figure 8.5. The only difference is that two conics Q1, Q2

are tangent at one point.
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Example 8.10.4. Recall that in characteristic p 6= 2 a surface of Type II can be obtained as a double
cover of D1 branched along the union of two conics C1, C2, as in the previous example, and a
hyperplane section C ∈ | − KD1 | that is tangent to C1 and C2 at points q3 and q4 lying on two
non-skew lines L1, L2 on D1.

To extend this construction to characteristic 2 we consider, again as in the previous example, the
surface D2. We take the split Artin-Schreier cover of D2 locally given by z2 + auz+ bu = 0, where
(aU ) is a section of L vanishing on C and (bU ) is a section of L⊗2 vanishing on C1 and C2. Locally
at the tangency points q1, q2 of C with C1 and C2, the local equation is z2 + zu + (u + v2)u = 0.
In the first case, by the change of coordinates

t = z + ωu+ v2, s = z + ω2u+ v2, v = v

(ω3 = 1, ω 6= 1), then we have v4 + ts = 0 which gives a rational double point of type A3. This
gives two singular points of type A3 as in the case of the cover in characteristic p 6= 2. On the other
hand, at a point of intersection of C1 with C2, we have a local equation z2 + uv = 0. This gives
two singular points of type A1, again as in the case p 6= 2. Comparing with Figure 8.6, we find that
the proper transforms of L1 (resp. L2) on S is R9 (resp. R5). The proper transform of C1 (resp.
C2) is R3 (resp. R5). The pre-image of the exceptional curve at q1 (resp. q2) is R1 + R2 + R10

(resp. R6 + R7 + R12). The pre-images of the exceptional curves at q3, q4 are R4 and R11. So all
(−2)-curves are accounted for. As in the case p 6= 2, a choice of C1, C2, C depends on 1-parameter.

We can also find the lift of the Arin-Schreier cover S → D2 to an Artin-Schreier cover X →
F0, where X → S is the K3-cover of S as it is constructed in [361]. The pre-images of curves
C1, C2, L1, L2, C are exhibited in Figure 8.8.

Example 8.10.5. To construct a µ2-surface with a crystallographic basis of type VI we use the
same construction of this surface as in characteristic p 6= 2, 3, 5 as a quotient of a Hessian surface.
Although the Hessian surface of the Clebsch cubic surface degenerates, we can still consider the
corresponding quartic surface given by equations

t0 + · · ·+ t4 =
4∑
i=0

t−1
i = 0.

The standard Cremona involution inversing the coordinates acts freely on this surface and the quo-
tient is an Enriques surface. We discover the same configuration of (−2) curves on it forming a
crystallographic basis of type VI.

In the following Table we summarize the existence or non-existence of Enriques surfaces of type
I, II, . . . ,VII in characteristic 2.

Type I II III IV V VI VII
µ2-surface © © × × × © ×
classical × × × × × × ©
α2-surface × × × × × × ©

Table 8.12: Surfaces of types I-VII in characteristic 2

In Table 8.12,© means the existence and × means the non-existence of an Enriques surface with
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the dual graph of type I, . . . ,VII.

The only lacking justification of this Table is the existence of classical and α2-surfaces with a
crystallographic basis of type VII.

In any characteristic, except for classical and α2-Enriques surfaces in characteristic 2, Enriques
surfaces of type I and II form a 1-dimensional family and each of the other types is unique. On the
other hand, classical and α2-Enriques surfaces of type VII form a 1-dimensional family in which a
special fiber is α2-surface and all other fibers are classical.

In the following, we introduce the classification of classical and α2-Enriques surfaces with finite
automorphism group. Since any double fiber of a genus one fibration on a classical or α2-Enriques
surface is of additive type contrary to the case of characteristic p 6= 2 or the case of a µ2-Enriques
surface, possible crystallographic bases of (−2)-curves are completely different. Only the dual
graph of type VII is common between classical/α2-surfaces and the other cases. On the other hand,
in case of classical andα2-surfaces, the canonical covers have singularities which are invariants. We
use the classification of possible conductrices due to Ekedahl and Shepherd-Barron [209]. We take a
possible conductrix and fix it, and then determine the possible crystallographic basis of (−2)-curves
by using Proposition 8.9.1. Thus we have the following.

Theorem 8.10.6. Let X be an α2-Enriques surface in characteristic 2.

1. X has a finite group of automorphisms if and only if the dual graph of all (−2)-curves on X
is one of the graphs in Table 8.133.

2. There exists an example of an α2-Enriques surface or a family of α2-Enriques surfaces with
finite automorphism group of each type. Table 8.13 also gives the automorphism groups and
the dimensions of the families.

Theorem 8.10.7. Let X be a classical Enriques surface in characteristic 2.

1. X has a finite group of automorphisms if and only if the dual graph of all (−2)-curves on X
is one of the graphs in Table 8.14.

2. There exists an example of a family of classical Enriques surfaces with finite automorphism
group of each type. Table 8.14 also gives the automorphism groups and the dimensions of the
families.

3In [365], a surface of type Ẽ(1)
7 is called of type Ẽ7 + Ã

(2)
1 and the one of type Ẽ(2)

7 is called of type Ẽ7 + Ã
(1)
1 .
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Type Dual Graph of (−2)-curves Aut(X) Autct(X) dim

Ẽ8
• • • • • • • • •

•
Z/11Z Z/11Z 0

Ẽ7
(2)

• •• • • • • • • •

•
Z/2Z {1} 1

Ẽ7
(2)

• •• • • • • • • •

•
Z/14Z Z/7Z 0

Ẽ6 + Ã2 Z/5Z oS3 Z/5Z 0

D̃8
• • • • • • •

•

•

•
Q8 Q8 1

VII S5 {1} 0

Table 8.13: α2-Enriques surfaces with finite automorphism group
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Type Dual Graph of (−2)-curves Aut(X) Autnt dim

Ẽ8
• • • • • • • • •

•
{1} {1} 1

Ẽ7
(2)

• •• • • • • • • •

•
Z/2Z {1} 2

Ẽ7
(1)

• •• • • • • • • •

•
Z/2Z Z/2Z 1

Ẽ6 + Ã2 S3 {1} 1

D̃8
• • • • • • •

•

•

•
Z/2Z Z/2Z 2

D̃4 + D̃4

• •

• • • • • •

•

•

•

(Z/2Z)⊕3 (Z/2Z)⊕2 2

VII S5 {1} 1

VIII S4 {1} 1

Table 8.14: Classical Enriques surfaces with finite automorphism group
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The last three columns only give examples, no classification is known. Also we remark that the
examples ofα2-Enriques surfaces of type Ẽ2

7 form a 1-dimensional family with a parameter a ∈ k∗,
but their automorphism may become large when a7 = 1. Thus this family is non-isotrivial. The
family of classical Enriques surfaces of type Ẽ2

7 is non-isotrivial because these surfaces specialize to
classical Enriques surfaces of type Ẽ1

7 . The families of classical Enriques surfaces of type Ẽ6 + Ã2,
of type VII, of type VIII and of type D̃4 + D̃4 are also non-isotrivial. In the first three cases,
Enriques surfaces have an elliptic fibration with a double fiber F such that the j-invariant of F
varies. In the last case, their Jacobian quasi-elliptic fibrations are non-isotrivial. For the remaining
cases, non-isotriviality is not known.

We refer for the proof of the previous theorems to [365]. Here we only give examples of the
families of classical and α2-surfaces in each case from the Theorems 8.10.6, 8.10.7. The idea of
the construction of the examples is as follows. First we take a special genus one fibration on the
dual graphs and consider a genus one fibration π on a rational surface with the same singular fibers.
Then, after taking the Frobenius base change of π, we get a new genus one fibration π̃. We define
a suitable rational derivation on the total space of π̃ whose quotient is birational to an Enriques
surface with the desired configuration of (−2)-curves.

Example 8.10.8. : Type VII.

First we consider surfaces of type VII. Recall that an Enriques surface with a crystallographic
basis of (−2)-curves of type VII has an elliptic fibration with simple reducible fibers of type Ã4+Ã4

and with ten special bisections. For example, the linear system

|E1 + E2 + E10 + E12 + E9| = |E4 + E5 + E6 + E7 + E13|
gives such a fibration with bisections E3, E8, E11, E14, E15,K1, ...,K5 in Figure 8.14.

Now assume that a classical or α2-Enriques surface S in characteristic 2 contains fifteen (−2)-
curves which are represented by the lines in the Figure 8.16. Each (−2)-curve passes through two
dotted points (we will discuss this fact in Lemma 10.2.9 later). Note that there exist two disjoint
pentagons of (−2)-curves which form two singular fibers of type Ã4 of an elliptic fibration f : S →
P1, and the remaining five (−2)-curves are bisections of this fibration. The dual graph of these
fifteen (−2)-curves on S coincides with the one of E1, ..., E15 in Figure 8.14.

Figure 8.16: Fifteen (−2)-curves

The fibration f has simple singular fibers of type Ã4 + Ã4 + Ã∗0 + Ã∗0 (see 4.7 in Volume 1) and the
twelve singular points of singular fibers are the images of the twelve ordinary double points of the
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canonical cover π : X → S (we will prove this later in Corollary 10.2.7). Assume that there exist
additionally five (−2)-curves which are special bisections of the fibration. Moreover we assume
that they pass through the singular points of singular fibers of type Ã∗0 and intersect transversely at
these two points (see Lemma 10.2.9). The dual graph of the five (−2)-curves coincides with the
complete graph (with double edges) in Figure 8.14 defined by (−2)-curves K1, ...,K5. Thus if the
additional five (−2)-curves meet with fifteen (−2)-curves in Figure 8.16 correctly, then we have an
Enriques surface with the crystallographic basis of type VII.

Now let Y be the minimal resolution of singularities of the canonical coverX of S andRi, 1 ≤ i ≤
12, the exceptional curves. Then the fibration f induces an elliptic fibration p : Y → P1 which has
two singular fibers of type Ã9 and two of type Ã1, and the curves Ri are irreducible components
of these singular fibers. Moreover p has ten sections which are pullbacks of ten bisections of f .
Then the Shioda-Tate formula implies that Y is the supersingular K3 surface with Artin invariant 1.
Instead of the canonical cover X of S, we consider a rational divisorial derivation ∂ on Y such that
the quotient Y ∂ of Y by ∂ is the blowing-up of twelve points on S which are the images of singular
points of type A1 on X . We denote by ϕ : Y ∂ → S the contraction morphism.

Y −→ X
π ↓ ↓
Y ∂ ϕ−→ S

Since KY and KS are numerically trivial, Proposition 0.3.14 implies that

0 = KY = π∗(KY ∂ ) +D = π∗(ϕ∗(KS) +
12∑
i=1

Ri) +D = π∗ϕ∗(
∑

Ri) +D, (8.10.1)

whereD is the divisor of the derivation ∂. Since π(Ri)
2 = −1, by Proposition 0.3.19, Ri is integral

with respect toD. Therefore π∗(π(Ri)) = Ri and hence ∂ has poles along eachRi with multiplicity
1. Thus we should first find an elliptic fibration p : Y → P1 on the supersingular K3 surface Y
with the Artin invariant equal to 1 which has singular fibers of type Ã9 + Ã9 + Ã1 + Ã1 and ten
sections. Next find a rational divisorial vector field ∂ on Y such that twelve disjoint (−2)-curves
Ri in fibers are integral and D = −

∑12
i=1Ri. In Chapter 10, we will discuss Enriques surfaces in

characteristic 2 whose canonical covers are birational to supersingular K3 surfaces. For the divisor
D, see Lemma 10.3.13.

To get such an Enriques surface, we start with a rational elliptic surface with Weierstrass equation

y2 + sxy + y + x3 + x2 + s = 0.

The change of variables (x, y, s) 7→ (x + t + 1, y, s = t + 1) transforms this equation to the
Weierstrass equation from Table 4.7 for an elliptic fibration with two fibers of type Ã4 and two
irreducible singular fibers Ã∗0. We see that the discriminant is equal to (s + 1)5(s2 + s + 1) and
the j-invariant is equal to s12

(s+1)5(s2+s+1)
. It has two reducible fibers of type Ã4 over s = 1,∞ and

two singular fibers of type Ã∗0 over s = ω, ω2, where ω3 = 1, ω 6= 1. By taking the Frobenius base
change t2 = s, we have an elliptic fibration with Weierstrass equation

y2 + t2xy + y + x3 + x2 + t2 = 0. (8.10.2)

Let p : Y → P1 be the relatively minimal non-singular model of the fibration (8.10.2). The discrim-
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inant of the elliptic surface Y is equal to h = (t+ 1)10(t2 + t+ 1)2 and the j-invariant is given by
j = t24/(t+ 1)10(t2 + t+ 1)2.

Hence the elliptic fibration p has two reducible fibers of type Ã9 over t = 1,∞ and two singular
fibers of type Ã1 over t = ω, ω2. The relatively minimal elliptic surface p : Y → P1 defined by
(8.10.2) has ten sections si,mi (i = 0, 1, 2, 3, 4) given as follows:

s0 : the zero section
s1 : x = 1, y = t2

s2 : x = t2, y = t2

s3 : x = t2, y = t4 + t2 + 1
s4 : x = 1, y = 1
m0 : x = 1

t2
, y = 1

t3
+ 1

t2
+ t

m1 : x = t3 + t+ 1, y = t4 + t3 + t
m2 : x = t, y = t3

m3 : x = t, y = 1
m4 : x = t3 + t+ 1, y = t5 + t4 + t2 + t+ 1
.

Then the Shioda-Tate formula implies that Y is the supersingular K3 surface with Artin invariant 1.

The Weierstrass model W is singular at the point P = (x, y, t) = (1, 1, 1) and the fiber F1 over
t = 1 is an irreducible nodal curve. The singular points is a rational double points of type A8

and the fiber of the resolution of singularities map Y → W over this point consists of nine (−2)
curves E1,i (i = 1, 2, . . . , 9). We index the components of the decagon F1E1,1E1,2 . . . E1,9 in a
clockwise manner. Here we denote by the same symbol F1 the proper transform of F1 on Y . The
blowing-up at the singular point P gives two exceptional curves E1,1 and E1,9, and they intersect
each other at a singular point of the obtained surface. The blowing-up at the singular point again
gives two exceptional curves E1,2 and E1,8. The exceptional curve E1,2 (resp. E1,8) intersects E1,1

(resp. E1,9) transversely. Exceptional curves E1,2 and E1,8 intersect each other at a singular point,
and so on. By successive blowing-ups, the exceptional curve E1,5 finally appears to complete the
resolution of singularity at the point P , and it intersects E1,4 and E1,6 transversely. Summarizing
these results, we see that F1 intersects E1,1 and E1,9 transversely, and that E1,i intersects E1,i+1

(i = 1, 2, . . . , 8) transversely. We choose E1,1 to be the irreducible component which intersects the
section m2.

Let F∞ be the fiber over the point defined by t = ∞. The open subset of W over this point is
given by equation

y2 + xy + t′6y + x3 + t′4x2 + t′10 = 0,

where t′ = 1/t. Similarly we have nine exceptional curves E∞,i (i = 1, 2, . . . , 9) over the singular
point P∞ = [x, y, t′] = [0, 0, 0] of the surface (8.10.2), and F∞ and these 9 exceptional curves
make a decagon F∞E∞,1E∞,2 . . . E∞,9 clockwisely. F∞ intersects E∞,1 and E∞,9 transversely,
and that E∞,i intersects E∞,i+1 (i = 1, 2, . . . , 8) transversely.

The singular fiber of p : Y → P1 over the point defined by t = ω (resp. t = ω2) consists of
two irreducible components Fω and Eω (resp. Fω2 and Eω2), where Fω (resp. Fω2) is the proper
transform of the fiber over the point t = ω (resp. t = ω2).
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Then, the 10 sections above intersect singular fibers of elliptic surface p : Y → P1 as follows:

sections s0 s1 s2 s3 s4 m0 m1 m2 m3 m4

t = 1 F1 E1,8 E1,6 E1,4 E1,2 E1,5 E1,3 E1,1 E1,9 E1,7

t =∞ F∞ E∞,6 E∞,2 E∞,8 E∞,4 E∞,5 E∞,1 E∞,7 E∞,3 E∞,9
t = ω Fω Fω Fω Fω Fω Eω Eω Eω Eω Eω
t = ω2 Fω2 Fω2 Fω2 Fω2 Fω2 Eω2 Eω2 Eω2 Eω2 Eω2

Table 8.15: Intersection between sections and fibers

Now consider a rational derivation ∂ = ∂α,β defined by

∂ =
1

(t+ 1)

(
(t+ 1)(t+ α)(t+ β)

∂

∂t
+ (1 + t2x)

∂

∂x

)
where α, β ∈ k, α+ β = αβ, α 6= 1. Note that the invariant differential form ω on an elliptic curve
given in the Weierstrass form y2 + a1y + a3y + x3 + a2x

2 + a4x+ a6 = 0 is given by

ω =
dx

2y − a1x+ a3
=

dy

a1y + 3x2 + 2a2x+ a4

This shows that the restriction of the second summand δ2 of ∂ to the general fiber coincides with
the invariant differential form on it. So, we modify this form by adding the first summand δ1.

Lemma 8.10.9. (i) ∂2 = αβ∂, namely, ∂ is 2-closed and ∂ is of additive type if α = β = 0 and
of multiplicative type otherwise.

(ii) On the surface Y , the divisorial part D of ∂ is given by

D = −

(
F1 + F∞ +

4∑
i=1

(E1,2i + E∞,2i) + Eω + Eω2

)
and D2 = −24.

(iii) The integral curves with respect to ∂ in the fibers of p : Y −→ P1 are the following:

the smooth fibers over t = α, β (in case α = β = 0, the smooth fiber over t = 0) and

F1, F∞, E1,2i, E∞,2i (1 ≤ i ≤ 4), Eω, Eω2 .

Proof. We check this statement only on the complement of the fiber over∞. We need to blow up
the singular point. To do this, first change the parameters u = t+ 1, x = X + 1, y = Y + 1, so the
equation of the Weierstrass surface W becomes

F = Y 2 +XY (u2 + 1) + u2Y +X3 + u2X = 0.

The singular point now is (0, 0, 0). Blowing up this point, we introduce new coordinates X =
uX ′, Y = uY ′ and get a new equation

F ′ = X ′Y ′ + Y ′2 + u2X ′Y ′ + u(X ′3 +X ′ + Y ′) = 0.

We see that the exceptional divisor u = 0 is given by Y ′(X ′+Y ′) = 0 and consists, as was observed
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before, of two components intersecting at a singular point. In new coordinates,
∂

∂t
=

∂

∂u
,

∂

∂X
= u−1 ∂

∂X ′

and 1
t+1(1+t2x2) ∂

∂x transforms to εu−1 ∂
∂X′ , where ε is a unit in a neighborhood of the new singular

point. Differentiating F ′ in X ′, we find that it has a pole of order 1 at the component given by
Y = 0. We choose this component for E1,2. Multiplying ∂ by u we see that ∂ is equivalent to
a vector field whose normal component along the component F1, E1,2i, Eω, Eω2 is equal to zero.
Thus these components are integral curves of ∂.

Similarly, we deal with singular points (ω, 1, ω) (and its conjugate) and find that D has a pole of
order 1 on the exceptional curve of the minimal resolution.

By Proposition 0.3.18, we have

c2(Y ) = deg〈Z〉 −KY ·D −D2

where 〈Z〉 is the scheme of non-divisorial zeros of ∂. HenceZ = 0 and the quotient surface Y ∂α,β is
non-singular (Theorem 0.3.9). It has twelve exceptional curves of the first kind which are the images
of the above integral (−2)-curves. By contracting these curves we get a non-singular surface Sα,β .
It follows from the formula (8.10.1) that KS is numerically trivial. Since the quotient morphism
Y → Y ∂ is finite and purely inseparable, b2(Y ∂) = b2(Y ) = 22 and hence b2(Sα,β) + 12 = 22.
Thus Sα,β is an Enriques surface.

The elliptic fibration p : Y → P1 induces an elliptic fibration f : Sα,β → P1 which has two
singular fibers of type Ã4 and two singular fiber of type Ã∗0. If α 6= 0, then the images of two
smooth integral curves are double fibers of the elliptic fibration, and hence Sα,β is classical. If
α = β = 0, then the fibration has one double fiber, and hence Sα,β is an α2-surface (it can not
be a µ2-surface because the canonical cover is supersingular). The surface Sα,β contains 20 (−2)-
curves which are the images of ten components of the fibers of p over t = 0,∞ and ten sections.
The incidence relation between components of fibers of p and sections given in Table 8.15 shows
that the dual graph of twenty (−2)-curves on Sα,β is the crystallographic basis of type VII. There
exist twelve points on Sα,β which are the images of twelve integral (−2)-curves. Each (−2)-curve
on Sα,β passes through two points from the twelve points (see Figure 8.16).

Thus we have proved the following theorem.

Theorem 8.10.10. There exists a 1-dimensional family {Sα,β} of classical and α2-Enriques sur-
faces Sα,β where α, β ∈ k, α + β = αβ, α3 6= 1 6= β3. The K3-cover of Sα,β has twelve nodes
and the resolution of singularities is the supersingular K3 surface Y with Artin invariant 1. If
α = β = 0, then Sα,β is an α2-surface, and otherwise classical. Each Sα,β contains 20 (−2)-
curves whose dual graph coincides with the crystallographic basis of type VII. In particular the
automorphism group Aut(Sα,β) is finite and isomorphic to S5.

The next Proposition is an extension of Proposition 8.9.28 to characteristic 2.

Proposition 8.10.11. There exist exactly four types of elliptic fibrations on S as follows:

Ã4 + Ã4 + Ã∗0 + Ã∗0, Ã5 + Ã1 + 2Ã∗2, Ã7 + 2Ã∗1, Ã8 + Ã∗0 + Ã∗0 + Ã∗0.
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Next we discuss the problem of the existence of crystallographic bases of (−2)-curves of different
types. The known examples are the crystallographic bases of extra-special Enriques surfaces of
types Ẽ8, D̃8 and Ẽ7 with nd(S) ≤ 2 from Theorem 6.2.3.

Example 8.10.12. Type Ẽ6 + Ã2: α2-surfaces.

We consider a rational elliptic surface π : R→ P1 associated with the Weierstrass model

y2 + sy = x3

which has a singular fiber of type Ã∗2 over s = 0 and of type Ẽ6 over s = ∞. By taking the
Frobenius base change t2 = s, we have a rational elliptic surface π̃ : R̃→ P1 associated with

y2 + t2y = x3

which has a singular fiber of type Ẽ6 over t = 0 and of type Ã∗2 over t =∞. Note that π and π̃ are
isomorphic by changing the coordinate x′ = x/s2, y′ = y/s3, s = 1/t. Let E0,1 + E0,2 + E0,3 +
2(E0,4 +E0,5 +E0,6) + 3E0,7 be the singular fiber of π̃ of type Ẽ6 and let E∞,1 +E∞,2 +E∞,3 be
the singular fiber of type Ã∗2. We assume that E0,i meets with E0,i+3 (i = 1, 2, 3). There exist three
sections denoted by S1, S2, S3 which do not intersect. We assume that Si intersects E0,i and E∞,i.

Now we discuss what kind of a derivation we need. Assume that R̃ is birational to a resolution of
the normalization of the canonical cover of the desired Enriques surface S. Then π̃ should induce a
special elliptic fibration on S with singular fibers of type Ã∗2 over the point corresponding to s = 0
and of type Ẽ6 over the point corresponding to s = ∞. This means that four components of the
fiber of type Ẽ6 over t = 0 map to a point on S to get a singular fiber of type Ã2 and the fiber
of Ã∗2 over t = ∞ should be blowing up to get a fiber of type Ẽ6 on S. So we first blow up R̃
at the singular point of the singular fiber of type Ã∗2 and denote by E∞,4 the exceptional curve.
Then blow up the three points which are the intersection of E∞,4 and the proper transforms of three
components of the original fiber. Denote by E∞,5, E∞,6, E∞,7 the three exceptional curves and by
the same symbols E∞,1, E∞,2, E∞,3 their proper transforms under these blow-ups. We assume that
E∞,i meets E∞,i+4 (i = 1, 2, 3). Then

E2
∞,1 = E2

∞,2 = E2
∞,3 = E2

∞,4 = −4, E2
∞,5 = E2

∞,6 = E2
∞,7 = −1.

Also
E2

0,i = −2 (i = 1, 2, . . . , 7), S2
1 = S2

2 = S2
3 = −1.

We denote by Y the surface obtained by these blowing ups.

Now assume that there exists a derivation ∂ on Y without isolated zeros such that the integral
curves with respect to ∂ are given by

E0,4, E0,5, E0,6, E∞,1, E∞,2, E∞,3, E∞,4. (8.10.3)

Then by taking the quotient by ∂ we get a smooth surface Y ∂ and a purely inseparable double
covering p : Y → Y ∂ . Since 2(p(C))2 = C2 if C is integral and (p(C))2 = 2C2 otherwise, we
have

E2
∞,i = S2

j = −2 (i = 1, 2, ..., 7; j = 1, 2, 3),

E2
0,k = −4 (k = 1, 2, 3, 7), E2

0,l = −1 (l = 4, 5, 6).

Now contract three (−1)-curves E0,4, E0,5, E0,6 and then contract the image of E0,7. Then we have
a smooth surface S and the contraction map q : Y ∂ → S. By construction, the corresponding elliptic
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fibration has a singular fiber of type Ã∗2 consisting of the images of E0,1, E0,2, E0,3 and a singular
fiber of type Ẽ6. Since Si, E0,i, i = 1, 2, 3 are non-integral and E∞,i, i = 1, 2, 3 are integral, the
images of Si are tangent toE0,i at one point and Si meetsE∞,i at one point transversally. Therefore
Si are bisections of the fibration, the fiber of type Ẽ6 is double and the one of type Ã∗2 is simple.
Thus we have 13 (−2)-curves whose dual graph is a crystallographic basis of type Ẽ6 + Ã2 in
Theorem 8.10.6. Since the Euler number of R̃ is 12 and p is purely inseparable double cover, the
Euler number of Y and Y ∂ is 16 and hence that of S is 12. Obviously

KY ∂ = q∗(KS) + 2(E0,4 + E0,5 + E0,6) + E0,7.

Since E0,4, E0,5, E0,6 are integral and E0,7 is not, it follows that

KY = p∗KY ∂ +D = p∗q∗(KS) + 2(E0,4 + E0,5 + E0,6 + E0,7) +D

whereD is the divisor of ∂. On the other hand, Y is obtained by blowing ups 4 points of the rational
elliptic surface and hence

KY = −(E∞,1 + E∞,2 + E∞,3)− 2(E∞,4 + E∞,5 + E∞,6 + E∞,7).

Assume that S is an Enriques surface. Then p∗q∗(KS) = 0. Thus we have an another condition

D = −2(E0,4+E0,5+E0,6+E0,7+E∞,4+E∞,5+E∞,6+E∞,7)−(E∞,1+E∞,2+E∞,3). (8.10.4)

We conclude that ∂ should satisfy the two conditions (8.10.3) and (8.10.4) to get the desired En-
riques surface S.

Now we consider the following derivation

∂ =
∂

∂t
+ t2

∂

∂x
.

Then ∂2 = 0, that is, ∂ is 2-closed. We denote by the same symbol ∂ the induced derivation on Y .
It follows from local calculations that

Lemma 8.10.13. (1) The derivation ∂ on Y satisfies the two conditions (8.10.3) and (8.10.4).

(2) D2 = −12, (D,KY ) = −4.

Remark 8.10.14. We blow up R̃ at four points. These points are nothing but the isolated singular
points of the derivation on R̃ induced by ∂.

Lemma 8.10.15. The derivation ∂ is divisorial.

Proof. Let Z be the scheme of non-divisorial zeros of ∂. By using the facts c2(Y ) = 16 and
D2 = −12, (D,KY ) = −4, we have

16 = c2(Y ) = deg(Z)− (KY , D)−D2 = deg(Z) + 16.

Hence deg(Z) = 0 which means ∂ is divisorial.

It follows that Y ∂ is smooth. Then applying the previous argument we can see S is the desired
Enriques surface. Since ∂2 = 0, S is an α2-surface.

Theorem 8.10.16. The surface S is an α2-Enriques surface with a crystallographic basis of type
Ẽ6 + Ã2.
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Proposition 8.10.17. There are exactly one elliptic fibration with singular fibers of type 2Ẽ6 + Ã∗2
and three quasi-elliptic fibrations with singular fibers of type Ẽ7 + 2Ã∗1.

Proof. For the elliptic fibration the assertion is clear. Note that both S1 and E0,1 are non-integral
and meet at one point transversally on Y , their images on S are tangent together. The twice of
the sum of these two curves defines a genus one fibration with a double fiber of type Ã∗1. By the
classification of extremal genus one fibrations, this fibration is quasi-elliptic.

Remark 8.10.18. To construct S we started from the elliptic surface y2+t2y = x3 and the derivation
∂ = ∂

∂t + t2 ∂
∂x . Then we can determine the function field k(x, y, t)∂ of the quotient surface and

have the following equation of the surface birationally isomorphic to S:

Y 2 + TY + TX4 +X3 + T 3X + T 7 = 0. (8.10.5)

For more details we refer the reader to [365].

Theorem 8.10.19. The automorphism group Aut(S) is isomorphic to S3 × Z/5Z in which Z/5Z
is cohomologically trivial.

Proof. Note that the symmetry group of the dual graph of (−2)-curves is isomorphic to the sym-
metric group S3 of degree 3. It is easy to prove the existence of automorphisms generating S3 by
using the Jacobian fibrations of genus one fibrations on S. On the other hand we can determine
the automorphism group of the surface defined by 8.10.5 preserving the fibration defined by the
projection (X,Y, T )→ T as follows:

ϕ : (X,Y, T )→ (ζ4X, ζY, ζT ), ψ : (X,Y, T )→ (X,Y + T, T )

where ζ is a primitive 5-th root of unity. Then ϕ,ψ and an automorphism of order 3 in S3 gen-
erate S3 × Z/5Z. There are no symmetries of order 5 of the dual graph of (−2)-curves, ϕ is
cohomologically trivial.

Remark 8.10.20. By construction, the canonical cover of S has a rational double point of type D4.
On the other hand, any bisection of a quasi-elliptic fibration on an Enriques surface is contained in
the conductrix. Therefore the conductrix of S is non-empty. In fact the support of the conductrix
is the union of 7 components of the singular fiber of type Ẽ6. In our construction we take a non-
singular model of the normalization of the canonical cover of S, and hence the canonical cover itself
does not appear here.

Example 8.10.21. Type Ẽ6 + Ã2: Classical Case.

In this case we start with a rational elliptic surface associated with the Weierstrass model

y2 + xy + sy + x3 = 0

which has a singular fiber of type Ã2 over s = 0, a singular fiber of type Ã∗0 over s = 1 and a
singular fiber of type Ẽ6 over s =∞. Then by taking the Frobenius base change t2 = s we have a
rational elliptic surface π̃ : R̃ → P1 associated with the Weierstrass equation which has a singular
fiber of type Ã5 over t = 0, a singular fiber of type Ã1 over t = 1 and a singular fiber of type Ã∗2
over t =∞.
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Blowing ups of the fiber over t =∞ four times, we have a rational surface Y which has the same
configuration of curves on the fiber over t =∞ as that of theα2-surface. We use the same symbols:

E∞,1, E∞,2, E∞,3, E∞,4, E∞,5, E∞,6, E∞,7.

We also denote by E0,1, ..., E0,6 the component of the fiber over t = 0 such that E0,i · E0,i+1 =
1 (i ∈ Z/6Z), and by E1,1, E1,2 the components of the fiber over t = 1. We may assume that the
three sections Si meets E0,2i−1, E1,1, E∞,i (i = 1, 2, 3).

Now we consider the following derivation.

∂a = (t+ a)
∂

∂t
+ (x+ t2)

∂

∂x
, (8.10.6)

where a ∈ k, a 6= 0, 1. Then ∂2
a = ∂a, that is, ∂a is 2-closed. By calculations we have the following

two lemmas.

Lemma 8.10.22. (1) The divisor Da of ∂a is given by

−(E0,2 + E0,4 + E0,6 + E1,2 + E∞,1 + E∞,2 + E∞,3)− 2(E∞,4 + E∞,5 + E∞,6 + E∞,7).

(2) D2
a = −12, (Da,KY ) = −4.

(3) The derivation ∂a has no isolated zeros.

Lemma 8.10.23. The integral curves with respect to ∂a are the smooth fiber over t = a and

E0,2, E0,4, E0,6, E1,2, E∞,1, E∞,2, E∞,3, E∞,4

Now we contract four (−1)-curves on Y ∂a , the images of E0,2, E0,4, E0,6, E1,2 and denote the
obtained surface by Sa. By combining these two lemmas and by the same argument as in the case
of the α2-Enriques surface, we have the following theorem.

Theorem 8.10.24. The surfaces Sa form a 1-dimensional family of classical Enriques surfaces with
a crystallographic basis of type Ẽ6 + Ã2.

Proof. Since the fiber of π̃ over t = a is integral, its image on Sa is a double fiber. Thus the fibration
on Sa has two double fibers (another one is the fiber of type Ẽ6), Sa is classical.

The dual graph of (−2)-curves shows that the following proposition holds.

Proposition 8.10.25. There are exactly one elliptic fibration with singular fibers of type 2Ẽ6 + Ã2

and three quasi-elliptic fibrations with singular fibers of type Ẽ7 + 2Ã∗1.

Theorem 8.10.26. The automorphism group Aut(Sa) is isomorphic to S3.

Proof. It suffices to see that there are no numerically trivial automorphisms. If g ∈ Aut(Sa) is
numerically trivial, it preserves each of 13 (−2)-curves. In particular, since g fixes three points
on each irreducible component of the singular fiber of type Ã2, it fixes each component pointwise.
Now consider a quasi-elliptic fibration p. Since an irreducible component of the fiber of type Ã2 is
a special bisection of p, g acts trivially on the base of p. Since p has two special bisections, g fixes
three points on a general fiber F of p and hence g acts trivially on F .
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Example 8.10.27. Type VIII.

We take a parabolic subdiagram of type D̃5 + Ã3 in the dual graph of type VIII. We consider an
extremal rational elliptic fibration π : R→ P1 associated with the Weierstrass model

y2 + sxy = x3 + s2x

which has a singular fiber of type D̃5 over s = 0 and a singular fiber of type Ã3 over s = ∞. By
the Frobenius base change t2 = s we have a rational elliptic fibration π̃ : R̃→ P1 associated with

y2 + t2xy = x3 + t4x

which has a singular fiber of type Ã∗1 over t = 0 and a singular fiber of type Ã7 over t = ∞. The
elliptic fibration π̃ has four sections:

S1 : the zero section, S2 : x = y = 0, S3 : x = t, y = 0, S4 : x = 0, y = t.

Moreover there exist two bisections defined by

B1 : x+ y = x2 + tx+ t = 0, B2 : x+ y + tx+ t = x2 + tx+ t = 0

both of which pass the singular point of the fiber of type Ã∗1. We refer the reader to Figure 10 in
[365] for the incidence relation between components of fibers and sections, bisections.

To get the dual graph of type VIII, we blow up on four points on the fiber over t = 0 and contract
four disjoint components of the fiber over t = ∞. Let E0,1, E0,2 be components of the fiber of
type Ã∗1 and let E∞,1, ..., E∞,8 the components of the fiber of type Ã7 such that E∞,i ·E∞,i+1 = 1
(i ∈ Z/8Z). We first blow up the singular point of the fiber of type Ã∗1, and then blow up at the
point of the intersection of the proper transforms of E0,1 and E0,2. Denote by E0,3 the exceptional
curve of the first blowing-up and by E0,4 the exceptional curve of the second blowing-up. We also
use the same symbols E0,i, Sj , Bk for their proper transforms. Now three curves E0,1, E0,2, E0,3

are disjoint. Note that B1 and B2 meet E0,3. Blow up the two points B1 ∩ E0,3, B2 ∩ E0,3. The
obtained surface is denoted by Y .

Now we consider the following derivation.

∂a = t(at+ 1)
∂

∂t
+ (x+ 1)

∂

∂x
, (8.10.7)

where a ∈ k, a 6= 0. Then ∂2
a = ∂a, that is, ∂a is 2-closed. By calculations we have the following

two lemmas.

Lemma 8.10.28. (1) The divisor Da of ∂a is given by

−(E0,1 + E0,2 + E0,3 + 2E0,4 + E∞,2 + E∞,4 + E∞,6 + E∞,8).

(2) D2
a = −12, (Da,KY ) = −4.

(3) The derivation ∂a has no isolated zeros.

Lemma 8.10.29. The integral curves with respect to ∂a are the smooth fiber over t = 1/a and

E0,1, E0,2, E0,3, E∞,2, E∞,4, E∞,6, E∞,8.

Let Sa be the surface obtained by contracting four (−1)-curves on Y ∂a which are the images of
E∞,2, E∞,4, E∞,6, E∞,8. By combining these two lemmas and by the same argument as in the
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case of the α2-Enriques surface of type Ẽ6, we have

Theorem 8.10.30. The surfaces Sa form a 1-dimensional family of classical Enriques surfaces with
a crystallographic basis of type VIII.

Proof. Since the fiber of π̃ over t = 1/a is integral, its image on S is a double fiber. Thus the
fibration on X has two double fibers (another one is the fiber of type D̃5), so S is classical.

It follows from the dual graph of (−2)-curves and calculations of the intersection numbers of the
fibrations that

Proposition 8.10.31. There are exactly three elliptic fibrations with singular fibers of type 2D̃5+Ã3,
three quasi-elliptic fibrations with singular fibers of type D̃6 + 2Ã∗1 + 2Ã∗1, four elliptic fibrations
with singular fibers of type 2Ẽ6 + 2Ã∗2 and four elliptic fibrations with singular fibers of type Ẽ6 +
Ã2 + Ã∗0.

Using an argument similar to one from the proof of Theorem 8.10.26, we have the following.

Theorem 8.10.32. The automorphism group Aut(S) is isomorphic to S4.

Remark 8.10.33. By construction, the canonical cover of S has four rational double point of type
A1. The support of the conductrix of S is the union of four (−2)-curves each of which appears as a
component with multiplicity 2 of a singular fiber of type D̃6.

Example 8.10.34. Type Ẽ8: α2-surface.

Recall that the crystallographic root basis of type Ẽ8 has the following Dynkin diagram.

• • • • • • • • •

•

R2 R3 R4 R5 R6 R7 R8 R9 R10

R1

On such an Enriques surface S, there exists a unique quasi-elliptic fibration with a bisection R10.
First we discuss how to find a rational surface and a derivation on it whose quotient is birational to S.
Assume that the canonical cover has a rational double point of typeD4 over the point P = R9∩R10.
First blow up P and denote by the exceptional curve by E1. Then blow up the intersection points
of E1 and the proper transforms of R9 and R10 and denote the exceptional curves by E2 and E3

respectively. And blow up one point onE1 not lying onR9 andR10 and denote the exceptional curve
byE4. We denote by S′ the obtained surface. Assume that a resolution Y of the normalization of the
canonical cover of S is an inseparable double cover π : Y → S′, that is, S′ = Y ∂ for a derivation ∂
on Y . We denote by R̃i, Ẽi the preimages on Y ofRi, Ei. Note that the cycle Ẽ1 +Ẽ2 +Ẽ3 +Ẽ4 on
Y is the exceptional curve corresponding to the rational double point of type D4. Since Ẽ2

i = −2
(i = 1, 2, 3, 4) and E2

1 = −4, E2
2 = E2

3 = E2
4 = −1, Ẽ2, Ẽ3, Ẽ4 should be integral and Ẽ1 not

with respect to the derivation ∂. We assume that R̃2, R̃4, R̃6 and R̃8 are integral with respect to ∂,
and other R̃i not. Then

R̃2
2 = R̃2

4 = R̃2
6 = R̃2

8 = −4, R̃2
1 = R̃2

3 = R̃2
5 = R̃2

7 = −1, R̃2
9 = R̃2

10 = −2.

Now we contract (−1)-curves and then contract new (−1)-curves except Ẽ4 successively. Finally
we get a projective plane P2. Thus Y should be obtained from P2 by 13 times blowing ups.
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On the other hand, as in the case of the α2-Enriques surface of type Ẽ6 + Ã2, the triviality of the
canonical bundle KS implies some conditions on the divisor D of ∂ and KY . Assume KS = 0.
Then KS′ = E1 + 2(E2 + E3 + E4). Since Ẽ1 is not integral and other Ẽi are integral, we have

KY = π∗KS′ +D = 2(Ẽ1 + Ẽ2 + Ẽ3 + Ẽ4) +D.

This holds if

D = −(5Ẽ4+2R̃10+6Ẽ3+8Ẽ1+7Ẽ2+4R̃9+3R̃8+2R̃2+4R̃6+5R̃4+6R̃7+8R̃5+4R̃1+6R̃3)

and

KY = −(3Ẽ4+2R̃10+4Ẽ3+6Ẽ1+5Ẽ2+4R̃9+3R̃8+2R̃2+4R̃6+5R̃4+6R̃7+8R̃5+4R̃1+6R̃3).

Moreover, we can see that D2 = −12, KY ·D = −4, and hence ∂ has no isolated zeros. Thus we
need to find a rational surface Y and a derivation ∂ on Y satisfying these conditions.

Now we consider the affine plane A2 ⊂ P2 with a coordinate (x, y) and the following derivation

∂ =
1

x5

(
(xy6 + x3)

∂

∂x
+ (x6 + y7 + x2y)

∂

∂y

)
.

Then ∂2 = 0, that is, ∂ is 2-closed. Note that ∂ has a pole with order 5 along the line ` defined by
x = 0 and ` is integral with respect to ∂. Moreover ∂ has a unique isolated singularity at P = (0, 0).
We blow up at the point P . Then the exceptional curve is not integral with respect to the induced
derivation. The induced derivation has a pole of order 2 along the exceptional curve and has a
unique isolated singularity at the intersection of the exceptional curve and the proper transform of `.
Then continue this process until the induced derivation has no isolated singularities. The resulting
surface is denoted by Y which, together with the induced derivation, satisfies the desired conditions.
Here the proper transform of ` corresponds to Ẽ4 and the exceptional curve of the first blowing up
corresponds to R̃10. Thus we have proved the following theorem.

Theorem 8.10.35. The surface S is an α2-Enriques surface with a crystallographic basis of type
Ẽ8. There exists a unique quasi-elliptic fibration which has a singular fiber of type 2Ẽ8.

Remark 8.10.36. As in the case of the α2-Enriques surface of type Ẽ6 + Ã2, we can determine
the function field k(x, y)∂ of the quotient surface and have the following equation of the surface
birationally isomorphic to S:

Y 2 + TX4 +X + T 7 = 0. (8.10.8)

Theorem 8.10.37. The automorphism group Aut(S) is isomorphic to Z/11Z which is cohomolog-
ically trivial.

Proof. Note that the symmetry group of the dual graph of (−2)-curves is trivial and hence any
automorphism is cohomologically trivial. We can determine the automorphism group of the surface
defined by 8.10.8 preserving the fibration defined by the projection (X,Y, T )→ T as follows:

ϕ : (X,Y, T )→ (ζ7X, ζ9Y, ζT )

where ζ is a primitive 11-th root of unity.

Remark 8.10.38. By construction, the canonical cover of S has a rational double point of type D4.
The support of the conductrix is the union of ten (−2)-curves on S.



8.10. ENRIQUES SURFACES WITH A FINITE AUTOMORPHISM GROUP (P = 2) 249

Example 8.10.39. Type Ẽ8: Classical Case. Classical Enriques surface of type Ẽ8 has the same
dual graph as in Figure 8.10.34. In this case the quasi-elliptic fibration has two double fibers. We
denote by F0 the irreducible one. Difference from the α2-surface is that the canonical cover has 4
rational double points of type A1 instead of a rational double point of type D4. So we blow up at
F0 ∩R10, R10 ∩R9, a nonsingular point on F0 and a point on R9. We denote by E1, E2, E3, E4 the
exceptional curves, respectively. We use the same notation as in the case of theα2-Enriques surface
of type Ẽ8. We also assume that Ẽi, (1 ≤ i ≤ 4), R̃2, R̃4, R̃6 and R̃8 are integral with respect to a
derivation ∂. The pullback of F0 to Y , denoted by F̃0, is a nonsingular rational curve. Obviously

Ẽ2
1 = Ẽ2

2 = Ẽ2
3 = Ẽ2

4 = −2, R̃2
2 = R̃2

4 = R̃2
6 = R̃2

8 = −4,

F̃ 2
0 = R̃2

1 = R̃2
3 = R̃2

5 = R̃2
7 = −1, R̃2

9 = R̃2
10 = −2.

Now we contract (−1)-curves and then contract new (−1)-curves except Ẽ3, Ẽ4, R̃10 successively.
Finally we get a nonsingular quadric surface P1 × P1. Thus Y should be obtained from P1 × P1 by
12 times blowing ups.

Now we consider the affine open set A1×A1 of P1×P1 with coordinates (x, y) and the following
derivation

∂a =
1

x3y2

(
x4y2 ∂

∂x
+ (x2 + ax4y4 + y4)

∂

∂y

)
, (a 6= 0 ∈ k) (8.10.9)

Then ∂2
a = ∂a, that is, ∂a is 2-closed. Note that ∂a has a pole with order 3 along the divisor defined

by x = 0, a pole of order 1 along the divisor defined by x = ∞ and a pole of order 2 along the
divisor defined by y = 0. Moreover ∂a has two isolated singularities at (x, y) = (0, 0), (∞, 0). As
in the case of the α2-Enriques surface of type Ẽ8, we blow up at the singular points of ∂a and those
of the induced derivations successively. The resulting surface is denoted by Y and the configuration
of curves satisfies the conditions in the above. Here the proper transform of curves defined by x = 0,
x =∞ or y = 0 is Ẽ4, Ẽ3 or R̃10, respectively.

Lemma 8.10.40. Let Da be the divisor of ∂a. Then

Da = −(2R̃10+3Ẽ4+Ẽ3+2Ẽ1+4Ẽ2+4R̃9+3R̃8+6R̃7+4R̃6+8R̃5+5R̃4+6R̃3+2R̃2+4R̃1)

and

KY = −(2R̃10 + 2Ẽ4 + Ẽ1 + 3Ẽ2 + 4R̃9 + 3R̃8 + 6R̃7 + 4R̃6 + 8R̃5 + 5R̃4 + 6R̃3 + 2R̃2 + 4R̃1).

It follows from the formula KY = π∗KY ∂a +Da that KY ∂a = E1 +E2 +E3 +E4 because all Ẽi
are integral. Moreover we can see that D2

a = −12, KY ·Da = −4, and hence Da has no isolated
zeros. By contracting (−1)-curves E1, ..., E4 on Y ∂a we get a smooth surface Sa which we were
looking for. Thus we have proved the following theorem.

Theorem 8.10.41. The surface Sa is a classical Enriques surface with a crystallographic basis of
type Ẽ8. There exists a unique quasi-elliptic fibration which has a singular fiber of type 2Ẽ8.

Remark 8.10.42. As in the case of the α2-Enriques surface of type Ẽ6 + Ã2, we can determine
the function field k(x, y)∂a of the quotient surface and have the following equation of the surface
birationally isomorphic to Sa:

Y 2 + TX4 + bT 3X + T 3 + T 7 = 0, b = a
−5
4 . (8.10.10)

Theorem 8.10.43. The automorphism group Aut(Sa) is trivial.



250 CHAPTER 8. AUTOMORPHISMS OF ENRIQUES SURFACES

Proof. Note that the symmetry group of the dual graph of (−2)-curves is trivial and hence any
automorphism is numerically trivial. We can see that the automorphism group of the surface defined
by (8.10.10) preserving the fibration defined by the projection (X,Y, T )→ T is trivial.

Remark 8.10.44. By construction, the canonical cover of S has four rational double points of type
A1. The support of the conductrix is the union of 10 (−2)-curves on S.

Remark 8.10.45. We have already given a construction of classical extra-special surfaces of Ẽ8 type
in Example 6.2.10. The equation (8.10.10) is transformed to equation (6.2.6) by the variable change

T =
t1
t2
, X =

t0
t2
, Y =

t3
t42
.

It uses the unique (degenerate) bielliptic linear system on S and constructs a birational model of
S as an inseparable double plane. It follows from this construction that all surfaces of this type
form an irreducible one-dimensional family and hence coincide with the surfaces constructed in the
previous example.

Example 8.10.46. Type Ẽ(1)
7 .

Recall that the crystallographic root basis of type Ẽ(1)
7 has the following Dynkin diagram.

• • • • • • • • • •

•

R2 R3 R4 R5 R6 R7 R8 R9 R10 R11

R1

On such an Enriques surface S, there exists a quasi-elliptic fibration with singular fibers of type
2Ẽ7 + 2Ã∗1 and a bisection R9. Assume that the canonical cover has rational double points of type
A1 over two points of R2 \ R3 and two points of R11 \ R10. First blow up these four points and
denote by the exceptional curves over the points of R2 \R3 by E1, E2 and those over the points of
R11 \R10 by E3, E4, respectively. We denote by S′ the obtained surface. Assume that a resolution
Y of the normalization of the canonical cover of S is an inseparable double cover π : Y → S′, that
is, S′ = Y ∂ for a derivation ∂ on Y . We denote by R̃i, Ẽi the preimages on Y of Ri, Ei. Note
that Ẽ1, Ẽ2, Ẽ3, Ẽ4 on Y is the exceptional curves corresponding to the four rational double points
of type A1 on S. Assume that Ẽ1, Ẽ2, Ẽ3, Ẽ4, R̃3, R̃5, R̃7 and R̃9 are integral with respect to a
derivation ∂ on Y . Then

Ẽ2
i = −2 (i = 1, 2, 3, 4), R̃2

2 = R̃2
11 = −2, R̃2

3 = R̃2
5 = R̃2

7 = R̃2
9 = −4,

R̃2
1 = R̃2

4 = R̃2
6 = R̃2

8 = R̃2
10 = −1.

Now we contract (−1)-curves and then contract new (−1)-curves successively as in the following
order:

R̃1, R̃4, R̃6, R̃8, R̃10, R̃5, R̃7, R̃3, R̃11.

On the other hand, we contract two (−2)-curves Ẽ1, Ẽ2. Finally we get a surface R with two
rational double points of type A1. The quasi-elliptic fibration on S induces a conic bundle structure
on R which has singular fibers Ẽ3 + Ẽ4, 2R̃2 and a bisection R̃9. Two rational double points of R
lie on R̃2.

To get an Enriques surface we need the following conditions:

D = −(2Ẽ1 + 2Ẽ2 + Ẽ3 + Ẽ4 + 2R̃1 + 2R̃2 + 2R̃3 + 4R̃4 + 3R̃5 + 4R̃6 + 2R̃7 + 2R̃8 + R̃9)
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where D is the divisor of ∂ and

KY = −(Ẽ1 + Ẽ2 + 2R̃1 + 2R̃2 + 2R̃3 + 4R̃4 + 3R̃5 + 4R̃6 + 2R̃7 + 2R̃8 + R̃9).

Now we consider a surface R defined by

aSX2
0 + T (X2

1 + aX1X2) = 0 (a ∈ k, a 6= 0).

The surface has a structure of a conic bundle R → P1 with (S, T ) ∈ P1. The fiber over (S, T ) =
(0, 1) is a union of two lines (corresponding to Ẽ3, Ẽ4) defined byX1(X1 +aX2) = 0 and the fiber
over (S, T ) = (1, 0) is a double line (corresponding to R̃2) defined by X2

0 = 0. The line defined by
X2 = 0 is a bisection (corresponding to R̃9) of the fiber space. The surface has two rational double
points ((X0, X1, X2), (S, T )) = ((0, 0, 1), (1, 0)), ((0, a, 1), (1, 0)) of type A1 (corresponding to
Ẽ1, Ẽ2). Let (x = X0/X2, y = X1/X2, s = S/T ) be affine coordinates. Define

∂ =
1

s

(
(s2 + 1)

∂

∂x
+ s2x2 ∂

∂y

)
.

Then ∂2 = ∂, that is, ∂ is 2-closed. A calculation shows that ∂ has two isolated singularities at the
intersection of the bisection and the two fibers over (S, T ) = (1, 0), (0, 1). As in the previous cases,
we blow up the two rational double points and isolated singularities of ∂ successively, and finally
get the surface Y and a derivation which we were looking for. SinceR has a parameter a, we denote
by Sa the obtained Enriques surface.

Theorem 8.10.47. The surface Sa is a classical Enriques surface with a crystallographic basis of
type Ẽ(1)

7 .

By the dual graph of (−2)-curves, we can prove the following proposition.

Proposition 8.10.48. There are exactly one quasi-elliptic fibration with a singular fiber of type Ẽ8

and one quasi-elliptic fibration with singular fibers of type 2Ẽ7 + 2Ã∗1.

Theorem 8.10.49. The automorphism group Aut(Sa) is isomorphic to Z/2Z which is numerically
trivial.

Proof. Since there are no non-trivial symmetries of the dual graph of (−2)-curves, all automor-
phisms are numerically trivial. Let π1 : Sa → P1 be the quasi-elliptic fibration with a singular fiber
of type Ẽ8 and let π2 : Sa → P1 be the quasi-elliptic fibration with singular fibers of type 2Ẽ7+2Ã∗1.
Let F1, F2 be the double fibers of π1. Note that F1, F2 are bisections of π2. If g ∈ Aut(Sa) pre-
serves each Fi, then g fixes three points on Fi (the cusp and the two intersection points with the two
double fibers of π2), and hence acts trivially on Fi. Therefore g fixes three points on a general fiber
of π2, that is, the cusp and two intersection points with F1, F2. Thus g fixes a general fiber of π2

pointwise and hence g is trivial. Thus we have |Aut(Sa)| ≤ 2. On the other hand, the Mordell-Weil
group Z/2Z of the Jacobian fibration of π2 acts on Sa. Thus we have the assertion.

Remark 8.10.50. By construction, the canonical cover of S has four rational double points of type
A1. The support of the conductrix is the union of 9 (−2)-curves R1, . . . , R9.

Remark 8.10.51. We have already given a construction of classical extra-special surfaces of type
Ẽ

(1)
7 in Example 6.2.11. It uses a unique non-degenerate bielliptic map of S to the 4-nodal anti-

canonical quartic del Pezzo surface D1. It follows from this construction that all surfaces of this
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type form an irreducible one-dimensional family and hence coincide with the family of surfaces
constructed in the previous example.

Example 8.10.52. Type Ẽ(2)
7 : α2-surface.

Recall that the crystallographic root basis of type Ẽ(2)
7 has the following Dynkin diagram.

• • • • • • • • •

••

R2 R3 R4 R5 R6 R7 R8 R9 R10

R11R1

We use the same idea to find a suitable rational surface and a derivation as in the case of classical
Enriques surfaces of type Ẽ(1)

7 (Example 8.10.46). Consider the quasi-elliptic fibration with a sin-
gular fiber of type 2Ẽ7 and with a bisection R9. Assume that the canonical cover of S has a rational
double point of typeD4 over a point P ofR2\R3. First blow up P and denote the exceptional curve
by E1. Then blow up the intersection point of E1 and the proper transform of R2, and denote the
exceptional curve by E2. And blow up two points on E1 and denote the exceptional curves by E3,
E4. We denote by S′ the obtained surface. Assume that a resolution Y of the normalization of the
canonical cover of S is an inseparable double cover π : Y → S′, that is, S′ = Y ∂ for a derivation
∂ on Y . We denote by R̃i, Ẽi the preimages on Y of Ri, Ei, respectively. Note that Ẽ1, Ẽ2, Ẽ3, Ẽ4

on Y is the exceptional curves over the rational double point of type D4. Assume that Ẽ2, Ẽ3, Ẽ4,
R̃3, R̃5, R̃7 and R̃9 are integral with respect to a derivation ∂ on Y . Then

Ẽ2
i = −2 (i = 1, 2, 3, 4), R̃2

2 = −2, R̃2
3 = R̃2

5 = R̃2
7 = R̃2

9 = −4,

R̃2
1 = R̃2

4 = R̃2
6 = R̃2

8 = R̃2
10 = R̃2

11 = −1.

Note that the preimage of the fiber R10 + R11 of type Ã∗1 is a union of two (−1)-curves R̃10, R̃11

meeting at one point transversally.

Now we contract (−1)-curves and then contract new (−1)-curves successively as in the following
order:

R̃1, R̃4, R̃6, R̃8, R̃5, R̃7, R̃3, R̃2, Ẽ2.

On the other hand, we contract two (−2)-curves Ẽ3, Ẽ4. Thus we get a surface R with two rational
double points of type A1. The quasi-elliptic fibration on S induces a conic bundle structure on R
which has two singular fibers R̃10 + R̃11, 2Ẽ1 and a bisection R̃9. Two rational double points of R
lie on Ẽ1.

On the other hand, to get an Enriques surface we need the following conditions:

D = −(4Ẽ1 + 4Ẽ2 + 3Ẽ3 + 3Ẽ4 + 2R̃1 + 2R̃2 + 2R̃3 + 4R̃4 + 3R̃5 + 4R̃6 + 2R̃7 + 2R̃8 + R̃9)

where D is the divisor of ∂ and

KY = −(2Ẽ1 + 2Ẽ2 + Ẽ3 + Ẽ4 + 2R̃1 + 2R̃2 + 2R̃3 + 4R̃4 + 3R̃5 + 4R̃6 + 2R̃7 + 2R̃8 + R̃9).

Now we consider a surface R defined by

S(X2
0 + a3X2

2 ) + T (X2
1 +X1X2 + a2X0X2) = 0 (a ∈ k, a 6= 0).

The surface has a structure of a conic bundle R → P1 with (S, T ) ∈ P1. The fiber over (S, T ) =
(1, 0) is a double line and the fiber over (S, T ) = (a4, 1) is a union of two lines . The line de-
fined by X2 = 0 is a bisection of the fiber space. The surface has two rational double points
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((X0, X1, X2), (S, T )) = ((α, βi, 1), (1, 0)) of type A1, where α =
√
a3 and βi is a root of the

equation z2 + z + a3√a = 0.

Let (x = X0/X2, y = X1/X2, s = S/T ) be affine coordinates. Define

∂ = (s2 + a)
∂

∂x
+ (x2 + a2s2)

∂

∂y
.

Then ∂2 = 0, that is, ∂ is 2-closed. A calculation shows that ∂ has an isolated singularity at the
intersection of the bisection and the fiber over the point (S, T ) = (1, 0). As in the previous cases,
we blow up the two rational double points and the isolated singularity of ∂ successively, and finally
get the surface Y and a desired derivation. SinceR has a parameter a, we denote by Sa the obtained
Enriques surface.

Theorem 8.10.53. The surface Sa is an α2-Enriques surface with a crystallographic basis of type
Ẽ

(2)
7 .

By the dual graph of (−2)-curves, we can prove the following proposition.

Proposition 8.10.54. There are exactly one quasi-elliptic fibration with singular fibers of type 2Ẽ7+
Ã∗1 and two quasi-elliptic fibrations with a singular fiber of type Ẽ8.

Remark 8.10.55. As in the case of the α2-Enriques surface of type Ẽ6 + Ã2, we can determine
the function field k(x, y, s)∂ of the quotient surface and have the following equation of the surface
birationally isomorphic to Sa:

Y 2 + Y + TX4 + (T + a4)7 = 0. (8.10.11)

By using this equation we can determine the automorphism group.

Theorem 8.10.56. If a7 6= 1, then the automorphism group Aut(Sa) is isomorphic to Z/2Z which
is not numerically trivial. If a7 = 1, then Aut(Sa) is isomorphic to Z/14Z and Autnt(Sa) is
isomorphic to Z/7Z.

Proof. Here we give only a generator σ of Aut(Sa) in terms of the equation (8.10.11): In case
a7 6= 1,

σ(T,X, Y ) = (T, X, Y + 1).

In case a7 = 1,

σ(T,X, Y ) = (ζT, ζ−2X + (1 + ζ−2)a6 + (ζ + ζ−2)a2T, Y + 1 + (1 + ζ2)a6T 2 + (1 + ζ3)a2T 3)

where ζ is a primitive 7th root of unity.

Remark 8.10.57. By construction, the canonical cover of S has a rational double point of type D4.
The support of the conductrix is the union of 9 (−2)-curves R1, . . . , R9.

Example 8.10.58. Type Ẽ(2)
7 : Classical Case.

Classical Enriques surface S of type Ẽ(2)
7 has the same dual graph as in Figure 8.10.52. We use

the same idea to find a suitable rational surface and a derivation as in the case of classical Enriques
surfaces of type Ẽ(1)

7 (Example 8.10.46). In fact, the type Ẽ(1)
7 is a degeneration of this case. In
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this case the quasi-elliptic fibration with a singular fiber of type 2Ẽ7 and with a bisection R9 has
two double fibers. We denote by F0 the irreducible double fiber. Assume that the canonical cover
of S has four rational double points of type A1 over two points of R2 \ R3 and two points of
F0 \ R9. First blow up these four points and denote by the exceptional curves over the points of
R2 \ R3 by E1, E2 and those over the points of F0 \ R9 by E3, E4, respectively. We denote by S′

the obtained surface. Assume that a resolution Y of the normalization of the canonical cover of S
is an inseparable double cover π : Y → S′, that is, S′ = Y ∂ for a derivation ∂ on Y . We denote
by R̃i, Ẽi, F̃0 the preimages on Y of Ri, Ei, F0, respectively. Note that Ẽ1, Ẽ2, Ẽ3, Ẽ4 on Y is the
exceptional curves corresponding to four rational double points of type A1. Assume that Ẽ1, Ẽ2,
Ẽ3, Ẽ4, R̃3, R̃5, R̃7 and R̃9 are integral with respect to the derivation ∂ on Y . Then

Ẽ2
i = −2 (i = 1, 2, 3, 4), R̃2

2 = −2, R̃2
3 = R̃2

5 = R̃2
7 = R̃2

9 = −4,

R̃2
1 = R̃2

4 = R̃2
6 = R̃2

8 = R̃2
10 = R̃2

11 = −1.

Note that the preimage of the fiber R10 + R11 of type Ã∗1 is a union of two (−1)-curves R̃10, R̃11

meeting at one point transversally. Also the preimage of the cuspidal curve F0 is a nonsingular
rational curve F̃0 with F̃ 2

0 = −1.

Now we contract (−1)-curves and then contract new (−1)-curves successively as in the following
order:

R̃1, R̃4, R̃6, R̃8, R̃5, R̃7, R̃3, F̃0, Ẽ3.

On the other hand, we contract two (−2)-curves Ẽ1, Ẽ2. Finally we get a surface R with two
rational double points of type A1. The quasi-elliptic fibration on S induces a conic bundle structure
on R which has two singular fibers R̃10 + R̃11, 2R̃2 and a bisection R̃9. Two rational double points
of R lie on R̃2.

On the other hand, to get an Enriques surface we need the following conditions:

D = −(2Ẽ1 + 2Ẽ2 + Ẽ3 + Ẽ4 + 2R̃1 + 2R̃2 + 2R̃3 + 4R̃4 + 3R̃5 + 4R̃6 + 2R̃7 + 2R̃8 + R̃9)

where D is the divisor of ∂ and

KY = −(Ẽ1 + Ẽ2 + 2R̃1 + 2R̃2 + 2R̃3 + 4R̃4 + 3R̃5 + 4R̃6 + 2R̃7 + 2R̃8 + R̃9).

Now we consider a surface R defined by

S(aX2
0 + bX2

2 ) + T (X2
1 + aX1X2 + bX0X2) = 0 (a, b ∈ k, a 6= 0, b 6= 0).

The surface has a structure of a conic bundle R → P1 with (S, T ) ∈ P1. The fiber over (S, T ) =
(0, 1) is nonsingular (corresponding to the above Ẽ4), the fiber over (S, T ) = (1, 0) is a double
line and the fiber over (S, T ) = (b2, a3) is a union of two lines. The line defined by X2 = 0 is a
bisection of the fiber space. The surface has two rational double points ((X0, X1, X2), (S, T )) =
((α, βi, 1), (1, 0)) of typeA1, where α =

√
b/a and βi is a root of the equation z2 +az+

√
b3/a =

0.

Let (x = X0/X2, y = X1/X2, s = S/T ) be affine coordinates. Define

∂ =
1

s

(
a(s2 + c)

∂

∂x
+ (as2x2 + bc)

∂

∂y

)
, (b 6= a2c) (8.10.12)

where c is a root of the equation of z2 + (b/a)z + 1 = 0. Then ∂2 = a∂, that is, ∂ is 2-closed.
A calculation shows that ∂ has two isolated singularities at the intersection of the bisection and the
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two fibers over (S, T ) = (1, 0), (0, 1). As in the previous cases, we blow up at the two rational
double points and isolated singularities of ∂ successively, and finally get the surface Y and a desired
derivation. Since R has parameters a, b, we denote by Sα,β the obtained Enriques surface.

Theorem 8.10.59. The surface Sα,β is a classical Enriques surface with a crystallographic basis
of type Ẽ(2)

7 .

By the dual graph of (−2)-curves we have the following proposition.

Proposition 8.10.60. There are exactly one quasi-elliptic fibration with singular fibers of type 2Ẽ7+
Ã∗1 and two quasi-elliptic fibrations with a singular fiber of type Ẽ8.

Theorem 8.10.61. The automorphism group Aut(Sα,β) is isomorphic to Z/2Z which is not numer-
ically trivial.

Proof. First we show that there are no numerically trivial involutions. Let π1 : Sα,β → P1 be a
quasi-elliptic fibration with a singular fiber of type Ẽ8 and let π2 : Sα,β → P1 be the quasi-elliptic
fibration with singular fibers of type 2Ẽ7 + Ã∗1 and with a bisection R9. Let F1, F2 be the double
fibers of π1 and let F0 be the remaining double fiber of π2. Note that F1, F2 (resp. F0) are bisections
of π2 (resp. π1). If g ∈ Aut(Sa) is numerically trivial, then g fixes four points on F0 (the cusp
and the three intersection points with F1, F2 and R9). Hence g fixes F0 pointwise. Then g fixes
three points on Fi (i = 1, 2) (the cusp and the two intersection points with F0 and R2) and hence
fixes Fi pointwise. Therefore g fixes three points on a general fiber of π2, that is, the cusp and two
intersection points with F1, F2. Thus g fixes a general fiber of π2 pointwise and hence g is trivial.
Thus we have |Aut(Sα,β)| ≤ 2. On the other hand, the Mordell-Weil group Z/2Z of the Jacobian
fibration of π2 acts on Sα,β . Thus we have the assertion.

Remark 8.10.62. By construction, the canonical cover of Sα,β has four rational double points of
type A1. The support of the conductrix is the union of 9 (−2)-curves R1, . . . , R9.

Example 8.10.63. Type D̃8: α2-surface.

Recall that the crystallographic root basis of type D̃8 has the following Dynkin diagram.

• • • • • • • •

••

R1 R2 R4 R5 R6 R7 R8 R9

R10R3

We use the same idea to find a suitable rational surface and a derivation as in the case of the
α2-Enriques surface of type Ẽ8 (Example 8.10.34). On such an Enriques surface S, there exists a
quasi-elliptic fibration with a singular fiber of type 2D̃8 and with a bisection R1. Assume that the
canonical cover has a rational double point of typeD4 over the point P = R1∩R2. First blow up P
and denote the exceptional curve by E1. Then blow up the intersection points of E1 and the proper
transforms of R1 and R2 and denote the exceptional curves by E2 and E3 respectively. And blow
up one point on E1 not lying on R1 and R2 and denote the exceptional curve by E4. We denote
by S′ the obtained surface. Assume that a resolution Y of the normalization of the canonical cover
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of S is an inseparable double cover π : Y → S′, that is, S′ = Y ∂ for a derivation ∂ on Y . We
denote by R̃i, Ẽi the preimages on Y of Ri, Ei. Note that the cycle Ẽ1 + Ẽ2 + Ẽ3 + Ẽ4 on Y
is the exceptional divisor corresponding to the rational double point of type D4. Since Ẽ2

i = −2
(i = 1, 2, 3, 4) and E2

1 = −4, E2
2 = E2

3 = E2
4 = −1, Ẽ2, Ẽ3, Ẽ4 should be integral and Ẽ1 not

with respect to the derivation ∂. We assume that R̃4, R̃6 and R̃8 are integral with respect to ∂. Then

R̃2
4 = R̃2

6 = R̃2
8 = −4, R̃2

3 = R̃2
5 = R̃2

7 = R̃2
9 = R̃2

10 = −1, R̃2
1 = R̃2

2 = −2.

Now we contract (−1)-curves and then contract new (−1)-curves except Ẽ4 successively. Finally
we get a projective plane P2. Thus Y should be obtained from P2 by 13 times blowing ups.

To get an Enriques surface S, we need the following conditions:

D = −(2R̃1 + 6Ẽ2 + 8Ẽ1 + 7Ẽ3 + 5Ẽ4 + 4R̃2 + 3R̃4 + 2R̃3 + 4R̃5 + 2R̃6 + 2R̃7 + R̃8)

where D is the divisor of ∂ and

KY = −(2R̃1 + 4Ẽ2 + 6Ẽ1 + 5Ẽ3 + 3Ẽ4 + 4R̃2 + 3R̃4 + 2R̃3 + 4R̃5 + 2R̃6 + 2R̃7 + R̃8).

Now we consider an affine plane A2 ⊂ P2 with affine coordinates (x, y) and the following deriva-
tion

∂a =
1

x5

(
x(x4 + x2 + y6)

∂

∂x
+ (ax6 + y(x4 + x2 + y6))

∂

∂y

)
,

where a ∈ k, a 6= 0. Then ∂2
a = 0, that is, ∂a is 2-closed. Note that ∂a has a pole with order

5 along the line ` defined by x = 0 (corresponding to Ẽ4) and ` is integral with respect to ∂a.
Moreover ∂a has a unique isolated singularity at P = (0, 0). We blow up the point P . Then the
exceptional curve is not integral with respect to the induced derivation. The induced derivation has
a pole of order 2 along the exceptional curve and has a unique isolated singularity at the intersection
of the exceptional curve and the proper transform of `. Then continue this process until the induced
derivation has no isolated singularities. The resulting surface is denoted by Y and the configuration
of curves is as desired. Then contracting exceptional curves on S′ = Y ∂ described above, we obtain
an Enriques surface Sa.

Theorem 8.10.64. The surface Sa is an α2-Enriques surface with a crystallographic basis of type
D̃8. There exist exactly one quasi-elliptic fibration with a singular fiber of type 2D̃8 and two elliptic
fibrations with a singular fiber of type Ẽ8.

Proof. The non-trivial assertion is that any genus one fibration with singular fiber of type Ẽ8 is an
elliptic fibration. This follows from the fact that the conductrix is contained in the fiber of type Ẽ8

(see Lemma 3.3 in [365]).

Remark 8.10.65. As in the case of the α2-Enriques surface of type Ẽ6 + Ã2, we can determine
the function field k(x, y)∂ of the quotient surface and have the following equation of the surface
birationally isomorphic to Sa:

Y 2 + TX4 + TX2 + aX + T 7 = 0. (8.10.13)

By using this equation we can determine the automorphism group.

Theorem 8.10.66. The automorphism group Aut(Sa) is isomorphic to the quaternion group Q8 of
order 8 which is cohomologically trivial.
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Proof. Here we give only a generator {σω,α} of Aut(Sa) in terms of the equation (8.10.13):

σω,α(T,X, Y ) = (T + ω, X + α+ ω2T, Y + ω2X2 + ω2X + ω2T 3 +
√
aα+

√
a),

where ω is a primitive cube root of unity and α is a root of the equation z2 + z+ω
√
a+ 1 = 0.

Remark 8.10.67. By construction, the canonical cover of Sa has a rational double point of type D4.
The support of the conductrix is the union of eight (−2)-curves R1, . . . , R8 on Sa

Example 8.10.68. Type D̃8: Classical Case.

Classical Enriques surface of type D̃8 has the same dual graph as in Figure 8.10.63. We use the
same idea to find a suitable rational surface and a derivation as in the case of classical Enriques
surfaces of type Ẽ8 (Example 8.10.39). In this case a quasi-elliptic fibration with a singular fiber
of type 2D̃8 has two double fibers. We denote by F0 the irreducible one. Difference from the
α2-surface is that the canonical cover has 4 rational double points of type A1 instead of a rational
double point of type D4. So we blow up F0 ∩ R1, R1 ∩ R2, a nonsingular point on F0 and a point
on R2. We denote by E1, E2, E3, E4 the exceptional curves, respectively. We use the same notation
as in the case of the α2-Enriques surface of type D̃8. We also assume that Ẽi, (1 ≤ i ≤ 4), R̃4,
R̃6 and R̃8 are integral with respect to a derivation ∂. The pullback of F0 to Y , denoted by F̃0, is a
nonsingular rational curve. Obviously

Ẽ2
1 = Ẽ2

2 = Ẽ2
3 = Ẽ2

4 = R̃2
1 = R̃2

2 = −2, R̃2
4 = R̃2

6 = R̃2
8 = −4,

F̃ 2
0 = R̃2

3 = R̃2
5 = R̃2

7 = R̃2
9 = R̃2

10 = −1

Now we contract (−1)-curves and then contract new (−1)-curves except R̃1, Ẽ3, Ẽ4successively.
Finally we get a nonsingular quadric surface P1 × P1. Thus Y should be obtained from P1 × P1 by
12 times blowing ups. To get an Enriques surface, we need the following conditions:

D = −(2Ẽ1 + 4Ẽ2 + Ẽ3 + 3Ẽ4 + 2R̃1 + 4R̃2 + 2R̃3 + 3R̃4 + 4R̃5 + 2R̃6 + 2R̃7 + R̃8)

where D is the divisor of ∂ and

KX = −(Ẽ1 + 3Ẽ2 + 2Ẽ4 + 2R̃1 + 4R̃2 + 2R̃3 + 3R̃4 + 4R̃5 + 2R̃6 + 2R̃7 + R̃8).

Now we consider an affine open set A1 × A1 of P1 × P1 with affine coordinates (x, y) and the
following derivation

∂α,β =
1

xy2

(
ax2y2 ∂

∂x
+ (x4y4 + by4 + x2y2 + x2)

∂

∂y

)
, (a, b 6= 0 ∈ k). (8.10.14)

Then ∂2
α,β = a∂α,β , that is, ∂α,β is 2-closed. Note that ∂α,β has a pole with order 1 along the divisor

defined by x = 0 (corresponding to Ẽ3), a pole of order 3 along the divisor defined by x = ∞
(corresponding to Ẽ4) and a pole of order 2 along the divisor defined by y = 0 (corresponding to
R̃1). Moreover ∂α,β has two isolated singularities at (x, y) = (0, 0), (∞, 0). As in the case of the
α2-Enriques surface of type Ẽ8, we blow up the singular points of ∂α,β and those of the induced
derivations successively. The resulting surface is Y and the configuration of curves is as desired.
Now, after contracting exceptional curves on S′ = Y ∂α,β we have an Enriques surface Sα,β .

Theorem 8.10.69. The surface Sα,β is a classical Enriques surface with a crystallographic basis
of type D̃8.
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Theorem 8.10.70. The surface Sα,β has exactly one quasi-ellliptic fibration with a singular fiber of
type 2D̃8 and two elliptic fibrations with a singular fiber of type Ẽ8.

Remark 8.10.71. As in the case of the α2-Enriques surface of type Ẽ6 + Ã2, we can determine
the function field k(x, y)∂α,β of the quotient surface and have the following equation of the surface
birationally isomorphic to Sα,β:

Y 2 + TX4 + aT 3X2 + bT 5X + T 3 + T 7 = 0. (8.10.15)

We remark that the equation (12.6) in [365] corresponding to (8.10.15) and the following generator
σ of Aut(Sα,β) in the proof of [365][Theorem 12.11] are wrong.

Theorem 8.10.72. The automorphism group Aut(Sα,β) is Z/2Z which is numerically trivial.

Proof. Here we give only a generator σ of Aut(Sα,β) in terms of the equation (8.10.15):

σ(T,X, Y ) = (T, X +
√
aT, Y + 4

√
a
√
bT 3)

Remark 8.10.73. By construction, the canonical cover of Sα,β has four rational double points of
type A1. The support of the conductrix is the union of eight (−2)-curves R1, . . . , R8 on Sα,β

Example 8.10.74. Type D̃4 + D̃4.

Recall that the crystallographic root basis of type D̃4 + D̃4 has the following Dynkin diagram.

•

• • • • • • •

•

•

•

R1

R2 R4 R5 R6 R7 R8 R9

R10

R11

R3

We use the same idea to find a suitable rational surface and a derivation as in the case of classical
Enriques surfaces of type Ẽ8 (Example 8.10.39). In this case, the canonical cover of the desired
Enriques surface S has four rational double points of type A1. So we blow up R5 ∩ R6, R6 ∩ R7,
a nonsingular point on R5 and a point on R7. We denote by E1, E2, E3, E4 the exceptional curves,
respectively. We denote by S′ the obtained surface. Assume that a resolution Y of the normalization
of the canonical cover of S is an inseparable double cover π : Y → S′, that is, S′ = Y ∂ for
a derivation ∂ on Y . We denote by R̃i, Ẽi the preimages on Y of Ri, Ei. Note that the cycle
Ẽ1, Ẽ2, Ẽ3, Ẽ4 on Y is the exceptional curves corresponding to rational double points of type A1.
We assume that Ẽi, (1 ≤ i ≤ 4), R̃4 and R̃8 are integral with respect to the derivation ∂. Then we
have

Ẽ2
1 = Ẽ2

2 = Ẽ2
3 = Ẽ2

4 = −2, R̃2
4 = R̃2

8 = −4,

R̃2
1 = R̃2

2 = R̃2
3 = R̃2

9 = R̃2
10 = R̃2

11 = −1, R̃2
5 = R̃2

6 = R̃2
7 = −2.

Now we contract (−1)-curves and then contract new (−1)-curves except Ẽ3, Ẽ4, R̃6 successively.
Finally we get a nonsingular quadric surface P1 × P1. Thus Y should be obtained from P1 × P1 by
12 times blowing ups.
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To get an Enriques surface, we need the following conditions:

D = −(3Ẽ1 + 3Ẽ2 + 2Ẽ3 + 2Ẽ4 + R̃4 + 2R̃5 + 2R̃6 + 2R̃7 + R̃8)

where D is the divisor of ∂ and

KY = −(2Ẽ1 + 2Ẽ2 + Ẽ3 + Ẽ4 + R̃4 + 2R̃5 + 2R̃6 + 2R̃7 + R̃8).

We consider an affine open set A1×A1 of P1×P1 with affine coordinates (x, y) and the following
derivation

∂α,β =
1

x2y2

(
bx3y2 ∂

∂x
+ (ax2y2 + x2 + x4y4 + y4 + bx2y3)

∂

∂y

)
, (a, b ∈ k, b 6= 0 ∈ k)

Then ∂2
α,β = b∂α,β , that is, ∂α,β is 2-closed. Note that ∂α,β has poles of order 2 along the divisors

defined by x = 0 (corresponding to Ẽ3), x = ∞ (corresponding to Ẽ4) and y = 0 (corresponding
to R̃6). Moreover ∂α,β has two isolated singularities at (x, y) = (0, 0), (∞, 0). The divisors defined
by x = 0 and x =∞ are integral with respect to ∂α,β . We first blow up (x, y) = (0, 0), (∞, 0). The
induced derivation has poles of order 3 along the two exceptional curves and has isolated zeros at
the intersection points of the exceptional curves and the proper transforms of the divisors defined by
x = 0 and x =∞. The both two exceptional curves are integral. As in the case of the α2-Enriques
surface of type Ẽ8, we blow up the singular points of the induced derivations successively. The
resulting surface is Y and the configuration of curves is as desired. After contracting exceptional
curves on Y ∂ we obtain an Enriques surface Sα,β .

Theorem 8.10.75. The surface Sα,β is a classical Enriques surface with a crystallographic basis
of type D̃4 + D̃4.

Remark 8.10.76. As in the case of the α2-Enriques surface of type Ẽ6 + Ã2, we can determine
the function field k(x, y)∂α,β of the quotient surface and have the following equation of the surface
birationally isomorphic to Sα,β:

Y 2 + TX4 + aT 3X2 + bT 4X + T 3 + T 7 = 0. (8.10.16)

Theorem 8.10.77. The automorphism group Aut(Sα,β) is (Z/2Z)3 and Autnt(Sα,β) is isomorphic
to (Z/2Z)2.

Proof. Here we give only a generator {σα, τ} of Aut(Sα,β) in terms of the equation (8.10.16):

σα(T,X, Y ) = (T, X + αT, Y ), τ(T,X, Y ) = (1/T, X/T 2, Y/T 5),

where α is a root of the equation z3 + az + b = 0.

Remark 8.10.78. There is a unique quasi-elliptic fibration p with singular fibers of type 2D̃4 + 2D̃4

and nine elliptic fibrations with a singular fiber of type D̃8. By construction, the canonical cover
of Sα,β has four rational double point of type A1. The support of the conductrix is the union of 5
(−2)-curves R4, . . . , R8 on Sα,β .

Remark 8.10.79. Salomonsson [617] studied Enriques surfaces of type Ẽ8, Ẽ(1)
7 , Ẽ(2)

7 , Ẽ6 + Ã2 in
a different point of view and gave equations of such Enriques surfaces.
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Bibliographical notes

Enriques himself knew that a general Enriques surface has infinite discrete group of birational automorphisms
because it contains elliptic pencils [215].

The discovery of the precise structure of the automorphism group of a general Enriques surface had to wait
until the arrival of the transcendental methods based on the theory of periods of K3 surfaces developed in the
work of I. Pyatetsky-Shapiro and I. Shafarevich [582]. Using these methods W. Barth and C. Peters [41], and
independently, V. Nikulin [542] proved Theorem 8.3.4 that asserts that this group is isomorphic to the 2-level
congruence subgroup of the Weyl group W237. The first geometric proof of this result, based on the ideas of
A. Coble, was given by the first author in [168]. The assumption that p 6= 2 was eliminated later in [101].
The structure of the automorphism group given in Theorem 8.4.7 of a general nodal Enriques surface over the
complex numbers can be also deduced from Nikulin’s paper. The first geometric proof of Theorem 8.4.7 was
given by F. Cossec and the first author [134], the details of the proof are given for the first time in sections
8.4 and 8.5 of this book. Both cases rely on Coble’s lattice theoretical description of natural involutions of
Enriques surface [119] given by him, essentially, without proof. The computational proofs of these results
given in [132] are now replaced by conceptual proofs provided by D. Allcock [6], [8]. Based on the known
structure of the automorphism group, Cossec computed the degrees of the forgetting map from the moduli
space of polarized general Enriques surfaces to the moduli space of Enriques surfaces which we reproduced
in Table 8.4.

The first example of a numerically trivial automorphism of an Enriques surface was constructed by D.
Lieberman in 1976 [442]. The second one was found by Barth, Peters [41] and the first author [167]. It was
erroneously claimed by Mukai and Namikawa in [512] that there are no more examples. However, the second
author has found a third example in [399]. It was later proven by Mukai that there are no more examples
over the field of complex numbers [514]. One of the main tools of the Mukai-Namikawa classification is
the Global Torelli Theorem for K3-covers of Enriques surfaces. The absence of these tools in the case of
characteristic p > 0 requires different methods. A paper [182] of the first author was the first attempt to
extend the work of Mukai and Namikawa to this case. Although the main result of the paper is correct
when p 6= 2, some arguments were not complete and the analysis of possible groups in characteristic 2 was
erroneous and far from giving a classification of possible groups. In section 8.2 we follow a paper by the
first author and G. Martin [189] which gives possible structures of groups of numerically or cohomologically
trivial automorphisms of Enriques surfaces over fields of arbitrary characteristic. The extension of Mukai-
Namikawa classification to the case of positive odd characteristic given in Theorem 8.2.21 is new.

A systematic study of possible groups of automorphisms of complex Enriques surfaces was undertaken by
S. Mukai and Ohashi [517],[518], [519]. The goal here is to find them in terms of their Nikulin R-invariant.
In his influential work, Mukai classified finite automorphisms groups of K3 surfaces which act trivially on
the space of regular 2-forms [513]. They turned out to be subgroups of the Mathieu group M23. By analogy,
Mukai introduces finite automorphisms groups of Enriques surfaces of Mathieu type and together with Ohashi
they classify Enriques surfaces admitting such a group of automorphisms [518]. We give an exposition of their
results in Section 8.8. The classification of cyclic groups of automorphisms of complex Enriques surfaces
was given by H. Ito and H. Ohashi [331]. In Section 8.7 we reproduce their classification in any characteristic
except 2 by using geometric methods that do not rely on the theory of periods of K3 surfaces.

In his fundamental paper [215], Enriques asked whether the sextic model of an Enriques surface could
degenerate in such a way that the group of its birational automorphisms becomes finite. An example of a
family of such surfaces was given by the first author in [167]. It is now the family of type I in the Kondo-
Nikulin classification. It was later discovered by the first author that, much earlier, Gino Fano gave another
example, although his construction lacks of rigor and his claim about the structure of the automorphism group
was wrong [223]. Fano’s example is a surface of type VII with the group of automorphisms isomorphic to
S5 (instead of S3 claimed by Fano).
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V. Nikulin was the first to give a classification of complex Enriques surfaces with finite automorphisms in
terms of their periods expressed by his R-invariant [544]. One of the cases was missing and no geometric
construction was given. In [399] the second author gave a geometric classification of such surfaces. Both
results rely on the theory of periods of Enriques surfaces and some of the surfaces do not exist over fields
of positive characteristic. The classification of Enriques surfaces with finite automorphism group in positive
characteristic p 6= 2 was given by G. Martin [475]. Together with T. Katsura and the second author, they
were able to finish the classification in characteristic 2 [363], [365].
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Chapter 9

Rational Coble surfaces

Coble surfaces are smooth projective rational surfaces which appear as degenerations of Enriques
surfaces and depend on one less parameter. We studied these surface over the complex numbers in
Chapter 5 of Volume 1. In this chapter we continue this study without making any assumption on
the characteristic. Many results discussed in this example are analogs of the previously discussed
results on Enriques surfaces. In particular, we will classify Coble surfaces with finite automorphism
groups.

9.1 Rational Coble surfaces of K3 type

Recall from Volume 1 Chapter 5 that a Coble surface is a rational surface V with | −KV| = ∅ and
| − 2KV| 6= ∅. We will be concerned only with Coble surfaces of K3 type for which we assume
additionally that | − 2KV| = {C}, where C is a reduced divisor. It follows from [173, Lemma 1.4]
that C is the reduced union of smooth rational curves forming a simple normal crossing divisor.
Blowing up its singular points, we obtain a Coble surface V′ with smooth anti-bicanonical divisor
C ′. Such a Coble surface of K3 type is called terminal. Its irreducible components C1, . . . , Cn
are smooth rational curves with self-intersection −4 ( (−4)-curves for short). They are called the
boundary components of V. We have

K2
V = −n, (9.1.1)

where n is the number of connected components of C.

If p 6= 2, the canonical class formula for the µ2 cover X ′ → V′ branched over C shows that X ′ is
a K3 surface. The ramification divisor of the cover is the disjoint union of n smooth rational curves.
Conversely, if g is an involution of a K3 surface X with Xg equal to the union of smooth rational
curves, then the quotient X/(g) is a terminal Coble surface of K3 type.

If p = 2, the cover is an inseparable µ2-cover. Proposition 0.2.12 from Volume 1 implies that
ωX′ ∼= OX′ . By Proposition 0.2.10 X ′ is smooth if H0(V,Ω1

V/k(C)) = 0. The boundary map in
exact sequence

0→ Ω1
V/k → Ω1

V/k(C)
res→ OC → 0 (9.1.2)

263
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is a homomorphism δ : H0(V,OC) → H1(V,Ω1
V/k) whose image at 1 ∈ H0(V,OCi) is equal to

the Chern class of the divisor class of C under the map

c1 : H1(V,O∗V)→ H1(V,Ω1
V/k).

This homomorphism corresponds to the map

O∗V → Ω1
V/k, a 7→ da/a.

It follows that δ is injective, hence

H1(V,Ω1
V/k(C)) ∼= H1(V,Ω1

V/k) = 0.

Recall that a rational surface Z is called a basic rational surface if it admits a birational morphism
to P2. An example of a non-basic rational surface is a minimal ruled surface Fn, n 6= 1.

Lemma 9.1.1. For any smooth rational curve E with negative E2 on a terminal Coble surface of
K3 type,

E2 ∈ {−1,−2,−4}.

If E2 = −4, then E is an irreducible component of the anti-bicanonical curve C.

Proof. This follows immediately from the adjunction formula E2 = −2 − E ·KV = −2 + 1
2(E ·

C).

Proposition 9.1.2. A terminal Coble surface V of K3 type is a basic rational surface. The image
of the anti-bicanonical curve C under a birational morphism f : V → P2 is a curve W of degree
6 with only double singular points (maybe infinitely near). Each irreducible component of W is a
rational curve.

Proof. Suppose V is not basic and let π : V → Fn, n 6= 1, be a birational morphism to a minimal
ruled surface. We choose n minimal possible. Let x ∈ V be one of the fundamental points of π−1.
Suppose that x does not belong to the exceptional section e with e2 = −n if n 6= 0. Then π factors
through the blow-up Blx(Fn) of Fn at x. The proper transfrom ē of the fiber of Fn → P1 passing
through x is a (−1)-curve on Blx(Fn) that intersects the proper transform of e. After we blow it
down, we obtain a birationl morphism Blx(Fn) → Fn−1 whose composition with V → Blx(Fn)
gives a birational morphism V→ Fn−1, contradicting to the choice of n.

Thus we may assume that π is an isomorphism over the complement of e and n ≥ 2. The proper
transform ē of e on V is a smooth rational curve with m = ē2 ≤ −3. Applying the previous lemma,
we obtain that ē is an irreducible component of C and m = −4. Let E1, . . . , Ek be the exceptional
configurations of π : V → Fn. By the lemma, each irreducible component of Ei is a (−k)-curve
with k = 1, 2, or 4. Since ē does not intersect a (−2) or (−4)-curve, it intersects Ei at a point at one
(−1)-curve contained in Ei. Blowing down all (−1)-curves that do not intersect ē we may assume
that each Ei is a chain of (−2)-curves that ends with a (−1)-curve that intersects ē. Since K2

V < 0,
k > K2

Fn
= 8, and we get ē2 ≤ −n− k < −4, a contradiction.

So, V is a basic rational surface. The image of C under a birational morphism f : V → P2 is a
curve W ∈ | − 2KP2 | of degree 6. By the lemma, each exceptional configuration of f is a chain of
smooth rational curves R1 + · · · + Rk + Ek, where Ri are (−2)-curves and the end curve Ek is a
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(−1)-curve. This implies that all singular points of W including infinitely near are double points.
Since each irreducible component of W is equal to the image of an irreducible compontent of C, it
must be a rational curve.

Proposition 9.1.3. Any terminal Coble surface of K3 type is isomorphic to the blow-up of an
Halphen surface of index 1 or 2 at singular points of two simple reduced fibers in the first case
or one simple reduced fiver in the latter case. If the fiber is of type Ã∗1 or Ã∗2 we need to blow up
twice or four times, respectively.

Proof. Choose a geometric basis (e0, e1, . . . , en) of Pic(V) corresponding to a birational morphism
f : V→ P2. Since C ∈ | − 2KV|,

[C] = 6e0 − 2e1 − · · · − 2en.

Note that n ≥ 10 since K2
V < 0. We use induction on n = 9−K2

V. The minimal possible value of
n is equal to 10. In this case C is a (−4)-curve, and any (−1)-curve E intersects it with multiplicity
2. Let π : V → X be the blowing down of E and C̄ = π(C). Then K2

X = 0 and C̄ ∈ | − 2KX |.
It is an irreducible nodal or cuspidal curve of genus one. By Riemmann-Roch, h0(−KX) 6= 0 and
|−KX | contains a curve F of arithmetic genus one such that 2F and C̄ generate a pencil in |−2KX |
which is base-point-free because C̄ is an irreducible and C̄2 = 0. The pencil is an Halphen pencil
of index 2 with double fiber F . The curve C is proper transform of C̄ at its double point.

Assume now that n > 10. Following [173], we say that a Coble surface V is minimal if for any
(−1)-curve E on V, the image of V under the blowing down of E is a not a Coble surface. For
example, if n = 10, the surface is minimal.

Suppose V is not minimal, and let E be a (−1)-curve on V such that its blowing down is a
Coble surface V′. The curve E intersects C with multiplicity 2, hence it either intersects one of
its irreducible components Ci with multiplicity 2 or intersects two irreducible components Ci, Cj ,
each with multiplicity 1. We say that E is of the first type in the first case and of the second type in
the second case. Let π : V → V′ be the blowing down of E. By induction, V′ is the blow-up of an
Halphen surface of index≤ 2. The formula KV = π∗(KV′) +E easily implies that Ci is the proper
transform of a double point of a simple irreducible fiber if E is of the first kind and Ci and Cj are
the proper transforms of two intersecting each other irreducible components of a reducible simple
fiber.

Suppose V is a minimal Coble surface. Let V → X be the blow-up of a (−1)-curve E on V. The
argument from above shows h0(−KX) ≥ 2 and we write | −KX | = |M | + G, where |M | is the
mobile part and G the fixed part. Since V is minimal C + 2E if arithmetic genus pa = h1(OC+2E)
equal to 1 [173, Lemma 2.2]. This implies that E is of the first kind and the image C̄ of C on
X contains an irreducible genus one curve C̄i as its connected connected components. All other
comonents are (−4)-curves. It follows that |M | = |Ci| and |M | is a genus one pencil on X and X
is the blow-up of an Halphen surface. A (−1)-curve on X intersects M with multiplicity at most
2, so the index of the Halphen pencil is at most 2. The composition of the blow-up with π gives
a birational morphism f : V → H to an Halphen surface H of index 1 or 2. The formula for the
canonical class of the blow-up shows that f is the blow-up as in the assertion of the corollary.

Note that a rational Coble surface which is of K3 type may not be a basic rational surface. A
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complete classification of all possible Coble surfaces as well as the proof of the results from above
can be found in [173].

Corollary 9.1.4. Let V be a Coble surface of K3 type. Then

K2
V ≥ −10.

In particular, the number of boundary components of a terminal Coble surface of K3 type is at most
10.

Proof. We know that V is obtained by blowing up the singular points of one reduced singular fiber
(resp. two such fibers) of a Halphen surface H of index two (resp. one). We may assume that V is
terminal. In the first case the fiber must be of type Ãn and in the second case the two fibers are of
types Ãk, Ãm (or their degenerations Ã∗k). The classification of singular fibers of a rational elliptic
surface gives n ≤ 8 and k+m ≤ 8. This gives that the maximal number of singular points is equal
to 9 in the first case and 10 in the second case.

Remark 9.1.5. If a Halphen surface has a non-reduced singular fiber, we can blow up points on a
non-reduced component as many times as we want to obtain a Coble surface which is not of K3
type. So, for an arbitrary Coble surface V, there is no lower bound for K2

V.

Example 9.1.6. The case of a terminal Coble surface of K3 type with n = 1 was the case originally
considered by A. Coble. In this case the image of the anti-bicanonical curve C is a rational nodal
sextic i.e. an irreducible plane sexticW = V (F6) with 10 ordinary nodes or cusps (maybe infinitely
near). If we choose nine of them, then we will find a plane cubic curve V (F3) that passes through
them. The pencil V (λF6 + µF 2

3 ) is a Halphen pencil of index 2. The minimal resolution of its base
points is a Halphen surface of index 2. The Coble surface V is obtained by blowing up a singular
point of an irreducible simple fiber of the pencil. If we blow-up a singular point of a reducible
simple fiber F instead, we obtain a non-terminal Coble surface of K3 type with n = 1. Blowing up
the singular points of its connected anti-bicanonical curve equal to the proper transform of the fiber,
we obtain a terminal Coble surface of K3 type with n equal to the number of components of F .

For the future use we will need the following.

Proposition 9.1.7. Assume p 6= 2. Let V be a terminal Coble surface of K3 type with K2 = −n.
Then

hi(ΘV/k) =

{
10 + 2n if i = 1,

0 otherwise.

Proof. Let π : X → V be the canonical double cover. It corresponds to the data (L, s), where L =
OV(−KV)B and s ∈ H0(V,OV(−2KV) with the zero divisornequal to the boundary curve C =
C1 +· · ·+Cn. The surfaceX is a K3 surface, and, by Rudakov-Shafarevich [610],H0(X,ΘX/k) =
0. We use an exact sequence (0.2.9) from section 0.2 in Volume 1:

0→ ΘX/k → π∗ΘV/k → ΘX/V → 0.

Since π∗OX ∼= OV ⊕OV(K), by projection formula, for any coherent sheaf F on V we have

H i(X,π∗F) ∼= H i(V,F)⊕H i(V,F(KV)).
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This gives

H0(X,π∗ΘV/k) ∼= H i(V,ΘV/k)⊕H i(V,ΘV/k(K)) ∼= H i(V,ΘV/k)⊕H2−i(V,Ω1
V/k),

where we used Serre Duality Theorem,

In particular, we get
H i(X,π∗ΘV/k) = H i(V,ΘV/k), i = 0, 2

and
H i(X,π∗ΘV/k) = H1(V,ΘV/k)⊕H1(V,Ω1

V/k).

By Corollary 0.2.9, we have a projective resolution

0→ π∗OV(−KV)→ π∗OV(−2KV)→ ΘX/V → 0.

By the projection formula, we easily find that

h0(ΘV/k) = h0(OV(−2KV))− h0(OV) = 0.

Thus we conclude, using the computations from the above, that

H0(V,ΘV/k) = 0.

We know that H(X,ΘX/k) = 0, similar computations show that

H2(V,ΘV/k) = 0.

The last equality h1(V,ΘV/k) = 10 + 2n follows from the Riemann-Roch Theorem applied to the
rank 2 locally free sheaf ΘV/k). We have

χ(ΘV/k) = K2
V − c2(V) + 2χ(OV) = −n− (12 + n) + 2 = −10− 2n.

Remark 9.1.8. Note that h1(V,ΘV/k) coincides with the number of moduli of 9 + n points in P2

modulo projective equivalence. To get the number of moduli for Coble surfaces with n boundary
components we have to use the number h1(ΘV/k(−C)). Taking the dual of the logarithmic exact
sequence (9.1.2), we obtain an exact sequence

0→ ΘV/k(−C)→ ΘV/k → Ext1(OC ,OV)→ 0.

By Serre Duality,

Ext1(OC ,OV) ∼= Ext1(OC , ωV)⊗ ω−1
V
∼= ωC ⊗ ω−1

V ,

and by the adjunction formula
ωC ⊗ ω−1

V
∼= OC(C).

Since OCi(Ci) ∼= OP1(−4), we get

h1(ΘV/k(−C)) = h1(ΘV/k)− 3n = 10 + 2n− 3n = 10− n.
For example, if n = 1, we get h1(ΘV/k(−C)) = 9 that agrees with our computations of the number
of moduli of complex Coble surfaces in Section 5.4 if Volume 1. It also agrees with the number of
moduli for general Halphen surfaces of index 2.

Let V be a Coble surface of K3 type with boundary components C1, . . . , Cs. Let H be nef and
big divisor such that H ·Ci = 0. We can choose H such that the map V→ X defined by the linear
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system |H| is an isomorphism outside C. It blows down each Ci to a singular point xi ∈ X . It
follows from Proposition 9.1.3 that the exceptional curve over each point xi is either a (−4)-curve
of a chain of rational curves R1 + R2 + · · · + Rk, where R2

1 = R2
k = −3, R2

i = −2, i 6= i, k and
Ri ·Ri+1 = 0.

• • • •
−2 −2 −2

−3 −3· · ·

The singular points of these types are special cases of a toric singularity of class T . It is denoted
by 1

dn2 (1, dna − 1). If (p, dn) = 1, they are special cyclic quotient singularities and the notation
agrees with the standard one. We will be interested only in singularities 1

4k (1, 2k − 1) which have
exceptional curve with k irreducible components as above. In arbitrary characteristic they are iso-
morphic to the quotient of a rational double point of typeAk by µ2. Their Gorenstein index is equal
to 2. The speciality of toric singularities of class T is that they admit Q-Gorenstein smoothings
[437, Theorem 4.7].

Theorem 9.1.9. Let Y be a normal projective surface over k with only toric singularities of type T
besides rational double points. Assume that Y satisfies the following conditions

(a) H2(Y,ΘY/k) = 0,

(b) H2(Y,OY ) = 0.

Then there is a deformation f : Y → T of Y over nonsingular algebraic curve T defined over k
such that

(i) The morphism f is projective and it is smooth over T \ {t0};

(ii) The fiber Tt0 over t0 is isomorphic to Y ;

(iii) The scheme Y is normal and, for some integer r, the divisor class rKY is Cartier;

(iv) If r is the Gorenstein index of Y , then OY(rKY)⊗OYt0
∼= OY (rKY ).

(v) For any t 6= t0, K2
Yt = K2

Y , H
i(Yt,OYt) ∼= H i(Y,OY ) = 0;

(vi) For any t 6= t0, H2(Yt,ΘYt/k) = 0.

We want to apply this theorem to our situation where Y is obtained from a terminal Coble surface
of K3 type by blowing down the boundary components C1, . . . , Cn. To blow down, we use a linear
system |4D +

∑
i=1(D · Ci)Ci|, where D is any very ample divisor on V. By [437, Proposition

2.20], H2(Y,ΘY/k) ∼= H2(V,ΘV/k) if p 6= 2, and, applying Proposition 9.1.7, we verify conditions
(a) and (b) in the theorem.

Corollary 9.1.10. Assume p 6= 2. Let V be a Coble surface of K3 type. Then there exists a
projective flat morphism f : X → T over nonsingular algebraic curve T defined over k such that
Xt0 is isomorphic to the blow-down of the boundary components of V andXt is an Enriques surface.
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Let σ : V → H be a morphism from a Coble surface of K3 type to a Halphen surface H. Let
E1, . . . , El be the (−1)-curves that are blown down to singular point y1, . . . , yl of a fiber F of type
Ãn on X . Then the proper transform of F on V is the union of l disjoint (−4)-curves.

We know from Section 5.4 that the moduli space of complex Coble surfaces with n boundary
components is irreducible of dimension 10−n if n 6= 8 and consists of two irreducible components
when n = 8. This follows from the computation of the Picard lattice of their canonical K3-covers.
Let us give a construction of a general member V of an irreducible family of dimension 10− n for
each n = 1, . . . , 10.

In the first examples we exhibit V as the blow up of the plane at double points of a plane sextic
curve W with only nodes as singularities.

n = 1: W is an irreducible rational sextic with 10 nodes.

n = 2: W is the union of two nodal plane cubics intersecting at 9 distinct points.

n = 3: W is the union of three conics intersecting pairwise at 4 distinct points.

n = 4: W is as in the previous case only one conic is reducible.

For 5 ≤ n ≤ 10 we exhibit V as the blow-up of singular points of the union of five conics on an
anti-canonical del Pezzo surfaceD of degree 5 taken from different five pencils of conics on V. The
proper transforms of the irreducible components of the conics is the boundary of V.

Recall thatD is isomorphic to the blow-up of 4 points p1, . . . , p4 in the plane no three of which are
collinear. We use the standard geometric basis (e0, e1, . . . , e4) of Pic(D) defined by the blow-up.
The five pencils Li of conics are the linear systems |e0−e1|, . . . , |e0−e4|, |2e0−e1−e2−e3−e4|.
The surface has 10 lines which we index by duads (ab) from [1, 5]. They are the exceptional curves
Ea5 over the points pa and the proper transforms of lines `ab ∈ |e0 − ec − ed|, where {a, b, c, d} =
{1, 2, 3, 4}.

n = 5: Ci ∈ Li, i = 1, . . . , 5, are irreducible. Their images in the plane are 4 general lines
passing through p1, . . . , p4 and a conic through these points.

n = 6: One of the conics Ci is reducible. There are three such conics in each pencil. If we choose
it from L5, then it is equal to the proper transform of two lines `a,b, `cd. In this way, we see V as the
blow-up of intersection points of six lines in general linear position. If we choose Ci from Li, i 6= 5,
then it is equal to the exceptional curveEi and a line whose image in the plane is a line `ij . There are
5 projectively non-equivalent, but Cremona equivalent, ways to exhibitD as the blow-up of 4 points
in the plane and hence 5! = # Aut(D) ways to define a geometric basis in Pic(D). All different
choices of one reducible conic are equivalent under a change of a geometric basis. In another words,
if we consider a family of marked del Pezzo surfaces, there will be 15 = 3× 5 different choices of
a reducible conic, but if we forget about the marking there will be only one choice.

n = 7: Two conics are reducible. We can choose them from two pencils Li, Lj , i, j 6= 5, say from
L1 and L2. The image will be two lines `1,i, `2,j , two general lines through pi, pj and a smooth
conic through p1, p2, p3, p4. Applying a quadratic Cremona transformation with fundamental points
at p1, pi, pj we may assume that one of the reducible conics is taken from L5. In this case the image
of the five conics in the plane is the union of 6 lines with one triple point.
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n = 8: Three reducible conics. We may take them from the pencils L1, L2, L3. The image of the
conics could be the union of four lines `12, `2,3, `34, a general line through p4 and a smooth conic
through p1, p2, p3, p4. Applying a quadratic Cremona transformation with fundamental points at
p2, p3, p4, we may assume that one of the reducible conics is taken from L5. We can take one of
them from L5 and two from L1, L2. The image of the five conics in the plane could be the union of
the lines `13, `24, two general lines through p3, p4 and the union of two lines `a,b and `cd. There will
be two different choices: (a) the two lines are `14 and `23 or (b) one of these lines passes through
p3, p4. We can draw the following two pictures which display the two different choices:

•

•

•

•p3

p4

p1

p2

•

•

•

•

p3

p4

p1

p2

(a) (b)

Figure 9.1: Two families of Coble surfaces with 8 boundary components

Here the parallel lines meet at one of the points p3, p4. In the second picture one of the lines is the
line at infinity passing through p3, p4.

By using the rational map P2 → Q = P1 × P1 defined by the linear system of conics through
p3, p4, we may consider a surface of type (a) as the blow-up of the intersection points of 8 lines on
Q, four from each family of lines and a surface of type (b) as the blow-up of the intersection points
of 6 lines, three from each family, and a conic passing through one of the intersection points. We
also blow-up the infinitely near points to q corresponding to the tangent directions of the two lines
and the conic at this point.

We know that the moduli space of Coble surfaces with 8 boundary components consists of two
irreducible components. It is a natural guess that the two different choices (a) and (b) lead to
different components. To show this we compute the Picard lattice of the canonical K3-covers X of
these surfaces. Using the model of V as the blow-up of points on a quadric, we locate two elliptic
pencils on X coming from the two rulings on Q. In case (a), it has 4 fibers of type D̃4 and four
disjoint sections. The Picard lattice is isomorphic to U⊕D8⊕D8. In case (b), it has two fibers of type
D̃6, two fibers of type Ã1 and 4 sections. The Picard lattice is isomorphic to U⊕E7⊕D7⊕A1⊕A1.
The discriminant group in both cases is (Z/2Z)⊕4 but the discriminant form is even in case (a) and
odd in case (b).

n = 9: four conics are reducible. We may take for the images of the 5 conics the union of four
lines `12, `23, `34, `14 and a smooth conic through the 4 points.

n = 10: all conics are reducible. The surface is the blow-up of 15 intersection points of ten lines
on V . The image of the union of the five conics is the complete quadrangle of lines and its two
diagonals. We will discuss this surface later in Example 9.2.7.
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9.2 Coble-Mukai lattice

From now on we will consider only terminal Coble surfaces of K3 type. Let V be such a surface and
C = C1 + · · ·+Cn be its anti-bicanonical curve. We denote by βi the divisor class of Ci. We have
β2
i = −4,KV · βi = 2. Let P̃ic(V) be the Z-submodule of the quadratic vector Q-space Pic(V)Q

generated by Pic(V) and 1
2β1, . . . ,

1
2βn. Following S. Mukai, we introduce the following quadratic

lattice.
CM(V) := {x ∈ P̃ic(V) : x · βi = 0, i = 1, . . . , n}. (9.2.1)

Let us see that it is indeed a quadratic lattice. Any x ∈ CM(V) may be expressed as y+ 1
2

∑k
i=1 riβi

where y ∈ Num(S) and r1, . . . , rk ∈ Z. Rewriting this as y = x − 1
2

∑
riβi, expressing x′ ∈

CM(V) similarly, and using x, x′ ∈ β⊥i gives

y · y′ = x · x′ + 1

4

∑
rir
′
iβ

2
i = x · x′ −

∑
rir
′
i

This proves x · x′ ∈ Z.

We call CM(V) the Coble-Mukai lattice of V. If n = 1, the lattice coincides withK⊥V and hence it
is isomorphic to the Enriques lattice E10. We will show later that the Coble-Mukai lattice is always
isomorphic to E10 under the assumption k = C (see Theorem 9.2.15).

Obviously, the automorphism group Aut(V) leaves the set of curves {C1, . . . , Cn} invariant and
hence acts on the lattice CM(V).

By Proposition 9.1.3, there exists a birational morphism φ : V→ H, where H is a Halphen surface
of index 1 or 2. Let π : H → P2 be a birational morphism and let (e0, e1, . . . , e9) be a geometric
basis of Pic(H) (see Section 0.3 in Part I). Let (e0, e1, . . . , e9, r1, . . . , rn) be a geometric basis of
Pic(V).

Let W nod
V be the reflection group of V, the subgroup of O(CM(V)) generated by reflections sα,

where α ∈ CM(V) is an effective divisor class with α2 = −2. We call such a divisor class an
effective root. We say that an effective root α is irreducible if |α − β| = ∅ for any other effective
root β.

Lemma 9.2.1. Let α be an effective irreducible root. Then α is either the divisor class of a (−2)-
curve or the Q-divisor class of an effective root of the form 2e+ 1

2βj + 1
2βk, where e is the class of

a (−1)-curve E that intersects two different components Cj , Ck of C.

Proof. Writing an effective class R from |α| as a sum of irreducible curves and the halves of the
boundary components, we may assume that

R =
1

2

∑
i∈I

Ci +D,

where D has no (−2)-curves among its irreducible components. Suppose #I = 1. We have
R ·KV = 1 +D ·KV = 0 and −2 = R2 = −1 +C1 ·D+D2 = −1− 2D ·KV +D2 = 1 +D2,
hence D2 = −3, D ·KV = −1. Applying Lemma (9.1.1), we can write D as a sum of (−1)-curves
and curves N with N ·KV ≤ 0 and N2 ≥ 0, we get a contradiction.

Assume now that a = #I ≥ 2. Arguing as above, we obtain D ·KV = −a and D2 = −2− a.
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Write
[D] = [m1E1 + · · ·+mtEt +D′] = α− 1

2

∑
i∈I

βi, (9.2.2)

whereEi are all (-1)-components ofD andD′ is a sum of curves with non-negative self-intersections.
Intersecting withKV, we get a =

∑
mi−D′ ·KV ≥

∑
mi. We also haveD2 = −2−a ≥ −

∑
m2
i .

Thus, we get the following inequalities
t∑
i=1

mi ≤ a,
t∑
i=1

m2
i ≥ a+ 2.

If all mi’s are equal to 1, these inequalities are not satisfied. Thus we may assume that m1 ≥ 2.
Intersecting with Ci, we obtain 0 = R · Ci ≥ −2 + 2E1 · Ci. This implies that we can find Ci and
Cj such that E1 · Ci = E1 · Cj = 1. Thus we find an irreducible effective root 1

2(Ci + Cj) + 2E1

as a part of R. By assumption of irreducibility, R must be equal to this effective root.

Let
CM(V)+ = {x ∈ CM(V) : x2 ≥ 0, x · h > 0 for some ample divisor h}.

By Riemann-Roch on V, CM(V)+ consists of effective divisor classes with non-negative self-
intersection.

Proposition 9.2.2. A divisor class x ∈ CM(V)+ is nef if and only if x · r ≥ 0 for any effective root.
In other words, the intersection of the nef cone in Pic(V)Q with CM(V)+ is a fundamental domain
for the group W nod

V in CM(V)+.

Proof. Suppose x ∈ CM(V)+. Then x is nef if and only x · r ≥ 0 for every effective divisor
class r ∈ Pic(V) with r2 = −1 or −2. We may assume that r is the class of a (−1)-curve or of
a (−2)-curve. Let x be a nef class in CM(V)+. Applying Lemma 9.2.1, it suffices to show that
x · r ≥ 0 for any effective root of the form r = 2e+ 1

2(βi +βj). Since x ·βi = 0, and x · e ≥ 0, this
is obvious. Thus x belongs to the fundamental domain of W nod

V . Conversely, suppose x belongs
to the fundamental domain. By definition, x · r ≥ 0 for any divisor class of a (−2)-curve and
x · r ≥ 0 for any positive root of the form 2e + 1

2(βi + βj). Since x · βi = 0, we obtain x · e ≥ 0.
Thus, for any (−1)-curve E that intersects two different Ci, we have x · [E] ≥ 0. Suppose E is a
(−1)-curve that intersects only one Ci with multiplicity 2. Let f = [E] + 1

2βi. Then f2 = 0 and
f ∈ CM(V)+. Let π : V → X be the blowing-down of E to a point q ∈ X . Then the divisor
class 2f = [2E + Ci] ∈ Pic(V) is equal to π∗(C̄i), where C̄i = π(Ci) is an irreducible curve
with C̄2

i = 0 and a node at q. Suppose x · E < 0, then x · 2f = 2x · E < 0 and we obtain
x · 2f = π∗(x) · C̄i < 0. Since [C̄i] is obviously nef, we get a contradiction.

We say that a Coble surface of K3 type is unnodal if it does not contain effective roots.

Proposition 9.2.3. A Coble surface V of K3-type is unnodal if and only if n = 1 and it has no
(−2)-curves.

Proof. Using Lemma 9.2.1, it suffices to show that n = 1 if V is unnodal. Suppose n > 1. By
the same lemma, any (−1)-curve E intersects one component of C with multiplicity 2. Thus no
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component Ci of C is blown down to a point under the morphism π : V→ P2 and the image Bi of
Ci is a smooth rational curve of degree≤ 6. Since n > 1, the curveB = B1 + · · ·+Bn is reducible
and any two components intersect transversally (because V does not contain (−2)-curves). The
exceptional curve R over an intersection point will intersect two components of C contradicting the
assumption.

Remark 9.2.4. One can show (see [101]) that a Coble surface is unnodal if and only if it is obtained
by blowing up a set {p1, . . . , p10} of ten points in the plane satisfying the following 496 conditions:

(i) no points among the ten points are infinitely near;

(ii) no three points are collinear;

(iii) no six points lie on a conic;

(iv) no plane cubic passes through 8 points with one of them being a singular point of the cubic;

(v) no plane quartic curve passes through the 10 points with one of them being a triple point.

In Section 3.5 of Volume 1 we studies Fano models of Enriques surfaces. They are normal surfaces
of degree 10 in P5. One can also introduce the Fano models of Coble surfaces.

Assume n = 1. As we remarked before, CM(V) ∼= E10. Let

fi = 3e0 − e1 − · · · − e10 + ei, i = 1, . . . , 10,

h =
1

3
(f1 + · · ·+ f10) = 10e0 − 3(e1 + · · ·+ e10).

We have f2
i = 0, fi · fj = 1, h2 = 10, h · fi = 3. The classes fi represent the proper transforms

of cubic curves passing through the points pj , j 6= i. Since W is irreducible, all fi are nef divisors,
and (f1, . . . , f10) is a maximal non-degenerate isotropic sequence of vectors in CM(V). The linear
system |h| defines a birational map from V onto a surface of degree 10 in P5. We call it the Fano
model of a Coble surface. The images of effective divisors Fi representing fi are plane cubics. The
anti-bicanonical curve C is blown down to a singular point of type 1

4(1, 1) of the Fano model.

We can also consider the adjoint linear system |h+KV| representing the divisor class 7e0−2(e1 +
· · ·+ e10). This time the linear system is very ample and its image is a surface F of degree 9 in P5.
The image of Fi are still cubic curves, but the image of C is a curve of degree 2. The union of F
and the plane spanned by the image of C is a reducible surface of degree 10 in P5. We call it the
adjoint Fano model.

Example 9.2.5. Assume V is a general Coble surface (as always terminal and of K3 type) with
n = 2 and let | − 2KV| = {C1 + C2}. Let π : V→ P2 be a birational morphism. Let Wi = π(Ci)
and di the degree of Wi. We have the following possibilities {d1, d2} = {1, 5}, {2, 4}, {3, 3}. We
assume d1 ≤ d2, then there are three possibilities: W1 is a line intersecting the 6-nodal quintic W2

at 5 distinct points, orW1 is a smooth conic intersecting the 3-nodal quartic at 8 points, andW1,W2

are two nodal cubics intersecting at 9 distinct points.

Suppose (d1, d2) = (1, 5). Let T be a quadratic Cremona transformation with fundamental points
at three nodes of W2. Then the image under T of W1 is a conic and the image of W2 is a 3-nodal
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quartic. Thus the cases (1, 5) and (2, 4) can be reduced to each other by a Cremona transformation.
This means that we get the same Coble surface only the birational morphisms to P2 are different.
We can also reduce the case (2, 4) to the case (3, 3) by taking a quadratic Cremona transformation
with two fundamental points at two nodes of the quartic and the third fundamental point taken from
W1 ∩W2.

Thus we may assume that W1,W2 are nodal cubics and V is obtained by blowing up their inter-
section points p1, . . . , p9 and the nodes p10, p11 of W1 and W2. Let H be the rational elliptic surface
obtained by blowing up p1, . . . , p9. Then the proper transforms of W1,W2 are two nodal fibers of
the elliptic fibration and V is obtained by blowing the singular points of these two fibers.

Following Mukai, we consider a birational map P2 99K P1 × P1 ⊂ P3 given by the linear system
of conics through the points p10 and p11. The composition map V→ P2 99K P1×P1 is a birational
morphism that maps F1 (resp. F2) onto a smooth rational curve F̄i of bidegree (1, 3) (resp. (3, 1))
intersecting at 9 points. The surface V is obtained by blowing up the set {q1, . . . , q9} = C1 ∩ C2

and the additional point q10 equal to the image of the line 〈p10, p11〉.

Let (h, h′, e1, . . . , e10) be a basis of Pic(V) formed by the pre-images of a canonical basis of
Pic(P1 × P1) and the divisor classes of the exceptional curves. In this basis, the boundary compo-
nents are

β1 = [C1] = 3h+ h′ − (e1 + · · ·+ e10), β2 = [C2] = h+ 3h′ − (e1 + · · ·+ e10).

We have β1 + β2 = −2KV and β1 − β2 = 2(h − h′). Thus we can write β1 = −KV + h − h′
and β2 = −KV + h′ − h. This shows that CM(V) contains a sublattice of index 2 equal to the
orthogonal complement of 〈KV, h − h′〉 in Pic(V). We have K⊥V ∼= E11 with canonical root basis
(α0 = e1− e2, α1 = h′−h, α2 = h− e1− e2, α3 = e2− e3, . . . , α10 = e9− e10). The orthogonal
complement of h− h′ in this lattice has a basis (h+ h′− e1− e2− e3− e4, e1− e2, . . . , e9− e10).
This is a canonical root basis of the lattice E2,4,6 of discriminant 4. Since CM(V) contains this
lattice as a sublattice of index 2, it must be a unimodular lattice. Let

v =
1

2
(h+ h′ −KV)− e1 =

1

2
β1 + h′ − e1.

Then v · (β1 − β2) = v · (h− h′) = 0 and v · (β1 + β2) = −2v ·KV = 0, hence v ∈ CM(V). We
have v2 = 0. This shows that CM(V) is an even lattice, and hence

CM(V) ∼= E10.

Let

fi = 3(h+ h′)− (e1 + · · ·+ e10)− 2ei, i = 1, . . . , 10,

h10 = 5(h+ h′)− 2(e1 + · · ·+ e10).

We have f2
i = 0, fi · fj = 4, h2

10 = 10, h10 · fi = 6. Moreover, we have

6h10 = f1 + · · ·+ f10

with a complete analogy with the Fano polarization on an Enriques surface. The classes fi represent
the proper transforms of plane quintics curves passing through p1, . . . , p9, p, q with double points
at p, q and a triple point at pi. The linear system |h10| defines a birational morphism onto a surface
of degree 10 in P5 which blows down each boundary component to a quotient singularity of type
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1
4(1, 1). We will call the image surface a Fano-Mukai model of V. We may also consider the adjoint
linear system |H10 + KV| representing by 3(h + h′) − (e1 + · · · + e10). It maps V onto a surface
of degree 8 in P5. This time the images of the boundary components are curves of degree 2, each
spanning a plane. The union of the planes and the octic surface is called an adjoint Fano-Mukai
model of V.

One can follow the definition of a canonical isotropic sequence in the Enriques lattice, to define
a canonical isotropic sequence in the lattice CM(V). Thus, we can speak about non-degenerate
(degenerate) U -pair (f1, f2) of such vectors. Similarly to the case of an Enriques surface, it defines
a regular degree 2 map onto one of the anti-canonical quartic del Pezzo surfaces D = D′1,D

′
2,D

′
3

(resp. D1,D2,D3). We still call it a bielliptic map. The difference in the case of Coble surfaces
is that this map is never finite. It blows down each boundary component to a singular point of D.
If p 6= 2, the branch curve of the bielliptic map is cut out by a quadric passing through k singular
points of D.

The equation of the double plane model of a Coble surface in P(1, 1, 1, 4) obtained from a bielliptic
map (if p 6= 2) is

x2
3 + x1(x4

0A1 + x3
0x1x2A2 + x2

0x1x2A3 + x0x1x2A4 + x2
1x2A5) = 0. (9.2.3)

where A1, . . . , A5 are binary forms in x1, x2. The branch curve is equal to the union of the line
V (x1) and a quintic curve from the linear system |5e0 − e1 − 2e2 − 2e3 − e4 − e5|.

The following Figure 9.2 describes the branch locus of a bielliptic map for a Coble surface with
one boundary component on the weak del Pezzo surface D̃1. It consists of a curve cut out by a
quadric and three (−2)-curves. They are colored in blue.

A1 A2

A4 A3

-1
-1

-1

-1

-2 -2

-2 -2

Figure 9.2: Branch curve of a bielliptic map for Coble surfaces (p 6= 2)

Example 9.2.6. Let us consider the previous example and let I1 and I2 be two subsets of cardinality
7 among p1, . . . , p9 with #I1 ∩ I2 = 6. Let fk = 3e0 − e10 − e11 −

∑
i∈Ik ei, k = 1, 2. Then

f2
k = 0, f1 · f2 = 1, fk · C1 = fk · C2 = 0. The linear system |2fI + 2FJ | defines a bielliptic map
φ : V→ D1. It blows down C1, C2 to two different nodes of D1.

On the other hand, let us consider another model of V where C1 ∈ |e0− e7− e8− e9− e10− e11|
and C2 ∈ |5e0 − 2(e1 + · · · + e6) − (e7 + · · · + e11)|. Let FI be a cubic curve passing through
the points p1, . . . , p6 and a subset I of 3 points among p7, . . . , p11. Let fI be the divisor class of
its proper inverse transform on V. Then fI belongs to the Coble-Mukai lattice CM(V). We have
fI · fJ = 3−#I ∩ J ∈ {1, 2}.

Let us choose I, J with #I ∩ J = 2, say I = {7, 8, 9}, J = {7, 8, 10}. Then (fI , fJ) define a
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non-degenerate U -pair and we can define the corresponding bielliptic map φ : V → D1 given by
the linear system |2FI + 2FJ |. It blows down the curves C1, C2 and E10 to one of the four nodes
of D1, say q1. Let D̃1 be the corresponding weak del Pezzo surface. The proper transform B̄ of the
branch curve B on D̃1 is tangent to R at some point. The pre-image of R splits into the union of
two (−3)-curves intersecting transversally at one point q′. When we blow-up this point we obtain
the surface V and the exceptional curve over q′ is equal to E10.

Let us now extend the definition 6.4.2 of Nikulin R-invariant for Enriques surfaces to the case of
Coble surfaces.

Let V be a Coble surface with n boundary components C1, . . . , Cn. For the convenience of nota-
tion we denote CM(V) by Λ. Let π : X → V be the double covering branched along C1, . . . , Cn
and ι the covering transformation. For any curve C on V we denote by C̃ the proper transform of
C. Define L+ = π∗(Λ). Denote by L− the orthogonal complement of L+ in Pic(X). Note that
C̃1, . . . , C̃n are contained in L−. Define

h± = {δ± ∈ L± : ∃ δ∓ ∈ L∓, (δ±)2 = −4,
δ+ + δ−

2
∈ Pic(X)}. (9.2.4)

Let 〈h−〉 be the sublattice of L− generated by h−. Then 〈h−〉 = K(2) where K is a root lattice.
We have a homomorphism

γ : K/2K ∼= K(2)/2K(2)→ Λ/2Λ ∼= L+/2L+ (9.2.5)

defined by
γ(δ− mod 2) = δ+ mod 2.

We define a subgroup H of K/2K by the kernel of γ which is an isotropic subgroup with respect
to qK . In this case, we allow that the overlattice KH = {x ∈ K ⊗ Q : 2x ∈ H} contains (−1)-
vectors contrary to the case of Enriques surfaces (see the condition (II) in the proof of Theorem
8.9.3). We call the pair (K,H) the R-invariant of V as in the case of Section 6.4.

Note that this definition of δ± is very similar to the one for Enriques surfaces in characteristic
2 whose canonical covers are supersingular K3 surfaces with rational double points (see Example
10.6.8).

Recall that, by Lemma 9.2.1, there are two types of effective irreducible roots. One is a (−2)-
curve and the other is 2E + 1

2Ci + 1
2Cj , where E is a (−1)-curve that intersects Ci and Cj . If

C is a (−2)-curve, then π∗(C) = C̃+ + C̃− where C̃+, C̃− are disjoint (−2)-curves on X with
ι(C̃+) = C̃−. If C is a (−1)-curve, it intersects the boundary at two points and hence π∗(C) = C̃.
If C = Ci, then π∗(Ci) = 2C̃i. Therefore π∗(2E + 1

2Ci + 1
2Cj) = 2Ẽ + C̃i + C̃j . We associate

δ+ = C̃+ + C̃− and δ− = C̃+− C̃− to a (−2)-curve C, and we associate δ+ = 2E+ C̃i + C̃j and
δ− = C̃i± C̃j to an effective irreducible root 2E + 1

2Ci + 1
2Cj . As mentioned above, KH contains

(−1)-vectors corresponding to C̃1, . . . , C̃n when n ≥ 2.

Example 9.2.7. Here we consider an example of a Coble surface with 10 boundary components
obtained as the quotient of a K3-surface studied by E. Vinberg in [703]. We will describe explictly
its automorphism group.

We start with a quintic del Pezzo surface D which is unique up to isomorphisms. The surface D
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is obtained from the plane P2 blowing up four points p1, p2, p3, p4 in general linear position. The
surface D contains ten lines whose dual graph is the Petersen graph given in Figure 6.1. Note that
each line on V meets exactly three lines. Let V be the surface obtained from D by blowing up 15
intersection points of the ten lines. They are represented by the edges in the Petersen graph. Thus
V contains 15 (−1)-curves which are exceptional curves of the blowing-up V → D and ten (−4)-
curves which are the proper transforms of ten lines. The surface V has the Picard number 20. We
denote by Cij (1 ≤ i < j ≤ 5) the ten (−4)-curves. Here we use the same subscripts as we used
it for the vertices Uab given in Figure 6.1. Then | − 2KD| = {

∑
1≤i<j≤5Cij}. Let π : X → V be

the double cover branched along
∑

1≤i<j≤5Cij which is a K3 surface with Picard number 20. Let
`ij be the line in P2 passing through pi, pj . The surface X is birationally isomorphic to the double
cover of the plane branched over the union of lines `ij . The blow-up of seven singular points of the
branch curve is a weak del Pezzo surface of degree 2. The anti-canonical linear system defines a
double cover of the plane branched along a complete quadrilateral of lines (see Figure 8.3). This
shows that the surface X is birationally isomorphic to the quartic surface

w4 + xyz(x+ y + z) = 0

as asserted in [703, Theorem 2.5]. It has 6 rational double points of type A3.

Let Cab, 1 ≤ a, b ≤ 4 be the proper transform of the line `cd = 〈pc, pd〉 with {ab} ∩ {cd} = ∅
and let Ci5 be the exceptional curve over pi. The curves C12 + C45 + C23 + C15 + C34 and
C13 + C14 + C24 + C35 + C25 span a pencil on V with 5 base points defined by the edges
(U12, U35), (U34, U25), (U15, U24), (U45, U13). The pencil originates from the pencil of plane cu-
bics generated by `34 + `12 + `14 and `24 + `13 + `23 on P2. After we blow up the base points we
obtain an elliptic fibration on X with singular fibers of type Ã9 + Ã9 and five sections. The Shioda-
Tate formula implies that the discriminant of Pic(X) is equal to −102/52 = −22. Since Pic(X)
is the invariant part of H2(X,Z) under the action of the covering transformation σ of X → V,
Pic(X) is a 2-elementary lattice. Therefore Pic(X) is isomorphic to U⊕E⊕2

8 ⊕A⊕2
1 , and hence the

transcendental lattice isomorphic to
(

2 0
0 2

)
. This K3 surface is one of the two K3 surfaces called

two most algebraic K3 surfaces. It is known that the automorphism group Aut(V ) is isomorphic to
S5 of degree 5 (see [179, Theorem 8.5.8], the proof does not use any assumption on the character-
istic). It induces an action on V. Then this action can be lifted to an action on X . The involution
σ acts on Pic(X) trivially and acts on the transcendental lattice as −1, and hence it is contained in
the center of Aut(X). Thus Aut(V) ∼= Aut(X)/〈σ〉.

The K3 surface X has 25 (−2)-curves which are the pre-images of fifteen (−1)-curves and ten
(−4)-curves on V . We picture them on Figure 9.3. Here the red vertices are the pre-images of the
(−4)-curves.

Vinberg found additionally five (−4)-classes c1, ..., c5 in Pic(X) each of which defines a reflection
of Pic(X), and showed that this reflection is represented by an involution of X . Let us explain how
these classes arise.

We may assume that four points p1, ..., p4 are the reference points

p1 = [1, 0, 0], p2 = [0, 1, 0], p3 = [0, 0, 1], p4 = [1, 1, 1].

Then six lines joining them by pairs form a complete quadrangle with the diagonal points q1 =
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Figure 9.3: Twenty five (−2)-curves on the Vinberg’s most algebraic K3 surface

[1, 1, 0], q2 = [1, 0, 1], q3 = [0, 1, 1]. The quadratic Cremona transformation with fundamental
points at q1, q2, q3 is given by

T : [x, y, z] 7→ [(x− y+ z)(x− y− z), (x+ y− z)(x− y− z), (z− x− y)(x− y+ z)]. (9.2.6)

As is well-known it acts on the blow-up of the fundamental points as a reflection in the vector
e0 − e1 − e2 − e3, where e1, e2, e3 are the classes of the exceptional curves over q1, q2, q3. Since V
is the blow-up of a set of points in P2 including the points q1, q2, q3, the class e0 − e1 − e2 − e3 is
lifted to a divisor class δ in Pic(V) of square-norm −2. The involution T also lifts to an involution
of V. There are exactly 5 different linear systems on D that define a birational morphism D → P2

[179, 8.5]. So, in this way, we obtain 5 classes δ1, . . . , δ5 in Pic(V). Their lifts to the K3-cover X
are the five classes c1, . . . , c5 of Vinberg. It follows from the definition that each δi intersects three
(−1)-curves on D5 corresponding to the diagonal points. So, each ci intersects three (−2)-curves
on X . For example, we marked one of these sets of 3 points in Figure 9.3.

Theorem 9.2.8. Assume that k = C. Then Aut(X) is isomorphic to a central extension of

UC(5) oS5

by Z/2Z(= 〈σ〉). The subgroup UC(5) is generated by the lifts of five Cremona involutions Ti that
act on Pic(X) as reflections in ci. The subgroup S5 is the lift of the group of automorphisms of the
del Pezzo surface D of degree 5.

Recall that we use the notation UC(k) for the free product of k cyclic groups of order 2 (the
universal Coxeter group with k generators).

As a corollary, we now have

Corollary 9.2.9. Assume that k = C. Then Aut(V) is isomorphic to

UC(5) oS5.

The five Cremona involutions T1, . . . , T5 define five i nvolutions of V (and X), and generate the
subgroup UC(5) of Aut(V). Any automorphism of Aut(D) ∼= S5 lifts to an automorphisms of V
that permutes the classes δ1, . . . , δ5. This defines a subgroup UC(5) oS5 of Aut(V).

We extend the result for char(k) 6= 2. To do this, we show that the Coble-Mukai lattice of V
contains 20 (−2)-classes forming a crystallographic basis of type VII. Recall that the diagram in
Figure 8.14 is the union of the complete graph K(5) and the dual of the Petersen graph whose
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vertices are the edges in the Petersen graph and the edges are its vertices. Each vertex of the first
subgraph is joined by a double edge to 3 vertices of the second subgraph. This is very visible in the
Figure 8.15. Let

αab,cd = 2E +
1

2
(Cab + Ccd)

be an effective root where E is the exceptional curve over the intersection point of two lines `ab and
`cd (1 ≤ a, b, c, d ≤ 5, {a, b} ∩ {c, d} = ∅). We immediately check that the intersection graph of
αab,cd’s is the dual Petersen graph, and the intersection graph of δ1, . . . , δ5 is the complete graph
K(5) and each Ki intersects with multiplicity 2 exactly three roots αab,cd (note that in the graph
9.3, Vinberg normalized the norms of vectors corresponding to vertices as (−1)-vectors). Thus the
twenty roots αab,cd, δi form the crystallographic basis of type VII. The five involutions of V work
as the reflections associated with five roots δ1, . . . , δ5.

Thus we now conclude that

Theorem 9.2.10. Assume that char(k) 6= 2. Then Aut(V) is isomorphic to

UC(5) oS5.

In char(k) = 2, we will show that five classes δ1, . . . , δ5 are represented by (−2)-curves and thus
Aut(V) is isomorphic to S5 (see Example 9.8).

Remark 9.2.11. The Coble-Mukai lattice CM(V) is isomorphic to the Enriques lattice E10. The
crystallographic basis of type VII is realized on an Enriques surface S with finite automorphism
group of type VII. The twenty classes are all (−2)-curves on S which also determine all genus one
fibrations on S. It follows from Enriques reducibility lemma that 20 classes of the crystallographic
basis generate E10. This implies that CM(V) contains E10 and hence they coincide.

Next we calculate the R-invariant of this example.

Proposition 9.2.12. Assume that k = C. Then the R-invariant (K,H) of V is (D10,Z/2Z).

Proof. Since ten C̃ij generate a root lattice A⊕10
1 , K is a sublattice of A1(1

2)⊕10. Since K is gen-
erated by (−2)-vectors C̃ij ± C̃kl ({i, j} ∩ {k, l} = ∅), K is a root sublattice of A1(1

2)⊕10 of
index 2, and hence isomorphic to D10. Since C̃ij gives a non-zero element in H , we conclude that
H = Z/2Z.

Remark 9.2.13. The most algebraic K3 surface X from the previous example is a special case of
the following family of K3 surfaces. It is known that the smooth quintic anti-canonical del Pezzo
surface V contains five pencils of conics. They correspond to the pencils of lines through pi and
the pencil of conics through p1, . . . , p4. Choose one conic from each pencil and consider the double
cover of V branched over the union of the five conics. The blow-up of 10 intersection points of the
five conics is a Coble surface with 5 boundary components. Our surface X is obtained when each
conic is the union of two lines. The canonical covers of the Coble surfaces forms a 5-dimensional
family of K3 surfaces that contains a codimension one family of surfaces birationally isomorphic to
a 15-nodal quartic surface [191].
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Let V be a Coble surface with n boundary components. It is obvious that the Coble-Mukai lattice
of V is isomorphic to the Enriques lattice E10 if n = 1. We also saw in Example 9.2.5 that it is
true if n = 2. In Example 6.4.19 we considered Coble surfaces with n ≤ 4 boundary components
constructed as the quotients of the Hessian quartic surfaces of cubic surfaces with n nodes by the
Cremona involution. It was proven in [9, Lemma 2.4] that the Coble-Mukai lattice is isomorphic
to the Enriques lattice in these cases too. The isomorphism also holds in the case n = 10. Indeed,
as we saw in Example 9.2.7, the twenty roots αab,cd, δi form a crystallographic basis of type VII.
Since on the corresponding Enriques surface with finite automorphism group the roots from this
basis represent all (−2)-curves on S, and, by Theorem 2.3.5, they generate Num(S), we see that
CM(V) contains a sublattice isomorphic to E10 and hence coincides with it.

All these examples lead to the following conjecture.

Conjecture 9.2.14. The Coble-Mukai lattice of a Coble surface is isomorphic to the Enriques lat-
tice.

In the following we prove that this conjecture is true under the assumption that k = C.

Theorem 9.2.15. Assume k = C. Them the Coble-Mukai lattice of a Coble surface is isomorphic
to the Enriques lattice E10.

Proof. Assume V is general in the irreducible component of the moduli space of such surfaces. Let
X be its canonical K3 cover. Then Table 5.1 from section 5.4 in Volume I shows that the Picard
lattice of X is uniquely determined by the number n unless n = 8.

As we remarked earlier the assertion is true if n ≤ 4 and n = 10. We use the construction of the
irreducible families with n = 5, . . . , 10 from the end of the previous section. Let Vn be a general,
in sense of moduli, surface with n boundary components C1, . . . , Cn. We know that it is obtained
as the blow-up of the singular points of the union of 5 conics K1, . . . ,K5 on a quintic del Pezzo
surface V . We may assume that K1, . . . ,K10−n of them are irreducible and the remaining n−5 are
reducible. We can specialize Vn to Vn+1 by replacing K10−n with a reducible conic L1 + L2 from
the same pencil.

The Picard lattice of Vn is generated by the classes of 5 + n exceptional curves Ei of the blow-
up πn : Vn → V and π∗(Pic(V )). The Q-rational lattice P̃ic(Vn) is generated by Pic(Vn) and
1
2 [C1], . . . , 1

2 [Cn]. Without loss of generality, we may assume that C1 is the proper transform of a
conic from the pencil K10−n. Consider the isometry embedding

ι : P̃ic(Vn) ↪→ P̃ic(Vn+1)

which is the identity on the set of classes of exceptional curves Ei, on π∗(Pic(V )), and on the
classes 1

2 [Ci], i 6= 1. It sends the class 1
2 [C1] to the class 1

2 [L1]. The image of this embedding is
equal to the orthogonal complement of 1

2 [L2]. It follows from the definition of the Coble-Mukai
lattice that the embedding ι maps CM(Vn) isomorphically onto CM(Vn). Since CM(V10) ∼= E10,
we are done.

Remark 9.2.16. In case n = 8 (a), the Coble-Mukai lattice contains 40 roots that span a remarkable
polytope with denoted by ΓMII (see Section 10.6). Recall that a general member V8 in this family
can be obtained by the blow-up of the intersection points of 8 lines `i, `′i (i = 1, 2, 3, 4) on a smooth
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quadric Q with `i · `′j = 1. Denote by pij the intersection point of `i and `′j and let Eij be the
exceptional curve over pij . Let Ci, C ′j be the proper transforms of `i, `′j which are the boundary
curves of V, and let h, h′ be the total transforms of `i, `′j . Then CM(V8) contains sixteen effective
roots αij = 2Eij + 1

2(Ci + C ′j) and 24 non-effective roots δσ = h + h′ − (E1σ(1) + E2σ(2) +
E3σ(3) + E4σ(4)) indexed by S4. The 40 roots {eij , δσ} are the vertices of the polytope ΓMII .
The subgraph with 16 vertices eij is dual to the complete bipartite graph BK(4) on two sets of
cardinality 4 (see the left hand side of Figure 10.7). Let H0 be the 2-elementary subgroup of S4

generated by (12)(34), (13)(24) and consider the coset decomposition A4 = H0 + H1 + H2 and
S4 \ A4 = H3 + H4 + H5. Then δσ · δσ′ = 2 for any σ, σ′ ∈ Hi (0 ≤ i ≤ 4), and δσ · δσ′ = 1
for any δ, δ′ ∈ A4 or δ, δ′ /∈ A4 which belong to different cosets. Thus the subgraph with vertices
{δσ} is the union of two 3 complete graphs K(4) with double edges, each vertex of one subgraph is
joined to all other vertices from two remaining subgraphs (see the right hand side of Figure 10.7).

9.3 Quadratic twist construction

In this section, we will extend construction of a quadratic twist for Enriques surfaces from Section
4.8 to Halphen surfaces of index 2. This will be applied to a construction of special Coble surfaces.
We assume that p 6= 2.

Let f : H→ P1 be the elliptic fibration on a Halphen surface H of index 2 and let R be its smooth
rational bisection. The double cover f : R → P1 ramifies at two points p0 ∈ F0, p ∈ F , where
F0 is the unique half-fiber, and F is another fiber. For our application to Coble surfaces, it would
be enough to assume that F is nonsingular or of type Ãn. We also assume that F0 is of type Ãm
(smooth ifm = 0). Two possibilities may arise: p is a nonsingular or a double point of F . If V→ H
is the blow-up of singular points of F , then the proper inverse transform of R on V is a bisection of
the elliptic fibration f ′ : V→ P1 that lifts f . It is a (−1)-curve if p is nonsingular, and a (−2)-curve
otherwise. Let us say that a bisection on H (resp. on V) is of the first kind if p is nonsingular and of
the second kind otherwise..

Since F ∼ 2F0, we can consider the double cover π′ : X ′ → H branched over F . If F is singular,
then X ′ has ordinary double points over the singular points of F . Let π : X → X ′ → H be the
composition of π′ with the minimal resolution of singularities of X ′. The pre-image F̃ of F on X
is a singular fiber of type Ã2n+1. The Hurwitz type formula for the canonical class implies that X
is a K3 surface.

Assume R is a bisection of the first kind. Then R is tangent to the branch curve at its nonsingular
point p ∈ F , hence its pre-image on X splits into two components R+ and R− intersecting at the
point π−1(p). Each curve R± is a (−2)-curve and a section of the elliptic fibration f̃ : X → P1

lifted from f . As in the case of Enriques surfaces, we define an involution σ+ = tR− ◦ τ , where
τ is the covering involution, and tR− is the translation involution by R− with respect to the group
law with zero section R+ on the set of sections of f̃ . The involution τ acts identically on n + 1
components of F̃ and acts as an involution on each other component with two fixed points. The
involution tR− fixes the point π−1(p) = R+ ∩ R− on one of the components of the ramification
locus. This implies that σ+ acts identically on this component and hence identically on n + 1
components of F̃ including the pre-image of the component on H that intersects R. As in the
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Enriques case, we see that σ+ acts identically on m + 1 components of the half-fiber F̃0 of type
Ã2m+1. The quotient surface X/(σ+) is smooth. After we blow down m + 1 components on the
image of F̃0 and n+ 1 components of the image of F̃ , we obtain a rational jacobian elliptic surface
j : J → P1 with fibers F̄0 and F̄ of types Ãm and Ãn. As in the Enriques case, σ+(R−) = R−
and σ+(R+) = tR−(R−) = R′−. The curve R− descends to a section of j which we can choose as
the zero section C0 in the Mordell-Weil group. Since R+ ∩ R− = {π−1(p)}, the curve R+ + R′−
descends to a rational bisection C of j that intersects the zero section at one point and at this point
it is tangent to the fiber passing through this point.

Suppose R is a bisection of f : H→ P1 of the second kind. In the previous notation, R+ and R−
are now disjoint on X and intersect the same component of F̃ which does not belong to the locus of
fixed points of σ+. Everything else remains unchanged and we arrive at a rational jacobian elliptic
surface j : J → P1 such that X is a minimal resolution of singularities of two fibers F̄0 and F̄ of
multiplicative types. The curve R− descends to a section C0 of j and the curves R+ +R′− descends
to a rational bisection C of j that is tangent to F̄0 and F̄ at their nonsingular points. In both cases,
f : V→ P1 is a torsor of j : J → P1 defined by the cocycle Gal(C/P1)→ Jη(Cη) with the image
equal to Cη. The Halphen fibration f is reconstructed from j by the Weil descent.

The bisection C that gives the inverse construction is defined similar to the case of Enriques
surfaces. We start with a jacobian rational surface j : J → P1, then choose two fibres Ft1 , Ft2 ,
smooth or of multiplicative type. Then we fix a section C0 to define a group law on the set of
sections with the zero section C0. Next we look for a rational curve C satisfying conditions 1)-5)
from Section 4.9 where we defined an Enriques bisection. If R is a bisection of the first kind, we
replace property 3 with the following property

(3’) C intersects C0 at one point over a point t2 with multiplicity 2.

We will call such a bisection C a Halphen bisection. Let X → J be the double cover branched
at the fibers Ft1 , Ft2 which in the following we assume to be smooth for brevity of notation. The
pre-image of C in X splits into R1 and R2. We consider the translation automorphisms tR1 with
respect to the group law on the pre-image of the elliptic fibration on X with zero section R0 equal
to the pre-image of C0. As in the case of an Enriques surface, we haveR1�R2 = 0. The involution
σ1 = tR1 ◦ τ acts identically on the pre-image F̃t1 of the fiber Ft1 and acts as a translation by
a 2-torsion point on the pre-image F̃t2 of the fiber Ft2 . The quotient H = X/(σ1) is a Halphen
surface of index 2 with the double fiber equal to the image F̃t2 on H. We have σ1(R0) = R1 and
the image of R0 + R1 is a smooth rational bisection R on H. Since C is tangent to the fiber Ft1 at
its nonsingular point where it intersects C0, we obtain that R0 intersects R1 at one point on the fiber
F̃t1 . Thus R is tangent to the image of F̃t1 on H at a nonsingular point.

To find C we look at the quotient J → J/(ι) ∼= F2 by the negation involution defined by the
zero section C0. Then we look for a section E of F2 → P1 from the linear system |3f + e| that
intersects transversally the branch curve B at one nonsingular point and intersects the exceptional
section transversally at another point. We have E · B = (3f + e) · (6f + 3e) = 9, so in order the
pre-image of E on J be a rational curve we must require that E intersects B with multiplicity 2 at
four additional points.

Now suppose V is a Coble surface obtained from a Halphen surface H of index 2 by blowing up
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singular points of a singular simple fiber F of type Ãn. Let R′ be a smooth bisection of the elliptic
fibration on V lifted from a bisectionR of the elliptic fibration on H. IfR is of the first kind, thenR′

is (−1)-curve, otherwise R′ is a (−2)-curve. We assume that R is tangent to F at one nonsingular
point. This means that R′ is tangent to one of the boundary components at a nonsingular point.
In particular, R′ is a (−1)-curve. Using the image of R, we can apply the rational quadratic twist
construction to H.

Example 9.3.1. Here we consider an analog of Example 4.10.12 from Section 4.8 that gives a
construction of a Coble surface. In this example j : J → P1 is defined by the Hesse pencil of
cubic curves and has 4 singular fibers of type Ã2. We fix the section defined by the base point
p0 = [0, 1,−1] and consider the Weierstrass model with the curve B coming from the curve

V (u3
2 + 12u1(u3

0 − u3
1)u2 + 2(u6

0 − 20u3
0u

3
1 − 8u6

1)) ⊂ Q ∼= P(1, 1, 2).

It has 4 cusps c1, c2, c3, c4 with coordinates

[u0, u1, u2] = [0, 1,−2], [1,−1

2
,
3

2
], [1,−1

2
ω,

3

2
ω2], [1,−1

2
ω2,

3

2
ω].

Suppose we want to construct a Halphen torsor with a nonsingular half-fiber F1 and a bisection of
the first kind. To do this need to consider a rational curve K of degree 3 on Q that passes through
the vertex of Q, passes through all cusps and intersects B transversally at one point b1 that does not
lie over a branch point of B → P1. Since dim |3f+ e| = 5, we can find a unique K satisfying these
conditions. We find K as the residual curve in the intersection of Q with a quadric in P3 passing
through the vertex of Q and containing a fiber of Q 99K P1 such that the residual curve is a curve
from 3f + e satisfying our conditions. The linear system of such curves is a pencil generated by the
curves

6u2
0u1 − 6u0u

2
1 + 6u3

1 + (3u0 − u1)u2 = 0

and

3u3
0 − 6u2

0u1 − 12u0u
2
1 + 4u1u2 = 0.

So, we can choose a unique curve K that passes through an additional point b1 on B. Note that
choosing the point b1 determines uniquely the intersection point with the exceptional section, and
hence the second fiber F2.

Next, let us construct H with a singular half-fiber F1. There are two possible bisections on H
which we need to do this job. Assume first that it is of the first kind and F2 is nonsingular. Then
we look for K as above but require that it intersects B at one of the cusps with multiplicity 3. If it
intersects the exceptional section at the point lying on the ruling containing another cusp, we get F2

singular too.

Applying this to Coble surfaces, we have to construct a Halphen surface with a singular non double
fiber. So, the previous construction gives us a bisection on the Coble surface which intersects one
of the singular fibers at two points in different irreducible components. We choose one of this fibers
to blow up its singular points and get a Coble surface V. The proper transform of the bisection is a
(−1)-curve with class e that intersects two boundary components β1, β2. It gives rise to an effective
root α = 2e+ 1

2β1 + 1
2β2 on V.
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9.4 Self-projective rational nodal plane sextics

In this section, following [718], we classify rational irreducible plane curves W of degree 6 that
admit a non-trivial group of projective automorphisms. We assume that the singular points of such
a sextic and infinitely near to them are ordinary nodes or cusps and refer to such curves as nodal
sextics. Under this assumption the blow-up of P2 at the singular points is a Coble surface with one
boundary component.

The interest to this classification is partially explained by the following.

Lemma 9.4.1. Let V be a Coble surface with one boundary component C. Then a finite group G
of automorphisms of V preserves a Fano polarization if and only if V is isomorphic to the blow-up
of P2 at ten double points of an irreducible nodal plane sextic that admits a group of projective
automorphisms isomorphic to G.

Proof. Suppose G ⊂ Aut(V) preserves a Fano polarization h. Let 3h = F1 + · · · + F10, where
fi = [Fi] form a canonical isotropic sequence in K⊥V ∼= E10. Let ei = fi + KV. Then e2

i =
−1, ei ·KV = −1. By Riemann-Roch, ei is effective and linearly equivalent to a sum of irreducible
curves Z1, . . . , Zs. Assume Fi is nef. Since Fi · ei = 0 each Zi is either (−1) or (−2)-curve.
Since −2KV · E = 2 for any (−1)-curve, there is only one (−1)-curve and the rest is a chain
of (−2)-curves. In other words, ei is the class of an exceptional configuration Ei. If Fi is not
nef, then we know that Fi ∼ Fj + Rij for some nef Fj and a chain of (−2)-curves Rij . Thus
Fi +KV ∼ Ei = Ej +Rij is an exceptional configuration extending the exceptional configuration
Ej . This shows that we can blow down E1, . . . , E10 to points p1, . . . , p10 (maybe infinitely near) in
P2. The image of C is a plane sextic with double points at p1, . . . , p10. One checks that

e0 = h+ 3KV =
1

3
(f1 + · · ·+ f10) + 3KV

satisfies e2
0 = 1, e0 · ei = 0, hence it is equal to the pre-image of the class of a line in the plane.

Since G leaves e0 invariant, it descends to a group of projective transformations of P2 that leaves
W invariant.

Conversely, assume that a rational nodal plane sextic C admits a non-trivial group G of projective
symmetries. Then G lifts to an automorphism of V that leaves invariant the classes e0, e1, . . . , e10.
Thus it leaves invariant the divisor class h.

Definition 9.4.2. Let S be an Enriques or a Coble surface. We say that S is Fano-symmetric with
respect to a finite group G and a Fano polarization h if G is isomorphic to a subgroup of Aut(S)
that leaves invariant h.

Let C be a rational plane sextic admitting a group G as its group of projective automorphisms.
This means that G admits a faithful projective representation ρ1 : G→ Aut(P2) ∼= PGL3(k) such
thatW is invariant (since degC > 1, the restriction of the action to C is also faithful). The action of
G onC induces a faithful action on its normalization C̄ ∼= P1 and defines a projective representation
ρ2 : G→ Aut(P1) ∼= PGL2(k). The map P1 ∼= C̄ → C ⊂ P2 is a rational parametrization

s : [t0, t1] 7→ [P1(t0, t1), P2(t0, t1), P3(t0, t1)]. (9.4.1)
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Here Pi(t0, t1) are mutually coprime binary forms of degree 6. By construction, the map s is G-
equivariant. Let P1 = |U | = P(U∨) and P2 = |V | = P(V ∨). A G-equivariant map s originates
from a morphism of projective representations |V | → |S6U∨|.

We assume that G is a tame group, i.e.

(p,#G) = 1.

As is well-known, a finite tame subgroup G of PGL2(k) is isomorphic to one of the polyhedral
groups given by the following proposition due to Felix Klein.

Proposition 9.4.3. Each finite tame subgroup of PGL2(k) is isomorphic to one of the following
groups:

• a cyclic group Cn of order n;

• a dihedral group D2n of order 2n;

• a tetrahedral group T isomorphic to A4;

• an octahedral group O isomorphic to S4;

• an icosahedral group I isomorphic to A5.

Two isomorphic subgroups are conjugate in PGL2(k). A cyclic group G of odd order lifts isomor-
phically to a subgroup of SL2(k). All other groups lift to a central extension G̃ = 2.G subgroup of
SL2(k).

The group G̃ = 2.G is called a binary polyhedral group. Recall that any projective representa-
tion G → PGLn(k) of a tame group G can be obtained from a linear representation ρ′ : G′ →
GLn+1(k), where G′ = K.G is a central extension of G with a group K, called the group of Schur
multipliers. It is isomorphic to H2(G,k∗). It is known that any prime divisor p of #K is equal
to the order of a non-cyclic p-Sylow subgroup of G [326], 11.2. Applying this to a polyhedral
group G we find that K is a cyclic group of order 2 or trivial if G is cyclic. Thus, every projective
representation of G originates from a linear representation of G̃. Thus our rational parametrization
P1 = |U | → |V | = P2 is given by a projective representation |S6U | → |V | of G, and hence by a
linear representation S6U → V of G̃. Passing to the duals, we get a linear 3-dimensional summand
V ∨ of the natural representation of G̃ in the space S6U∨ of binary forms of degree 6. Note that the
center of G̃ acts trivially on S6U∨, hence V ∨ is a 3-dimensional linear sub-representation of G in
S6U∨. Note that two linear representations define isomorphic projective representations if and only
if they differ by a one-dimensional character of G.

Our task is to find all possible such representations that define a rational parametrization whose
image is a rational nodal plane sextic.

First, let us remind some known facts about irreducible linear representations of a binary polyhe-
dral (non-cyclic) group. The group G̃ can be generated by elements g1, g2, g3 of orders 2p, 2q, 2r,
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where

(p, q, r) =


(2, 2, n) G = D2n,

(2, 3, 3) G = T,
(2, 3, 4) G = O,
(2, 3, 5) G = I.

The generators satisfy the following basic relations

gp1 = gq2 = gr3 = g1g2g3 = −1. (9.4.2)

The conjugacy classes are represented by the elements 1, −1, ga1 (0 < a < p), gb2 (0 < b <
q), gc3 (0 < c < r).

Let Γ(p, q, r) be the Dynkin diagram of an affine root system of one of the types D̃n+2, Ẽ6, Ẽ7, Ẽ8,
where

(p, q, r) = (2, 2, n), (2, 3, 3), (2, 3, 4), (2, 3, 5), (9.4.3)

respectively. In the last three cases, we set

(c, b, a) = (3, 3, 3), (2, 4, 4), (2, 4, 6)

for the lengths of the arms of these diagrams.

The group G̃ has a + b + c − 2 irreducible characters indexed by vertices of the diagram. Their
degrees coincide with the multiplicities of the irreducible components entering in a fiber of an
elliptic fibrations with the dual graph of components equal to Γ(p, q, r) (see Figure 4.1 from Volume
1).

All of this is well-known and a part of the McKay correspondence (see [385] and other references
therein).

The character of the standard 2-dimensional representation of G̃ in U corresponds to the neighbor
of the vertex used to extend a finite type diagram to the affine one. We denote this character by x.
We have the following McKay rule. For any character χv corresponding to a vertex v of the Dynkin
diagram, a vertex v′ incident to v enters into the tensor product x ⊗ χv with multiplicity equal to
the degree of χv′ .

The following Figure 9.4 summarizes the known facts about irreducible representations of binary
polyhedral groups G̃. The squares correspond to representations that factor through a representation
of G.

The characters ρk of 2-dimensional representations of the binary dihedral groups are defined on
generators

r =

(
ε2n 0

0 ε−1
2n

)
, s =

(
0 i
i 0

)
(in the standard 2-dimensional representation of these groups) by the matrices(

εk+1
2n 0

0 ε−k−1
2n

)
,

(
0 ik+1

ik+1 0

)
.

Here, εk denotes a generator of a cyclic subgroup of order k of k∗. The one-dimensional characters
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Figure 9.4: Representations of binary polyhedral groups

χk are defined by their values on the generators as follows

χ0 = (1, 1), χ1 = (1,−1), χ2 = (−1, 1), χ3 = (−1,−1).

The characters y and z are uniquely determined by the McKay rule for decomposition of the char-
acter xχv.

We start our classification of self-projective rational nodal plane sextics with the case when the
group G is a cyclic group.

• G = Cn = (g) is a cyclic group of order n.

We may assume that it acts faithfully on |U | and lifts to a linear representation of a cyclic group
G̃ = (g̃) of order 2n on U such that g̃ acts by (t0, t1) 7→ (ε2nt0, ε

−1
2n t1).

The monomials tk0t
6−k
1 are eigenvectors with eigenvalues ε2k−6

2n = εk−3
n . For brevity of notation,

we give a rational parametrization (x0, x1, x2) = (P0(t0, t1), P1(t0, t1), P2(t0, t1)) in terms of the
affine coordinate t = t1/t0.

If n > 6, the eigenvalues are different, and, the curve is a bimonomial curve. It is a not a nodal
sextic. It is easy to see, that up to a projective transformation of P2, the parametrization is given by

(x0, x1, x2) = (1, t, t6)

and the curve is V (x6
2 − x1x

5
0).

So, we may assume that n ≤ 6. To choose a parametrization, we may use a projective transfor-
mation of the plane and a Moebius transformation of t. We also use that the polynomials t0 and t1
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do not divide all Pi(t0, t1), hence one of the dehomogenized polynomials must be equal to t6 + · · ·
and another (maybe the same) to 1 + · · · . We also use that the curve is not monomial.

G = C2

In this case S6U∨ is the direct sum of two eigensubspaces of g̃. They are V0 = 〈t61, t20t41, t40t21, t60〉
and V1 = 〈t0t51, t30t31, t50t1〉 with eigenvalues −1 and 1, respectively. Thus we can choose one
parametrization of the form

(x0, x1, x2) = (t6 + a1t
4 + a2t

2 + a3, a4t
4 + a5t

2 + a6, a7t
5 + a8t

3 + a9t), (9.4.4)

where (a3, a6) = (1, 0) or (0, 1) and another one of the form

(x0, x1, x2) = (t6 + a1t
4 + b2t

2 + 1, a3t
5 + a4t

3 + a5t, a6t
3 + a7t). (9.4.5)

To write an explicit equation one uses any computer algebra package (we used the MAPLE). In
the cyclic case, the equations are usually too long to display, so we give only the equations of some
subfamilies

4(a− 2)4xy5 + a(a− 2)4y4z2 − 4(a− 2)4x3y3 − (a2 − 3a− 8)(a− 1)2xyz4

+ (5a2 − 5a− 2)(a− 2)x2y2z2 − x5y + x4z2 + (a− 1)2z6 = 0.
(9.4.6)

in case of parametrization (9.4.4), where a1 = a4 = a6 = 0, a2 = a, a3 = a6 = 1, a7 = 2, and

(a3 − 1)2y6 + a5x2y4 − a5x4yz − 6a(a− 1)y5z + a(4a3 − 5)x2y2z2 + (2a3 − 1)x2y3z

− 2(a3 − 1)y3z3 + 9a2y4z2 − 5a2x2yz3 + 6ay2z4 − 6az6 = 0,

(9.4.7)

in case of parametrization (9.4.5), where a1 = a2 = a4 = a5 = 0, a3 = a6 = 1, a7 = a.

G = C3

We have three eigensubspaces 〈t61, t30t31, 1〉, 〈t0t51, t40t21〉, 〈t20t41, t50t1〉, with eigenvalues 1, ε3, ε
2
3, re-

spectively. We must take one of the polynomials Pi from the first eigensubspace and get the follow-
ing three possible cases

(x0, x1, x2) = (t6 + a1t
3 + 1, a2t

5 + a3t, a4t
4 + a4t

2),

(x0, x1, x2) = (t6 + a1t
3, a2t

3 + 1, a3t
4 + a4t),

(x0, x1, x2) = (t6 + at3 + 1, t4, t).

Computer computations show that in the last two cases the curve has a triple point and hence these
cases must be omitted. The explicit equation is

((a+ 2)3y6 − (a+ 2)2(a+ 4)xy4z + 2(a2 + 20)x2y2z2 − 8x3y3 + 8x4yz

+ (a− 4)(a− 2)2xyz4 − 8x3z3 + (a2 − 4)2y3z3 − (a− 2)3z6 = 0,
(9.4.8)

where we take a1 = a, a2 = a3 = a4 = 1, a5 = −1.

G = C4

We have four eigensubspaces 〈t30t31〉, 〈t0t51, t50t1〉, 〈t61, t40t21〉, 〈t20t41, t60〉, with eigenvalues 1,−1, i,−i.
We must take two of the polynomials Pi to be equal to t6 + at2 and bt4 + c with c 6= 0. This leaves
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us with two possibilities

(x0, x1, x2) = (t6 + a1t
2, a2t

4 + 1, t3),

(x0, x1, x2) = (t6 + a1t
2, a2t

4 + 1, a3t
5 + a4t).

Again, we check, using the MAPLE, that the coefficient a2 must be nonzero, so we may assume
that a2 = 1. In the second equation a2 or a3 (but not both) could be equal to zero. The explicit
equations are

a3y4z2 − x3y3 − (a+ 3)(a− 1)2xyz4 − (a3 − 3)x2y2z2 + x4z2 + (a− 1)4z6 = 0. (9.4.9)

in the first case, and in the second case

a5y4z2 + a2(5− 3a)x2y2z2 − a(a− 5)(a− 1)2xyz4 − x5y + (a− 1)4z6 = 0. (9.4.10)

where a1 = a, a2 = a3 = 1, a4 = 0.

G = C5

We have five eigensubspaces 〈t30t31〉, 〈t40t21〉, 〈t61, t50t1〉, 〈t60, t0t51〉, 〈t20t41〉with eigenvalues 1, ε5, ε
2
5, ε

3
5, ε

4
5,

respectively. This leaves us with the following representatives of three isomorphism classes of
parametrizations:

(x0, x1, x2) = (t6 + at, bt5 + 1, t2),

(x0, x1, x2) = (t6 + at, bt5 + 1, t3),

(x0, x1, x2) = (t6 + at, bt5 + 1, t4).

Here b 6= 0 in the first two cases, otherwise the curve is a not a nodal sextic. So, we may assume
that b = 1 in these cases. The equations are

− a2y5z + x2y4 − (a− 1)2(3a+ 2)xy2z3 + a2(a+ 4)(a− 1)x3yz2 − x5z − (a− 1)5z6 = 0. (9.4.11)

x5z − x3y3 − (a− 1)(a2 + a+ 3)x2y2z2 + (2a+ 3)(a− 1)3xyz4 − a3y5z − (a− 1)5z6 = 0. (9.4.12)

−a4y5z++a2(ab−1)(ab+4)xy3z2+x4y2−b2x5−(3ab+2)(ab−1)2x2yz3−(ab−1)5z6 = 0. (9.4.13)

Note that in the last case b could be equal to zero. Substituting b = 0 in the last equation we obtain
an equation

− a4y5z + x4y2 + z6 − 4a2xy3z2 − 2x2yz3 = 0, a 6= 0. (9.4.14)

The curve has 5 infinitely cusps at [1, 0, 0] (i.e. a simple curve singularity of type a10) and 5 ordinary
nodes at the point [α2, 2α3, a2], where 2α2 + a2 = 0.

G = C6

We have 6 eigensubspaces 〈t30t31〉, 〈t60, t61〉, 〈t0t51〉, 〈t50t1〉, 〈t20t41〉, 〈t40t21〉with eigenvalues 1,−1, ε3, ε
2
3, ε6, ε

−1
6 .

We have to take one of the polynomials equal to t60 + t61. After scaling, we may assume that
a = b = 1. Up to switching t0 and t1, we have the following parametrizations;

(x0, x1, x2) = (1 + t6, t, ta), a = 2, 3, 4, 5,



290 CHAPTER 9. RATIONAL COBLE SURFACES

and
(x0, x1, x2) = (1 + t6, t2, t3).

Using MAPlE, we check that only one of them gives a nodal sextic:

(x0, x1, x2) = (1 + t6, t, t5)

with equation
y6 − x4yz + 4x2y2z2 − 2y3z3 + z6 = 0. (9.4.15)

It has 10 ordinary double points and has the dihedral group D12 as its group of projective symme-
tries.

Before we go to non-cyclic groups, let us prove the following.

Lemma 9.4.4. Suppose that G is not a cyclic group. Then the action of G in |V | has only isolated
fixed points.

Proof. Suppose we have a line ` of fixed points. Let η be its generic point. Since G is tame, it is
mapped injectively into the group of automorphisms of the local ring OP2,η and acts trivially on its
residue field. Thus it acts by sending a local parameter u to χ(g)u, where χ : G→ k∗ is an injective
homomorphism. Since G is not cyclic, this is impossible.

The lemma shows that all characters of V enter with multiplicity 1.

We use Figure 9.4 and the paragraphs before the Figure to describe such representations. We have
to find all homomorphisms of linear representations

ρ : V ⊗ χ→ S6U,

where χ : G→ Gm is a one-dimensional representation ofG. SinceU ∼= U∨, we find an expression
of the character x6 of S6U∨ as a sum of irreducible characters and take V ∨ to be the direct sum of
three irreducible characters up to tensoring them simultaneously by a one-dimensional character of
G. We also have to take care that the rational parametrization given by V defines a nodal sextic.

Next we consider the case of a dihedral group .

• G = D2n.

It follows from the classification of rational nodal sextics with a cyclic group of symmetries that
n ∈ {2, 3, 4, 5, 6}.

G = D4

In this case the character x6 of S6U∨ decomposes as x6 = χ0 +2χ1 +2χ2 +2χ3 with irreducible
summands χ0 = 〈t0t51− t50t1〉, 2χ1 = 〈t0t51 + t50t1, t

3
0t

3
1〉, 2χ2 = 〈t61− t60, t20t41− t40t21〉, 2χ3 = 〈t61 +

t60, t
2
0t

4
1 + t40t

2
1〉. One of the summands of V must be χ2 or χ3. We have the following possibilities:

(x0, x1, x2) = (t6 + 1 + a(t4 + t2), t5 − t, b(t5 + t) + ct3), (9.4.16)

(x0, x1, x2) = (t6 + 1 + a(t4 + t2), b(t6 − 1) + c(t2 − t4), d(t5 + t) + et3), (9.4.17)

(x0, x1, x2) = (t6 + 1 + a(t4 + t2), b(t6 − 1) + c(t2 − t4), t5 − t).
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corresponding to the sum of characters χ3 +χ0 +χ1, χ3 +χ2 +χ1 and χ3 +χ2 +χ0, respectively.
If e = 0, the last two parametrizations become isomorphic under the change t 7→ ε8t.

The explicit equation for parametrization (9.4.16) is

y6 + 2(a3 − 3a2 + 12)y4z2 − 3x2y4 + (a+ 1)(a− 2)2(a3 − 3a2 + 12)y2z4 + 6(a3 − 4)x2y2z2 + 3x4y2

+ 6(a2 + 2)x4z2 − 3a2(3a2 − 8)x2z4 − x6 + 4(a+ 1)2(a− 2)2z6 = 0,

(9.4.18)

where we tool b = e = 1, c = d = 0, and for parametrization (9.4.17) the equation is

4(a+ 1)2x2y4 − x4y2 − 2(a+ 1)(a− 3)y2z4 + (a+ 1)2(a− 3)2y4z2 + z6 + 4ax2y2z2 = 0 (9.4.19)

where b = 0, c = 1.

G = D6

We have two 2-dimensional characters x and ρ1. The representation x6 decomposes as x6 =
2ρ1 + χ0 + 2χ1, where 2ρ1 = 〈t0t51, t50t1〉+ 〈t40t21, t20t41〉, 2χ1 = 〈t30t31, t61 + t60〉, χ0 = 〈t61 − t60〉.

We have two possible decompositions of V , namely V = ρ1 + χ0, or V = ρ1 + χ1. This gives us
two possible isomorphism classes of parametrizations

(x0, x1, x2) = (at5 + bt2, bt4 + at, t6 + 1 + ct3), (9.4.20)

(x0, x1, x2) = (at5 + bt2, bt4 + at, t6 − 1). (9.4.21)

However, if c = 0, they become isomorphic under the change t 7→ it. The explicit equation for
parametrization (9.4.20) with a = 0 is

x6 + y6 − (b4 − 4b2 + 2)x3y3 + 2(b2 + 2)x2y2z2 + 4b(x4yz + xy4z)− xyz4 = 0. (9.4.22)

G = D8

In this case x6 = 2ρ1 + χ1 + χ2 + χ3, where 2ρ1 = 〈t40t21, t20t41〉 + 〈t60, t61〉, χ1 = 〈t30t31〉, χ2 =
〈t0t51−t50t1〉, χ3 = 〈t0t51+t50t1〉.We obtain three possible parametrizations V = ρ1+χi, i = 1, 2, 3.

(x0, x1, x2) = (t6 + at2, at4 + 1, t3), (9.4.23)

(x0, x1, x2) = (t6 + at2, at4 + 1, t5 + t), (9.4.24)

(x0, x1, x2) = (t6 + at2, at4 + 1, t5 − t), (9.4.25)

The projective representations in the last two cases are isomorphic under the change t 7→ ε8t. Note
that the first two curves are special members of the family of curves with D4-symmetry defined in
(9.4.16). They correspond to parameters d or e equal to zero. Also, the second family from (9.4.17)
can also specialize to a member of the first family with D8-symmetry. We give to parameters the
values b = 0, e = 1 and a = −3 and change the generator g1 to the transformation (t0, t1) 7→
( 1√

2
(t0 − it1), 1√

2
(t0 + it1)). The explicit equations of the two families are

z6−x4y2 +4(a+1)2x2y4 +4ax2y2z2 +(a+1)2(a−3)2y4z2−x3y3 +2(a+1)(a−3)y2z4 = 0. (9.4.26)
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and

(a+1)4z6 +(a2 +8a+9)x2y2−x5y−2x3y3−xy5−2(a+3)(a+1)2xyz4 +a(x4 +y4)z2 = 0. (9.4.27)

G = D10

Here, for the future use, we slightly change our generators of the binary dihedral group by taking

s =

(
0 1
−1 0

)
.

We find that x6 = ρ1 + 2ρ3 + χ1, where ρ1 = 〈t20t41, t40t21〉, 2ρ3 = 〈t60, t61〉 + 〈t0t51, t50t1〉, and
χ1 = 〈t30t31〉. There is only one isomorphism class of parametrizations V = ρ3 + χ1 represented by

(x0, x1, x2) = (t6 + at,−at5 + 1, t3). (9.4.28)

We have the following explicit equation

(a2+1)5z6+(2a2−3)(a2+1)3xyz4+(a2+1)(a4−a2+3)x2y2z2+a3x5z−a3y5z−x3y3 = 0. (9.4.29)

G = D12

We know that there is only one isomorphism class of rational nodal sextics with cyclic symmetry
of order 6 given by equation (9.4.11). It has additional projective symmetry given by interchanging
y with z.

Before we go to the remaining cases when G = T,O, or I, we would need to know how the
character xk of SkU∨ decomposes into irreducible summands. Let mk(v) = 〈χv, xk〉 be the mul-
tiplicity of the character χv corresponding to the vertex v of the extended graph of Γ(p, q, r) from
Table 3 in the representation SkU with character xk. Let

Pv(T ) =
∞∑
k=0

mk(v)T k.

The proof of the following result can be found in [667, 4.2].

Proposition 9.4.5. Assume G = T,O or I. Let a be the length of the arm of the Dynkin diagram
that contains the trivial representation χ0. The Poincaré series Pv(T ) is a rational function with
denominator

(1− T 2a)(1− T 4a−4).

Denoting the numerator of Pv(T ) corresponding to the characters χv equal to xh, 0 ≤ h ≤ a− 1,
yxi, 0 ≤ i ≤ b− 2 and zxj , 0 ≤ j ≤ c− 2 by Xh, Yi, Zj , we have

Xh(T ) = T h + T 6a−6−h + (T 2a−h + T 4a−4−h)
(1− T 2h)

1− T 2
, v = xh,

Yi(T ) = T a+b−i−2(1 + T 2a−2)
(1− T 2a)(1− T 2i+2)

(1− T 2b)(1− T 2)
, v = yxi,

Zj(T ) = T a+c−j−2(1 + T 2a−2)
(1− T 2a)(1− T 2j+2)

(1− T 2c)(1− T 2)
, v = zxj .
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A straightforward computation gives the following.

Corollary 9.4.6. The character x6 is equal to

x6 =


χ0 + 2x2 if G = T,
x2 + y + x2y if G = O,
xy + z if G = I.

Using these tools, we can proceed.

Without loss of generality, we may assume that k = C. Each such a group is conjugate to a finite
subgroup of SU(2). Let H∗ be the multiplicative group H∗ of quaternions. We use an isomorphism

H∗ → SU(2), (a+ bi) + (c+ di)j 7→
(
a+ bi c+ di
−c+ di a− bi

)
.

This allows one to realize G̃ as a finite subgroup of H∗.

Let g1 = i, g2 = 1
2(1 + i+ j+ k), g3 = 1

2(1 + i+ j− k). They form a set of standard generators
of G̃ satisfying g2

1 = g3
2 = g3

3 = g1g2g3 = −1. We will use other generators

g1 =

(
ε4 0

0 ε−1
4

)
, k =

(
0 i
i 0

)
, g3 =

(
1+i

2
1+i

2
−1+i

2
1−i

2

)
.

We see that the subgroup generated by i and k is isomorphic to the binary dihedral group D̃4.

The transformation g3 acts on the space S6U∨ with a basis (t60, t
5
0t1, t

4
0t

2
1, t

3
0t

3
1, t

2
0t

4
1, t0t

5
1, t

5
1) via

the matrix

S = 1/8 ·



1 −i −1 i 1 −i −1
6 −4i −2 0 −2 4i 6
15 −5i 1 −3i −1 −5i −15
20 0 4 0 4 0 20
15 5i 1 3i −1 5i −15
6 4i −2 0 −2 −4i 6
1 i −1 −i 1 i −1


(9.4.30)

We start with the case

• G = T

By Corollary 9.4.6, x6 = χ0 + 2x2. Hence V is given by the character x2. The group contains a
subgroup isomorphic to D4. We have two families of rational nodal sextics with D4-symmetry. We
check that no member of the second family given in Row 9 of Table ?? is invariant with respect to
g3. Using the matrix S, we check that a member of the first family with parameters (a, b, c, d, e) is
invariant with respect to g3 if and only if the following relations are satisfied:

(2d+ e)a = 3e− 10d, (2d− e)c = (3e+ 10d)b, b(15− a) = c(a+ 1). (9.4.31)

The third relation follows from the first two relations. Also, the conditions b = 0, e = 2d and
a = −1 are equivalent.
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It follows that we have a one-parameter family of tetrahedral rational nodal sextics. Assume that
b 6= 0, d 6= 0, hence we can take b = d = 1.

We check that g3 changes the basis of V via a scalar multiple of the matrix 0 i(2+e)
e−2 0

0 0 2−e
8

8i
e+2 0 0


This can be applied only if e2 − 4 6= 0. As we remarked before, under our assumption, e 6= 2 and
also e = −2 does not satisfy the first of relations (9.4.31).

After scaling the variables (x, y, z) 7→ (−8i(e−2)x, 8(e+2)y, (e2−4)z), we obtain the following
equation

(e2 − 4)2(x6 + y6 + z6) + (e+ 2)(3e3 − 6e2 + 36e− 8)(x4y2 + x2z4 + y4z2)

+ (e− 2)(3e3 + 6e2 + 36e+ 8)(x4z2 + x2y4 + y2z4)− 3(7e4 + 40e2 − 16)x2y2z2 = 0.

(9.4.32)

Note that the equation has a full S3-symmetry if and only if e = 0. In this case we get a rational
nodal sextic

x6 + y6 + z6 − (x4y2 + x2z4 + y4z2 + x4z2 + x2y4 + y2z4) + 3x2y2z2 = 0 (9.4.33)

with an octahedral symmetry. The plane sextic curve has 10 ordinary nodes forming 4 orbits of
points [±1, 1, 1], [−1, 1, 1], [±1, 0, 1].

Assume now that b = 0. In this case, a = −1, e = 2d and we may also take c = d = 1. The
transformation g3 is given by matrix  0 i

4 0
0 0 2
−2i 0 0

 .

So, we take a basis (t6 + 1− t2 − t4, t2 − t4, t5 + t+ 2t3) in V and obtain the following equation
of the rational nodal sextic

x4y2 + 64y4x2 − x2z4 + 12x2y2z2 = 0.

After scaling (x, y, z) 7→ (−2ix, 1
2y, z), we get the equation

x4y2 + y4x2 + x2z4 − 3x2y2z2 = 0. (9.4.34)

It has an obvious tetrahedral symmetry.

The curve has three tacnodes at the S3-orbit of [1, 0, 0] and 4 ordinary nodes at the S3-orbit of
[±1, 1, 1] and [±1, 1, 0].

Finally, we assume that d = 0. In this case V = 〈t6 + 1 + 3(t2 + t4), t6− 1 + 3(t2− t4), t3〉. The
action of the transformation g3 is given by the following matrix 0 1 0

0 0 1
8

−8i 0 0

 .
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After scaling the basis, we get the following equation

x6 + y6 + z6 − 21x2y2z2 + 3(x4y2 + x4z2 + x2y4 + x2z4 + y2z2 + y2z4) = 0. (9.4.35)

The curve has 10 ordinary nodes forming the S3-orbits of the points [±1, 1, 1] and [0,±i, 1].

Next we consider the case

• G = O.

It follows from Corollary 9.4.6 that there are two isomorphism classes of octahedral rational sex-
tics realizing the irreducible representations of O ∼= S4 with characters x2 and x2y. We have
already found both of them as special members of the tetrahedral family. They correspond to the
parameters d = 0 and e = 0. They are also special members of the family of nodal sextics given by
(9.4.23) with a = −5 and in (9.4.23) with a = 3.

Finally, we come to the case

• G = I.

The group G̃ has generators from SU(2)

g1 =
1

2
(λ−1i + j + k), g2 =

1

2
(1 + i + j + k) g3 =

1

2
(λ+ λ−1i + j)

satisfying g2
1 = g3

2 = g5
3 = g1g2g3 = −1.

However, we will use Klein’s generators [381, p.213])

S =

(
ε310 0

0 ε−3
10

)
, T =

1√
5

(
ε5 − ε45 ε25 − ε35
ε25 − ε35 −ε5 + ε45

)
, U =

(
0 −1
1 0

)
of orders 10, 4 and 4.

By Corollary 9.4.6, x6 = xy + z. Thus V ∼= z and there is only one isomorphism class of nodal
rational plane sextics with icosahedral projective symmetry. Since D10 is a subgroup of I, our plane
sextic belongs to the one-parameter family given in Row (14) in Table 9.4. Applying transformation
T , we see that the parametrization t61 + at50t1,−at0t51 + t60, t

3
0t

3
1 is invariant if and only if a = 3. If

we multiply z by 5i, we obtain equation

32x6 + 27xy5 − 120x4yz + 150x2y2z2 + 5y3z3 + 27xz5 = 0 (9.4.36)

which can be found in [719, §2].

We summarize our classification in Table 9.4.

Remark 9.4.7. A homogeneous real polynomial P ∈ R[x0, . . . , xn] is called positive semi-definite
(psd) if it takes non-negative values on Rn+1. Let Pn+1,d denote the set of psd polynomials and
Σn+1,d its subset of polynomials which are equal to the sum of squares of real polynomials. Obvi-
ously, d must be even. Hilbert proved that P3,4 = Σ3,4 and P3,6 6= Σ3,6. It is clear that any zero of
a psd polynomial must be its critical point, and it is known that the number of zeros of P ∈ P3,6 is
at most 10, and every P ∈ P3,6 \ Σ3,6 with 10 zeros is extremal in the sense that it is not equal to a
sum of other psd polynomials.
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G V x y z Equation

(1) C2 ε2 ⊕ ε2 ⊕ 1 t6 + a1t
4 + a2t

2 a3t
4 + a4t

2 + 1 a5t
5 + a6t

3 + a7t (9.4.6)
(2) C2 ε2 ⊕ 1⊕ 1 t6 + a1t

4 + a2t
2 + 1 a3t

5 + a4t
3 + a5t a6t

3 + a7t (9.4.7)
(3) C3 1⊕ ε3 ⊕ ε23 t6 + a1t

3 + 1 a2t
5 + a3t

2 a4t
4 + a5t (9.4.8)

(4) C4 ε4 ⊕ ε34 ⊕ 1 t6 + at2 t4 + 1 t3 (9.4.9)
(5) C4 ε4 ⊕ ε34 ⊕ ε2 t6 + a1t

2 a2t
4 + 1 a3t

5 + a4t (9.4.10)
(6) C5 ε25 ⊕ ε35 ⊕ ε5 t6 + at t5 + 1 t2 (9.4.11)
(7) C5 ε25 ⊕ ε35 ⊕ 1 t6 + at t5 + 1 t3 (9.4.12)
(8) C5 ε25 ⊕ ε35 ⊕ ε45 t6 + at t5 + 1 t4 (9.4.13)
(9) D4 χ3 ⊕ χ2 ⊕ χ1 t6 + 1 + a(t4 + t2) b(t6 − 1) + c(t4 − t2) d(t5 + t) + et3 (9.4.18)
(10) D4 χ3 ⊕ χ1 ⊕ χ0 t6 + 1 + a(t4 + t2) b(t5 + t) + ct3t5 − t (9.4.19)
(11) D6 ρ1 ⊕ χ1 t5 + at2 at4 + t t6 + bt3 + 1 (9.4.22)
(12) D8 ρ1 ⊕ χ1 t6 + at2 at4 + 1 t3 (9.4.26)
(13) D8 ρ1 ⊕ χ3 t6 + at2 at4 + 1 t5 + t (9.4.27)
(14) D10 ρ3 ⊕ χ1 t6 − at at5 + 1 t3 (9.4.29)
(15) D12 ρ3 ⊕ χ2 t t5 t6 + 1 (9.4.15)
(16) T x2 t6 + 1 + a(t4 + t2) b(t6 − 1) + c(t2 − t4) d(t5 + t) + et3 = 0 (9.4.31), (9.4.32)
(17) O x2y t6 + 3t2 3t4 + 1 t3 (9.4.33)
(18) O x2 t6 − 5t2 −5t4 + 1 t5 + t (9.4.35)
(19) I z t6 + 3t 3t5 − 1 −5t3 (9.4.36)

Table 9.1: Symmetric rational nodal sextics

It is not surprising that we can find some of psd ternary sextics in Winger’s list of self-projective
rational nodal sextics.

The first explicit examples of psd ternary sextics are the Motzkin ternary sextic

M = x2y2 + x2y4 − 3x2y2z2 + z6,

and the Robertson ternary sextic

R = x6 + y6 + z6 − (x4y2 + x2z4 + y4z2 + x4z2 + x2y4 + y2z4) + 3x2y2z2 = 0,

and the Chai-Lam ternary sextic

S = x4y2 + x2z4 + y4z2 − 3x2y2z2.

We find them in our list of self-projective nodal sextics. Thus M = 0 is a member of the family
of sextics with D4-symmetry given in (9.4.19), where we substitute a = 3 and change the variables
(x, y, z) 7→ (2x, iy/4, z). Its real roots are its critical points, 4 ordinary nodes at the S3-orbits of
[±1, 1, 1] and two simple singular points [0, 1, 0], [1, 0, 0] of type a3.

The polynomial has a larger projective symmetry group isomorphic to D8. If we use the change
of variables (x, y, z) 7→ (ε8(−x − iy), ε8(ix + y), z2), where ε8 =

√
2

2 (1 + i), the family given by
equation (9.4.26) is transformed to a family given by equation

16(x4y2+x2y4)+(a+3)2(x4+y4)z2+2(a+3)(a+1)2(x2+y2)z4+2(a2+14a+9))x2y2z2+(a+1)4z6 = 0.

If we substitute a = −3, the left-hand side becomes equal to 16M , where M is the Motzkin
polynomial. After substitution a = 3−2t2

2t2−1
, we get the following one-parameter family

Mt(x, y, z) = (1− 2t2)(x4y2 +x2y4) + t4(x4 + y4)z2− 2t2(x2 + y2)z4− (3− 8t2 + 2t4)x2y2z2 + z6 = 0
(9.4.37)
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with M0 = M . It was shown by B. Reznick that for t2 < 1 all members of this family are psd
polynomials with 10 critical points [601]. So, they are not sums of squares and extremal among psd
polynomials.

The Robertson polynomial and the Choi-Lam polynomials can be found in the family of tetra-
hedral nodal sextics corresponding to the values of the parameter e = 0 and b = 0, respectively.
Substituting e = 2−2t2

t2+1
in equation (9.4.32), we obtain another family of psd ternary sextics discov-

ered by Reznick

St(x, y, z) = t4(x6 + y6 + z6) + (1− 2t6)(x4y2 + y4z2 + x2z4)

+ (t8 − 2t2)(x2y4 + y2z4 + z2x4)− 3(1− 2t2 + t4 − 2t6 + t8)x2y2z2.
(9.4.38)

We have S1 = R and S0 = S.

Note that, by Timofte’s test of positivity, a homogeneous symmetric polynomial P (x1, . . . , xd) is a
psd polynomial if and only if it takes positive values for x1 = · · · = xk = s, xk+1 = · · · = xd = t,
where 2k < d (see [603]).

Remark 9.4.8. The equation of the icosahedral sextic can be expressed as

5A3 + 27F = 0

where A = x0x1 +x2
2 and F = x2(x5

0 +x5
1 +x5

2 +5x2
0x

2
1x2−5x0x1x

3
2) are fundamental invariants

of the icosahedron group of degree 2 and 6 (see [718], [179],9.5.4).

9.5 Self-projective rational nodal sextics and quartic symmetroids

In section 7.5 we discussed a construction of quartic symmetroids as catalecticant quartic surfaces.
In this section, we use the classification of self-projective rational nodal plane sextics to give exam-
ples of quartic symmetroids with projective self-symmetry.

Let G be a polyhedral group. In the previous section we found a 3-dimensional subrepresentation
V of G in S6U∨ that defines a G-equivariant rational parametrization of a Coble sextic. Let

S6U∨ = V ⊕W,
where W is a 4-dimensional linear representation of G. The linear space S6U∨ admits a unique
SL(U)-invariant symmetric bilinear form such that the two summands V andW become orthogonal
summands.

Let us recall the definition of this bilinear form from section 7.5. The linear representations of
SL(U) in U and its dual representation in U∨ are isomorphic via the correlation isomorphism c :
U → U∨ defined by choosing a volume form Ω ∈

∧2 U ∼= k. If we choose a basis (e0, e1) of
U and the dual basis (t0, t1) of U∨, correlation isomorphism is given by (t0, t1) 7→ (−e1, e0). It
defines an isomorphism of the linear representations S6U∨ → S6U of SL(U) whose composition
with the polarization isomorphism S6U → (S6U∨)∨ is a SL(U)-invariant symmetric bilinear form
on S6(U∨). In coordinates, it is given by

(
6∑
i=0

ait
i
0t

6−i
1 ,

6∑
i=0

bit
i
0t

6−i
1 ) =

6∑
i=0

(−1)i
(

6
i

)
aib6−i.
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It corresponds to the quadratic invariant

I2 = a0a6 − 6a1a5 + 15a2a4 − 10a2
3.

on the space of binary sextics
∑6

i=0

(
6
i

)
ait

i
0t

6−i
1 . Of course, all of this applies to binary forms of

any even degree (in odd degree we obtain a skew-symmetric bilinear form).

The linear space W = V ⊥ ⊂ S6U∨ defines a web |W | of harmonic quadrics and its discriminant
quartic is a quartic symmetroid D(|D(|W|) whose group of projective automorphisms contains G
as a subgroup. In this section, we will find its equation for each possible polyhedral group G and its
linear 3-dimensional representation V in S6U∨ that leads to a rational nodal sextic. We will restrict
ourselves with non-cyclic groups G.

Recall from Section 7.5 that there exists a SL(U)-equivariant isomorphism from the space S3(L∨)harm

of harmonic quadratic forms on L = S3U and the space S6U∨ of binary sextics. Using the explicit
definition of harmonic forms given in Section 7.5, we can choose a basis in S3(V ∨)harm formed by

p1 = xw + 9yz, p2 = 2xz + 3y2, p3 = 2yw + 3z2, p4 = x2, p5 = w2, p6 = xy, p7 = zw.

(see equation (7.5.4)). They correspond to the following basis in S6U∨

10t30t
3
1, 5t40t

2
1, 5t20t

4
1, t

6
0, t

6
1, t

5
0t1, t0t

5
1.

Let us identify the representation W with a linear subspace of harmonic quadratic form. Then
the associated quartic symmetroid D(|W |) admits G as its group of projective symmetries. If the
web of harmonic quadrics has no base points, the quotient of the minimal nonsingular model of
the symmetroid by the Reye involution is an Enriques surface that admits a Fano-Reye polarization
with the group of symmetry isomorphic to G.

We use the classification of symmetric Coble sextics from Table (??).

We start with the group

• G = D4

There are two families corresponding to Coble sextics in Rows 9 and 10 of the Table with V given
in (9.4.16) and (9.4.17). Let us consider the first case. We have

V = 〈t6 + 1 + a(t4 + t2), b(t6 − 1) + c(t4 − t2), d(t5 + t) + et3〉.
Assume first that ac 6= 0. We can choose the following basis of V ⊥

e1 = t5− t, e2 = −3e(t5 + t)+20dt3, e3 = a(t6 +1)+15(t2 + t4), e4 = c(t6−1)+15b(t4− t2).

The action of g1 and g2 is given by diagonal matrices (−1,−1, 1, 1) and (−1, 1, 1,−1). The web
of harmonic quadrics is

x0(p7−p6)+x1(−3e(p7+p6)+2dp1)+x2(a(p4+p5)−3(p2+p3))+x3(c(p5−p4)−3b(p3−p2)) = 0.
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Using the MAPLE, we find the following equation of the discriminant quartic

x4
0 + (e2 − 4d2)2x4

1 + 16(a+ 1)2x4
2 + 16b2(b+ c)2x4

3 − 2(e2 − 4d2)x2
0x

2
1 + 8(a+ 1)x2

0x
2
2

− 8b(b+ c)x2
0x

2
3 + 8(−2a2d2 + 4ade+ ae2 − 6d2 − 4de− e2)x2

1x
2
2

+ 8(6b2d2 − 4b2de+ b2e2 + 4bcde− bce2 + 2c2d2)x2
1x

2
3 + 16(−a2b2 + 6ab2 − 4b2

+ 6bc− c2)x2
2x

2
3 + 16(2abd− abe+ 4bd+ 4cd+ ce)x0x1x2x3 = 0.

(9.5.1)

If a = 0, c 6= 0, we may assume c = 1 and take the following basis of V ⊥

e1 = t5 − t, e2 = −3e(t5 + t) + 20dt3, e3 = t4 − t2, e4 = (t6 − 1) + 15b(t2 + t4).

The equation of the web of harmonic quadrics is

x0(p7 − p6) + x1(−3e(p6 + p7) + 2dp1) + x2(p3 − p2) + x3(a(p5 − p4) + 3b(p2 + p3)) = 0.

The equation of the discriminant quartic is

x4
0 + 81(e2 − 4d2)2x4

1 + 16x4
2 + 1296b2(b2 − 1)x4

3 − 18(e2 − 4d2)x2
0x

2
1 − 8x2

0x
2
2

+ (72b2x2
0x

2
3 + 72(6d2 − 4de+ e2))x2

1x
2
2 + 648(−6b2d2 − 4b2de− b2e2 + 2d2))x2

1x
2
3

+ 144(−2b2 + 1)x2
2x

2
3 − 576bdx0x1x2x3 + 2592b2x2x

3
3 + 96x3

2x3 − 432b(2d+ e)x0x1x
2
3

− 24x2
0x2x3 + 216e(4d− e)x2

1x2x3 = 0.

(9.5.2)

If c = 0, we take d = 1 and find the following basis of V ⊥

e1 = t5 − t, e2 = −3e(t5 + t) + 20t3, e3 = t4 − t2, e4 = a(t5 + t)− 30t2.

The equation of the web of harmonic quadrics is

x0(p7 − p6) + x1(−3e(p6 + p7) + 2p1) + x2(p3 − p2) + x3(a(p2 + p3)− 6p2) = 0.

The equation of the discriminant quartic is

x4
0 + 81(e2 − 4d2)2x4

1 + 16x4
2 + (4a2 − 6a− 9)(4a2 + 6a+ 9)x4

3 − 18(e2 − 4d2)x2
0x

2
1

+ 2(4a2 + 9)x2
0x

2
3 + 72(e2 − 4de+ 6d2)x2

1x
2
2 − 4(8a2 − 27)x2

2x
2
3 − 192adx0x1x2x3

− 8x2
0x

2
2 + 18(−24a2d2 − 16a2de− 4a2e2 + 108d2 − 9e2)x2

1x
2
3 + 72(6a2d+ 2a2e− 9d)x1x

3
2

+ 96ax0x2x
2
3 + 648d(e2 − 4d2)x3

1x3 + 144(e− 3d)x1x
2
2x3 − 72dx2

0x1x3 = 0.

(9.5.3)

In particular, if a = c = 0, we take d = 1 and get the equation

x4
0 + 81(e2 − 4d2)2x4

1 + 16x4
2 + 81x4

3 − 18(e2 − 4d2)x2
0x

2
1 + 18x2

0x
2
3

+ 72(e2 − 4de+ 6d2)x2
1x

2
2 + 108x2

2x
2
3 − 8x2

0x
2
2 + 162(12d2 − e2)x2

1x
2
3

+ 648dx1x
3
2 + 648d(e2 − 4d2)x3

1x3 + 144(e− 3d)x1x
2
2x3 − 72dx2

0x1x3 = 0.

(9.5.4)

Next we consider the second family with D4-symmetry.

This time V = 〈t6 + 1 + a(t4 + t2), t5 − t, b(t5 + t) + ct3〉 and we choose a basis of V ⊥ formed
by

e1 = t6 − 1, e2 = t2 − t4, e3 = 3c(t5 + t)− 10bt3, e4 = a(t6 + 1)− 15(t2 + t4).



300 CHAPTER 9. RATIONAL COBLE SURFACES

The group acts by diagonal matrices (1, 1,−1, 1) and (−1,−1, 1, 1). The web of harmonic quadrics
is

x0(p5 − p4) + x1(p2 − p3) + x2(−3c(p6 + p7)− bp1) + x3(a(p4 + p5)− 3(p2 + p3)) = 0.

The equation of the discriminant quartic (after scaling of the unknowns) is

(b2 − c2)2x4
2 + (a+ 1)2x4

3 + x4
1 + (b2 − c2)x2

2x
2
3 + (3b2 + 4bc+ 2c2)x2

1x
2
2 − x2

0x
2
3

− (a2 − 6a+ 2)x2
1x

2
3 + 2c(2b+ c)x0x1x

2
2 + b2x2

0x
2
2 − 6x0x1x

2
3 + x2

0x
2
1 − 2x0x

3
1 = 0.

(9.5.5)

Next, we consider the case

• G = D6

In this case V = 〈t5 + at2, at4 + t, t6 + 1 + bt3〉 and V ⊥ has a basis

e1 = 5t4 + 2at, e2 = 2at5 + 5t2, e3 = b(t6 + 1) + 40t3, e4 = t6 − 1.

The web of harmonic quadrics is

x0(p3 + 2ap6) + x1(p2 + 2ap7) + x2(b(p4 + p5) + 4p1) + x3(p5 − p4) = 0.

To simplify the equation, we replace the generators Q0, Q1, Q2 with Q2 + ε23Q1 + ε3Q0, Q2 +
ε3Q1 + ε23Q0, Q2 +Q1 +Q0, where ε3 is a primitive third root of unity. In this way, the generator
g1 of the group D6 acts as a cyclic permutation of the coordinates x0, x1, x2. The generator g2

acts in the projective space by permuting x0 and x1. The equation of the discriminant hypersurface
becomes

(a2 − 2a+ 15b− 29)(a2 + 2a− 21b− 41)(x40 + x41 + x42) + 657(x0x1 + x0x2 + x1x2)x23

+ 315(x20 + x21 + x22)x23 + 3(a4 + 6a2b− 2a2 − 648b2 − 24a+ 2b+ 2593)(x20x
2
1 + x20x

2
2 + x21x

2
2)

+ (−2a4 + 3a2b− 68a2 + 72ab− 1287b2 − 12a+ 3b+ 5074)(x30(x1 + x2) + x31(x0 + x2) + x32(x0 + x1)

+ 9(−2a2b+ 24a2 − 24ab− 435b2 + 8a− 2b+ 1764)(x20x1x2 + x0x
2
1x2 + x0x1x

2
2)

− 9
√
−3(a2 − 1)(x20(x1 − x2) + x21(x2 − x0) + x22(x0 − x1)x3 = 0.

(9.5.6)

• G = D8

We have two families of those corresponding to Rows (12) and (13) in the Table. We start with the
first case. It is a specialization of the first case with G = D4 by taking d = 0, e = 1, a = c, b = 1.
We have V = 〈t6 + at2, at4 + 1, t3〉 and take the following basis of V ⊥

e1 = t5, e2 = t, e3 = a− 15t4, e4 = at6 − 15t2, .

The web of harmonic quadrics is given by

x0p6 + x3p7 + x0(ap4 − 3p3) + x1(ap5 − 3p2) = 0.

The equation of the discriminant quartic is

1296a(x42 + x43) + 1296(a2 + 1)x22x
2
3 + x20x

2
1 + 36a(x20 + x21)x2x3 − 72x0x1x2x3 = 0. (9.5.7)
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The transformation g1 is given by the diagonal matrix (1,−1, i,−i) and the transformation g2

switches x0, x1 and x2, x3. Without destroying the symmetry we can scale the variables x1 and x2

to obtain equation

a(x4
2 + x4

3) + (a2 + 1)x2
2x

2
3 + x2

0x
2
1 + a(x2

0 + x2
1)x2x3 − 2x0x1x2x3 = 0. (9.5.8)

Let us look at the second family with D8-symmetry. It is a specialization of the first family with
D4-symmetry obtained by taking a = c, b = 1, d = 1, e = 0. In this case V = 〈t6 + 1 + a(t4 +
t2), t6 − 1 + a(t2 − t4), t5 + 1〉 and V ⊥ has a basis

e1 = t5 − t, e2 = t3, e3 = at6 − 15t2, e4 = −15t4 + a.

The transformation g1 acts via a diagonal matrix (i,−i,−1, 1) and the transformation g2 multiplies
x0 by −1 and switches the last two coordinates.

The web of harmonic quadrics is

x0(p7 − p6) + x1p1 + x2(ap5 − 3p2) + x3(ap4 − 3p3) = 0.

The equation of the discriminant quartic (after scaling the first two variables) is

x4
0+x4

1+a(x4
2+x4

3)+(a2+1)x2
2x

2
3+2x2

0x
2
1−(a2+3)x2

0x2x3+2(a+1)(x0x1x
2
3+x2

1x2x3−x0x1x
2
2) = 0.

(9.5.9)

• G = D10

We have only one family with V = 〈t6 + at, at5 − 1, t3〉 and use a basis of V ⊥

e1 = 6t5 + a, e2 = 6t− at6, e3 = t4, e4 = t2.

The web of harmonic quadrics is

x0(6p7 + ap4) + x1(ap5 + 6p6) + x2p3 + x3p2 = 0.

The equation of the discriminant quartic (after scaling the last two variables) is

(a2 − 2)x0x1x2x3 + ax1x
3
3 + ax3

0x3 + ax0x
3
2 + ax3

1x2 + x2
2x

2
2 + x2

0x
2
1 = 0. (9.5.10)

• G = D12

Again we have only one isomorphism class of rational nodal sextics with D12-symmetry. The
linear space V is spanned by t6 + 1, t5, t and V ⊥ = 〈t6 − 1, t2, t3, t4〉. The web of harmonic
quadrics is

x0(p4 − p5) + x1p1 + x2p2 + x3p3 = 0.

The equation of the symmetroid (after an equivariant scaling of the variables) is

x0x
3
3 + x2

2x
2
3 − x2

0x2x3 − 3x2
1x2x3 + x2

0x
2
1 − x0x

3
2 + x4

1 = 0. (9.5.11)

• G = T

Here
V = 〈t6 + 1 + a(t4 + t2), b(t6 − 1) + c(t2 − t4), d(t5 + t) + et3〉,
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where the parameters satisfy the relations

(2d+ e)a = 3e− 10d, (e− 2d)c = (3e+ 10d)b. (9.5.12)

Let us first omit the special cases b = 0, d = 0. Thus we may assume that b = d = 1. The relations
imply that e 6= ±2 and

a =
3e− 10

e+ 2
, c =

3e+ 10

e− 2
.

If e 6= 0, we can take the following basis of V ⊥

e1 = t5−t, e2 = 10t3−3et, e3 = 15(3e2+20)t2+240et4−(9e2−100)t6, e4 = 16e+15(e2−4)t2−(3e2+20)t6.

If e = 0, we take

e1 = t5 − t, e2 = t3, e3 = 3t2 + t6, e4 = 3t4 + 1.

Let us postpone the later case until later.

We check that g1, g2 and g3 act on the basis via the following matrices

g1 =


−1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 1

 , g2 =


−1 −3e 0 0
0 1 0 0

0 0 3e2+20
16e

e2−4
16e

0 0 100−9e2

16e −3e2+20
16e


Using (9.4.30), we also check that g3 acts via the matrix

g3 =


1 3e

2 6ie(3e+ 10) 6ie(e− 2)
0 0 −4i(3e+ 10) −4i(e− 2)

0 e−2
128e − i(e+2)(3e−10)

32e
−i(e+2)2

32e

0 −3e+10
128e

i(3e−10)2

32e
i(e+2)(3e−10)

32e

 .

We would like to change a basis of V ⊥ so that the group T ∼= A4 would act by even permutations
of coordinates. Let

C =


1 −3e

2 0 0
0 1 0 0
0 0 e+ 2 2− e
0 0 10− 3e 3e+ 10

 .

We check that C−1g2C is the diagonal matrix (−1, 1, 1,−1) and

g′3 = C−1g3C =


1 0 0 0
0 0 −128ie 0
0 0 0 −i
0 − 1

128e 0 0

 .

Replacing C with the product C · J , where J is the diagonal matrix (1, 1, i
128e ,−

i
128e), we obtain

C−1g3C =


1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0

 .
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Thus we achieve our goal by taking a new basis

f1 = e1, f2 = e2−
3e

2
e1, f3 =

i

128e
((e+2)e3+(10−3e)e4), f4 =

1

128e
((e−2)e3−(3e+10)e4).

The web of harmonic quadrics is now given by

x0(p7 − p6) + x1(p1 −
3e

2
(p6 + p7)) +

i

8
x2((3e− 10)(p4 + p5)− 3(e+ 2)(p2 + p3))

+
1

8
x3((3e+ 10)(p5 − p4) + 3(e− 2)(p3 − p2)) = 0.

(9.5.13)

After equivariant scaling (x0, x1, x2, x3) 7→ (ix0, x1/3, x2/3, x3/3), we obtain the following equa-
tion of the quartic symmetroid

x4
0 + (e2 − 4)2(x4

1 + x4
2 + x4

3) + 2(e2 − 4)x2
0(x2

1 + x2
2 + x2

3)

− (e4 − 40e2 − 112)(x2
1x

2
2 + x2

2x
2
3 + x2

1x
2
2) + 16(3e2 + 4)x0x1x2x3 = 0.

(9.5.14)

Let us now consider the case e = 0. Here we may assume that b = d = 1 and it follows from
relations (9.5.12) that a = c = −5. We have a basis V ⊥ formed by t5 − t, t3, t6 + 3t2, 3t4 + 1.
The matrices g2, g3 and C change to

g2 =


−1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 , g3 :=


1 0 0 0
0 0 −4i −4i
0 1

8
i
2

−i
2

0 −1
8

i
2

−i
2

 .

In a new basis

f1 = e1, f2 = e2, f3 =
i

8
(e3 + e4), f4 =

i

8
(e3 − e4),

the equation of the discriminant quartic is

x4
0 + x4

1 + x4
2 + x4

3 − 2x2
0(x2

1 + x2
2 + x2

3) + 7(x2
1x

2
2 + x2

2x
2
3 + x2

1x
2
2) + 8x0x1x2x3 = 0. (9.5.15)

It is obtained from equation (9.5.14) by substituting e = 0 and replacing x1, x2, x3 with 1
2x1,

1
2x2,

1
2x3.

The equation has obvious S3-symmetry in coordinates x1, x2, x3, also it admits a symmetry group
D4 of transformations defined by diagonal matrices (1,±1,±1,±1).

The total symmetry is the octahedral group O ∼= S4. We see that it is also a specialization of the
second family of surfaces with dihedral symmetry D8. It corresponds to the parameter a = −5.

The surface has 10 ordinary nodes at [1, 2, 1,−1], [1, 2,−1, 1], [1,−2, 1, 1], [1,−2,−1,−1] and
the S4 orbits of the points [1, 0, 1, 0], [1, 0,−1, 0].

In the second omitted case we have b = 0. We may assume that c = 1 and relations (9.5.12) imply
that e = 2d, so we may also assume that d = 1 and e = 2. We have

V = 〈t6 + 1− (t2 + t4), t2 − t4, (t5 + t) + 2t3〉.
We start with the following basis of V ⊥

e1 = t5 − t, e2 = −5t3 + 3t, e3 = t6 − 1, e4 = 2t6 + 15(t2 + t4).
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The transformation g3 acts in this basis via the following matrix

C :=


1 0 0 0
0 0 0 2i
0 −2 − i

2 −i
0 −2 i

4
i
2

 .

In a new basis
f1 = e1, f2 = 2i(3e1 + 2e2), f3 = −4ie3, f4 = −e3 + e4

the equation of the web of harmonic quadrics is

x0(p7 − p6) + ix1(−2p1 + 6p6 + 6p7)− 4ix2(p5 − p4) + x3(3p2 + 3p3 + p4 + p5) = 0.

The equation of the quartic symmetroid (after an equivariant scaling of the variables) is

x4
0 + x2

1x
2
3 + x2

2x
2
3 + x2

1x
2
2 + 4x0x1x2x3 = 0 (9.5.16)

The surface has four ordinary nodes at the S4 orbit of [1, 1, 1,−1] and three rational double points
of type A2 at [0, 1, 0, 0], [0, 0, 1, 0], [0, 0, 0, 1].

Finally assume d = 0. Then relations (9.5.12) let us also assume that b = e = 1, a = −5. We
take a basis

e1 = t5 − t, e2 = t5 + t, e3 = t6 − 5t2, e4 = −5t2 + 1

and find that g3 acts in this basis via the following matrix
1 0 0 0
0 0 −2i −2i
0 −1

4 − i
2

i
2

0 1
4 − i

2
i
2


In a new basis

v1 = e1, v2 = −ie2, v3 =
i

4
(e3 − e4), v4 =

i

4
(e3 + e4)

the transformation g3 acts as cyclic permutation (234) of the basis.

The web of harmonic quadrics in the new basis is

x0(p7 − p6)− 2ix1(p7 + p6) +
i

2
x2(p3 − p2 + p5 − p4) +

1

2
x3(p4 + p5 − p2 − p3) = 0.

The equation of the discriminant quartic is

x4
0 + x4

1 + x4
2 + x4

3 + 2x2
0(x2

1 + x2
2 + x2

3)− (y2z2 + y2w2 + z2w2) = 0. (9.5.17)

The surface has 10 ordinary nodes at [0, 1, 1, 1] and S3 orbits of point [1,±i, 0, 0] (acting on the
last tree coordinates).

• G = O

We know that there are two non-isomorphic dihedral rational nodal sextics given in Rows (17) and
(18) in the Table ??. They are obtained as specializations of the families of dihedral sextics from
Rows (12) and (13) by taking the parameters a = −5, 3, respectively. As we saw in above, they are
also special members of the tetrahedral family by taking d = 0 or e = 0. Their equations are given
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in (9.5.17) and (9.5.15). In the first case the linear representation of the group O ∼= S4 in V ⊥ is
isomorphic to the standard 4-dimensional representation twisted by the sign character. Note that in
the second case V ⊥ is isomorphic to the standard 4-dimensional permutation representation of S4.

Let P1 be the permutation matrix of the cyclic permutation (1234). We have

S−1g1S = iP1,

where

S =


−1 1 −1 1
1 1 1 1
−i 1 i −1
i 1 −i −1


is the inverse of a matrix of eigenvectors of P . We have

h2 := S−1g2S =
1

2


−1 1 1 1
1 1 1 −1
1 1 −1 1
1 −1 1 1


and

h3 := S−1g3S =
1

16


4− i 4− 31i 4− i 4 + 33i
−4 4 + 8i 12 4− 8i

4 + i 4− 33i 4 + i 4 + 31i
12 4 + 8i −4 4− 8i

 .

A matrix A commuting with P1 must be of th form
a b c d
d a b c
c d a b
b c d a

 .

If we take its first column to be an eigenvector of h3 with eigenvalue 1, then we obtain that

P2 := A−1h2A =


1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0

 , P3 := A−1h3A =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 .

The eigensubspace of h3 with eigenvalue 1 is two-dimensional and spanned by vectors (41+4i, 16−
4i, 0, 17) and (1, 1, 1, 1). A choice of an eigenvector such that the matrix A is invertible defines a
symmetric form of the symmetroid. However, the coefficients of the equation may be complex
numbers. However, if we take A such that

M = SA =


−8i 8i −8i 8i

1 1 1 1
−1− i 1− i 1 + i −1i
−1 + i 1 + i 1− i −1i

 .

the equation of the discriminant quartic becomes

F = 407569(x4
0 + x4

1 + x4
2 + x4

3)− 689852(x3
0x1 + · · · ) + 791142(x2

0x
2
1 + · · · )

+ 368076(x2
0x1x2 + · · · )− 2355816x0x1x2x3 = 0.

(9.5.18)
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Finally, let us consider the icosahedral case.

• G = I

The surface is a member of the one-dimensional family (9.5.10) corresponding to the value of the
parameter a = 3. We have V = 〈t6 + 3t, 3t5 − 1, t3) and V ⊥ = 〈2t5 + 1, 2t− t6, t2, t4〉. The web
of harmonic quadrics is

x0(2p7 + p4) + x1(2p6 − p5) + x2p2 + x3p3 = 0.

We get the following equation of the discriminant quartic

− 3x3
0x2 + x2

0x
2
1 − 11x0x1x2x3− 3x0x

3
3 + 3x3

1 ∗ x3 + 3x1x
3
2 + x2

2x
2
3 = 0. (9.5.19)

Remark 9.5.1. It is shown in [187, Section 5] that, after a change of variables, the equation of the
icosahedral symmetroid can be reduced to the form

30
5∑
i=1

y4
i − 7(

5∑
i=1

y2
i )

2 = y1 + · · ·+ y5 = 0. (9.5.20)

It becomes a member of the Hashimoto pencil of quartic surfaces with icosahedron symmetry.

Remark 9.5.2. The advantage of the symmetrical form (9.5.18) is that we can apply Timofte’s
positivity test from Remark 9.4.7. Substituting these vectors in the polynomial F from (9.5.18), we
find

F (s, s, s, t) = (369s2 − 1098st+ 1129t2)(−19t+ 39s)2 ≥ 0

and
F (s, s, t, t) = 16(17s− 7t)2(7s− 17t)2 ≥ 0.

The same test applied to the equation from the previous Remark shows that the polynomial

F = 30
3∑
i=0

x4
i + 30(x0 + x1 + x2 + x3)4 − 7(

3∑
i=0

x2
i + (x0 + x1 + x2 + x2

3)2)2

is non-negative.

Another example of a non-negative polynomial is from equation (9.5.16) of a tetrahedral sym-
metroid with parameter b = 0. It is known that it is a not a sum of squares of real polynomials and,
in fact, it is one of the first examples of quaternary quartic forms with this property [600]. The poly-
nomials from equations (9.5.17) and (9.5.17) defining two symmetroids with octahedral symmetry
seem to be non-negative too.

Remark 9.5.3. We know from Reye Theorem 7.5.3 from Section 7.5 that a general quartic sym-
metroid admits a unique pair (C1, C2) of apolar rational normal curves. This means that the linear
system of apolar quadrics to the web |W | defining the symmetroid is spanned by the nets of quadrics
|I(C1)2| and |I(C2)2| vanishing on the curves. If W is a linear representation of a group G then
the pair (C1, C2) must be invariant and a subgroup of index ≤ 2 of G leaves the subspaces I(C1)2

and I(C2)2 invariant. However, in our cases the web |W | is not a general web so the Reye Theorem
may not apply. In fact, this happens in some of our cases. By definition of a harmonic quadric, one
of the curves Ci must coincide with the dual Veronese curve R∗3. The trouble could be in finding
another rational cubic curve.
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For example, if G = D12. In this case

W = 〈x2 − w2, xw + 9yz, 2xz + 3y2, 2yw + 3z2〉
and there is a unique decomposition of linear representations of G in the space of apolar quadrics
W⊥

W⊥ = 〈x∗2 + y∗2, x∗z∗, y∗w∗〉 ⊕ I(R∗3)2,

where x∗, y∗, z∗, w∗ are the dual coordinates. The first summand is isomorphic to V and the dis-
criminant quartic of the corresponding net λ(x∗2 + y∗2) + µx∗z∗ + γy∗w∗ of quadrics is equal to
the union of two double lines µ2 = 0 and γ2 = 0. However, the discriminant curve of a net of
quadrics vanishing on a rational cubic curve is a smooth conic taken with multiplicity 2.

On the other hand, if we take G = D10, then everything is as expected. We find that

W⊥ = 〈−az∗w∗ + 3x∗2,−ax∗y∗ + 3w∗2, 9x∗w∗ − a2y∗z∗〉 ⊕ I(R∗3)2

and
I(C2)2 = 〈z∗w∗ + 3x∗2,−ax∗y∗ + 3w∗2,−a2y∗z∗ + 9x∗w∗〉.

The discriminant curve of the net

λ(z∗w∗ + 3x∗2) + µ(−ax∗y∗ + 3w∗2) + γ(−a2y∗z∗ + 9x∗w∗) = 0

is a smooth conic λµ− 9γ2 = 0 taken with multiplicity 2. Although this does not imply in general
th(at the net coincides with the net |I(C)2| for some rational normal curve C, this is true in this case
and

C = {[−auv2,−27u3, v3, 3au2v], [u, v] ∈ P1}.

In the case G = O, the linear system |W | contains a unique G-invariant net of quadrics whose
discriminant curve is a double conic but singular quadrics in the net are all reducible. This must be
considered as a degenerate case of the Reye Theorem.

The composition of the Veronese map ν∗3 : |U | → R∗3 with the map R∗3 → |V ′∨| ∼= |V | is
the rational parametrization of a rational nodal sextic from which we derived our G-symmetric
symmetroid. This reconstructs the sextic from the symmetroiud.

In the case when the Reye Theorem holds for |W |, the two nets |I(C1) and I(R∗3)| define the same
self-dual rational nodal sextics.

9.6 Automorphisms of an unnodal Coble surface

In Section 8.3 we computed the group of automorphisms of a general Enriques surface. It is an
amazing fact the group of automorphisms of a general Coble surface is isomorphic to the same
group.

Theorem 9.6.1. Let V be an unnodal Coble surface. Then the homomorphism ρ : Aut(V) →
O(CM(V)) is injective and the image Aut(V)∗ of Aut(V) contains the 2-congruence subgroup
W (E10)(2) of W (E10).
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Proof. The proof is similar to the proof of Theorem 8.3.4. We skip some details referring to the
full proof in [101]. Let V be obtained by blowing up 10 nodes of an irreducible plane sextic. An
automorphism g of V that acts identically on CM(V) = K⊥V sends the geometric basis (e0, . . . , e10)
defined by the blowing down map V→ P2 to itself. This implies that g originates from a projective
symmetry of the 10 points that preserves the ordering of the set of points. Clearly this is impossible.

Let Fi ∈ |3e0− (e1 + · · ·+ e10) + ei| = | −KV + ei|. It is represented by the unique plane cubic
passing through the points pj 6= pi. We have F 2

i = 0 and Fi · Fj = 1. The divisor classes fi = [Fi]
and fj = [Fj ] generate a hyperbolic plane and define a primitive embedding U ↪→ K⊥V

∼= E10.
Conversely, any such embedding defines two divisor classes fi, fj with f2

i = f2
j = 0, fifj = 1.

By Riemann-Roch, any isotropic vector f ∈ K⊥V is effective. Let f = [F ], where F is an effective
divisor. Write F as a sum of irreducible curves Ci 6= C and some multiple mC of W . Since all
effective primitive isotropic vectors in E10 are in the same orbit of the reflection group W (E10),
there exists w ∈ W (E10) such that w(f) = fi. One can show that the image of any effective curve
on V under an elementw ∈W (E10) is effective (see Lemma 3.4 in [101]). Since Fi is an irreducible
curve, we obtain that f is represented by an irreducible curve F of arithmetic genus one.

The exact sequence
0→ OV(F )→ OV(2F )→ OF (2F )→ 0,

together with the adjunction formulaOF (2F ) ∼= OF (−2KV) ∼= OF shows that dim |2F | = 1, thus
|2F | is an irreducible pencil of genus one curves. For each U ↪→ K⊥V we thus find two genus one
pencils |2F | and |2F ′| with F · F ′ = 1.

Next, as in section 9.2, we consider a bielliptic map f : V → P4 given by the linear system
|2F + 2F ′| of degree 8. One shows that the image of this map is a 4-nodal anti-canonical del Pezzo
surface D1. Since V has no (−2)-curves the map f must be a separable map of degree 2. Since
F ·C = F ′ ·C = 0, the image of the curve C is one of the nodes. The deck transformation defines
an involution on V and we apply Proposition 8.3.3 to conclude the proof.

As we see the deck involution defined by a pair of genus one curves F, F ′ with F · F ′ = 1
is similar to the one we used for the description of automorphism group of an unnodal Enriques
surface. When V is unnodal, each such pair is defined by a primitive embedding j : U ↪→ K⊥V . If
p 6= 2, the double cover V → D factors through a degree 2 map V → D′, where D′ is the blow-up
of one of the nodes of D, the image of the anti-bicanonical curve C. The branch curve is a smooth
curve of genus 4 equal to a proper inverse transform of a curve from |OD(2)| passing through a
node. The fixed points of the deck involution is the union of the pre-image of this curve on V and
three isolated fixed points over the nodes of D′.

In a geometric basis of the blow-up of five points p1, p2, p3, p4, p5 (see Section 0.4), the branch
curve becomes the union of the curve from |e0 − e3 − e4| and a curve from |5e0 − e1 − e2 − e3 −
2p4 − 2p5|. So its image in the plane is the union of a line through p1, p2 and a quintic curve of
geometric genus 4 with tacnode at p4 which intersects the line at p1 and is tangent to the line at p2.

Remark 9.6.2. Assume p 6= 2. Let p1, . . . , p10 be the ten nodes of a rational plane sextic B. Let
gij ∈ Aut(V) be the automorphism of V defined by the deck transformation of the double cover
f : V→ D defined by the linear system |2Fi+2Fj |, where Fi, Fj are the proper transforms on V of
the cubic curves passing through points p1, . . . , p10 excluding pi, pj . Let Vij → P2 be the blow-up
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of the points pk, k 6= i, j. The surface Vij is a weak del Pezzo surface of degree 1, the linear system
| − 2KVij | defines a degree 2 map φij : Vij → Q ⊂ P3 onto a quadratic cone Q with the branch
curve W cut out by a cubic surface (see [179], Theorem 8.3.2). The proper transform B̃ of the
curve B on Vij belongs to this linear system, and hence it is equal to the pre-image of a hyperplane
section C of Q. The restriction of φij to B̃ is a degree 2 map

φij : B̃ → C ∼= P1.

Since each point pi, pj (we identify it with a point on Vij) is a double point of B̃, the hyperplane
section C is tangent to the branch curve of φij at the images of these points in C. This implies that
the points pi, pj are on the ramification curve of φij . Let βij be the deck transformation of the map
φij which defines, via the blow-up map, a birational Bertini involution of P2 (see [179], 8.8.2). The
points pi, pj are among its fixed points. Thus, βij extends to an automorphism τij of V. We claim
that it coincides with the deck transformation gij of the map f : V→ D defined by the linear system
|2Fi + 2Fj |. To see this, it is enough to check that gij and τij act identically on Pic(V). In fact,
it is known that g∗ij acts as the minus identity on the sublattice K⊥Vij of Pic(Vij). In the geometric
basis (e0, e1, . . . , e10) of Pic(V), this lattice is identified with (3e0 − (e1 + · · ·+ e10) + ei + ej)

⊥.
This shows that τ∗ij(Fk) = Fk, k 6= i, j, and τ∗ij acts identically on Z[Fi] + Z[Fj ]. This implies that
τ∗ij = g∗ij .

Note that the Bertini involution βij has one isolated fixed point qi ∈ Ei, qj ∈ Ej on each of the
exceptional curves. The quotient D′ of V by this involution has 3 ordinary double points, the image
of the base point of the pencil | −KVij | and the images of the points qi, qj . One can show that the
surface D′ is obtained from the 4-nodal anti-canonical quartic del Pezzo surface D by blowing up
one of its four ordinary double points. The image of the curve B̃ is the exceptional curveR over this
point. We have B̃2 = −4 and R2 = −2, so this agrees. It is known that the ramification map of the
map fij : Vij → Q is the proper transform Z̃ on Vij of a curve Z of geometric genus 4, of degree 9
with triple points at p1, . . . , p8. It passes through the points pi, pj , hence Z̃ ·B̃ = 54−6·8−2·2 = 2.
The intersection points are the ramification points of the map B̃ → R.

Example 9.6.3. Assume k = C. Consider the Coble surface V obtained by blowing up the singular
points of a 10-nodal plane sextic W with projective self-symmetry isomorphic to the group A5 (see
the bottom row in Table 9.4.

Let X be the canonical cover of V. The group A5 lifts isomorphically to a finite group acting
symplectically on X . It acts on the cohomology H∗(X,C) and acts trivially on the 6-dimensional
subspace generated by the divisor class of the pre-image of an ample divisor on V, the divisor class
of the ramification (−2)-curve, and the partH0,0⊕H2,2⊕H0,2⊕H2,0 of the Hodge decomposition.
According to the classification of such groups due to S. Mukai [513], the dimension of the subspace
of invariant cohomology classes for an action of a symplectic group isomorphic to A5 on a K3
surface is equal to 6. This is proven by analyzing the Mathieu character of the action of the group
on the cohomology. Assume that V has a (−2)-curve. Then X has one additional A5-invariant
divisor class, namely, the sum D of the curves in the orbit of any (−2) curve whose image on V is
a (−2)-curve. Note that this class is different from the orbit of an ample class which we considered
before. In fact, the sum of the curves in the new orbit does not intersect the ramification (−2)-
curve, but the sum of the curves in the old orbit does intersect this curve. This contradicts Mukai’s
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computation.1 So, our surface V is unnodal, hence its group of automorphisms contains the group
W (E10)(2) and the group A5. Applying Proposition 8.6.1, we find that the group generated by these
two subgroups is isomorphic to a semi-direct product W (E10)(2) o A5.

9.7 Enriques and Coble surfaces of Hessian type

In section 6.4 we discussed Enriques surfaces of Hessian type of a nonsingular cubic surface C =
V (F ) defined as quotients of the Hessian quartic surface H(C) by the natural birational involution
T that exchanges the 10 nodes and the ten lines. The involution extends to a biregular involution τ of
a minimal resolution X of H(C). If the cubic surface acquires a singular point, the Hessian surface
acquires a fixed point too, and the involution T fixes this point. The lifted involution ofX has now a
pointwise fixed (−2)-curve over this node, and the quotient surfaceX/(τ) becomes a Coble surface
with the image of this curve as a boundary component. We call a Coble surface obtained in this way
a Coble surface of Hessian type. The moduli space of such surfaces is 3-dimensional and coincides
with the moduli space of Sylvester non-degenerate nodal cubic surfaces. The number k of boundary
components coincides with the number of nodes and hence takes values in {1, 2, 3, 4}. It is shown
in [188, Proposition 5.1] that the moduli space of Coble surfaces with one boundary component
(together with a geometric marking defined by a blowing down V→ P2) is naturally isomorphic to
the moduli space of Desargues configurations of 10 lines and ten points in the projective plane.

The group of automorphisms of a general Enriques surface of Hessian type was described in terms
of generators and relations by I. Shimada [655]. Let us describe his result.

The group of birational automorphisms of the Hessian surface of a general cubic surface was
described in [174]. A part of its set of generators are the deck transformations of the projections
from the ten nodes pα. It is proven in loc.cit. that they commute with the involution T and hence
descend to biregular involutions jα of the Enriques quotient surface S.

Theorem 9.7.1. Let X be a minimal resolution of the Hessian surface H(C) of a general cubic
surface C and let S = X/(τ) be the Enriques surface of Hessian type. The 10 involutions jα
generate the group Aut(S). The defining relations are of the following type:

• j2
α = id,

• (jα ◦ jβ ◦ jγ)2 = id for each triple of collinear nodes;

• (jα ◦ jβ)2 = id for each pair of nodes not lying on the same line contained in H(C).

In his proof of the theorem Shimada describes a fundamental polytope for the action of the auto-
morphism group in the nef cone. It is equal to the crystallographic reflection polytope (8.13) which
corresponds to Kondo’s Enriques surfaces of type VI. The ten vertices E1, . . . , E10 correspond to
outer walls, i.e. walls lying on the boundary of the nef cone. The remaining 10 nodes correspond to

1We thank H. Ohashi for this argument.
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non-effective primitive vectors of square norm −2 such that the projection involution jα acts as the
reflection in these vectors.

A similar description of the nef cone can be given for any Enriques or Coble surface of Hessian
type. The following theorem is proven in [9, Lemma 2.4 and Theorem 3.2].

Theorem 9.7.2. Let Λ = Num(X) ifX is an Enriques surface and the Coble-Mukai lattice CM(X)
ifX is a Coble surface. Then Λ ∼= E10. LetG0 be the subgroup ofW (Λ) generated by j∗α, where pα
is not an Eckardt point of the cubic surface. Then Nef(X)∩ΛR is the closure Q of the union of G0-
images of the polytope P whose faces are orthogonal to (−2)-vectorsE1, . . . , E20 with intersection
diagram 8.13. The vectorsE1, . . . E10 are the classes of (−2)-curves Uab and the number of vectors
E11, . . . , E20 represented by the classes of (−2)-curves is equal to the number of Eckardt points on
the cubic surface.

Recall that the group of projective automorphisms of a general cubic surface is trivial. The clas-
sification of automorphism groups of nonsingular cubic surfaces in arbitrary characteristic can be
found in [186]. When the cubic is Sylvester non-degenerate and acquires a non-trivial automorphism
group, the corresponding Enriques surface becomes special and its automorphism group changes.

Here we consider the family of cubic surfaces with automorphism group isomorphic to S4. The
cubic surfaces with this group of symmetry can be characterized by the property that they contain
six Eckardt points. Each such cubic surface is isomorphic to a member of the following pencil of
cubic surfaces

y3
1 + y3

2 + y3
3 + y3

4 + t(y1 + y2 + y3 + y4)3 = 0 (9.7.1)

The Hessian surfaces Ht of the members of this family are defined by equations

(
1

y1
+

1

y2
+

1

y3
+

1

y4
)− t

y1 + y2 + y3 + y4
= 0. (9.7.2)

The group of automorphism of a general member of the family is isomorphic to S4. There are
four special values of the parameter t when the surface acquires a singular point or it is still smooth
but the automorphism group changes.

If t = ∞, the cubic surface degenerates to the plane taken with multiplicity 3 and the Hessian
surface contains a plane as an irreducible component. If t = 1 the cubic surface is isomorphic to
the Clebsch diagonal cubic surface C with Aut(C) ∼= S5. The Hessian surface acquires the same
group of projective symmetries. As we saw in Section 8.9, the corresponding Enriques surface is
the Kondo surface of type VI with finite automorphism group isomorphic to S5. If t = 1

16 or t = 1
4 ,

the cubic surface acquires one or four nodes, respectively. The corresponding quotient X/(τ) is a
Coble surface with one or four boundary components.

The surface V 1
16

is obtained by blowing up 10 nodes of an irreducible plane sextic that admits a
group S4

∼= O of projective symmetries. We found its equation (9.4.35) in Section 9.4. It follows
from Remark 9.4.7 that one can choose a more symmetric equation given by the Robertson ternary
sextic (9.4.33).
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The surface V 1
4

is obtained by blowing up the singular points of a reducible sextic with 4 irre-
ducible components:

(y + z)(y + z + 4x)(xy + yz + xz)(xy + yz + xz + 4x2) = 0

(see [188, 5.5]).

It turns out that the group of automorphisms of any Enriques or Coble surface in the pencil (9.7.2)
are isomorphic to the same group unless the automorphism group becomes finite and isomorphic to
S5. The proof of the following theorem can be found in [9].

Theorem 9.7.3. Let St be the minimal resolution of the Hessian surface Ht, t 6= 1,∞. Then
Aut(St) is isomorphic to the semi-direct product UC(4) o S4 of the free product of four copies
of the group Z/2Z and the group S4. The generators of UC(4) are the projection involutions
corresponding to 4 nodes. The remaining six projection involutions correspond to transpositions
(ab) in S4. The nef cone of St is generated by 20 faces,

One can find in [9] various interesting realizations of the group UC(4) oS4. One of them is its
realization as a group of isometries of the Euclidean space generated by the isometries of a regular
tetrahedron and the reflections across its faces.

Remark 9.7.4. In [122] A. Coble discussed the following problem. Let V be a Coble surface with
one boundary component and C ∈ | − 2KV|. Then there is a natural restriction homomorphism

r : Aut(V)→ Aut(C) ∼= PGL(2).

What is the kernel and the image of this homomorphism? Coble conjectured that the kernel is trivial
for a general Coble surface. The answer for the question is known for the Coble surface V 1

16
: the

kernel is trivial and the image is conjugate to the subgroup of isometries of a regular tetrahedron.

A slightly different family of Enriques quotients of quartic surfaces with S4 symmetry is discussed
in [519]. The family is the following:

ts2
2 + ks4 + ls1s3 = 0, (9.7.3)

where sk are elementary symmetric polynomials in 4 variables y1, y2, y3, y4 and t, k, l are parame-
ters. Note that the subfamily with t = 0 coincides with our family of quartic Hessian surfaces with
S4-symmetry. The points xi with coordinates [1, 0, 0, 0], . . . , [0, 0, 0, 1] are the common nodes of
the surfaces in the family. The Enriques involution of the general member of the family is defined
by the standard Cremona transformation yi 7→ y−1

i . It has 8 fixed points in P3 with coordinates
[1,±1,±1,±1]. If the surface does not contain any of these points, the involution τ of a minimal
resolutions has no fixed points and the quotient is an Enriques surface S(t, k, l). This condition is
equivalent to that −36t + k + 16l 6= 0, 4l + k 6= 0, 4t + k 6= 0. The group S4 acts on the set of 8
fixed points with orbits

{[1, 1, 1, 1]}, −36t+ k + 16l = 0,

{[1,−1, 1, 1], [1, 1,−1, 1], [1,−1,−1, 1], [1,−1, 1,−1]}, k + 4l = 0,

{[1,−1,−1, 1], [1, 1,−1,−1], [1,−1, 1, 1]}, 4t+ k = 0.

Thus we obtain examples of Coble surfaces with n = 1, 4 and 3 which admit the group S4 as its
group of automorphisms. When t = 0, the first examples are our surfaces V(1:− 1

16
) and V(1:− 1

4
).
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Note that the Coble surfaces with n = 1 define a one-parameter family of 10-nodal plane sex-
tics with S4-Cremona isometry. Only one of them with parameter t = 0 has the projective S4-
symmetry.

The four projection involutions of nodal members of the family descend to four involutions of the
quotient surface X/(τ). They generate the free product UC(4) and this gives an embedding

ι : UC(4) oS4 ↪→ Aut(S) (9.7.4)

for all members of the family. When t = 0, the 4 nodes of specialize to the four nodes of the
Hessian surface that define non-projective involutions coming from the projections from the nodes.
The bijectivity of ι in the Hessian case is the assertion of Theorem 9.7.3.

Theorem 9.7.5. Suppose t = 1, l = 0 and k 6= 0, 4,−36. Then the homomorphism ι is bijective.

We do not know the structure of the automorphism group of a general member of the family of
surfaces S(t, k, l).

Note that the Kummer surface Kum(Jac(C)) of the Jacobian of a curve C of genus 2 admits a
projective embedding in P3 isomorphic to the Hessian of a cubic surface [310]. The equation of the
Hessian surface birationally isomorphic to Kum(Jac(C)) is of the form

A0x
−1
0 +A1x

−1
1 +A2x

−1
2 +A3x

−1
3 + (A0x0 +A1x1 +A2x2 +A3x3)−1 = 0

(see [310], [174, Theorem 4.1]). Note that after coordinate change yi = −Aixi, the equation
becomes the equation of the Hessian surface of the cubic surface

A2
0x

3
0 +A2

1x
3
1 +A2

2x
3
2 +A2

3x
3
3 + (x0 + x1 + x2 + x3)3 = 0.

It follows that our pencil (9.7.2) contains only one member birationally isomorphic to some Kummer
surface Kum(Jac(C)). It corresponds to the parameter (λ : µ) = (1 : 1). Note that the Hessian
of the Clebsch diagonal cubic corresponds to the parameter (λ : µ) = (1 : −1) and hence it is
not birationally isomorphic to a jacobian Kummer surface. We noted this fact in Section 8.9 while
discussing Kondo surfaces of type VI. We do not know the structure of the lattice of transcendental
cycles of this Kummer surface.

Note that the family (9.7.3) of quartic surfaces studied by Mukai and Ohashi also contains the
members birationally isomorphic to some Kum(Jac(C)). They correspond to parameters satisfying
t = 1, (k − 4)(l − 4) = 0 and, as we noticed before t = 0, k = l.

Finally let us see what happens if we assume that the characteristic is positive. Although the Hes-
sians of cubic surfaces in characteristic p = 2, 3 can degenerate, we may still consider the quartic
surfaces given by equations

∑4
i=0

1
aixi

=
∑4

i=0 xi = 0 and continue to call them Hessian quartic
surfaces. The pencil (9.7.2) and the Mukai-Ohashi family still makes sense. In characteristic p = 2,
the Cremona involution has only one fixed points [1, 1, 1, 1, 1] and it lies on the memberX(t, k, l) of
the family if and only if k = 0. In particular, in the pencil (9.7.2) the two Coble surfaces degenerate
to reducible surfaces s1s3 = 0. However, if p = 3 they just coincide and contain 5 boundary compo-
nents corresponding to 5 nodes [1, 1, 1, 1], [−1, 1, 1, 1], [1,−1, 1, 1], [1, 1,−1, 1], [1, 1, 1,−1]. Also
if p = 5, we see that the Clebsch diagonal cubic surface and its Hessian surface has a singular point
[1, 1, 1, 1] and the corresponding Enriques surface of Hessian type specializes to the Coble surface
V(1:− 1

4
) = V(1:1) with one boundary component.
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9.8 Coble surfaces with finite automorphism group

In this section, we will extend the classification of complex Enriques surfaces with finite automor-
phisms to Coble surfaces and also give examples of such surfaces.

The following theorem extends Theorem 8.1.10 to the case of Coble surfaces. Its proof uses
Proposition 9.2.2 and is left to the reader.

Theorem 9.8.1. Let V be a Coble surface. Suppose W nod
V is of finite index in O(CM(V)). Then

Aut(V) is finite.

If k = C, the proof of the converse is similar to the analogous statement for Enriques surfaces
and achieved by applying the Global Torelli Theorem of lattice polarized K3 surfaces. Recently,
Katsura and the second author classified Coble surfaces with finite automorphism group in any
characteristic [364], [409]. By the classification and the argument given in the proof of Theorem
8.1.12, the converse is also true. Later we mention the classification in Theorem 9.8.4, Theorem
9.8.5.

Another general fact about Coble surfaces with finite automorphism group is given in the follow-
ing.

Let σ : V → H be the blow-up of a Halphen surface H. Let MW(σ) be the Mordell-Weil group
of the jacobian elliptic (quasi-elliptic) surface of f : H → P1. Then it acts on H by translations
leaving invariant the set of singular points of fibers of f . A subgroup of finite index of MW(σ) will
fix the fundamental points of σ−1, and hence could be lifted to Aut(V). Of course, in general, an
automorphism of V does not descend to any H obtained by a blowing down morphism σ.

Proposition 9.8.2. Suppose Aut(V) is finite. Let σ : V → H be a birational morphism onto a
Halphen surface f : H → P1. Then the jacobian genus one fibration of f has finite Mordell-Weil
group.

It follows from this Proposition that a Coble surface with finite automorphism group is obtained
as the blow-up of an extremal rational elliptic or quasi-elliptic) surface of index ≤ 2.

Next, we first assume that k = C and give a characterization of such surfaces in terms of their
Nikulin R-invariant similar to what we provided for Enriques surfaces in Section Theorem 8.9.3 in
Section 8.9.

The following theorem extends to Coble surfaces the classification ofR-invariants of surfaces with
finite automorphism group.

Theorem 9.8.3. Assume that k = C. Then Aut(V) is finite if and only if the R-invariant (K,H) is
isomorphic to one of the following:

(E8 ⊕ A1, {0}), (E8 ⊕ A⊕2
1 , Z/2Z), (D9, {0}).

Proof. The proof is similar to the one of Theorem 8.9.3.

The sufficiency follows from examples below where we construct Coble surfaces with finite auto-
morphism group and compute their Nikulin R-invariants. Let us show the necessity.
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First we assume n = 1. Then any effective irreducible root is a (−2)-curve which is perpendicular
to the boundary C1. Thus rankK ≤ 9 and hence this case is reduced to the case of Theorem 8.9.3.
The same proof implies that (K,H) is isomorphic to (E8 ⊕ A1, {0}), (D9, {0}).

Next we consider the case n ≥ 2. The classes C̃1 ± C̃2, C̃2 + C̃3, . . . , C̃n−1 + C̃n generate the
lattice Dn(2) where we set D2 := A⊕2

1 and D3 := A3. Since any (−2)-curve on V is perpendicular
toC1, . . . , Cn,K = Dn⊕K0 whereK0 is generated by classes coresponding to (−2)-curves. Since
γ(C̃1 ± C̃2) = 2E + C̃1 + C̃2, 2C̃1 is contained in Ker(γ) and hence it suffices to determine the
sublatticeK ′ = An−1⊕K0 where An−1(2) is generated by C̃1+C̃2, C̃2+C̃3, . . . , C̃n−1+C̃n. Since
rankK ′ ≤ 9, again the proof is reduced to the case of the one of Theorem 8.9.3. The same proof
implies that K0 = E8 and An−1 = A1, that is, K ′ = A1 ⊕ E8. Thus we have (E8 ⊕ A⊕2

1 , Z/2Z)
(note that n ≥ 2 implies that K ′ contains an orthogonal summand An−1, and hence the case D9 is
excluded).

By Theorem 9.8.1 and by applying the same method as in the case of Enriques surfaces, we
can determine possible crystallographic basis. We can also determine the number of boundary
components by the crystallographic basis and some geometric arguments. Since Coble surfaces are
rational, we can construct Coble surfaces with such crystallographic basis as a blowing up of P2.
This also allow us to determine the moduli of Coble surfaces with finite automorphism group. This
is an outline of the classification. We now give the following theorems of the classification of Coble
surfaces with finite automorphism group. For more details, we refer the reader to [409], [364].

Theorem 9.8.4. Coble surfaces V with finite automorphism group in characteristic p 6= 2 are
classified as in the following Table 9.2. Each type is unique. Here n is the number of boundary
components and k is the number of irreducible effective roots.

Type p n k Aut(V) R-invariant Example

I any 2 12 D8 (E8 ⊕A⊕2
1 ,Z/2Z) Ex.9.8.6

I any 1 12 D8 (E8 ⊕A1, {0}) Ex.9.8.7
II any 1 12 S4 (D9, {0}) Ex.9.8.8
V 3 2 20 S4 × Z/2Z (E7 ⊕A2 ⊕A⊕2

1 , (Z/2Z)2) Thm.9.8.9
VI 3 5 20 S5 (E6 ⊕D5,Z/2Z) Thm.9.8.10
VI 5 1 20 S5 (E6 ⊕A4, {0}) Thm.9.8.12
VII 5 1 20 S5 (A9 ⊕A1,Z/2Z) Thm.9.8.13
MI 3 2 40 Aut(S6) (A⊕2

5 ⊕A
⊕2
1 , (Z/2Z)3) Thm.10.5.17

MII 3 8 40 (S4 ×S4) · Z/2Z (D8 ⊕A⊕2
2 , (Z/2Z)2) Thm.10.6

Table 9.2: Coble surfaces with finite automorphism group (p 6= 2)

Theorem 9.8.5. Coble surfaces with finite automorphism group in characteristic 2 are classified as
in the following Table 9.3. The moduli space of Coble surfaces with n boundary components of each
type is irreducible and of dimension given in the last columns in the Table. Every Coble surface is
a specialization of classical Enriques surfaces with finite automorphism group of the same type.

In the following, we give examples of Coble surfaces with finite automorphism group. For Coble
surfaces of type MI,MII, we will give the examples in the next chapter, Theorems 10.5.17, 10.6.
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Type n k Aut(V) dim Example

Ẽ8 1 10 Z/5Z 0 Ex. 9.8.18
Ẽ1

7 2 11 Z/2Z 0 Ex. 9.8.19
Ẽ2

7 1 11 Z/2Z 1 Ex. 9.8.20
Ẽ6 + Ã2 3 13 S3 0 Ex. 9.8.21
Ẽ6 + Ã2 1 13 S3 0 Ex. 9.8.22
D̃8 1 10 Z/2Z 1 Ex. 9.8.23
VII 10 20 S5 0 Thm. 9.8.15
VII 2 20 S5 0 Thm. 9.8.16
VIII 4 16 S4 0 Ex. 9.8.24

Table 9.3: Coble surfaces with finite automorphism group (p = 2)

The following examples show that the isomorphism class a Coble surfaces with finite automor-
phism group is represented by a boundary point in a one-dimensional family of Enriques surfaces
with finite automorphism group of types I and II.

The following example was first given in [415].

Example 9.8.6. This surface lies in the boundary of the one-dimensional family of surfaces with
crystallographic basis of (−2)-curves of type I.

We use the equation of the double plane model of the family of Enriques surfaces type I given in
(8.9.2) and specialize the parameters by taking a+ c = b = d = 0. The equation becomes

x2
3 + x1x

2
2(x1 − x2)(x1x2 − x2

0)(x2
1 − x2

0) = 0.

After normalization we get rid of x2
2 and get a special case of the equation of a double plane for a

Coble surface given in (9.2.3). We see that the branch curve is equal to the union of a line ` passing
through p1 representing the divisor class e0−e1 on D̃1, a conicK through p2, p3, p4, p5 representing
the divisor class 2e0 − e2 − e3 − e4 − e5, and two lines `1, `2 passing through p4 and each passing
through one of the intersection points q1, q2 ∈ ` ∩ K. The points q1, q2 are ordinary triple points
of the quintic branch curve W . The double cover Y → D̃1 has two singular points of type D4 over
q1, q2. Let 2E +E1 +E2 +E3 and 2E′+E′1 +E′2 +E′3 be the fundamental cycles of the minimal
resolutions X ′ → Y of these singularities. The picture of curves on the minimal resolution D̃1 of
the branch curve is as follows.

K

`1
`2

`

A1 A2

A4 A3

-1 -1

-1

-1

-2
-2

-2 -2

q1

q2
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Here we kept the notations for the proper transforms of the curves `, `1, `2,K which are drawn in
blue color.

Since the branch curve has ordinary triple points at q1, q2, the double plane has singular points of
typeD4 over these points. Let 2R+R1 +R2 +R3 and 2R′+R′1 +R′2 +R′3 the fundamental cycles
of the minimal resolution Ṽ of the double cover over these points. The pre-images C1, C2 of A1, A3

are (−4)-curves. The pre-images of the (−1)-curves are (−2)-curves, and the pre-images ofA2, A4

are (−1)-curves (taken with multiplicity 2). Under the blowing down Ṽ → V of these curves to
points x1, x2, we obtain a Coble surface V. The images of C1, C2 is the two boundary components,
the images E1, E2, E3, E4 of (−2)-curves are (−1)-curves on V, each intersecting C1, C2.

We denote the images in V of the pre-images of `1, `2, `,K on Ṽ by L1, L2, L3, L4, respectively.
We have the following picture on V. We draw (−1)-curves in green, the pre-images of the line `
and the conic K are drawn in red. The curves drawn in black are (−2)-curves, and, of course, the
curves C1, C2 are the boundary (−4)-curves.

L1 L2

C1

C2

−4

−4

R1 R′1

R R′

L3

L4

R3 R′3

R2 R′2

E2

E1

E3 E4

x1

x2

After we blow down the (−1)-curves L1, L2, we obtain a Halphen surface of index 2 with an
elliptic fibration with a reducible double fiber F1 of type Ã7 and a reducible simple fiber F2 of type
Ã1. The images of the curves R1 and R′1 are two bisections which pass through the singular points
of F2. The images of the curves R1, R2, R3, R4 are also bisections of the fibration.

Let α1 = 1
2(C1 + C2) + 2L1, α2 = 1

2(C1 + C2) + 2L2 be two irreducible effective roots in
CM(V). We have α1 · α2 = 2. The effective roots α1, α2, R,R1, R2, R3, L3, R

′, R′1, R
′
2, R

′
3, L4

form a crystallographic basis of type I.

Applying Theorem 9.8.1, we obtain that Aut(V) is finite. Let us find its automorphism group.
The covering involution g0 fixes all 12 effective roots, and, as in the case of Enriques surfaces of
type I, define a cohomologically trivial involution of V. The projective transformation [x, y, z] 7→
[−x,−y, z] defines another involution of V. It switches the points q, q′ and the lines `1, `2. It acts
identically on the effective root basis of the diagram (8.4), however it does not act identically on
Pic(V). This is the peculiarity of our Coble surface because two of its effective roots are not (−2)-
curves. As in the case of Enriques surfaces (Proposition 8.9.5), there exists an automorphism of
order 4 whose square is g0. The group of automorphisms of V is isomorphic to D8.

Let us calculate the R-invariant of V. The classes C̃1 ± C̃2 generate the lattice A1(2) ⊕ A1(2).
There are (−2)-curves orthogonal to C1, C2 which generate E8(2). Thus K contains E8⊕A1⊕A1.
Since there are no root lattices containing E8⊕A1⊕A1 properly, we have K = E8⊕A1⊕A1. The



318 CHAPTER 9. RATIONAL COBLE SURFACES

sum of C̃1 + C̃2 and C̃1 − C̃2 gives a generator of H = Z/2Z. Thus the R-invariant of this surface
is (E8 ⊕ A⊕2

1 , Z/2Z).

Since all effective irreducible roots are the classes of (−2)-curves and we have the same crystal-
lographic basis, the R-invariant is the same as for the Enriques surfaces of type I.

Example 9.8.7. We can also degenerate an Enriques surface S with a crystallographic basis of type
I to a Coble surface with one boundary component. For this type we specialize equation (8.9.2)
of the double plane model of S by taking c = 0, a = −b − d, a2 − 4bd = 0. Thus we can take
a = −2, b = d, and, after normalization, we obtain the following equation of the double plane

x2
3 + x2(x1 − x2)(x2

0 − x1x2)(−2x1x2 + x2
0 + x2

2) = 0.

We see that now the branch quintic becomes the union of a line `, a conic K (as in the previous
example) and an irreducible conic K ′ = V (−2x1x2 + x2

0 + x2
2) passing through {q1, q2} = ` ∩K

which replaces the lines `1, `2 from the previous example. In the picture of the branch curve on D̃1,
we have to replace `1, `2 with K ′ that intersects A1 at two points and intersects two (−1)-curves.
Its pre-image on Ṽ is a (−1)-curve. The lines V (x0 ± x2) are tangent to the conic K ′ at one of
the points q1, q2. Their pre-images on Ṽ are (−4)-curves, and their pre-images on V are two (−2)-
curves intersecting at two points. They intersect the curves R,R′ with multiplicity 2. Now we see
the same diagram as in the case of Enriques surfaces of Type I. The crystallographic basis consists
of the divisor classes of (−2)-curves. After we blow down any (−1)-curve E , we obtain a Halphen
surface of index 2 with an elliptic fibration whose type depends on a choice of E. For example, if
we take E equal to the proper transform of K ′, we obtain an elliptic fibration with fibers of types
Ã7 and Ã1.

The group of automorphism does not change and is isomorphic to D8 as in the case of Enriques
surfaces. The deck transformation defined by the double plane is a cohomologically trivial involu-
tion.

The R-invariant of V is the same as for the Enriques surfaces of type I, i.e. (E8 ⊕ A1, {0}).

Example 9.8.8. Let us consider a degeneration of an Enriques surface with crystallographic basis of
(−2)-curves of type II to a Coble surface.

In equation (8.9.3) of the double plane model of an Enriques surface of type II,

x2
3 + x1x2(x1 − x2)(x1x2 − x2

0)(x1x2(x1 − x2) + x2
0(bx1 + cx2)) = 0, (9.8.1)

we take b = 0 (or c = 0 it does not change anything). After normalization, we obtain the following
equation

x2
3 + x1(x1 − x2)(x1x2 − x2

0)(x1(x1 − x2) + x2
0) = 0 (9.8.2)

The picture of the branch curve on the weak del Pezzo surface D̃1 is the following.

The curve C is cut out by a hyperplane passing through one of the node of D1. The slanting line
exhibits the exceptional curve over this point on D̃1. The proper transform of C on V is a (−1)-
curve. The surface has one boundary component, the pre-image of the exceptional curve over the
node. We still have twelve (−2)-curves on V, the proper transforms of C1, C2 and the exceptional
curves over the singular points of the branch curve. They form a crystallographic basis of type II.
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•

• •

q′q
C1

C2

C

L2

L1

Figure 9.5: The branch curve of the bielliptic map for type II Coble surfaces

The group of automorphisms of the Coble surface is finite. It contains a subgroup (Z/2Z)2

generated as in the previous example by the deck transformation g1 and the transformation g2 :
[x0, x1, x2] 7→ [−x0, x1, x2]. This time the deck transformation does not act identically on the
Picard lattice. It switches the exceptional curves R1, R10 and R4, R11, where we use the notation
from Figure 8.6. The second transformation switches the points q, q′ and hence the exceptional
(−2)-curves R7, R12 over them. The exceptional curve over p1 = [1, 0, 0] is invariant with respect
to g2, its pre-image on V is a (−1)-curve C̄. When we blow down it, we obtain a Halphen surface
of index 2 with an elliptic fibration with reducible fibers of types D̃5 and Ã3 and one nodal fiber,
the image of the boundary component of V. The same effect makes the blowing down of the (−1)-
curve obtained from C. The Mordell-Weil group of translations is isomorphic to Z/4Z and lifts to
a cyclic group of automorphisms of order 4 of V. The square of its generator is equal to g2. This
transformation does not originate from an automorphism of D1 that switches the lines L1, L2 and
fixes the node that it is contained in the branch curve. The surface also has an elliptic fibration with
a reducible fiber of type Ã8. It has also a fiber which consists of the union of the (−4)-curve and
the (−1)-curve C̄. We can blow down C̄ to obtain a Halphen surface with an elliptic fibration with
singular fiber of type Ã8 and 3 irreducible nodal fibers. The Mordell-Weil group of translations of
this fibration is isomorphic to Z/3Z and lifts to an automorphism of V. Thus

Aut(V) ∼= S4.

The root invariant is (D9, {0}).

Since all effective irreducible roots are the classes of (−2)-curves and we have the same crystal-
lographic basis the R-invariant is the same as for these Enriques surfaces.

Note that all three examples of Coble surfaces with finite automorphism groups over a field of
characteristic 0 are obtained as specialization of one-parameter families of Kondo surfaces which
are necessarily of type I or II. Although, by Corollary 9.1.10, any Coble surface is obtained as a
specialization of a one-parameter family of Enriques surfaces the general member of this family is
expected to have an infinite automorphism group.

Let us now discuss the case of positive characteristic. If p 6= 2, we look at the construction of a
surface of type V-VII where some p is excluded and show that in the excluded cases the construction
gives a Coble surface instead of an Enriques surface. If p = 2, we use that some of the surfaces
with finite automorphism group vary in a family and we try to find a Coble surface on the boundary
of these families
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We will start with constructions of Coble surfaces with finite automorphism group in positive
characteristic p 6= 2.

• Type V specialization in characteristic p = 3.

We use equation (8.9.6) for the double plane model of a surface with finite automorphism group of
type V. When p = 3, it degenerates, after normalization, to a double plane model of Coble surface
given by equation

x2
3 + x1(x1 − x2)(x1x2 − x2

0)(x1(x1 − x2) + x2
0 + x0x1) = 0 (9.8.3)

We note that it is very similar to equation (9.8.8). In the plane model of the del Pezzo surface, the
branch curve consists of the two lines V (x1), V (x1−x2) and two conicsK = V (x1x2−x2

0),K ′ =
V (x1(x1 − x2) + x2

0 + x0x1). The line V (x2) is tangent to the conic K at the point [0, 1, 0] and to
the conic K ′ at the point [1, 1, 0]. The conics are tangent to the line V (x1) at the point [0, 0, 1] with
multiplicity 3 and intersect also at the point [1, 1, 0].

We draw the picture of the branch curve on D blown up at the node Q corresponding to the line
V (x2) in Figure 9.6.

•

• •

q′q
C1

C2

C

L2

L1

Figure 9.6: The branch curve of the bielliptic map a specialization of type V

Since V (x2) is tangent to K ′, it splits into two (−3)-curves on the double cover. They intersect at
one point Q′ equal to the pre-image of the tangency point. After, we blow-up this point and resolve
the singularities of the branch curve, we obtain a terminal Coble surface V with two boundary
components C1, C2. The pre-images of the lines on D1 that pass through the node Q are two (−1)-
curves E1, E2 on V. They define two effective roots αi = 2Ei + 1

2(C1 +C2) with α1 · α2 = 2. Let
E be the exceptional curve over Q′. It intersects both C1, C2 and defines an irreducible effective
root α3 = 2E + 1

2(C1 +C2) with α3 ·α1 = α3 ·α2 = 2. When we blow down E1 and E2 if obtain
a Halphen surface H of index 2 with two reducible simple fibers of types D̃6 and Ã1 and a double
fiber of type Ã1, the proper transform of the line V (x1).

Now observe that the line 〈q1, p2〉 passes through q3 and its proper transform on V is a (−2)-curve
that intersects E with multiplicity 1 and hence intersects α3 with multiplicity 2.

The line 〈q2, p2〉 also defines a (−2)-curve on V. It intersectsE1, E2 with multiplicity 1 and hence
intersects α1, α2 with multiplicity 2.
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The line 〈q2, p4〉 is tangent to K ′ at the point q2. It defines a (−2)-curve on V

The line 〈q3, q2〉 is tangent to the conic K at q2. It defines a (−2)-curve on V. It intersects E and
hence intersects α3 with multiplicity 2.

The pre-image of the pencil |e0 − e1| defines a pencil (not relatively minimal) with one multiple
fiber of type Ã1 and two reducible fibers of type D̃6 and one fiber equal to the sum α1 + α3. The
pre-image of the pencil |2e0 − e2 − e3 − e4 − e5| defines a pencil (not relatively minimal) with
one multiple fiber of type Ã1 and two reducible fibers of type D̃6 and one fiber equal to the sum
α2 + α3. The number of different irreducible components of these two pencil (we count each αi as
one irreducible component) is equal to 16. Together with the four (−2)-curves described in above,
we obtain 20 irreducible effective roots that form a crystallographic basis of type V in CM(V).

It follows that the surface V has a finite automorphism group. As in the case of Enriques surfaces
we obtain that Aut(V) contains an cohomologically trivial element σ of order 2 and the quotient
Aut(V)/(σ) is a subgroup of Sym(Γ). As in the case of Enriques surface (Proposition 8.9.21),
Aut(V) ∼= Z/2Z×S4.

Let us record this example.

Theorem 9.8.9. Under specialization to characteristic 3, an Enriques surface with a crystallo-
graphic basis of type V specializes to a Coble surface V with two boundary components that con-
tains a crystallographic basis of the same type of irreducible effective roots in its Coble-Mukai
lattice. Its group of automorphism is isomorphic to Z/2Z × S4. Its canonical cover X is a su-
persingular K3 surface with Artin invariant σ = 1 and the R-invariant is (K,H) = (E7 ⊕ A2 ⊕
2A1, (Z/2Z)2).

Proof. We should prove the last assertion. One can see that there exists a quasi-elliptic fibration on
X with two singular fibers of type Ẽ6, four singular fibers of type Ã2 and with nine sections (in
case of the Enriques surface of type V, the covering K3 surface contains an elliptic fibration with
two singular fibers of type Ẽ6 and two singular fibers of type Ã2. Each of the preimages of two
boundary components is a component of additional two singular fibers). The Shioda-Tate formula
implies that the determinant of the Picard group of X is equal to −36/92 = −32, that is, X is
the supersingular K3 surface with Artin invariant 1. For K, we find E7 ⊕ A2 from (−2)-curves
on V as in the case of the Enriques surface and 2A1 from two boundary components. Since V
has two boundary components, the Coble-Mukai lattice Λ is isomorphic E10 (Example 9.2.5). By
considering the map γ : K/2K → Λ/2Λ given in (9.2.5) and the fact dim rad(qK/2K) = 3, we
have H = (Z/2Z)2.

• Type VI specialization in characteristic p = 3.

In Section 8.9 we considered Enriques surfaces with a crystallographic basis of type VI as the
quotient of the Hessian surface of the Clebsch diagonal cubic surface by an involution σ defined
by cubic Cremona involution in the ambient space. We assumed in the construction that p 6= 3, 5
in order that the Cremona involution does not have fixed points. In this and the next example we
consider the excluded cases p = 3 (resp. p = 5) and will show that the quotient becomes a Coble
surface with five (resp. one) boundary components.
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So let us assume that p = 3. The Hessian surface H is still defined as a quartic surface but it
is not isomorphic to the Hessian of any cubic surface. The surfaces still has 10 nodes with the
same coordinates as in the case p 6= 2, 3, 5. The Cremona involution has 5 fixed points which
form the S5-orbit of the point [−1, 1, 1, 1, 1]. They are additional ordinary nodes of H . Let X
be a minimal resolution of H . The involution σ lifts to an involution of X that fixes pointwise
the exceptional curves Ri over the new nodes. The quotient surface is a Coble surface V with 5
boundary components.

We refer for the notations of what follows to Section 8.9. The lines Labc(ω) disappear and instead
we have 10 lines `ab : xa + xb = 0, xc = xd = xe. Each such line passes through two of the
new node. For example the line `′12 passes through [−1, 1, 1, 1, 1] and [1,−1, 1, 1, 1]. Their proper
transforms on X are ten (−2)-curves `ab invariant under σ and intersecting two of the exceptional
curvesRi. Their images in V are ten (−1)-curvesEab, each intersecting two boundary components.
This defines irreducible effective roots αab = 2Eab + 1

2(Ca + Cb). We have αab · αcd = 1 if
#{a, b} ∩ {c, d} = 1 and zero if the sets are disjoint. Thus, we see that each αi intersects 6 other
αj’s. They play the role of E11, . . . , E20 in the crystallographic basis of type VI. The edges L′ab of
the Sylvester pentahedron survive and define, as in the case of Enriques surfaces ten (−2)-curves
Rab on V whose intersection diagram is the Petersen graph. The ten curves play the roleE1, . . . , E10

in the crystallographic basis of type VI. Each `′ab passes through one node and intersects the opposite
edge. This shows that each αi intersects one of intersects one Rab with multiplicity 2. So, we see
that 20 effective roots αab, Rab form the crystallographic basis of type VI.

Let us now give a construction of the Coble surface V as the blow-up of 15 points in the plane.
Recall that in Example 9.2.7 we constructed a Coble surface with 10 boundary components whose
K3 cover was one of Vinberg’s most algebraic K3 surfaces. It was obtained by blowing up the
intersection points of 10 lines on the del Pezzo surface D5 of degree 5. This time we blow up
one point on each line not equal to one of 15 intersection points. We index the lines by duads
{a, b} ⊂ [1, 5]. As a result we obtain a surface with ten (−2)-curves Rab that form the Petersen
graph.

We also have ten (−1)-curves Eab, the exceptional curves over the points pab lying on one of the
lines. Suppose we find 5 conics Ci from different five pencils of conics onD5, each passing through
4 points pab. Then the proper transform of Ci would be a (−4)-curve intersecting four Eab’s and
each Eab would intersect two of the Ci’s. It is easy to see that the curves Rab and the effective roots
2Eab + 1

2(Ca + Cb) form the crystallographic basis of type VI. It is an amazing fact that we can
find such conics (uniquely) only if p = 3.

We use model of D5 as the blow up of four points p1 = [1, 0, 0], p2 = [0, 1, 0], p3 = [0, 0, 1], p4 =
[1, 1, 1] in the plane. The 10 lines obtained as the proper transforms of the six lines V (ti) and
V (ti − tj), and four exceptional curves over these lines corresponding to the tangent directions at
the points pi. The five pencils of conics on D5 come from the pencil of lines with base point pi and
the pencil of conics with base points p1, p2, p3, p4. Thus our 5 conics originate from four lines

V (a1x0 + a2x1), V (b1x0 + b2x2), V (c1x1 + c2x2), V (d1(x0 − x2) + d2(x0 − x1))

and the conic V (ax0x1 + bx1x2 + cx0x2).

An easy computation shows that the conditions on the intersection points forces the conic to have
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the equation x0x1+x0x2+x1x2 = 0 and the lines to have the equations xi+xj = 0, x0+x1+x2 =
0. The nodal sextic is the image of the five curves Ci in the plane is the union of the four lines and
the conic. The set of its 14 double points consists of 10 points

[0, 1,−1], [1,−1, 0], [1, 0,−1], [1, 1,−1], [1,−1, 1], [−1, 1, 1], [1, 0, 0], [0, 1, 0], [0, 0, 1], [1, 1, 1]

and four infinitely near points to the last four ones that correspond to the tangent directions defined
by the lines V (ti). By solving the linear equations we find this is possible only if p = 3.

It is known that Aut(D5) ∼= S5 (see [179], 8.5.4). The blowing-up morphism V → D5 is obvi-
ously S5-invariant and the lift of the action of S5 on V coincides with the action of S5 descended
from its action on X . By analyzing its action on the crystallographic basis of V we find that

Aut(V) ∼= S5.

Let us record this example.

Theorem 9.8.10. Under specialization to characteristic 3, an Enriques surface with a crystallo-
graphic basis of type VI specializes to a Coble surface with five boundary components that contains
a crystallographic basis of the same type of irreducible effective roots in its Coble-Mukai lattice. Its
group of automorphism is isomorphic to S5. Its canonical cover X is a supersingular K3 surface
with Artin invariant σ = 1 and the R-invariant is (K,H) = (E6 ⊕ V,Z/2Z).

Proof. One can see that there exists a quasi-elliptic fibration on X with three singular fibers of type
Ẽ6, one singular fiber of type Ã2 and with three sections. The Shioda-Tate formula implies that the
determinant of the Picard group of X is equal to −34/32 = −32, that is, X is again a supersingular
K3 surface with Artin invariant 1. For K, we find E6 from (−2)-curves on V and V from five
boundary components. Since rankH ≥ 1 and the dimension of the kernel of qK/2K is 1, we have
H = Z/2Z.

Remark 9.8.11. This is a follow-up of Remark 9.2.13. In this remark we discussed Coble surfaces
with 5 boundary components obtained by blowing up 10 intersection points of five conics Ca from
different pencils on D5. This 5-dimensional family of Coble surfaces lives in any characteristic.
The ten exceptional curves Eab and 5 conics define ten irreducible effective roots αi = 2Eab +
1
2(Ca + Cb). Its intersection graph is isomorphic to the subgraph of the graph of Type VI formed
by the vertices E11, . . . , E20. So we see our surface as a specialization to characteristic 3 of a
5-dimensional family of Coble surfaces with 5 boundary components whose general member has
infinite automorphism group.

Note that, when we choose the conics to be a pair of lines, we obtain a Coble surface with 10
boundary components which is not terminal. Blowing up 5 singular points, we obtain a terminal
Coble surface whose canonical cover is Vinberg’s most algebraic K3 surface.

• Type VI specialization in characteristic p = 5.

Now we specialize the same Enriques surface S of Type VI to characteristic 5. The point q =
[1, 1, 1, 1, 1] is a unique fixed point of σ on the Hessian surface H . This time H is the Hes-
sian surface of the Clebsch diagonal cubic surface in characteristic 5. We have the same 30 lines
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L(a, b, c)(ω) and L(a, b) as in the case p = 0. Also we have the exceptional curves Rab over the 10
singular points pcde and one additional (−1)-curve Eq.

Note that the residual component of the plane section xi = xj = 0 of H containing an edge of the
pentahedron formed by the coordinate hyperplanes xi = 0 is a cubic curve with a double point at q.
Its proper inverse transform on X is a (−2)-curve Cij intersecting the exceptional curve Eq at two
points. The S5-orbit of Eij consists of 10 disjoint curves on X . Since ρ(X ′) = 20, we obtain that
ρ(X) = 22, so that X is a supersingular K3 surface.

The quotient V = X/(σ) of the minimal resolution X of H is a Coble surface V with K2
V = −1

with an irreducible isolated curve R0 in | − 2KV|, the image of the curve Eq.

The surface V contains 20 (−2)-curves E1, . . . , E20 which form a crystallographic basis of type
VI in K⊥V . The curves E1, . . . , E10 are the images of the edges of the pentahedron. Their intersec-
tion graph is the Peterson graph. The curvesE11, . . . , E20 are the images of the curvesL(a, b, c)(ω).
Their intersection graph is the incidence graph of the configuration (106, 302). The images of the
curves Cij are disjoint (−1)-curves Sij on V. Pick up one of them, say C01 and blow it down to
obtain a surface Y with K2

Y = 0. It is a straightforward computation that Y is a Halphen rational
elliptic surface of index 2. The image of Eq on Y is an irreducible nodal fiber on Y . The images
of Cij 6= C01 are 9 disjoint 2-sections. The fibration has 3 reducible fibers of type Ã5, Ã2, Ã1. The
fiber of type Ã5 is formed by curves E2, E3, E5, E6, E7, E9. The fiber of type Ã2 is formed by the
curves E14, E18, E19. The fiber of type Ã2 is formed by E10, E16.

The automorphism group of V is again S5.

Theorem 9.8.12. Under specialization to characteristic 5, an Enriques surface with a crystallo-
graphic basis of type VI specializes to a Coble surface with one boundary component that contains
a crystallographic basis of the same type of irreducible effective roots in its Coble-Mukai lattice. Its
group of automorphism is isomorphic to S5. Its canonical cover X is a supersingular K3 surface
with Artin invariant σ = 1 and the R-invariant is (K,H) = (E6 ⊕ A4, {0}).

Proof. Since there is only one boundary component, the R-invariant is the same as for an En-
riques surface from the family. We already know that X is a supersingular K3 surface. Note that
π∗(Num(S)) ⊕ K(2) has the determinant 220 · 3 · 5 and by definition of R-invariant there exists
a sublattice N of Pic(X) such that π∗(Num(S)) ⊕ K(2) ⊂ N and N is of rank 20 and of the
determinant 15. Let T be the orthogonal complement of N in Pic(X). Then its rank is equal to 2.
Since Pic(X) contains N ⊕ T as a sublattice of finite index, the Artin invariant is equal to 1.

• Type VII specialization in characteristic p = 5.

Consider the surface X ′ given by equations (8.9.11). If p = 5, the Cremona involution σ has a
unique fixed point which is an ordinary node of X ′. The quotient is not an Enriques surface but
rather a Coble surface.

We know from Example 8.9.30 that an Enriques surface of type VII contains 15 curves (−2)-
curves Lσ, the images of 15 pairs of lines `±σ ⊂ X ′ spanned by points [1,−1,±i,∓i, 0] and
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[0, 0, 0, 0, 1], where σ is one of 10 even involutions in S5. It also contains five (−2)-curves Ki,
the images of the exceptional curves on X over the five nodes of X . Together they form the dia-
gram of type VII.

Consider a hyperplane in P4 spanned by two lines `±σ and the new singular point q = [1, . . . , 1].
The intersection of X ′ with this hyperplane is a curve of bidegree (3, 3) on a quadric that contains
its two lines intersecting at a point. The residual curve is of bidegree (2, 2), and since it has a
double point at q, it must be a rational (−2)-curve. Its proper transform on the K3 surface X is a
new (−2)-curve. So, we have additionally fifteen (−2)-curves on X . Each curve is invariant with
respect to the Cremona involution σ. We denote its image on the Coble surface V by Rσ. This is a
(−1)-curve on V. The images of each pair of lines `±σ is a (−2)-curve Lσ on V. The image of the
exceptional curve over q on V is a (−4)-curve C ∈ | − 2KV|.

One checks that two curves Lσ and Lτ intersect if and only if they share a dual entering into σ and
τ . Two curves Rσ and Rτ intersect with multiplicity one if and only if σ and τ do not fix the same
element in [1, 5]. The curve Lσ intersects Rτ with multiplicity 2 if and only if σ and τ fix the same
element in [1, 4]. Otherwise they intersect with multiplicity 1.

Consider the nine curves

L12,35, L35,24, L24,13, L13,25, L25,14, L14,23, L23,45, L12,45.

It follows from above that their sum is a nodal cycle L of type Ã8. They can be taken to real-
ize the curves E1, . . . , E9, respectively, from the diagram of type VII. The disjoint (−1)-curves
R23,45, R24,35, R25,34 intersect the components E1, E4, E7. Consider the blowing down V→ P2 of
the disjoint exceptional configurationsR23+E1+K1+K5,R24,35+E4+E5, andR25,34+E7+E8.
The image of the (−4)-curve is a curve of degree 6 with 10 double points p4 � p3 � p2 � p1, p7 �
p6 � p5, p10 � p9 � p8. The surface is obtained by blowing up the singular point of an irreducible
fiber of a Halphen elliptic surface with one double fiber of type Ã8. The images of the curves
R23,45, R24,35, R25,34 are three disjoint bisections. The image of the nodal cycle L is the triangle of
lines with vertices at the points p1, p5, p8.

The surface V has the obvious symmetry with the group S5. The only effective roots in the Mukai
lattice C10 are the classes of (−2)-curves. Using Theorem 9.8.1, we see that Aut(V) ∼= S5.

Theorem 9.8.13. Under specialization to characteristic 5, an Enriques surface with a crystallo-
graphic basis of type VII specializes to a Coble surface with one boundary component that contains
a crystallographic basis of the same type of irreducible effective roots in its Coble-Mukai lattice. Its
group of automorphism is isomorphic to S5. Its canonical cover X is a supersingular K3 surface
with Artin invariant σ = 1 and the R-invariant is (K,H) = (A9 ⊕ A1,Z/2Z).

Proof. Since the number of boundary components is 1, as we already used it before the R-invariant
does not change when we specialize Enriques surfaces to a Coble surface. The Picard number of
the canonical cover is at least 21 (= 10 + 10 + 1) and hence X is a supersingular K3 surface. Since
π∗(Num(S))⊕K(2) has the determinant 222 · 5 and its orthogonal complement in Pic(X) has the
rank 2, the Artin invariant is equal to 1.

We will give two examples of Coble surfaces in characteristic 3 with two and eight boundary
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components and with finite automorphism group in Theorems 10.5.17,10.6.

Next we give examples of Coble surfaces in characteristic 2 with finite automorphism group.

• Type VII specialization in characteristic p = 2 with ten boundary components.

In Theorems 9.2.8, 9.2.10 and in Remark 9.8.11 we discussed a Coble surface with ten boundary
components that lives in any characteristic p 6= 2. Here we show that this surface in characteristic 2
is a Coble surface with ten boundary components and with the crystallographic basis in CM(V) of
type VII given in Figure 8.14.

In the proof of Theorem 9.2.10, we showed that the Coble-Mukai lattice contains 20 (−2)-classes
forming a crystallographic basis of type VII in which 15 classes are effective and the remaining 5
classes correspond to five involutions. Thus it suffices to prove that the five classes are represented
by effective classes. We consider the projective plane P2(F4). We use the same coordinates as in
Example 9.2.7 for the complete quadrangle and its vertices p1, p2, p3, p4 and the diagonal points
q1, q2, q3. As in this example we consider the surface obtained by blowing up the intersection
points of 10 lines on the quintic del Pezzo surface D5, the blow up of p1, p2, p3, p4. The specific of
characteristic 2 is that the proper transforms of the following four conics Ki each passing through
the set Σi = {p1, p2, p3, p4} \ {pi} and tangent at these points to the lines 〈pi, pj〉, j ∈ Σi:

K1 : x2 + yz = 0, K2 : y2 + xz = 0, K3 : z2 + xy = 0, K4 : xy + yz + xz = 0.

We also let K5 be the line x + y + z = 0 that passes through q1, q2, q3. The proper transform of
each Ki is a rational curve with self-intersection 1 that passes through 3 intersection points of the
ten lines. Thus, their proper transforms on V are five (−2)-curves which we will continue to denote
by K1, . . . ,K5. Thus the twenty effective roots αab,cd,Ki form the crystallographic basis of type
VII.

Note that three lines given in (9.2.6) degenerate to x + y + z = 0 in characteristic 2. Thus
(−2)-classes defining five reflections in Vinberg’s most algebraic K3 surface are now represented
by effective curves and hence do not define an involution of the surface.

This example was obtained independently by S. Mukai.

As mentioned in Example 9.2.8, V dominates an extremal elliptic surface with singular fibers of
Ã4, Ã4, Ã∗0, Ã∗0. Let π : X → V be the canonical cover defined by the invertible sheaf L = ω−1

V
and the section of L⊗2 with the zero scheme equal to the boundary

∑
Cab. We have ωX ∼= OX

and Proposition 0.2.10 tells that Sing(X) is a finite subscheme Z with h0(OZ) = 12. Since X
has an ordinary double point over singular points of fibers of type Ã4 and of Ã∗0, we infer that X
has exactly 12 double points and its minimal resolution Y is a supersingular K3 surface. It has an
elliptic fibration with singular fibers of type Ã9, Ã9, Ã1, Ã1 and with 10 sections, and the Shioda-
Tate formula implies that the Artin invariant of Y is equal to 1.

Next we show that the above Coble surface is a specialization of the Enriques surfaces of type VII
given in §8.9, Example 8.10.8. We use the same notation given there. Recall that we considered the
elliptic fibration p : Y → P1 on the minimal resolution Y of the canonical cover X of S which is
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the minimal model of the elliptic surface defined by the Weierstrass equation

y2 + t2xy + y = x3 + x2 + t2.

The fibration p has two reducible fibers of type Ã9 over t = 1,∞ and two singular fibers Fω +
Eω, Fω2 + Eω2 of type Ã1 over t = ω, ω2. The elliptic surface f has 10 sections si,mi (i =
0, 1, . . . , 4). To obtain Enriques surfaces, we considered the following derivation defined by

∂ =
1

t+ 1

(
(t+ 1)(t+ α)(t+ β)

∂

∂t
+

(1 + t2x)

t+ 1

∂

∂x

)
with α, β ∈ k, α+ β = αβ, α3 6= 1.

Now we put β = α/(α+1) in ∂, multiple ∂ by α+1 and put α = 1. Then we obtain the derivation
∂0 = (t+ 1) ∂∂t . A direct calculation shows the following lemma.

Lemma 9.8.14. (i) The integral curves with respect to ∂0 are E1,1, E1,3, E1,5, E1,7, E1,9, E∞,1,
E∞,3, E∞,5, E∞,7, E∞,9, Eω, Eω2 , s0, s1, s2, s3, s4.

(ii) Let D be the divisor of ∂0. Then

D = F1 + E1,2 + E1,4 + E1,6 + E1,8 + F∞ + E∞,2, E∞,4 + E∞,6 + E∞,8 + Eω + Eω2 .

(iii) D2 = −24.

Let Y ∂0 be the quotient of Y by ∂0 and π : Y → Y ∂0 the canonical map. By the same argument as
in the case of Enriques surfaces, Y ∂0 is smooth. It follows from the canonical divisor formula that
π∗KY ∂0 = −D. For a curve C on Y , we denote by C̄ the image of C on Y ∂0 . It follows that the
integral curves in Lemma 9.8.14, (i) are (−1)-curves and the other are (−4)-curves. Thus we have
2KY ∂0 = −(F̄1 + Ē1,2 + Ē1,4 + Ē1,6 + Ē1,8 + F̄∞+ Ē∞,2 + Ē∞,4 + Ē∞,6 + Ē∞,8 +2Ēω +2Ēω2).
By contracting (−1)-curves Ēω, Ēω2 , we obtain a non-singular surface V with | − 2KV| = {F̄1 +
Ē1,2 + Ē1,4 + Ē1,6 + Ē1,8 + F̄∞ + Ē∞,2, Ē∞,4 + Ē∞,6 + Ē∞,8}. The images of five sections
m0,m1, . . . ,m4 are (−2)-curves forming a complete graph of five vertices with double edges. The
images of 15 integral curves in Lemma 9.8.14, (i) are 15 (−1)-curves which define 15 irreducible
effective roots. One can check that the dual graph of 20 roots is nothing but the one of type VII.
Thus we have a Coble surface V with the dual graph of type VII and with ten boundary components.

Let us record the discussion in the previous example in the following.

Theorem 9.8.15. The surface V is a Coble surface in characteristic 2 with ten boundary compo-
nents and with the crystallographic basis of type VII which is a specialization of the one dimen-
sional family {Sα,β} (a, b ∈ k, a+b = ab, a3 6= 1) of Enriques surfaces given in Theorem 8.10.10.
The automorphism group Aut(V) is isomorphic to S5 induced from Aut(V ).

• Type VII specialization in characteristic p = 2 with two boundary components.

In this example we construct a Coble surface in characteristic 2 with two boundary components
C1, C2 and with the same crystallographic basis as in the previous example. It is obtained as a
specialization of the one dimensional family of Enriques surfaces of type VII given in Theorem
8.10.10.
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We use the same notation from the previous example. Observed that the curves K1, . . . ,K5 have
two points Q(ω) in common with coordinates [1, ω, ω2], [1, ω2, ω], ω3 = 1, ω 6= 1. Looking at the
Petersen graph we immediately locate two pentagons (e.g. the interior 5 vertices and the exterior
five vertices) each representing a cycle of five (−1)-curves on D5. Each vertex of one pentagon is
connected to one vertex of the second pentagon. We blow up the corresponding set of 5 intersection
points P1, . . . , P5 of the ten lines, we obtain a surface V′ with two disjoint cycles of (−2)-curves
an 5 sections E1, . . . , E5 coming from the exceptional curves over the five points. They define a
structure of a minimal rational elliptic surface an V′ with an elliptic fibration containing two fibers of
type Ã4. This pencil contains two irreducible nodal fibers with nodes Q(ω) (identified with points
on V′).

Note that #D5(F4) = (#P2(F4)− 4) + 4#P1(F4) = 17 + 20 = 37. The set of 10 lines contains
15+10#(P1(F4)−3) = 35 points. Since the pointsQ(ω) belong toD5(F4) and do not lie on lines,
we obtain a beautiful fact:the two points Q(ω) do not depend on a choice of two disjoint pentagons
and coincide with the set of singular points of two irreducible singular fibers of the elliptic fibrations
defined by the two pentagons. Another equivalent fact is that any automorphism g of order 5 of D5

has the same set of two fixed points.

Now we blow up the points Q(ω) and obtain a Coble surface with two boundary components
C1 and C2 equal to the proper transforms of the two irreducible singular fibers. We know that
the rational elliptic surface V′ is an extremal rational elliptic surface with the Mordell-Weil group
isomorphic to Z/5Z. Each of the curves Ei is a section intersecting two nodal fibers. This defines 5
irreducible effective roots

αi = 2Ei +
1

2
(C1 + C2).

We used in the previous example that the proper transforms of the curves K1, . . . ,K5 on D5 are
curves with self-intersection 1. Each of these curves contains one point Pi and hence its proper
transform on V′ is a curve of self-intersection 0 passing through the singular points of irreducible
singular fibers and one singular point of each reducible fiber. The proper transforms of Ki on V are
(−2)-curves.

Now again have 15 classes of (−2)-curves which are components of reducible fibers and five
curves K1, . . . ,K5. Its intersection graph is the dual Petersen graph. We also have five classes of
effective irreducible roots αi with αi · αj = 2. As in the previous example we check the 20 divisor
classes in CM(V) form the crystallographic basis of type VII.

Now we show that this Coble surface is a specialization to characteristic 2 of the Enriques surfaces
of type VII given in §8.9, Example 8.10.8. We use the same notation given there. Recall that we
considered the elliptic fibration p : Y → P1 on the minimal resolution Y of canonical cover X of
S which is the minimal model of the elliptic surface defined by the Weierstrass equation

y2 + t2xy + y = x3 + x2 + t2.

The fibration p has two reducible fibers of type Ã9 over t = 1,∞ and two singular fibers Fω +
Eω, Fω2 + Eω2 of type Ã1 over t = ω, ω2. We consider the rational derivation ∂ defined by

∂ =
1

(t+ 1)

(
(t+ 1)(t+ ω)(t+ ω2)

∂

∂t
+ (1 + t2x)

∂

∂x

)
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where ω3 = 1, ω 6= 1. We can prove that the divisor D of ∂ is equal to

D = Eω + Eω2 −

(
F1 + F∞ +

4∑
i=1

(E1,2i + E∞,2i)

)
(9.8.4)

where D is the divisor of ∂ and Fω, Fω2 , F1, F∞, E1,2i, E∞,2i (1 ≤ i ≤ 4) are integral with
respect to ∂ (compare this with Lemma 8.10.9). By the same argument in Example 8.10.8, we can
see that ∂ has no isolated zeros, the quotient map π : Y → Y ∂ is inseparable and Y ∂ is non-
singular. By contracting the (−1)-curves which are images of E1,2i, E∞,i (1 ≤ i ≤ 4), we obtain a
birational morphism ϕ : Y ∂ → V′. Let Ēω, Ēω2 , F̄ω, F̄ω2 be the images of Eω, Eω2 , Fω, Fω2 . Then
Ē2
ω = Ē2

ω2 = −4, F̄ 2
ω = F̄ 2

ω2 = −1. Note that the non-singular surface V′ is obtained by blowing
ups of an elliptic surface at two singular points of two fibers of type Ã∗0. Then

0 = 2KY = π∗(2KY ∂ ) + 2D = π∗(ϕ∗(2KV′) + 2

4∑
i=1

(E1,2i + E∞,2i)) + 2D.

Since Eω, Eω2 are not integral, we have Ēω + Ēω2 ∈ | − 2KV′ |. Thus V′ is a rational surface and
hence a Coble surface with two boundary components. Let s̄i, m̄i (0 ≤ i ≤ 4) be the images of
sections si,mi respectively. Since si · Fω = si · Fω2 = mi · Eω = mi · Eω2 = 1, s̄2

i = −2 and
m̄2
i = −1 (these imply that mi is integral and si is not as pointed out by T. Katsura). Now it is easy

to see that the surface V′ is isomorphic to the Coble surface V obtained above.

Thus we have the following theorem.

Theorem 9.8.16. The surface V is a Coble surface in characteristic 2 with two boundary compo-
nents and with the crystallographic basis of type VII which is a specialization a = ω, b = ω2 of
the one dimensional family {Sα,β} (a, b ∈ k, a + b = ab, a3 6= 1) of Enriques surfaces given in
Theorem 8.10.10. The automorphism group Aut(V) is isomorphic to S5 induced from Aut(V ).

Remark 9.8.17. In the above example, the canonical coverX of V is obtained by contracting twelve
(−2)-curves appeared in the divisor D given in (9.8.4). The induced derivation on X has two
isolated zeros at the images of Eω, Eω2 because ∂ has zeros along Eω, Eω2 . We will explain the
reason why we can get a Coble surface in Proposition 10.3.3.

Finally we give examples of Coble surfaces in characteristic p = 2 with finite automorphism
group, and with a crystallographic basis of the remaining types appeared in the classification of
classical Enriques surfaces given in Table 8.14 except the case of type D̃4 + D̃4. The latter case
can not exists in Coble surfaces. For the proof of this fact, we refer the reader to [364, the proof of
Theorem 5.5]. All examples are specializations of the corresponding families of classical Enriques
surfaces with finite automorphism group discussed in §8.10. We can also construct them as a blow-
ing up of a plane sextic curve. This allows us to determine the moduli of Coble surfaces with finite
automorphism group. We omit the details (see [364, §6]).

Example 9.8.18. In this example we give a Coble surface V in characteristic 2 with one boundary
component B and with the same crystallographic basis of type Ẽ8 given in Figure 8.10.34. It
is obtained as a specialization of the 1-dimensional family of classical Enriques surfaces of type
Ẽ8 given in Example 8.10.39 by putting a = 0 in the equation (8.10.9) of the derivation ∂a. In
the following we use the notation as in Figure 8.10.34. The Coble surface V has a quasi-elliptic
fibration f with a multiple singular fiber of type Ẽ8 and the cuspidal curveR10. The only difference
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with Enriques surfaces is that it is obtained from a Halphen surface by blowing up the cusp of
an irreducible fiber. Thus B is the proper transform of the fiber and there exists a (−1)-curve E
meeting R10 transversally and B with multiplicity 2 at the preimage of the cusp. By contracting
E,R10, R9, . . . , R2 successively, we obtain a projective plane P2. The image of B is a plane sextic
curveC with a unique singular point P and the image ofR1 is a line `meetingB only at P . We may
assume that P = [0, 0, 1] and ` is defined by x = 0. Then by an elementary but long calculation, C
is given by y6 + x5y + x2z4 = 0. Note that the pencil y = αx of lines passing through p gives a
purely inseparable covering C \ {p} → A1 by x2( 4

√
α6 + α5x+ z)4 = 0, and hence C is rational.

The quasi-elliptic fibration f is induced from the pencil of sextic curves given by

{sx6 + t(y6 + x5y + x2z4)}[s,t]∈P1 .

The automorphism group Aut(V) is isomorphic to Z/5Z generated by

[x, y, z]→ [x, ζy, ζ−1z], ζ 6= 1, ζ5 = 1.

The curve is a specialization in characteristic 2 of a member of the family of rational nodal sextic
with cyclic symmetry of order 5 given by equation (9.4.14). By construction, a Coble surface with
the crystallographic basis of type Ẽ8 is unique and isomorphic to this example.

Example 9.8.19. Here we give a Coble surface V in characteristic 2 with two boundary components
B1, B2 and with the crystallographic basis of type Ẽ(1)

7 given in Figure 8.10.46. It is obtained as a
specialization of the 1-dimensional family of Enriques surfaces of the same type given in Example
8.10.46 by putting b = c = 0 in the equation (8.10.12) of the derivation ∂. Note that the case
b = 0, c = 1 gives Enriques surfaces of type Ẽ(1)

7 . In the following we use the notation as in Figure
8.10.46. The surface V has a quasi-elliptic fibration f with a multiple singular fiber of type Ẽ7. It
is obtained from a Halphen surface by blowing up the singular point (and the infinitely near point)
of the fiber F of type Ã∗1. Thus B1, B2 are the proper transforms of the two components of F , R9

is the proper transform of the cuspidal curve and R10 is the one of the exceptional curve of the first
blowing up. LetE be the exceptional curve of the second blowing up. ThenR11 = 2E+ 1

2B1+ 1
2B2.

Note that there exists a genus 1 fibration f ′ with a singular fiber of type Ẽ8 which is a quasi-elliptic
one with the cuspidal curve R2 and is Jacobian because E is a section. Let E1, E2 be (−1)-curves
such that 2E1 +B1, 2E2 +B2 are two fibers of f ′ containing the boundary components. Since R2

is a 2-section of f ′, R2 · E1 = R2 · E2 = 1. Now by contracting E,R10, R9, . . . , R2 and E1, E2

successively, we obtain a projective plane P2. The image of Bi is a plane cubic curve Ci with a
cusp pi the image of Ei (i = 1, 2). Two cubics C1 and C2 meet at a point p0 with multiplicity 9.
The image of R1 is a line `1 meeting Ci at p0 with multiplicity 3, and the image of R2 is a line `2
passing through p0, p1, p2. We may assume that p0 = [0, 0, 1], p1 = [1, 0, 0], p2 = [1, 0, 1], `1 is
defined by x = 0 and `2 by y = 0. Then

C1 : y3 + xz2 = 0, C2 : x3 + y3 + xz2 = 0.

The quasi-elliptic fibration f is induced from the pencil of sextic curves given by

{s(x2y)2 + t(y3 + xz2)(x3 + y3 + xz2)}[s,t]∈P1 .

The automorphism group Aut(V) is isomorphic to Z/2Z generated by

[x, y, z]→ [x, y, x+ z].

By construction Coble surface with the crystallographic basis of type Ẽ(1)
7 is unique and isomorphic
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to this example.

Example 9.8.20. We give a 1-dimensional irreducible family of Coble surfaces in characteristic
2 with one boundary component and with the crystallographic basis of type Ẽ(2)

7 given in Figure
8.10.52. They are obtained as specializations of the 2-dimensional family of Enriques surfaces of
the same type given in Example 8.10.58 by putting b 6= 0, c = 0 in the equation (8.10.12) of the
derivation ∂. The Coble surface has a quasi-elliptic fibration f with a multiple singular fiber of type
Ẽ7. It is obtained from a Halphen surface H with singular fibers of type Ẽ7, Ã∗1 by blowing up the
singular point of an irreducible fiber F . Note that if we blow up H at the singular point (and the
infinitely near point) of the fiber of type Ã∗1, then we obtain the previous Example 9.8.19. Thus we
can use the same pencil of sextic curves given in the previous Example. Since the point blown up of
the Halphen surface depends on the choice of the fiber F , these Coble surfaces form an irreducible
1-dimensional family.

Example 9.8.21. We give an example of a Coble surface in characteristic 2 with three boundary
components B1, B2, B3 and with the crystallographic basis of type Ẽ6 + Ã2 given in Table 8.14.
It is obtained as a specialization of the 1-dimensional family of Enriques surfaces of the same type
given in Example 8.10.21 by putting a = 0 in the equation (8.10.6) of the derivation ∂a. It has a
unique elliptic fibration f with a multiple singular fiber of type Ẽ6 which is obtained from a Halphen
surface H with three singular fibers of type Ẽ6, Ã2, Ã0 by blowing up the three singular points of
the fiber F of type Ã2. Thus B1, B2, B3 are the proper transforms of the three components of F .
To get the Coble surface we consider the following curves and points in P2:

` : x+ y + z = 0, `1 : y + z = 0, `2 : x+ z = 0, `3 : x+ y = 0,

Q1 : y2+z2+xy+yz+zx = 0, Q2 : x2+z2+xy+yz+zx = 0, Q3 : x2+y2+xy+yz+zx = 0,

p0 : [1, 1, 1], p1 = [1, 0, 0], p2 = [0, 1, 0], p3 = [0, 0, 1],

p12 = [1, 1, 0], p13 = [1, 0, 1], p23 = [0, 1, 1].

Two conics Qi and Qj meet at pij with multiplicity 4, ` passes through three points p12, p13, p23.
The three lines `1, `2, `3 meet at p0, each line `i tangents to Qi at pi and to Qj , Qk at pjk where
{i, j, k} = {1, 2, 3}. Now blowing up p12, p13, p23 and their infinitely near points, we obtain the
following configuration:

The boundary component Bi is the proper transform of Qi and E4 in the Figure 9.7 is the proper
transform of `. For example, E5, E1, E11 are the exceptional curves over p12. If we denote Fij the
exceptional curve of the last blow-up over pij , then E8 = 2F12 + 1

2B1 + 1
2B2. The fibration f is

induced from the pencil of sextics curves given by

{C[s,t] = s`6 + tQ1Q2Q3}[s,t]∈P1 , (9.8.5)

where `,Qi means their equations. The proper transform of `i is a (−1)-curve, denoted by Ri, and
Bi + 2Ri is a fiber of a quasi-elliptic fibration with a singular fiber of type Ẽ7. Thus we obtain
a Coble surface V with three boundary components and with the crystallographic basis of type
Ẽ6 + Ã2. The automorphism group Aut(V) is isomorphic to S3 induced from the permutations
of coordinates of P2. One can prove that a Coble surface with the crystallographic basis of type
Ẽ6 + Ã2 is unique and isomorphic to this example.
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Figure 9.7:

Example 9.8.22. Here we give an example of a Coble surface V in characteristic 2 with one boundary
componentB and with the crystallographic basis of type Ẽ6+Ã2. It is obtained as a specialization of
the 1-dimensional family of Enriques surfaces of the same type given in Example 8.10.21 by putting
a = 1 in the equation (8.10.6) of the derivation ∂a. It is also obtained from the Halphen surface
H with three singular fibers of type Ẽ6, Ã2, Ã0, given in the previous Example 9.8.21, by blowing
up the singular point of the fiber F ′ of type Ã0. Here we use the same notation as in the previous
example. Note that the member C[1,1] in the pencil of sextic curves given by the equation (9.8.5) has
a node at p0 and three singularities at p12, p13, p23. The preimage of C[1,1] on the Halphen surface H
is a singular fiber of type Ã0. We blow up H at the point corresponding to the intersection p0 of three
lines `i. Then we obtain a Coble surface V with one boundary component B which is the proper
transform of the curve C[1,1]. In Figure 9.7, E8, E9, E10 are the proper transforms of Q1, Q2, Q3,
and those of `1, `2, `3 are E11, E12, E13. This Coble surface is also unique and Aut(V) ∼= S3.

Example 9.8.23. We give a 1-dimensional family of Coble surfaces V in characteristic 2 with one
boundary component B and with the crystallographic basis of type D̃8 given in Figure 8.10.63. It
is obtained as a specialization of the 2-dimensional family of Enriques surfaces of type D̃8, given
in Example 8.10.68, by putting b = 0 in the equation (8.10.14) of the derivation ∂a,b. Now we give
this Coble surface by blowing up P2. Consider the following curves in P2:

` : x = 0, Q : y2 + xz = 0, C : x6 + (y2 + xz)2(ax+ z)z = 0 (a 6= 0 ∈ k).

Note that C is a rational sextic curve with a node at q = [0, 1, 0] and a singular point at p = [0, 0, 1].
The line ` meets Q at the point p with multiplicity 2 and C at p with multiplicity 4 and at q with
multiplicity 2. The non-singular conic Q meets C only at the point p with multiplicity 12. Consider
the pencil of sextic curves defined by

{sx2(y2 + xz)2 + t(x6 + (y2 + xz)2(ax+ z)z)}[s,t]∈P1 .

By blowing up P2 at p (and their infinitely near points) and q, we get ten (−2)-curves forming the
dual graph given in Figure 8.10.63. The proper transform of C is the boundary component B, that
of Q is R3 and that of L is R10. The curves R1, R2, R4, . . . , R9 are exceptional curves over p. Let
E be the exceptional curve over q. Then 2E +B is a fiber of an elliptic fibration with singular fiber
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of type Ẽ8. The automorphism group Aut(V) is isomorphic to Z/2Z generated by

[x, y, z]→ [x,
√
ax+ y, ax+ z].

By elementary but long calculation, one can prove that Coble surfaces with the crystallographic
basis of type D̃8 form a 1-dimensional irreducible family isomorphic to this example.

Example 9.8.24. Here we give an example of a Coble surface V in characteristic 2 with four bound-
ary components B1, . . . , B4 and with the same crystallographic basis of type VIII. The dual graph
is given by the following Figure 9.8:

Figure 9.8:

The surface is obtained as a specialization of the 1-dimensional family of Enriques surfaces of type
VIII given in Example 8.10.27 by putting a = 0 in the equation (8.10.7) of the derivation ∂a.
In Figure 9.8, the ten vertices E1, . . . , E10 are represented by (−2)-curves and E11, . . . , E16 are
represented by irreducible roots. Denote by e11, . . . , e16 the six (−1)-curves satisfying

E11 = 2e11 +
1

2
B1 +

1

2
B3, E12 = 2e12 +

1

2
B1 +

1

2
B2, E13 = 2e13 +

1

2
B3 +

1

2
B4,

E14 = 2e14 +
1

2
B2 +

1

2
B3, E15 = 2e15 +

1

2
B1 +

1

2
B4, E16 = 2e16 +

1

2
B2 +

1

2
B4.

By contracting e13, e15, e16 and B4, we obtain a Halphen surface H with a multiple fiber E5 +E7 +
E9 +2(E2 +E3 +E4)+3E1 of type Ẽ6 and a fiber B̄1 + B̄2 + B̄3 of type Ã∗2 where B̄i is the image
of Bi on H. Then by contracting e11, e12, e14, E5, E7, E9, E2, E3, E4 successively, we obtain a
projective plane P2. Denote by `, `1, `2, `3, Q1, Q2, Q3 the images of E1, E6, E8, E10, B1, B2, B3,
respectively. Then `, `i are lines and Qi are non-singular conics. Let p0, p1, p2, p3 be the images of
e11, e12, e14, B4 on P2. We may assume that

p0 : [1, 1, 1], p1 = [0, 1, 1], p2 = [1, 0, 1], p3 = [1, 1, 0].

Then we have

` : x+ y + z = 0, `1 : y + z = 0, `2 : x+ z = 0, `3 : x+ y = 0.

An easy calculation shows that

Q1 : x2 + y2 + z2 + yz = 0, Q2 : x2 + y2 + z2 + zx = 0, Q3 : x2 + y2 + z2 + xy = 0.
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Two conics Qi and Qj meet at pk with multiplicity 3 ({i, j, k} = {1, 2, 3}) and intersect transver-
sally at p0. The Halphen fibration is induced from the pencil of sextics curves given by

{C[s,t] = s`6 + tQ1Q2Q3}[s,t]∈P1 . (9.8.6)

Thus we obtain a Coble surface V with four boundary components and with the crystallographic
basis of type VIII. One can prove that the automorphism group Aut(V) is isomorphic to S4 by
using the Mordell-Weil groups of the Jacobian fibrations of genus 1 fibrations on V. A Coble
surface with the crystallographic basis of type VIII is unique and isomorphic to the surface from
this example.
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Chapter 10

Supersingular K3 surfaces and Enriques
surfaces

If the canonical cover of an Enriques or a Coble surface in characteristic p = 2 is inseparable and has
only rational double points as singularities, then its minimal model is a supersingular K3 surface. In
this chapter, after introducing some basic facts from the theory of supersingular K3 surfaces, we will
study some constructions of Enriques and Coble surfaces with interesting groups of automorphisms
as quotients of a supersingular K3 surface by a rational vector field.

10.1 Supersingular K3 surfaces

Recall Definition 1.1.10: a K3 surface Y is called Shioda-supersingular if b2(Y ) = 22. Also,
in Remark 0.10.26, we defined a supersingular variety satisfying two equivalent conditions: the
height of the formal Brauer group is infinite or the slopes of the Frobenius acting on the crystalline
cohomology H2(Y/W ) are equal to 1. The Igusa-Artin-Mazur equality (0.10.65) implies that a
Shioda-supersingular K3 surface is always supersingular. Recently, it was proven the converse
[486], [470] if p 6= 2 and [380] if p = 2. A partial explanation for the name supersingular is the
following property (however weaker than the supersingularity) which defines supersingular elliptic
curves and supersingular Enriques surfaces.

Proposition 10.1.1. The Frobenius endomorphism acts trivially on H2(Y,OY ).

Proof. It follows from Section 0.10 (after Example 0.10.18) that the Dieudonne module D(Φ2
Y/k)

of the formal Brauer group is isomorphic to H2(Y,WOY ). Since Φ2
Y/k
∼= Ĝa, Example 0.1.19

shows that F(H2(Y,WOY )) = 0. In particular F(H2(Y,OY )) = 0.

Recall that in Section 0.10 we assigned to any variety Y the crystalline cohomology H i(Y/W )
and defined a structure of a crystal or a Dieudonne W -module. This structure consists of a σ-linear
endomorphism Φ : H i(Y/W ) → H i(Y/W ), i.e an endomorphism of abelian groups satisfying

337
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Φ(wx) = σ(w)Φ(x), where σ : W → W is the automorphism of Frobenius acting on the ring of
Witt vectors W .

Definition 10.1.2. A K3-cryslal is a crystal (H,B,Φ), where H is a W -module, B : H ⊗H →W
is a symmetric bilinear form, and Φ : H → H is a σ-linear endomorphism satisfying the following
properties:

(i) H is a free W -module of rank 22;

(ii) B is a perfect pairing, i.e. the map H → H∨ defined by B is an isomorphism.

(iii) For x, y ∈ H we have B(Φ(x),Φ(y)) = p2(x, y).

(iv) The rank of Φ⊗ k : H ⊗ k→ H ⊗ k is equal to 1.

Theorem 10.1.3. Let Y be a supersingular K3 surface over an algebraically closed field k. Then
the crystalline cohomology H2(Y/W ) is a K3-crystal.

Proof. (i) By the universal coefficient formula (0.10.43) in Volume 1, H has no torsion. By
(0.10.42), rankH2(Y/W ) = b2(Y ) = 22.

(ii) follows from the Poincaré Duality for crystalline cohomology (0.10.41).

(iii) This follows from the fact that the Frobenius acts on H4(Y/W ) by multiplication by p2 (see
Example 0.10.10.

(iv) Since H2(Y/W ) has no torsion,

H2(Y/W )⊗W k ∼= H2
DR(Y/k).

Under this isomorphism, the map Φ⊗k is the action of the Frobenius on the de Rham cohomology.
We use the Hodge versus de Rham spectral sequence (0.10.35). It defines a filtration 0 ⊂ F2 ⊂
F1 ⊂ F0 = H2

DR(Y/k) with

F2 = H0(Y,Ω2
Y/k), F1/F2 = H1(Y,Ω1

Y/k), F0/F1 = H2(Y,OY ).

Since F acts trivially on differential forms (because F(da) = d(ap) = 0), we see that F∗(F1) =
{0}. This shows that the rank of F∗ is less than or equal to one. Suppose it is the zero map. This
means that Φ(H) ⊂ pH .

We know from (0.10.75) in Section 0.10 that the first Chern class map c1 : NS(Y ) ⊗ Zp →
H2

fl(Y,Zp)→ H2(Y/W ) is injective and its image lies in the Tate module

TH = {x ∈ H2(Y/W ) : F(x) = px} ⊂ H2(X,WΩ≥1
X ).

(The latter is a Zp-module, but not a W -module). Let us prove that

c1(NS(Y )⊗W ) = TH .

First of all, the rank of TH as a Zp-module cannot be greater than 22. In fact, suppose we have
n > 22 linearly independent elements in TH , then they must be linearly independent over W .
Indeed, in any linear combination

∑
αixi = 0 with coefficients in W , we may assume that there

exists a coefficient, say α1, which is not divisible by p. Applying the Frobenius F and subtracting,
we obtain that a new linear combination with α1 = 0 and all coefficients divisible by p. Continuing
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in this way, we obtain that the coefficients must be equal to zero. Since the rank of H2(Y/W ) is
equal to 22, the rank of TH over Zp must be equal to 22. The fact that H2(Y/S)/c1(NS(Y )⊗ Zp)
is torsion-free gives the claimed equality c1(NS(Y )⊗W ) = TH .

Let Φ′ = p−1Φ : H → H . Restricting Φ′ to TH we obtain the identity map. Since TH is of finite
index in H , this would imply that Φ′ is the identity on H (see the proof of the next Proposition).
Therefor TH = H , and c1(NS(Y ) ⊗ W ) = H . It follows from property (ii) that NS(Y ) is a
unimodular even lattice. This contradicts to Proposition 0.8.7 that claims that there are no hyperbolic
unimodular lattices of rank 22.

Recall that a non-degenerate quadratic lattice is called p-elementary if its discriminant group is a
p-elementary abelian group.

Proposition 10.1.4. The Picard lattice Pic(Y ) = NS(Y ) is a p-elementary lattice with discriminant
equal to −p2σ.

Proof. As we explained in Remark 0.10.30, the Poincaré Duality for l-adic cohomology implies that
NS(Y )⊗Ql = {0} for l 6= p. Since NS(Y ) is an even hyperbolic lattice of rank 22, we obtain that
its discriminant is equal to −ps for some s. It follows from the proof of the previous Theorem that
the image of the first Chern class map c1 : NS(Y ) → H2

fl(Y,Zp) → H2(Y/W ) is W -submodule
of finite index d that coincides with the Tate module TH . This implies that discr(NS(Y )⊗W ) =
d2 discr(H2(Y/W )). By Property (ii) of a K3-crystal, discr(H2(Y/W )) = 1. Thus we obtain that
discr(NS(Y )⊗W ) = discr(NS(Y )) is a square, hence s is even.

It remains to prove that NS(Y ) is p-elementary. Since Y is supersingular, the Kummer sequence
(0.10.61) shows that NS(Y )⊗Fp = H2

fl(Y,Zp)/pH2
fl(Y,Zp). This implies that NS(Y )/pNS(Y ) ∼=

H2
fl(Y, µp). Using (0.10.70), we have

H2
fl(Y, µp) ∼= H1

ét(Y,O∗Y /O
∗p
Y )

dlog
↪→ H2(Y,Ω≥1

Y ) ↪→ H2
DR(Y/k). (10.1.1)

The last inclusion follows from the Hodge versus de Rham spectral sequence (0.10.36). It follows
from the inclusion NS(Y )/pNS(Y ) ↪→ H2(Y/W )/pH2(Y/W ) that the quotient of H2(Y/W )Zp
by NS(Y )Zp has no torsion.

Let K = {x ∈ H2(Y/W ) : Φn(x) ∈ pnH2(Y/W )} ⊂ H2(Y/W ). It contains TH and hence it
contains c1(NS(Y )Zp). Obviously, the rank of K over W is equal 22. Consider the endomorphism
φ = p−1 ◦ Φ. We have 22 linearly independent elements xi in K coming from TH such that
Φ(xi) = xi. Suppose e1, . . . , e22 is a W -basis of K and let C be the matrix expressing xi in terms
of ei’ and letA be the matrix of φ in the basis e1, . . . , e22. ThenC = σ(C)·A. We know that σ is an
automorphism ofW , hence the (p)-adic evaluation of det(C) and det(σ(C)) are equal. This implies
that det(A) ∈W ∗, hence A ∈ GL(22,W ). Since the homomorphism r : GL(22,W )→ GL(n, k)
is surjective, we can find an invertible matrix C0 such that r(A) = C0 · F(C0)−1 and then lift it to
an invertible matrix B ∈ GL(22,W ) such that A = B · σ(B)−1. This implies that the matrix of
φ = p−1F in the basis e1, . . . , e22 is the identity too, hence K = TH = c1(NS(Y )⊗ Zp).

Suppose we prove that Φn(H) ⊂ pn−1H for all n ≥ 1. Then this would imply that pH ⊂ K
and hence pH ⊂ NS(Y ) ⊗W . Passing to the dual W -module, we obtain NS(Y )∨ ⊂ (pH)∨ =
p−1H∨ = p−1H . This implies that pNS(Y )∨ ⊂ H . Since pNS(Y )∨ is invariant with respect to Φ



340 CHAPTER 10. SUPERSINGULAR K3 SURFACES AND ENRIQUES SURFACES

and belongs to K, we obtain that pNS(Y )∨ ⊂ NS(Y ). This means that NS(Y ) is a p-elementary
lattice.

So, it remains to prove that Fn(H) ⊂ pn−1H for all n ≥ 1. The proof is by induction on n. It
is obviously true for n = 1. Suppose it is true for n = k. Let φ = p−k+1Φ. Then Φ(x) = px if
and only if φ(x) = px. This implies that φN (x) = pN+1x and taking N to go to∞, we see that
φ̄ = φ⊗k is a nilpotent endomorphism ofH⊗k. Since it commutes with Φ̄ = Φ⊗k which is of rank
1 by property (iv) of a K3-crystal, we obtain that φ̄◦Φ̄ = 0. Thus φ◦Φk(x) = p−k+1Φk+1(x) ∈ pH ,
hence Φk+1(x) ∈ pkH and the assertion is true for n = k + 1.

Definition 10.1.5. The Artin invariant of a supersingular K3 surface Y is the number σ such that
D(NS(Y )) ∼= (Z/pZ)2σ.

Thanks to the work of Nikulin [541],[542] and Rudakov and Shafarevich [612], [611], the classi-
fication of p-elementary hyperbolic lattices is known.

Theorem 10.1.6. Let M be a p-elementary even hyperbolic lattice of rank n > 2.

1. If p 6= 2, the isomorphism class of M is uniquely determined by the rank n and the order 2s

of its discriminant group. Such a lattice exists if and only if

• n ≡ 0 mod 2,

• n ≡ 2 mod 4 if s ≡ 0 mod 2,

• p ≡ (−1)
1
2

(n−2) mod 4 if s ≡ 1 mod 2,

• n > s > 0 if n ≡ 2 mod 8.

2. If p = 2, the isomorphism class of M is uniquely determined by the rank n > 4, the order 2s

of its discriminant group and the type. A lattice is of type I if the discriminant quadratic form
takes values in Z/2Z, (equivalently, x2 ≡ 0 mod 2 for any x ∈ M∨), and the remaining
lattices are of type II. A lattice of type I exists if and only if

• s ≡ 0 mod 2, n ≡ 2 mod 4 (the discriminant quadratic space is isomorphic to a
regular quadratic space (Fs2, q), where q is of even type);

• n > s > 0 if n 6≡ 2 mod 8.

A lattice of type II exists if and only if

• s > 0, n ≡ s mod 2;

• if s = 2, then n 6≡ 6 mod 8,

• if s = 1, then n ≡ 1 mod 8 or n ≡ 3 mod 8.

Proposition 10.1.7. The Néron-Severi lattice of a supersingular K3 surface over a field of charac-
teristic 2 is of type I.
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Proof. Since there is only one isomorphism class of a 2-elementary hyperbolic lattice of given type,
rank and discriminant, we can exhibit all of them which are of Type II. Since in our case n = 22 ≡ 6
mod 8, it follows from Theorem 10.1.6 that s 6= 2 and s = 2σ is even. The lattice

M = U⊕ A⊕2σ−2
1 ⊕ D22−2σ. (10.1.2)

is 2-elementary with n = 22 and s = 2σ 6= 2. It must be of type II and every 2-elementary
hyperbolic lattice of type II must be isomorphic to M . Let f be a primitive isotropic vector from
the summand U. Applying an element from W nod

Y , we may assume that it is nef. Hence it defines
a genus one fibration. The other summands show that the fibration has one reducible fiber of type
D̃22−2σ and 2(σ − 1) fibers of type Ã1 or Ã∗1.

Suppose f is a an elliptic fibration. Adding up the Euler-Poincaré characteristics of fibers we
obtain that the sum is greater than 24 if σ > 2. Thus we may assume that σ = 2. Recall that
the isomorphism class of any even 2-elementary hyperbolic lattice is uniquely determined by the
discriminant quadratic form and its type I or II (Nikulin [542], Theorem 4.3.2). This implies that
M ∼= U ⊕ E⊕2

8 ⊕ A⊕4
1 . Again, by considering a primitive isotropic vector f in the summand U,

we have a genus one fibration with two fibers of type Ẽ8 and four fibers of type Ã1. We assume
that this fibration is also an elliptic fibration. Then the sum of the Euler-Poincaré characteristics of
fibers is greater than 24 which is a contradiction.

So, we may assume that f defines a quasi-elliptic fibration. Now we use a nice argument from
[612, Proposition, §5]. Passing to the jacobian fibration, we may assume that it has a section which
we fix. Let C be the curve of cusps. Then it intersects each fiber of type Ã∗1 at its unique singular
point. Write [C] = cu +

∑2σ−2
i=1 ai[Ei] + cd, where cu ∈ U, cd ∈ D22−2σ, ai ∈ Z and Ei is the

component of the fiber of type Ã∗1 that does not intersect the zero section. Intersecting both sides
with [E1], we obtain 1 = −2a1, a contradiction.

Corollary 10.1.8. The Artin invariant σ satisfies

1 ≤ σ ≤ 10.

Proof. Since the rank of NS(Y ) is equal to 22, we have σ ≤ 11. If σ = 11, then NS(Y )(1
p)

is a unimodular lattice. In case p 6= 2, this lattice is even. Since there are no even unimodular
hyperbolic lattices of rank 22, we get a contradiction. In case p = 2, by the classification of
indefinite unimodular lattices, NS(Y ) = A1(−1) ⊕ A⊕21

1 which is of type II. This contradicts
Proposition 10.1.7. For the same reason, we have σ > 0.

Corollary 10.1.9. Let Y be a supersingular K3 surface in characteristic 2 with Artin invariant σ.
Then NS(Y ) is isomorphic to one of the following lattices

1 ≤ σ ≤ 5 : U⊕⊕σi=1D4ni ,
σ∑
i=1

ni = 5

10 > σ > 5 : U⊕⊕10−σ
i=1 D∨4ni(2),

10−σ∑
i=1

ni = 5,

σ = 10 : E10(2)⊕M12
∼= U(2)⊕ D∨20(2).

where M12 = 〈e1, . . . , e12,
1
2(e1 + · · ·+ e12)〉, ei · ej = −2δij .
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Remark 10.1.10. Let M be a p-elementary lattice of rank 2r and discriminant group of rank 2t.
Since the value of the quadratic form q : M → Z lie in pZ, for any v ∈ M∨, we have q(v) =
q(pv)/p2 ∈ M(1

p). Thus M∨(p) ⊂ M is a p-elementary lattice. Let GM be the Gram matrix of
M so that G−1

M is the Gram matrix GM∨ of M∨. Then detGM∨(p) = pr detGM∨ = p2r−2t. Thus
M∨(p) is a p-elementary lattice of rank r and discriminant group of rank 2r − 2t.

Applying this to the case when M = NS(Y ) for some supersingular K3 surface of Artin invariant
σ, we find a duality between families of supersingular K3 surfaces of Artin invariant σ and 11− σ
[410]. One of the features of this duality is that, if a primitive isotropic vector v ∈ NS(Y ) defines
a jacobian genus one fibration on Y , then the corresponding vector in NS(Y ′)∨(2) defines a genus
one fibration without a section on the dual K3 surface.1 For example, it is known that every genus
one fibration on a supersingular K3 surface with Artin invariant σ = 1 is jacobian [211, Theorem
1.2]. Thus any genus one fibration on a supersingular K3 surface with Artin invariant σ = 10 has no
sections. Passing to the jacobian fibration, we obtain a supersingular K3 surface with Artin invariant
9 (see [451, Proposition 3.8])

Although we are not going to use it, let us mention the following fundamental fact due to Rudakov
and Shafarevich [611].

Theorem 10.1.11. A supersingular K3 surface in characteristic 2 is unirational.

It is not known whether it is true in other positive characteristic (the proof of this claim in [451]
contains a gap). In case p > 2, the unirationality is known only the following cases p = 3, σ ≤ 6
[611] and p = 5, σ ≤ 3 [581]).

Next we discuss the moduli problem of supersingular K3 surfaces.

We have already observed in Section 1.3 that a K3 surface has no nonzero regular vector fields. The
theory of local deformations from Section 5.11 implies that the functor DefY/k is pro-representable
with tangent space H1(Y,ΘY/k) ∼= k20. The formal local universal deformation scheme is iso-
morphic to the algebra R = k[[t1, . . . , t20]]. If we choose an invertible sheaf L 6∼= OY , then one
can consider the local deformation functor DefY/k,L for the pair (Y,L) and prove that it is pro-
representable and the forgetting morphism DefY/k,L → DefY/k is a closed embedding defined by
one equation (the latter because h2(OY ) = 1). A theorem of Deligne from [151] asserts that this
equation is non-trivial (i.e. it is not divisible by p) and the local versal deformation space is a formal
local scheme of dimension 19. More generally, one can choose a finite set Σ of invertible sheaves
spanning a subspace of dimension r in the image of c1 : N = Pic(Y ) → H1(Y,Ω1

Y ), defined by
the first Chern class map c1 : NS(Y ) → H2

DR(Y/k), and to construct the local versal deformation
of the functor DefY/k,Σ. Its dimension is less than or equal than 20− r (see Section 5.11). Thus

20− r = dimH1(Y,Ω1
Y )/c1(N) ≤ dimF 1HDR(Y )/c1(N) ≤ dimH2(Y/W )/c1(N)− 1.

However, for a 2-elementary lattice N we have

dimH2(Y/W )/c1(N)⊗ k = dimH2(Y/W )/c1(N)⊗W = σ.

This gives 20− r ≤ σ − 1.

1It follows from Theorem 4.7.2 in Volume 1 that the p-torsion part of the Tate-Shafarevich group of a jacobian K3
surface is killed by p and hence a non-jacobian genus one fibration on a supersingular K3 surface has always a p-section.
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A more delicate argument using the formal Brauer groups proves that, in fact, we have the equality
[612, §9].

Theorem 10.1.12. Let X → Spec R be the versal formal deformation of a supersingular K3
surface Y . Let N be a p-elementary sublattice of NS(Y ) of rank 22 and discriminant −p2σ. Then
the formal versal deformation of the functor DefX,Σ, where Σ is a basis ofN , is a smooth subscheme
of Spec R of dimension σ − 1

Let us discuss the global moduli problem for supersingular K3 surfaces. First we fix one of
p-elementary lattices N (of type I if p = 2) and discriminant −22σ and consider a lattice N po-
larization of Y as defined in Section 5.2. We also use the notion of an ample polarization and the
notion of a family of lattice N polarized K3 surfaces.

Theorem 10.1.13. Let KN be the moduli stack of families of lattice N polarized K3 surfaces. Then
KN is representable by a smooth locally separated algebraic space KN of dimension σ − 1.

Proof. Let KN be the moduli stack of families of lattice N polarized K3 surfaces. It is proven
in [560, Proposition 2.3] that for any families (Y/T, φ : N → Pic(Y/T )) and (Y ′/T, φ′ :
N → Pic(Y ′/T )) of lattice N polarized K3 surfaces over an algebraic base space T , the func-
tor Isom(Y/T,φ),(Y ′/T,φ′) is represented by a locally closed algebraic subspace of S. Together with
Lemma 8.1.8 from [566] this implies thatKN is an algebraic (or Artin) stack. SinceH0(Y,ΘY/k) =
{0} and AutT ((Y/T, φ)) = {1} [612, §8, Proposition 3], we obtain that KN is represented by an
algebraic space [566, Corollary 8.5.3]. Applying Theorem 10.1.12, we obtain that the stack KN is
smooth and of dimension σ − 1.

So, now we may consider families of lattice N amply polarized supersingular K3 surfaces (f :
Y → T, j : NT → PicY/T ), where, by definition, jt(N) ⊂ PicXt/k always contains an ample
class. This allows one to construct a Deligne-Mumford stack K◦N of ample lattice N polarized su-
persingular K3 surfaces. We have seen already that NS(Y )W := NS(Y ) ⊗W is a free submodule
of finite index pσ in H2(Y/W ). Let Y be a lattice N -polarized supersingular K3 surface. Let
NW = N ⊗ W ∼= W 2σ. The inclusions NW ⊂ NS(Y )W ⊂ H2(Y/W ) ⊂ NS(Y )∨W ⊂ N∨W
imply (as in the case of quadratic lattices) that H2(Y/W )/NW is an isotropic subspace of di-
mension pσ in the quadratic space D(N) ⊗ k of dimension 2σ. This defines the period of lattice
N -polarized supersingular K3 surface Y , a point in the orthogonal Grassmann variety OG(σ, 2σ)
of maximal isotropic subspaces in D(NS(Y ))⊗ k. We also have shown that FY/W defines a linear
mapH2(Y/W )⊗k→ H2(Y/W )⊗k of rank 1. This shows that the period L satisfies the property
dimL∩F∗(L) = σ− 1. We denote by ΩN the open subset of OG(σ, 2σ) consisting of periods and
call it the period space. The standard computations show that dim OG(σ, 2σ) = 1

2σ(σ − 1). The
period space is a closed smooth subvariety of dimension σ − 1.

Let V be a quadratic space over Fp of dimension 2σ and rank 2σ. A maximal isotropic subspace
L of V is called a characteristic subspace if L ∩ F∗(L) is a hyperplane in L.

For any Fp-algebraA letMV (A) be the set of direct summandsL ⊂ V ⊗FpA such that F∗(L)∩L
is a direct summand of L of rank σ − 1.

We refer for the proof of the next proposition to [561, Proposition 4.6], [612, §10, Theorem 1].
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Proposition 10.1.14. The functor MV : A 7→ MV (A) is representable by a smooth projective
variety MV of dimension σ − 1 over Fp. The variety MV ⊗ F̄p consists of two disjoint copies
interchanged by the Frobenius isomorphism. Each copy is a unirational variety.

Example 10.1.15. If σ = 1, MV
∼= Spec Fp2 . Hence MV ⊗ F̄p is isomorphic to the disjoint union

of two copies of Spec F̄p. If σ = 2,MV
∼= P1

Fp2
andMV ⊗ F̄p is isomorphic to the disjoint union of

two copies of P1
Fp (see [561, Examples 4.7]). The Frobenius morphism exchanges the two copies.

If σ = 3, MV is isomorphic to the Fermat surface

xp+1 + yp+1 + zp+1 + wp+1 = 0

in P3
Fp2

(see [612, §10]).

We apply this to our case and take V = N0, where

N0 := pN∨/N ∼= D(N) ∼= F2σ
p

and set
ΩN := MN0 .

By the above, this is a smooth projective subvariety (not geometrically connected) of dimension
σ − 1 over Fp.

Next we discuss the extension of the Global Torelli Theorem for complex K3 surfaces to the case
of supersingular K3 surfaces. Recall that the fine moduli space of complex marked K3 surfaces
exists in the category of analytic spaces but not separated. The reason is that the marking may not
be ample. The same reason explains that our space KN is only locally separated. Since ΩN is
separated we have to deal first with this problem.

Let WN be the (−2)-reflection group of N and let us choose an open fundamental domains CN
for the action of WN on the positive convex cone V (NR)+ in NQ. For each characteristic subspace
K in N0 we have an over-lattice N ⊂ NK and CK is equal to the union of fundamental chambers
of WNK in NQ. Since the number of over-lattices is finite, the number of such chambers in CN is
finite too. Now suppose we have a family of characteristic subspaces KT ∈MN0(T ). Let

N(t) := NK(t) := {x ∈ NQ : px ∈ N, p̄x ∈ Kt}
be the over-lattice ofN corresponding toKt, where bar denotes the coset of modulo pN . Following
Ogus, the ample cone of KT is a choice α(t) for each t ∈ T of a fundamental chamber of WN(t)

lying in CN . We require that α(t) ⊂ α(t′) whenever t specializes to t′.

Let us M̃N0 be the functor that assigns to each T the set of pairs (KT , σ) that consist of a choice
of KT ∈MN0(T ) and an ample cone of KT .

We have the following proposition (1.16) from [560]:

Proposition 10.1.16. The functor M̃ is represented by a k-scheme Ω̃N which is locally of finite
type and the natural forgetting map M̃N0 →MN0 = ΩN is étale and surjective.

Now suppose we have a family (Y/T, φ) of N -polarized K3 surfaces. For each t ∈ T , we have
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an ample cone Amp(Yt) in NS(Xt)Q = N(t)Q. We define the period map

pN : KN → Ω̃N

by assigning to a family (Y/T, φ) the characteristic subspace KT ∈ MN (T ) and its ample cone
which is the image of

∏
t∈t Amp(Yt).

The following is a supersingular analog of the Global Torelli Theorem for Kähler K3 surfaces of
Burns-Rapoport [98]. We refer for the proof to [561, §3] in the case p > 3 and in [88] in the case
p = 3. We expect that the same theorem is true if p = 2 but as of today nobody has written up a
proof.

Theorem 10.1.17. The period map pN is an isomorphism.

Corollary 10.1.18. Let K0
N be the subspace of ample latticeN polarized supersingular K3 surfaces.

Then the composition of the restriction of the period map pN to K0
N with the projection Ω̃N → ΩN

defines an isomorphism
p0
N : K0

N
∼= Ω0

N ,

where Ω0
N is an open subset of the period domain ΩN .

Remark 10.1.19. Over the complex numbers, it follows from the Torelli type theorem that a K3
surface X is the canonical cover of an Enriques surface if and only if the Picard lattice Pic(X)
contains E10(2) as a primitive sublattice and its orthogonal complement in Pic(X) does not contain
any (−2)-class. In section 5.3 of Volume 1 we discussed the finiteness of the number of Enriques
surfaces covered by a given K3 surface X up to isomorphisms (equivalently, the number of the
conjugacy classes of fixed-point-free involutions onX) and Ohashi’s estimate of the number of such
Enriques quotients.

One may ask the same questions in positive characteristic. Using Ogus’ Torelli theorem, J. Jang
[338] proved that if p > 23 or p = 19, a supersingular K3 surface admits a fixed-point-free invo-
lution if and only if its Artin invariant σ is less than 6. Recently Behrens [51] claims that if a K3
surface X is of finite height, then the number of Enriques quotients of X is finite. He proves this
result by applying a result of Lieblich-Maulik [443]. Behrens also extends Ohashi’s estimate for
supersingular K3 surfaces in characteristic p 6= 2. For example, in case of p = 3 and σ = 1, there
are exactly two Enriques quotients. They are isomorphic to Enriques surfaces with finite automor-
phism group of type III and of type IV. In characteristic p = 2 and σ = 1, the second author [408]
shows that there are three types of Enriques quotients (see Remark 10.6.12). We will give examples
of such Enriques surfaces later.

10.2 Simply connected Enriques surfaces and supersingular K3 sur-
faces

Let π : X → S be the canonical cover of an Enriques surface. Assume that it is inseparable. This
happens if and only if p = 2 and PicτS/k is Z/2Z or α2, i.e. a unipotent group scheme of order 2.2,
or, equivalently, when S is simply-connected.

2In [210] such surfaces are called unipotent.
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Assume that X is birationally isomorphic to a K3 surface, i.e. it has only rational double points as
its singularities. We call such a surface a RDP-K3 surface. By Theorem 1.3.5, its minimal resolution
p : Y → X is a Shioda-supersingular K3-surface. We denote by π̃ : Y → S the composition of
π ◦ p.

We also know from the discussion in Section 4.9 that S has no quasi-elliptic fibrations and simple
fibers of any elliptic fibration are reduced. If the half-fibers are smooth, then the singular points ofX
lie over singular points of fibers. They are locally isomorphic to z2 +f(x, y) = 0 (because locally a
principal cover is given by z2 = ε(x, y), where ε a unit, changing z to z+ ε(0, 0) we get the claim).
Such singularities are sometimes called Zariski singularities. If a fiber is of multiplicative type, then
the singular points lying over its singular points are of type A1. If a fiber is of additive type Ã∗∗0
then the singular point over its singular point is of possible type D(0)

4 , E
(0)
7 , or E(0)

8 . If a fiber is
of additive type Ã∗1 then the singular point over its singular point is of possible type D(0)

n , n ≥ 6.
Finally, if a fiber is of additive type Ã∗2 then the singular point over its singular point is of possible
types D(0)

4 or E(0)
7 .

Proposition 10.2.1. The singular locus ofX consists of rational double points of typesAn, D
(0)
n , E

(0)
n

with the total index (i.e. sum of the subscripts) equal to 12. 3

Proof. Since a minimal resolution of X is a K3 surface, all singular points of X are rational double
points. Since X is homeomorphic to S in étale topology, we obtain that e(X) = 12 and hence
e(Y ) − e(X) = 12 and clearly this number coincides with the total index of singularities. We
have already observed that the singular points are Zariski singularities. It follows from Artin’s
classification of rational double points in characteristic 2 given in Proposition 0.4.13 that all of them
are of type An, D

(0)
n , E

(0)
n .

Note that these local computations are confirmed by the fact that the orthogonal complement of
π̃∗(Num(S)) in Pic(Y ) is a 2-elementary lattice E of rank 12 that contains a sublattice of finite
index generated by the components of the exceptional divisors of p : Y → X . This excludes
singularities of type D2k+1, E6 and An, n 6= 1.

The classification of possible configurations of singular points on K3-coversX of simply-connected
Enriques surfaces birationally isomorphic to a K3 surface is due to Ekedahl, Hyland and Shepherd-
Barron [210, Corollary 6.16] (see also [482, Corollary 1.6]).

Theorem 10.2.2. Under the previous assumptions,

• If S is classical, then Sing(X) is one of

12A1, 8A1 +D
(0)
4 , 6A1 +D

(0)
6 , 5A1 + E

(0)
7 .

• If S is an α2-surface, then Sing(X) is one of

12A1, 3D
(0)
4 , D

(0)
4 +D

(0)
8 , D

(0)
4 + E

(0)
8 , D

(0)
12 .

3It does not coincide with the Milnor number which may not be defined but twice the index coincides with the Tyurina
number [622, Proposition 3.3].
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All such possibilities can be realized.

Example 10.2.3. Assume σ = 10. Then the sublattice Exc(Y ) generated by exceptional curves of
p : Y → X is contained in π∗(NS(S))⊥ ∼= M12. The embedding of the lattices is defined by an
isotropic subgroup A of the discriminant group of Exc(Y ) such that A⊥/A ∼= D(M12) ∼= 〈12〉

10.
The classification of possible singularities shows that the only possibility is Exc(Y ) = A⊕12

1 .

Remark 10.2.4. Schröer [623] and Matsumoto [482] gave examples of Enriques surfaces whose
canonical cover has a non rational double point (an elliptic double point) of Arnol’d’s type E12 (i.e.
formally isomorphic to the singularity z2 + x3 + y7 = 0). Such singular points do not occur on the
canonical covers of classical Enriques surfaces [482, Proposition 3.2].

Definition 10.2.5. Let S be an Enriques surface whose canonical cover is a RDP-K3 surface X .
The image of a singular point of X on S is called a canonical point.

Proposition 10.2.6. Let f : S → P1 be an elliptic fibration on S. Let Z = (ω)0 be the 0-cycle of
zeroes of a non-zero regular 1-form ω generating H0(S,Ω1

S/k). Then the support of Z is equal to
the set of canonical points and i∗IZ = adjF , where i : F ↪→ S is the inclusion morphism of a fiber
or a half-fiber of f and adjF is the adjoint ideal of F .

Proof. The first assertion follows from Proposition 1.3.8. Let F be a fiber or a half-fiber of f .
Since X is birationally isomorphic to a K3 surface, it is reduced. The exact sequence of sheaves of
differentials

0→ IF /I2
F → Ω1

S/k ⊗OS OF → Ω1
F/k → 0

defines a homomorphism of sheaves Ω1
S/k ⊗OS OF → Ω1

F/k which induces an isomorphism of the
spaces of global sections.

Let ω generate H0(S,Ω1
S/k). By Proposition 0.2.10 it vanishes at a finite set of points which is

the support of a 0-cycle Z of degree 12 = c2(Ω1
S/k). Let i : F ↪→ S be the closed embedding of a

fiber or a half-fiber of f . The exact sequence of sheaves of differentials

0→ IF /I2
F → i∗(Ω1

S/k)→ Ω1
F/k → 0

shows that the restriction map H0(S,Ω1
S/k) → H0(S,Ω1

S/k ⊗OS OF ) → H0(F,Ω1
F/k) is an iso-

morphism and hence i∗(ω) generates H0(F,Ω1
F/k). If F is smooth, then Ω1

F/k
∼= ωF and i∗(ω) and

i∗(ω) has no zeros. Thus Z ∩ F = ∅. If F is singular, Ω1
S/k/Torsion is equal to adjF ⊗ωF , where

adjF is the adjoint ideal of F generated locally at a point by the partial derivatives φu, φv of the
local equation φ = 0 of F at this point. This follows from considering a natural homomorphism
Ω1
F/k ⊗ IF /I

2
F →

∧2 i∗(Ω1
S/k) that defines a homomorphism

Ω1
F/k → i∗(Ω1

S/k)⊗ (IF /I2
F )∨ ∼= ωF .

Its kernel is the torsion subsheaf T of Ω1
F/k and its image is equal to adjF ⊗ωF . The image of

i∗(ω) in H0(F, adjF ⊗ωF ) is equal to zero, hence i∗(ω) ∈ H0(S, T ). It is known that h0(F, T ) =
h0(S,OS/JF ), where JF is the jacobian ideal of F locally generated by φ, ∂u, ∂v [723]. Since
singular points of F satisfy φ ⊂ (∂u, ∂v), the jacobian ideal coincides with the adjoint ideal, we
obtain that h0(OZ∩F ) = h0(F, T ). This implies that i∗IZ is equal to the adjoint ideal of F .
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Corollary 10.2.7. Let F be a fiber or a half-fiber of an elliptic fibration on S over a point t. Then
X has a singular point over each singular point x of F and the sum of indices of these singular
points is equal to νt(h), where h is the discriminant of the jacobian fibration of f . In particular, if
F is of multiplicative type with s irreducible components, then X has s singular points of type A1.

Proof. It follows from the previous proposition that the length of F ∩ (ω)0 is equal to the sum of
Milnor numbers of singular points of F . It is known that this number is equal to the total number of
vanishing cycles of f that coincides with the contribution e(S) + δt of F in the formula (4.1.12) for
the Euler-Poincaré characteristic of S (see [150]). It remains to use that, by Corollary 4.4.10, this
local contribution is equal to the order νx(h) of the discriminant h of the jacobian fibration.

Example 10.2.8. We can use the classification of rational jacobian elliptic surfaces in characteristic
2 from [428] to determine possible singularities of the canonical cover of S. For example, the
Weierstrass equation y2+t3y+x3+c1tx

2+c2tx+tc3 = 0 defines a fibration with one singular fiber
of type Ã∗1. Since the j-invariant of this fibration is equal to 0, any Enriques torsor S must be anα2-
surface. We see that the canonical cover X of S has a singular point of type D12 or E12. We do not
know whether the latter case can be excluded. Another example of a rational elliptic surface with one
singular fiber (of type Ã∗∗0 ) is given by the Weierstrass equation y2+ty+x3+c1tx

2+c2tx+tc3 = 0.
It gives the same kind of singularity onX . However, if we take an Enriques torsor (again necessarily
α2-surface) with this singular fiber, we may obtain a normal rational canonical surface with an
elliptic double point of type E12 (see Remark 10.2.4).

Lemma 10.2.9. Let R be a (−2)-curve on S. Then R contains two canonical points x1, x2 and
its proper transform on Y is a (−2)-curve that intersects one of the irreducible component of the
exceptional curve over each point x1, x2 with multiplicity 1.

Proof. We use the intersection theory on normal algebraic surfaces [523]. Let φ : V ′ → V be
a minimal resolution of singularities of such a surface and C̃ the full pre-image of an irreducible
curve C on V . We can write it as C̃ = C̄ +

∑
i∈I miEi, where (Ei)i∈I is the set of irreducible

components of the exceptional curve of φ. Since C ∼ D for some Weil divisor on V that does
not contain singular points in its support, we have Ei · C̃ = 0 for all i ∈ I . Since the matrix
A = (Ei · Ej) is negative definite, we can solve for the coefficients mi in Q in terms of the integer
numbers C̄ · Ei and compute C̃2. By definition C2 = C̃2. In the same way one defines the
intersection numbers of any two Weil divisors, check that it depends only on its linear equivalence
class and prove that the intersection theory satisfies the usual property for finite maps f : V ′ → V
of degree n, i.e. f∗(D) · f∗(D′) = n(D ·D′). Let us now apply this to the case when V = X and
V ′ = Y with φ = p : Y → X . Let R be a (−2)-curve on S. Since the restriction of the principal
cover π : X → S to R is trivial, π∗(R) = 2C for some curve C on X . The intersection theory
gives C2 = −1, hence

p∗(C)2 = C2 = −1 = p∗(C) · C̄ = C̄2 +
∑
i∈I

miC̄ · Ei.

This implies that C̄2 must be negative, and since it is an irreducible curve, we get C̄2 = −2, hence∑
i∈I

miC̄ · Ei = 1. (10.2.1)
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Since our singularities are rational double points, the inverse of the intersection matrixA = (Ei ·Ej)
has non-positive entries. Also, the classification of singularities on X from Theorem 10.2.2 shows
that these entries belong to 1

2Z. It follows that mi ≥ 0 and mi ∈ 1
2Z. Thus the only solutions of

(10.2.1) are

• #I = 2,m1 = m2 = 1
2 , C̄ · E1 = C̄ · E2 = 1,

• #I = 1,m1 = 1
2 , C̄ · E1 = 2.

In the latter case the image of C̄ on X is a singular curve that cannot be equal to π∗(R)red
∼= R. So,

only the first equality holds that implies that C̄ intersects two irreducible exceptional components
with multiplicity 1. If these components are blown down to one point, the imageR of V̄ is a singular
curve. Thus the image of C̄ contains two canonical points. This proves the assertion.

It follows from the previous Lemma that if a (−2)-curve contains a canonical point of type D12,
then its proper transform on Y intersects one of the components of multiplicity 2. But then its image
cannot be a smooth rational curve. Hence S is an unnodal Enriques surface in this case. The same
is true if the singularity is of type E12.

LetMEn,CV be the stack of Cossec-Verra polarized Enriques surface. Recall from Section 5.11
that it is a smooth quasi-separated Deligne-Mumford stack over k. It consists of two irreducible
components Mµ2

En,CV and Mcl
En,CV both of which are smooth algebraic stacks of dimension 10.

They intersect transversally along the 9-dimensional smooth stack Mα2
En,CV of α2-surfaces. The

geometric points of the complementMµ2
En,CV \M

α2
En,CV classifies classical Enriques surfaces.

Let N = E10(2) ⊕M12 be the Picard lattice of supersingular K3 surfaces with Artin invariant
σ = 10. Let N0 = 2N∨/2N ∼= D(N) ∼= F20

2 . Let ΩN be the subvariety of Grassmann variety
G(10, N0 ⊗ k) that parameterizes totally isotropic subspaces L of dimension 10 such that dimL ∩
F(L) = 9. It consists of two irreducible components of dimension 9.

Let c1 : NS(X) → H2(X/W ) be the first Chern class homomorphism with values in crystalline
cohomology. We proved in the previous section (10.1.1) that it is injective and its composition with
the reduction modulo p defines an injective map

c̄1 : NS(X)/pNS(X)→ H2
DR(X/k).

The following theorem is stated in [210, Theorem 6.12] (with reference to the Global Torelli
Theorem for supersingular K3 surfaces whose proof in the case p = 2 is still not published).

Theorem 10.2.10. There is an algebraic space KN which is a fine moduli space of N lattice polar-
ized supersingular K3 surfaces. The period map KN → ΩN is étale and surjective of degree one.
It is an isomorphism on the open subspace K0

N of ample polarized surfaces and its complement is
a divisor. Let KN → KN be the universal family and K0

N its pre-image over K0
N . Then there is a

contraction K0
M → XN over K0

N such that each fiber (XN )t over a geometric point is a K3 surface
with rational double points of total index 12 such that Exc((KN )t) is contained in the orthogonal
complement of the image of E10 in NS((KN )t).
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10.3 Quotients of a supersingular K3 surface by a vector field

We keep notations p : Y → X,π : X → S from the previous section. In this section, we always
assume that the characteristic of the ground field k is equal to 2.

Proposition 10.3.1. Assume that X is a RDP-K3 surface with Zariski singularities. Then the tan-
gent sheaf ΘX is free of rank 2.

Proof. First we show it is locally free. So, let A be the local ring at a singular point of X . We
know that it is locally isomorphic to B/(f), where f = z2 + g(x, y) = 0 and B = k[[x, y, z]]. The
standard exact sequence of modules of differentials gives an exact sequence

(f)/(f2)→ Ω1
B/k ⊗B A→ Ω1

A/k → 0.

Passing to the duals, we get an exact sequence

0→ ΘA/k → A3 → A→ Ext1
A(Ω1

A/k, A)→ 0.

The assertion will follow if we show that theA-module T 1
A := Ext1

A(Ω1
A/k, A) is of finite projective

dimension (it will be automatically less than or equal to 2). It follows from the exact sequence that
T 1
A/k = B/J , where J = (gx, gy, f). Since the singular point is isolated, it is a module of finite

length (called the Tyurina number). We know that A0 = k[x, y] = AG, where G = µ2 or α2 that
makes A a flat A0-module. Let J0 = (gx, gy). Obviously J0A = J , and the projective dimension
of B-module A/J = A/J0A = (A0/J0A0)⊗A0 A coincides with the projective dimension of A0-
module A0/J0. By Auslander-Buchsbaum formula, it is equal to dimB− depth(A0/J0) ≤ 2.

Note that by [210, Corollary 7.3] or [482, Theorem 1.4] all vector fields ∂ ∈ H0(X,ΘX) are
2-closed.

Theorem 10.3.2. Let X be the canonical cover of an Enriques surface S which is a RDP-K3
surface. For any section of ΘX that does not vanish at singular points, the quotient X∂ is an
Enriques surface whose canonical cover is isomorphic to X .

Proof. Let j : X ′ = X \ Sing(X) ↪→ X and let S′ be the image of this set in S. The cover
Y ′ → X ′ → S′ is a principal cover of smooth varieties. Applying (0.3.2), we get an exact sequence

0→ OX′ → ΘX′/k → π∗(ΘS′/k)→ OX′ → 0.

Since the kernel of π∗(ΘS′/k) → OX′ is locally free and the determinant of π∗(ΘS′/k) is equal to
π∗ωS′ ∼= OX′ , we obtain an exact sequence

0→ OX′ → ΘX′/k → OX′ → 0.

Since ΘX′/k is the restriction of a locally free sheaf ΘX/k on a Cohen-Macaulay scheme X , we
have ΘX/k = j∗ΘX′/k = ΘX and j∗OX′ = OX , R1j∗OX′ = 0. Thus applying j∗ to the exact
sequence, we get an exact sequence

0→ OX → ΘX/k → OX → 0.

It remains to show that it splits. But, Ext1
OX (OX ,OX) = H1(X,OX) = 0 because X is K3-

like.
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Now we see that
H0(X,ΘX/k) ∼= k2.

Since S = X/G, where G is a group scheme of order 2, S is isomorphic to the quotient of X
by a regular global vector field ∂. It is of additive (resp. multiplicative) type, i.e. ∂2 = 0 (resp.
∂2 = λ∂, λ 6= 0) if and if G ∼= α2 (resp. µ2). The surface X∂ is an Enriques surface if and only if
the scheme of fixed points of G is empty, or, equivalently, the projection X → X∂ is a non-trivial
principal G-cover.

Proposition 10.3.3. Suppose ∂ ∈ H0(X,ΘX) is of multiplicative type and vanishes at k singular
points p1, . . . , pk of type A1. Then the quotient X∂ is a rational surface whose minimal resolution
is a Coble surface with k boundary components.

Proof. Let yi be the image of the singular point pi on X∂ . We may assume that pi is formally
isomorphic to a singular point xy + z2 = 0. Then the derivations x∂x + y∂y + ∂z form a basis
of the module of derivations [622, Proposition 2.3]. We lift these derivations to the derivations of
k[[x, y, z]] that leave the ideal (xy + z2) invariant. According to Proposition 0.3.10, the subring
k[[x, y, z]]∂ is equal to the Veronese ring k[[x2, y2, z2, xy, xz, yz]]. It follows that Spec R∂ is
formally isomorphic to the singular point of the vertex of the affine cone over a hyperplane section of
the Veronese surface ν2(P2) ⊂ P5. The exceptional curve of its minimal resolution of singularities
is a smooth rational curve Ci with self-intersection −4. Let V be the minimal resolution of X∂ .
The composition map Y → X → X∂ extends to a map φ : Y → V equal to the projection
map Y → Y D, where D is a rational derivation of Y with divisor of zeroes equal to the union of
exceptional curves over the zeros of ∂. The formula for the canonical class of purely inseparable
covers shows that 2KV +C1 + · · ·+Ck ∼ 0. This shows that V is a Coble surface with k boundary
components.

Remark 10.3.4. Note that any derivation ∂ ∈ H0(X,ΘX) of additive type does not vanish at iso-
lated fixed points of type A1 and hence the quotient X∂ is an Enriques surface [210, Lemma 7.5].
This explains the fact that isomorphism classes of Coble surfaces lie in the closure of the moduli
space of classical Enriques surfaces.

We have already used [622, Proposition 2.3] for the description of the module of differentials of
the ring k[[x, y, z]]/(z2 + xy). In fact, the description holds for any Zariski singularities defined
by the ring k[[x, y, z]]/(z2 + g(x, y)). According to Proposition 2.4 from loc.cit., the module of
derivations has a basis formed by ∂z and x∂fy + y∂x

Proposition 10.3.5. Let ∂ = u∂z+v(x∂f ′y+y∂f
′
x) be a 2-closed derivation ofR = k[[x, y, z]]/(z2+

f(x, y)). Then the corresponding action of G ∼= µ2 or α2 is free and R∂ is a regular ring.

Corollary 10.3.6. Let X be the canonical cover of an Enriques surface S birationally isomorphic
to a K3 surface. Then there exists a line `sing ⊂ H0(X,ΘX) such that ∂ ∈ H0(X,ΘX) defines a
free action of the group scheme G if and only if it does not belong to `sing.

Proof. For any singular point x ofX , let rx : H0(X,ΘX)→ Derk(ÔX,x) ∼= Derk k[[x, y, z]]/(z2+
f(x, y)) be the restriction homomorphism. We define `sing to be the linear span of the preimage of
∂z . One checks that this is well-defined and that the line does not depend on the choice of a singular
point x (see the proof of [622, Proposition 2.5].
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Another line in H0(X,ΘX) controls whether the quotient Enriques surface is classical or not. We
refer to [482, Theorem 1.4] for the proof of the following theorem.

Theorem 10.3.7. Let X → S be a canonical cover of a simply-connected Enriques surface which
is a birationally isomorphic to a K3 surface. Let g = H0(X,ΘX). Assume that the singular points
of X are either 12A1, or 8A1 +D

(0)
4 , or 6A1 +D

(0)
6 , or 5A1 +E

(0)
7 . Then the subset `add of ∂ ∈ g

with ∂2 = 0 is a line. In the remaining cases it coincides with the whole g. Moreover,

(1) If all singular points are of type A1, then `add 6= `sing and ∂ ∈ `add if and only if X∂ is an
α2-Enriques surface.

(2) If the singular points are of other types and `add is a line, then it coincides with the line `sing.

(3) If `add = g, then all quotients X∂ for ∂ 6∈ `sing are α2-Enriques surfaces.

If X is a normal rational surface, then it has a unique minimal elliptic double point of type E12 and
all quotients X∂ are α2-Enriques surfaces.

Recall from Section 5.11 that we have a stack Euni : Sch/F2 → (Groupoids) that assigns to each
scheme B over F2 morphisms of algebraic spaces (S, φ) → B whose generic fibers are simply
connected (=unipotent) Enriques surfaces with a marking φ : E10,B → Num(S) such that φb :
E10 → Num(Sb) maps the chamber D0 in E10 ⊗ R defined by simple roots α0, . . . , α9 into the
ample cone of Sb. Let Euni,K3 be the open and dense substack of Euni of those Enriques surfaces
whose canonical cover is birationally K3 surface.

Let KEnrK3 be the stack of families (f : X → T, φ) of algebraic spaces whose geometric fibers
are RDP-K3 surfaces with singular points of total index 12 and trivial tangent bundle together with
a marking φ : E10(2) → Pic(X) such that φ(D0(2)) lies in the ample cone. It follows from the
Global Torelli Theorem (although its proof in characteristic 2 is not available at this time) that the
stack KEnrK3 has a fine moduli space KEnrK3 in the category of algebraic spaces which admits a
universal E10(2)-polarized K3 surface f : X → KEnrK3. Let PKEnrK3 = P(f∗Θ

∨
X/KEnrK3

) be the
projective line bundle over KEnrK3 whose fibers are projectivized spaces of regular vector fields on
the fibers of f.

Suppose (X,φ) ∈ KEnrK3(Spec k) and let π : Y → X be its minimal resolution. Then φ̃ :=
π∗ ◦ φ : E10(2) → NS(Y ) defined a lattice E10 polarization. It is obviously non-ample since the
exceptional curves of π lie in the orthogonal complement of φ̃(E10(2)). Let us extend the lattice to
get an ample polarization. We set N = E10(2) ⊕M12 to be the 2-elementary lattice isomorphic to
the Néron-Severi lattice of a supersingular surface with Artin invariant σ = 10. Let e1, . . . , e12 be
the natural generators of M12 and ρ12 = 1

2(e1 + · · ·+ e12). Note that ρ coincides with the half-sum
of positive roots in M12 that coincides with the Weyl vector, i.e. the vector whose inner product
with each positive root is equal to−1. We had encountered such vectors in the Appendix to Chapter
V in Volume 1.

The following lemma follows immediately by applying the Borel-de Siebenthal-Dynkin algorithm
to embed the root lattice A⊕r1 into an irreducible root lattice of type A,D,E. We leave its proof to
the reader (see also [210, Lemma 6.5]).
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Lemma 10.3.8. Let M be one of the root lattices of type D2n, E7, E8. Then M contains r =
rank M orthogonal positive roots such that their sum is equal to the sum of simple roots taken with
coefficients indicated in the following diagrams:

• • • • • • •
•

•

2 2 4 4 6 · · ·
2n− 2

2n− 2

n

n

• • • • • •
•

2 6 8 7 4 3

5

• • • • • • •
•

4 10 14 12 8 6 2

8

Corollary 10.3.9. Let Exc(Y )s, s = 1, . . . , k, be an orthogonal direct summand of Exc(Y ) gener-
ated by the divisor classes of a connected component of the exceptional curve of π : Y → X . The set
of generators e1, . . . , e12 of the latticeM12 can be split into disjoint subsets I1, . . . , Ik, one for each
component Exc(Y )s, such that there exists a lattice embedding js : ⊕i∈IsZei ∼= A#Is

1 ↪→ Exc(Y )s
with the images of ei being orthogonal roots in Exc(Y )s whose sum is indicated in the diagrams
from the previous Lemma.

Let
j = ⊕ks=1jk : ⊕ks=1A

⊕#Is
1

∼= A⊕12
1 ↪→ Exc(Y ) = ⊕ks=1 Exc(Y )s (10.3.1)

be the lattice embedding obtained from the previous corollary. Note that
∑

i∈Is js(ei) intersects
each simple root with multiplicity ±2, therefore 1

2

∑
i∈Is js(ei) ∈ Exc(Y )∨s . This defines an em-

bedding
j : M12 ↪→ Exc(Y )∨. (10.3.2)

We know that Y is a specialization of a supersingular K3 surface Y ′ with Artin invariant σ = 10.
Thus the lattice NS(Y ′) ∼= E10(2)⊕M12 admits an embedding into the lattice NS(Y ).

Definition 10.3.10. LetN = E10(2)⊕M12. Let Y be a supersingular K3 surface which is birational
to the canonical covering of a simply-connected Enriques surface. An N -polarization of Y is a
lattice embedding φ : N ↪→ NS(Y ) such that φ(E10(2)) is a primitive sublattice and the restriction
of φ to M12 coincides with the embedding (10.3.2).

Let φ : N ↪→ NS(Y ) be a lattice N polarization. Fix a root chamber C in the positive cone
V (NR)+ of N . The Weyl group W (N) acts transitively on the set of chambers. We may choose
D such that the intersection of its closure with E10(2)R contains the fundamental chamber D in E10

spanned by the fundamental weights ω0, . . . , ω9 dual to the simple roots α0, . . . , α9.

A lattice polarization φ : N → NS(Y ) is called an ample polarization if φ(N) meets the ample
cone of Y . Following [210, §6], we say that (Y, φ) is good if NS(Y ) does not contain a root
lying in φ(E10(2))⊥. It is clear that the embedding E10(2) ∼= π̃∗(NS(S)) ↪→ NS(Y ) is good since
π̃∗(NS(S)) is equal to the orthogonal complement of Exc(Y ).

Suppose r is the class of a (−2)-curve on Y . Since NS(Y ) ⊂ φ(N)∨, we can write r = r1 − r2,
where r1 ∈ φ(E10(2))∨ ∼= E10(1

2) and r2 ∈M∨12 = I12(−1
2). Since r2

1 ∈ Z, we have r2
1 = r2

2 = −1
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or r2
1 = −2 and r2 = 0. So, if (Y, φ) is good, the latter case does not occur. Suppose Y is realized

as a minimal resolution of a canonical cover π : X → S and we take N -polarization such that
the restriction of φ to E10(2) is equal to the composition π̃∗ ◦ j, where j : E10 → Num(S) is an
ample E10-lattice polarization of S. Assume that r 6∈ Exc(Y ). Then 2r1 = π̃∗(R), where R is a
(−2)-curve on S, so that π̃∗(R) = 2r + 2r2. It follows from Lemma 10.2.9 that 2r2 is the sum of
the classes of two disjoint irreducible components of the minimal resolution. If we choose a vector
η in E10 such that j(η) is an ample class, we obtain φ(η) = π̃∗(j(η)) intersects positively r, hence
φ(N) meets the ample cone of Y . The converse is also true since π̃∗(Pic(S)) = p∗(Pic(X)) is
equal to the orthogonal complement of Exc(Y ) and hence it coincides with its primitive closure.

This proves the following.

Proposition 10.3.11. Let φ : N ↪→ NS(Y ) be a lattice N polarization of the canonical cover
birationally isomorphic to a K3 surface Y of a simply-connected Enriques surface in characteristic
2. Then the polarization is ample.

Let Euni be the moduli stack of simply connected (= unipotent) Enriques marked surfaces (S, j)
such that the image of the cone D0 ⊂ (E10)R spanned by the fundamental weights ω0, . . . ,ω9 lies
in the ample cone. We introduced this moduli space in the last section of Chapter 5. The image of
the fundamental weight ω1 of square-norm 4 corresponds to a Cossec-Verra polarization. There is
a forgetting map

Euni →MEnr,CV

to the Deligne-Mumford stack of Enriques surfaces with Cossec-Verra polarization (not necessarily
ample). Its image lies in the closure of the componentMcl

Enr,CV parameterizing classical Enriques
surfaces.

The next proposition complements Theorem 10.2.10 whose notations we will keep and its proof
can be found in [210, Theorem 6.1.2 (5)].

Proposition 10.3.12. There are invertible sheaves L0, . . . ,L9 in Pic(XN ) that are equal to the
images of ω0, . . . ,ω9 under the polarization map.

Let E0
uni be substack of Euni parameterizing simply connected Enriques surfaces whose canonical

cover is a RDP K3-surface. Let E0
uni → KN be the map of stacks defined by taking the minimal

resolution of the canonical cover. We know that its image lies in K0
N . Also we know that the lattice

N polarization on the images is good. By [210, Lemma 6.11], the complement is a divisor.

Let ΘXN/KN be the relative tangent sheaf. Let K00
N be the open subset of K0

N where this sheaf is
trivial. By taking the canonical cover we get a map E0

uni → K00
N whose images are families of RDP

K3-surfaces with trivial tangent bundle. Let K00
N be the restriction of the universal family over K00

N .
Let P(ΘK00

N /K
00
N

) ∼= K00
N ×P1 be the projectivization of the relative tangent sheaf and P(ΘK0

N/K
00
N

)0

be the open subset whose fibers correspond to free derivations. By taking the corresponding free
µ2 or α2 action, we can reconstruct the Enriques surface. This defines an isomorphism of moduli
functors

E0
uni → P(ΘK0

N/K
00
M

)0.
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The composition of this map with the projection to K00
N defines a map

Φ : E0
uni → K00

N .

By Corollary 10.3.6, its fibers are isomorphic to affine lines.

Let K0
N,R be the subset of K0

N such the sublattice Exc((KN )t) of the Néron-Severi lattice of the
fibers generated by the exceptional curves is isomorphic to one of the lattices R from Theorem
10.2.2. For example, KN,12A1 parameterizes fibers of XN → K0

N with 12 ordinary nodes. Let
Euni,R ⊂ Euni be its pre-image under Φ.

Let Euni,α2 be the locus of α2-Enriques surfaces. Applying Theorem 10.3.7, we see that

• Φ : Euni,12A1 → KN,12A1 × A1 is bijective.

• Φ(Euni,12A1 ∩ Euni,α2) is a section of KN,12A1 × A1 → KN,12A1 .

• IfR ∼= A⊕8
1 ⊕ D4, or A⊕5

1 + E7, or A⊕6
1 + D6, then Euni,R ∩ Euni,α2 = ∅.

• If R is one of the remaining lattices then Euni,R ⊂ Euni,α2 and Φ : Euni,R → KN,R × A1 is
bijective.

Let (Y, φ) be a lattice N polarization of a supersingular K3 surface Y such that the embedding
M12 ↪→ φ(E10(2))⊥ is a natural isomorphism if all singular points of the corresponding RDP K3-
surface X are of type A1 or else given by one of the diagrams from Lemma 10.3.8.

The following lemma is proven in [210, Lemma 6.5].

Lemma 10.3.13. Suppose there exists a 2-closed vector field ∂ of X that does not vanish at a
singular point whose exceptional curve defines an irreducible root lattice of type A1, Dn, En. Then
there exists a rational derivation D of Y with the divisor of poles is given by one of the diagrams
from Lemma 10.3.8.

10.4 The Cremona-Richmond polytope

In this section, we recall one of the most fascinating objects in classical algebraic geometry: the
Cremona-Richmond abstract symmetric configuration (153) and its various geometric realizations.
We will show that it defines a convex polytope of finite volume with 40 facets in the hyperbolic
space H9 associated with (E10)R. It will appear several times in our constructions of Enriques
surfaces as quotients of a supersingular K3 surface with Artin invariant 1 in characteristic 2 which
we will study in the next section.

An abstract configuration is a triple {A,B, R}, where A,B are non-empty finite sets and R ⊂
A×B is a relation such that the cardinality of the set R(a) = {b ∈ B : (a, b) ∈ R} (resp. of the set
R(b) = {a ∈ A : (a, b) ∈ R}) does not depend on a ∈ A (resp. b ∈ B). Elements of A are called
points, elements of B are called blocks. If a ∈ R(b), we say that a belongs to b. If

u = #A, v = #B, r = #R(a), s = #R(b),
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then a configuration is said to be an (vr, us)-configuration. A symmetric configuration is a config-
uration with u = #A = v = #B. Since ur = vs, this is equivalent to r = s. It is said to be
a (vr)-configuration. Replacing the relation R ⊂ A × B with the dual relation R∗ ⊂ B × A, we
obtain the definition of the dual abstract configuration of type (vs, ur).

Note that we consider only a special case of the notion of an abstract configuration studied in
combinatorics. Ours are tactical configurations [305].

Each abstract configuration (ur, vs) defines a bipartite graph with the set of vertices equal to the
union of the sets A and B where each point a from A is joined by an edge to a block b from B if
(a, b) ∈ R. This graph is called the Levi graph of the configuration.

Let [1, 6] = {1, 2, 3, 4, 5, 6}. A subset of two elements is a duad, a partition of [1, 6] in three
subsets is a syntheme. A total is a set of 5 synthemes that contains all duads. There are 6 totals with
a bijection to [1, 6] such that a duad (ab) corresponds to a common syntheme in the corresponding
totals. If one views a duad as a transposition in the permutation group S6 and a syntheme as
the products of three commuting transpositions, then the map from the set of duads to the set of
synthemes defined by 5 totals defines an outer automorphism of the group S6. It is known that
the quotient of the group of outer automorphisms by the group of inner automorphisms is a cyclic
group of order 2. Thus the group S6 acts transitively on the set of sixtuples of totals, each can be
identified with an outer automorphism.

Following [341], we choose an outer automorphism ι ∈ Out(S6) satisfying the property

ι((ab)) = (ij, kl,mn)↔ (ab) = ι((ij)) ∩ ι((kl)) ∩ ι((mn)). (10.4.1)

It gives the following bijection between duads and synthemes:

(12) (15,26,34) (23) (16,23,45) (35) (14,26,35)
(13) (13,25,46) (24) (14,25,36) (36) (15,24,36)
(14) (16,24,35) (25) (13,24,56) (45) (15,23,46)
(15) (12,36,45) (26) (12,35,46) (46) (13,26,45)
(16) (14,23,56) (34) (12,34,56) (56) (16,25,34)

Table 10.1: Outer bijection between duads and synthemes

To reconstruct a total from this Table, we collect all synthemes which correspond to five du-
ads sharing a common number from [1, 6]. The six totals obtained in this way are the totals
(R,Q,Q′, P,R′, P ′) in the list of totals from [38, Vol. II, Note II, p. 221] and the totals (T2, T3, T4, T5, T1, T6)
in the list of totals from [179, 9.4.3]).

It is clear that the sets of 15 duads and 15 synthemes is an abstract configuration of type (153). It
is called, by reason which will become clear later, the Cremona-Richmond configuration.

The Levi graph of the Cremona-Richmond configuration is known as the Tutte-Coxeter graph.

Note that there are many non-isomorphic abstract configurations of type (153), ours is of symme-
try type 1, i.e. its points and blocks represent one orbit with respect to the symmetry group of the
configuration (see [273]).

The set D of duads together with the empty set can be naturally endowed with the structure of a
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Figure 10.1: Cremona-Richmond configuration

Figure 10.2: The Tutte-Coxeter graph

symplectic linear space over F2. In fact, the set of subsets of [1, 6] can be identified with the set
2[1,6] with the addition law defined by the symmetric sum. The subspace of sets of even cardinality
modulo the one dimensional subspace spanned by the set [1, 6] is isomorphic to F4

2. Its elements can
be identified with subsets of even cardinality modulo taking the complementary subset. Choosing a
representative of cardinality 2 or 0, we obtain a structure of a linear space on D̄ = D∪∅ isomorphic
to the symplectic space J2 = F4

2. The symplectic structure can be defined by

〈ab, cd〉 = #{a, b} ∩ {c, d} mod 2.

In this way, D is identified with non-zero elements of D̄ and the set S of synthemes is identified
with the set of isotropic planes with the zero vector deleted. This shows that the Cremona-Richmond
(153)-configuration is isomorphic to the configuration where X is the set of non-zero vectors in a
symplectic space D̄ and Y is the set of its isotropic planes with the zero vector deleted.

Recall that the group of symplectic automorphisms of J2 is denoted by Sp(4,F2). It is isomorphic
to the permutation group S6 via the natural action of the latter on the set of maps from [1, 6] to F2.
This shows that the Cremona-Richmond configuration (153) has the group S6 as its group of its
symmetries. An outer automorphism of a configuration (A,B, R) of type (153) is a bijective map
α : A → B such that (x, y) ∈ R if and only if (α−1(y), α(x)) ∈ R. The bijection between the set of
duads and the set of synthemes defined by the outer automorphism of S6 is the outer automorphism
of the configuration (D,S). Thus the group Aut(S6) is realized as the group generated by the
automorphisms and outer automorphisms of the Cremona-Richmond configuration.

We have already seen a geometric realization of the Cremona-Richmond configuration (153) over
the field of 2 elements. Let us give an example of its self-dual geometric realization over any field.
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Example 10.4.1. Let (p1, . . . , p6) be an ordered set of 6 points in P2(k) with no three points are
collinear. Recall that the linear system of plane cubic curves passing through the six points define a
birational map f : P2 99K P3 from the plane to a cubic surface S in P3. If not all of the points lie on
a conic, then the map is an isomorphism from the blow-up V of the six points. Otherwise, the map
blows down the proper transform of the conic to the unique ordinary double point of S.

Let `ab = 〈pa, pb〉 be the line spanned by the points pa, pb. Its image under the map f is a line on
S not passing through the node if S has a node. Thus, we have 15 lines in P3. This is our set A.
The lines `ab, `cd, `ef whose set of indices form a syntheme define a plane in P3 that cuts S along
the three lines (ab), (cd), (ef). It is called a tritangent plane. The set of these 15 tritangent planes
is our set B. The realtion R is of course the incidence relation. This realization of the configuration
(153) appears in the study of cubic surfaces by L. Cremona.

Another, frquently used in modern literature, realizations of the Cremona-Ricmomd configuration
appears in the study of the Segre cubic hypersurface in P4 and its dual Castelnuovo-Richmond
quartic hypersurface. We refer for this to [38, Vlume 4,Chaper V] or [179, 9.8].

Let (abc) be a triad, we denote by D(abc) (resp. S(abc)) the set of six duads (resp. six synthemes)
not appeared in the entries (resp. determined by the determinantal terms) of the matrix (??). The
subconfiguration of the Cremona-Richmond configuration formed by these sets is of type (60, 60).

Definition 10.4.2. We define the extended double Cremona-Richmond diagram ΓCR as follows. Its
set of vertices is the union of the set D of 15 duads (ab), the set S of 15 synthemes (ij, kl,mn) and
the set T if 10 triads (abc). Their edges are described as follows.

• The subgraph with vertices D or S is the dual graph of the complete graph K(6).

• Each vertex from D is connected by a double edge with a vertex from S and vice versa
forming the Levi graph of the Cremona-Richmond configuration where all edges are doubled.

• Two vertices from T are joined by a double edge.

• Each vertex (abc) from T is joined by a double edge with the set of vertices from D(abc) and
S(abc).

Recall from Section 0.8 that a finite set of vectors vi, i ∈ I, of square norm −2 in V = (E10)R
defines a polytope Π in the hyperbolic space H9 associated to the quadratic vector space V with
the Sylvester signature (1, 9). It is the closure of a fundamental domain for the reflection group
Γ generated by reflections with respect to the vectors vi. It is equal to a connected component of
the complement of the set of the hyperplanes H(vs) orthogonal to the vectors vs. The group Γ is
a Coxeter group generated by the reflections rvi with the Coxeter matrix (mij), where mij = ∞
if vi · vj ≥ 2, or 3 if vi · vj = 1, or 2 if vi · vj = 0. We assume that there exists a set of forty
(−2)-vectors in V forming the diagram ΓCR. We call the polytope Π in H9 defined by these forty
vectors the Cremona-Richmond polytope.

Theorem 10.4.3. The Coxeter-Richmond polytope in H9 is of finite volume. Its symmetry group is
isomorphic to the group of automorphisms of S6 isomorphic to S6 · 2.
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Proof. Any symmetry of ΓCR must be a symmetry of the Cremona-Richmond configuration. The
group of such symmetries is obviously Aut(S6). We see immediately that it extends to the group
of symmetries of the whole diagram.

The polytope is of finite volume in H9 if and only if the intersection matrix (vs, vs′) satisfies
Vinberg’s criterion from Theorem 0.8.22. To check this we exhibit all parabolic subdiagrams of
ΓCR of maximal rank. They are

Ã2 + Ã2 + Ã2 + Ã2, Ã3 + Ã3 + Ã1 + Ã1, Ã4 + Ã4, Ã5 + 2Ã1 + Ã2. (10.4.2)

For example, take the parabolic diagram of type Ã1 defined by two vectors cabc, ca′b′c′ . Without
loss of generality, we may assume that the triads are (123) and (124). We check that they are
not connected to the vertices corresponding to duads (15), (16), (25), (26), (34) and the vertices
corresponding to synthemes

(12, 36, 45), (14, 23, 56), (13, 24, 56), (12, 35, 46), (12, 34, 56).

The first four vertices in each set define two disjoint parabolic subdiagrams of type Ã3 and the pair
(34), (12, 34, 56) defines another parabolic subdiagram of type Ã1.

We refer for the rest of the proof to [361, Lemma 7.2].

We will see the relevance of this diagram ΓCR and the Coxeter-Richmond polytope to our exam-
ples of Enriques and Coble surfaces obtained as quotients of supersingular K3 surfaces by a vector
field in the next section.

Remark 10.4.4. Let us identify a duad (ab) with a transposition (ab), a syntheme (ij, kl,mn) with
the product of three transposition, and a triad (abc) with the product or two commuting cyclic
subgroups of order 3. Then one easily checks the following.

Two duads or syntemes do not commute if and only if they are incident in the extended Cremona-
Richmond diagram.

A duad or a synthemes centralizes a triad if and only if they are incident in the extended Cremona-
Richmond diagram.

10.5 Quotients of K3 surfaces with Artin invariant 1: Type MI

In this section, we assume that p = 2 if not otherwise mentioned. We will construct a family of
Enriques surfaces S and a unique Coble surface V that realize the extended Cremona-Richmond
diagram as the intersection diagram of 40 divisor classes in the lattice Num(S) or CM(V) with
square-norm −2. We will refer to these surfaces as surfaces of Type MI. Their canonical covers
have 12 ordinary double points, and their minimal resolution are the supersingular K3 surface with
Artin invariant 1. Finally we give an example of Coble surface of type MI in characteristic 3.

We start with the finite plane P2(F4). The finite plane has 21 points and 21 lines. Each line
contains 5 points and each point is contained in 5 lines. This gives an example of a symmetric
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configuration (215).

Let us fix a 6-arc P = {p1, ..., p6} in P2(F4) (an n-arc in a finite plane is a subset of n points no
three of which are collinear). It is known that there are 168 6-arcs and the group PGL(3,F4) acts
transitively on the set of 6-arcs with the stabilizer subgroup isomorphic to A6 (see [127, p.23]).

We have 15 lines in P2(F4) joining pairs of these points. Each point in P is contained in 5 such
lines, this shows that there are 6 lines T1, . . . , T6 which do not contain any points from P . None of
the points in Ti belong to P . Let Pc be the set of 15 intersection points of these lines in P2(F4) and
let

πP : V(P)→ P2

be the blow-up of this set. Each line `ij = 〈pi, pj〉 contains 3 points from the set Pc, hence its
proper transform on V(P) is a (−2)-curve which we denote by Rij . On the other hand, each line Ti
contains 5 points from Pc, hence its proper transform is a (−4)-curve Ci. Thus we see that V(P) is
a Coble surface with 6 boundary components.

Remark 10.5.1. Let C be the blow-up of any 6-arc P in the finite plane P2(F4). It is isomorphic to
a smooth cubic surface in P3. Since the stabilizer subgroup of P on PGL(3,F4) is isomorphic to
A6, we see that A6 ⊂ Aut(C). The classification of possible automorphism groups of smooth cubic
surfaces from [186] shows that C is isomorphic to the Fermat cubic.

Every triad (abc) defines two triangles with sides `ab, `ac, `bc and `de, `df , `ef . The triangles in-
tersect at 9 points in Pc. We denote the complementary set of 6 points in this set by Q(abc) (as
before Q(abc) = Q(def)). We call it a cardinal set of 6 points. Let cabc be the divisor class
2e0 −

∑
p∈Q(abc) ep, where we use the standard notation for a geometric basis of a blow-up of a set

of points in the plane. We have c2abc = −2. Since a 6-arc does not lie on a conic (necessarily defined
over F4)), cabc is not an effective class.

Theorem 10.5.2. Let C be the union of the set of fifteen classes αab of the (−2)-curves Rab, fifteen
effective roots αij,kl,mn = 2Ep + 1

2(Cq + Cr), where p corresponds to the syntheme (ij, kl,mn)
that is common to the totals Tq and Tr, and the set of 10 divisor classes cabc. Then the intersection
diagram of the 40 classes in the Coble-Mukai lattice CM(V(P)) is the extended Cremona-Richmond
diagram.

Proof. Every line `ab, a, b ∈ P, contains 3 points from Pc, each point is the intersection of two
lines Ti. In this way, each duad (ab) defines a syntheme (ij, kl,mn). Since each Ti contains 5
points in Pc, we see each Ti can be taken as a total. It is immediately seen, that the set of 15 lines
`ab and 15 points Pc form a symmetric (153)-configuration invariant with respect to the group S6

permuting the points in P . Thus they form a Cremona-Richmond configuration with the setA = Pc
of points associated to synthemes and the set B of lines associated to duads. We have also defined
a bijection ι : B → A. It is immediate to check that the intersection diagram of the divisor classes
αab (resp. αij,kl,mn) corresponding to duads (resp. synthemes) is equal to the Levi graph of the
Cremona-Richmond configuration.

First of all, cabc · ca′b′c′ = 2 for different triads (abc) and (a′b′c′). Indeed, replacing (abc) with
the complementary set, we may assume that a, b, c and a′, b′, c′ have one common element. Without
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loss of generality, we can take (abc) = (123) and (a′b′c′) = (145), and check that they define two
common synthemes (16, 25, 34) and (16, 24, 35) from Q(abc). This shows that c123 · c145 = 2.

It follows from the definition of a cardinal setQ(abc) that the 6 lines `ij , i, j ∈ {a, b, c} or {d, e, f}
do not contain any point from this set. Thus cabc · αij = 2. Any other line `ij passes through two
points in P , each from different triangle defined by (abc). It also passes through the intersection
point of the opposite sides of the triangles. It follows that `ij contains 2 points from the setQ(abc),
and hence cabc · αij = 0. This agrees with our definition of the extended Cremona-Richmond
diagram.

Each point in A \ Q(abc) is the intersection point of two lines `ab, hence it is the intersection
point of 2 lines Ti and one line `ij passing through the vertex of the opposite side of the triangle
containing this point. This defines the incidence correspondence of type (92, 63). It follows that
each Ti passes through 3 points not in Q(abc), hence passes through 2 points from this set. This
shows that cabc · Ci = 0 (as expected because c2abc = −2). Now cabc intersects with multiplicity 1
eachEp, p ∈ Q(abc), and hence it intersects the corresponding effective root with multiplicity 2. All
other such roots it does not intersect. We leave it to the reader (for example, by taking (abc) = (123)
and using Table 10.1) to check that the synthemes are (ai, bj, ck), where {i, j, k} = {d, e, f}.

Finally, if `ab corresponds to the duad (ab), then it intersects all lines corresponding to totals
(in 3 pairs intersecting at one point on the line). This shows that αab intersects three effective
roots αij,kl,mn with multiplicity 2, where the three synthemes correspond to (ab) in the Cremona-
Richmond configuration. Similarly, each point corresponding to a syntheme (ij, kl,mn) lies on
three lines `ij , `kl, `mn, and hence αij,kl.mn intersect αij , αkl, αmn. These are the only non-zero
intersections between the divisor classes corresponding to duads and synthemes.

Remark 10.5.3. Note that the divisor classes cabc are never effective. In fact, any irreducible conic in
plane P(F4) contains exactly 5 points in this plane, and hence neither P nor Q(abc) lie on a conic.

We know that each triad (abc) defines a pair of triangle of lines with vertices a, b, c and d, e, f
intersecting at the set B of 9 points from Pc. We also know that each point in B lies on two lines
Ti and each line passes through two points in B. This defines a symmetric configuration. The only
possible Levi graphs of this configuration is a hexagon with vertices in Q(abc) or the disjoint sum
of two triangles. Thus we see that a choice of (abc) defines two triangles with vertices in Q(abc).

Example 10.5.4. Choose (abc) = (123). Then Q(123) consists of 6 points corresponding to syn-
themes (14)(25)(36), (14)(26)(35), (15)(24)(35), (15)(26)(34), (16)(25)(34), (16)(24)(35). They
define two triangles with sides (T1, T2, T4) and (T3, T5, T6).

It follows from above that a choice of a triad (abc) defines 4 triangles of lines in P2(F4), con-
sidered as plane cubic in P2 each pair intersecting at the same set of points B. As we know this
defines a unique Hesse pencil of cubic curves in P2 with base point B. It is defined uniquely, up
to projective transformation, over any field containing 3 distinct third roots of unity. So, we can
choose coordinates to assume that its equation is

λ(x3 + y3 + z3) + µxyz = 0. (10.5.1)
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We can order the coordinates of the nine base points of the Hesse pencil as follows:

p1 = [0, 1, 1], p2 = [0, 1, ε], p3 = [0, 1, ε2],

p4 = [1, 0, 1], p5 = [1, 0, ε2], p6 = [1, 0, ε],

p7 = [1, 1, 0], p8 = [1, ε, 0], p9 = [1, ε2, 0], (10.5.2)

where ε is a primitive 3rd root of unity.

The four triangles are ∆∞ = V (xyz) and the triangles ∆εi , i = 0, 1, 2, with sides x + εay +
εbz, a+ b ≡ i mod 3. They correspond to members of the pencil with t = µ/λ =∞, 1, ε, ε2.

Let L0,i (resp. L1,i, resp. L2,i) be the lines that join [1, 0, 0] (resp. [0, 1, 0], resp. [0, 0, 1])
with three base points [0, 1, εi] (resp. [1, 0, εi], resp. [1, εi, 0]). Three of the lines L0,εi , L1,εj , L1,εk

intersect at a point pi,j,k if and only if i+j+k ≡ 0 mod 3. Thus we have a symmetric configuration
of type (93) of 9 lines and 9 intersection points pi,j,k. It is a special case of the Ceva configuration
Ceva(n) with n = 3.

Figure 10.3: 9 sections and 9 bisections on H

For any base point pi, the polar conic of a general member of the Hesse pencil with pole at pi is
equal to the union of the tangent line at this point and a line `i that does not depend on the parameter.
It is classically known as a harmonic line of the Hesse pencil (see [16]). In our case when p = 2, the
9 harmonic lines coincide with the nine lines L0,i, L1,j , L2,k. The nine points pi,j,k are the vertices
of the triangles ∆εi . So, we see that each harmonic line `i passes through 4 vertices, one in each
triangle and intersect the opposite sides at the base point pi of the pencil. Note that this is specific to
the characteristic 2 case. In other characteristics (also different from 3), the harmonic lines intersect
the opposite side of each triangle at a point different from the base point.

We denote by πabc : H → P2 the blow-up of the set B. Let fabc : H → P1 be the corresponding
relatively minimal rational elliptic surface. It is one of the extremal rational elliptic surface in
characteristic 2 which we classified in Section 4.8. We have the blowing down morphism pabc :
V(P)→ H that blows up the set of six singular points of two fibers whose image in the plane is the
union of six lines Ti corresponding to the totals.

Each base point defines a section of the elliptic fibration on the surface H obtained by blowing
up the set B of base points. It is the exceptional curve Ep, p ∈ B. Fixing such a section Ep, we
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have the standard Bertini involution whose restriction to a general fiber is the negation involution.
Its set of fixed points consists of the section and the harmonic line corresponding to the base point
p. Each harmonic line defines an inseparable bisection of the pre-image of the Hesse pencil on H.
It intersects each singular fiber at one of its singular points.

Let σabc : H′ → H be the blow-up of the 12 vertices of the four triangles in H. This is of course
the same as the blow-up of the set P2(F4) in P2, or the blow-up of the set P on the Coble surface
V(P). The pre-image of the Hesse pencil is an elliptic pencil on H′ (not relatively minimal). It
has 4 reducible fibers formed by a hexagon of smooth rational curves. Three mutually non-incident
vertices correspond to (−1)-curves, they enter with multiplicity 2. The other such set corresponds to
(−4)-curves. The pre-image of a harmonic line is a (−4)-curve intersecting the double component
of a fiber. The pre-image of a section on H is a (−1)-curve that intersects the simple component of
a fiber.

The Frobenius base change of the Hesse fibration fabc : H → P1 defines a surface X with 12
singular points lying over the singular points of the fibers of fabc. Locally, at each such point the
cover X → H is given by z2 = xy, hence all twelve points are ordinary double points. Let σ′ :
Y → X be a minimal resolution of singularities. The proper transform of an irreducible component
of singular fibers of the Hesse pencil on Y are (−2)-curves, as follows from the intersection theory
on a normal surface. This shows that the pre-image of the Hesse pencil on Y is a relatively minimal
elliptic fibration f : Y → P1 with 4 fibers of type Ã5. The pre-image of any section of the
Hesse pencil is a (−2)-curve which is a section of f . The formula for the canonical class of an
elliptic surfaces tells us that Y is a K3 surface. It is easy to see that the surface Y is a minimal
resolution of singularities of the split inseparable cover P2 defined by the sheaf L = OP2(3) and a
section of L⊗2 defined by the union of any two members of the Hesse pencil. By Proposition 0.2.10
the inseparable cover the set P2(F4) of 21 ordinary double points. The surface Y is a minimal
resolution of singularities of an inseparable finite map of degree 2 of the surface H′ (see [180]). It
is a supersingular surface with Artin invariant 1. We refer to loc. cit. for different birational models
of Y .

It follows from above that the four reducible fibers Fα of f : Y → P1 over the points α =
1, ε, ε2,∞ are the unions of two sets F+

α , F
−
α , each consists of three disjoint components. We may

assume that F+
α consists of exceptional curves over the singular points of the Hesse pencil, and F−α

consists of the proper transforms of fibers of the Hesse pencil. In our duad-syntheme notation, F+
α

can be indexed by synthemes, and F−α by duads. In the Figure 10.4, the components F+
α (resp. F−α )

are drawn in blue (resp. red).

The proper transforms of sections of H→ P1 are of course sections of f : Y → P1. They intersect
the components F+

α . In the Figure 10.4, they are drawn in red. The proper transforms of harmonic
lines of the Hesse pencil are also sections. They intersect the components F−α . They are drawn
in blue. All together we obtain 18 sections which generate the Mordell-Weil group isomorphic to
(Z/3Z)⊕2 ⊕ Z/2Z.

The unique element of order 2 in the Mordell-Weil group of f : Y → P1 translates the normal
subgroup of index 2 to its coset. Thus it sends the blue sections corresponding to base points of
the Hesse pencil to red sections corresponding to harmonic lines. It also translates the 12 blue
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synthemes = points

duads = lines

Figure 10.4: Fibers and sections of f : Y → P1

components of reducible fibers to 12 red components. The involution of Y defined by the order 2
section is called a switch [180]. Also it defines a correlation between P2(F4) and the dual finite
plane.

Remark 10.5.5. It is shown by Mukai that the surface Y admits a birational model isomorphic to
the intersection of two divisors of type (2, 1) and (1, 2) in P2 × P2:

x2
0y0 + x2

1y1 + x2
2y2 = y2

0x0 + y2
1x1 + y2

1x2 = 0.

(see [180]). The switch involution is induced by the interchanging the factors in P2 × P2. Its
set of fixed points is its intersection with the diagonal which is a supersingular elliptic curve in
characteristic 2. It is the unique smooth supersingular fiber of the elliptic fibration of f : Y → P1

arising from the Hesse pencil on which the translation by the section of order 2 acts identically.

We know that a harmonic line passes through one of the base points of the Halphen pencil. It
follows that the corresponding blue and red sections intersect transverselly at one point. Again, this
is special to positive characteristic, since it follows from Proposition 4.2.1 that sections of finite
order prime to the characteristic do not intersect.

Let π : X → V(P) be the canonical cover. We have ωX ∼= OX and Proposition 0.2.10 tells that
Sing(X) is a finite subscheme Z with h0(OZ) = 12. Since X has an ordinary double point over
singular points of fibers of type Ã2, we infer that X has exactly 12 double points and its minimal
resolution Y is a supersingular K3 surface. It has an elliptic fibration with 4 fibers of type Ã5, and
the Shioda-Tate formula implies that the Artin invariant of Y is equal to 1.

Applying Theorem 10.3.2, we obtain the following.

Theorem 10.5.6. The canonical cover of the Coble surface V(P) has 12 ordinary double points
and its minimal resolution is the supersingular K3 surface Y with Artin invariant 1.

The Coble surface V(P) is called the Coble surface of Type MI.

Next we show that the surface Y admits a family of rational vector field ∂α,β , where α + β =
αβ = a such that the quotient by the derivation is birationally isomorphic an Enriques surface if
a 6= 1 and to the Coble surface V(P) otherwise.

In Section 4.8 we have found the Weierstrass equation of the Hesse pencil. If we set s = µ/λ, the
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equation is
y2 + sxy + y + x3 + 1 + s3 = 0 (10.5.3)

Its discriminant is equal to (1 + s3)3.

We will construct the surfaces Sα,β as the quotients of Y by a rational vector field and will de-
scribe a certain configuration of thirty (−2)-curves on Sα,β that is equal to the image of the double
Hesse configuration of 42 (−2) curves on Y . The construction of the vector field is similar to the
constructions in Section 8.10 and we will omit the details.

Replacing s with t2 in (10.5.3), we obtain the Weierstrass equation of the pre-image of the Hesse
pencil on Y :

y2 + t2xy + y + x3 + 1 + t6 = 0 (10.5.4)

Following Example 8.10.8, we consider the rational derivation on Y

∂α,β =
1

t+ 1

(
(t+ 1)(t+ α)(t+ β)

∂

∂t
+ (1 + t2x)

∂

∂x

)
,

where α, β ∈ k, α + β = αβ, α3 6= 1. The choice of the Weierstrass model defines a choice of
an irreducible component in each singular fiber that is intersected by the zero section. If t 6= ∞, it
does not enter in the divisor of poles of ∂α,β on Y and it does enter if t = ∞. A direct calculation
following Lemma 10.3.13 shows that the extension of ∂α,β to Y will have poles on blue components.

Lemma 10.5.7. (i) ∂2
α,β = αβ · ∂α,β , hence, ∂α,β is 2-closed. Moreover, it is of additive type if

α = β = 0 and of multiplicative type otherwise.

(ii) On the surface Y , the divisor D of ∂ is given by

D = −(F+
ε + F+

ε2
+ F−1 + F−∞),

and D2 = −24.

(iii) The integral curves with respect to ∂α,β are the smooth fibers over t = α, β (in case α = β =
0, the smooth fiber over t = 0) and F−1 , F

−
∞, F

+
ε , F

+
ε2

.

Since KY is trivial and D2 = −24, it follows formula (0.3.4) that

24 = c2(Y ) = deg(Z)− 〈KY , D〉 −D2

where Z is the scheme of non-divisorial zeros of ∂α,β . Therefore deg(Z) = 0 and ∂ has no isolated
zeros. Thus the quotient surface Y ∂ by ∂α,β is non-singular. Denote by π′ : Y → Y ∂ the quotient
map. It is a finite inseparable map of degree 2.

The canonical bundle formula from Proposition 0.3.14 gives

KY = π′∗KY ∂ +D.

If a (−2)-curve C is integral with respect to ∂, then applying Proposition 0.3.19, we obtain that
π′(C) is a (−1)-curve on Y ∂ .

Let σ′ : Y ∂ → Sα,β be the contraction of the sum E of the twelve (−1)-curves. Note that
σ′∗(E) = −D. We have KY ∂ = σ′∗(KSα,β ) + E , and hence

0 = D + π′∗(σ′∗(KSα,β )) + π′∗(E) = D + π′∗(σ′∗(KSα,β ))−D = π′∗(σ′∗(KSα,β )).
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Thus π′∗(σ′∗(KSα,β )) = 0, hence KSα,β is numerically trivial. Since π is finite and purely in-
separable, b2(Y ∂) = b2(Y ) = 22, and hence b2(S) = 10. Thus Sα,β is an Enriques surface. Let
π′◦σ′ = σ◦π, where σ : Y → X is a birational morphism and π : X → Sα,β is a finite inseparable
cover. We immediately see σ blows down the integral components of D to ordinary double points
and π : X → Sα,β is the canonical cover of Sα,β .

We will refer to the surface Sα,β as an Enriques surface of Type MI in characteristic 2.

To summarize we have the following commutative diagram.

H′

σabc
��

Y
π′ //q′oo

σ

��

Y ∂

σ′

��
H

fabc
��

X
qoo

f
��

π // Sα,β

f ′

��
P1 P1 F //Foo P1

(10.5.5)

where F is the Frobenius morphism.

It follows from Lemma 10.5.7 that the integral curves in fibers over 1,∞ (resp. ε, ε2) originate
from lines `ab (resp. synthemes (ij, kl,mn)), they are drawn in red (resp. blue) in Figure 10.4.
When we blow down their images in Y ∂ , we obtain the following Figure 10.5 describing the re-
ducible fibers of the Hesse type elliptic fibration on Sα,β .

Figure 10.5: Fibers of the Hesse type elliptic fibration on Sα,β

There are two fibers for each type. All in all we see thirty (−2)-curves. Twelve are components
of fibers and divided into two sets of 6, blue and red. The rest are 18 special bisections divided into
two sets of 9, blue and red. The set of 30 curves is the union of a set A of blue curves and the set
B of red curves. The incidence relation between A and B is the Cremona-Richmond configuration
(153). However, the intersection diagram has the double edges of the corresponding Levi graph. If
we identify the vertices of the blue triangles with the set [1, 6] and the vertices of the red triangles
with the set of totals, then we see that the curves from the set A (resp. resp. B) intersecting at
a ∈ [1, 6] (resp. at Ti), correspond to duads (ab), b 6= a, (resp. the five syntemes entering in Ii).
This shows that the intersection graph of A and B is the dual of the complete graph K(6).
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6

5

2

3

1

4

T6

T5

T2

T3

T1

T4

Figure 10.6: Six points (six totals) and fifteen duads (fifteen synthemes)

Let cijk be the divisor class on the surface H′ equal to 2e0 −
∑

p∈Q(ijk) ep (we identify it with
the corresponding class on V(P)). We immediately check that its pre-image in Y is a divisor class
with self-intersection−4 which is orthogonal to the 12 components of fibers that are blown down to
singular points ofX under the map σ. Its image c̄abc in Sα,β is a divisor class of square norm−2 that
intersects 6 red curves (corresponding to the points fromQ(abc)) and 6 blue curves (corresponding
to harmonic lines) with multiplicity 2.

There are twelve canonical points on Sα,β which are the images of F−ε , F
−
ε2
, F+

1 , F
+
∞. These

twelve points are indexed by the set of six points and the set of six totals. In the following Fig-
ure 10.6, the black (resp. white) circles are canonical points corresponding to six points (resp. six
totals). Each line passing through two black circles (resp. white circles) is the (−2)-curve corre-
sponding to the duad (resp. syntheme) containing two points (resp. contained in the two totals).

This shows that the intersection diagram of the set of 40 divisor classes is the same as the extended
Cremona-Richmond diagram.

Theorem 10.5.8. The Enriques surface Sα,β contains a set of thirty (−2)-curves, the union of two
sets A and B of 15 divisor classes, and it also contains a set C of 10 divisor classes of square
norm −2. The set A (resp. B) is the union of two subsets Afib and Abis ( resp. Bfib and Bbis) of
cardinalities 6 and 9.

• The intersection graph of the sets A and B are the dual graphs of the complete graph K(6).

• Each element from Afib (resp. Bfib) intersects three elements from the set Bbis (resp. Abis)
at one point with multiplicity 2. Each element from Abis (resp. Bbis) intersects two elements
from the set Bfib (resp. Afib) at one point with multiplicity 2 and also intersects one element
from Bbis (resp. Bbis) at one point with multiplicity 2.

• The incidence relation between the sets A and B defines a symmetric configuration (153)
isomorphic to the Cremona-Richmond configuration.

• The divisor classes from C intersect each other with multiplicity 2.

• Each divisor class from C intersects 6 divisor classes from B and 6 divisor classes from A
with multiplicity 2.
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• The surface contains 10 elliptic fibrations of Hesse type indexed by the set of triads (up to
complementary set). The curves from the setsAbis and Bbis are inseparable special bisections.
Each fibration has 18 inseparable special bisections divided into two subsets As and Bs of
nine of the sets A and B.

• The set of 12 singular points of singular fibers of the fibration is the set of canonical points
on Sα,β .

• There is a bijection between the set A and the set of duads and the set B with the set of
synthemes.

The intersection diagram of the total set of 40 divisor classes is the extended Cremona-Richmond
diagram.

We have 10 elliptic fibrations |2Fabc| of Hesse type corresponding to 10 triads. The next lemma
follows easily from Theorem 10.5.8 and we leave its proof to the reader.

Lemma 10.5.9. Let |2Fabc| be the ten elliptic fibrations on Sα,β of Hesse type corresponding to 10
triads.

(i) Each of 45 pairs of the fibrations form a non-degenerate U -pair. In particular, it defines a
bielliptic involution.

(ii) If we fix one of the 45 pairs of the Hesse elliptic fibrations, then each fiber of the first one has
a unique common component with some fiber from the second one.

(iii) A component of a reducible fiber of one fibration either does not intersect a fiber of another
fibration, or it is tangent to a component of its reducible fiber, or it passes through a singular
point of its reducible fiber.

It follows from the lemma that 45 pairs of the elliptic fibrations define 45 bielliptic maps. Since
the surface Sα,β does not admit a quasi-elliptic fibrations, this map is separable and hence defines
an involution of the surface.

Proposition 10.5.10. Let τij be the bielliptic involution defined by a pair of the Hesse elliptic
fibrations. Then it fixes the four common components of two fibers pointwise and permutes by pairs
the other components in the same fiber. It acts on the set of thirty (−2)-curves as the product of two
transpositions.

Proof. Without loss of generality, we may assume that our pair of Hesse elliptic fibrations corre-
sponds to triads (123) and (124). The four fibers of the first fibration correspond to two triples of
duads and two triples of synthemes:

(12), (23), (13) (15, 26, 34), (16, 23, 45), (13, 25, 46)

(45), (46), (56) (15, 23, 46), (13, 26, 45), (16, 25, 34).
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The four fibers of the second fibration correspond to two triples of duads and two triples of syn-
themes:

(12), (24), (14) (15, 26, 34), (14, 25, 36), (16, 24, 35)

(35), (36), (56) (14, 26, 35), (15, 24, 36), (16, 25, 34).

The four common components R1, . . . , R4 are (−2)-curves corresponding to duads (12), (56) and
synthemes (15, 26, 34), (16, 25, 34). The bielliptic map φ : Sα,β → D blows them down to nonsin-
gular points in D (D = D1 or D3, depending whether Sα,β is a classical or a supersingular surface).
We may assume that the image of a fiber is a line in the plane model of D. The proper transform of
this line splits in the cover into two components of the fiber that different from Ri. This shows that
the bielliptic involution τ acts on the set of 20 components of the two fibrations as the involution
(12)(56).

At the end of the previous section we listed the remaining 10 curves from the set A∪B. They are

(15), (16), (25), (26), (34), (12, 36, 45), (14, 23, 56), (13, 24, 56), (12, 35, 46), (12, 34, 56).

This set in invariant with respect to the involution (12)(56). Each of these curves intersects the
half-fibers F123 and F124 of the elliptic fibrations |2F123| and |F124| with multiplicity 1. Thus, the
bielliptic map defines a bijective map from each curve to a rational quartic curve in P4. Its image
under the involution splits into two curves from the set of ten curves from above. This shows that τ
leaves the set A ∪ B invariant and acts on this set as the involution (12)(56).

The products of two commuting transpositions generate the subgroup A6 of S6. We see the group
G generated by the ten involution acts on the setA∪B as a group isomorphic to A6. Since the thirty
(−2)-curves generate Num(Sα,β), we obtain the kernel of G → A6 consists of numerically trivial
automorphisms.

Proposition 10.5.11. Let S be an Enriques or a Coble surface of Type MI. Then Autnt(S) is trivial.

Proof. A numerically trivial automorphism preserves any of 10 Hesse pencils on S. It leaves all
their fibers invariant. Thus it acts identically on the pencil and hence acts identically on each of the
18 inseparable bisections (or 9 sections if S is a Coble surface). This shows that it fixes two many
points on the generic fiber, and hence acts identically on it, and hence identically on the surface.

Corollary 10.5.12. The group of automorphisms of Sα,β generated by 45 bielliptic involutions τij
is isomorphic to A6.

Recall from Remark 10.5.1 that the Coble surface of Type MI is obtained from the Fermat cubic
surface C by blowing up the set of 9 points, the base points of a Hesse pencil fabc : V(P) → P1.
Here we fix an isomorphism from C to the blow-up of the set Q(abc) of 6 points.

It is known that the group Aut(C) is isomorphic to the subgroup PSU4(2) of PGL3(F2) that leaves
invariant the Hermitian form x3 +y3 +z3 +w3 = 0 over F4. It contains the group S6 as a maximal
subgroup of index 36 isomorphic to the stabilizer subgroup of a double-sixer on the cubic surface.
The subgroup W (E6)+ of W (E6) generated by the product of two simple reflections is of index 2
and it is isomorphic to the group PSU4(2). All elements in the coset are realized on the surface as
the compositions of an automorphism and the Frobenius endomorphism.
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The orbits of Aut(C) on linear subspaces of P3(F4) containing the set C(F4) are known [186,
Lemma 5.3]. One orbit is the set C(F4) that consists of 45 points and coincides with the set of
Eckardt points on C. Its stabilizer subgroup is a maximal subgroup of W (E6)+ of index 45. There
is also an orbit of 40 planes, each cuts out a smooth supersingular elliptic curveE on C. Its stabilizer
subgroup is one of the two maximal subgroups of W (E6)+ of index 40 (another one is the stabilizer
of a point in P3(F4) \ C(F4)). It is isomorphic to an extension of the binary tetrahedral group with
the normal subgroup isomorphic to the Heisenberg group of order 33. The quotient by the center is
isomorphic to the Hesse group G216 of automorphisms of a Hesse pencil. In our case it acts on the
base of the fibration as the affine group A1(F4) and the kernel is isomorphic to the group (Z/3Z)⊕2

of translations and the Bertini involution.

In fact, the plane contains 9 Eckardt points lying on the cubic, and the blowing up this set we
obtain our Coble surface V(P). The subgroup 32oS3 ofG216 of order 54 is realized as a subgroup
of Aut(C) preserving one of 10 Hesse elliptic fibrations. We know that A6 has the orbit of 10 Hesse
fibrations on V(P), thus the intersection of G216 with A6 is a subgroup of order 36.

The group Aut(C) contains two conjugacy classes of involutions, type 2A and type 2B in termi-
nology of the ATLAS. The Hesse subgroup contains an involution of type 2A, it acts on the Hesse
pencil fixing pointwise its unique smooth supersingular fiber. In our situation, it is realized by an
involution from A6 that preserves the triad (abc), for example (ab)(de). For such triad there ex-
ists a unique other triad (ijk) that is invariant with respect to the same involution. For example, if
(abc) = (123) and the involution is as above, then (ijk) = (126). This shows that all involutions
of type 2A that occur in Aut(V(P)) originate from the bielliptic involutions on the Coble surface
similar to ones we studied in Proposition 10.5.10.

An involution g of Type 2B is realized on C as an involution that leaves invariant a double-sixer
and switches its sixers. If p : C → P2 is the blowing down of one sixer, then g descends to a
Cremona transformation ḡ that blows down six conics through 5 of its six fundamental points to the
fundamental points. Note if we order the fundamental points p1, . . . , p6 and denote by Ck the conic
through all points except pk, then ḡ(Ck) = pσ(k), where σ is the product of three transpositions.
The involution ḡ is given by the homaloidal linear system of plane quintics with double points at
the fundamental points. In the standard geometric basis g acts as the composition of the involution
with respect to 2e0− e1−· · ·−e6 and the product of three commuting transpositions of the ei’s. Its
set of fixed points is a line on C. Note the composition of two commuting involutions of the same
type do not commute but the composition of two commuting involutions of types 2A and 2B is an
involution of type 2A.

The known properties of the Fermat cubic in characteristic 2 show that each line on C contains 5
Eckardt points and we have altogether 45 Eckardt points. In our case, the set of 27 lines consists of
nine lines (ad), (ae), (af), (bd), (be), (bf), (cd), (ce), (cf), six lines T1, . . . , T6. six conics through
five points in Q(abc) and six exceptional curves Ep, p ∈ Q(abc).

Recall that an element of the Weyl group W (E6) that switches the ordered sixers in a double-sixer
is a reflection sα with respect to the vector α = 2e0 −

∑
p∈A ep. Since this reflection does not

belong to W (E6)+, it is never realized by an automorphism. However, it composition with an odd
permutation from the subgroup S6 of W (E10) could be realized by an automorphism. In other
words, a cubic surface may contain an automorphism that switches the sixers but does not preserve
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the orders of the set of six lines. Since Aut(C3) ∼= W (E6)+, we see that in our case such an
automorphism exists. It is of type 2B in terminology of the ATLAS. Its fixed locus is a line on the
cubic surface. As a Cremona transformation it is given by a homaloidal linear systems of quintics
with double points at points from A.

We apply this by taking for A the set Q(abc). Since A6 is a subgroup of Aut(C), a choice of
the quintic Cremona involution is unique up to composition with an even involution from A6 that
commutes with it.

Example 10.5.13. We take for A the set

p1 = [1, 0, 0], p2 = [0, 1, 0], p3 = [0, 0, 1], p4 = [1, 1, 1], p5 = [1, ε, ε2], p6 = [1, ε2, ε],

the set of vertices of two triangles V (x0x1x2) and V ((x0 +x1 +x2)(x0 + εx1 + ε2x2)(x0 + ε2x1 +
εx2)). Consider the following quintic Cremona involution g:

[x0, x1, x2] 7→ [x30x
2
1+x20x1x

2
2+x0x

3
1x2+x21x

3
2, x

3
0x1x2+x20(x31+x32)+x0x

2
1x

2
2, x

3
0x

2
2+x20x

2
1x+x0x1x

3
2+x31x

2
2].

We leave it to the reader to verify that it is an indeed a Cremona involution. Let Ci be the conic
through the points p1, . . . , p6 except pi. Then g blows down (C1, . . . , C6) to (p1, p2, p3, p4, p5, p6).
Its action on Pic(C) in the geometric basis defined by the ordered 6-arc A is given by the matrix

5 2 2 2 2 2 2
−2 −1 0 −1 −1 −1 −1
−2 0 −1 −1 −1 −1 −1
−2 −1 −1 0 −1 −1 −1
−2 −1 −1 −1 0 −1 −1
−2 −1 −1 −1 −1 0 −1
−2 −1 −1 −1 −1 −1 0


.

We see that its trace is equal to −3, and this agrees with the fact this transformation defines an
involution of the cubic surface of type 2B. Its acts as the composition of two reflections with respect
to the roots 2e0 − e1 − · · · − e6 and e1 − e2.

We check that it switches the sides V (x0) and V (x1) of the first triangle and leaves its remaining
side pointwise fixed. It leaves invariant the sides of the second triangle. It leaves invariant the 10
base points of the Hessian pencil spanned by the two triangles. It transforms the remaining 6-arc P
of points [εi, 1, 1], [1, εi, 1], [1, 1, εi1], i = 1, 2 to itself by switching 3 pairs [ε, 1, 1], [ε2, 1, 1], etc..
The permutation is odd because g does not come from a projective automorphism of the plane. The
set P is the set of vertices of the remaining two triangles of the Hesse pencil. The image of the
Hesse pencil under the involution is a Hesse pencil. The images of each of the two triangles with
vertices at P is the union of 3 plane quintic curves with double points at A. The other two triangles
are invariant with respect to g.

The centralizer of g in Aut(C) is the subgroup isomorphic to (Z/2Z)⊕2 generated by the even in-
volutions of the points p3, p4, p5, p6. The product of g with any such transformation is an involution
of type 2A of the cubic surface C.

Remark 10.5.14. Over the complex numbers, Mukai constructed an Enriques surface which contains
30 (−2)-curves with the same dual graph as in the above example. The canonical cover of the
Mukai’s example is the intersection of three quadrics given by the equations:

x2 − (1 +
√

3)yz = u2 − (1−
√

3)vw,
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y2 − (1 +
√

3)xz = v2 − (1−
√

3)uw,

z2 − (1 +
√

3)xy = w2 − (1−
√

3)uv.

See [518, Remark 2.7]. We discussed this surface in Example 8.8.5. We do not know whether
admits a specialization in characteristic 2.

The following seems to be a natural conjecture.

Conjecture.
Aut(Sα,β) ∼= UC(10) o A6,

where UC(10) is the universal Coxeter group with 10 generators identifies with the sets of triads
and the group A6 acts on this group as its natural action on the sets of triads.

The group of automorphisms of the K3 surface Y was described in [180]. It is generated by the
group PSL(3,F4) that acts on Y via its action on P2(F4), 168 involutions that act on Pic(Y ) as a
lift of a quintic Cremona involution associated to 6-arc, and a switch. It is known that PSL(3,F4)
(denoted by L3(4) in [127]) contains 3 conjugacy classes of maximal subgroups isomorphic to A6

(there is one conjugacy class in its extension PGL(3,F4)). It also contains one conjugacy class of
maximal subgroup of order 72, the subgroups of index 3 of the Hesse groupG216 of automorphisms
of the Hesse pencil, or, equivalently, the automorphism group of the rational elliptic surface H.
Another maximal subgroup is the Klein group PSL2(F7) of order 168. There are 3 conjugacy
classes of such subgroups. One of these subgroups is PSL3(F2). It acts transitively on the set of
6-arcs in the finite plane P2(F2) with the stabilizer subgroup of order 24.

Note that there are other types of elliptic fibrations on Sα,β . We have listed in (10.4.2) all maximal
parabolic subdiagrams of rank 8 of ΓCR. Some of them contains a connected component which con-
tains a vertex represented by a non-effective root, so this connected component does not represent a
reducible fiber. Taking this into account, it is easy to prove the following.

Proposition 10.5.15. There exist exactly four types of elliptic fibrations on Sα,β as follows:

Ã2 + Ã2 + Ã2 + Ã2, Ã3 + Ã3 + 2Ã∗1, Ã4 + Ã4 + Ã∗0 + Ã∗0, Ã5 + 2Ã1 + Ã∗2.

Finally, in this section, we show that the Coble surface of Type MI is the specialization of surfaces
Sα,β of Type MI when (α, β) becomes the excluded pair equal to (ε, ε2).

We use this rational derivation ∂ε,ε2 . By a direct calculation we can check that the divisor of ∂ε,ε2
is given by

D = F+
ε + F+

ε2
− F−1 − F

−
∞

and the integral curves on the fibers over t = ε, ε2 are F−ε , F
−
ε2

. Compare these with Lemma 10.5.7.
By contracting twelve (−2)-curves appeared as components of D, we have a surface X with twelve
rational double points of type A1. The induced derivation has isolated zeros at six singular points
which are the images of F−ε , F

−
ε2

. By applying Proposition 10.3.3, we can see that the quotient
surface of Y by ∂ε,ε2 is non-singular and by contracting six exceptional curves on the fibers over the
points t = 1,∞ we obtain the Coble surface V discussed above.

Theorem 10.5.16. The Coble surface V(P) of Type MI is a specialization α = ε, β = ε2 of the
one-dimensional family {Sα,β} (α, β ∈ k, α+ β = αβ, α3 6= 1) of Enriques surfaces of Type MI.
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It has thirty effective roots and ten non-effective (−2)-classes. To each non-effective (−2)-class we
associate an involution induced from a quintic Cremona transformation. The automorphism group
Aut(V) is isomorphic to UC(10) o A6.

In the following example we construct a Coble surface of type in characteristic 3 with finite au-
tomorphisms that was included in Theorem 9.8.4 as a surface of type MI. The description of the
finite set of (−2)-curves on the surface uses the combinatorics of the extended Cremona-Richmond
diagram.

• Example of a Coble surface in characteristic p = 3 with two boundary components and finite
automorphism group.4

Let X be the Fermat quartic surface

x4
0 + x4

1 + x4
2 + x4

3 = 0. (10.5.6)

The equation (10.5.6) is defined by a Hermitian form over F9 and hence the unitary group PGU(4,F9)
acts onX by projective automorphisms. It is known thatX contains 112 lines. Let `, `′ be two skew
lines on X . Let p ∈ X not lying on ` ∪ `′. Then there exists a unique line `′′ on X containing p
and meeting `, `′. Let q ∈ X satisfying `′′ ∩ X = {p, q, `′′ ∩ `, `′′ ∩ `′}. By associating q with
p, we have a birational involution s`,`′ of X which can be extended to a regular automorphism of
X (Segre [633], §16, Barth [40], §4). The fixed point set of s`,`′ is the union of ` and `′, and the
quotient surface V of X by s`,`′ is a Coble surface with two boundary components. For each line `
on X there are exactly 30 lines meeting `, and hence the number of pairs of two skew lines on X is
112 · 81/2 = 24 · 34 · 7. The stabilizer subgroup of a pair of two skew lines is PGL(2,F9)× Z/2Z
of order 25 ·32 ·5. Thus the group PGU(4,F9) acts transitively on the set of pairs of two skew lines
and a subgroup of order 720 = 24 · 32 · 5 descends to the symmetry group of the quotient surface V.

The surface V is also obtained as follows (e.g. [360]). Let Q = P1(F9) × P1(F9) and let
[[u0, u1], [v0, v1]] be homogeneous bi-coordinates on Q. Denote by ζ a primitive eighth root of
unity with ζ2 =

√
−1. Consider the following curves in Q defined by

B : u0v
3
0 = u1v

3
1, B′ : u3

0v0 = u3
1v1. (10.5.7)

The curves B and B′ meet at ten points

p1 : [[1, ζ], [1,−ζ]], p2 : [[1, ζ2], [1, ζ2]], p3 : [[1, ζ3], [1,−ζ3]],

p4 : [[1,−1], [1,−1]], p5 : [[1,−ζ], [1, ζ]], p6 : [[1,−ζ2], [1,−ζ2]],

p7 : [[1,−ζ3], [1, ζ3]], p8 : [[1, 1], [1, 1]], p9 : [[1, 0], [0, 1]], p10 : [[0, 1], [1, 0]].

Let
Ci : u1 = ζiu0 (1 ≤ i ≤ 8), C9 : u1 = 0, C10 : u0 = 0,

C ′i : v1 = ζiv0 (1 ≤ i ≤ 8), C ′9 : v1 = 0, C ′10 : v0 = 0.

Then Ci (resp. C ′i) meets C (resp. C ′) at one of the above ten points with multiplicity 3. Also there
are 30 curves of bidegree (1, 1) passing through four of the points from the above set of ten points.

4The existence of this example was kindly communicated to us by S. Mukai. See [520].
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Let V be the surface obtained by blowing up Q at ten points and let E′i be the exceptional curve
over the point pi. We denote by the same symbols the proper transforms of the above curves. Then
B2 = B′2 = −4, C2

i = C ′2i = −1 and 30 curves have the self-intersection number −2. By
taking the double cover of V branched along B + B′ we obtain a non-singular surface which is
nothing but the Fermat quartic surface X . The preimages of B,B′ are two skew lines and those of
E′i are ten lines meeting the two skew lines. The preimage of Ci (resp. C ′i) splits into two (−2)-
curves and each of the above 30 (−2)-curves splits into disjoint two (−2)-curves. Thus we have
112 (= 2 + 10 + 40 + 60) (−2)-curves on X which are lines on X .

There are 30 (−2)-curves on V which are identified with the duads and synthemes in the following
way. In the bracket we indicate four points among ten points to which the curve passes.

(12) : u0v0 − u1v1 = 0 (p4, p8, p9, p10),

(13) : u0v0 − ζ3(u0v1 + u1v0) + ζ2u1v1 = 0 (p2, p3, p4, p7),

(14) : u0v0 + ζ(u0v1 + u1v0)− ζ2u1v1 = 0 (p1, p2, p5, p8),

(15) : u0v0 + ζ2u1v0 − u1v1 = 0 (p3, p5, p6, p9),

(16) : u0v0 + ζ2u0v1 − u1v1 = 0 (p1, p6, p7, p10),

(23) : u0v0 − ζ(u0v1 + u1v0)− ζ2u1v1 = 0 (p1, p4, p5, p6),

(24) : u0v0 + ζ3(u0v1 + u1v0) + ζ2u1v1 = 0 (p3, p6, p7, p8),

(25) : u0v0 − ζ2u1v0 − u1v1 = 0 (p1, p2, p7, p9),

(26) : u0v0 − ζ2u0v1 − u1v1 = 0 (p2, p3, p5, p10),

(34) : u0v0 + u1v1 = 0 (p2, p6, p9, p10),

(35) : u0v0 + u0v1 + u1v1 = 0 (p1, p3, p8, p10),

(36) : u0v0 + u1v0 + u1v1 = 0 (p5, p7, p8, p9),

(45) : u0v0 − u0v1 + u1v1 = 0 (p4, p5, p7, p10),

(46) : u0v0 − u1v0 + u1v1 = 0 (p1, p3, p4, p9),

(56) : u0v1 − u1v0 = 0 (p2, p4, p6, p8),

(12, 34, 56) : u0v1 + u1v0 = 0 (p1, p3, p5, p7),

(12, 35, 46) : u0v0 + u0v1 − u1v0 + u1v1 = 0 (p2, p5, p6, p7),

(12, 36, 45) : u0v0 − u0v1 + u1v0 + u1v1 = 0 (p1, p2, p3, p6),

(13, 24, 56) : u0v0 − ζ2u1v1 = 0 (p1, p5, p9, p10),

(13, 25, 46) : u0v0 − ζ3u0v1 + ζ2u1v1 = 0 (p5, p6, p8, p10),

(13, 26, 45) : u0v0 − ζ3u1v0 + ζ2u1v1 = 0 (p1, p6, p8, p9),

(14, 23, 56) : u0v0 + ζ2u1v1 = 0 (p3, p7, p9, p10),



10.6. QUOTIENTS OF THE K3 SURFACE WITH ARTIN INVARIANT 1: TYPE MII 375

(14, 25, 36) : u0v0 + ζu0v1 − ζ2u1v1 = 0 (p3, p4, p6, p10),

(14, 26, 35) : u0v0 + ζu1v0 − ζ2u1v1 = 0 (p4, p6, p7, p9),

(15, 23, 46) : u0v0 − ζu0v1 − ζ2u1v1 = 0 (p2, p7, p8, p10),

(15, 24, 36) : u0v0 + ζ3u0v1 + ζ2u1v1 = 0 (p1, p2, p4, p10),

(15, 26, 34) : u0v0 − ζ2(u0v1 − u1v0)− u1v1 = 0 (p1, p4, p7, p8),

(16, 23, 45) : u0v0 − ζu1v0 − ζ2u1v1 = 0 (p2, p3, p8, p9),

(16, 24, 35) : u0v0 + ζ3u1v0 + ζ2u1v1 = 0 (p2, p4, p5, p9),

(16, 25, 34) : u0v0 + ζ2(u0v1 − u1v0)− u1v1 = 0 (p3, p4, p5, p8).

We can also identify 10 exceptional curves E′i with ten elements in S6 as follows:

(123)(456) : E′4, (124)(356) : E′8, (125)(346) : E′9, (126)(345) : E′10, (134)(256) : E′2,

(135)(246) : E′3, (136)(245) : E′7, (145)(236) : E′5, (146)(235) : E′1, (156)(234) : E′6.

Now we define ten effective roots by

Ei =
1

2
B +

1

2
B′ + 2E′i.

The dual graph of E1, ..., E10 is the complete graph with double edges. It is now easily to see
that the dual graph of 40 effective roots {(ij), (ij, kl,mn), Ei} is the same as that of 40 (−2)-
divisors on Enriques surfaces given in Example A. Since 40 (−2)-classes are effective, by Vinberg’s
theorem 0.8.22, Aut(V) is finite. The symmetry group of this dual graph is the automorphism group
Aut(S6)(∼= S6 · Z/2Z) of the symmetric group S6. On the other hand, a subgroup of Aut(Q)
of order 1440 generated by PGL(2,F9) and an involution [[u0, u1], [v0, v1]] → [[v0, v1], [u0, u1]]
preserves B,B′ and hence acts on V as automorphisms. Thus we have Aut(V) ∼= Aut(S6). We
now have the most of the following theorem.

Theorem 10.5.17. The surface V is a Coble surface of type MI in characteristic 3 with two bound-
ary components which is a double quadric model of the Fermat quartic surface. It has 30 effec-
tive (−2)-curves forming duads and synthemes, and ten effective roots. The automorphism group
Aut(V) is isomorphic to Aut(S6). The R-invariant (K,H) is (2A5 ⊕ 2A1, (Z/2Z)3).

Proof. It remains only to prove the last assertion. From 30 (−2)-curves, we have 2A5 and from two
boundary components we have 2A1. Since the Coble-Mukai lattice is isomorphic to E10 (Example
9.2.5), dimH ≥ 3. Since the dimension of the kernel of qK/2K is 3, we obtain H = (Z/2Z)3.

10.6 Quotients of the K3 surface with Artin invariant 1: Type MII

In this section, we assume p = 2 if not otherwise mentioned. We will construct a family of En-
riques surfaces S and a unique Coble surface V that realize an another kind of diagram like as the
Cremona-Richmond diagram. The diagram consists of 40 divisor classes in the lattice Num(S)
or CM(V) with square-norm −2. We will refer to these surfaces as surfaces of Type MII. Their
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canonical covers have 12 ordinary double points, and their minimal resolution are the supersingular
K3 surface with Artin invariant 1. We also give an example of Coble surface of type MII in char-
acteristic 3. Finally we will introduce R-invariants of Enriques and Coble surfaces in characteristic
2 whose canonical covers are birationally isomorphic to supersingular K3 surfaces, and calculate
R-invariants of Enriques and Coble surfaces of type VII and of type MII.

First of all, we recall the classification of genus one fibrations on the supersingular K3 surface with
Artin invariant 1. All genus one fibrations on the supersingular K3 surface Y with Artin invariant 1
are classified into 18 types (see [211], [410]).

The following is the list of reducible singular fibers of genus one fibrations on Y :

Elliptic fibrations:

Ã5 + Ã5 + Ã5 + Ã5, Ã7 + Ã7 + D̃5, Ã9 + Ã9 + Ã1 + Ã1, Ã11 + D̃7,

Ã11 + Ã3 + Ẽ6, Ẽ6 + Ẽ6 + Ẽ6, Ã15 + D̃5, Ã17 + Ã1 + Ã1 + Ã1.

Quasi-elliptic fibrations:

D̃4 + D̃4 + D̃4 + D̃4 + D̃4, D̃6 + D̃6 + D̃6 + Ã∗1 + Ã∗1, D̃4 + D̃8 + D̃8, D̃10 + Ẽ7 + Ã∗1 + Ã∗1 + Ã∗1,

D̃6 + Ẽ7 + Ẽ7, D̃8 + D̃12, D̃4 + D̃16, D̃12 + Ẽ8, D̃4 + Ẽ8 + Ẽ8, D̃20.

Moreover it is shown in [211] that these 18 types are unique up to automorphism of the surface. Any
genus one fibration on Y has a section. The existence of a quasi-elliptic fibration with a singular
fiber of type D̃20 shows that Pic(Y ) is isomorphic to U⊕ D20.

Recall that in the previous section we have constructed a rational vector field ∂α,β with quotient
birationally isomorphic to an Enriques surface Sα,β by choosing one of these fibrations, namely
the (double) Hesse type with four singular fibers of type Ã5. The surface Sα,β has 12 canonical
points, and its canonical cover has 12 ordinary double points. A natural question is whether we can
construct other examples by choosing different fibration. It turns out that only two more fibrations
work, namely types Ã7+Ã7+D̃5 and Ã9+Ã9+Ã1+Ã1 [408]. The last case leads to a construction
of an Enriques surface of type VII in characteristic 2 which we have already discussed in Section
8.10. In this section, we will discuss the remaining construction.

We start with a construction of an elliptic fibration of type Ã7 + Ã7 + D̃5 on Y .

Let Q = P1 × P1, considered as a quadric over F4. The set Q(F4) consists of 25 points (qi, qj),
where (q1, q2, q3, q4, q5) = (0, 1, ε, ε2,∞). Let Fi,a = π−1

i (a), where πi : Q → P1 are the two
projections and a ∈ P1(F4). Let P = (∞,∞). The quadric contains 85 = #P3(F4) conics, among
them 25 are reducible and correspond to tangent hyperplanes at points in Q(F4). We consider
irreducible conics passing throughP . There are 12 = #P2(F4)−9 of them that correspond to planes
passing through P and not containing F1,∞, F2,∞. Since there are three tangent directions defined
over F4 and different from F1,∞, F2,∞, they are divided into the union of 3 sets, two conics from the
same set are tangent at P . Among these 12 conics one is the diagonal of P1×P1 that passes through
(qi, qi). All other are obtained from this conic by applying elements of PGL2(F4) × PGL2(F4)
that fix (∞,∞). We may assume that a conic passes through the points (q1, qσ(1)), . . . , (q4, qσ(4)),
where σ is a permutation if {1, 2, 3, 4}. Since elements of the PGL2(F4)∞ define even permutations
of the point 0, 1, ε, ε2, we see that the conics correspond to elements of A4.
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We say that the union of two fibers of π1 and two fibers of π2 is a quadrangle. Fix two disjoint
quadrangles T1 and T2. Let B = {(qi, qj) : 1 ≤ i, j ≤ 4}. The blow-up V → Q of B is a Coble
surface with 8 boundary components. The Coble surface V is called the Coble surface of Type MII
in characteristic 2.

Besides the boundary components it contains 28 curves, the proper transforms of the conics and the
exceptional curves. We associate to each exceptional curveEij over (qi, qj) ∈ B, the corresponding
effective root 2Eij + 1

2(F1,i + F2,j). We also have 12 non-effective roots

αi1,i2,i3,i4 = h− eb1,i1 − eb2,i2 − eb3,i3 − eb4,i4 ,
where h is the divisor class of a hyperplane section and bk,ik = F1,k ∩ F2,ik ∈ B. Since the roots
are not effective (i1, i2, i3, i4) is an odd permutation of {1, 2, 3, 4}.

Let us denote the classes of 12 conics by ασ, σ ∈ A4, the classes of 12 non-effective roots by
βσ, σ ∈ S4 \ A4, and the classes of irreducible effective roots by αij , 1 ≤ i, j ≤ 4.

Let ΓMII be the intersection diagram of the 40 divisor classes. It is determined by the following
properties:

• βσ · βτ = 1 if (σ−1 ◦ τ)3 = 1 and 2 if otherwise.

• βσ · αab = 2 if σ = (ab) or (σ ◦ (ab))3 = 1, 0 otherwise.

• βσ · ατ = 2 if (σ ◦ τ)2 6= 1 and 0 otherwise.

• αab · ασ = 2 if (σ ◦ (ab))2 = 1 and 0 otherwise.

• αab · αij = 1 if #(ab) ∩ (ij) = 1 and 0 otherwise.

• ασ · ατ = 2 if (σ ◦ τ)3 = 1 and 1 otherwise.

Note that the subgraph with 16 vertices αab is dual to the complete bipartite graph BK(4) on two
sets of cardinality 4:

Figure 10.7:
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As we remarked earlier, the 12 conics are grouped in subsets such that conics in the same subsets
are tangent at P and conics from different subsets intersect with multiplicity 1 at P . In our notation
in terms of substitutions, we may assume that the three groups are

{1, (12)(34), (13)(24), (14)(23)}, {(123), (134), (142), (243)}, {(132), (124), (143), (234)}.
The subgraph with vertices at the vectors ασ is the union of two 3 complete graphsK(4) with double
edges, each vertex of one subgraph is joined to all other vertices from two remaining subgraphs.

One can directly check that maximal affine subdiagrams in ΓMII are

Ã7 ⊕ Ã1, Ã5 ⊕ Ã2 ⊕ Ã1, Ã
⊕2
3 ⊕ Ã

⊕2
1 , Ã⊕4

2

and any affine subdiagram is contained in a maximal one, that is, ΓMII satisfies the condition of
Theorem 0.8.22.

Let us see that one can also associate an automorphism of V to any non-effective roots βσ, σ ∈
S4\A4. To do this, we consider the linear system |3h−p1,σ(1)−p2,σ(2)−p3,σ(3)−p4,σ(4)| of curves
of bi-degree (3, 3) with double points at the four points inB(σ) = {p1,σ(1), p2,σ(2), p3,σ(3), p4,σ(4)}.
One can choose a basis in this linear system such that this linear system defines a birational auto-
morphism φ of Q. The map blows down the four conics that pass through three of the fundamental
points to a subset of four points defining another root βτ . Composing it with the automorphism of
Q coming from Sym(ΠMII), we may assume that the image of each conic is a fundamental point.
This shows that φ lifts to the blow-up of B(σ) and hence defines an automorphism gσ of V.

Let g∗σ be the action of gσ on Pic(V). We choose a geometric basis formed by the divisor classes
h1, h2 of two rulings and the classes eb of the exceptional curves Eb, b ∈ B (ordered in some way).
Then

g∗σ(h) = sβσ(h) = 3h− 2
∑

b∈B(σ)

eb,

g∗σ(h1) = sβσ(h1) = 2h1 + h2 −
∑

b∈B(σ)

eb,

g∗σ(h2) = sβσ(h2) = h1 + 2h2 −
∑

b∈B(σ)

eb.

However, sβσ(eb) = h + eb −
∑

b∈B(σ) eb may differ from g∗σ by a permutation τ of B leaving
invariantB(σ) coming from (A4×A4)o2 ⊂ Aut(V). Since g leaves invariant 2h−

∑
b∈B(σ) eb =

−KD4 , it comes from an automorphism of the quartic del Pezzo surface D4 that together with the
subgroup A4 generated A5. This shows that we can also choose τ to be an odd involution of the set
B(σ) such that its composition with sβσ is an even involution. Thus we can always choose gσ to be
an involution.

We now conclude the following.

Theorem 10.6.1. Let V be the Coble surface of type MII in characteristic 2 with eight boundary
components. It has twelve (−2)-curves, sixteen effective roots and twelve non-effective (−2)-classes
satisfying the condition in Theorem 0.8.22. The automorphism group Aut(V) is generated by (A4×
A4) o Z/2Z and the group G(12) generated by twelve involutions gσ, σ ∈ S4 \ A4.
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Let Z → V be the canonical cover of V defined by the invertible sheaf ω−1
V and the section of

ω−2
V whose scheme of zeros is the boundary C1 + · · · + C8. Applying Proposition 0.2.10, we find

that it is expected to have 4 ordinary double points. Since ωZ = OZ and b2(Z) = b2(V) = 18,
we see that Z birationally isomorphic to a supersingular K3 surface Y . We can see this in another
way. Consider the pencil of quartic elliptic curves on the quadric spanned by the two quadrangles
of lines on the quadric. It contains another reducible member, the union of two conics tangent at
P and passing through the set of 8 base points. The proper transforms of this pencil on Y is an
elliptic pencil of type Ã7 + Ã7 +D̃5. It follows from the Shioda-Tate formula that the surface Y is a
supersingular K3 surface with Artin invariant 1. This agrees with the known list of possible elliptic
fibrations on such surface which we reproduced in the beginning of this section.

So, we have now a situation similar to one we discussed in the previous section. It suggests an
existence of a family of Enriques surfaces S which are quotients of Y by a rational vector field. We
now proceed to do this. Unfortunately the Coble surface V is not a specialization of this family. This
is because that the canonical covering of Enriques surfaces of type MII have a rational double point
of type D4, on the other hand, the canonical cover of any Coble surface has only rational double
points of type A1 ([364, Proposition 4.7]).

Recall that the supersingular K3 surface Y with Artin invariant 1 is the minimal resolution of a
purely inseparable double cover of P2. We use the same notation as in Section 10.5 Let L,Lij
the proper transforms of `, `ij on Y . Also denote by E3, E4, E5 the exceptional curves over the
points p3, p4, p5. Let X be the surface obtained by contracting Lij , L,E3, E4, E5 which has eight
rational double points of type A1 and one rational double point of type D4. We shall construct a
classical Enriques surface S whose canonical cover isX . The Enriques surface S contains 28 (−2)-
curves. Sixteen of them are the images of the sixteen exceptional curves Eij on Y over the sixteen
intersection points of `1i and `2j , and twelve of them are the images of the twelve lines on P2(F4)
through p3, p4, or p5. The sixteen (−2)-curves are the straight lines on the left hand side in Figure
10.7 and the eight black circles are the eight canonical points which are the images of eight singular
points of type A1. The twelve (−2)-curves are twelve curves on the right hand side which pass the
black circle corresponding to the other canonical point, i.e. the image of a singular point of typeD4.
These twelve (−2)-curves are divided into three groups each of which consist of four (−2)-curves
touching each other at the point corresponding to the black circle. Thus the canonical cover of the
desired Enriques surface S has 8A1 +D4 as singularities and hence S is classical (Theorem 10.2.2).

To construct S we consider a rational elliptic surface defined by

y2 + xy + s(s+ 1)y = x3 + s(s+ 1)x2 (10.6.1)

which has two singular fibers of type Ã3 over s = 0, 1 and a singular fiber of type Ã∗2 over s = ∞
(see Table 4.7). By taking the Frobenius base change s = t2, we have an elliptic fibration on
p : Y → P1 defined by

y2 + xy + t2(t+ 1)2y = x3 + t2(t+ 1)2x2. (10.6.2)

The fibration p has two singular fibers of type Ã7 over t = 0, 1 and a singular fiber of type D̃5 over
t =∞. In the following, we may assume that the fibration defined by the linear system

|L11 + E11 + L21 + E21 + L12 + E22 + L22 + E12|,
induced from |`11 + `21 + `12 + `22|, which has another fiber L13 +E33 +L23 +E43 +L14 +E44 +
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L24 + E34 of type Ã7 and a fiber of type D̃5 containing L,E3, E4, E5, F1, F2 as its components,
where F1, F2 are the pull backs of lines on P2(F4) passing through a point among p3, p4, p5.

Now let us consider a rational derivation ∂α,β on Y induced by

1

t(t+ 1)

(
t(t+ 1)(t+ α)(t+ β)

∂

∂t
+ αβ(x+ t2(t+ 1)2)

∂

∂x

)
(10.6.3)

where α, β ∈ k∗, α+ β = 1. A direct calculation shows the following.

Lemma 10.6.2. (i) ∂2
α,β = ∂α,β , namely, ∂α,β is 2-closed and of multiplicative type.

(ii) On the surface Y , the divisor D of ∂α,β is given by

D = −(L11 + L12 + L21 + L22 + L13 + L14 + L23 + L24 + 2(L+ E3 + E4 + E5))

and D2 = −24.

(iii) The integral curves with respect to ∂α,β in the fibers of p : Y −→ P1 are the following:

the smooth fibers over the points t = α, β and

L11, L12, L21, L22, L13, L14, L23, L24, E3, E4, E5.

Now by the same argument as in the previous example, the quotient surface Y ∂α,β has 11 excep-
tional curves of the first kind which are the images of the above integral curves. By contracting
these curves and then contracting the image of L we get a smooth Enriques surface S = Sα,β . The
elliptic fibration p : Y → P1 induces an elliptic fibration π : Sα,β → P1 which has two singular
fibers of type Ã3 and a singular fiber of type Ã∗1 consisting of the images of F1 and F2. Since the
images of two smooth integral elliptic curves over t = α, β are double fibers of the elliptic fibration,
Sα,β is a classical Enriques surface. It is not difficult to see that Sα,β contains 28 (−2)-curves as in
the Figure 10.7.

We will refer to the surface Sα,β as an Enriques surface of Type MII in characteristic 2 because it
has a polytope ΠMII (see Remark 10.6.5).

Theorem 10.6.3. There exists a 1-dimensional family {Sα,β} of classical Enriques surfaces Sα,β
of type MII where α, β ∈ k∗, α+ β = 1. The canonical cover X has eight nodes and one rational
double point of type D4. Its resolution of singularities is the supersingular K3 surface Y with Artin
invariant 1. The surface Sα,β contains 28 (−2)-curves as in the Figure 10.7.

Proposition 10.6.4. There exist exactly five types of elliptic fibrations on Sα,β as follows:

Ã3 + Ã3 + 2Ã∗1, Ã5 + 2Ã∗1, Ã5 + Ã1 + 2Ã∗2, 2Ã∗2 + 2Ã∗2 + Ã∗2, Ã7 + Ã∗1.

It follows that Sα,β exists only as a classical Enriques surface.

Remark 10.6.5. Let W be the subgroup of W nod
S generated by reflections associated with 28 (−2)-

curves as mentioned above. Then W is not of finite index in O(Num(Sα,β)). In fact the automor-
phism group Aut(Sα,β) is infinite. However there exist 12 non effective (−2)-classes in Num(Sα,β)
such that the classes of 28 (−2)-curves and these 12 (−2)-classes satisfy the Vinberg’s theorem
0.8.22, that is, the subgroup generated by reflections associated with these 40 (−2)-classes is of
finite index in O(Num(Sα,β)). These 12 (−2)-classes bijectively correspond to 12 (−4)-classes
among 168 (−4)-classes which are perpendicular to A⊕8

1 ⊕ D4 generated by exceptional curves
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over 8 nodes and a rational double point of type D4 on the canonical cover of S. The symmetry
group of the dual graph of 40 (−2)-classes is (A4 × A4) o Z/2Z (see Figure 10.7). This remark-
able diagram of (−2)-classes was first discovered by Shigeru Mukai in case of an Enriques surface
over the complex number covered by the Kummer surface associated with a curve of genus 2 (see
Example 10.7.10).

The following example is due to Mukai ([520]).

• An example of a Coble surface with finite automorphism group and 8 boundary components
in characteristic 3.

Let E be a supersingular elliptic curve in characteristic 3 (for example, given by equation y2 +
x3 − x = 0). Let Kum(E × E) be th Kummer surface associated with the product of E. It is
known that Kum(E × E) is the supersingular K3 surface with Artin invariant 1. The involution
1E × (−1E) of E × E descends to an involution σ of Kum(E × E) which fixes eight (−2)-
curves pointwise. The quotient of E × E by the group 〈1E × (−1E), (−1E) × 1E〉(∼= (Z/2Z)2)
is isomorphic to P1 × P1. Then there is a morphism from the quotient of Kum(E × E) by σ to
P1 × P1 which contracts sixteen (−1)-curves on Kum(E × E)/〈σ〉. Let π : V → P1 × P1 be the
blow-up the sixteen F3-rational points of P1×P1 and let Eij be the exceptional curve over (pi, pj).
Let p1 = (1, 0), p2 = (1, 1), p3 = (1,−1), p4 = (0, 1) be F3-rational points of P1 and let Fi, Gi
be the proper transforms of P1 × {pi}, {pi} × P1 (1 = 1, ..., 4), respectively. Then

−2KV =

{
4∑
i=1

(Fi +Gi)

}
.

Thus V is a Coble surface with eight boundary components
∑4

i=1(Fi + Gi) and isomorphic to
Kum(E × E). We have sixteen effective roots

eij =
1

2
Fi +

1

2
Gj + 2Eij (1 ≤ i, j ≤ 4).

Since eij · ekl = 1 if i = k or j = l and eij · ekl = 0 for other {i, j} 6= {k, l}, the dual graph
of {eij} coincides with the one of sixteen (−2)-curves of the left-hand side in Figure 10.7. On
the other hand, the pullbacks of the following 24 smooth curves of bidegree (1, 1) in P1 × P1 are
(−2)-curves on V:

C1 : u0v1 + u1v0 − u1v1 = 0, C2 : u0v0 − u1v0 − u1v1 = 0,

C3 : u0v0 + u0v1 + u1v0 = 0, C4 : u0v0 − u0v1 − u1v1 = 0,

C5 : u0v0 − u1v1 = 0, C6 : u0v1 + u1v0 = 0,

C7 : u0v0 − u0v1 + u1v0 + u1v1 = 0, C8 : u0v0 + u0v1 − u1v0 + u1v1 = 0,

C9 : u0v0 − u0v1 − u1v0 = 0, C10 : u0v0 + u0v1 − u1v1 = 0,

C11 : u0v0 + u1v0 − u1v1 = 0, C12 : u0v1 + u1v0 + u1v1 = 0.

D1 : u0v0 − u0v1 − u1v0 − u1v1 = 0, D2 : u0v0 + u0v1 + u1v0 − u1v1 = 0,

D3 : u0v0 + u1v1 = 0, D4 : u0v1 − u1v0 = 0,
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D5 : u0v0 − u0v1 + u1v1 = 0, D6 : u0v0 + u0v1 − u1v0 = 0,

D7 : u0v0 + u1v0 + u1v1 = 0, D8 : u0v1 − u1v0 + u1v1 = 0,

D9 : u0v0 − u0v1 + u1v0 = 0, D10 : u0v0 + u0v1 + u1v1 = 0,

D11 u0v0 − u1v0 + u1v1 = 0, D12 : u0v1 − u1v0 − u1v1 = 0.

Denote by ci and dj the pullback of Ci and Dj on V, respectively. We can divide 24 (−2)-curves
into six groups

C1 = {ci}1≤i≤4, C2 = {ci}5≤i≤8, C3 = {ci}9≤i≤12,

D1 = {di}1≤i≤4, D2 = {di}5≤i≤8, D3 = {di}9≤i≤12.

One can easily check the following:

ci · cj = 2 if ci and cj ∈ Ck (i 6= j) and ci · cj = 1 if ci ∈ Ck and cj ∈ Cl (k 6= l),

di · dj = 2 if di and dj ∈ Dk (i 6= j) and di · dj = 1 if di ∈ Dk and dj ∈ Dl (k 6= l),

and the intersection number of ci and dj is 0 or 2. Thus the dual graphs of twelve (−2)-curves {ci}
and {dj} are the same as the one of twelve (−2)-curves of the right-hand side in Figure 10.7.

We summarize this example in the following theorem.

Theorem 10.6.6. The surface V is a Coble surface of type MII in characteristic 3 with eight bound-
ary components whose double cover is the supersingular K3 surface with Artin invariant 1. The
surface V has 24 effective (−2)-curves and sixteen effective roots. The automorphism group Aut(V)
is isomorphic to (S4 ×S4) · Z/2Z. The R-invariant (K,H) is (D8 ⊕ 2A2, (Z/2Z)2).

Proof. We should prove the last assertion. We obtain D8 from 8 boundary components and two A2

from 24 (−2)-curves. Since rankH ≥ 2 and the dimension of the kernel of qK/2K is 2, we see
H = (Z/2Z)2.

Remark 10.6.7. The Enriques surfaces of type MII in characteristic 2 have (16 + 12) (−2)-curves
and 12 non-effective roots. The above Coble surface V contains 16 effective roots and (12 + 12)
(−2)-curves. These difference make the difference of the symmetries (A4×A4) ·Z/2Z and (S4×
S4) · Z/2Z.

We have defined the notion of R-invariants for Enriques surfaces which are étale quotients of K3
surfaces (see Section 6.4). In the following we extend this to the case that the canonical covers of
Enriques surfaces have only rational double points. Let S be a classical or an α2-Enriques surface
and let π : X → S be its canonical cover. Assume that X has only rational double points. Denote
by φ : Y → X the minimal resolution. By Theorem 1.3.5, Y is a supersingular K3 surface. Put
π̄ = π ◦φ. Let Pic(Y )+ = π̄∗(Pic(S)) and let Pic(Y )− be the orthogonal complement of Pic(Y )+

in Pic(Y ). We denote by R the sublattice of Pic(Y )− generated by exceptional curves E1, . . . , E12

of the minimal resolution φ : Y → X . Then R is a root lattice. Note that R is of finite index in
Pic(Y )−. Define

h± = {δ± ∈ Pic(Y )± : ∃ δ∓ ∈ Pic(Y )∓, (δ±)2 = −4,
δ+ + δ−

2
∈ Pic(Y )}. (10.6.4)
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Let 〈h−〉 be the sublattice of Pic(Y )− generated by h−. Then 〈h−〉 = K(2) where K is a root
lattice. We have a homomorphism

γ : K(2)/2K(2)→ Pic+(Y )/2Pic+(Y ) (10.6.5)

defined by
γ(δ− mod 2) = δ+ mod 2.

We define a subgroup H of K/2K ∼= K(2)/2K(2) by the kernel of γ. We call the pair (K,H) the
R-invariant of S as in the case of Section 6.4.

Example 10.6.8. LetC be a (−2)-curve that passes through the images p̄1, . . . , p̄k of singular points
p1, . . . , pk of X . We assume that all these points are of type A1 and denote by Ei ⊂ Y the excep-
tional curve over pi. Since the restriction of the K3 cover to C is trivial, π∗(C) = 2C ′. By Proposi-
tion 0.4.19, X is Q-factorial. Applying the intersection theory of Q-factorial surfaces, we find that
C ′2 = −1. Let C̃ be the strict transform of C ′ in Y . Then the full transform of 2C ′ ∈ Pic(X) in
Pic(Y ) is equal to D = 2C̃ +

∑k
i=1 aiEi, where D · Ei = 0. Since C ′ is nonsingular, C̃ intersects

each Ei with multiplicity 1. This gives ai = 1, and −4 = (2C ′)2 = D2 = −8 + 4k − 2k =
−2(4− k). This gives k = 2. Thus

π̄∗(C) = φ∗(2C ′) = 2C̃ + E1 + E2.

Thus we may take δ+ = π̄∗(C), and δ− = −(E1+E2) or δ− = E1−E2 to obtain that 1
2(δ++δ−) =

C̃ ∈ Pic(Y ) or 1
2(δ+ + δ−) = C̃ + E1 ∈ Pic(Y ). Thus K(2) contains A1(2) ⊕ A1(2) generated

by E1 + E2 and E1 − E2, and H contains Z/2Z generated by 2E1 mod 2K(2).

Example 10.6.9. Let p ∈ S and let p̄ ∈ X with π(p̄) = p. Assume that X has a rational double
point of type D4 at p̄, and denote by Ei ⊂ Y (i = 0, 1, 2, 3) the exceptional curves over p̄ with
E0 · Ei = 1, i = 1, 2, 3. Let C be a (−2)-curve on S through p. As before, let C ′ be the reduced
pre-image of C in X and let C̃ be the proper inverse transform of C ′ in Y . By Proposition 0.4.19,
2C ′ ∈ Pic(X), so φ∗(2C ′) = 2C̃ +

∑
aiEi ∈ Pic(Y ). Since C ′ is nonsingular, C̃ intersects

only one component with multiplity 1. Suppose this component is E0. Since φ∗(2C ′) · Ei = 0,
we obtain −2ai + a0 = 0, i 6= 0 and 2 − 2a0 + a1 + a2 + a3 = 0, and hence φ∗(2C ′) =
2C̃ + 2(2E0 + E1 + E2 + E3). This gives −4 = π∗(2C ′)2 = −8 − 8 + 16 = 0, a contradiction.
So, we may assume that C̃ · E1 = 1. Similar computations to above show that

π̄∗(C) = 2C̃ + 2E0 + 2E1 + E2 + E3,

with agreement that π̄∗(C)2 = −4. This shows that we may take δ+ = π̄∗(C) and δ− = −(E2 +
E3) or δ− = E2 − E3 to obtain 1

2(δ+ + δ−) = C̃ + E0 + E1 ∈ Pic(Y ) or 1
2(δ+ + δ−) =

C̃ + E0 + E1 + E2 ∈ Pic(Y ). Thus K(2) contains A1(2) ⊕ A1(2) generated by E2 + E3 and
E2 − E3, and H contains Z/2Z generated by 2E2 mod 2K(2).

Example 10.6.10. Suppose S has no (−2)-curves. Then h+ = ∅, hence h− = ∅ and the R-invariant
is equal to {0}. On the other hand, suppose that S is a general nodal surface. By Theorem 6.5.5,
there exists an elliptic fibration with irreducible fibers. Since the lattice π̄∗ Pic(S)⊥ is 2-elementary,
all singular fibers are nodal curves and the number of them is equal to 12. All singular points of X
are ordinary double points. By Example 10.6.8, any (−2)-curve R passes through the projections
p̄, q̄ of two singular points p, q of X . By Theorem 6.5.5, any other (−2) curve R′ is f -equivalent
to R, i.e there exists a sequence R1, . . . , Rk of (−2)-curves with R · R1 = R1 · R2 = · · · =
Rk−1 · Rk = Rk · R′ = 2. Since R + R1 is a fiber of an elliptic fibration, there are two singular
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points in X over the intersection points R with R1. Since R1 passes through only two such points,
we see that R ∩ R1 = {p̄, q̄}. Continuing in this way, we see that all R ∩ Ri = R ∩ R′ = {p̄, q̄}.
Thus we get a remarkable fact that the 12 singular points have a distinguished subset of 2 points.
We will find an explanation of this in Section 8.6 by realizing S as a Reye congruence of lines in P3.
It follows from Example 10.6.8 that the R-invariant (K,H) is equal to (A1 ⊕ A1,Z/2Z), contrary
to (A1, {0}) in the case p 6= 2.

In the following proposition we calculate the R-invariants of Enriques surfaces of type MI, MII
and of type VII in characteristic 2.

Proposition 10.6.11. Let S be an Enriques surface of type VII, of type MI or of type MII. Then its
R-invariant is (D10 ⊕ A⊕2

1 , (Z/2Z)⊕3), (D⊕2
6 , (Z/2Z)⊕3) or (D8 ⊕ A3, (Z/2Z)⊕3), respectively.

Proof. Let (K,H) be the R-invariant of S. In case of type VII, there exist 9 nodal curves in Figure
8.16 passing 10 canonical points and forming a dual graph of type A9. On the other hand, there
exists a nodal curve passing the remaining two canonical points. From these we can get 12 (−4)-
vectors in h− generating (D10 ⊕ A⊕2

1 )(2) as mentioned in Example 10.6.8. We know that there are
no (−2)-curves passing through a point among the first 10 canonical points and a point among the
second two canonical points. This implies that there are no roots in K connecting D10 and A⊕2

1 .
Since D10 ⊕ A⊕2

1 has the maximal rank 12 and there are no root lattices of rank 10 (resp. rank 2)
containing D10 (resp. A⊕2

1 ), we haveK = D10⊕A⊕2
1 . Since 1

2(E1 +· · ·+E12) ∈ Pic(Y ) (see [210,
Lemmas 3.14 and 6.5]) by collecting the calculation in Example 10.6.8, we have H = (Z/2Z)3.

In case of type MI, for example, consider the ten (−2)-curves on S corresponding to the following
five duads and five synthemes

(12), (23), (34), (45), (56), (14, 25, 36), (15, 26, 34), (14, 23, 56), (15, 24, 36), (14, 26, 35).

As mentioned in Example 10.6.8, these give 12 (−4)-vectors in h− which generate (D6 ⊕ D6)(2).
Note that this lattice has the maximal rank 12. There are no (−2)-curves passing through a canonical
point corresponding to a number in {1, ..., 6} and a point corresponding to a total (e.g. [408, Lemma
3.3, (2)]). This fact implies that there are no roots in K connecting two components of D6 ⊕ D6.
Since there are no root lattices of rank 6 containing D6, we have K = D6 ⊕D6. Since (E1 + · · ·+
E12)/2 ∈ Pic(X), we have (K,H) = (D6 ⊕ D6, (Z/2Z)3).

In case of type MII, there are 7 nodal curves among 16 nodal curves on the left hand side in
Figure 10.7 passing 8 canonical points and forming a dual graph of type A7 (see Example 10.6.8).
On the other hand, there are 2 nodal curves among 12 nodal curves on the right hand side in Figure
10.7 passing one canonical point p0 and forming a dual graph of type A2 (see Example 10.6.9).
Note that there are no (−2)-curves passing through p0 and another canonical point. Thus we have
D8 ⊕ A3 which has the maximal dimension 11 because we get at most a root lattice of rank 3 from
p0 (see Example 10.6.9). The only root lattice containing D8 ⊕ A3 properly is E8 ⊕ A3. Assume
that R = E8 ⊕ A3. Then E8(2) is contained in A⊕8

1 generated by the exceptional curves over the
eight canonical points, but both have the determinant 28 which is a contradiction. Thus we have
R = D8 ⊕ A3. Since the sum of the eight components of A⊕8

1 is divisible by 2 (Ekedahl, Hyland
and Shepherd-Barron [210], Lemma 3.14, Lemma 6.5), we have H = (Z/2Z)3.
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Remark 10.6.12. Any Enriques surface S in characteristic 2 covered by the supersingular K3 surface
Y with Artin invariant 1 has the same dual graph of (−2)-curves as the one of the three Enriques
surfaces of type MI, MII and of type VII (see [408]). All three examples have 20 or 40 (−2)-classes
which generate the reflection group of finite index in O(Num(S)) (by Vinberg’s theorem 0.8.22).
Enriques surfaces with finite automorphism group are nothing but the ones with crystallographic
basis of (−2)-curves. We will discuss these examples in Section 10.7 from the point of view of the
Leech lattice.

Finally we calculateR-invariants of the Coble surfaces V given in Theorems 9.8.15, 9.8.16,10.5.16,
10.6.1. We employ the definition ofR-invariants for Coble surfaces in characteristic 2 by mixing the
definition for Coble surfaces in characteristic p 6= 2 and the above one for classical andα2-surfaces.

Proposition 10.6.13. Let V be the Coble surface of type VII with ten boundary components, of
type VII with two boundary components, of type MI or of type MII in characteristic 2. The R-
invariant (K,H) of V is (D10 ⊕ A⊕2

1 , (Z/2Z)⊕3), (D10 ⊕ A⊕2
1 , (Z/2Z)⊕3), (D⊕2

6 , (Z/2Z)⊕3) or
(D8 ⊕ A3, (Z/2Z)⊕3), respectively.

Proof. The situation is very similar to the case of Enriques surfaces in Proposition 10.6.11. The
minimal resolutions of the canonical covers are the supersingular K3 surfaces Y with Artin in-
variant 1, and we consider the same elliptic fibration on Y with singular fibers Ã9, Ã9, Ã1, Ã1, with
singular fibers Ã5, Ã5, Ã5, Ã5, or with singular fibers Ã7, Ã7, D̃5. The only difference is that we are
replacing some of the canonical points with boundary components. Thus the proof of Proposition
10.6.11 works in this case, too.

10.7 Enriques surfaces and the Leech lattice

In this section, we will discuss a relationship between the automorphism group of an Enriques
surface and the Leech lattice. For this purpose we first recall the case of K3 surfaces.

Let Λ be the Leech lattice, that is, Λ is an even negative definite unimodular lattice of rank 24
without (−2)-vectors. Let L be an even unimodular lattice of signature (1, 25). Then L and U⊕ Λ
are isomorphic where U is a hyperbolic plane. We fix an isomorphism

L = U⊕ Λ (10.7.1)

and for x ∈ L we denote by x = (m,n, λ) where m,n ∈ Z, λ ∈ Λ and x2 = 2mn + λ2. We
fix a vector ρ = (1, 0, 0) ∈ L called a Weyl vector. Obviously ρ2 = 0. Note that there are no
(−2)-vectors in L perpendicular to ρ because Λ contains no (−2)-vectors. A (−2)-vector r ∈ L
is called a Leech root if 〈r, ρ〉 = 1. We denote by h the set of all Leech roots. Note that there is a
bijective correspondence between Λ and h given by

Λ 3 λ←→ (−1− 1

2
λ2, 1, λ) ∈ h.

The following theorem says that Leech roots are nothing but simple roots.

Theorem 10.7.1. (Conway [126]) The set

C = {x ∈ P+(L⊗ R) : 〈x, r〉 > 0 for any r ∈ h}



386 CHAPTER 10. SUPERSINGULAR K3 SURFACES AND ENRIQUES SURFACES

is a fundamental domain of the reflection group of L.

Borcherds [77] studied the reflection groups of even hyperbolic lattices which can be embedded
into L whose orthogonal complements in L are roots lattices generated by some Leech roots. We
give several examples illustrating how this method applies to the study of automorphism groups of
K3 and Enriques surfaces.

The first example was given by the second author [401] in the case of a generic Kummer surface
associated with a genus 2 curve. This method is powerful and many examples have been obtained.

• Automorphisms of the Kummer surface Kum(Jac(C)) of the Jacobian of a general curve C
of genus 2.

Let R = 6A1 + A3. Then there is an embedding of R in L whose image is generated by Leech
roots and its orthogonal complement in L is isomorphic to the Picard lattice of a generic Kummer
surface X = Kum(J(C)) associated with a curve C of genus 2 (Note: R is not primitive in L, but
an overlattice of R of index 2 is primitive). Denote by SX the Picard lattice of X . The primitive
embedding of SX in L induces an embedding of the positive cone P+(SX ⊗R) in P+(L⊗R). Let
D(X) be the restriction of C to P+(SX ⊗ R) and D̄(X) its closure. The condition that R contains
a Leech root implies that D̄(X) is a finite polyhedron. We call a face of D̄(X) of codimension 1 a
facet. If a hyperplane perpendicular to a vector of norm −k, then we call it a (−k)-hyperplane. By
using a geometry of the Leech lattice, we have the following:

Proposition 10.7.2. The facets of D(X) consist of 32 (−2)-, 32 (−4)-, 60 (−4)-, 192 (−12)-
hyperplanes. The projection ρ0 of the Weyl vector ρ is in D(X) with ρ2

0 = 8.

These facets can be interpreted in terms of a geometry of Kummer surface Kum(J(C)) associated
with a curve of genus 2. First we recall the Kummer surface Kum(J(C)). Let C be a curve of
genus 2 given by

y2 =

5∏
i=0

(x− ξi). (10.7.2)

Let µi (0 ≤ i ≤ 5), µij (1 ≤ i < j ≤ 5) be the set of 2-torsion points in the Jacobian Pic0(C) =
J(C). Let Θ be the theta divisor and let Θi = Θ +µi (0 ≤ i ≤ 5),Θij = Θ +µij (1 ≤ i < j ≤ 5).
The incident relation between {µi, µij} and {Θi,Θij} is as follows:

µi ∈ Θ0 (0 ≤ i ≤ 5), µ0, µi, µij ∈ Θi (j 6= 0, i), µi, µj , µij , µkl ∈ Θij (k, l 6= i, j),

µ0 ∈ Θi (0 ≤ i ≤ 5), µi ∈ Θ0,Θi Θij (j 6= 0, i), µij ∈ Θi,Θj ,Θij ,Θkl (k, l 6= i, j).

This incident relation is a (166)-configuration. We use symbols α, β, ... for i, ij sometimes. By
taking the quotient of J(C) by the inversion −1J(C) we obtain a quartic surface X̄ ⊂ P3, called
the Kummer quartic surface, which is the image of the morphism from J(C) defined by the linear
system |2Θ|. It has sixteen nodes nα which are the images of sixteen 2-torsions µα, and contains
a conic Qα which is the image of Θα. This conic is classically called a trope. The hyperplane
containing Qα tangents to X̄ along Qα. The minimal resolution of X̄ , denoted by Kum(J(C)), is
the Kummer surface associated with C. We denote by Nα the exceptional curve over nα and by Tα
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the proper transform of Qα. The both sets {Nα} and {Tα} consist of sixteen disjoint (−2)-curves
and each member of one set meets exactly six members in other set, that is, they form a (166)-
configuration. The Kummer surface Kum(J(C)) can be embedded in P5 whose image is given by
the intersection of three quadrics:

6∑
i=1

X2
i =

6∑
i=1

ξiX
2
i =

6∑
i=1

ξ2
iX

2
i = 0, (10.7.3)

where [X1, . . . , X6] is homogeneous coordinates of P5 and ξi is given in (10.7.2). Note that
(Z/2Z)5 acts on Kum(J(C)) as projective transformations

[X1, X2, X3, X4, X5, X6]→ [X1,±X2,±X3,±X4,±X5,±X6]. (10.7.4)

Consider a set {α, β, γ, δ} of four nodes. It is called a Göpel tetrad if any trope does not contain
three nodes in this set. It is called a Rosenhain tetrad if any three nodes in this set are contained
in a trope. For example, {n0, n1, n25, n34} is a Göpel tetrad and {n0, n13, n15, n35} is a Rosen-
hain tetrad. There exist sixty Göpel tetrads and eighty Rosenhain tetrads. A set of six nodes is
called a Weber hexad if it is the symmetric difference of a Göple tetrad and a Rosenhain tetrad.
For example, {n1, n13, n15, n25, n34, n35} is a Weber hexad which is the symmetric difference of
{n0, n1, n25, n34} and {n0, n13, n15, n35}. There exist 192 Weber hexads (see [303], [174]).

Now we return to Proposition 10.7.2. One can identify 32 (−2)-vectors with 32 (−2)-curves
Nα, Tα on Kum(J(C)) forming (166)-configuration, 32 (−4)-vectors with H − 2Nα and σ(H −
2Nα), sixty (−4)-vectors withH−Nα−Nβ−Nγ−Nδ, 192 (−12)-vectors with 3H−2

∑
α∈W Nα

respectively, where H is the pullback of the hyperplane section of the Kummer quartic surface,
σ is an isometry changing {Nα} and {Tα} corresponding to a self-dual map of Kum(J(C))
called a switch, {nα, nβ, nγ , nδ} is a Göpel tetrad and W is a Weber hexad. The projection ρ0

of ρ into SX ⊗ Q coincides with the class 1
4

∑
α(Nα + Tα) which is the hyperplane section of

Kum(J(C)) ⊂ P5 given by the equation (10.7.3). It is classically known that there are sixteen
involutions associated with sixteen projections from sixteen nodes of the Kummer quartic surface
which are bijectively correspond to the reflections associated with H − 2Nα, sixteen involutions
(called correlations) associated with sixteen projections from 16 nodes of the dual of Kummer quar-
tic surface, sixty Cremona transformations associated with sixty Göpel tetrads (see [311]) and 192
Cremona transformations associated with 192 Weber hexads (see [310]). The symmetry group of
the finite polytope D(Kum(J(C))) is isomorphic to (Z/2Z)5 · S6 where the group (Z/2Z)5 is
induced from the projective transformations given in (10.7.4) and is generated by involutions ta
associated with sixteen translations of J(C) by sixteen 2-torsions a ∈ J(C)2 and sixteen switches
σ ◦ ta (a ∈ J(C)2), and S6 is the symmetric group of degree 6 acting six Weierstrass points of C.
We now conclude:

Theorem 10.7.3. The automorphism group of the Kummer surface Kum(J(C)) associated with a
general curve of genus 2 is generated by sixteen translations, a switch σ, sixteen projections, sixteen
correlations, sixty Cremona transformations associated with sixty Göpel tetrads and 192 Cremona
transformations associated with 192 Weber hexads.

Mukai [515] observed that there exist three kinds of fixed-point-free involutions of Kum(J(C))
and then Ohashi [563] proved the following theorem.
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Theorem 10.7.4. Assume that Kum(J(C)) is generic. Then there are exactly 31(= 10 + 15 + 6)
fixed-point-free involutions up to conjugacy in Aut(Kum(J(C))), that is, ten switches associated
with even theta characteristics, fifteen Cremona involutions associated with Göpel tetrads and six
Cremona involutions associated with Weber hexads.

• Automorphisms of the supersingular K3 surface with Artin invariant 1 in characteristic 2.

Let R = D4. Then there is a primitive embedding of R in L whose image is generated by Leech
roots and its orthogonal complement in L is isomorphic to the Picard lattice of the supersingular
K3 surface Y with the Artin invariant 1 in characteristic 2 mentioned in §10.5. Denote by SY the
Picard lattice of Y . The primitive embedding of SY in L induces an embedding of the positive cone
P+(SY ⊗R) in P+(L⊗R). Let D(Y ) be the restriction of C to P+(SY ⊗R). In this case we have
the following:

Proposition 10.7.5. The facets of D(Y ) consist of 42 (−2)-, 168 (−4)-hyperplanes.

Recall that Y is obtained as the minimal resolution of a purely inseparable double cover of P2

(§10.5). The inseparable double cover has 21 nodes over 21 points of P2(F4), and thus Y contains
42 (−2)-curves divided into two sets A and B both of which consist of 21 disjoint curves. A
curve in A (resp. in B) is an exceptional curve over a node (resp. a proper transform of a line on
P2(F4). The incidence relation of 42 curves is a (21)5-configuration. One can identify 42 (−2)-
vectors with 42 (−2)-curves inA∪B, and 168 (−4)-vectors with 2`−N1− · · · −N6 respectively,
where ` is the pullback of the class of a line on P2 and {N1, . . . , N6} are (−2)-curves in A and the
corresponding 6 points in P2(F4) are in general position. The symmetry group of the finite polytope
D(Y ) is isomorphic to PGL(3,F4) · (Z/2Z)2 where (Z/2Z)2 is generated by the switch σ and the
involution ι induced from the Frobenius automorphism of F4 mentioned in section 10.5. Thus we
have the following theorem mentioned as in section 10.5.

Theorem 10.7.6. The automorphism group of the supersingular K3 surface with Artin invariant 1
in characteristic 2 is generated by the finite projective linear group PGL(3,F4), the switch and 168
Cremona transformations associated with 168 sets of six points in P2(F4) in general position5.

• Automorphisms of the supersingular K3 surface with Artin invariant 1 in characteristic 2.

Mukai observed in [515] that there exists three kinds of fixed-point-free involutions on Kum(J(C))
and then Ohashi proved in [563] the following theorem. Later we will discuss Enriques surfaces
obtained from Kum(J(C)) by taking the quotients by these involutions.

Very recently Brandhorst and Shimada [89] have found the following theorem with computer
calculation. Recall that E10 be the even unimodular lattice of signature (1, 9) and E10(2) is the
lattice obtained from E10 by multiplying the bilinear form by 2.

Theorem 10.7.7. There exist exactly 17 primitive embeddings of E10(2) in L.

5Each of 168 (−4)-vectors defines a reflection of the Picard lattice SY of Y . However the action of the corresponding
Cremona transformation on SY does not coincide with the one of the reflection. It coincides with the composite of the
actions of the Cremona transformation and ι. This fact was pointed out by S. Mukai. See also Example 10.5.13
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No. name facets root Enriques surface
1 12A 12 D8 I

2 12B 12 A7 II

3 20A 20 D4 + D5 V

4 20B 20 2D4 III

5 20C 20 10A1 + D6 VII in char 2 (Example 8.10.8)

6 20D 20 A3 + A4 VII

7 20E 20 5A1 + A5 VI

8 20F 20 2A3 IV

9 40A 40 4A1 + 2A3 MIII (Example 10.7.8)

10 40B 40 8A1 + 2D4 MII in char 2 (Theorem10.6.3)

11 40C 40 6A1 + A3 MII (Example 10.7.10)

12 40D 40 12A1 + D4 MI in char 2 (Theorem10.5.8)

13 40E 40 2A1 + 2A2 MI (Remark 10.5.14)

14 96A 96 8A1

15 96B 96 16A1

16 96C 96 4A1

17 infty infty

Table 10.2: 17 polytopes

In the Table 10.2 we give 17 primitive embeddings of E10(2) in L and 17 polytopes obtained
by restricting of Conway’s fundamental domain C to the positive cone of the Enriques lattice. For
typographical reasons we write nM for the direct sum of n copies of a lattice M .

The name is the symbol of the polytope by the paper Brandhorst and Shimada [89]. The column
facets gives the number of facets of the polyhedron. It is remarkable that all facets are defined by
(−2)-vectors. For example, 12A and 12B are two polytopes both of them have 12 facets. The root
means the root lattice which is the sublattice generated by (−2)-vectors in the orthogonal comple-
ment of E10(2) in L. Among 17 polytopes, in cases of No.5 and No.6, No.10 and No.11, No.12
and No.13, and No.15 and No.16, their polytopes coincide, but the embeddings are different. The
final column gives the Enriques surface where the polytope is realized geometrically . The sym-
bols I, ...,VII mean the types of Enriques surfaces with finite automorphism group (Kondo’s type
I, ...,VII) and VII,MI,MII in char 2 are type VII, type MI, type MII given in Section 10.5 and
10.6. The complex Enriques surfaces of type MII and MIII are obtained by Mukai as the quotient
of the Kummer surface associated with a curve of genus 2 by a switch and by a Cremona transfor-
mation associated with a Göpel tetrad respectively (see the following Examples 10.7.8, 10.7.10).
The complex Enriques surface of type MI is obtained by Mukai as the quotient of the K3 surface
mentioned in Remark 10.5.14. In the following we explain more details.

In cases of No.1,. . . , 4, 6,7,8 in the Table 10.2, the polytope coincides with the one of Enriques
surfaces defined over the complex numbers with finite automorphism group of the same type. In



390 CHAPTER 10. SUPERSINGULAR K3 SURFACES AND ENRIQUES SURFACES

case of No.5, the root lattice 10A1 + D6 contains a sublattice 12A1 + D4 of index 2. Recall that the
orthogonal complement of D4 inL is isomorphic to the Picard lattice of the supersingular K3 surface
Y with the Artin invariant 1 in characteristic 2. The remaining 12A1 in 12A1 +D4 can be considered
as the exceptional curves of 12 A1-singularities of the canonical covering of the Enriques surfaces
in characteristic 2 of type VII. Thus the polytope No.5 is obtained as a restriction of the polytope
D(Y ) given in Proposition 10.7.5. Similarly the cases of No.10 and No.12, the root lattices contain
D4 as a direct summand and the remaining summands are 12A1 or 8A1 + D4 which correspond to
12A1- or 8A1 +D4-singularities of the canonical covers of Enriques surfaces in characteristic 2 of
type MI or of type MII. The polytopes No.10, No.12 are obtained as restrictions of the polytope
D(Y ) given in Proposition 10.7.5. For forty (−2)-vectors defining the facets of the polytopes in
these cases, see Theorem 10.5.8, Remark 10.6.5.

Example 10.7.8. This example is due to S. Mukai. In case of No.9, the polytope is obtained as a
restriction of the polytope D(X) of a generic Kummer surface X = Kum(J(C)) given in Propo-
sition 10.7.2. Let G = {nα0 , nβ0 , nγ0 , nδ0} be a Göpel tetrad and cG the associated Cremona
transformation. Then the Enriques surface is the quotient surface Kum(J(C))/〈cG〉. It is known
that the action of cG on {H,Nα, Tβ} (Keum [374]). The forty facets of the polytope of No.9 are
divided into four sets of facets consisting of the hyperplanes defined by 12, 8, 12, 8 (−2)-vectors
respectively which are described as follows. For the given Göpel tetrad G there exist exactly twelve
tropes which contain exactly two nodes in G and the remaining four tropes do not contain any node
in G. We denote by {Tα′0 , Tβ′0 , Tγ′0 , Tδ′0} the four (−2)-curves corresponding to the remaining four
tropes. Then cG preserves 24 (−2)-curves Nα (α 6= α0, β0, γ0, δ0), Tα (α 6= α′0, β

′
0, γ
′
0, δ
′
0).

The first 12 (−2)-vectors are represented by twelve (−2)-curves corresponding to

{Nα + cG(Nα)}α 6=α0,β0,γ0,δ0
, {Tα + cG(Tα)}α 6=α′0,β′0,γ′0,δ′0 .

The second 8 (−2)-vectors are represented by eight (−2)-curves corresponding to

{Nα + cG(Nα)}α=α0,β0,γ0,δ0
, {Tα + cG(Tα)}α=α′0,β

′
0,γ
′
0,δ
′
0
.

The third 12 (−2)-vectors corresponds to the set of classes

H −Nα −Nβ −Nγ −Nδ

perpendicular to H −Nα0 −Nβ0 −Nγ0 −Nδ0 .

The fourth one corresponds to the set of projections and correlations

{H − 2Nα, σ(H − 2Nα)}α=α0,β0,γ0,δ0 .

For example, if we take {n0, n1, n25, n34} as G = {nα0 , nβ0 , nγ0 , nδ0}, then {α′0, β′0, γ′0, δ′0} =
{23, 24, 35, 45} and cG acts on Nα, Tα as follows:

N2 ←→ N15, N3 ←→ N14, N4 ←→ N13, N5 ←→ N12, N23 ←→ N45, N24 ←→ N35;

T0 ←→ T1, T2 ←→ T5, T3 ←→ T4, T12 ←→ T15, T13 ←→ T14, T25 ←→ T34;

N0 ←→ H −N1 −N25 −N34, N1 ←→ H −N0 −N25 −N34,

N25 ←→ H −N0 −N1 −N34, N34 ←→ H −N0 −N1 −N25,

and cG acts on Tα (α ∈ {23, 24, 35, 45}) as the reflection associated with a (−4)-vector H −N0−
N1−N25−N34. The 12 vectors perpendicular to H −N0−N1−N25−N34 are corresponding to
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12 Göpel tetrads which have exactly two common nodes with G. The suffices of such Göpel tetrads
are given by:

{0, 1, 24, 35}, {0, 1, 23, 45}, {0, 2, 15, 34}, {0, 5, 12, 34}, {0, 3, 14, 25}, {0, 4, 13, 25},

{23, 25, 34, 35}, {24, 25, 34, 35}, {1, 5, 12, 25}, {1, 2, 15, 25}, {1, 4, 13, 34}, {1, 3, 14, 34}.

If C is a curve of genus 2 defined by y2 = x(x4 − 1), then Mukai showed that the third ones are
also represented by (−2)-curves. By this description, Mukai and Ohashi [521] proved the following
theorem.

Theorem 10.7.9. Assume C is given by y2 = x(x4 − 1). Then Aut(Kum(C)/〈cG〉) is isomorphic
to UC(8)oH192 where the first factor is the free product of 8 cyclic groups of order 2 generated by
8 projections and correlations, and H192 is a finite group (Z/2Z)3 oS4 of order 192. The group
H192 is a subgroup of the automorphism group of the polytope of type MIII of index 4.

Example 10.7.10. This example is also due to S. Mukai. Consider a switch σ associated with
an even theta characteristic which is a fixed-point-free involution (Theorem 10.7.4). There exist
10 switches. In this case the restriction of the polytope of Kum(J(C)) given in Proposition 10.7.2
coincides with the one of No.11. For example, we can take a switch σ associated with µ12 satisfying

σ(Ni) = Ti+12, σ(Nij) = Tij+12.

Thus the Enriques surface Kum(J(C))/〈σ〉 contains 16 (−2)-curves whose dual graph coincides
with the dual graph of 16 (−2)-curves given in Figure 10.7 (the left hand side 16 curves). Moreover
there are 24 Göpel tetrads (e.g. G = {0, 25, 14, 3}) such that the associated the (−4)-divisors are
invariant under the action of σ and hence descend to (−2)-divisors on the Enriques surface. Among
24 Göpel tetrads, the following twelve give 12 (−2)-classes forming the dual graph in Figure 10.7
(the right hand side 12 curves):

{0, 4, 13, 25}, {1, 3, 14, 34}, {12, 15, 23, 35}, {1, 4, 15, 45}, {0, 5, 14, 23}, {2, 3, 25, 35},

{12, 13, 24, 34}, {1, 4, 15, 45}, {0, 3, 15, 24}, {12, 14, 25, 45}, {1, 4, 13, 34}, {2, 5, 23, 35}.

The remaining 12 (−2)-classes form the same dual graph. The dual graph of the 40(= 16 + 24)
(−2)-classes coincides with the polytope ΠMII (i.e. No.11 (40C)).

Example 10.7.11. Finally consider a Cremona transformation cW associated with a Weber hexadW
which is a fixed-point-free involution (Theorem 10.7.4). In this case the restriction of the polytope
D(X) of X = Kum(J(C)) given in Proposition 10.7.2 coincides with No.7. Let W be a Weber
hexad W = {α1, . . . , α6}. Then the linear system

|2H −
∑
α∈W

Nα|

gives an another projective model

X̄W : s1 + · · ·+ s5 = 0,
λ1

s1
+ · · ·+ λ5

s5
= 0,

where λ1, . . . , λ5 are non zero constants (see the equation 6.4.16). The quartic surface X̄W has 10
nodes

pijk : si = sj = sk = 0 (1 ≤ i < j < k ≤ 5)
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and contains 10 lines
lij : si = sj = 0 (1 ≤ i < j ≤ 5).

Note that X̄W is the hessian quartic surface of the cubic surface defined by

s1 + · · ·+ s5 = 0, λ1s
3
1 + · · ·+ λ5s

3
5 = 0.

The Cremona transformation

(s1, . . . , s5)→
(
λ1

s1
, · · · , λ5

s5

)
induces a fixed-point-free involution cW of Kum(J(C)) which interchanges the 10 exceptional
curves Eijk over the 10 nodes pijk and 10 proper transforms Lij of 10 lines lij . The quotient
surface Kum(J(C))/〈cW 〉 is an Enriques surfaces containing 10 (−2)-curves whose dual graph
is the Petersen graph 6.1. Moreover the restriction of the polytope D(X) coincides with the nef
cone of the Enriques surfaces with finite automorphism group of type VI. For example, if we
take {n0, n14, n15, n23, n25, n34} as a Weber hexad W , then cW exchanges the following 20 (−2)-
curves:

N1 ←→ T23, N2 ←→ T14, N3 ←→ T15, N4 ←→ T25, N5 ←→ T34,

N12 ←→ T5, N13 ←→ T4, N24 ←→ T3, N35 ←→ T2, N45 ←→ T1.

We can easily see that the dual graph of the images of these curves is the Petersen graph 6.1. The
remaining ten (−2)-vectors corespond to the following cW -invariant (−4)-classes:

H −N0 −N1 −N25 −N34, H −N0 −N2 −N15 −N34, H −N0 −N3 −N14 −N25,

H −N0 −N4 −N15 −N23, H −N0 −N5 −N14 −N23, H −N12 −N14 −N23 −N34,

H −N13 −N15 −N23 −N25, H −N14 −N15 −N24 −N25, H −N14 −N15 −N34 −N35,

H −N23 −N25 −N34 −N45.

In case that the cubic surface specializes the Clebsch diagonal cubic surface (see Enriques surface
of type VI), all twenty (−2)-vectors defining the polytope are represented by (−2)-curves, that is,
the polytope is the nef cone of the Enriques surfaces with finite automorphism group of type VI.

With help of computer computations Brandhorst and Shimada checked that in each case except
Case No.17 in Table 10.2 there exists a complex K3 surface with maximal Picard number 20 whose
nef cone is tessellated by the polytope given type. It would be interesting to give a geometric
construction of Enriques and Coble surfaces with the polytope in cases of No. 14, 15, 16 as in the
cases No. 1–13 mentioned as in Tables 10.2.

Bibliographical notes

The first example of a supersingular K3 surface (the Fermat quartic surface in characteristic p ≡ 3 mod 4)
was given by J. Tate [682] in 1965. The terminology is due to T. Shioda [660] who determined which Kummer
surfaces are supersingular. In [26] M. Artin gave another definition of a supersingular K3 surface based on
the notion of the formal Brauer group (see Section 0.10 in Volume 1). He proved that the two definitions
coincide if the surface carries an elliptic pencil.
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The two definitions are equivalent if the surface is unirational. This is conjectured to be true always but it
is known only if p = 2 [611] (The proof of this conjecture in [451] contains a gap). If p 6= 2, the coincidence
of the two definitions follows from the Tate Conjecture for K3 surfaces that was recently proved in [486] and
[470].

The relationship between simply connected Enriques surfaces in characteristic 2 and supersingular K3
surfaces was first studied by W. Lang [421]. He was the first to ask questions about possible singularities
and possible Artin invariant of the canonical cover of an Enriques surface. Lang also proved that the Artin
invariant is equal to 10 if the surface is general.

The first systematic study of supersingular covers of Enriques surfaces was undertaken in the preprint of T.
Ekedahl, J. Hyland, and N. Shepherd-Barron [210]. Some of their results have been reproved and extended
by S. Schröer [623]. In particular, Schröer gave the first example of an Enriques surface whose K3 cover is
normal and has one non-rational singular point.

A construction of algebraic surfaces in characteristic p > 0 as quotients by rational vector fields was
pioneered by T. Katsura and Y. Takeda [359]. A systematic study of inseparable maps defined by quotients
by a rational vector field was done in a paper by A. Rudakov and I. Shafarevich [610]. The constructions of
Enriques surfaces as quotients of supersingular K3 surfaces with Artin invariant 1 which we discuss in this
chapter is based on the work of the second author and T. Katsura [361], [363], [408]. It was also successfully
used in the classification of Enriques surfaces in characteristic 2 with finite automorphism group which we
discussed in Section 8.9.



394 CHAPTER 10. SUPERSINGULAR K3 SURFACES AND ENRIQUES SURFACES



Bibliography

[1] N. Abdallah, J. Emsalem, A. Iarrobino, Nets of conics and associated Artinian algebras of
length 7, preprint 2021.

[2] J. Achter, E. Howe, Hasse-Witt and Cartier-Manin matrices: a warning and a request. Arith-
metic geometry: computation and applications, 1–18, Contemp. Math., 722, Amer. Math.
Soc., Providence, RI, 2019.

[3] J. Achter, Arithmetic occult period maps, Algebr. Geom. 7 (2020), 581–606.

[4] D. Alekseevskij, E. Vinberg, A. Solodovnikov, Geometry of spaces of constant curvature.
Geometry, II, 1–138, Encyclopaedia Math. Sci., 29, Springer, Berlin, 1993.

[5] Algebraic surfaces, ed. by I. R. Shafarevich, Proc. Steklov Math. Inst., v.75, 1964.
[Engl.transl.: AMS, Providence.R.I. 1967].

[6] D. Allcock, The period lattice for Enriques surfaces. Math. Ann. 317 (2000), 483–488.

[7] D. Allcock, E. Freitag, Cubic surfaces and Borcherds products. Comm. Math. Helv., 77
(2002), 270–296.

[8] D. Allcock, Congruence subgroups and Enriques surface automorphisms, J. Lond. Math.
Soc. (2) 98 (2018), 1–11.

[9] D. Allcock, I. Dolgachev, The tetrahedron and automorphisms of Enriques and Coble sur-
faces of Hessian type, Annales Henri Lebesgue, 3 (2020), 1133–1159.

[10] A. Aramova, L. Avramov, Singularities of quotients by vector fields in characteristic p, Math.
Ann. 273 (1986), no. 4, 629–645.

[11] A. Aramova, Reductive derivations of local rings of characteristic p, J. Algebra 109 (1987),
no. 2, 394–414.

[12] E. Arbarello, M. Cornalba, P. Griffiths, J. Harris, Geometry of algebraic curves, vol.I,
Springer-Verlag. 1984.

[13] V. Arnold, Critical points of smooth functions, Proc. Int. Congress of Math. Vancouver. 1978,
vol. 1, pp. 19–39.

395



396 BIBLIOGRAPHY

[14] E. Arrondo, I. Sols, On congruences of lines in the projective space. Mém. Soc. Math. France
(N.S.) No. 50 (1992), 96 pp.

[15] E. Arrondo, M. Gross, On smooth surfaces in Gr(1,P3) with a fundamental curve,
Manuscripta Math. 79 (1993), 283–298.

[16] M. Artebani, I. Dolgachev, The Hesse pencil of plane cubic curves. Enseign. Math. (2) 55
(2009), 235–273.

[17] E. Artin, Geometric algebra. Interscience Publ. New York. 1957.

[18] M. Artin, On Enriques surfaces, Harvard thesis. 1960.

[19] M. Artin, Some numerical criteria for contractability of curves on algebraic surfaces, Amer.
J. Math. 84 (1962), 485–496

[20] M. Artin, On isolated rational singularities of surfaces, Amer. J. Math. 88 (1966), 129–136.

[21] M. Artin, Algebrization of formal moduli, in ”Global analysis”, Princeton. Univ. Press,
Princeton. 1969, pp. 21–71.

[22] M. Artin, Algebraic approximation of structures over complete local rings, Publ. Math. IHES,
36 (1969), 23–58.

[23] M. Artin, Algebraic spaces, A James K. Whittemore Lecture in Mathematics given at Yale
University, 1969, Yale Mathematical Monographs, 3. Yale University Press, New Haven,
Conn.-London, 1971.

[24] M. Artin, G. Winters, Degenerate fibers and stable reduction of curves, Topology 10 (1971),
373–383.

[25] M. Artin, Algebraic construction of Brieskorn’s resolutions. J. Algebra 29 (1974), 330–348.

[26] M. Artin, Supersingular K3 Surfaces, Ann. Scient. Éc. Norm. Sup. 4e Serie, 7 (1974), 543–
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[Engl. Transl.:Complex algebraic surfaces, London Math. Soc. Lecture Notes. 68, Cambridge
Univ. Press. 1983].

[47] A. Beauville, Le nombre minimum de fibres singuliéres d’une courbe stable sur P1. Seminar
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Séminaire Bourbaki 1982/83, no 611, Astérisque, vol. 105/106. Soc. Mat. de France, Paris,
pp. 251–275.

[166] I. Dolgachev, Weyl groups and Cremona transformations. Singularities, Part 1 (Arcata, Calif.,
1981), 283–294, Proc. Sympos. Pure Math., 40, Amer. Math. Soc., Providence, RI, 1983.

[167] I. Dolgachev, Automorphisms of Enriques surfaces, Invent. Math. 76 (1984), 63–177.

[168] I. Dolgachev, Infinite Coxeter groups and automorphisms of algebraic surfaces. The Lef-
schetz centennial conference, Part I (Mexico City, 1984), 91–106, Contemp. Math., 58, Amer.
Math. Soc., Providence, RI, 1986.

[169] I. Dolgachev, D. Ortland, Point sets in projective spaces and theta functions, Astérisque, 165
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théoreme de Riemann-Roch, (SGA6), Lect. Notes in Math. vol. 225, Springer-Verlag, 1971,
560–594.
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[273] B. Grünbaum, Configurations of points and lines. Graduate Studies in Mathematics, 103.
American Mathematical Society, Providence, RI, 2009.

[274] R. Guralnick, K. Stevenson, Prescribing ramification. Arithmetic fundamental groups and
noncommutative algebra (Berkeley, CA, 1999), 387–406, Proc. Sympos. Pure Math., 70,
Amer. Math. Soc., Providence, RI, 2002.

[275] M. Halphen, Sur les courbes planes du sixiéme degré a neuf points doubles, Bull. Soc. Math.
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L, Séminaire de Géometrie Algébrique du Bois-Marie 1965–1966 (SGA 5). Edité par Luc
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appl, 6, Series 2 (1906), 403–438.

[346] K. Joshi, C.S. Rajan, Frobenius splitting and ordinarity, Int. Math. Res. Not. 2003, no. 2,
109–121.
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[361] T. Katsura, S. Kondō, A 1-dimensional family of Enriques surfaces in characteristic 2 covered
by the supersingular K3 surface with Artin invariant 1, Pure Appl. Math. Q. 11 (2015), no.
4, 683–709.

[362] T. Katsura, Lefschetz pencils on a certain hypersurface in positive characteristic. Higher
dimensional algebraic geometry–in honour of Professor Yujiro Kawamata’s sixtieth birthday,
265–278, Adv. Stud. Pure Math., 74, Math. Soc. Japan, Tokyo, 2017.
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maries. Teubner-Texte zur Mathematik [Teubner Texts in Mathematics], 43. BSB B. G. Teub-
ner Verlagsgesellschaft, Leipzig, 1982.

[414] A. Kuznetsov, Derived categories of quadric fibrations and intersections of quadrics. Adv.
Math. 218 (2008), 1340–1369.

[415] A. Laface, D. Testa, Nef and semiample divisors on rational surfaces. Torsors, ??tale homo-
topy and applications to rational points, 429-???446, London Math. Soc. Lecture Note Ser.,
405, Cambridge Univ. Press, Cambridge, 2013.

[416] A. Landman, On the Picard-Lefschetz transformation for algebraic manifolds acquiring gen-
eral singularities. Trans. Amer. Math. Soc. 181 (1973), 89–126.



420 BIBLIOGRAPHY

[417] K. Lamotke, Regular Solids and Isolated Singularities, Advanced Lectures in Mathematics.
Vieweg und Sohn, Braunschweig, 1986.

[418] S. Lang, J Tate, Principal homogeneous spaces over abelian varieties. Amer. J. Math. 80
(1958), 659–684.

[419] S. Lang, Elliptic functions. With an appendix by J. Tate. Second edition. Graduate Texts in
Mathematics, 112. Springer-Verlag, New York, 1987.

[420] W. Lang, Quasi-elliptic surfaces in characteristic three, Ann. Scient. Éc. Norm. Sup. 4e Ser.,
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(1976), 171–202.

[494] J Milne, Étale cohomology, Princeton Univ. Press, 1980.

[495] J. Milne, Arithmetic duality theorems, Princeton Univ. Press, 1986

[496] J. Milnor, Singular points of complex hypersurfaces, Ann. Math. Studies 61, Princeton Univ.
Press, 1968.

[497] J. Milnor, J. Stasheff, Characteristic classes, Ann. Math. Studies 75, Princeton Univ. Press,
1974.

[498] R. Miranda, U. Persson, On extremal rational elliptic surfaces, Math. Zeit. 193 (1986), 537–
558.

[499] R. Miranda, The basic theory of elliptic surfaces. Dottorato di Ricerca in Matematica. [Doc-
torate in Mathematical Research] ETS Editrice, Pisa, 1989.

[500] R. Miranda, U. Persson, Mordell-Weil groups of extremal elliptic K3 surfaces. Problems in the
theory of surfaces and their classification (Cortona, 1988), 167–192, Sympos. Math. XXXII,
Academic Press, London, 1991.

[501] R. Miranda, D. Morrison, Integral quadratic forms, Seminar notes at the Institute for Ad-
vanced Study, 2000, (available online:web.math.ucsb.edu/ drm/manuscripts/eiqf.pdf).

[502] M. Miyanishi, T. Nomura, Finite group scheme actions on the affine plane. J. Pure Appl.
Algebra 71 (1991), 249–64.

[503] M. Miyanishi, H. Ito, Algebraic surfaces in positive characteristics. Purely inseparable phe-
nomena in curves and surfaces. World Scientific Publ. Co. 2021.

[504] T. Miyata, Invariants of certain groups. I. Nagoya Math. J. 41 (1971), 69–73.

[505] Y. Miyaoka, Geometry of Rational Curves on Varieties, in Y. Miyaoka, T. Peternell, Geometry
of higher-dimensional algebraic varieties, DMV Seminar 26, Birkhäuser (1997).
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Sup. (4) 14 (1981), 369–401.

[549] N. Nygaard, A p-adic proof of the nonexistence of vector fields on K3 surfaces, Ann. of Math.
(2) 110 (1979), 515–528.

[550] N. Nygaard, The Tate conjecture for ordinary K3-surfaces over finite fields, Inv. Math. 74
(1983), 213–237.

[551] N. Nygaard, A. Ogus, Tate’s conjecture for K3 surfaces of finite height. Ann. of Math. (2)
122 (1985), no. 3, 461–507.

[552] J. Oda, The first de Rham cohomology group and Diéudonné modules, Ann. Sci. Éc. Norm.
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Arguesian involution, 114
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basic rational surface, 264
Bertini involution, 160, 168, 309

planar, 168
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bisection

on a Halphen surface, 281
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special, 35

bitangent congruence, 74
bitangent surface

of quartic symmetroid, 99
of Reye congruence, 97

Borel-de Siebenthal-Dynkin algorithm, 49, 50
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Cayley dianodal surface, 168
Cayley quartic symmetroid, 95, 165, 230
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bitangent surface, 99
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characteristic subspace, 343
Clebsch cubic surface, 311
Clebsch diagonal cubic surface, 224
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with icosahedral symmetry, 297
Coble surface, 230

adjoint Fano model, 273
adjoint Fano-Mukai model, 275
bielliptic map, 275
boundary component, 263
double plane, 275
Fano model, 273
Fano-Mukai model, 275
Fano-symmetric, 284
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Nikulin R-invariant, 276
of Hessian type, 310
of K3 type, 263
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with one boundary component, 318
with ten boundary components, 276
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Coble-Mukai lattice, 271
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bidegree, 72
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covariant, 197
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Cremona-Richmond diagram

extended, 358
Cremona-Richmond polytope, 355, 358
crystallographic root basis

of (−2)-curves, 201
cubic surface

Sylvester non-degenerate, 62

del Pezzo surface
of degree 5, 269

Desargues configuration, 310
dilated transformation, 168
discriminant form

finite abelian group, 53
discriminant hypersurface
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discriminant quadratic form

lattce Ep,q,r, 54

Duality
famillies of supersingual K3 surfaces, 342

elliptic fibration
of Hesse type, 199

elliptic pencil
primary, 199

Enriques surface
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exceptional, 28
of type Ẽ6, 54
of type Ẽ(1)
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extra Ẽ(1)

7 -special, 33
extra Ẽ(2)
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7 -special, 23
extra-E(2)

7 -special, 23
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extra-special, 23, 58
Fano-symmetric, 284
Mukai’s nodal type, 61
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of type MI, 366
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Enriques surfaces
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exceptional k-sequence, 9
extra-special surface

of type Ẽ7, 25
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Fano planes, 126
Fano polarization, 37
fixed point

anti-symplectic, 178
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Halphen bisection, 282
Halphen surface, 317, 324
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Hesse group, 370
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type of Enriques surfaces, 62
Hessian determinant, 197
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hyperweb

polar base variety, 88
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involution of an Enriques surface
irrational, 182
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non-degenerate, 11

K3 surface
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Vinberg’s most algebraic, 279, 326

K3-cover
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Kantor involution, 160
Kummer quartic surface, 386

its bitangent surface, 100

Lagragian subspace, 131
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finite discriminant form, 53
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their discriminant forms, 53
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linear system of quadrics

discriminant variety, 77
excellent, 81
regular, 80
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McKay correspondence, 286
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Montesano complex, 109
Mordell-Weil groups

rational elliptic surfaces, 172
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classification, p = 2, 93
classification, p 6= 2, 82
regular, 83
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nodal invariants

r-invariant, 43
nodal sextics, 284
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Ohashi, 229
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numerical, 36
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Motzkin ternary sextic, 296
quaternary quartics, 306
Robertson ternary sextic, 296, 311
Timofte’s test of positivity, 297

pseudo-automorphism, 167

quadratic form
over F2

classification, 46
over F2

even, odd, 46
quadratic form over F2

Witt index, 46
defect, 46
isotropic subspace, 46
kernel, 46
of even type, 46
regular, 46

quadratic lattice
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quadratic space, 46

rational nodal sextic, 307
rational nodal sextics

with projective symmetry, 295
rational normal curve, 106
rational quadratic twist

on a Halphen surface, 281
rational twist construction, 191
RDP-K3 surface, 346
Rey marking, 157
Reye congruence, 95

dual congruence, 99
focal surface, 98
fundamental points, 98
general, 114
generalized, 122
in characteristic 2, 107
its bidegree, 96
its characterization, 97
its sectional genus, 96
resolution of its ideal sheaf, 130

trisecant line, 125
Reye lattice, 52
Reye line, 77

exceptional, 99
inseparable, 89
separable, 89

Reye map, 89
Reye polarization, 125
Reye Theorem on apolar quadrics, 106, 306
root

effective, 166, 271
irreducible, 271

root basis
crystallographic, 19, 139, 157, 205

root invariant
Fano root invariant, 44
Nikulin R-invariant, 45

Rosenhain tetrad, 387

Schubert subvariety, 71
semi-symplectic automorphism, 177
special bisection, 65
Steiner system, 192

S(3,4,10), 200
Steinerian map, 77
supermarking, 126
Supersingular K3 surface

with Artin invariant 1, 323
supersingular K3 surface, 337
supersingular K3 surfaces

duality, 342
Sylvester pentahedron, 62, 224
symplectic automorphism, 175, 177

toric singularity, 268
trisecant line, 128
Tyurina number, 346, 350

unnodal set of points, 166

Valentiner group, 201
vector bundle

exceptional, 125
stable, 125

Veronese curve
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Steinerian variety, 77

Weber hexad, 387
Weyl group

2-level congruence subgroup, 154
Cremona action, 166
of a surface

2-level congruence subgroup, 154
Weyl vector, 352, 385
Witt’s Theorem, 47
Woods-Hole formula, 175

Zariski singularities, 346
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