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Preface

The book gives a contemporary account of the study of the class of projective algebraic surfaces
known as Enriques surfaces. These surfaces were discovered more than 125 years ago in an attempt
to extend the characterization of rational algebraic curves via the absence of regular (or holomor-
phic) differential 1-forms to the two-dimensional case.

The theory of differential forms on algebraic varieties of arbitrary dimension and their birational
invariance was laid out in the works of Clebsch and Noether between 1870 – 1880. The further
developments of these ideas and clarification of their geometric meaning were undertaken by the
school of Italian algebraic geometers, who were probably the first to define one of the main goals
of algebraic geometry, namely the classification of algebraic varieties up to birational equivalence.
They also understood the significance of vector spaces of regular differential forms. One of the
main achievements of their work was the classification of algebraic surfaces, which is mainly due to
Castelnuovo and Enriques. Central results of this classification are achieved via the analysis of the
canonical and pluri-canonical linear systems and the Albanese map. The main numerical invariants
are q, pg, and Pn, which are by definition the dimensions of the vector spaces of regular 1-forms,
regular 2-forms, and regular n-pluri-canonical forms, respectively. A rational variety, that is, an
algebraic variety birational to projective space, has no nonzero regular forms and the converse is
true for algebraic curves. In 1894, Castelnuovo proved that vanishing of q, pg, and P2 is sufficient
for the rationality of an algebraic surface. In discussions with Enriques, about whether the condition
P2 = 0 can be eliminated, each came up with an example that shows that it cannot be done. In the
example of Enriques, one has P2n = 1, P2n+1 = 0 for all n ≥ 0 and in the example of Castelnuovo,
one has Pn = [1 + n

2 ], that is, linear growth as n tends to infinity. Enriques mentions this example
in a letter to Castelnuovo in July 22, 1894 [218, Letter 11] and he also mentions it in his 1896 paper
[214, §39]. Castelnuovo’s example is discussed in his 1896 paper [106]. In the later development
of the classification of algebraic surfaces, these two examples occupy different places: Enriques’
example is of Kodaira dimension 0 and shares this class with abelian surfaces, K3 surfaces, and
hyperelliptic surfaces. On the other hand, Castelnuovo’s example is a surface of Kodaira dimension
1. The Enriques construction has a birational model that is a non-normal surface of degree 6 in P3

that passes through the edges of the coordinate tetrahedron with multiplicity 2. It was dubbed an
Enriques sextic surface and the notion of an Enriques surface as a smooth projective surface with
q = 0 and P2 = 1 occurs in Artin’s thesis from 1960 [18], in Shafarevich’s seminar in 1961 – 1963
[5], as well as in Kodaira’s 1963 paper [391, part 3, p.719].

In 1906, Enriques proved that every (general) surface with invariants pg = q = 0 and P2 = 1 is
birationally equivalent to an Enriques sextic. He also gave other birational models of his surfaces,

1
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for example, as double planes branched along a certain curve of degree 8, an Enriques octic. A
special case of the double plane construction was known to Enriques already in 1896 [218, Letter
302].

A minimal, smooth, and projective surface satisfies pg = q = 0, P2 = 1 if and only if its
fundamental group is of order 2 and its universal cover is isomorphic to a K3 surface, which is
characterized by being a minimal, smooth, and projective projective surface with invariants q = 0,
pg = P2 = 1. This was already understood by Enriques, who proved that the pre-image of his
sextic surface under the double cover of P3 branched along the union of four coordinate planes is
birationally equivalent to a K3 surface [216]. This leads to the modern definition of an Enriques
surface as the quotient of a K3 surface by a fixed-point-free involution. This point of view suggests
that the theory of Enriques surface may be understood as a part of the theory of K3 surfaces, which is
widely discussed and used in the modern literature, see, for example, [42], [313], or [408]. However,
most usage of K3 surfaces in the study of Enriques surfaces consists in applying transcendental
methods related to the theory of periods of K3 surfaces, which has little to do with the fascinating
intrinsic geometry of Enriques surfaces.

The classification of algebraic surfaces was extended to the fields of positive characteristic in the
work of Bombieri and Mumford [525], [74] and [75]. In particular, they gave a characteristic-free
definition of Enriques surfaces. It turns out that Enriques surfaces in characteristic 2 live in a com-
pletely different and beautiful world that has many features, which have no analogs in characteristic
6= 2. For example, the canonical double cover still exists but is a torsor under one of the three finite
group schemes µ2, Z/2Z, α2 of order 2. Accordingly, this divides Enriques surfaces in character-
istic 2 into three different classes, which are called classical, µ2-surfaces (or singular surfaces), and
α2-surfaces (or supersingular surfaces). In the case where the canonical cover is inseparable, it is
never a smooth surface, and in some cases, it is a rational surface, so it is not birationally equivalent
to a K3 surface. Since there are many good modern expositions of the theory of algebraic surfaces
and the theory of Enriques surfaces over the complex numbers (see, for example [42]), our priority
is in providing the first complete possible treatment of Enriques surfaces over fields of arbitrary
characteristic. The price that we have to pay for this noble goal is reflected in the size of our book
and also in requiring many more technical tools that we use. We collect all these needed tools in
Chapter 0 and, in fact, more than we need, in the hope to serve as a useful reference source for the
study of algebraic surfaces over fields of arbitrary characteristic.

The authors have to admit that the initial goal of providing a complete exposition of the theory
of Enriques surfaces over fields of arbitrary characteristic turned out to be too ambitious. Among
the important topics that had to be left out are the theory of vector bundles on Enriques surfaces,
arithmetic properties, as well as the theory of special subvarieties of the moduli spaces of algebraic
curves that represent curves lying on Enriques surfaces.

We are grateful to many colleagues for many valuable discussions, which allowed us to improve
the exposition as well to include many results previously unknown to the authors. They include D.
Allcock, W. Barth, K. Hulek, T. Katsura, J. Keum, W. Lang, E. Looijenga, G. Martin, Y. Matsumoto,
S. Mukai, V. Nikulin, H. Ohashi, C. Peters, M. Reid, M. Schütt, N. Shepherd-Barron, I. Shimada,
Y. Umezu, A. Verra. We thank the referees for their numerous suggestions, which also helped us
to improve the exposition, and for providing many corrections. We acknowledge the support from
JSPS under Grant-in-Aid for Scientific Research (S) 15H05738, (A) 20H00112.
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Each chapter ends with a bibliographical note, where we tried our best to give the credit to the
original research discussed in this chapter. Special credit goes to François Cossec, who did not
participate in the present project, but whose contribution to the theory of Enriques surfaces is hard
to overestimate. Some of the results, which had not found a place in the first edition of Part I, are now
included in the new editions of Part I and II and are based on his unpublished results communicated
to the second author.
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Introduction to Part One

Part I of the two volumes is a major revision of the book ‘Enriques surfaces I’ published in 1989
by the first two authors [132]. Some of the material of this book has been moved to Part II and
some of it has been eliminated. For example, the lengthy diagram proof of [132, Theorem 3.5.1]
that occupied more than 30 pages is replaced by a shorter conceptual proof that we give in part II.
Many (too many!) typographical and mathematical errors have been corrected in the new edition
(some of them were caused because the book had gone to press without proofreading). Moreover,
a new chapter about moduli spaces of Enriques surfaces has been added to Part I. The addition
and updating of new material is the reason for a substantial increase of Part I compared to the first
edition.

We start with Chapter 0, where we collect many technical tools that we constantly use in the book.
Compared to the first edition, we have replaced the section on double covers with three sections on
finite group schemes, cyclic covers, inseparable morphisms, and vector fields on surfaces over fields
of positive characteristic. More precisely, we first give an overview of the theory of group schemes
and torsors under them, which then leads to the explicit description and construction of cyclic covers
- separable and inseparable - in arbitrary characteristics. Then, we treat the correspondence between
purely inseparable field extensions, derivations, purely inseparable morphisms, and p-closed vector
fields. From there, we proceed to the arguably most important class of normal surface singularities,
namely rational double points, where the emphasis is again on a characteristic-free approach. In
the following three sections, we discuss nondegenerate surfaces in projective space of minimal and
next to minimal degree. We then discuss (weak) del Pezzo surfaces of degree 3 and 4 in some
detail, including a discussion of symmetroid surfaces. The sections about symmetric cubic and
quartic del Pezzo surfaces from the previous edition had only some minor changes, however, we
correct the results about their automorphism groups. There follows a section on quadratic lattices,
reflection groups, and roots, that was included in Chapter 1 of the first edition. After discussing
Picard schemes and Albanese varieties in arbitrary characteristic, we added a new section, where
we collect all needed facts about different cohomology theories (de Rham, `-adic, crystalline) and
some of their geometric implications used in the theory of algebraic surfaces over fields of arbitrary
characteristic.

In Chapter 1, we introduce and discuss the first properties of Enriques surfaces. We start with an
exposition of the classification of algebraic surfaces over fields of arbitrary characteristic, where we
also define the main object of this book, namely Enriques surfaces. We proceed with a discussion of
the Picard scheme and the Brauer group of an Enriques surface and then turn to its canonical double
cover that is isomorphic to a K3 surface if p 6= 2. Here, we pay special attention to characteristic 2,
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where the canonical cover needs no longer be a smooth K3 surface. Compared to the first edition,
we added some material about Brauer groups, as well as new results about their K3-covers. We then
compute all sorts of cohomological invariants and differential invariants of an Enriques surface.
There follows a section on the Enriques lattice, that is, the Néron-Severi lattice of an Enriques
surface, which was in Chapter 2 of the first edition. We end the chapter with a discussion of some
classical examples and constructions of Enriques surfaces.

Chapter 3 ‘The geometry of the Enriques lattice’ of the first edition has been eliminated from Part
I and this material will now be discussed in Chapter 7 of Part II. Chapters 4 ‘Projective models’ of
the first edition are now separated into two chapters, namely ‘Linear systems on Enriques surfaces’
(Chapter 2 of this book) and ‘Projective models of Enriques surfaces’ (Chapter 3 of this book).
These are organized as follows.

In Chapter 2, we first establish and discuss a vanishing theorem, which holds in arbitrary char-
acteristic, which is central to the study of linear systems. Then, we discuss nef divisors, various
cones of divisors, fundamental chambers, Weyl groups, and isotropic vectors. The latter leads to the
analysis of indecomposable divisors of canonical type, genus one fibrations, and their degenerate
fibers. In the next section, we discuss Enriques’ reducibility lemma that states that every effective
divisor on an Enriques surface is linearly equivalent to a sum of smooth rational curves and genus
one curves. Then, we introduce the Φ-function, which is a sort of positivity measure for linear sys-
tems on Enriques surfaces, and which distinguishes the birational properties of these linear systems.
We then discuss (higher) numerical connectedness of a divisor and its relation to Φ. Finally, we
give a classification of big and nef divisors with Φ ≤ 2, similar to the discussion of the first edition,
although we omit some details. Here, we systematically use the theorem of Reider.

In Chapter 3, we start with some general results about projective models of Enriques surfaces
and their K3-covers, which lay out the scene of projective models of Enriques surfaces. Then, we
discuss some cases of low degrees in greater detail. We start with hyperelliptic maps from Enriques
surfaces, which are rational maps of generic degree 2 onto certain rational surfaces. The central part
of Chapter 3 is occupied with bielliptic maps (formerly called superelliptic maps), which are degree
two morphisms onto certain weak del Pezzo surfaces of degree 3 or 4, in fact, the symmetroid cubic
or quartic surfaces studied in Chapter 0. These maps are one of the main tools to study Enriques
surfaces and are especially important in the analysis of their automorphism groups. This analysis
also leads to Enriques’s double plane construction, as well as Horikawa’s models. Compared to the
first edition, we add a new section on linear systems of degree 4 that are used for a construction
of Enriques surfaces as the quotient of a complete intersection of three quadrics in P5 by a group
scheme of order 2 in all characteristics. We end with a section on birational models of Enriques
surface of small degree, which includes Enriques’ original model of degree 6 in P3, and which is
substantially extended compared to the first edition. For example, we give more information about
the Fano model of an Enriques surface as a surface of degree 10 in P5 and we now also discuss a
new model of degree 18 in P9, due to Mukai.

The contents of Chapter 4 ‘Genus one fibrations’ is almost identical to the contents of Chapter 5 of
the first edition. We start with generalities on genus one fibrations, where we also treat non-smooth
fibrations in characteristic 2, 3, that is, quasi-elliptic fibrations. Then, we turn to local Picard groups
of genus one fibrations, their Néron models, and cohomological flatness. Here give an exposition
of an unpublished result of Michel Raynaud on the computation of the torsion invariant of a wild
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multiple fiber. After that, we turn to the Jacobian of a genus one fibration, define Mordell-Weil
lattices, and prove the Shioda-Tate formula. We also compare the invariants (Euler characteristic,
Betti numbers, Brauer groups) of a genus one fibration and its Jacobian. Then we discuss Weier-
strass models, which are used to define a birational model of a Jacobian genus one fibration as a
relative cubic curve over the base of the fibration. This allows one to give the explicit computation
of many invariants of a Jacobian genus one fibration, such as discriminants, j-invariants, etc. We
then discuss Mordell-Weil lattices in greater detail, which includes the discussion of Néron-Tate
heights. In the following two sections, we study Weil-Châtelet groups in the local and in the global
situation, which is an important tool to compare the geometry of a genus one fibration with that
of its Jacobian fibration. It also makes possible to construct non-Jacobian elliptic fibrations with
prescribed properties starting from a Jacobian fibration. We treat separately the theory of torsors of
a jacobian quasi-elliptic fibrations that reveal a close connection with the theory of integral models
and torsors of wound unipotent algebraic groups.

As a completely new section, which was not in the first edition, we then discuss genus one fibra-
tions on rational surfaces and we include Lang’s classification of extremal elliptic fibrations, as well
as Ito’s classification of quasi-elliptic fibrations on such surfaces. We use a different and a more
geometric approach that does not rely on the Weierstrass model of such a fibration by construct-
ing these surfaces as the blow-up of base points of an explicitly constructed pencil of plane cubic
curves. Then, we turn to genus one fibrations on Enriques surfaces, again with a special emphasis
on the geometry of such fibrations in characteristic 2.

In the last Chapter 5 ‘Moduli spaces’, the reader finds a discussion of moduli spaces of Enriques
surfaces, marked, polarized and unpolarized. This is a new chapter, which was not in the first
edition. First, we introduce general moduli problems via stacks, and their coarse and fine moduli
spaces. Next, we recall the theory of lattice polarized K3 surfaces and extend it to the fields of
arbitrary characteristic by introducing the corresponding stack of lattice polarized K3 surfaces. Over
the complex numbers, we then construct the coarse moduli spaces via the theory of periods of
K3 surfaces and with analytic methods. After that, we discuss various types of moduli spaces of
Enriques surfaces over the complex numbers. These are constructed via moduli space of their K3
covers equipped with a lattice polarization defined by the Enriques lattice (with quadratic form
multiplied by 2). We also give applications to the structure of the automorphism groups of complex
Enriques surfaces, which we later extend to fields of arbitrary characteristic in Part II. In Section
4, we introduce the notion of the Nikulin root invariant that describes the set of smooth rational
curves on an Enriques surface. This leads to moduli spaces for nodal Enriques surfaces with fixed
Nikulin root invariant. In Section 5, we discuss moduli spaces of polarized Enriques surfaces and
compute the number of non-isomorphic polarizations of small degrees for general Enriques surfaces.
After that, we discuss the birational properties of moduli spaces of polarized Enriques surface and
include some previously unpublished results on the rationality of some of these spaces. In Sections
7 and 8, we discuss compactifications of moduli spaces and give an interpretation of the boundaries
via degenerations. In particular, we discuss Kulikov’s results on the degenerations of Enriques
surfaces. In the final section, we discuss the deformation theory of Enriques surfaces, their formal
deformation spaces, and the algebraic construction of moduli spaces over arbitrary bases.

Volume 1 ends with an appendix written by S. Kondō on the Borcherds’ theory of automorphic
forms that allow one to describe an explicit projective embedding of some of the moduli spaces.
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Chapter 0

Preliminaries

0.1 Group schemes

In this section, we discuss group schemes. In particular, we discuss Hopf algebras, actions of group
schemes and fixed loci, torsors, quotients, give examples, and discuss some structure results. We
pay special attention to the group schemes µp, αp, Z/pZ, Gm, and Ga On our way, we also discuss
the various Frobenius morphisms, Witt vectors, and a little bit of Dieudonné theory. We end the
section by shortly treating formal group laws and perfect group schemes.

For simplicity, we will assume that all schemes in this section are separated and locally noetherian.
Moreover, by a variety over a field k we will mean a geometrically integral and separated scheme
of finite type over k.

First, we introduce group schemes and refer to [238], [493], [527], or [713] for details and proofs.
By definition, an S-group scheme G is a scheme over some fixed base scheme S such that the
Yoneda functor hG : T → G(T ) from the category of S-schemes to the category of sets takes
values in the subcategory of groups. Moreover, G is said to be commutative if it takes values in the
subcategory of commutative groups. Equivalently, one can define an S-group scheme G by requir-
ing that there are morphisms of S-schemes µ : G ×S G → G (multiplication), an automorphism
ı : G→ G (inverse), and a section e : S → G (zero or unit section) that satisfy the usual axioms of
a group, which is expressed in the commutativity of some diagrams. Moreover, an S-group scheme
G is said to be affine (resp. finite, flat, étale, proper, separated, smooth,...) if the structure morphism
G → S has this property. Morphisms and isomorphisms of group schemes and group actions are
defined in the obvious way.

Given an abstract group G, we define the constant group scheme associated to G to be the group
scheme G → Spec Z that is represented by the functor T → Gπ0(T ) for all T → Spec Z. This
is an étale group scheme over Spec Z and it is finite (resp. commutative) if and only if G is finite
(resp. commutative) as an abstract group. Morover, if G is finite, then the structure morphism
G → Spec Z is finite and flat morphism of length equal to the order of G. Also, if G is finite,
then G is an example of an affine group scheme over Spec Z (finite morphisms are affine). Given
an abstract group G and a scheme S, we will also write by abuse of notation G → S for the flat

9
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group scheme GS := G ×Spec Z S → S. The category of finite and étale group schemes over an
algebraically closed field is equivalent to the category of finite groups:

Theorem 0.1.1. Let k be an algebraically closed field and let G be a finite and étale group scheme
over k. Then, G is isomorphic to a constant group scheme.

Let us note two special cases, where G is a group scheme over S = Spec k where k is a field.
If G is smooth, proper, and geometrically connected over k, then the group scheme is automati-
cally commutative (see [527], Chapter II.4) and in this case, G is called an abelian variety over k.
Moreover, one-dimensional abelian varieties are called elliptic curves and two-dimensional abelian
varieties are called abelian surfaces. On the other hand, if G is affine and of finite type over k, then
G is isomorphic to a closed subgroup scheme of the general linear group scheme GLn for some n
(see Example 0.1.6 below for the special case Gm = GL1). If G is affine and smooth over k, then
G is said to be a linear algebraic group.

Now, assume that G is an affine group scheme over some affine base scheme S = Spec R. Then,
G = Spec A for some R-algebra A and the property of being a group scheme is equivalent to A
carrying the structure of a commutative Hopf algebra over R. This means that there exist R-algebra
homomorphisms µ† : A → A ⊗R A (comultiplication), ı† : A → A (coinverse or antipode), and
e† : A→ R (counit or augmentation) subject to the following axioms:

• the compositions (µ† ⊗ idA) ◦ µ† : A → A ⊗R A → A ⊗R A ⊗R A and (idA⊗µ†) ◦ µ† :
A→ A⊗R A→ A⊗R A⊗R A coincide,

• the composition µ† ◦ (ı†⊗ idA) : A→ A⊗RA→ A is equal to the composition p◦e† : A→
R→ A, where p : R→ A denotes the structure homomorphism of the R-algebra A, and

• the composition (e† ⊗ idA) ◦ µ† : A→ A⊗R A→ R⊗R A is equal to the map a 7→ 1⊗ a.

Moreover, the group scheme G is commutative if and only if the Hopf algebra is cocommutative.
For examples, we refer to Example 0.1.5 and the ones thereafter, as well as to [713].

Before proceeding, let us shortly digress on Frobenius morphisms in positive characteristic: let X
be a scheme of characteristic p > 0, that is, p is a prime number and pOX = 0. This is equivalent to
saying that the natural structure morphism X → Spec Z factors over Spec Fp → Spec Z. Then,
the absolute Frobenius morphism is defined to be the morphism F = Fabs : X → X of schemes
that is the identity on the underlying topological spaces and where F# : OX → F∗OX is defined
to be s 7→ sp for all open subsets U ⊆ X and all sections s ∈ OX(U). Next, let f : X → S be a
morphism of schemes of characteristic p > 0 and let X(p) := X ×S S, where the fiber product is
taken with respect to f : X → S and F : S → S. Using the universal property of fiber products,
we obtain the following commutative diagram

X

f

��

F

++

FX/S

&&
X(p)

f (p)

��

// X

f
��

S
F // S
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The induced morphism FX/S : X → X(p) is called the relative Frobenius morphism over S or
S-linear Frobenius morphism, which is a morphism of schemes over S. If no confusion is likely to
arise, we will drop the subscript X/S from the notation FX/S in the sequel. Let us illustrate these
two Frobenius morphisms in the case where S = Spec k for some field k of positive characteristic
p and X = Ank = Spec R with R = k[x1, ..., xn]: then, on the level of rings, the absolute
Frobenius map of X is the ring homomorphism R → R, r 7→ rp. On the other hand, the k-
linear Frobenius morphism corresponds to the ring homomorphism R → R that is the identity
on k and that sends xi 7→ xpi for all i. If X is a d-dimensional variety over a perfect field k,
then FX/k : X → X(p) is a finite morphism of degree pd and the induced extension of function
fields is k(X(p)) = k(X)p ⊆ k(X) (if L is a field of characteristic p, then we recall that the set
Lp := {xp, x ∈ L} is a subfield of L). We also note that if k is the finite field Fq with q = pn

elements, then sometimes, also the map x 7→ xq is called the Frobenius. In particular, the name
Frobenius morphism may refer to different morphisms and so, a little care is needed.

Coming back to group schemes, the relative Frobenius morphism gives rise to a homomorphism
of group schemes: let G be an S-group scheme where the base scheme S is of characteristic p > 0.
Then, we have the S-linear Frobenius morphism

FG/S : G → G(p)

and we note that some authors denote G(p) by G(1). Now, also G(p) naturally carries the structure
of an S-group scheme and FS is a homomorphism of S-group schemes. If G is a group scheme
over S = Spec Fp, then the S-linear Frobenius morphism coincides with the absolute Frobe-
nius morphism and then, G(p) is isomorphic to G over S (note, however, that FS need not be an
isomorphism). More generally, if G is a group scheme over Fp and S is an arbitrary scheme of
characteristic p > 0, then G(p)

S
∼= GS and we obtain the S-linear Frobenius morphism GS → GS

by base change. For example, this applies to the group schemes Ga,S , Gm,S , αp,S , and µp,S , which
we will discuss below in some detail. On the other hand, G(p) is usually not isomorphic to G as the
following example shows.

Remark 0.1.2. If E is an elliptic curve over a field k of characteristic p > 0, then the k-linear
Frobenius morphism Fk : E → E(p) is a finite morphism of degree p between elliptic curves over
k. Their j-invariants satisfy j(E(p)) = j(E)p. In particular, if j(E) 6∈ Fp, then j(E) 6= j(E(p)),
and then, E and E(p) are not isomorphic as elliptic curves over k.

Next, let S be an arbitrary base scheme, let X → S be a morphism of schemes, and let G be an
S-group scheme. Then, an action of G on X over S is a morphism of schemes over S

a : G ×S X → X,

such that the morphims a ◦ (µ × idX), a ◦ (idG×a) : G ×S G ×S X → G ×S X → X coincide,
plus some axioms related to the inverse G → G and the identity section S → G. Given a scheme
T over S, x ∈ X(T ), and g ∈ G(T ), we denote by g · x the image of (g, x) under the map of

sets G(T ) × X(T ) → (G ×S X)(T )
a(T )→ X(T ). The axioms of the action for a imply that this

defines an action of the group G(T ) on the set X(T ) in the classical sense. If all schemes are
affine, say S = Spec R, G = Spec A, and X = Spec B, then A is a Hopf algebra over R
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and the action a induces a coaction a† : B → B ⊗R A such that the R-algebra homomorphisms
(idB ⊗µ†) ◦ a†, (a† × idA) ◦ a† : B → B ⊗R A→ B ⊗R A⊗R A coincide.

Given an action a : G ×S X → X of an S-group scheme G on a scheme X over S, we say that
a closed subscheme j : Y ↪→ X of X is G-invariant with respect to the action a if the image of
the morphism a ◦ (idG×j) : G ×S Y ↪→ G ×S X → X lies in Y . In the case where all schemes
are affine, say G = Spec A, X = Spec B, and Y = V (I) for some ideal I ⊆ B, then, being a
G-invariant subscheme translates into a†(I) = I ⊗A. Coming back to the general case, we say that
Y ⊆ X is scheme-theoretically pointwise fixed if the induced action G ×S Y → Y is trivial. The
largest closed subscheme XG with this property is called the fixed locus of the G-action. We note
that this subscheme is not necessarily reduced. It represents the functor that assigns to a S-scheme T
the set of G-equivariant morphisms T → X , where G acts identically on T . In the affine situation,
it is defined by the smallest ideal I ⊂ B such that a†(i) = i ⊗ 1 for all i ∈ I . The action is called
fixed-point-free if XG is empty. The action is fixed-point-free if and only if the morphism

Φ = (a,prX) : G×S X → X ×S X (0.1.1)

is a closed embedding of S-schemes. For example, the multiplication µ : G×S G→ G, considered
as an action of G on itself, is fixed-point-free.

Turning back to the affine situation, let S = Spec R be an affine base scheme, let G = Spec A
be an affine S-group scheme that acts on an affine S-scheme X = Spec B and assume that all
morphisms are over S. Then, the subring

BG := {b ∈ B : a†(b) = b⊗ 1 }

is called the ring of invariants, which is an R-subalgebra of B. If G is finite and flat over S, then
we define X/G := Spec BG. This is a geometric quotient of X by G in the sense of Mumford
[529]. If X is not necessarily affine, but G is still assumed to be finite and flat over S, and if we
assume moreover that for every point x ∈ X , the set a(Φ−1(x)) is contained in an affine subset of
X , then the geometric quotient of X by G also exists (see [237], Chapitre III, Théorème 3.2), and
it is obtained by gluing together the affine quotients. For example, the quotient X/G exists if R is
a field, G is finite and flat over S = Spec R, and X is a quasi-projective over S. In this case, many
properties of X are inherited by the quotient Y = X/G. For example, if X is normal, then so is Y .

From now on, we will assume that every S-group scheme G is flat and locally of finite type over
S. The existence of the unit section e : S → G implies that G is faithfully flat, that is, the structure
morphism G → S is surjective. Let us recall that the flat topology (resp. étale topology) Sfl

(resp. Sét) on the category of S-schemes is defined by covering families (Ui)i∈I of flat (resp. étale)
morphisms that are locally finite type φi : Ui → X such that X = ∪i∈Iφi(Ui), see also Section
0.10. For a group scheme G, we denote by G̃ the associated sheaf in the flat (or other Grothendieck
topology) associated to the Yoneda functor hG. If G is commutative, then sheaf G̃ on Sfl is abelian
and then, the cohomology groups H i(Sfl, G̃) are defined for all i ≥ 0 and we refer to Section 0.10
or [493]. We denote these cohomology groups by H i

fl(S,G), H i
ét(S,G), or H i

Zar(S,G) depending
on the Grothendieck topology chosen. We remark that if G is not commutative, then Ȟ i(Sfl, G) is
at least defined for i ∈ {0, 1} using limits over all covers in Sfl and Čech-cohomology.

If an S-group scheme G acts on a scheme X over S, then X is a torsor, or, a principal homoge-
neous space, of G over S, or simply a G-torsor if one of the following two equivalent conditions is
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satisfied (we refer to [493], Chapter IV, Proposition 4.1 for details):

• the structure morphism X → S is faithfully flat and the morphism Φ from (0.1.1) is an
isomorphism, or

• there exists a covering (Ui → S)i∈I of S in the flat topology such that the base changes
Gi = G×S Ui → Ui and Xi = X ×S Ui → Ui are isomorphic as Ui-schemes together with
the induced Gi-actions on Gi and Xi for all i ∈ I .

The second condition says that X is locally trivial in the flat topology. If we can find such a
trivializing cover (Ui → S)i∈I even in the étale or Zariski topoology of S, we say that the G-
torsor X is a torsor in the étale or Zariski topology, respectively. Finally, a G-torsor X is called
(globally) trivial if there exists a trivialization, that is, an isomorphism X → G of S-schemes that
is compatible with the G-actions on both sides. Such a trivialization exists if and only if X admits
a section e′ : S → X , in which case the required isomorphism is the composition Φ ◦ (idG×e′) =
G ×S S → G ×S X → X ×S S = X . The following result classifies torsors under commutative
group schemes in terms of flat cohomology.

Theorem 0.1.3. Let G be a commutative S-group scheme that is flat and locally of finite type over
a noetherian and separated base scheme S.

1. We denote by PHSS(G) the set of isomorphism classes ofG-torsors over S. Then, there exists
a natural and injective map

c : PHSS(G) → H1
fl(S,G).

In the following cases, this map is even bijective:

(a) G is affine over S, or

(b) G is smooth and separated over S and dimS ≤ 1, or

(c) G is smooth and proper over S with geometrically connected fibers.

2. If G is smooth and quasi-projective over S, then the canonical maps

H1
ét(S,G) → H1

fl(S,G)

are isomorphisms for all i ≥ 0. In particular, every G-torsor is locally trivial in the étale
topology.

Proof. We start with claim (1). Here, we only explain the map c and refer to [493], Chapter III.4
for a complete proof. Suppose that X is a G-torsor, and let (Ui)i∈I be a trivializing covering in
the flat topology. Then, X(Ui) 6= ∅ and we can choose sections ei ∈ X(Ui). Let eji be the
restriction of ei to Ui ×X Uj . Then, the surjectivity of the map Φ from (0.1.1) implies that there
exist gij ∈ G(Ui×X Uj) such that eji = gij ·eij . It is not difficult to see that (gij) defines a 1-cocycle
of the sheaf G̃ and that a different choice of trivialization leads to a cohomologuous 1-cocycle. This
shows that c exists and that it is well-defined. To show injectivity of c, we note that this 1-cocycle
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is trivial if and only if gij = g−1
i · gj in Ui ∩ Uj for some collection of gi ∈ G(Ui), i ∈ I (possibly

on a finer cover than the original cover Ui). Replacing ei by fi := gi · ei, we obtain that fi = fj
on Ui ∩ Uj , and thus, the sections fi ∈ X(Ui) glue together to a global section f ∈ X(S), which
trivializes the G-torsor X . Conversely, a 1-cocycle (gij) defines an abelian sheaf F on Sfl together
with an action of the sheaf G̃. Under one of the extra conditions of the theorem, this sheaf F is
representable by an S-scheme X , which carries the structure of a G-torsor. (We remark that it is
sometimes easier to represent an abelian sheaf F in the category of algebraic spaces.) Thus, in these
latter cases, c is a bijection. For claim (2), we refer to [493], Theorem III.3.9.

Concerning torsors over regular schemes, we have the following useful extension and purity re-
sults. For example, these apply to torsors over smooth varieties.

Theorem 0.1.4 (Purity). Let S be a regular, noetherian, and separated scheme and let G be a finite
and flat S-group scheme.

1. Let f : X → S be a G-torsor. If f has a section over an open and dense subset, then f has a
section.

2. Let U ⊆ S be an open and dense subset whose complement S\U is of codimension ≥ 2.
Then, the restriction map

PHSS(G) → PHSU (G|U )

from G-torsors over S to G|U -torsors over U is an equivalence of categories. In particular,
every G|U -torsor V → U extends uniquely to a G-torsor over S.

Proof. To prove claim (1), assume that we are given an open and dense subset U ⊆ S and a section
s : U → Y of f over U . Let Γ be the closure of the graph of s inside S ×X . Then, the projection
p1 : Γ→ S is a birational morphism that is an isomorphism over U and thus, p1 is an isomorphism
by Zariski’s Main Theorem. In particular, using p1 we can extend the section from U to S.

We only sketch the proof of claim (2) and refer the reader to [474], Theorem 3.1 for the details, as
well as to [207], Proposition 1.4 and [220], Section 2 for different approaches. First, we note that
injectivity follows from Zariski’s Main Theorem as in the proof of claim (1). To prove surjectivity,
let j : U → S be the inclusion, let π : G → S be the structure morphism and set A := π∗OG.
Given a G|U -torsor g : V → U , we set f : X := Spec j∗g∗OV → S. The G|U -action on V
corresponds to a coaction

g∗OV → A|U ⊗OU g∗OV .
It is easy to see that we have j∗(A|U ⊗OU g∗OV ) ∼= A⊗OS OX , from which we obtain a morphism
of OS-modules

f∗OX → A ⊗OS f∗OX .
One can check that this is a coaction, that is, we obtain an action of G on X . Moreover, one can
also check that f : X → S is a finite and flat morphism and that the G-action on X turns f into a
G-torsor.

We now give a couple of example of group schemes, which will be the most important ones for
the purposes of this book.
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Example 0.1.5. The additive group scheme Ga is defined to be the affine scheme Spec Z[u] over
Spec Z with comultiplication defined by

µ† : Z[u] → Z[u]⊗Z Z[u], u 7→ u⊗ 1 + 1⊗ u,

with counit e† : Z[u]→ Z, u 7→ 0, and inverse ı† : Z[u]→ Z[u], u 7→ −u. For an arbitrary scheme
S, we define Ga,S to be the S-scheme obtained from Ga by the base change S → Spec Z. If no
confusion arises, we will drop S from the notation of this group scheme.

The additive group scheme Ga has the following generalization: let E be an locally free OS-
Module on S of rank r and let V(E) = Spec Sym•(E) → S be the spectrum of its symmetric
OS-Algebra (see also Section 0.3 for details, notation, and our sign conventions). It defines a
commutative group S-scheme that represents the functor (p : T → S) OT (p∗E∨). It is a smooth
commutative group scheme over S. We will refer to it as a vector group scheme. In the special
case L ∼= OS , this group scheme coincides with the additive group scheme Ga,S . In general, V(L)
is a twisted form of Gr

a in the Zariski topology of S, that is, locally in the Zariski topology, it is
isomorphic to the group scheme Gr

a.

It is known that the cohomology groups H i(S,V(E)) with respect to flat, étale, and Zariski topol-
ogy all coincide with the cohomology of OS-Module H i(S, E∨) [493, Chapter III.3]. Thus, V(E)-
torsors are classified by the following mutually isomorphic cohomology abelian groups

H1
fl(S,V(E)) ∼= H1

ét(S,V(E)) ∼= H1
Zar(S,V(E)) ∼= H1(S, E∨). (0.1.2)

Example 0.1.6. The multiplicative group scheme Gm is defined to be the affine scheme Spec Z[u, u−1]
over Spec Z with comultiplication defined by

µ† : Z[u, u−1] → Z[u, u−1]⊗Z Z[u, u−1], u 7→ u⊗ u,

with counit e† : Z[u, u−1] → Z, u 7→ 1, and inverse ı† : Z[u, u−1] → Z[u, u−1], u 7→ u−1. For
an arbitrary scheme S, we define Gm,S to be the S-scheme obtained from Gm by the base change
S → Spec Z. Again, if no confusion arises, then we will drop S from the notation of this group
scheme. Here, the associated sheaf G̃m,S is O×S , which is not a coherent OS-module. Nevertheless,
Gm,S-torsors are described by the following mutually isomorphic groups

H1
fl(S,Gm,S) ∼= H1

ét(S,Gm,S) ∼= H1
Zar(S,O×S ) ∼= Pic(S),

where Pic(X) denotes the group of isomorphism classes of invertible sheaves on S. The first
isomorphism follows from Theorem 0.1.3, and the second isomorphism is Hilbert’s Theorem 90, see
[493], Proposition III.4.9. The final isomorphism is well-known and has the following interpretation
in terms of torsors: for an invertible sheaf L ∈ Pic(S), we have an associated line bundle π :
L := V(L∨) → S. Then, the Gm,S-action on the complement of the tautological section of π∗L∨
in L is fixed-point free, and we obtain a Gm,S-torsor. This construction gives rise to a bijection
Pic(S)→ PHS(Gm,S). We will discuss Picard groups and Picard schemes in detail in Section 0.9.

Example 0.1.7. The group scheme Ga,S has no nontrivial subgroup schemes - unless S is a scheme
of characteristic p > 0. In this latter case, given a global section a ∈ H0(S,OS), we define

αp,a := Spec OS [u]/(up − au)
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with comultiplication, coinverse, and counit inherited from Ga,S . In the special cases a = 0 and
a = 1, we define

αp := αp,0 and find Z/pZ ∼= αp,1,

that is, αp,1 is the constant group scheme associated to the finite group Z/pZ. Since S is of char-
acteristic p > 0, we have the S-linear Frobenius morphism F = FS : Ga,S → Ga,S . Then, after
identifying a commutative group scheme with the associated abelian sheaf in the flat topology, we
obtain the Artin-Schreier sequence

0 → αp,a → Ga,S
F−a−→ Ga,S → 0, (0.1.3)

which is an exact sequence of sheaves in the flat topology. Passing to cohomology, we obtain an
exact sequence

0→ Coker
(
H0(S,OS)

F−a−→ H0(S,OS)
)
→ H1

fl(S,αp,a)→ Ker
(
H1(S,OS)

F−a−→ H1(S,OS)
)
→ 0.

(0.1.4)
This can be generalized as follows: let L be an invertible sheaf on S and let L := V(L∨) → S be
the associated line bundle, which we consider as a group scheme over S. Then, we have an S-linear
Frobenius morphism F : V(L⊗−1) → V(L⊗−p), which is a morphism of group schemes over S.
Moreover, for every global section a ∈ H0(S,L⊗(p−1)) we obtain an exact sequence of abelian
sheaves in the flat topology

0 → αL,a → L
F−a−→ L⊗p → 0,

where αL,a is by definition the kernel of (F− a). As before, we obtain an exact sequence

0→ Coker
(
H0(S,L)

F−a−→ H0(S,L⊗p)
)
→ H1

fl(S,αL,a)→ Ker
(
H1(S,L)

F−a−→ H1(S,L⊗p)
)
→ 0.

(0.1.5)
The group scheme αL,a is a finite flat group scheme of length p over S and a subgroup scheme of
L. The fiber of αL,a over a point x ∈ S is isomorphic to the group scheme αp,a(x). In particular
and using this notation, we have αOS ,0 ∼= αp and αOS ,1 ∼= Z/pZ.

Example 0.1.8. We now proceed to subgroup schemes of Gm. For every integer n ≥ 1, we define

µn := Spec Z[u]/(un − 1) ∼= Spec Z[ζ], where ζn = 1,

and these subschemes inherit comultiplication, inverse, and counit from Gm. The group scheme
µn,S → S is finite and flat of length n over S. It is smooth over S if and only if it is étale over S
if and only if the characteristic of the residue field of every point of S is coprime to n. If S is the
spectrum of a field k containing n distinct n.th roots of unity (in particular, (char(k), n) = 1), then
µn is isomorphic to the constant group scheme Z/nZ. In any case, we denote by [n] : Gm → Gm

the homomorphism of group schemes defined by Z[u, u−1]
u7→un−→ Z[u, u−1], or, equivalently, by

x 7→ xn for all x ∈ Gm(T ) and all schemes T . Identifying commutative group schemes with their
associated abelian sheaves in the flat topology, we obtain the Kummer exact sequence

0 → µn,S → Gm,S
[n]−→ Gm,S → 0, (0.1.6)
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which is an exact sequence of sheaves in the flat topology. The long exact sequence of flat coho-
mology gives an exact sequence

0→ Coker

(
H0(S,O×S )

[n]→ H0(S,O×S )

)
→ H1

fl(S,µn)→ n Pic(S)→ 0, (0.1.7)

where n Pic(S) denotes the subgroup of n-torsion elements.

Remark 0.1.9. Using these examples, we obtain a description and classification of αp-, Z/pZ, and
µn-torsors over proper varieties over algebraically closed fields, see Proposition 0.2.29.

We already saw that if a field k of characteristic p ≥ 0 contains the n.th roots of unity and p - n,
then every choice ζn of a primitive n.th root of unity gives rise to an isomorphism of group schemes
Z/nZ ∼= µn over Spec k. On the other hand, if n = p > 0, then µp is a non-reduced scheme
over Spec k, whereas Z/pZ is étale over Spec k. In particular, they are not isomorphic, not even
as schemes. Next, if k is a field of characteristic p > 0, then the schemes underlying µp and αp
are both isomorphic to Spec k[t]/(tp), which is not reduced. However, they are not isomorphic
as group schemes. Put differently, the associated Hopf algebras are isomorphic as k-algebras but
have non-isomorphic coalgebra structures. The just-discussed group schemes comprise all group
schemes that are of prime length over an algebraically closed field. We refer to [569] or [713] for
proofs or details of the following fundamental result.

Theorem 0.1.10 (Tate–Oort). Let k be an algebraically closed field of characteristic p ≥ 0, let ` be
a prime, and let G be a finite and flat group scheme of length ` over Spec k.

1. If ` 6= p, then G is isomorphic to Z/`Z, which is isomorphic to µ`.

2. If ` = p, then G is isomorphic to either Z/pZ, or to µp, or to αp.

We refer to Example 1.6.6 for explicit equations if ` = 2.

Example 0.1.11. . Let E be an elliptic curve over an algebraically closed field k of characteristic
p > 0. Let Fk : E → E(p) be the k-linear Frobenius morphism, which is a homomorphism of
group schemes over Spec k. Then, E[F] := Ker(F), the kernel of Frobenius, is a finite, flat,
commutative, and non-reduced group scheme of length p over k. If E[F] ∼= µp, then E is called
ordinary and if E[F] ∼= αp, then E is called supersingular.

The group schemes µn and Gm can be generalized as follows: if M is a finitely generated abelian
group, then the group algebra Z[M ] is a Hopf algebra over Z, which turns D(M) := Spec Z[M ]
into an affine and flat group scheme over Spec Z. Below, we will see that it is the Cartier dual of
the constant group scheme M . If S is an arbitrary base scheme, then we obtain a relative group
scheme D(M) ×Spec Z S → S by base change. Group schemes that arise this way are called
diagonalizable or of multiplicative type. For example, we have D(Z) ∼= Gm and D(Z/nZ) ∼= µn.
The name comes from the fact that an affine group scheme G over a field k is diagonalizable if
and only if every representation G → GL(V ), where V is a finite dimensional k-vector space is
diagonalizable. In the special case, where G ∼= D(Zn) ∼= Gn

m for some n, the group scheme G is
called a (split) torus. We note that some authors define diagonalizable group schemes over a field k
to be group schemes that become diagonalizable in the sense above over the algebraic closure k.



18 CHAPTER 0. PRELIMINARIES

We have seen that the group schemesµp andαp over fields of characteristic p > 0 are non-reduced
schemes. Moreover, in Section 0.9, we will discuss the phenomenon that even the Picard scheme of
a smooth and projective variety may be non-reduced. However, this phenomenon of non-reduced
group schemes can only occur in characteristic p > 0 by a theorem of Cartier. More precisely, we
have the following structure results, see, for example, [382], Lemma 9.5.1 and [524], Lecture 25 for
details and proofs.

Theorem 0.1.12. LetG be a group scheme that is locally of finite type over a field k of characteristic
p ≥ 0. Then, G is separated over k. Moreover,

1. If p = 0, then G is smooth over k.

2. If p > 0, then G is smooth over k if and only if it is geometrically reduced.

If G◦ denotes the connected component containing e ∈ G, then G◦ is an open and closed subgroup
scheme of G, which is geometrically irreducible and of finite type over k.

The subgroup scheme G◦ is called the connected component or the identity component of G, and
we refer to Section 0.9 for a discussion of the connected component for group schemes over more
general base schemes. Group schemes with G◦ = G are called connected. We note that if G◦ is
smooth over k, then a Barsotti-Chevalley-Rosenlicht structure theorem states thatG◦ is an extension
of an abelian variety over k by an affine group scheme over k [495, Theorem 8.24].

Remark 0.1.13. By Cartier’s Theorem 0.1.12, group schemes over fields that are non-reduced can
only exist in positive characteristic. However, there are restrictions: for example, if G is a finite
and connected group scheme over an algebraically closed field k of characteristic p > 0, then there
exists an isomorphism of schemes over k (discarding the group structure)

G ∼= k[t1, ..., tr] / (tp
n1

1 , ..., tp
nr

r )

for some integers r ≥ 0, n1 ≥ 1,...,nr ≥ 1, see [156], Exposé VIIB, 5.4.

Next, let G be a finite group scheme over Spec k. Since k is a field, G is automatically flat over
Spec k. Although not obvious, it is true that quotients by normal subgroup schemes exist for finite
flat group schemes over fields [713]. We set Gét := G/G◦ and obtain a short exact sequence

1 → G◦ → G → Gét → 1, (0.1.8)

of finite and flat group schemes over Spec k, the connected-étale exact sequence. The group scheme
G◦ is a local group scheme, that is, the spectrum of a local k-algebra, and thus, a non-reduced group
scheme over k. It has only one geometric point, namely the neutral element. On the other hand, Gét

is a smooth group scheme over k, and since it is finite, it is étale over k. If k is perfect, then the
sequence (0.1.8) splits, that is, we obtain a canonical decomposition of G as a semi-direct product
G ∼= G◦ oGét. In this case, the reduction Gred (as a scheme) is a subgroup scheme of G. However,
if k is not perfect, then a splitting may not exist and Gred may not be a subgroup scheme of G, see
[713], Exercises 9 and 10 on page 53 for counter-examples.

Next, let G be a finite, flat, and commutative group scheme of length n over some base scheme
S, which we assume as usual to be noetherian and separated. Then, the sheaf Hom(G,Gm) of
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homomorphisms of group schemes from G to Gm in the flat topology Sfl is representable by a
finite, flat, and commutative group scheme of length n over S, which is called the Cartier dual of
G and which is denoted by G∗ or GD. Moreover, there exists a canonical isomorphism (G∗)∗ ∼= G
of group schemes over S, which justifies the name duality. We note that sections of G∗ over S
are morphisms of group schemes G → Gm over S, that is, characters of the group scheme G. In
particular,

HomS(G, Gm) ∼= H0(S, Hom(G,Gm)) ∼= H0(S, G∗)

is called the character group of G. If S = Spec k for some field k, then the k-algebra A :=
H0(G,OG) carries the structure of a Hopf algebra over k. Then, A∨ := Homk(A,k) carries
a Hopf algebra structure, called the dual Hopf algebra: the dual of the comultiplication of A is
the multiplication of A∨, the dual of the coinverse of A is the inverse of A∨, etc. In this case,
Spec A∨ ∼= G∗, that is, Cartier duality of finite, flat, and commutative group schemes over a field
is given by the dual Hopf algebra.

Example 0.1.14. For every integer n ≥ 1 and every base scheme S, we have Cartier duals

µ∗n,S
∼= (Z/nZ)S and (Z/nZ)∗S

∼= µn,S .

If S is a scheme of characteristic p > 0, then

α∗p,S
∼= αp,S .

If S = Spec k for some algebraically closed field k and G is a finite, flat, and commutative group
scheme of length prime to p = char(k) over S, then G is étale and there exists a non-canonical
isomorphism G∗ ∼= G of S-group schemes.

If G is a finite, flat, and commutative group scheme over S = Spec k, where k is a perfect field,
then the connected-étale exact sequences (0.1.8) for G and G∗ are both split and can be combined.
From this, it follows that every finite, flat, and commutative group scheme G over k possesses a
canonical decomposition

G ∼= Gloc,loc × Gloc,ét × Gét,loc × Gét,ét,

such that Gloc,loc is local with local Cartier dual, Gloc,ét is local with étale Cartier dual, etc. We
refer to [713] for details and to [568] for the classification of finite, flat, and commutative group
schemes. For example, (ét, loc)-group schemes are étale group schemes, whose lengths are p-
powers, (loc, ét)-group schemes are Cartier dual group schemes of (ét, loc)-group schemes, and
(ét, ét)-group schemes are étale group schemes, whose lengths are prime to p. We come back to the
classification of group schemes of (loc, loc)-type below.

An important class of finite group schemes, which are not necessarily commutative, is the fol-
lowing: a finite and flat group scheme G over a field k is called linearly reductive if every finite-
dimensional representation ofG→ GLn,k, is semi-simple. If p = char(k) = 0, then all finite group
schemes over k are étale and linearly reductive. However, if char(k) > 0 and k is perfect, then a
theorem of Nagata [533] states that a finite and flat group scheme G over k is linearly reductive if
and only if it is an extension of a finite and étale group scheme, whose length is prime to p, by a
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diagonalizable group scheme. Thus, if k is algebraically closed, then G is linearly reductive if and
only if there exists an isomorphism of group schemes over k

G = G◦ oGét, where G◦ ∼=
s∏
i=1

µpni

for some integers s ≥ 0 and ni ≥ 1, and where Gét is finite and étale of length prime to p.
Quotients of schemes by actions by linearly reductive group schemes are well-behaved, also in
positive characteristic, and we will come back to them when discussing rational double points as
quotient singularities in Section 0.4 below.

Next, we shortly digress on Witt vectors, which is not only important for the classification of
(loc, loc)-group schemes, but also for the discussion of crystalline cohomology in Section 0.10. We
start by recalling the construction, and refer to [641], Chapitre II.2.6 for details and to [450] for
another survey. First, we define the Witt polynomials (with respect to a fixed prime p) to be the
following polynomials with integer coefficients

W0(x0) := x0

W1(x0, x1) := xp0 + px1

...

Wn(x0, ..., xn) :=
∑n

i=0 p
ixp

n−i

i = xp
n

0 + pxp
n−1

1 + ... + pnxn .

Then, there exist unique polynomials Sn and Pn in (2n+ 2) variables with integer coefficients such
that

Wn(x0, ..., xn) + Wn(y0, ..., yn) = Wn(S0(x0, y0), ..., Sn(x0, . . . , xn, y0, . . . , yn))
Wn(x0, ..., xn) · Wn(y0, ..., yn) = Wn(Pn(x0, y0), ..., Pn(x0, . . . , xn, y0, . . . , yn))

for all n. For an arbitrary commutative ring R, we define the (truncated) Witt ring, or (truncated)
ring of Witt vectors, Wn(R) to be set Rn together with operations

(x0, ..., xn−1) ⊕ (y0, ..., yn−1)
:= (S0(x0, y0), ..., Sn−1(x0, ..., xn−1, y0, ..., yn−1))

(x0, ..., xn−1) � (y0, ..., yn−1)
:= (P0(x0, y0), ..., Pn−1(x0, ..., xn−1, y0, ..., yn−1))

These turn Wn(R) into a commutative ring with zero 0 = (0, ..., 0) and unit 1 = (1, 0, ..., 0). Since
we have S0(x0, y0) = x0 + y0 and P0(x0, y0) = x0 · y0, it follows that W1(R) is isomorphic to R
with its usual addition and multiplication. If R is characteristic p, that is pR = 0, then we define
two operators on Wn(R)

V : (x0, ..., xn−1) 7→ (0, x0, ..., xn−2)
σ : (x0, ..., xn−1) 7→ (xp0, ..., x

p
n−1)

The map V is additive and is called Verschiebung (German for “shift”), whereas σ is a ring ho-
momorphism, called Frobenius. (It is customary to call this map σ rather than F in order to avoid
clashes of notations with other Frobenius maps.) The maps σ and V are related by the formula

σ ◦ V = V ◦ σ = p · id .
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The map R → Wn(R) that sends x 7→ [x] := (x, 0, ..., 0) is multiplicative and is called the
Teichmüller lift. Next, projection onto the first (n − 1) components induces surjective ring homo-
morphisms Wn(R)→ Wn−1(R) for all n ≥ 2. By definition, the Witt ring, or ring of Witt vectors,
W (R) is the projective limit

W (R) := lim←−
n

Wn(R),

where the limit is taken with respect to the projection homomorphisms. The maps V , σ, [−] extend
to the limit and are compatible with all the projection homomorphisms W (R)→Wn(R).

Example 0.1.15. In the case of fields, we collect the following examples, remarks and properties.

1. For the field Fp with p elements we obtain Wn(Fp) ∼= Z/pnZ and the ring of Witt vectors
W (Fp) is isomorphic to the ring Zp of p-adic integers. In this case, σ is the identity and V is
multiplication by p.

2. More generally, let q = pm for some prime p and some integer m ≥ 1. Then, W (Fq) is the
ring of integers in the unique unramified extension Qq that is of degree m over Qp. More-
over, W (Fp) is the ring of integers of Q̂nr

p , the p-adic completion of the maximal unramified
extension Qnr

p of Qp.

3. If k is a perfect field, thenW (k) is a discrete valuation ring of characteristic zero with residue
field k. The unique maximal ideal of W (k) is the principal ideal generated by p and W (k) is
complete with respect to the p-adic topology. Moreover, if (S,m) is an m-adically complete
discrete valuation ring of characteristic zero with residue field k, then it contains W (k) as a
subring.

4. If k is a field of characteristic p that is not perfect, that is, the map x 7→ xp is not surjective,
then the kernel of W (k) → k still contains the ideal generated by p, but it is not equal to it.
In this case, this kernel is not a finitely generated ideal and the ring W (k) is not noetherian.

Coming back to group schemes, we now discuss Witt group schemes: these are affine and commu-
tative group schemes Wn → Spec Fp that are isomorphic to Spec Fp[x0, ..., xn−1] as schemes and
whose coalgebra structure is defined by using the Witt polynomials. We refer to [568], Section II.9
for details. Then, we have W1

∼= Ga and Wn is a successive extension of Ga’s. Passing to the limit,
we also obtain a group scheme W, which is not of finite type over Spec Fp. Moreover, Frobenius
and Verschiebung give rise to morphisms of group schemes F : Wn →Wn and V : Wn →Wn+1.
We use Frobenius to define for integers m,n ≥ 1 the group scheme

Ln,m := Ker (Fm : Wn → Wn) ,

which is finite, flat, commutative, and of length pmn over Spec Fp. Moreover, it is of (loc, loc)-type
and Cartier duality interchanges the indices: L∗n,m ∼= Lm,n. We have L1,1

∼= αp and each Ln,m is a
successive extension of αp’s.

Next, an affine group scheme G over a field k is called unipotent if every representation G →
GL(V ), where V is a finite-dimensional k-vector space, possesses a filtration 0 = V0 ⊆ V1 ⊆ ... ⊆
Vn = V into G-stable subspaces such that the induced G-representation on Vi/Vi−1 is trivial for
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all i. One can show that this is equivalent to G ×Spec k Spec k having a composition series, in
which all composition factors are isomorphic to Ga, αp, or Z/pZ. For example, Ln,m and Z/pnZ
are examples of finite, commutative, and unipotent group schemes over Spec Fp - the former are of
(loc, loc)-type and the latter is of (ét, loc)-type. To classify unipotent group schemes over a perfect
field k of characteristic p > 0, we let W = W (k) be the ring of Witt vectors over k, and define
the Dieudonné ring A of k to be the non-commutative polynomial ring W 〈F, V 〉 over W with the
relations Fr = σ(r)F , rV = V σ(r), and FV = V F = p for all r ∈ W . Then, for a finite group
scheme G over k, one defines the (contravariant) Cartier-Dieudonné-module of G to be

D(G) := lim−→
n

Hom(G,Wn),

which carries the structure of a left A-module. For example, we have

D(Ln,m) ∼= A/(Fm, V n).

Moreover, Cartier and Gabriel proved that D induces an anti-equivalence between the category of
finitely generated left A-modules that are annihilated by some power of V and the category of
unipotent algebraic group schemes over the perfect field k. We note that there exist several variants
of this theory: for example, there are covariant rather than contravariant versions. Also, the functor
D can be modified so to induce an anti-equivalence between the category of left A-modules that are
finitely generated as W -modules and the category of finite and commutative group schemes over k,
whose length is a p-power. We refer to [568], Section II.(15.3) for details, as well as the discussion
of the Cartier ring of formal group laws and the discussion of F-crystals in Section 0.10 for related
topics. Putting all the previous discussions together, we obtain a good overview over finite and
commutative group schemes.

LetG be a group scheme that is locally of finite type over some field k. Let e ∈ G(k) be its neutral
element and let m ⊆ OG,e be the local ring at e. We define the Lie algebra of G to be the Zariski
tangent space of e ∈ G

Lie(G) := (m/m2)∨ := Homk(m/m2,k).

This is a finite-dimensional k-vector space, which is naturally isomorphic to the space of k-linear
derivations from OG,e to k. The latter is isomorphic to the space of left invariant derivations on
G. If η, ξ are two such derivations, then also [η, ξ] := η ◦ ξ − ξ ◦ η is one, and thus, Lie(G)
carries the structure of a Lie algebra over k. Moreover, if k is of positive characteristic p and if η
is a left invariant derivation, then so is η[p] := η ◦ ... ◦ η (p-fold composition with itself). In this
case, the p-power operation −[p] together with the Lie bracket [−,−] turn Lie(G) into a restricted
Lie algebra or p-Lie algebra over k. We refer to [334], Chapter V.7 for the precise definition of
restricted Lie algebras, as well to Section 0.3 for the relation to purely inseparable morphisms. We
finally note that the Lie algebra of G only depends on the connected component G◦ of the identity,
that is, Lie(G◦) ∼= Lie(G).

Example 0.1.16. If k is a field of characteristic p > 0, then there exists an isomorphism of restricted
Lie algebras

Lie(µp,k) ∼= k · x,
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where the Lie bracket on the right hand side is zero and x[p] = x. If x is replaced by x′ := c · x for
some c ∈ k×, then x′[p] = cp−1 · x′. Next, there exists an isomorphism of restricted Lie algebras

Lie(αp,k) ∼= k · y,

where the Lie bracket on the right hand side is zero and y[p] = 0. A derivation ξ with ξ[p] = ξ (resp.
ξ[p] = 0) are called multiplicative (resp. additive) and we come back to them in Section 0.3.

Next we have to remind the definition of a formal group. Given a group scheme G that is locally
of finite type over some field k with neutral element e ∈ G(k), one can also study the formal
completion ÔG,e of the local ring of G at e, which usually carries more information than the Zariski
tangent space Lie(G). More precisely, the multiplication µ : G ×Spec k G → G gives rise to a
morphism of complete k-algebras

µ̂# : ÔG,e → ÔG,e ⊗̂k ÔG,e,

where ⊗̂ denotes the completed tensor product. Moreover, Ĝ := Spf OG,e is the completion of G
along the zero section e and µ̂# turns Ĝ into a group object in the category of formal schemes over
Spf k. If G is smooth over k, then there exists an isomorphism ÔG,e ∼= k[[t1, ..., tm]] of complete
k-algebras. In this case, µ̂# becomes a morphism of complete k-algebras

ψ : k[[t1, ..., tm]] → k[[u1, ..., um, w1, ..., wm]],

which is completely determined by them formal power seriesψ(ti), i = 1, ...,m. This is formalized
in the notion of a formal group law, or formal Lie group, of dimension m over k. By definition, this
is a set of m formal power series ~F := (F1, ..., Fm) with Fi = Fi(~u, ~w) ∈ k[[~u, ~w]], i = 1, ...,m
and with ~u = (u1, ..., um) and ~w = (w1, ..., wm), such that

1. Fi(~u, ~w) is equivalent to ui + wi modulo terms of degree ≥ 2 for all i, and

2. Fi(~F (~u, ~w), ~y) = Fi(~u, ~F (~w, ~y)) for all i.

The formal group law is said to be commutative if ~F (~u, ~w) = ~F (~w, ~u). We refer to [292], Chapter
II for details, as well as the notion of (iso-)morphisms between formal group laws. We note that
one-dimensional formal group laws over fields are automatically commutative and refer to [292],
Chapter I.6 for details and proof.

Example 0.1.17. If G is smooth group scheme of dimension m over a field k, then ÔG,e ∼=
k[[t1, ..., tm]] and µ̂# turns it into a formal group law Ĝ of dimension m over k.

1. IfG = Ga is the additive group, then the formal additive group law Ĝa is given by µ̂# : t1 7→
u1 + w1.

2. If G = Gm is the multiplicative group, then the formal multiplicative group law Ĝm is given
by µ̂# : t1 7→ u1 + w1 + u1w1.
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If the field k is of characteristic zero, then every m-dimensional commutative formal group law
over k is isomorphic to Ĝm

a via its formal logarithm. On the other hand, this is not true if k is
positive characteristic p > 0: as in the case of group schemes, we have the Frobenius morphism

F : Ĝ → Ĝ(p),

which is a homomorphism of formal group laws over k. This can be used to obtain a discrete
invariant of commutative formal group laws, namely its height: if Ĝ is a one-dimensional formal
group law, that is, Ĝ ∼= Spf k[[t1]], then multiplication by p is a homomorphism [p] : Ĝ → Ĝ and
one can compare it to the Frobenius morphism F. The height is the largest integer h such that there
exists a factorization Ĝ→ Ĝ(ph) → Ĝ of [p]. In case [p] = 0, one defines h :=∞.

Example 0.1.18. Let k be a field of characteristic p > 0. Then,

h(Ĝm) = 1 and h(Ĝa) = ∞.

In particular, these two formal group laws are not isomorphic over k. If E is an elliptic curve over
k, then the formal completion Ê of E at the neutral element is a one-dimensional and commutative
formal group law, whose height satisfies

h(Ê) =

{
1 if E is ordinary
2 if E is supersingular,

see also Example 0.1.11.

If k is algebraically closed of characteristic p > 0, then a theorem of Lazard states that two
one-dimensional formal group laws over k are isomorphic if and only if they have the same height
[292, Theorem 19.4.1]. Moreover, there exists one such formal group law for every given height
∈ {1, 2, ....,∞}. Again, we refer to [292] for details and proofs, as well as for the definition of
heights for higher dimensional commutative formal group laws. Unfortunately, the height does not
suffice to classify higher dimensional formal group laws. As in the case of commutative group
schemes above, let k be a perfect field of characteristic p > 0 and then, the Cartier ring Cart(k)
is defined to be the non-commutative ring W (k)〈〈V 〉〉〈F 〉 (formal power series in V , polynomials
in F ) with relations FV = p, V rF = V (r), Fr = σ(r)F , and rV = V σ(r) for all r ∈ W (k).
To every commutative formal group law Ĝ over k, there exists a left Cart(k)-module D(Ĝ), the
Cartier-Dieudonné module of Ĝ. The functor D induces an (anti-)equivalence between the category
of commutative formal group laws over k and a certain subcategory of the category of left Cart(k)-
modules. Again, we warn the reader that there exists a covariant and a contravariant version of this
theory, and that the rôles of F and V are exchanged in this theory, which easily leads to confusions.
Apart from [292], we refer to [450] for a more detailed survey and further references.

Example 0.1.19. Let k be an algebraically closed field of characteristic p > 0 and let Ĝh be
the unique one-dimensional formal group law of height h over k. Then, the (covariant) Cartier-
Dieudonné module of Ĝh is

D(Ĝh) ∼=
{

Cart(k)/(F − V h−1) if h <∞
k[[x]], F = 0, V xn = xn+1 if h =∞.

In particular, if h < ∞, then D(Ĝh) is a free W (k)-module of rank h, which can be interpreted as
an F-crystal of slope 1− 1

h (see Section 0.10).
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Recall the definition of the Weil restriction functor [84, 7.6]. Let f : S′ → S be a morphism of
schemes. then, for any S′-scheme X ′, the functor

RS′/S(X ′) : (Schemes/S)◦ → (Sets), T → Hom(T ×S S′, X ′)

is equal to Zariski sheaf f∗(hX′), where hX′ is the Yoneda sheaf in Zariski topology represented by
X ′. When RS′/S is representable by an S-scheme, then it (and its representing scheme) is called
the Weil restriction of X ′. By definition, there is a canonical bijection

HomS(T,RS′/S(X ′))
∼−→ HomS′(T ×S S′, X ′),

functorial in T . A condition for representability of RS′/S(X ′) is given in Theorem 4 from loc.cit.
In particular, if X ′ → S′ is quasi-projective and S′ → S is affine, then RS′/S(X ′) is representable.
Also, if S′ → S is finite and flat, and X ′ → S′ is smooth, then RS′/S”(X ′) is smooth [199, Lemma
2.2].

It follows from the definition of the adjoint functor f∗ that there is a canonical morphism of S-
schemes

ιS′/S : X ′ → RS′/S(X ′)×S S′.

Most applications of the Weil restriction are in theory of group schemes where X is a S′-group
schemeG′ and S′ → S is a finite flat morphism. In this caseG = RS′/S(X ′) is an S-group scheme.

Example 0.1.20. The following is the most notorious example of the Weil restriction functor. We
take S = Spec R and S′ = Spec C with the natural morphism S′ → S. We take G′ = Gm,C, then
G is an algebraic group over R isomorphic to Spec R[U, V ]/(U2+V 2−1) withG(R) = (R⊗RC)∗

for any R-algebra R. In particular, we have G(R) = C∗ and G(C) = C∗ × C∗. The group G is an
anisotropic 2-dimensional torus. The morphism ιC/R is the embedding

C∗ ↪→ C∗ × C∗, z 7→ (z, z̄).

We end our discussion of group schemes with perfect group schemes, which we will need to study
flat cohomology in Section 0.10. First, a perfect scheme of characteristic p > 0 is a scheme X of
characteristic p > 0, such that the absolute Frobenius morphism F : X → X is an isomorphism.
For example, if k is a perfect field of characteristic p > 0, then X = Spec k is a perfect scheme.
Moreover, if X is a scheme of characteristic p > 0, then its perfection is defined to be

Xpf := lim←−
n

X,

where the projective limit is taken over all integers n ≥ 0 with respect to the absolute Frobenius
morphism F : X → X . If X is a perfect scheme, then Xpf

∼= X and if X = Spec k for some
field k of characteristic p > 0, then Xpf = Spec kp−∞ , the spectrum of the perfect closure of k.
Moreover, ifX is a possibly non-reduced scheme with reductionXred, then the canonical morphism
Xred → X induces an isomorphism of perfections Xpf

red
∼= Xpf .

Next, let S be a scheme, let Sét be the category of S-schemes equipped with the étale topology, and
let Sperf be the full subcategory of perfect S-schemes equipped with the étale topology. Then, there
exists a canonical morphism π : Sét → Spf that associates to a sheaf F of abelian groups on Sét a
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sheaf Fpf := π∗F of abelian groups on Spf . For example, if F is represented by a commutative
group scheme G over S, then Fpf is determined by its values on perfect schemes. In this case, one
can show that Fpf is represented by the perfection Gpf of the group scheme G, which coincides
with the perfection of Gred.

A perfect group scheme G over S is an object in the category Spf that is of the form Gpf for
some object G of Sét that is represented by an affine group scheme G of finite type over S. Perfect
group schemes over S form an abelian category that is equivalent to the category of quasi-algebraic
groups in sense of Serre, see [638, Proposition I.10]. This category admits projective limits, and ,
by definition, a pro-algebraic group is a projective limit of quasi-algebraic groups. pro-algebraic
group Note that there is a more general definition of a pro-algebraic group which we will not use.

Example 0.1.21. Let k be a perfect field of characteristic p > 0 and S := Spec k. As in the case
of formal group laws, the affine group schemes Ga and Gm give rise to perfect group schemes over
Spf .

1. For Ga
∼= Spec k[t] we have Gpf

a
∼= Spec k[t, . . . , t1/p

n
, . . .]. In particular, if A is a k-

algebra, then Gpf
a (A) = Ap

−∞
, whose group structure is given by addition.

2. For Gm
∼= Spec k[t, t−1] we have Gpf

m = Spec [t, t−1, . . . , t1/p
n
, t−1/pn . . .]. Then, we have

Gpf
m(A) = (Ap

−∞
)× for every k-algebraA and the group structure is given by multiplication.

We note that multiplication by p (rather exponentiation by p) [p] : Gm → Gm defines an
automorphism of Gpf

m .

In both cases, the Frobenius morphism induces an automorphism of perfect group schemes.

Concerning their structure: every commutative and perfect group scheme G over an algebraically
closed field k of characteristic p > 0 possesses a composition series, whose composition factors
are Gpf

a , Gpf
m , as well as perfections of abelian varieties and finite groups, see [640, Section I.3].

Moreover, if G is killed by some power of p, then it fits into an extension

0 → U → G → D → 0, (0.1.9)

where U = Upf is perfect group scheme that is obtained from a unipotent, smooth, connected,
and commutative group scheme U , and where D = Dpf is a perfect group scheme that is ob-
tained from a finite, étale, and commutative group scheme D that can be identified with Dpf .
Moreover, the perfect group U admits a composition series whose composition factors are iso-
morphic to Gpf

a . We call U the connected component of the identity of G and denote it by G0.
Therefore, (0.1.9) is an analog of the connected-étale exact sequence (0.1.8). Finally, we denote
by P(pn) the category of perfect S-group schemes killed by pn. For example, for every perfect
ring R of characteristic p > 0, the ring Wn(R) of Witt vectors of length n has natural struc-
ture of a unipotent group killed by pn and, hence defines an object W pf

n of P(pn). The functor
G· 7→ G·∨ := RHomP(pn)(G

·,Z/pnZ) defines a duality in the derived category Db(P(pn)). Next,
we define P(p∞) to be the union of all objects of P(pn) for all n and we define duality in this
category by setting G·∨ := lim−→n

RHomP(pn)(G
·,Z/pnZ). We note that the canonical morphism

G· → (G·∨)∨ is an isomorphism in the derived category, which justifies to call it a duality. We refer
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to [638] for more about perfect and quasi-algebraic group schemes, as well as to [492] and [494]
for applications to flat cohomology.

The category of quasi-algebraic groups is abelian. In particular, one can use derived functors to
define the higher homotopy groups πi as the derived functors of the functor π0, which assigns to a
group its largest étale quotient, which is a constant group in our case. Furthermore, by passing to
projective systems of quasi-algebraic groups, one obtains the category of pro-algebraic groups. The
homotopy groups of a pro-algebraic group are pro-finite commutative groups.

Example 0.1.22. Let G be a connected (i.e. π0(G) = 0) commutative group scheme over a field k
of characteristic p ≥ 0, such that the homomorphism [`] of multiplication by a prime number ` is
surjective. Assume that `G = (Z/`Z)I for some set I . Then, π1(G) ∼= (Z/`Z)I , see [638, p. 45].

1. If G = Gm,k, then we get étale covers defined by the Kummer exact sequence (0.1.6). Using
this one can show that

π1(Gm,k)(`) ∼= Z` if ` 6= p and π1(Gm,k)(p) = 0.

Here, A(`) denotes the `-primary component of a pro-finite abelian group.

2. If G = Ga,k, then we get étale covers using the Artin-Schreier exact sequence (0.1.3)

0→ Z/p→ Ga
F−a id−→ Ga → 0.

where a 6= 0. It is shown in [638, p.53] that

π1(Ga,k) ∼= Hom(k,Z/pZ),

in particular,
π1(Ga,k)(`) = {0} if ` 6= p.

3. If G is an elliptic curve E over k, then we obtain

π1(E)(`) ∼= Z2
` if ` 6= p and π1(E)(p) = Zep,

where e = 1 if E is ordinary and e = 0 if E is supersingular.

The previous examples deal with quasi-algebraic groups defined by one-dimensional commutative
groups over a field k. Next, we consider the pro-algebraic groups defined by (Gi), where G is a
one-dimensional group scheme of finite type over the ring of formal power series R = k[[t]] over
some field k of characteristic p ≥ 0. We denote by K = k((t)) the field of fractions of R.

Example 0.1.23. Let G = Gm,R with R = k[[t]] and for n ≥ 0, we define

UnK := {x ∈ k[[t]] : x ≡ 1 mod mn} .

Then, we obtain a composition series

Gm(R) = U0
K ⊃ U1

K ⊃ . . . ⊃ UnK ⊃ . . .
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with quotients

UK/U
n
K = Gm(R/mn) and UnK/U

n+1
K

∼= Ga(k) for n ≥ 1.

Therefore, the groupGn := U0
K/U

n
K is an extension of a unipotent commutative group of dimension

(n−1) associated with the group U1
K/U

n
K by Gm,k = U0

K/U
1
K . The associated pro-algebraic group

G defines a structure of a pro-algebraic group on UK = U0
K = lim←− UK/U

n
K . Next, for any finite

Galois extension L/K, the kernel of the norm homomorphism NL/K : U∗L → U∗K is isomorphic
to the abelianization Gal(L/K)ab of the Galois group Gal(L/K). Now, if π is a uniformizer of
the integral closure of R in L, then we define a homomorphism Gal(L/K) → Ker(NL/K) via
σ 7→ σ(π)/π. This gives rise to an exact sequence of pro-algebraic groups

0 → Gal(L/K)ab → UL → UK → 0.

The homotopy exact sequence defines a homomorphism

θ : π1(UK) → π0

(
Gal(L/K)ab

)
= Gal(L/K)ab.

Passing to the projective limit, we obtain an isomorphism of pro-algebraic groups

π1(UK) → Gal(Kab/K) = lim←− L/K Gal(L/K)ab,

where Kab/K denotes the maximal abelian Galois extension of K, see [639, §4, Théorème 1].
Using the composition series for UK and the computation of the fundamental groups of Ga,k and
Gm,k from Example 0.1.22, we conclude that

π1(Gm,R)(`) ∼= Z` if ` 6= p

and that π1(Gm,R)(p) is a successive extension of the groups π1(Ga,k) ∼= Hom(k,Z/pZ).

Finally, assume char(K) = p 6= 0 and recall that a non-trivial element of Hom(Gal(Kab/K),Z/pZ)
defines a cyclic and separable extension L/K of degree p. This is an Artin-Schreier extension
defined by some equation xp − x = a with a ∈ K. This comes from passing to exact Galois
cohomology sequence for the exact sequence

0→ Z/pZ→ K
℘→ K → 0,

where ℘ : x 7→ xp − x. In this way, we obtain an isomorphism

Hom(π1(Gm,R),Z/pZ) ∼= Ga(K). (0.1.10)

The previous discussion also applies to projective system of groups associated to a group scheme
G over a complete local Noetherian ring R with maximal ideal m. For future applications, we may
assume that R is a k-algebra. Let Ri = R/mi, i ≥ 1, and Gi = G ⊗R Ri be the base change with
respect to the natural morphisms qi : Spec Ri → Spec R. This is a group scheme over the artinian
k-algebra Ri. Let

Gi(G) := RRi/k(Gi)
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be the Weil restriction of Gi to Spec k with respect the structure of a k-algebra on Ri. The functor
G → Gi(G) preserves many good properties of G, for example, Gi(G) is affine (smooth) if G is
affine (smooth). (see [55, §7]). It follows from the definition of the Weil restriction that

Gi(G)(k) = G(Ri).

The natural truncation homomorphisms Ri+1 → Ri define, by functoriality, a homomorphism of
group schemes αi : Gi(G) → Gi−1(G) and the projective system (Gi(G), αi)i≥1 in the category of
commutative group schemes over k is called a Greenberg realization of G.

Let Gi(G)pf be the perfection of the group scheme Gi(G). It defines a functor from the category
of group schemes over R to the category of perfect group schemes over k. The natural truncation
homomorphisms Ri+1 → Ri define, by functoriality, a projective system Gi(G)pf in the abelian
category of quasi-algebraic groups over k. The pro-algebraic group

G(G) := lim←−
i

Gi(G)

of called the perfect Greenberg realization of G.

For example, take G = Ga,R. Then

Gi(G) = RRi/k(Ga,Ri)
∼= Gi

a,k

and Gi(G)(k) = Ri. We have an isomorphism of the additive group of the ring Ri with k⊕i ∼=
Gi
a,k(k). Since Gi(G)pf ∼= (Gpf

a,k)i, we have G(Ga) = Spec k[(ti), (t
1/p
i ), . . . , (ti)

1/pn)]. Its value
on any perfect k-algebra A is equal to A[[t]].

0.2 Cyclic covers

In this section, we will discuss cyclic covers of a variety over an algebraically closed field k, where
we pay special attention to the case where the characteristic p = char(k) divides the degree of the
cover. To motivate our discussion, let us recall some well-known facts from field theory: let L/K
be a finite Galois extension of fields, whose Galois group G is cyclic of order n. Then, if n is prime
to p = char(K) and if K contains the n.th roots of unity, then L/K is a Kummer extension, that
is, of the form L = K(a1/n) for some a ∈ K. On the other hand, if n = p > 0, then L/K is an
Artin-Schreier extension, that is, of the form L = K(η), where η is a root of an equation of the form
xp − x + a = 0. Finally, if L/K is a finite and inseparable field extension of degree p > 0, then
L = K(a1/p) for some a ∈ K. In this latter case, there is no group acting, but it turns out that there
acts an infinitesimal group scheme that plays the rôle of a Galois group. In order to globalize these
three types of extensions to finite morphisms between schemes, we start with recalling a couple of
facts about locally free and reflexive sheaves, which are interesting in their own right.

Let F be a coherent OX -module on an integral, separated, and noetherian scheme X . Then, the
dual of F is defined to be the OX -module F∨ := Hom(F ,OX) and we let φ : F → (F∨)∨ be
the natural morphism of OX -modules. Since X is an integral scheme, the kernel and cokernel of
φ are torsion OX -modules. By definition, F∨∨ is called the reflexive hull of F and F is called
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reflexive if φ is an isomorphism. In particular, a reflexive coherent OX -module is torsion-free. For
example, locally freeOX -modules of finite rank are reflexive. Moreover, a coherentOX -module F
is reflexive if and only if there exists an open affine cover U = {Ui}i of X such that each FUi is the
kernel of some homomorphism of coherent OUi-modules ψ : Ei → Gi, where Ei is locally free and
Gi is torsion-free, see [288, Proposition 1.1]. In particular, if F is an arbitrary coherentOX -module,
then F∨ is a reflexiveOX -module. For a coherentOX -moduleM, we define its rank to be the rank
of the OX,η-moduleMη, where η ∈ X denotes the generic point of X . The following extension
result is an important characterization of reflexive sheaves [288, Proposition 1.6],

Proposition 0.2.1. Assume X is normal. Then a coherent OX -module F is reflexive if and only
if for every open subset U ⊆ X and every closed subset Z ⊆ U of codimension ≥ 2 the natural
restriction map

H0(U,F|U ) → H0(U\Z,F|U\Z)

is an isomorphism.

Let us give a first application of this extension result: if a Cohen-Macaulay scheme X is of finite
type over a field, then it possesses a dualizing sheaf ω◦X , which is a coherentOX -module, see [287,
Section III.7]. Moreover, X is called Gorenstein if ω◦X is an invertible OX -module. For example,
smooth varieties over fields and local complete intersections in them are Gorenstein. For a scheme
X of finite type over a field k, we let ΩX/k be the coherent OX -module of Kähler differentials.

Proposition 0.2.2. Let X be a variety over a field k.

1. If X is smooth over k, then there exists an isomorphism of invertible OX -modules ω◦X ∼=
Λdim(X)ΩX/k.

2. If X is normal, then there exists an isomorphism of reflexive and coherent OX -modules
(ω◦X)∨∨ ∼= (Λdim(X)ΩX/k)∨∨.

Proof. Assertion (1) is well-known, see, for example [287, Corollary III.7.12]. To prove assertion
(2), let Xsm ⊆ X be the smooth locus of X . Since X is normal, the complement X\Xsm is closed
and of codimension ≥ 2 by Serre’s normality criterion, see [483, Theorem 23.8], for example. By
(1), we already have the desired isomorphism over Xsm. Passing to reflexive hulls, we obtain an
isomorphism of reflexive OX -modules over Xsm that extends to X by reflexivity.

For a normal variety X over a field k, the OX -module (Λdim(X)ΩX/k)∨∨ is sometimes called the
canonical sheaf. Another result that can be proved using the extension property of reflexive sheaves
is the following, see [288, Corollary 1.7] for a proof.

Proposition 0.2.3. Let f : X → Y be a dominant and proper morphism between normal, integral,
and separated schemes, such that all fibers are of the same dimension. If F is a reflexive and
coherent OX -module, then also f∗F is a reflexive and coherent OY -module.

Now, we link reflexive OX -modules of rank 1 to Weil divisors and the class group: let X be
an integral, separated, normal, and noetherian scheme. Then, a prime divisor on X is an integral
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subscheme of codimension one, and a Weil divisor is a finite formal sum D =
∑

i aiDi with
ai ∈ Z and prime divisors Di. The divisor is called effective if ai ≥ 0 for all i. A Weil divisor
that arises as the divisor div(f) of some rational function f on X is called a principal divisor.
Two Weil divisors are said to be linearly equivalent if their difference is a principal divisor. The
abelian group of Weil divisors modulo principal divisors, or, equivalently, the abelian group of Weil
divisors modulo linear linear equivalence, is called the Weil divisor class group, and we refer to
[287, Chapter II.6] for details. Associated to a Weil divisor, there is an associated reflexive OX -
module OX(D) of rank 1, whose sections over some open set U ⊆ X are those rational functions
f on X with div(f)|U + D|U ≥ 0. Then, we have OX(−D) ∼= OX(D)∨ and if D is effective,
then OX(−D) is the ideal sheaf of D. Next, if D1, D2 are two Weil divisors on X , then we
have OX(D1 + D2) ∼= (OX(D1) ⊗ OX(D2))∨∨. The set Cl(X) of reflexive OX -modules of
rank 1 on X is an abelian group with product F · G := (F ⊗ G)∨∨ and inverse F∨ is an abelian
group, called the class group of X . The association D 7→ OX(D) induces an isomorphism of
the Weil divisor class group with the class group. Finally, a Cartier divisor is a Weil divisor D
that is locally principal, that is, there exists an open affine cover U = {Ui}i of X such that for
all i, the restriction D|Ui is of the form div(fi) for some rational function fi on Ui. The group of
Cartier divisors modulo linear equivalence is called the Cartier divisor class group and the reflexive
OX -module OX(D) associated to a Cartier divisor is an invertible OX -module. The set Pic(X)
of invertible OX -modules with product ⊗OX and inverse −∨ is the Picard group and here, the
association D 7→ OX(D) induces an isomorphism of the Cartier divisor class group with the Picard
group. Since every invertibleOX -module is reflexive, we obtain a homomorphism of abelian groups

Pic(X) → Cl(X),

which is injective, but not necessarily surjective, and we refer to Proposition 0.4.19 for examples.
If X is locally factorial, that is, all local rings of X are unique factorization domains, then this
homomorphism is also surjective. This holds, for example, if X is a regular scheme. Again, we
refer to [287, Chapter II.6] for details and proofs.

Let let X be an integral, separated, regular, and noetherian scheme and let F be a coherent OX -
module. By definition, the singular locus of F is the subset of X

Sing(F) := {x ∈ X : Fx is not a locally free OX,x-module} ,

which is closed set of codimension ≥ 1. In the following cases, the singular locus is even smaller.

1. If F is a torsion-free OX -module, then codim Sing(F) ≥ 2. In particular, if dim(X) ≤ 1,
then torsion-free and coherent OX -modules are locally free.

2. If F is a reflexive OX -module, then codim Sing(F) ≥ 3. In particular, if dim(X) ≤ 2, then
reflexive and coherent OX -modules are locally free.

3. If F is a reflexive OX -module of rank 1, then F is locally free, that is, an invertible OX -
module. Put differently, Weil and Cartier divisors coincide on X .

We refer to [232, Section 2], as well as to [288] for details, proofs, and further results. We end
our discussion of sheaves and their singularities with the following useful flatness result, see, for
example [483, Theorem 23.1], the corollary to [483, Theorem 23.3], or [203, Corollary 18.17].
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Proposition 0.2.4. Let f : Y → X be a finite morphism between noetherian schemes, where X is
regular. Then, f is flat if and only if Y is Cohen-Macaulay.

Remark 0.2.5. If Y is a normal scheme of dimension ≤ 2, then Y is Cohen-Macaulay by Serre’s
criterion for normality (see [483, Theorem 23.8], for example). Thus, a finite morphism from a
normal curve (resp. surface) to a regular curve (resp. surface) is automatically flat.

Now, we come to µn-covers of schemes. These generalize Kummer extensions of fields to
schemes and we refer to Proposition 0.2.29 for the more special case of µn-torsors.

First, following [287] we remind the definition of a vector bundle and its transition functions. Let
E be a locally free OX -module of rank r on a separated and connected scheme X which is often
also called a rank r vector bundle over X . It defines the associated geometric vector bundle or the
total space V(E) := Spec S•(E) → X , where S•(E) denotes the symmetric algebra of E . We
refer to [287, Chapter II, Exercise 5.18] for details and note that the sheaf of sections of V(E) is
isomorphic to the dual OX -Module E∨ := Hom(E ,OX).

By abuse of terminology, we will often identify locally free sheaves with their total spaces. Let
U = (Uα)α∈I be an open affine cover of X trivializing E , that is, for every α ∈ I there exists an
isomorphism φα : E|Uα → OrUα , where r is the rank. The transition functions of E with respect
to the trivializing cover U are the isomorphisms gαβ = φα ◦ φ−1

β of OrUα∩Uβ , where we denote the
restriction of φα to Uα ∩ Uβ again by φα. In the standard basis e = (e1, . . . , er) of OrUα∩Uβ , gαβ
is given by an r × r-matrix (aij) with entries in OX(Uα ∩ Uβ). The sheaf of sections E∨ has a the
dual bases (u1, . . . , ur) with the transition functions tg−1

αβ .

Let e(α) = (e
(α)
1 , . . . , e

(α)
r ) and e(β) = (e

(β)
1 , . . . , e

(β)
r ) be the images of the basis e under φα and

φβ . Then, we find

e
(β)
j =

r∑
i=1

aij e
(α)
i .

Thus, the matrix (aij) can be viewed as the transition matrix from the basis e(α) to the basis e(β).
In particular, the coordinate vectors (u

(α)
1 , . . . , u

(α)
r ), (u

(β)
1 , . . . , u

(β)
r ) of a vector in E∨|Uα∩Uβ are

transformed as follows u
(α)
1
...

u
(α)
r

 = gαβ

u
(β)
1
...

u
(β)
r

 , (0.2.1)

where we identify gαβ with the matrix (aij).

Let us now have a closer look at the case of rank 1: let L be an invertible sheaf, that is, a locally
free OX -module of rank 1. Being of rank one, the associated vector bundle L := V(L) is called a
line bundle. The identification of OX with S0(L) ⊆ S•(L) turns OX into a subsheaf and a direct
summand of S•(L). Passing to relative spectra, we obtain a canonical morphism π : V(L) → X .
We have

π∗OL =
⊕
i≥0

L⊗i = S•(L) (0.2.2)
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and then, for every integer k, the projection formula gives

π∗π
∗L⊗k = π∗OL ⊗ L⊗k =

⊕
i≥0

L⊗(k+i).

Using the natural isomorphism H0(X,π∗π
∗L⊗k) = H0(L, π∗L⊗k), we obtain, for k ≥ 0, the

section of the invertible sheaf π∗L⊗−k on L corresponding to the section 1 in the direct summand
OX of S•(L). It is called the tautological section of π∗L⊗−k.

We start with the main example of simple µn-covers associated to the data (L, s) and their sin-
gularities and after that we discuss more general µn-covers. Here L is an invertible sheaf and,
following the customary convention, we will construct such covers as closed subschemes of the
geometric vector bundle L := V(L∨) associated to L∨.

Let X be an integral and separated scheme, let L be an invertible OX -module, let n ≥ 1 be an
integer, and let s be a nonzero section of L⊗n. Let t be the tautological section of π∗L on the line
bundle π : L = V(L∨)→ X and let

Y := {tn − π∗(s) = 0} //

f
((

L

π

��
X

be the zero scheme of tn − π∗(s). We denote by i : Y ↪→ L the inclusion, set f := π ◦ i, and call
f : Y → X the simple µn-cover associated to data (L, s). Then, Y is an effective Cartier divisor
in L and we have OL(Y ) ∼= π∗L⊗n, that is, its sheaf of ideals is equal to OL(−Y ) = π∗L⊗(−n).
Moreover, the inclusion π∗L⊗(−n) ⊂ OL corresponds to the inclusion L⊗(−n) ⊂ S•(L−1) in the
decomposition (0.2.2). In particular, we obtain an isomorphism of OX -modules

f∗OY ∼= A := OX ⊕ L−1 ⊕ ... ⊕ L⊗−(n−1) (0.2.3)

and thus, Y ∼= Spec f∗OY , where the OX -algebra structure on (0.2.3) is determined by the map
L⊗(−n) → OX corresponding to the section s : OX → L⊗n. Locally over an open affine subset
U ⊆ X such that L|U ∼= OU , the simple µn-cover is isomorphic to

Spec OX(U)[T ]/(Tn − sU ) → Spec OX(U) ∼= U, (0.2.4)

where sU is a local equation of the section s over U . Moreover, if U and V are two open affine
subsets of X , then the local sections sU and sV satisfy sU = gnUV · sV on the intersection U ∩ V ,
where the gUV ∈ OX(U∩V )× are the transition functions of the invertible sheafL. IfX = Spec K
for some field K, then every global section of an invertible OX -module L can be identified with an
element s ∈ K. Then, the local description (0.2.4) shows that the simple µn-cover of X associated
to (L, s) is Y = Spec L → X = Spec K, where L = K( n

√
s). Thus, if n is coprime to

p = char(K), then L/K is a separable Kummer extension. Next, we remind the reader of the
finite, flat, and commutative group scheme µn of length n introduced in Example 0.1.8. Then, the
following result justifies calling f : Y → X a µn-cover.

Proposition 0.2.6. Let X be an integral and separated scheme and let f : Y → X be the simple
µn-cover associated to (L, s). Then, f is a finite and flat morphism of degree n and there exists a
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µn-action on Y such that f is the quotient by this action

Y
f→ X ∼= Y/µn.

Moreover,

1. if X is regular, then Y is Cohen-Macaulay.

2. If X is a smooth variety over an algebraically closed field k of characteristic p ≥ 0, if p - n,
and if the zero locus Z(s) ⊆ X of the section s is an integral divisor, then Y is normal. In
this case, we have an equality of singular (non-smooth) loci

Sing(Y ) = f−1(Sing(Z(s)))

(discarding scheme structures).

Proof. By (0.2.3), f∗OY is a locally free OX -module of rank n, and thus, f is a finite and flat
morphism of degree n. If X is regular, then Y is Cohen-Macaulay by Proposition 0.2.4. Moreover,
if X is as in (2), then the local description (0.2.4) and the Jacobian criterion for smoothness shows
that the singular locus of Y is of codimension ≥ 2 and in fact equal to the preimage of the singular
locus of Z(s) via f . Being R1 and S2, it follows that Y is normal by Serre’s criterion, see [483,
Theorem 23.8], for example.

In any case, the group scheme µn (see Example 0.1.8) acts on Y via the coaction that is locally
defined by

OU [T ]/(Tn − sU ) → OU [T ]/(Tn − sU )⊗OU OU [ζ], T 7→ T ⊗ ζ,

where U ⊆ X is an open and affine subset with L|U ∼= OU and sU is as in (0.2.4). It is easy to
see that the ring of invariantsOY (f−1(U))µn is equal to the subringOX(U) ofOY (f−1(U)), from
which we conclude that f is the quotient morphism with quotient X ∼= Y/µn.

Let us mention a special case: assume that n = km for some integers k,m ≥ 1 and let s ∈
H0(X,L⊗n). Then, s is a global section of (L⊗m)⊗k = L⊗n and the pair (L⊗m, s) defines a simple
µk-cover g : Z → X . We leave it to the reader to check that the simple µn-cover f : Y → X
defined by (L, s) factors through g and that this corresponds to the quotients Y → Z = Y/µm →
X = Z/µk = Y/µkm. In the case of a Kummer extension K ⊆ K( n

√
s) of a field K, this

factorization corresponds to the inclusions K ⊆ K( k
√
s) ⊆ K( n

√
s).

We now turn to branch and ramification loci of a simpleµn-cover f : Y → X associated to (L, s).
Let us also assume that X is a smooth variety over an algebraically closed field k of characteristic
p ≥ 0 and that Y is a normal variety. First, assume that (n, p) = 1. In this case, f is separable, that
is, generically étale. There is a maximal closed and proper subset B(f) ⊂ X , possibly empty, over
which f is not étale. Before proceeding, let us recall Zariski’s theorem on the purity of the branch
locus from [719].

Theorem 0.2.7. Let f : Y → X be a finite morphism from a normal variety to a smooth vari-
ety. Assume that f is separable, that is, the induced extension of function fields k(X) ⊂ k(Y ) is
separable. Let B(f) ⊂ X be the set where f is not étale. Then, B(f) is empty or a divisor.
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For a simple µn-cover associated to (L, s) the branch divisor is the zero locus Z(s) of the section
s. The reduced inverse image of B(f) is called the (reduced) ramification divisor Rred(f) of f . For
a simple µn-cover f : Y → X with X smooth and Y normal, the branch divisor B(f) is reduced
and a local computation shows that we have an equality of Cartier divisors on Y

f∗(B(f)) = n · Rred(f).

By Proposition 0.2.6, the singular locus of Y lies on the ramification divisor of f .

Proposition 0.2.8. Let f : Y → X be a simple µn-cover associated to a pair (L, s). Then the
sheaf of relative differential Ω1

Y/X admits the following projective resolution

0→ f∗L⊗(−n) → f∗L−1 → Ω1
Y/X → 0. (0.2.5)

Proof. We know that Y is a closed subscheme of V(L−1) given by the Ideal sheaf OL(−Y ) =
π∗L⊗(−n). It is easy to see that

Ω1
L/X
∼= π∗L−1.

We apply the usual exact sequence from [287, Chapter II, Proposition 8.12]

0→ OL(−Y )/OL(−2Y )
d→ Ω1

L/X ⊗OY → Ω1
Y/X → 0,

where we use that Y ↪→ L is a regular embedding so the homomorphism d is injective. Since
L⊗(−n)/L⊗(−2n) ∼= L⊗(−n) ⊗OY , we get an exact sequence

0→ f∗L⊗(−n) → f∗L−1 → Ω1
Y/X → 0.

Corollary 0.2.9. Under the assumption from the previous proposition assume additionally that
(p, n) = 1. Then the relative tangent sheaf has the following projective resolution:

0→ f∗L → f∗L⊗n → ΘY/X → 0.

Proof. The morphism f : Y → X is a separable cover, so the sheaf Ω1
Y/X is supported on a closed

proper subvariety. Taking the dual of the exact sequence

0→ f∗Ω1
X/k → Ω1

Y/k → Ω1
Y/X → 0,

we obtain an exact sequence

0→ ΘY/k → f∗ΘX/k → ΘY/X → 0, (0.2.6)

where
ΘY/X

∼= Ext1(Ω1
Y/X ,OY )

is the relative tangent sheaf . This gives the following the exact sequence from the assertion theorem.
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Next, assume that p|n and then, the cover f : Y → X is inseparable. In analogy to the above,
we can still set B(f) := Z(s) and let Rred(f) be the reduced inverse image of B(f). However,
in this case, we do not have well-defined branch and ramification loci, since there is no point over
which f is étale, that is, the branch locus (resp. ramification locus) of f is equal to X (resp. Y ).
On the other hand, it follows from (0.2.10) below that the Cartier divisors Rred(f) and B(f) are at
least well-defined up to numerical equivalence. To illustrate that the divisor B(f) is not an invariant
of f , we note that the data (L, s) and (L, s + up) with u ∈ H0(X,L⊗n/p) define the same simple
µn-cover. Before coming to the singularities of µn-covers in the inseparable case, we make a small
detour on connections: let X be a scheme and let E be a OX -module. Then, a connection on E is a
map of sheaves of abelian groups

∇ : E → Ω1
X/k ⊗OX E ,

such that for every open subset U ⊆ X and local sections f ∈ OX(U), ξ ∈ E(U), Leibniz’s rule
∇(f · ξ) = df · ξ + f · ∇(ξ) holds true. For example, the classical differential d : OX → Ω1

X/k is
a connection, but in general, there is no canonical choice of connection on a given OX -module E .
However, if X is an integral and separated scheme in characteristic p > 0 with absolute Frobenius
morphism F : X → X and if E is a coherent OX -module, then F∗E carries a distinguished
connection, the Cartier connection, or, canonical connection, which is denoted ∇can. We refer to
[366], Section 5 for the general case and only discuss the case where E is an invertibleOX -module:
let U ⊆ X be an open subset and let t ∈ E(U) be a section such that t generates E over U . Then
tp generates F∗E over U . For f ∈ OX(U), we define ∇can(f · tp) := df · tp. A different choice of
generator t′ of E over U differs by some invertible section s ∈ OX(U)× and thus, tp = sp · t′p. It
follows from ds = 0 that ∇can is well-defined, that is, does not depend on the choice of generator
of E over U . In particular, these affine local definitions glue to a well-defined connection ∇can on
F∗E . Now, since E is an invertibleOX -module, we have F∗E ∼= E⊗p. In particular, every invertible
sheaf on X that is divisible by p in the Picard group of X carries a Cartier connection. After these
preparations, we have the following result.

Proposition 0.2.10. Let X be smooth variety over an algebraically closed field k of characteristic
p > 0 and let f : Y → X be an inseparable and simple cyclic µn-cover associated to (L, s). Let
∇can be the Cartier connection of L⊗n. Then, the singular locus of Y is equal to the preimage of
the zero set of

αf := ∇can(s) ∈ H0(X, Ω1
X/k ⊗OX L

⊗n), (0.2.7)

If Y is reduced, then the section αf is not identically zero.

Proof. If U ⊆ X is an open affine subset and TU is a local section that generates L over U , then
Y is given locally over U by TnU − sU , see the local description in (0.2.4). By inseparability, we
have p|n, that is, ∇can(s) is well-defined and equal to d(s|U ) over U . Using p|n and the Jacobian
criterion of smoothness, the zeros of d(sU ) lie under the singular locus of Y . Moreover, if αf = 0,
then d(sU ) = 0 for all U , and hence, Y is singular everywhere, that is, Y it not reduced.

Remark 0.2.11. Let X be a smooth variety over an algebraically closed field k of characteristic
p ≥ 0 and let f : Y → X be a simple µn-cover associated to data (L, s). To describe the
singularities of µn-covers in the generic case, assume that that L⊗n is very ample and that s is a
sufficiently general section.
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1. If p - n, that is, f is separable, then it follows from Bertini’s theorem that Z(s) is a smooth
divisor, and thus, Y is smooth by Proposition 0.2.6.

2. If p | n, that is, f is inseparable, and dim(X) ≥ 2, then Y is usually normal but not smooth.
For example, if p = n and dim(X) = 2, then one expects that Y has at most rational double
points of type Ap−1.

We refer to [449], Section 2 for details and more results about generic inseparable covers and
Cartier’s connection with a view toward inseparable covers. We also refer to Example 0.2.22 below
for an example.

If f : Y → X is a simple µn-cover of some regular and separated scheme X associated to (L, s).
Then, Y is a hypersurface inside a line bundle π : L = V(L−1) → X , the latter of which is also
regular. In particular, Y is a complete intersection in a regular scheme, which implies that Y is
Gorenstein, that is, the dualizing sheaf ωY is an invertible OY -module. The corresponding divisor
class (modulo linear equivalence) is usually denoted KY .

Proposition 0.2.12. Let X be a regular and separated scheme and let f : Y → X be a simple
µn-cover associated to (L, s). Then, Y is Gorenstein and its dualizing sheaf is given by

ωY ∼= f∗(ωX ⊗ L⊗(n−1)). (0.2.8)

Proof. We denote by ι the embedding of Y as a hypersurface into the line bundle π : L → X and
we have already seen that Y is defined by an equation the form tn − π∗(s). By Grothendieck’s
Duality Theorem, the dualizing sheaf of Y is given by the adjunction formula

ωY ∼= Ext1(OY , ωL).

The determinant of the cotangent sequence together with the isomorphism ωL/X ∼= π∗(L−1) give

ωL ∼= π∗(ωX)⊗ ωL/X ∼= π∗(ωX ⊗ L−1).

Applying Hom(−, ωL) to the exact sequence 0→ OL(−Y )→ OL → OY → 0, we obtain a short
exact sequence

0 → Hom(OL, ωL) → Hom(OL(−Y ), ωL) → Ext1(OY , ωL) → 0,

from which we deduce isomorphisms

Ext1(OY , ωL) ∼= ι∗(ωL ⊗OL(Y )) ∼= ι∗(π∗(ωX ⊗ L⊗(n−1))) = f∗(ωX ⊗ L⊗(n−1)),

which establishes the claim.

Remark 0.2.13. If f : Y → X is a simpleµn-cover of smooth varieties over a field k formula (0.2.8)
follows immediately from Proposition ?? by taking the first Chern classes in exact sequences (0.2.5)
and

0→ f∗Ω1
X/k → Ω1

Y/k → Ω1
Y/X → 0

KY = c1(Ω1
Y/k) = c1(f∗Ω1

X/k) + c1(Ω1
Y/X)

= c1(f∗Ω1
X/k) + c1(f∗L−1)− c1(f∗L⊗−n) = f∗(ωX ⊗ L⊗(n−1)).

(0.2.9)



38 CHAPTER 0. PRELIMINARIES

Thus, for a simple µn-cover f : Y → X , where Y is normal and X is a smooth variety over an
algebraically closed field k, we can rewrite the dualizing sheaf in terms of the ramification divisor
class as

KY ≡ f∗(KX) +
(n− 1)

n
f∗(B(f)) ≡ f∗(KX) + (n− 1)Rred(f), (0.2.10)

where “≡” denotes equality of invertible sheaves (or, Cartier divisors) modulo numerical equiva-
lence. Let us stress again that we only have well-defined branch and ramification loci (rather than
Cartier divisor classes modulo numerical equivalence) if the cover is separable. Thus, in order to
describe the dualizing sheaf of Y , the safest thing is to use Proposition 0.2.12. Before turning to
more general µn-covers, let us give the following interesting application of the above discussion,
which we will use in the next chapters.

Proposition 0.2.14. Let f : Y → X be a finite morphism of proper varieties over an algebraically
closed field k. Let L be an invertible OX -module that lies in the kernel of the homomorphism

f∗ : Pic(X) → Pic(Y ).

Then, there exists an integer n ≥ 1 and an isomorphism s : L⊗n ∼= OX such that f factors through
a µn-torsor, which is a simple µn-cover defined by (L, s).

Proof. Let A := f∗OY , which is a finite OX -algebra. Let L ∈ Pic(X) be such that f∗L ∼= OY .
Using the projection formula, we find A ∼= f∗f

∗L ∼= A ⊗ L. Using the inclusion OX → A,
we obtain an inclusion φ1 : L → A and by induction, inclusions φi : L⊗i → A for all i ≥ 1.
Using properness, we find Aut(OY ) = H0(Y,OY )× ∼= k×. Thus, we may assume that the φi’s
satisfy φi+j = φi · φj with respect to the product in A for all i, j ≥ 1. Let φ : S•L → A be the
homomorphism of OX -algebras constructed from these φi’s. If we denote by B ⊆ A the image of
φ, then this is a finite OX -algebra, and thus, there exists an i ≥ 1 with an injective homomorphism
L⊗i → OX . Replacing L by L∨ and running through the above discussion, we find some j ≥ 1
and an injective homomorphism L⊗(−j) → OX . Thus, there exists some n ≥ 1 such that L⊗n and
L⊗(−n) admit injective homomorphisms to OX . Let n ≥ 1 be minimal integer with this property.
Since X is integral and proper over k, this implies that we have an isomorphism s : OX → L⊗n
and think of s as a global section of L⊗n. From this, we deduce that A contains the OX -subalgebra
OX ⊕L−1⊕ ...⊕L⊗−(n−1), whose algebra structure is given by the homomorphism s. By (0.2.3),
this corresponds to a simple µn-cover associated to (L, s) and the morphism f factors through this
simple µn-cover. Since L⊗n ∼= OX , it follows from Example 0.1.8 that this simple µn-cover is in
fact a µn-torsor, see also Proposition 0.2.29 below.

We now discuss more general classes of µn-covers: let X be a regular and separated scheme. We
define a (general) µn-cover of X to be a finite morphism f : Y → X of degree n together with
a µn-action on Y such that Y/µn ∼= X . Since f is finite, A := f∗OY is a coherent OX -module,
which carries a µn-action. For a character χ : µn → Gm, we denote by Aχ the subsheaf of A,
whose local sections s satisfy σ · s = χ(σ)s for all σ in µn (if p | n, then this has to be read
scheme-theoretically). From this, we obtain a direct sum decomposition

f∗OY = A ∼=
⊕
χ

Aχ, (0.2.11)
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where χ runs through the character group Hom(µn,Gm) ∼= Z/nZ. If χ0 denotes the trivial charac-
ter µn, then we have Aχ0 ∼= OX .

Proposition 0.2.15. Let f : Y → X be a µn-cover of a regular scheme. Assume that Y is Cohen-
Macaulay or that Y is normal or that f is flat. Then,

1. f is flat and Y is Cohen-Macaulay, and

2. each Aχ in (0.2.11) is an invertible OX -module.

Proof. If f is flat or Y is Cohen-Macaulay, then claim (1) follows from Proposition 0.2.4. In this
case, A is a coherent and flat OX -module, that is, locally free. If Y is normal, then A is a coherent
and reflexive OX -module by Proposition 0.2.3. Thus, in any case, A is a reflexive OX -module.
Being direct summands of a reflexive and coherentOX -module, eachAχ is a reflexive and coherent
OX -module. It is easy to see that each Aχ is of rank 1 and since X is a regular scheme, each Aχ is
an invertibleOX -module. In particular,A is locally freeOX -module, which implies that f is flat in
any case, and then, Proposition 0.2.4 implies that Y is Cohen-Macaulay in any case.

Next, we come to the OX -algebra structure on A: it is uniquely determined by multiplication
maps Aχ ⊗ Aχ′ → Aχχ′ for all characters χ, χ′ of µn. These maps correspond to global sections
of Aχχ′ ⊗ (Aχ ⊗ Aχ′)−1. The following result shows that normal µn-covers of regular schemes
are always simple µn-covers over some open subset. However, it is not true that every µn-cover of
a regular scheme is a simple µn-cover, not even Zariski locally.

Proposition 0.2.16. Let X be a separated and regular scheme, let f : Y → X be a µn-cover,
and assume that Y is normal. Then, there exists a simple µn-cover Z → X associated to some
data (L, s), where Z is integral and Cohen-Macaulay but not necessarily normal, and such that f
factors as

Y → Z → X

compatible with the µn-actions on Y and Z, and such that Y → Z is the normalization morphism.
In particular, there exists an open and dense subset U ⊆ X , such that f−1(U) → U is the simple
µn-cover associated to (L|U , s|U ).

Proof. First, we choose a generator χ1 of the cyclic group Hom(µn,Gm) ∼= Z/nZ and set L :=
(Aχ1)∨. Next, we set A′ := OX ⊕ L−1 ⊕ ... ⊕ L⊗(−n−1) and using the OX -algebra structure
on A, we find a sub-OX -algebra A′ ⊆ A. More precisely, the OX -algebra structure is given by a
morphism L⊗(−n) → OX of OX -modules, that is, a section s of L⊗n. Thus, Z := Spec A′ → X
is a simple µn-cover associated to (L, s), and we obtain a factorization Y → Z → X , compatible
with the µn-actions on Y and Z. By Proposition 0.2.4, Z is Cohen-Macaulay. Since A′ and A
are both locally free OX -modules of rank n and A′ is contained in A, they are isomorphic at the
generic point of Y . Thus, there exists an open and dense subset U ⊆ X , such that A′|U and A|U
are isomorphic as OU -algebras. Thus, Y → Z is an isomorphism over f−1(U), which also implies
that Z is integral. In particular, their normalizations are isomorphic and since Y was assumed to be
normal, Y → Z is in fact the normalization morphism.
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Let X be a smooth variety over an algebraically closed field k of characteristic p ≥ 0. For
separable µn-covers f : Y → X , that is p - n, with Y is normal, we even have a structure
result. To state it, we first decompose the branch locus B(f), which is a divisor in this case, as
follows: letR be an integral component of R(f), which is also a divisor. Then, the subgroup scheme
H := {σ ∈ µn|σ(R) = R} is a cyclic subgroup scheme of µn, called the inertia subgroup scheme.
The local ring OX,R is a DVR and by [573, Lemma 1.2], there exists a uniformizer t ∈ OX,R
and a character ψ : H → Gm (in fact, ψ generates the cyclic group Hom(H,Gm)), such that
σ(t) = ψ(σ) · t for all σ ∈ µn. The pair (H,ψ) is the same for every component of f−1f(R), and
thus, it is an invariant of the component f(R) of B. In particular, we obtain a decomposition

B(f) =
∑

(H,ψ)

DH,ψ (0.2.12)

as a sum of divisors, where the sum runs over all cyclic subgroup schemes H of µn and over all
generators ψ of Hom(H,Gm). Given a pair of characters χ, χ′ of µn, a cyclic subgroup scheme H
of µn, and a generator ψ of Hom(H,µn), there exist integers ıχ and ıχ′ such that

χ|H = ψıH and χ|H′ = ψıH′ with ıχ, ıχ′ ∈ {0, ..., n− 1}.

We use these integers to define

εH,ψχ,χ′ :=

{
0 if ıχ + ıχ′ < n,
1 else.

Using this notation, we have the following classification of separable µn-covers.

Proposition 0.2.17. Let k be an algebraically closed field of characteristic p ≥ 0 and let n ≥ 1 be
an integer with p - n. Let X be a smooth variety over k.

1. Let f : Y → X be a µn-cover with Y normal. Then,

Aχ ⊗Aχ′ ∼= Aχ·χ
′ ⊗OX

∑
(H,ψ)

εH,ψχ,χ′ ·DH,ψ

 , (0.2.13)

and these isomorphisms determine the multiplication maps Aχ ⊗ Aχ′ → Aχ·χ′ of the OX -
algebra f∗OY ∼=

⊕
χAχ.

2. Conversely, given invertible OX -modules Aχ for all χ ∈ Hom(µn,Gm) and effective divi-
sors DH,ψ on X that satisfy (0.2.13), then there exists a µn-cover

Y := Spec
⊕
χ

Aχ → X

such that Aχ = (f∗OY )χ and such that the DH,ψ are as in the decomposition (0.2.12) of the
branch divisor B(f).

Proof. We refer to [573, Theorem 2.1], where everything is stated for k = C, but the proof also
works in characteristic p if p - n.
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In fact, one can simplify the linear equivalences (0.2.13): given a character χ : µn → Gm, let dχ

be its order in the character group and given (H,ψ) as above, let rχH,ψ ∈ {0, ..., |H| − 1} such that

χ|H = ψr
χ
H,ψ . Then, by [573, Proposition 2.1], we have

(Aχ)⊗dχ ∼= OX

∑
(H,ψ)

dχ · rχH,ψ
|H|

·DH,ψ

 (0.2.14)

and note that each (dχ · rχH,ψ)/|H| is an integer. Moreover, if χ1 is a character that generates the
cyclic group Hom(µn,Gm), then there are isomorphisms of OX -modules

Ai·χ1 ∼= (Aχ1)⊗i ⊗OX

− ∑
(H,ψ)

[
i · ri·χ1

H,ψ

|H|

]
DH,ψ

 ,

where [−] denotes the integral part of a real number. In particular, the invertible sheaf Aχ1 and
the effective divisors DH,ψ determine the remaining invertible sheaves Aχ up to isomorphism and
satisfy the isomorphisms (0.2.13). Thus, by Proposition 0.2.17, given an invertible sheaf Aχ1 and
effective divisors DH,ψ satisfying (0.2.14), there exists an associated µn-cover of X . By [573,
Corollary 3.1], the so-constructed cover is normal if and only if every prime divisor of X occurs in∑

(H,ψ)DH,ψ with multiplicity at most 1. For a smoothness criterion of this cover, we refer to [573,
Proposition 3.1].

Let us also link the case of general µn-covers back to the case of simple µn-covers: If f : Y → X
is a normal µn-cover of a smooth variety X over an algebraically closed fiel k, then Proposition
0.2.17 applies. Let χ1 be a character that generates the cyclic group Hom(µn,Gm). Then, we may
consider the simple µn-cover f ′ : Y ′ → X associated to (Aχ1 , s), where s is the section of An·χ1

corresponding to
∑

(H,ψ)

n·rχ1
H,ψ

|H| ·DH,ψ. A local computation (or looking at the generic point) shows
that we have a factorization Y → Y ′ → X , where the map Y → Y ′ is birational. In particular,
since Y was assumed to be normal, Y → Y ′ is the normalization of Y ′, see also Proposition 0.2.16.
Since simple µn-covers of smooth varieties are always Gorenstein by Proposition 0.2.12 and since
there exist normal but non-Gorenstein µn-covers of smooth varieties, there do exist examples of
µn-covers that are not simple, and where the normalization map Y → Y ′ is non-trivial.

If k = C, then we refer to [573] for more details and proofs, as well as a description of more
general abelian covers and their singularities In loc. cit., there is also an algorithm that reduces the
singularities of abelian covers of surfaces to cyclic quotient singularities (Hirzebruch–Jung singu-
larities), see also Proposition 0.4.20. For a more detailed studies of these singularities, we refer to
[109] or [444]. For another approach to µn-covers, we refer the interested reader to [219, Section
3.5].

Having discussed µn-covers, which are analogs of Kummer extensions of fields, we now discuss
analogs of Artin-Schreier extensions of degree p, as well as inseparable extensions of degree p. Let
L be an invertible sheaf on a separated and integral scheme X of characteristic p > 0. Given a
global section a of L⊗(p−1), we defined in Example 0.1.7 the finite and flat group scheme αL,a of
length p over X . By definition, it sits in a short exact sequence

0 → αL,a → L
F−a−→ L⊗p → 0
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of group schemes in the flat topology on X . Consider αL,a as an abelian sheaf in the flat topology
on X . By Theorem 0.1.3, the cohomology group H1

fl(X,αL,a) classifies isomorphism classes of
αL,a-torsors in the flat topology and we will refer to such torsors as αL,a-torsors. There are two
cases (see also Example 0.1.7):

1. If a 6= 0, we call such an αL,a-torsor an Artin-Schreier torsor of degree p. Moreover, in the
specal case where L ∼= OX and a = 1, we have αL ∼= Z/pZ and then, f is a Z/pZ-torsor. If
f : Y → X is a non-trivial αL,a-torsor of X , then f is generically étale (separable) and if X
and Y are varieties over a field k, we will see below that the induced extension k(X) ⊆ k(Y )
of function fields is a separable Artin-Schreier extension of degree p, whence the name.

2. If a = 0, we call such an αL,a-torsor an αL-torsor and drop the a. Moreover, in the specal
case where L ∼= OX and a = 0, we have αL ∼= αp and then, f is an αp-torsor. If f :
Y → X is a non-trivial αL-torsor of an integral scheme X , then f is not generically étale
(inseparable) and if X and Y are varieties over a field k, we will see below that the induced
extension k(X) ⊆ k(Y ) of function fields is purely inseparable of degree p.

For an explicit classification of αp- and Z/pZ-torsors of proper varieties, we refer to Proposition
0.2.29 below.

Remark 0.2.18. Let X and Y be varieties over a field k of characteristic p > 0 and let Y → X
be an αL- or αp-torsor. Then, the morphism Y → X is purely inseparable and it factors over the
k-linear Frobenius morphism F : X1/p → Y → X .

We now give a more explicit description of an αL,a-torsor f : Y → X , where X is an integral
and separated scheme of characteristic p > 0. First, let U = {Ui}i be an open affine cover of X
trivializing the invertible sheaf L, that is, L|Ui ∼= OUi for all i. Over each Ui, the scheme that
represents the sheaf αL,a is isomorphic to

αL,a|Ui ∼= Spec OX(Ui)[ti]/(t
p
i − aiti) → Ui,

where ai ∈ OX(Ui) corresponds to the global section a via restriction to Ui and the trivialization
of L over Ui. On the intersection Ui ∩ Uj , we have tj = gij · ti, where the tij ∈ OX(Ui ∩ Uj)×
are transition functions of the invertible sheaf L. Since a is a global section of L⊗(p−1), we find
ai = gp−1

ij · aj , that is, conversely, the ai glue together to the global section a. From the short exact
sequence (0.1.5), we infer that an αL,a-torsor is locally over Ui given by

Y |f−1(Ui)
∼= Spec OX(Ui)[si]/(s

p
i − aisi + bi) → Ui (0.2.15)

for some local sections bi ∈ L⊗p(Ui). More explicitly, we can solve the equation bi = cpi − aici
locally in the flat topology, so that (si+ ci)

p−ai(si+ ci) = 0, which gives an explicit trivialization
of the αL,a-torsor in the flat topology. Next, we have si = gijsj + hij over Ui ∩ Uj for some
hij ∈ OX(Ui ∩ Uj) that satisfy

(spi − aisi + bi) = gpij · (s
p
j − ajsj + bj).

From this, we find

ai = gp−1
ij aj and bi = gpijbj + ajg

p−1
ij hij − hpij . (0.2.16)
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Moreover, the functions (hij) form an L-valued 1-cocycle with respect to the open affine cover
U, whose image under F − s is equal to the trivial 1-cocycle ((gpijbj)|Ui∩Uj − bi|Ui∩Uj ). In terms
of the exact sequence (0.1.5), the previous computations give an explicit description of the map
H1

fl(X,αL,a) → H1(X,L). Finally, the group scheme αL,a acts on Y via the coaction that is
locally defined by

σ : OUi [si]/(s
p
i − aisi + bi) → OUi [si]/(s

p
i − aisi + bi)⊗OUi OUi [ti]/(t

p
i − aiti)

si 7→ si ⊗ 1 + 1⊗ ti

and we find X ∼= Y/αL,a. If X and Y are varieties over some field k of characteristic p > 0, then it
follows from the local description above that the induced extension of function fields k(X) ⊆ k(Y )
is an Artin-Schreier extension if a 6= 0 and that it is purely inseparable of degree p if a = 0.

We say that the αL,a-torsor f : Y → X splits if the image of the cohomology class associated to
the torsor maps to zero in the map H1(X,αL,a)→ H1(X,L), see also the exact sequence (0.1.5).
In this case, the 1-cocycle (hij) is a 1-coboundary, and we can find local sections di ∈ L(Ui) such
that hij = di|Ui∩Uj − dj |Ui∩Uj . One checks that the (dpi − aidi) form a global section of L⊗p, and
after replacing bi by bi + dpi − aidi, we may assume that hij = 0 and that the (bi) glue to a global
section b of L⊗p. Thus, we obtain global sections

a = (ai) ∈ H0(X,L⊗(p−1)), b = (bi) ∈ H0(X,L⊗p),

and note that the global section b is only well-defined up to replacing b by b + (dp − ad) for some
global section d of L. In terms of the short exact sequence (0.1.5), the previous computations give
an explicit description of the map H0(X,L⊗p) → H1

fl(X,αL,a). We have the following explicit
description of split αL,a-torsors: let X be an integral and separated scheme of characteristic p > 0,
let L be an invertible OX -module, let π : L := V(L−1) → X be the line bundle associated to
L, and let t be the tautological section of π∗L. Then, the split αL,a-torsor associated to the global
sections a ∈ H0(X,L⊗(p−1)) and b ∈ H0(X,L⊗p) is given as a hypersurface inside L

Y := {tp − π∗(a) · t + π∗(b) = 0} //

f
++

L = V(L−1)

π

��
X

Thus, split αL,a-torsors are similar to simple µn-covers. As in the latter case, we denote by i :
Y ↪→ L the inclusion and set f := π ◦ i.
Remark 0.2.19. From this explicit description, it also follows that a split αL-torsor (that is, a = 0)
is the same as a simple µp-cover associated to (L,−b). In this case, f : Y → X is inseparable of
degree p and Y admits both, a µp- and an αL-action with quotient isomorphic to X .

Let us now return to arbitrary αL,a-torsors f : Y → X , where X is an integral and separated
scheme of characteristic p > 0. For simple µn-covers, we have seen in (0.2.3) that f∗OY is a direct
sum of invertible sheaves. For αL,a-torsors, it follows from the local description above that f∗OY
has a basis 1, xi, . . . , x

p−1
i over Ui that extends a global filtration of OX -modules

0 = F0 ⊂ OX = F1 ⊂ F2 ⊂ · · · ⊂ Fp = f∗OY (0.2.17)
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with quotients Fi+1/Fi isomorphic to L⊗(−i). Moreover, the αL,a-torsor is split if and only if the
filtration splits, that is,

f∗OY =

p−1⊕
i=0

L⊗(−i).

For a = 0 we see again that a split αL-torsor is the same as a simple µp-cover. However, if a 6= 0,
then the multiplication law of the OX -algebra f∗OY is different from the multiplication law of
the OX -algebra of a µp-cover (one OX -algebra is generically étale, the other one is not). From
the point of view of representation theory of group schemes, the reason for obtaining a direct sum
decomposition into invertible sheaves for µn-covers as in (0.2.3) is that µn is a linearly reductive
and commutative group scheme. On the other hand, αL,a is a unipotent group scheme, which
explains the existence of a filtration with invertible subquotients as in (0.2.17) for αL,a-torsors.

Using (0.2.16), we see that the (1, ai, bi) glue to a section of a locally free OX -module E of rank
3 on X , whose transition functions are given by 1

ai
bi

 =

 1 0 0

0 gp−1
ij 0

−hpij hijg
p−1
ij gpij


 1
aj
bj

 . (0.2.18)

From this transition matrix we infer that E sits in a short exact sequence

0 → L⊗p → E → OX ⊕ L⊗(p−1) → 0. (0.2.19)

Then, the global section of E corresponding to (1, ai, bi) maps to (1, a) in OX ⊕ L⊗(p−1), where 1
is the constant section ofOX and a is the global section of L⊗(p−1) corresponding to ai. Moreover,
if the αL,a-cover splits, then there exists a choice of the bi such that all hij are zero, and then, the
bi glue to a global section b of L⊗p, the short exact sequence (0.2.19) splits, and E is isomorphic to
OX ⊕ L⊗(p−1) ⊕ L⊗p.

We now describe the branch and ramification loci of an αL,a-torsor f : Y → X , where X is
a smooth variety over an algebraically closed field k of characteristic p > 0. First, let us assume
that a 6= 0 in which case f is separable, that is, generically étale. Then, the zeros of the section
a define a divisor B(f) on X , the branch divisor, and this is precisely the branch locus of f , that
is, the locus over which f is not étale. As in the case of µn-covers, we call the reduced preimage
Rred(f) := f∗(B(f))red the (reduced) ramification divisor. Note however, that f is wildly ramified,
and thus, the contribution of the ramification divisor to the canonical sheaf of Y is more complicated
than the Riemann-Hurwitz formula in the tame case. We refer to [641, Chapter IV.1] for details. We
have seen above that for a separable and simple µn-cover associated to (L, s), the branch divisor
is a global section of L⊗n. On the other hand, for a separable αL,a-torsor, the branch divisor is a
global section of L⊗(p−1). Second, assume that a = 0, in which case f is inseparable. In particular,
f is everywhere ramified and as in the case of inseparable µn-covers, we do not have a well-defined
branch divisor. In any case, it follows from (0.2.15) that Zariski locally, Y is a hypersurface inside
the line bundle π : L := V(L−1) → X . In particular, Y is Gorenstein and we have the following
analog of Proposition 0.2.12, whose proof we leave it to the reader.

Proposition 0.2.20. LetX be a smooth variety over the algebraically closed field k of characteristic
p > 0 and let f : Y → X be an αL,a-torsor. Then, Y is Gorenstein and its dualizing sheaf is given
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by
ωY ∼= f∗(ωX ⊗ L⊗(p−1)).

In particular, we find
KY ≡ f∗(KX) + f∗(B(f))

(where “≡” denotes numerical equivalence of Cartier divisor classes) for αL,a-torsors, which is
different from the analogous formula (0.2.10) for simple µn-covers.

Concerning the singular locus ofαL,a-torsors of smooth varieties, we have the following analog of
Proposition 0.2.6 and Proposition 0.2.10. We refer to Proposition 0.4.16 for more about singularities
of αL,a-torsors in characteristic p = 2.

Proposition 0.2.21. LetX be a smooth variety over the algebraically closed field k of characteristic
p > 0 and let f : Y → X be an αL,a-torsor. Then, the singular locus of Y is contained in the
preimage of of the zero set V (a) of the global section a of L⊗(p−1). More precisely and using the
local description (0.2.15), the differentials (sidai − dbi) restricted to Z(a) glue to a global section

αf ∈ H0
(
Z(a), Ω1

X/k ⊗ L
⊗p ⊗OZ(a)

)
.

The preimage of the zero set of this section is equal to the singular locus of Y .

Proof. The proof is analogous to the proof of Proposition 0.2.10. By the Jacobian criterion for
smoothness, the singular locus of Y over Ui is equal to the preimage of Z(ai) ∩ Z(sidai − dbi).
Using (0.2.16), we compute

sidai − dbi = (gijsj + hij) d(gp−1
ij aj) − d

(
gpijbj + ajg

p−1
ij hij − hpij

)
= gpij(sjdaj − dbj) + aj

(
gijsjdg

p−1
ij − gp−1

ij dhij

)
.

Thus, after restricting to Z(a) (we note that we have Z(a) = X in case a = 0), we find (sidai −
dbi) = gpij · (sjdaj − dbj). Thus, the differentials (sidai − dbi) glue to a global section of Ω1

X/k ⊗
L⊗p ⊗OZ(a).

Example 0.2.22. Let X = Pn = Proj k[t0, ..., tn] be projective n-space over an algebraically
closed field k of characteristic p > 0. Assume n ≥ 2, let k ≥ 1 be an integer, and set L := OPn(k).
Since H1(Pn,L) = 0, every αL-torsor over Pn is automatically split. Thus, every αL-torsor
f : Y → Pn is isomorphic to a hypersurface in weighted projective space P(1n+1, k) given by an
equation

tpn+1 + F (t0, . . . , tn) = 0,

where F = F (t0, ..., tn) is a global section of L⊗p ∼= OPn(kp). Note that thisαL-torsor is a simple
µp-cover associated to (L, F ). The singular locus of Y lies over the zero locus of the section αf
from Proposition 0.2.10. For a generic global section F of L⊗(pk), this singular locus consist of N
ordinary double points, whereN = cn(Ω1

Pn(pk)). Using the formula for the Chern classes of tensor
products (see [234, Example 3.2.2], for example), we find

N(n, p, k) =
n∑
i=0

(
n+ 1

i

)
· (pk)n−i. (0.2.20)
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For example, we have
N(2, p, k) = p2k2 − 3pk + 3
N(3, p, k) = p3k3 − 4p2k2 + 6pk − 4

and in particular,

1. if p = 2, n = 2, and k = 1, we obtain N(2, 2, 1) = 1 and then, the unique singular point lies
over the point in the plane equal to the intersection of all tangents to the conic Z(F ), and Y
is isomorphic to a quadratic cone in P3.

2. If p = 2, n = 2d + 1, and k = 1, we obtain N(2d + 1, 2, 1) = 0 and then, Y is isomorphic
to a smooth quadric hypersurface in P2d+2. Moreover, Bloch and Ekedahl proved that the
only finite and inseparable morphisms Y → Pn of degree p, such that Y is smooth, are the
αL-torsors with p = 2, n = 2d+ 1, and k = 1, see [206, Proposition 2.5].

Having discussed αL,a-torsors, let us now turn to more general covers than torsors, at least in the
case where L ∼= OX and a ∈ {0, 1}. Let X be an integral and separated scheme of characteristic
p > 0. We define a (Z/pZ)-cover (resp. αp-cover) to be a finite morphism f : Y → X of degree p
together with a (Z/pZ)-action on Y such that Y/(Z/pZ) ∼= X (resp. with an αp-action on Y such
that Y/αp ∼= X) via f . Since f is a finite morphism, A := f∗OY is a coherent OX -module and
it carries a (Z/pZ)-action (resp. an αp-action). In this situation, we have the following analog of
Proposition 0.2.15 and Proposition 0.2.16.

Proposition 0.2.23. LetX be a regular and separated scheme of characteristic p > 0. Let f : Y →
X be a (Z/pZ)-cover or an αp-cover. Assume that Y is normal. Then,

1. f is a flat morphism, Y is Cohen-Macaulay, and there exists a global filtration ofOX -modules

0 = F0 ⊂ OX = F1 ⊂ F2 ⊂ ... ⊂ Fp = OY

such that each Fi is a locally free OX -module of rank i, and each quotient Fi+1/Fi is an
invertible OX -module.

2. There exists an invertible sheaf L on X , a global section a ∈ H0(X,L⊗(p−1)), and an αL,a-
torsor Z → X , where Z is integral and Cohen-Macaulay but not necessarily normal, and
such that f factors as

Y → Z → X,

such that Y → Z is the normalization morphism. In particular, there exists an open and
dense subset U ⊆ X , such that f−1(U)→ U is an αL|U ,a|U -torsor.

Proof. LetG = (Z/pZ) orG = αp be the group scheme in question. We have an inducedG-action
onA := f∗OY . We set Fp := A and it is easy to see that the subsheaf F1 of G-invariants inside Fp
is isomorphic toOX . Having constructed anOX -submoduleFi ofFp withG(Fi) ⊆ Fi inductively,
we obtain an induced G-action on F/Fi and let Fi+1 be the preimage of the G-invariant subsheaf
of this quotient. This gives the desired global filtration. By Proposition 0.2.3, A is a reflexive OX -
module. To show the remaining assertions of claim (1), we replace X and Y by G-stable open
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affine subsets such that X = Spec A and Y = Spec B. Thus, B is a reflexive A-module and the
G-action on Y induces a co-action

δ : B → B ⊗A k[t]/(tp − εt) ∼= B[t]/(tp − εt)

with ε = 1 (resp. ε = 0) if G = (Z/pZ) (resp. G = αp). For every b ∈ B, we define bi ∈ B for
i = 0, ..., p− 1 by requiring

δ(b) = b0 + b1 · t + ... + bp−1 · tp−1 ∈ B[t]/(tp − εt),

and then, we set δi(b) := bi. It follows from the axioms of an action that δ0 = idB , as well as
i!δi = δi1. In particular, we find

δ(b) = b +

p−1∑
i=1

δi1(b)

i!
· ti.

If Fi ⊆ B denotes the A-submodule corresponding to Fi ⊆ f∗OY , then the previous computation
shows that Fi = Ker(δi1). Moreover, Fi is the inverse image of A+At+ ...+Ati of A[t] under δ,
which shows that Fi+1/Fi ∼= Ati+1. In particular, Fi is a free A-module of rank i and the quotient
Fi+1/Fi is a free A-module of rank 1. This also shows that f is flat and that B is Cohen-Macaulay.
This establishes the first claim and we refer the interested reader to [679, Proposition 1.1] for further
details.

Since F2/F1 is an invertible OX -module, also its dual L is an invertible OX -module. In this
notation, F2 is an extension of L∨ by OX . Using the multiplication map, we obtain a morphism
of OX -modules ψ : S•(F2) → A and denote by A′ ⊆ A the image of ψ, where, S• denotes the
symmetric algebra. Then, Si(F2) maps to Fi+1 under ψ. From the surjection F2 → L∨ we obtain
a surjection Si(F2)→ L⊗(−i), from which we see that theOX -moduleA′ is a successive extension
of L⊗(−i)’s for i = 0, ..., p − 1. To describe A′ better, we choose an open affine cover U = {Ui}i
of X such that L|Ui ∼= OUi . Next, we choose si ∈ F2(Ui) such that its image in L∨ generates the
invertible sheaf over Ui. Then, we have δ(si) = si + cit for some ci ∈ OX(Ui). Using the equality
δ(spi ) = spi + cit

p = spi + εcpi t, we conclude that spi ∈ F2(Ui) and thus, there exists an equation of
the form

spi + aisi + bi = 0 (0.2.21)

for some ai, bi ∈ OX(Ui). On the overlap Ui ∩ Uj , we have si = gijsj + hij for some gij ∈
OX(Ui ∩ Uj)× and hij ∈ OX(Ui ∩ Uj). Comparing coefficients in

0 = spi + aisi + bi = gpijs
p
j + hpij + aigijsj + aigijhij + bi

with 0 = gpij(s
p
j + ajsj + bj), we find

ai = gp−1
ij aj and bi = gpijbj − ajg

p
ijhij − h

p
ij .

It follows that the ai’s glue to a global section a ∈ H0(X,L⊗(p−1)). From (0.2.15) and (0.2.16), we
infer that Z := Spec A′ → X carries the structure of an αL,a-torsor and we obtain a factorization
Y → Z → X . From here, we argue as in the proof of Proposition 0.2.16. We also refer to [679,
Lemma 1.2 and Lemma 1.3] for further details.
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Remark 0.2.24. The local sections (hij) constructed in the proof give rise to a 1-cocycle with val-
ues in L and thus, to a cohomology class in H1(X,L). Using the isomorphism H1(X,L) ∼=
Ext1(L∨,OX), this cohomology class corresponds to the extension class of 0 → OX → F2 →
L∨ → 0. Moreover, if this class happens to be zero, then the αL,a-torsor Z → X is split. In this
case, and the bi’s glue to a global section b ∈ H0(X,L⊗p) and the cover Z → X is also globally of
the form (0.2.21).

Corollary 0.2.25. Under the assumptions of the proposition assume moreover that p = 2. Then,
f : Y → X carries the structure of an αL,a-torsor with respect to some a ∈ H0(X,L).

Proof. Let Y = Spec A → Z = Spec A′ → X be as in the proof of Proposition 0.2.23. Since
p = 2, we have F2 = A and from the construction of A′ it follows that we have A′ = A in this
case. In particular, we may choose U = X and the statement follows.

Remark 0.2.26. On the other hand, if p > 2 then it is not true in general that f : Y → X is anαL,a-
torsor, that is, we cannot choose U = X in general. We refer to [679, Example 1.5] for explicit
two-dimensional counter-examples.

As an application of and supplement to the above discussions, we have the following result, which
generalizes the fact that a finite and separable field extension of degree 2 is automatically a Galois
extension with group Z/2Z.

Proposition 0.2.27. LetX be a smooth variety over an algebraically closed field k of characteristic
p ≥ 0. Let f : Y → X be a finite morphism of degree 2 and assume that f is flat or that Y is
Cohen-Macaulay.

1. If p 6= 2, then f is a simple µ2-cover.

2. If p = 2, then f is an αL,a-torsor for an invertible sheaf L and a global section a ∈
H0(X,L).

3. If p = 2 and f : Y → X is a µ2-cover, then f is a simple µ2-cover.

Proof. By Proposition 0.2.4, f is flat in any case, and thus,A := f∗OY is locally free of rank 2 and
contains OX as an OX -submodule.

First, assume that p 6= 2. Using the trace map tr : f∗OY → OX , which is equal to multiplication
by 2 on OX inside f∗OY , we obtain a direct sum decomposition of f∗OY into OX and N :=
Ker(tr). It is easy to see that N , being a direct summand of a locally free OX -module of rank 2,
is reflexive and of rank 1 and thus, an invertible OX -module. We set L := N∨. The OX -algebra
structure on f∗OY ∼= OX⊕L∨ is given by a map ofOX -modulesL∨⊗L∨ → OX , which we regard
as a global section s ∈ H0(X,L⊗2). From this, it is easy to see that f : Y → X is isomorphic to
the simple µ2-cover defined by (L, s), which establishes claim (1).

Now, assume that p = 2 and assume that f is a µ2-cover. Again, f∗OX is locally free of rank 2,
and Proposition 0.2.15 yields a direct sum decomposition f∗OX ∼= OX ⊕N into invertible sheaves
as in (0.2.11). We set L := N∨ and argue as in the p 6= 2-case, from which we obtain claim (3).
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Finally, assume that p = 2. As before, we obtain a short exact sequence of locally free OX -
modules

ı : 0 → OX → A → N → 0.

Since f is of degree p, the trace map tr : A → OX is zero. Thus, it induces a morphismN → OX ,
which we identify with a section a ∈ H0(X,L) with L := N∨. If t is a local section of A, then
t2 − tr(t) lies in OX . Thus, the map t 7→ t2 − tr(t) gives a splitting of (F− id)∗(ı). From this, we
obtain the structure of an αL,a-torsor on f : Y = Spec A → X , which establishes claim (2). We
refer to [207, Proposition 1.11] for details.

We refer to Proposition 0.4.16 for more results about the singularities occurring on such double
covers Y → X in the case where X is a smooth surface.

We now shortly discuss the restriction of covers and torsors to closed subsets: let f : Y → X be
a µn-cover or an αL,a-torsor, where Y is a normal and X is a smooth variety over an algebraically
closed field k of characteristic p ≥ 0. LetG be the group scheme acting on Y . For an irreducible and
closed subset Z ⊆ X , we will say that f−1(Z)→ Z is a trivial cover if there exists aG-equivariant
isomorphism f−1(Z)→ Z ×G over Z.

1. First, assume that f is a simple µn-cover associated to (L, s), where L is an invertible OX -
module and s ∈ H0(X,L⊗n) is a global section. Let LZ := L ⊗OX OZ be the restriction
of L to Z and let sZ be the image of s under the natural homomorphism H0(X,L) →
H0(Z,LZ), that is, the restriction of s to Z. Then, the restriction f−1(Z) → Z is a simple
µn-cover associated to (LZ , sZ). The section s corresponds to an injective homomorphism
OX → L⊗n of OX -modules, whose cokernel is supported on an effective divisor B ⊆ X
such that L⊗n ∼= OX(B). Let j : Z → X be the canonical inclusion, set BZ := j∗(B), and
identify sZ with a rational function on Z. Then, the µn-cover trivializes over Z if and only if
sZ is the n.th power of some rational function on Z. These equivalences hold, for example,
if Z is disjoint from B.

2. Second, assume that f is an αL,a-torsor for some invertible sheaf L and a global section
a ∈ H0(X,L⊗(p−1)). Let β ∈ H1(X,αL,a) be the associated cohomology class. We have a
natural restriction map H1(X,αL,a) → H1(Z,αLZ ,aZ ) and let βZ be the image of β under
this map. The cover f trivializes over Z if and only if βZ = 0. Next, assume that the αL,a-
torsor is split, that is, it is globally given by f : Y = Spec OX [s]/(sp+as+b)→ X for some
global section b ∈ H0(X,L⊗p). If Z is contained in the zero locus of b, then bZ = 0 and the
cover trivializes over Z. Another example, in which f trivializes over Z, is if LZ ∼= OZ and
H0(Z,OZ) = k. For example, this condition is fulfilled if Z is disjoint from the zero locus
Z(a) of a and H0(Z,OZ) = k.

Let us moreover assume that Z ⊂ X is an integral and effective Weil divisor, that is, a prime divisor.
First, assume that f is a simple µn-cover. If p - n, then f∗(Z) = pA for some Weil divisor A on Y
if and only if Z is contained in the branch locus B(f) of f . If n = p, then f∗(Z) = pA for some
Weil divisor A on Y if and only if f trivializes over Z. Second, assume that f is a split αL,a-torsor
defined by some global section b ∈ H0(X,L⊗p). Then, f∗(Z) = pA for some Weil divisor A on
Y if and only if Z is contained in the intersection of the zero loci Z(a) ∩ Z(b). In particular, it is
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somewhat confusing to call Z(a) the branch locus of f since the restriction of f to an irreducible
component Z ⊆ Z(a) could be a non-trivial inseparable cover of degree p.

For example, let f : Y → X be a simple µn-cover, where X is a smooth surface over an alge-
braically closed field k of characteristic p ≥ 0. We assume that (p, n) = 1 and in particular, f is
a separable morphism, that is, generically étale. Let L be an invertible sheaf and let s be a global
section of L⊗n defining the µn-cover.

(For the purely inseparable case of degree p, see Proposition 0.3.19.) Let C ⊂ X be an integral
curve which is not a component of the branch divisor B = div(s). We now shortly address the
question when C is split under this cover, that is, whether f∗(C) is a reducible curve. We assume
moreover that Y is normal, which implies that B is a reduced divisor. Assume that C is given by
local equations φα = 0 in some affine cover U = (Uα)α∈I of X and assume that the restriction
Vα := f−1(Uα) → Uα of the cover is given locally by ynα + aα = 0. Obviously, a necessary
condition for the splitting of C ∩Uα in the cover Vα → Uα is that the image of ai in O(C ∩Uα) =
O(Uα)/(φα) is a k.th power of some element with (n, k) > 1. Globalizing, we conclude that the
necessary condition is that the restriction sC of s to a section of L⊗n ⊗OC is equal to u⊗k, where
u is a global section of some invertible sheafM on C withM⊗k ∼= L⊗n ⊗OC .

Write n = dn′, k = dk′, and let N :=M⊗k′ ⊗ L⊗(−n′), so that N⊗d ∼= OC . The curve C splits
in the cover f if and only if N ∼= OC . In particular, we see that C always splits if Pic(C) has no
torsion elements. For example, this is the case if C ∼= P1 or if C is a rational cuspidal curve.

Now, suppose that C does not split in the cover f . Then, f−1(C) is an integral curve onX and the
composition of the normalization map C̃ → f−1(C) with the map fC : f−1(C) → C is an étale
cover π : C̃ → C of degree d given by the invertible sheaf N . We know that the ramification curve
of the cover is given by a section t of f∗(L). Since π∗(N ) ∼= OC̃ , we see that the restriction of t to
f−1(C) defines a section of f∗C(M).

Example 0.2.28. Let X = P2 and L = OP2(1) in characteristic 6= 2. Let B ⊂ X be a smooth conic
defined by a section s of L⊗2 and let f : Y → X be the simple µ2-cover associated to (L, s). Then,
Y is isomorphic to P1 × P1. Let C ⊂ X be an integral curve of degree m. Since the pre-image
of a general line is a curve of bidegree (1, 1), the preimage f−1(C) is a curve of bidegree (m,m)
on Y . The covering involution σ sends the divisor class of bidegree (a, b) to the divisor class of
bidegree (b, a). Next, let ν : C̃ → C ⊂ P2 be the normalization. Then ν∗(s) defines a section of
ν∗(L⊗2) equal to u2, where u is a section ofM withM⊗2 ∼= ν∗(L⊗2). We assume from now on
for simplicity that C is smooth at the intersection points with B.

Suppose that f−1(C) = C1 + C2 splits in the cover. Then, σ(C1) = C2, so the curves C1
∼= C2

both are isomorphic to C. Let C1 (resp. C2) be of bidegree (a, b) (resp. (b, a)) with a + b = m.
The arithmetic genus of a curve of bidegree (a, b) is equal to (a− 1)(b− 1), whereas the arithmetic
genus of C is equal to 1

2((a + b − 1)(a + b − 2). We see that these numbers are equal if only if
m = 1 or m = 2, that is, if and only if C is a line or a conic. In the former case, C1 and C2 are
lines from different rulings and in the latter case, C1 and C2 are two conics in the Segre embedding
intersecting at two points.

In particular, a cuspidal cubic does not split although its Picard group does not have torsion ele-
ments. This shows that no smooth conic is tangent to such curve at 3 points.
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We end our discussion of covers by classifying µn-torsors, αp-torsors, and (Z/pZ)-torsors over
proper varieties. We will also refer to torsors under µn, αp, and Z/pZ as cyclic torsors or principal
cyclic torsors.

Proposition 0.2.29. Let X be a proper variety over an algebraically closed field k of characteristic
p ≥ 0. Then, there exist natural bijections between isomorphism classes of G-torsors and the
following objects.

• G = µn:

1. µn-torsors f : Y → X in the flat topology (in the étale topology if p - n),

2. invertible sheaves L on X such that L⊗n ∼= OX ,

3. simple µn-covers associated to data (L, s), where s is a section of L⊗n that induces an
isomorphism OX ∼= L⊗n.

• p > 0 and G = Z/pZ:

1. (Z/pZ)-torsors f : Y → X in the flat (or étale) topology,

2. elements of the kernel of (F − id) : H1(X,OX)→ H1(X,OX).

• p > 0 and G = αp:

1. αp-torsors f : Y → X in the flat topology,

2. elements of the kernel of F : H1(X,OX)→ H1(X,OX).

Proof. By Theorem 0.1.3, µn-torsors over X are in bijection to elements in H1(X,µn). Taking
cohomology in the Kummer exact sequence (0.1.6) and using that H0(X,Gm) ∼= k× as well as that
k is an algebraically closed field, we find thatH1(X,µn) is isomorphic to the n-torsion subgroup of
H1(X,Gm) and thus, isomorphic to the n-torsion subgroup of Pic(X), see (0.1.7). Explicitly, the
µn-torsor associated to a n-torsion element L ∈ Pic(X) is a simple µn-cover associated to (L, s)
where s is a global section of L⊗n inducing an isomorphism with OX , see the local descriptions
(0.2.3) and (0.2.4). Finally, given a simple µn-cover associated to (L, s), this is cover is a µn-torsor
outside the zero locus of the global section s. Thus, if s induces an isomorphism OX ∼= L⊗n, it
has no zeros, and the µn-cover is a µn-torsor. This establishes the claimed bijections for G = µn.
We leave the cases G = Z/pZ and G = αp, which follow from similar arguments applied to the
Artin-Schreier sequence (0.1.3), to the reader.

Example 0.2.30. Let E be an elliptic curve over an algebraically closed field k of characteristic
p > 0 and let F : E → E(p) be the k-linear Frobenius morphism. In Example 0.1.11, we saw that
F divides elliptic curves into two types: ordinary and supersingular ones.

1. If E is ordinary, then F is a µp-torsor. In fact, F is a simple µp-torsor associated to (L, 1),
where L is a non-trivial invertible sheaf with L⊗p ∼= OX .

2. IfE is supersingular, then F is anαp-torsor. Note that F is not a splitαp-torsor, for otherwise,
(0.2.17) would split, that is, we would have F∗OE ∼= O⊕pE(p) , and taking cohomology we
would find h1(E,OE) = p · h1(E(p),OE(p)) = p ≥ 2, a contradiction.
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Remark 0.2.31. By Proposition 0.2.29, the set of µn-torsors over X is in bijection to H1
ét(X,µn) ∼=

n Pic(X). If p = n, then we have an alternative classification of µn-torsors: namely, we have an
exact sequence of abelian sheaves in the flat topology

0 → O×X
[p]−→ O×X

dlog−→ ΩX/k,

where dlog is the map f 7→ dlog f = f−1df (we come back to this map in Section 0.10). By
definition, the image of dlog is a subsheaf ΩX/k,log of ΩX/k, the sheaf of log differentials. Passing
to the exact sequence of cohomology, we find an isomorphism of abelian groups

p Pic(X) ∼= H0(X,ΩX/k,log). (0.2.22)

Thus, the set of µp-torsors over X is also in bijection to H0(X,ΩX/k,log). Note however, that this
latter group of sections is not a vector space over k.
Remark 0.2.32. By Proposition 0.2.29, the set of αp-torsors over X is in bijection to the kernel of
F : H1(X,OX) → H1(X,OX). To give an alternative classification of αp-torsors, we use the
exact sequence

0 → OX
F−→ OX

d−→ ΩX/k,

of sheaves in the Zariski topology, where d denotes the differential. By definition, the image of d is
a subsheaf BΩX/k of the sheaf ΩX/k of Kähler differentials, the sheaf of exact differential 1-forms.
Passing to the exact sequence of cohomology, we find an isomorphism of abelian groups

H0(X,BΩX/k) ∼= Ker
(
F : H1(X,OX)→ H1(X,OX)

)
. (0.2.23)

Thus, the set of αp-torsors over X is also in bijection to H0(X,BΩX/k).

As a consequence of these remarks, we obtain the following result, see also Proposition 0.2.21.

Proposition 0.2.33. LetX be a smooth variety over an algebraically closed field k of characteristic
p ≥ 0. Let f : Y → X be a non-trivial µp- or αp-torsor. Then,

H0(X,ΩX/k) 6= 0

and Y is reduced and irreducible, that is, a variety over k.

Proof. By Theorem 0.1.4, the torsor f is also non-trivial at the generic point, that is, induces a
non-trivial extension of the function field k(X), which implies that Y is irreducible and generically
reduced. By Proposition 0.2.4, Y is Cohen-Macaulay and thus, Y is an integral scheme. If f is a
µp-torsor (resp. αp-torsor), then we find H0(ΩX/k,log) 6= 0 (resp. H0(ZΩX/k) 6= 0) by Remarks
0.2.31 and 0.2.32. In both cases, this implies H0(ΩX/k) 6= 0.

IfX is a proper variety over an algebraically closed field k, then its Picard functor is representable
by a scheme, the Picard scheme PicX/k of X , see Theorem 0.9.4 below. Anticipating this result,
the first part of Proposition 0.2.29 can be rephrased by saying that µn-torsors of X are in bijection
to homomorphisms of group schemes (Z/nZ)k → PicX/k. Next, H1(X,OX) is isomorphic to the
Lie algebra of PicX/k, see Proposition 0.9.7. Then, the remaining parts of Proposition 0.2.29 can be
rephrased by saying that (Z/pZ)-torsors (resp. αp-torsors) ofX are in bijection to homomorphisms
of group schemes µp,k → PicX/k (resp. αp,k → PicX/k). After these preparations, we have the
following theorem of Raynaud, which is a generalization of Proposition 0.2.29.
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Theorem 0.2.34. Let X be proper variety over an algebraically closed field k and let PicX/k be
the Picard scheme of X . Let G be a finite and commutative group scheme over k with Cartier dual
G∗ = Hom(G,Gm). Then, there exists a bijection between

1. isomorphism classes of G-torsors over X , and

2. homomorphisms G∗ → PicX/k of group schemes over k.

Proof. This is a special case of [590, Proposition 6.2.1].

We end this section with a useful lemma of Cartan, which was originally stated over the complex
numbers, and its application to fixed loci and ramification loci.

Lemma 0.2.35. Let A = k[[t1, . . . , tn]] and let σ be a k-automorphism of A that is of some finite
order prime to p := char(k). Then there exists an k-automorphism τ ofA such that σ′ = τ−1◦σ◦τ
acts via

σ′(ti) = ξuti, i = 1, . . . , n,

where ξi ∈ k∗ are roots of unity.

Proof. Let m be the maximal ideal of A. Since the order of σ is prime to p = char(k), the action
of σ on the linear k-space T = m/m2 can be decomposed into a direct sum of eigensubspaces with
eigenvalues ξ1, . . . , ξn. After a linear change of parameters, we find a conjugate automorphism σ′

that acts on T by sending t̄i = ti + m2 to ξit̄i. It acts on the parameters ti by

ti 7→ ξiti + fi, i = 1, . . . , n,

where fi ∈ m2. Composing it with the linear automorphism ti 7→ ξ−1
i ti, we may assume that σ acts

as identity on m/m2.

Let n be the order of σ. We define an automorphism

φ =
1

n
(
n−1∑
k=0

σk)

and here, we use that n is coprime to p. Since each σi acts on T as identity, φ acts on T also as the
identity. In particular, φ is an automorphism of A. Since σ ◦ φ = 1

n(
∑n−1

k=0 σ
k+1 = φ, we obtain

that σ is the identity.

This automorphism τ is called a linearization of the σ-action. If linearizations exist, then local
properties of actions, their ramification loci, and their quotient morphisms can be studied using
methods from linear algebra. The previous lemma shows that automorphisms of order prime to
p = char(k) admit such linearizations around fixed points and after passing to completions. In fact,
the action of some finite group G can be linearized around fixed points after passing to completions
if and only if G is linearly reductive, see [455].
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Corollary 0.2.36. Let X be a smooth variety over k. Let σ be an automorphism of X that is of
some finite order prime to p = char(k). Then the locusXσ of fixed points of σ is smooth. Moreover,
for any point x ∈ Xσ, the action of the cyclic group 〈σ〉 on the tangent space Tx(X) is faithful

Proof. Let x ∈ X be fixed point of σ, that is, let x ∈ Xσ. The local ring OX,x is a subring of
its formal completion ÔX,x, which is isomorphic to k[[t1, . . . , tn]], where the ti are the images of
a system ui of local parameters of OX,x. By the previous lemma, we may assume that σ acts by
ui 7→ ξiui. The local equations of Xσ at x are given by the vanishing of the subset of those local
parameters tj with ξj = 1. In particular, Xσ is smooth at x.

If some power σi acts the identity on the tangent space Tx(X), then it acts as the identity on ÔX,x
and thus, it acts as identity on OX,x. The field of fractions of OX,x coincides with the field of
rational functions of X and then, σi acts as identity on this field and hence, on X . This implies that
the action of 〈σ〉 on Tx(X) is faithful.

This corollary shows in particular that the ramification locus of a µn-cover f : Y → X with X
and Y smooth and with p - n is either a smooth divisor or empty, see also Proposition 0.2.6 and the
discussion after it.

0.3 Inseparable morphisms and vector fields

In this section, we discuss the relationship between vector fields and purely inseparable morphisms
between normal varieties in positive characteristic. In this context, we discuss the relationship
between µp- (resp. αp-) actions and multiplicative (resp. additive) vector fields, as well as the
singularities of quotients of smooth varieties by these vector fields. In our discussion, we place an
emphasis on dimension two, the case of surfaces. The proofs, when omitted, can be found in [206]
and [610]. Moreover, we refer to [448, Section 10] and [504, Lecture III] for two overviews.

Let R be a commutative ring and let M be an R-module. Then, a derivation ∂ : R → M is
an additive map that satisfies Leibniz’s rule ∂(fg) = f∂(g) + g∂(f) for all f, g ∈ R. The set
Der(R,M) of all derivations from R to M forms an R-module, and we shall simply write Der(R)
for Der(R,R). Moreover, if R is a S-algebra for some ring S, then a derivation ∂ : R → M is
called S-linear if ∂(sf) = s∂(f) for all s ∈ S and all f ∈ R. Since Leibniz’ rule implies ∂(1) = 0,
it follows that ∂(s) = 0 for all s ∈ S if ∂ is S-linear. We denote by DerS(R,M) the set of all S-
linear derivations from R to M . Moreover, there exists an R-module ΩR/S , the module of Kähler
differentials, together with a universal S-linear derivation d : R → ΩR/S , such that there exists a
canonical and functorial isomorphism of R-modules DerS(R,M) ∼= HomR(ΩR/S ,M) for every
R-module M . In particular, we have ΘR/S := DerS(R) := DerS(R,R) ∼= HomS(ΩR/S , R). For
every ∂ ∈ Der(R), the subset

R∂ := {r ∈ R : ∂(r) = 0}

is in fact a subring of R. Assume moreover that R is an integral domain and let Q(R) be its field of
fractions. Then, the situation is very different depending on the characteristic of Q(R):
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1. IfQ(R) is of characteristic zero, thenQ(R) is a purely transcendental extension of the field of
fractions Q(R∂). This follows from the fact that every K-derivation of a separable algebraic
extension L/K is trivial, see [86, Chapter V].

2. If Q(R) is of characteristic p > 0, then R∂ contains F(R) = Rp as subring, where F denotes
the absolute Frobenius morphism r 7→ rp. In particular, every derivation ∂ : R → R is
automatically Rp-linear. Thus, if R is moreover a finitely generated algebra over a perfect
field k of characteristic p, then every derivation ∂ : R → R is automatically k-linear (since
k is perfect) and from the inclusions Rp ⊆ R∂ ⊆ R, we see that both field extensions
Q(Rp) ⊆ Q(R∂) and Q(R∂) ⊆ Q(R) are finite.

More generally, if g ⊆ Der(R) is an arbitrary subset, we set Rg := {r ∈ R|∂(r) = 0 ∀∂ ∈ g},
which is a subring of R. If R is of characteristic p > 0, then it satisfies Rp ⊆ Rg ⊆ R.

Let X be a variety over a perfect field k of characteristic p > 0. A rational vector field on X is
a derivation ∂ : k(X) → k(X), where k(X) denotes the field of rational functions of X . By the
above, ∂ is k-linear and k(X)∂ contains k. For any open affine subset U = Spec R of X , we let
R∂ be as above, set U∂ := Spec R∂ , and obtain a morphism U → U∂ . Next, we choose an open
affine cover U = {Ui}i of X and since derivations extend uniquely to localizations, we can glue the
U∂i to a scheme X∂ , which is again a variety over k. It is easy to see that X∂ does not depend on
the choice of cover U and it is called the quotient of X by the rational vector field ∂. Moreover, it
comes with a dominant and k-linear morphism

π∂ : X → X∂ .

More generally, if g is a subset of Der(k(X)) and U = Spec R is an open affine subset of X , we
set Rg := {r ∈ R|∂(r) = 0 ∀∂ ∈ g} and Ug := Spec Rg. As before, these glue to a scheme Xg

and we obtain a dominant k-linear morphism πg : X → Xg. If X is normal, then it is easy to see
that also X∂ and Xg are normal.

Given a finite and purely inseparable field extensionL ⊆ K, there exists an integer n ≥ 1 such that
Kpn ⊆ L ⊆ K. The minimal such n is called the height of the field extension. We define the height
of a finite and purely inseparable morphism π : X → Y of varieties over a perfect field k to be the
height of the induced field extension k(Y ) ⊆ k(X). For example, the n-fold k-linear Frobenius
morphism Fn : X → X(pn) is a finite and purely inseparable morphism of degree pn·dim(X) and
height n.

Lemma 0.3.1. Let π : X → Y be a finite morphism between normal varieties over a perfect field
k of characteristic p > 0 and assume that the induced extension k(Y ) ⊆ k(X) of function fields is
purely inseparable of height n. Then, there exists a factorization

Fn : X
π−→ Y → X(pn),

where F denotes the k-linear Frobenius morphism.

Proof. If U = Spec B ⊆ Y is an open affine subset, then also V = π−1(U) ⊆ X is open and
affine, say V = Spec A. Also, k(X) and k(Y ) are the fields of fractions of A and B, respectively.
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Next, the ring extension B ⊆ k(Y )∩A is finite as a B-module and since both rings are normal and
have the same field of fractions, they are equal. Using the equality Bpn = k(X)p

n ∩ B, we obtain
inclusions Bpn ⊆ A ⊆ B and passing to spectra, we obtain a factorization Fn : V → U → V (pn)

of π|V . Globalizing these observations, the lemma follows.

For example, ifX is a normal variety over k, then the quotient morphisms π∂ and πg, if non-trivial,
are finite and purely inseparable morphisms of height 1 and degree pi for some 1 ≤ i ≤ dimX .

In order to classify finite morphisms of height 1 between normal varieties, we need more structure.
We recall that given a commutative ring R and two derivations δ, η : R → R, their composition
δ ◦η is usually not a derivation. However, the Lie bracket [δ, η] := δ ◦η−η ◦ δ is again a derivation,
which turns Der(R) into a Lie algebra. Moreover, if R is of characteristic p > 0, then also the
p-fold composition ∂p := ∂ ◦ · · · ◦ ∂, sometimes also denoted ∂[p], is a derivation, which turns
Der(R) into a p-Lie algebra, or, restricted Lie algebra. We encountered this structure already in
Section 0.1 and refer to [334, Chapter V.7] for details and precise definitions.

Lemma 0.3.2. Let X be a d-dimensional variety over a perfect field k of characteristic p > 0.
Then, Der(k(X)) is a d-dimensional k(X)-vector space.

Proof. If K = k(t1, ..., td), then Der(K) is a d-dimensional K-vector space generated by the
derivations ∂

∂ti
, i = 1, ..., d. Since X is d-dimensional, there exists a finite and separable field

extension K ⊆ k(X). Using Ωk(X)/K = 0 and the relative cotangent sequence, we find Ωk(X)/k ∼=
ΩK/k ⊗K k(X), from which the assertion follows.

Given a p-Lie algebra g over a field K of characteristic p > 0, a sub-p-Lie algebra of g is a K-
subvector space that is closed under Lie brackets and p-powers. It is easy to see that every derivation
∂ ∈ g is contained in a unique smallest sub-p-Lie algebra of g, namely theK-vector space generated
by the ∂p

i
, i = 0, 1, 2, .... If this smallest sub-p-Lie algebra is one-dimensional, then the derivation

∂ is called p-closed, which is equivalent to saying that there exists a f ∈ K such that ∂p = f · ∂.
Now, let us turn to the special case where g = Der(K) = DerKp(K). Then, associated to a subset
V ⊆ g, we have the associated height 1 extension Kp ⊆ KV ⊆ K. Conversely, given a height
1 extension Kp ⊆ L ⊆ K, then the set {∂|∂(x) = 0 ∀x ∈ L} ⊆ g turns out to be a sub-p-Lie
algebra of g. By Jacobson’s theory of purely inseparable height 1 field extensions [335], which is an
analog of Galois theory for purely inseparable field extensions, this establishes a bijection between
height 1 extensions of Kp ⊆ L ⊆ K and sub-p-Lie algebras of g = Der(K). Let us note one major
difference to Galois theory: given a finite and separable field extension L/K, it follows from Galois
theory that there is only a finite number of intermediate fields K ⊆ F ⊆ L. This is not true for
inseparable height one extensions, as the following example shows.

Example 0.3.3. Let k be a perfect field of characteristic p > 0 and let K := k(t1, t2), which is the
function field of A2 and P2 over k. Then, Kp = k(tp1, t

p
2) and the extension Kp ⊆ K is finite and

purely inseparable of degree p2. For every λ ∈ Kp, we set

∂λ :=
d

dt1
− λ · d

dt2
∈ g := Der(K),
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which is an additive vector field. Thus, hλ := 〈∂λ〉 is a one-dimensional sub-p-Lie algebra of the
two-dimensional Lie algebra g, and Lλ := K∂λ ∼= Kp(λt1 + t2). In particular, we find infinitely
many distinct intermediate fields between Kp and K that are parametrized by λ ∈ Kp.

If X is a smooth variety over a perfect field k of characteristic p > 0, then the previous discussion
globalizes as follows: let ΘX := ΘX/k be the tangent sheaf of X . Then, a p-closed foliation or, an
integrable foliation, onX is a saturatedOX -submoduleF of ΘX , that is, ΘX/F is torsion-free, that
is closed under Lie brackets and under the p-power operation. Arguing as in the proof of Lemma
0.3.1, we obtain the following correspondence and refer to [335], [206], and [610] for details.

Proposition 0.3.4. Let X be a normal variety over a perfect field k of characteristic p > 0. Then,
there exists a bijection

{ sub-p-Lie-algebras of Der(k(X)) } ↔
{

height 1 morphisms
of normal varieties

}
g 7→ X → Xg → X(p).

Morever, if X is smooth over k, then there exists a bijection

{ p-closed foliations on X } ↔ { sub-p-Lie algebras of Der(k(X))} .

Under this correspondence, the identity morphism of X corresponds to the zero sub-p-Lie algebra
of Der(k(X)) and to the zero subsheaf of ΘX if X is smooth. On the other extreme, the k-linear
Frobenius morphism F : X → X(p) corresponds to Der(k(X)), considered as p-Lie subalgebra
of itself, and to ΘX , considered as a p-closed foliation of itself, if X is smooth. We refer to [206]
for a description of finite and purely inseparable morphisms of height n in terms of higher order
differential operators.

In general, it is difficult to write down nonzero p-closed rational vector fields explicitly. We will
do it in some examples later in Volume 2 where we will construct Enriques surfaces as quotients of
K3 surfaces by a rational vector field.

If we identify global vector fields on a smooth variety X with their associated derivations of
k(X), then we have the following useful source of p-closed rational vector fields due to Rudakov
and Shafarevich, see [610, Lemma 1].

Lemma 0.3.5. Let X be a smooth and proper variety over an algebraically closed field k of char-
acteristic p > 0. If H0(X,ΘX/k) 6= 0, then there exists a 0 6= ∂ ∈ H0(X,ΘX/k) such that ∂p = 0
or ∂p = ∂. In particular, there exists a non-trivial and p-closed vector field.

Proof. Let g := 〈∂pi , i = 0, 1, ...〉 be the smallest sub-p-Lie algebra of H0(X,ΘX/k) containing ∂,
which is a finite dimensional k-vector space since the latter is. Then, g is an abelian p-Lie algebra
and we set g0 := Ker(x 7→ xp), which is a p-Lie subalgebra of g. If g0 6= {0}, then there exists a
0 6= η ∈ g0 with ηp = 0 and we are done. Otherwise, the p-power map on g is injective and thus,
bijective since k is perfect. By [335, Chapter V, Theorem 13], there exists a basis η1, ..., ηn of g
such that ηpi = ηi for all i. From this, the assertion follows.
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The vector fields occurring in this lemma have special names: if a vector field ∂ satisfies ∂p = ∂
(resp. ∂p = 0), then ∂ is said to be of multiplicative type (resp. additive type) and this terminology
will become clear from Example 0.3.6 below. Moreover, if L ⊆ K is a purely inseparable field
extension of degree p, then there exists an x ∈ K such that K = L(x). It is easy to see that
every derivation ∂ ∈ DerL(K) is determined by ∂(x) ∈ K. Moreover, if ∂(x) = a ∈ K×, then
∂′ := a−1∂ ∈ DerL(K) satisfies ∂′(x) = 1, which implies ∂′p = 0. Thus, every non-zero p-closed
derivation of DerL(K) generates a one-dimensional sub-p-Lie algebra, which also contains a non-
zero derivation of additive type. However, note that if ∂ ∈ H0(X,ΘX) is as in the above lemma,
then the just constructed additive rational vector field ∂′ of Der(k(X)) need not be regular, that is,
it need not lie inH0(X,ΘX). The following example is taken from [502] and connects additive and
multiplicative vector fields to actions of infinitesimal group schemes.

Example 0.3.6. Let k be a perfect field of characteristic p > 0 and let c ∈ {0, 1}. Consider the
non-reduced scheme of length p over k

Gc := Spec k[ε]/(εp) ∼= Spec k[t]/(tp − c) via ε 7→ t− c,

which becomes a group scheme over k via the comultiplication t 7→ t ⊗ t and coinverse t 7→ −t
if c = 0 and t 7→ t−1 if c = 1. In fact, we have isomorphisms G0

∼= αp and G1
∼= µp of

group schemes over k, see Example 0.1.7 and Example 0.1.8. Next, let R be a k-algebra and set
X := Spec R. To give an action Gc × X → X is equivalent to giving a homomorphism of
k-algebras

∂ : R → R⊗k k[ε]/(εp) ∼= R[ε]/(εp), r 7→
p−1∑
i=0

∂i(r)ε
i,

where the ∂i : R → R are k-linear maps satisfying certain axioms that we will now describe
depending on c.

1. First, suppose that c = 1, that is, Gc ∼= µp. In this case, the axioms of the action imply

p−1∑
i=0

p−1∑
j=0

∂j(∂i(r))ε
j ⊗ εi =

p−1∑
i=0

∂i(r)ε
i ⊗ εi,

and then, comparing the coefficients at εj ⊗ εi, we obtain that

∂i ◦ ∂i = ∂i, ∂i ◦ ∂j = 0 if i 6= j, and
p−1∑
i=0

∂i = idR .

Conversely, a collection of k-linear functions ∂i : R → R satisfying the previous conditions
defines an actionµp×X → X . By [502, Lemma 1.2], the conditions imply that ∂1 determines
all ∂i with i ≥ 2.

2. Second, suppose that c = 0, that is, Gc ∼= αp. Then, the axioms of the action imply

p−1∑
i=0

p−1∑
j=0

∂j(∂i(r))ε
j ⊗ εi =

p−1∑
i=0

∂i(r)(ε
i ⊗ 1 + 1⊗ εi),
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and then, we obtain the conditions

∂i =
1

i!
∂i1, i = 0, . . . , p− 1, and ∂p1 = 0.

Conversely, a collection of k-linear functions ∂i : R → R satisfying the previous conditions
defines an action αp×X → X . Note that the conditions imply that ∂1 determines all ∂i with
i ≥ 2.

Next, we compute

∂(rs) = ∂(r) · ∂(s) =

(
p−1∑
i=0

∂i(r)ε
i

)
·

p−1∑
j=0

∂j(s)ε
i

 = rs+ (r∂1(s) + s∂1(r)) ε+ · · · ,

which implies that ∂1 is a k-linear map satisfying ∂1(rs) = r∂1(s)+s∂1(r). Thus, ∂1 is a derivation
of R and we have seen above that ∂p1 = c · ∂1. Thus, we obtain bijections{

µp-actions on X
}
↔ { derivations in Der(R) of multiplicative type }

{ αp-actions on X } ↔ { derivations in Der(R) of additive type } .

This result also fits with the restricted Lie algebras of µp and αp, which we have seen in Example
0.1.16. We refer to [502] and [691] for further details.

Globalizing this affine example, we obtain the following result, whose proof we leave it to the
reader.

Proposition 0.3.7. Let X be a scheme over a perfect field k of characteristic p > 0 and let G be
the group scheme µp (resp. αp) over k.

1. Given an action G×X → X , then the quotient f : X → Y := X/G exists and there exists
a regular vector field ∂ of multiplicative type (resp. additive type) such that f coincides with
the quotient π∂ of X by ∂.

2. Conversely, given a regular p-closed vector field ∂ of multiplicative type (resp. additive type),
on X , there exists a G-action G × X → X , such that the quotient of X by this action
coincides with the quotient π∂ of X by ∂.

Note that the usual assumption that any orbit ofGmust be contained in an open affine subset is not
needed in this case because G, being infinitesimal group scheme, leaves invariant any affine open
subset.

Example 0.3.8. Let k be a perfect field of characteristic p > 0.

1. If X = P1
k, then ΘX

∼= OP1(2) and h0(X,ΘX) = 3. If ∂ is a regular vector field of
multiplicative type, then it can be written in appropriate coordinates as x d

dx and it has two
distinct zeros, namely, x = 0 and x = ∞. If ∂ is of additive type, then it can be written in
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approriate coordinates as d
dx and it has a double zero at x = ∞. More precisely, we have an

isomorphism of abelian restricted Lie algebras

H0(X,ΘX) ∼= g0 ⊕ g1 with g0 :=

〈
d

dx
, x2 d

dx

〉
and g1 :=

〈
x
d

dx

〉
,

where the p-power map on g0 is zero. Since X admits both, multiplicative as well as additive
vector fields, the k-linear Frobenius morphism F : P1

k → (P1
k)(p) is the quotient by µp-

actions, as well as by αp-actions.

2. If E is an elliptic curve over k, then ΘE
∼= OE and h0(E,ΘE) = 1. Thus, up to scaling by k,

there exists precisely one regular vector field, and it is automatically p-closed. In particular,
H0(E,ΘE) can be generated by a vector field ∂ that is either of multiplicative type or of
additive type. In the first case, the k-linear Frobenius morphism F : E → E(p) is the
quotient by a µp-action and E is ordinary, whereas F is the quotient by an αp-action and E
is supersingular in the second case. See also Example 0.1.11 and Example 0.2.30.

3. If X is a smooth and proper curve of genus g ≥ 2 over k, then H0(X,ΘX) = 0, that is, there
exist neither µp-actions nor αp-actions on X that are non-trivial.

On the other hand, a simple µp-cover f : Y → X is given by an invertible sheaf L of some
degree d and a section s ∈ H0(X,L⊗p). By Proposition 0.2.12, we have ωY = f∗(ωX ⊗
L⊗(p−1)), which is an invertible sheaf of degree 2pa(Y )− 2 = p(2g − 2 + (p − 1)d) on Y ,
where pa(Y ) denotes the arithmetic genus of Y . The singular points of Y lie over the zeros
of s, and thus, for d � 0 and a generic choice of s, one expects Y to have (pd + 1 − g)
ordinary nodes. The normalization ν : Ỹ → Y is a smooth curve of genus g(Y ) = g, since
the composition f ◦ ν coincides with the k-linear Frobenius morphism F : Ỹ → Ỹ (p) = X .
Thus, if g ≥ 2, then we obtain a µp-action on the non-normal curve Y with quotient X , but
this action does not extend to the normalization Ỹ , since the latter has no global vector fields.

Next, we turn to singularities of vector fields and their quotients. Let ∂ be a rational vector field
on a smooth and n-dimensional variety X over a perfect field k of characteristic p > 0. If x ∈ X is
a closed point and t1, . . . , tn ∈ OX,x are local coordinates at x, then ∂ can be written locally around
x in the form

∂ = ψx ·
n∑
i=1

φi,x
d

dti
with ψx ∈ k(X) and φi,x ∈ OX,x for i = 1, ..., n (0.3.1)

such that (φ1,x, ..., φn,x) ⊆ OX,x is an ideal of height≥ 2. The functions ψx are local equations of a
Cartier divisorD = div(∂) ofX , called the divisor of ∂. The ideals (φ1,x, . . . , φn,x) define a closed
subscheme Z of X of codimension ≥ 2, the scheme of non-divisorial zeros of ∂. If dimx Z = 0,
we say that x is an isolated zero of ∂ and, if dimZ = 0, then Z is called the scheme of isolated
zeros. For example, if X is a surface, then Z is empty or zero-dimensional. For an isolated zero
x ∈ X of ∂, the dimension

multx ∂ := dimkOX,x/(φ1,x, . . . , φn,x)

is called the multiplicity of the isolated zero. The following theorem relates the zeros of ∂ to the
singularities of the quotientX∂ . It is due to Rudakov and Shafarevich and we refer to [610, Theorem
1 and Theorem 2] for details and proof.
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Theorem 0.3.9. Let X be a smooth variety over an algebraically closed field k of characteristic
p > 0. Let 0 6= ∂ ∈ H0(X,ΘX/k) be a p-closed vector field, let Z ⊂ X be its scheme of non-
divisorial zeros, let π∂ : X → X∂ be the quotient map, and let x ∈ X be a closed point.

1. If x 6∈ Z, then π∂(x) ∈ X∂ is a smooth point on the quotient.

2. Let ∂ be of multiplicative type. Then, Z is a smooth subscheme of X . More precisely, if
x ∈ Z, then there exist local parameters t1, ..., tn and a function ψ in the completion ÔX,x,
such that

∂ = ψ

(
n∑
i=1

αi · ti
d

dti

)
with αi ∈ Fp for all i.

In particular, all isolated zeros of ∂ are of multiplicity 1.

The following result slightly extends a result of Hirokado [295, Theorem 2.3] and describes the
singularities of quotients of smooth varieties by multiplicative vector fields. These singularities are
examples of cyclic quotient singularities, and we will come back to them in Proposition 0.4.20.

Proposition 0.3.10. Let k be a perfect field of characteristic p > 0 and consider the multiplicative
vector field ∂ =

∑n
i=1 αi · ti

d
dti

with αi ∈ {1, ..., p− 1} on k[[t1, ..., tn]]. Then,

k[[t1, ..., tn]]∂ = k[[tβ1
1 · · · t

βn
n |β1 ≥ 0, ..., βn ≥ 0,

n∑
i=1

αiβi ≡ 0 mod p]],

which is a toric geometry description of the cyclic quotient singularity of type 1
p(α1, ..., αn).

Proof. It is easy to see that the right-hand side is contained in the left-hand side. Both sides are
normal rings and their fields of fractions are of degree p over the field of fractions of k[[t1, ..., tn]].
From this, the assertion follows, see also the proof of Proposition 0.4.20.

Example 0.3.11. In dimension n = 2 the quotient ofR = k[[t1, t2]] by the multiplicative vector field
∂ := t1

d
dt1
− t2 d

dt2
is a singularity of type 1

p(1, p − 1), which is a rational double point singularity
of type Ap−1, see Proposition 0.4.20.

Remark 0.3.12. The notion of a cyclic quotient singularity has to be taken with a grain of salt in
positive characteristic:

1. Quotients of smooth varieties by the cyclic group schemes Z/pZ or αp may lead to very
complicated singularities that are not of the above type, and that are not even rational. The
problem is that these two group schemes are not linearly reductive, and we refer to [457] and
Section 0.4 for details. We refer to [468] and [468] for the study of wild actions of groups
Z/pZ and, in particular, for some information on a resolution of the quotient singularities.

2. Quotients of smooth varieties by multiplicative vector fields correspond to quotients by µp-
actions, see Example 0.3.6. Since µp is linearly reductive, the quotients behave much better
and Proposition 0.3.10 classifies the occurring singularities.
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Example 0.3.13. Not much is known about the singularities occurring on quotients by vector fields
of additive type, even for smooth surfaces. Let R = k[[t1, t2]], where k is algebraically closed of
characteristic p = 2, and let ∂ = f(t1) d

dt1
+ g(t2) d

dt2
be a p-closed vector field. Then, we know

from [445] that the singularity of k[[t1, t2]]∂ is

1. a rational double point of type A1 if f, g both have a simple zero,

2. a rational double point of type D4 if f, g both have a zero of order 2,

3. a rational double point of type D8 if f has a zero of order 2 and g has a zero of order 4,

4. an elliptic singularity if f, g both have a zero of order 4. In fact, this singularity is of type
(19)0 with respect to Wagreich’s classification [709], see also [445].singularity!elliptic

In particular, the quotient may not have rational singularities. On the other hand, if k is algebraically
closed of characteristic 6= 2 and if G is a finite flat group scheme of length 2 acting on R =
k[[t1, t2]], then G ∼= µ2,k

∼= (Z/2Z)k, the G-action can be linearized, and the quotient RG is
is either smooth (if the fixed locus of G is not isolated) or a rational double point of type A1 (if
the fixed locus of G is isolated). We refer to Section 0.4 for more about rational double points,
especially Remark 0.4.33, as well as to [10] and [11] for some general results on quotients by vector
fields.

Having studied p-closed vector fields and some of their singularities locally, let us now globalize
our discussion. Let X be a smooth and n-dimensional variety over a perfect field k of characteristic
p > 0 and let ∂ be a global regular vector field on X with divisor D = div(∂). As above, we
choose for every closed point x ∈ X local coordinates t1, ..., tn ∈ OX,x and write ∂ locally as
ψx ·

∑n
i=1 φi,x

d
dti

as in (0.3.1). We use this to define a homomorphism of OX -modules

∂ : OX(D) → ΘX

by locally defining it as 1 7→
∑n

i=1 φi,x
d
dti

. We set F := ∂(OX(D)). For every x ∈ X , the ideal
(φ1,x, ..., φn,x) ⊆ OX,x is of height ≥ 2, which is implies that the quotient ΘX/F has no torsion in
codimension 1 and is of projective dimension ≤ 1. Therefore, this quotient is torsion-free, that is,
F ⊆ ΘX is a saturated subsheaf. Being of rank 1, it is automatically closed under the Lie bracket.
Thus, if D is p-closed, then F is a p-closed foliation of rank one.

Next, let f := π∂ : X → Y := X∂ be the quotient by the rational vector field D. We have seen
above that Y is a normal variety over k. It is easy to see that the image of F := ∂(OX(D)) in
f∗(ΘY ) is zero, that is, F is contained in ΘX/Y := Ker(ΘX → f∗(ΘY )). (If Y is not smooth
over k, then ΘY denotes Hom(ΩY/k,OY ), which may not be a locally free OY -module.) If ∂ is
p-closed, then we have just seen that F ⊆ ΘX is a p-closed foliation of rank one. In this case, the
degree of f is equal to p and ΩX/Y and ΘX/Y both are OX -modules of rank 1. Moreover, since F
is contained in ΘX/Y , and both are saturated subsheaves of ΘX of rank 1, they are equal, and we
conclude that there is an isomorphism of OX -modules

F = OX(D) ∼= ΘX/Y .
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Since the k-linear Frobenius morphism F : X → X(p) factors over f , there exists a morphism
g : Y → X(p) such that F = g ◦ f , see also Lemma 0.3.1. Moreover, the inclusion F ⊆ ΘX

extends to an exact sequence of OX -modules

0→ F → ΘX/k → f∗ΘY/k → f∗(g∗(ΘX(p)/k)) = F∗ΘX(p)/k.

In case the quotient Y is also smooth over k, one can show that the image of the last homomorphism
is equal to F∗σ∗F = OX(pD), where σ : X(p) → X is the canonical (non k-linear) isomorphism.
In this case, we obtain an exact sequence

0→ OX(D)→ ΘX/k → f∗ΘY/k → OX(pD)→ 0. (0.3.2)

We refer to [206, Corollary 3.4] for details. Taking determinants, we obtain the following formula
for the canonical sheaf from [610, Corollary 1].

Proposition 0.3.14. Let ∂ be a rational and p-closed vector field on a smooth variety X over a
perfect field k of characteristic p > 0. Let f := π∂ : X → Y := X∂ be the quotient morphism and
assume that Y is smooth over k. Then, f is a finite morphism of degree p and

KX = f∗(KY ) + (p− 1)D,

where D := div(∂) denotes the divisor of zeros of ∂.

Remark 0.3.15. One should compare this formula with the formula for the canonical sheaf of simple
µp-covers and αL,a-torsors, see Proposition 0.2.12 and Proposition 0.2.20. It follows that OX(D)
is isomorphic to f∗(L), where L is the invertible sheaf discussed in connection with these covers.
Moreover, one should also compare this formula with the case of cyclic covers that are generically
étale: then, the invertible sheaf OX(D) looks like the class of some ramification divisor. However,
we stress that in the purely inseparable case there is no distinguished section, that is, something
like a well-defined ramification divisor - inseparable morphisms are everywhere ramified. (See the
discussion after Proposition 0.2.6).

Let us give an application of this formula, which we will need in the next chapter. We refer to [610,
§2, Corollary 3] for further details and to Section 1.1 for the definition of the Kodaira dimension
κ(X) of a smooth and proper variety.

Corollary 0.3.16. Let X be a smooth and proper variety over a perfect field k of characteristic
p > 0 and let 0 6= ∂ ∈ H0(X,ΘX). Let Y := X∂ be the quotient of X by ∂ and assume that there
exists a resolution of singularities g : Ỹ → Y (for example, dim(Y ) ≤ 2). Then, we have

h0(Ỹ ,O
Ỹ

(nK
Ỹ

)) ≤ h0(X,OX(nKX))

for all n ≥ 0. In particular, we have κ(Ỹ ) ≤ κ(X).

Proof. Let Z ⊂ X be the closed subscheme of non-divisorial schemes of ∂, which is of codimen-
sion ≥ 2, and let U := X\Z ⊆ X . Then, V := U∂ ⊆ Y is a smooth, open, and dense subset. In
particular, Ṽ := g−1(V ) → V is a birational morphism between smooth varieties, from which we
deduce inclusions and equalities for all n ≥ 0

H0(Ỹ ,O
Ỹ

(nK
Ỹ

)) ⊆ H0(Ṽ ,O
Ṽ

(nK
Ṽ

)) = H0(V,OV (nKV )).
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Applying the previous Proposition , we find inclusions and isomorphisms

(π∂)∗ : H0(V,OV (nKV ))) ↪→ H0(U,OU (nKU )) ∼= H0(X,OX(nKX)),

where π∂ : X → Y denotes the quotient projection and where we use the fact that X is smooth and
the complement of U in X is of codimension ≥ 2.

Remark 0.3.17. The following examples show that the assumption that ∂ is a regular vector field
in Corollary 0.3.16 is crucial: let k be an algebraically closed field of characteristic p > 0, let
X = Proj k[t0, t1, t2] ∼= P2, and let f be a generic global section of L := OX(n) for some n ≥ 1.
Let Y → X be the simple µp-cover of X associated to (L, f), see also Example 0.2.22. Then,
k(X) ⊆ k(Y ) is a purely inseparable field extension of degree p and we have k(Y ) ⊆ k(X)(1/p).
These field extensions correspond to finite and purely inseparable morphisms of degree p

X(1/p) ∼= P2 → Y → X = P2,

whose composition is the k-linear Frobenius morphism F : X(1/p) → X . The surface Y arising
this way is called a Zariski surface. This class of surfaces was introduced by Zariski in [720] in
connection with Castelnuovo’s rationality criterion and in order to construct unirational surfaces
that are not rational. If n � 0 and since f is assumed to be generic, then one can show that Y is
a normal surface and that the minimal resolution of singularities of Y is a surface of general type,
see also [64], [66], and [295]. In particular, we have κ(X) = κ(X(1/p)) = −∞ and κ(Y ) = 2. On
the other hand, by Proposition 0.3.4, there exists a rational vector field ∂ on X(1/p) such that the
morphism X(1/p) → Y is the quotient morphism by ∂. This shows that Corollary 0.3.16 is wrong
for rational vector fields that are not regular. For example, we will meet Enriques surfaces that are
Zariski surfaces in Proposition 1.2.9.

For the remainder of the section, let X be a smooth surface over a perfect field k of characteristic
p > 0 and let ∂ be a p-closed rational vector field. Let D := div(∂) be its divisor of zeros and
let F := OX(D) ⊂ ΘX be the associated p-closed foliation. Since X is two-dimensional, the
closed subscheme Z of non-divisorial zeros of ∂ is zero-dimensional, that is, all these zeros are
isolated. Next, the quotient sheaf Q := ΘX/F is torsion-free and generically of rank one. Thus,
its dual Q∨ := Hom(Q,OX) is reflexive and generically of rank one. Since all local rings of X
are regular local rings, it follows that Q∨ is in fact an invertible sheaf. Then, also M := (Q∨)∨

is an invertible sheaf, and we have a canonical injective morphism Q → M of OX -modules. In
fact, a local computation reveals that Q ⊗M∨ ⊆ OX is the ideal sheaf IZ of the scheme Z of
non-divisorial zeros of ∂. Thus, we find

ΘX/F = Q ∼= IZ(M) = IZ ⊗OXM,

and refer to [295] or [359] for details, computations, and different approaches.

Proposition 0.3.18. Let ∂ be a rational vector field on a smooth and proper surface X over a
perfect field k of characteristic p > 0, let D := div(∂) be its divisor of zeros, and let Z be its
scheme of isolated zeros. Then, there exists a short exact sequence

0 → OX(D)
∂−→ ΘX/k → IZ(−KX −D) → 0. (0.3.3)
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Moreover,
lg(Z) := dimkH

0(X,OZ) = c2(X) + D ·KX + D2, (0.3.4)

where c2(X) denotes the second Chern number, that is, the `-adic Euler characteristic of X .

Proof. By the above discussion, we find a short exact sequence like (0.3.3), but with quotient
IZ(M). Taking determinants, we find an isomorphism M ∼= IZ(−KX − D) of OX -modules.
The formula for lg(Z) follows from standard properties of Chern classes of coherent sheaves and
we refer to [359, Proposition 2.1] for more details.

We keep the notations and assumptions from the previous Proposition and assume moreover that
k is algebraically closed. If C is an integral curve on X , then C is said to be an integral curve
with respect to ∂ if C is tangent to ∂ at the generic point of C. More explicitly: for a closed point
x ∈ C ⊂ X we choose local coordinates t1, t2 ∈ OX,x. Then, locally around x, we have

∂ = ψx ·
(
φ1,x

d

dt1
+ φ2,x

d

dt2

)
and C = {f = 0},

where φ1,x, φ2,x, f ∈ OX,x, ψx ∈ k(X), and where the ideal (φ1,x, φ2,x) ⊆ OX,x is of height ≥ 2,
see (0.3.1). We set ∂′ := ψ−1

x · ∂ = φ1,x
d
dt1

+ φ2,x
d
dt2

. Then, C is integral with respect to ∂ if
and only if ∂′(f) is zero in OX,x/(f). If we take an open subset U containing smooth points of C
where we choose f to be a local parameter in X at x ∈ C, then, after dualizing the exact sequence

0→ IC/I2
C

df→ Ω1
U/k ⊗OC → Ω1

C/k → 0,

we see that C is an integral curve if and only the projection of ∂ to the normal sheaf NC =
(IC/I2

C)∨ is equal to zero.

After these preparations, we have the following result of Rudakov and Shafarevich from [610,
Proposition 1] that concerns intersection numbers, pull backs, and push forwards.

Proposition 0.3.19. Let ∂ be a rational and p-closed vector field on a smooth and proper surface
X over an algebraically closed field k of characteristic p > 0. Let f := π∂ : X → Y := X∂ be
the quotient morphism, which is purely inseparable of degree p, and assume that Y is smooth over
k. Let C ⊂ X be an integral curve and set C ′ := f(C). Then,

f∗(C ′) = C, f∗(C) = pC ′, C2 = pC ′2 if C is integral with respect to ∂,
f∗(C ′) = pC, f∗(C) = C ′, pC2 = C ′2 else.

Next, we study the effect of blow-ups on the isolated zeros of a p-closed vector field on a smooth
surface X over an algebraically closed field k of characteristic p > 0 and we refer to [295, Remarks
2.4] for further information: as before, let D = div(∂) be the divisor of zeros and Z be the scheme
of isolated zeros of ∂. We fix a closed point x ∈ Z, let g : X̃ → X be the blow-up in x, let E ⊂ X̃
be the exceptional divisor of g, and let ∂̃ be the rational vector field induced by ∂ on X̃ . Let Z̃ be
the scheme of isolated zeros of ∂̃ and since g is an isomorphism outsideE, there exists some integer
r ≥ 0 such that div(∂̃) = g∗D + rE. Dualizing the cotangent sequence, we obtain an inclusion
Θ
X̃
→ g∗ΘX , whose cokernel is supported on E. In particular, the sequence (0.3.3) for ∂̃ and the
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pull-back of the sequence (0.3.3) for ∂ via g∗ agree outside E. From this, we obtain a short exact
sequence

0 → OX(g∗(D) + rE) → Θ
X̃
→ I

Z̃
(−K

X̃
− g∗(D)− rE)→ 0. (0.3.5)

Taking Chern classes and comparing with formula (0.3.4), we obtain

lg(Z̃) = lg(Z)− (r2 + r − 1). (0.3.6)

Let us now study the situation locally: as seen above, we can write the vector field ∂ around
x ∈ X as ∂ = ψx · ∂′, where ψx is a local equation for D and where ∂′ = φ1,x

d
dt1

+ φ2,x
d
dt2

such that (φ1,x, φ2,x) ⊆ OX,x is a height 2 ideal, see (0.3.1). By definition, we have multx ∂ =

dimkOX,x/(φ1,x, φ2,x). Let ∂̃′ and ∂̃ be the rational vector fields induced by ∂′ and ∂ on X̃ . One
chart of the blow-up is given by t1 = uw and t2 = w. In it, we compute

d

dt1
=

1

w

d

du
,

d

dt2
= − u

w

d

du
+

d

dw

and find

∂̃′ =
φ1,x(uw, u)− u · φ2,x(uw,w)

w

d

du
+ φ2,x(uw,w)

d

dw
.

Next, the integer r ≥ 0 from the above is the multiplicity of ∂̃′ along E, that is, the maximal w-
power dividing ∂̃′. If νE denotes the valuation of k(X) = k(X̃) associated to E, then the local
description of ∂̃′ shows that r ≥ min{νE(φ1,x), νE(φ2,x)}− 1. Together with the other chart of the
blow-up we conclude ∑

x′∈E
multx′ ∂̃ = multx ∂ − (r2 + r − 1), (0.3.7)

which is a local and explicit version of (0.3.6).
Example 0.3.20. Let x ∈ X be an isolated zero of a multiplicative vector field ∂ on a smooth surface.
By Theorem 0.3.9, there exist local parameters t1, t2 ∈ ÔX,x, such that ∂ = α1t1

d
dt1

+ α2t2
d
dt2

for

some α1, α2 ∈ Fp\{0}. Let g : X̃ → X be the blow-up in x ∈ X with exceptional curve E. In the
chart of the blow-up given by t1 = uw and t2 = w, we find

∂̃ = (α1 − α2)u
d

du
+ α2w

d

dw
,

and similarly for the other chart. Thus, if p = 2, then α1 = α2 = 1 and the induced vector field ∂̃
on X̃ has no isolated zeros on E.

In general, if p ≥ 3, one cannot resolve the isolated zeros of a p-closed vector field on a smooth
surface by successively blowing up its isolated zeros. The situation is different if p = 2, where
canonical resolutions of singularities of p-closed foliations exist, see [295].

Proposition 0.3.21. LetX be a smooth surface over an algebraically closed field k of characteristic
p = 2. Let ∂ be a rational and p-closed vector field on X . Then, after repeatedly blowing up the
isolated zeros of the induced vector fields on the blow-ups, one obtains a birational morphism
g : X̃ → X between smooth surfaces and a commutative diagram

X

π∂

��

X̃
goo

π∂̃ ��

X∂ X̃ ∂̃hoo
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where ∂̃ denotes the rational p-closed vector field induced by ∂ on X̃ , where X̃ ∂̃ is a smooth surface
over k, and where π∂ and π∂̃ denote the quotient morphisms by ∂ and ∂̃, respectively. Moreover,
h : X̃∂ → X∂ is a resolution of singularities (but not necessarily the minimal one).

We refer the interested reader to Remark 0.4.33 for an example, and to [449] and [691] for more
about canonical resolutions of p-closed foliations in characteristic p = 2, as well as to [10], [11],
and [691] for more about singularities of quotients by vector fields.

0.4 Rational double point singularities

In this section, we first discuss singularities of normal surfaces, their resolutions, and then, turn to
rational double points. They are classified according to their dual resolution graphs, which turn out
to be Dynkin diagrams of type A, D, and E. In characteristic zero, these singularities coincide
with quotient singularities by finite subgroups of SL2, and in positive characteristic there is a close
connection to quotients by linearly reductive group schemes. Finally, we discuss rational double
points in positive characteristic and their local cohomology groups. The proofs, when omitted, can
be found in [19], [20], [28] or [580], and we refer to [37, Chapters 3 and 4] for another overview.
Over the complex numbers, rational double points have various different characterizations, and we
refer to [195] for details.

If X is a scheme of finite type over a perfect field k, we will say that a closed point x ∈ X is
a singular point if the local ring OX,x is not a regular local ring. Since k is a perfect field, this is
equivalent to saying that X is smooth over k at x, see [483, Theorem 28.7] . We will not discuss
the distinction between regularity and smoothness in case the field k is not perfect, but defer this
discussion to Section 4.1 when discussing quasi-elliptic fibrations. Next, two singular points on two
schemes are said to be analytically isomorphic or formally isomorphic if the formal completions
of their local rings are isomorphic. By the structure theorems for complete local rings (see [483,
Chapter 29], for example), the formal isomorphism class of a singular point can be represented by
an ideal in a formal power series ring k[[t1, . . . , tn]]. A resolution of a singular point x ∈ X is a
proper birational morphism π : Y → X with Y is non-singular. Often, we will also require π to be
an isomorphism over X \ {x}. We will say that a closed subscheme of Y is π-exceptional if it is
contained in the fibers of π.

Now, let X be a normal surface over an algebraically closed field k of characteristic p ≥ 0, that
is, X is an integral, separated, and two-dimensional scheme of finite type over k such that OX,x is
a normal ring for every x ∈ X . Since X is normal, it follows from Serre’s criterion for normality
(see [483, Theorem 23.8], for example) that the singular locus of X is zero-dimensional, that is, all
singularities of X are isolated closed points. By the following classical theorem in surface theory,
there always exists a resolution of singularities, and even a distinguished one.

Theorem 0.4.1. Let X be a normal surface over an algebraically closed field k. Then, there exists
a unique resolution of singularities π : Y → X that is characterized by either of the following
properties:

1. every resolution of singularities Y ′ → X can be factored as Y ′ → Y
π→ X ,
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2. KY is π-nef, that is, KY · C ≥ 0 for every π-exceptional curve C ⊂ Y .

Proof. See [398, Theorem 2.16].

In particular, for normal surface singularities, there exists a unique resolution that cannot be non-
trivially factored through another resolution. By definition, it is called the minimal resolution of
singularities. Now, if x ∈ X is a normal surface singularity and π : Y → X is an arbitrary
resolution of singularities, then there exists an open affine neighborhood U ⊆ X of x such that
π is an isomorphism over U \ {x}. By Zariski’s Main Theorem (see, [287, Corollary III.11.4],
for example), the set-theoretical fiber E = π−1(x)red is a connected curve on Y . It is called the
exceptional curve of the resolution π. The following result on intersection numbers is central to
the resolution of singularities and contractions for surfaces.

Proposition 0.4.2. Let π : Y → X be a birational morphism from a smooth surface Y to a normal
surface X over an algebraically closed field k. For a singular point x ∈ X , let R1, . . . , Rn be
some irreducible components of the exceptional curve π−1(x)red. Then, the intersection matrix
(Ri ·Rj)1≤i,j≤n is negative definite.

Proof. This is a direct consequence of (a suitable version of) the Hodge index theorem, see [37,
Corollary 2.7], or [398, Theorem 2.12].

This result allows us to give a numerical characterization of minimal resolutions: if π : Y → X is
a resolution of a normal surface singularity that is not minimal, then by Theorem 0.4.1, there exists
an integral and π-exceptional curve E ⊂ Y with KY · E < 0. By Proposition 0.4.2, we also have
E2 < 0. From the adjunction formula 2pa(E)− 2 = E2 +KY ·E, we thus infer K2

Y = E2 = −1
and E ∼= P1

k. A curve E with these properties is called an exceptional curve of the first kind, or, a
(−1)-curve. Thus, we obtain the following result.

Corollary 0.4.3. LetX be a normal surface over an algebraically closed field k and let π : Y → X
be a resolution of singularities. Then, π is the minimal resolution if and only if there is no (−1)-
curve in the fibers of π.

Next, let x ∈ X be a normal surface singularity and let π : Y → X be the minimal resolution of
singularities. Then, dimk(R1π∗OY )x is called the genus of the singularity. Moreover, if π′ : Y ′ →
X is an arbitrary resolution of x ∈ X , then it factors as Y ′ → Y → X by Theorem 0.4.1. Since
f : Y ′ → Y is a birational morphism between smooth surfaces, it is a sequence of blow-ups in
closed and smooth points, which implies R1f∗OY ′ = 0 and then, a Grothendieck–Leray spectral
sequence argument implies an isomorphism (R1π′∗OY ′)x ∼= (R1π∗OY )x. In particular, the genus is
equal to dimk(R1π′∗OY )x for any resolution π′. Moreover, if X is affine and π′ is an isomorphism
outside π′−1(x), then the genus is equal to dimkH

1(Y ′,OY ′). We refer to [37, Chapter 3] or [398,
Chapter 2.2], for proofs and further details.

A normal surface singularity of genus zero (resp. one) is called a rational (resp. elliptic) singu-
larity. Some authors include nonsingular points into the class of rational singularities. In any case,
we will say that a normal surface has at worst rational singularities if all its singular points have
rational singularities.
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Remark 0.4.4. Let X be a normal variety over an algebraically closed field k of any dimension,
let x ∈ X be a point, and let π : Y → X be a resolution of singularities. If char(k) = 0, then
the Grauert–Riemenschneider vanishing theorem states that Riπ∗ωY = 0 for all i ≥ 1. Moreover,
we have R1π∗ωY = 0 if X is a surface and char(k) is arbitrary. In general, one says that x ∈ X
is a rational singularity if it is normal and satisfies Riπ∗OY = 0 as well as Riπ∗ωY = 0 for all
i ≥ 1 and every resolution of singularities π : Y → X . By the previous remarks, the second set
of conditions can be dropped if dim(X) ≤ 2 or char(k) = 0. In particular, the general definition
coincides with our definition in dimension two above. We refer to [398, Chapter 2.2] for proofs in
dimension two, as well as further references.

Before proceeding, let us mention the following useful base-change property of rational surface
singularities, see [248, Proposition 2.4] for details.

Proposition 0.4.5. Let f : Y → X be a finite surjective morphism of normal surfaces over an
algebraically closed field k. Assume that X has at worst rational singularities and let π : X ′ → X
be a resolution of singularities. Let Y ′ := (Y ×X X ′)red, and let π′ : Y ′ → Y and f ′ : Y ′ → X ′

be the induced morphisms. Then,

1. f ′ is a finite and flat morphism, that is, f ′∗OY ′ is a locally free OX′-module,

2. R1π′∗OY ′ = 0, π′∗OY ′ ∼= OY , and Y ′ has at worst rational singularities.

The next result gives various characterizations of rational surface singularities. To state it, we need
one more definition: let x ∈ X be a normal surface singularity and let π : Y → X be a resolution
of singularities. Then, any effective divisor supported on the exceptional curve of π is called an
exceptional cycle. The following results are due to Artin, see [19] and [20].

Proposition 0.4.6. Let x ∈ X be a normal surface singularity over an algebraically closed field k
and let π : Y → X be a resolution of singularities. Then, the following properties are equivalent:

1. x ∈ X is a rational singularity,

2. H1(Z,OZ) = 0 for every exceptional cycle Z,

3. pa(Z) := 1 + 1
2(Z · (Z +KY )) ≤ 0 for every exceptional cycle Z,

4. Let Ri ⊂ Y , i = 1, . . . , n be the integral curves contained in E = π−1(x)red. Then, for
every exceptional cycle Z, whose support contains all the Ri, the homomorphism Pic(Z) =
H1(Z,O∗Z)→ Zn that is defined by L → (. . . ,deg(L ⊗ORi), . . .) is an isomorphism,

5. the canonical maps H i(X,OX)→ H i(Y,OY ) are isomorphisms.

Keeping the notations from the previous Proposition , there is a minimal and positive exceptional
cycle for every resolution of a normal surface singularity x ∈ X: first, we define a partial ordering
on exceptional cycles by saying that we have an inequality Z1 ≤ Z2 if Zj =

∑n
i=1m

(j)
i Ri, j = 1, 2

with m(1)
i ≤ m

(2)
i for all i = 1, . . . , n. An exceptional cycle Z =

∑n
i=1miRi with mi > 0 for all

i = 1, . . . , n is called a fundamental cycle if the following two conditions are satisfied
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1. Z ·Ri ≤ 0 for all i = 1, . . . , n and

2. Z is minimal among all exceptional cycles satisfying (1).

Before proceeding, we define the multiplicity of x ∈ X to be the multiplicity of the local ring
OX,x. That is, if m ⊂ OX,x denotes the unique maximal ideal, then the Hilbert–Samuel function
n 7→ dimk(mn/mn+1) becomes for n� 0 a polynomial of degree (d− 1) with leading coefficient
e/(d − 1)!, where d is the dimension of OX,x (d = 2 in our case) and e is the multiplicity. We
refer to [203, Chapter 12] or [483, Section 14] for details. Moreover, the dimension of the Zariski
tangent space of x ∈ X , that is, the k-dimension of m/m2, is called the embedding dimension of
the singularity. The name comes from the fact that the embedding dimension is the smallest integer
d such that the m-adic completion ÔX,x is isomorphic to a quotient of k[[t1, ..., td]]. The following
results are due to Artin [20].

Proposition 0.4.7. Let x ∈ X be a normal surface singularity over an algebraically closed field k,
and let π : Y → X be a resolution singularities. Then,

1. a fundamental cycle Z exists, is unique, and satisfies pa(Z) ≥ 0,

2. x ∈ X is a rational singularity if and only if pa(Z) = 0.

Moreover, if x ∈ X is a rational singularity, then we have for all n ≥ 1

dimk(mn/mn+1) = −nZ2 + 1 and nZ = Y ×X Spec (OX,x/mn).

In this case, we have in particular

3. the multiplicity of x ∈ X is equal to −Z2,

4. the embedding dimension of x ∈ X is equal to −Z2 + 1.

To a normal surface singularity, one can define further curves that are supported on the exceptional
locus of a resolution of singularities: the canonical cycle, the cohomological cycle, and the fiber
cycle. We refer to [595] for definitions, properties, and their relation to the fundamental cycle,
which is called the numerical cycle in loc. cit.

A normal surface singularity x ∈ X that is a rational singularity of multiplicity two is called a ra-
tional double point. We proceed with a characterization of rational double points via the irreducible
components of the exceptional curve of the minimal resolution.

Proposition 0.4.8. Let x ∈ X be a normal surface singularity over an algebraically closed field k,
let π : Y → X be the minimal resolution singularities, let E = π−1(x)red be its exceptional curve,
and let R1, . . . , Rn be the irreducible components of E. Then, x ∈ X is a rational double point if
and only if

Ri ∼= P1
k and R2

i = −2 for all i = 1, . . . , n.
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Proof. First, suppose that x ∈ X is a rational double point. Let Z =
∑n

i=1miRi be its fundamental
cycle. By Proposition 0.4.7, we have pa(Z) = 0 and Z2 = −2. From the adjunction formula we
infer

Z ·KY =
n∑
i=1

mi(Ri ·KY ) = 2pa(Z)− 2− Z2 = 0. (0.4.1)

We have pa(Ri) = 0 by Proposition 0.4.6, which implies Ri ∼= P1
k for all i. Since π is the minimal

resolution, we have Ri ·KY ≥ 0 for all i. Together with (0.4.1), we conclude Ri ·KY = 0 for all i.
Together with pa(Ri) = 0, the adjunction formula implies R2

i = −2 for all i.

Conversely, if Ri ∼= P1
k and R2

i = −2 for all i, then the adjunction formula yields Ri ·KY = 0
for all i. This implies Z ·KY = 0 for every exceptional cycle Z. Moreover, Z2 < 0 by Proposition
0.4.2, and since Z2 is even, we find Z2 ≤ −2. Thus, pa(Z) = 1 + 1

2(Z(Z + KY )) ≤ 0, and thus,
x ∈ X is a rational singularity by Proposition 0.4.6. In particular, if Z is the fundamental cycle,
then Proposition 0.4.7 gives pa(Z) = 0 and then, Z ·KY = 0 implies Z2 = −2. But then, x ∈ X
is of multiplicity two by Proposition 0.4.7, whence a rational double point.

Proposition 0.4.9. Let x ∈ X be a rational double point over an algebraically closed field k, let
π : Y → X be the minimal resolution of singularities, let E = π−1(x)red be its exceptional curve,
and let R1, . . . , Rn be the irreducible components of E. Then

Ri ·Rj ≤ 1 if i 6= j and Ri ∩Rj ∩Rk = ∅ for pairwise distinct i, j, k.

Let Γ to be the graph obtained by assigning a vertex to each Ri and joining two of them by an edge
if Ri ·Rj = 1. Then, Γ is one of the following graphs:

An • • • •. . .

Dn • • •
•
•

. . .

E6 • • • • •
•

E7 • • • • • •
••

E8 • • • • • • •
••

Figure 1: Exceptional curves of rational double points

Proof. By Proposition 0.4.2, the matrix (Ri · Rj)1≤i,j≤n is negative definite and by Proposition
0.4.8 all diagonal entries are equal to −2. Since E is connected, this matrix is indecomposable, that
is, it cannot be written as a non-trivial block-matrix. Such matrices are classified in the theory of Lie
algebras, more precisely, these are the Coxeter matrices of simple Lie algebras of finite type. The
corresponding graph is the Coxeter–Dynkin diagram associated to the Coxeter matrix, see Section
0.8 or [86].

In view of this proposition, a rational double point is said to be a rational double point of type
An, Dn, E6, E7 or E8 if the associated graph Γ has this type. The graph Γ itself is called the
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dual resolution graph of the minimal resolution of the surface singularity. Sometimes, it is useful
to consider a nonsingular point on a surface as a rational double point of type A0. A rational
double point of type A1 is also called an ordinary double point (or, simply, an ordinary node). The
exceptional curve of its minimal resolution consists of a smooth rational curve R with R ∼= P1

k
and R2 = −2. Such a curve is called a (−2)-curve. Quite generally, a smooth rational curve on a
smooth surface with self-intersection number −n is called a (−n)-curve. Also, the effective cycle
E in Proposition 0.4.9 is called the nodal cycle and its dual graph is also of type Γ. It follows from
Corollary 0.4.12 below that the nodal cycle is equal to Zred, where Z is the fundamental cycle of
the rational double point.

Remark 0.4.10. If X is a geometrically normal surface over a field k that is not necessarily alge-
braically closed and x ∈ X is a non-smooth point, then one can still define minimal resolutions of
singularities, rational singularities, rational double points, and we note that degrees of residue field
extensions have to be taken into account when defining intersection numbers. We refer to [458] for
details. In this case, the classification of dual resolution graphs is more complicated: for example,
it could happen that the exceptional curve E = π−1(x)red of the minimal resolution π : Y → X
is a union of two curves R1 and R2, such that R1

∼= P1 and R2
1 = −2, whereas R2 is a smooth

curve of genus zero with R2
2 = −6 and R1 · R2 = 3. In this case, the curve R2 has no k-rational

point and is not geometrically reducible: over k, it splits into a disjoint union of three P1’s, each
meeting R1 once. Thus, over k, this is a singularity of type D4, whereas the dual resolution graph
of π over k is a Coxeter–Dynkin diagram of type G2. This way, also the Coxeter–Dynkin diagrams
of the remaining, non simply-laced, simple Lie algebras of finite type arise, see [458, Section 24
and Remark 25.3].

Already Proposition 0.4.9, its proof, and the previous remark show a close connection between
rational double points and the theory of Lie algebras. Keeping the assumptions and notations of
this proposition, let M ⊆ Pic(Y ) be the subgroup generated by the classes αi := [Ri]. Next, the
intersection form on Pic(Y ) turns M into a negative definite quadratic lattice and the αi form a
root basis of finite type inside M , see Section 0.8 for definitions. This root basis defines a partial
ordering on M by declaring α ≥ 0 if and only if α =

∑n
i=1miαi with mi ≥ 0 for all i. Then,

there exists a unique highest root αmax with respect to this root basis, that is, for every positive root
α ∈ M we have αmax ≥ α, see, for example, [86, Chapter VI.8]. Coming back to rational double
points, the highest root has the following interpretation, see [580, Section 10].

Proposition 0.4.11. The class [Z] of the fundamental cycle Z in M is the highest root with respect
to the root basis {[Ri]}i=1,...,n.

Using this, Lie theory gives us the fundamental cycles of rational double points.

Corollary 0.4.12. Let x ∈ X be a rational double point over an algebraically closed field k, let
π : Y → X be the minimal resolution singularities, letE = π−1(x)red be its exceptional curve, and
let R1, . . . , Rn be the irreducible components of E. Then, the fundamental cycle Z is as follows:

R1 + · · ·+Rn if Γ is of type An,
R1 + 2R2 + · · ·+ 2Rn−2 +Rn−1 +Rn if Γ is of type Dn,
R1 + 2R2 + 2R3 + 3R4 + 2R5 +R6 if Γ is of type E6,
2R1 + 2R2 + 3R3 + 4R4 + 3R5 + 2R6 +R7 if Γ is of type E7,
2R1 + 3R2 + 4R3 + 6R4 + 5R5 + 4R6 + 3R7 + 2R8 if Γ is of type E8.
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Here, our numbering in Figure 1 as in the plates in the appendix of [86]: if Γ = An, then we
number the vertices Ri from the left to the right. If Γ = Dn, then we let R1, ..., Rn−2 be the
vertices from the left to the right and let Rn−1 and Rn be the two right-most vertices. If Γ = En,
then we let R2 be the lower vertex, and we number the upper row of vertices R1, . . . , Rn from the
left to right (omitting R2, of course).

Let us now give explicit equations: let x ∈ X be a rational double point singularity over an
algebraically closed field k. Then, the embedding dimension is equal to 3 by Proposition 0.4.7,
which implies that there exists an isomorphism after completion

ÔX,x ∼= k[[x, y, z]]/(f)

for some non-zero power series f ∈ k[[x, y, z]]. If m ⊂ ÔX,x denotes the maximal ideal, then
we have dimk(m/m2) = 3 and dimk(m2/m3) = 5 by Proposition 0.4.7, which implies that f lies
in (x, y, z)2 \ (x, y, z)3. More precisely, we have the following explicit classification in arbitrary
characteristic, which is due to Artin [28].

Theorem 0.4.13. Let x ∈ X be a rational double point over an algebraically closed field k. Then,
the completion ÔX,x is isomorphic to k[[x, y, z]]/(f) with f as follows.

1. In characteristic 6= 2, 3, 5 the classical forms

An zn+1 + xy n ≥ 1
Dn z2 + x2y + yn−1 n ≥ 4
E6 z2 + x3 + y4

E7 z2 + x3 + xy3

E8 z2 + x3 + y5

2. In characteristic 2

An classical forms
D0

2n z2 + x2y + xyn n ≥ 2
Dr

2n z2 + x2y + xyn + xyn−rz r = 1, . . . , n− 1
D0

2n+1 z2 + x2y + ynz n ≥ 2
Dr

2n+1 z2 + x2y + ynz + xyn−rz r = 1, . . . , n− 1
E0

6 z2 + x3 + y2z
E1

6 z2 + x3 + y2z + xyz
E0

7 z2 + x3 + xy3

E1
7 z2 + x3 + xy3 + x2yz

E2
7 z2 + x3 + xy3 + y3z

E3
7 z2 + x3 + xy3 + xyz

E0
8 z2 + x3 + y5

E1
8 z2 + x3 + y5 + xy3z

E2
8 z2 + x3 + y5 + xy2z

E3
8 z2 + x3 + y5 + y3z

E4
8 z2 + x3 + y5 + xyz

3. In characteristic 3
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An, Dn classical forms
E0

6 z2 + x3 + y4

E1
6 z2 + x3 + y4 + x2y2

E0
7 z2 + x3 + xy3

E1
7 z2 + x3 + xy3 + x2y2

E0
8 z2 + x3 + y5

E1
8 z2 + x3 + y5 + x2y3

E2
8 z2 + x3 + y5 + x2y2

4. In characteristic 5

An, Dn, E6, E7 classical forms
E0

8 z2 + x3 + y5

E1
8 z2 + x3 + y5 + xy4

Remark 0.4.14. Let x ∈ X be a normal surface singularity over an algebraically closed field k.

1. By inspection, we see that the equation f = 0 of a rational double point is semi-quasihomogeneous
in the sense that f = f1 + f2, where f1(x, y, z) is a quasi-homogeneous polynomial of
degree d with weights q1, q2, q3 and f2(x, y, z) has degree > d in the same weights. The
quasi-homogeneous parts with the weights (q1, q2, q3; d) and the degrees in our case are

An : (n+ 1, n+ 1, 2; 2n+ 2), f1 = xy + zn+1,

Dn : (n− 2, 2, n− 1; 2n− 2), f1 = z2 + x2y + yn−1 or f1 = z2 + x2y,

E6 : (4, 3, 6; 12), f1 = z2 + x3 + y4 or f1 = z2 + x3 + y2z,

E7 : (4, 6, 9; 18); f1 = z2 + x3 + xy3,

E8 : (10, 6, 15; 30), f1 = z2 + x3 + y5.

It is known that any isolated singularity defined by a semi-quasi-homogeneous polynomial
with the quasi-homogeneous part of type An, Dn, En is formally isomorphic to a rational
double point [605, Corollary 3.3].

2. The singularity is said to be taut if its formal isomorphism class is determined by the dual
resolution graph Γ (including the self-intersection numbers) of the minimal resolution. It
follows from the explicit classification that rational double points in characteristic 6= 2, 3, 5
are taut. The dual resolution graphs of normal surface singularities over k = C that are taut
were classified by Laufer [432, Section 2.2] and Tyurina [690]. For more about the tautness
of rational double points in positive characteristic, we refer to [624].

3. By the explicit classification, non-taut rational double point singularities exist only in char-
acteristic p ∈ {2, 3, 5}. We note that the index in a family of singularities of type Y r

n with
Y ∈ {D,E} is upper semi-continuous, while the co-index r is lower semi-continuous. We
refer to [28] for details and the dimensions of the deformation spaces of these singularities.

For an interpretation of the number of vertices of Γ, which coincides with the index n for a singu-
larity of type Y r

n , we recall the Milnor number of a hypersurface (singularity): let f ∈ k[[t1, ..., tn]]
be a formal power series and set fi := ∂f

∂ti
. Then, the Jacobian algebra of R := k[[t1, ..., tn]]/(f)
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is defined to be k[[t1, ..., tn]]/(f1, ..., fn). In case the Jacobian algebra of R is a finite-dimensional
k-vector space, its dimension is called the Milnor number µ = µ(R). Now, if x ∈ X is a normal
surface singularity of embedding dimension 3, then ÔX,x is a hypersurface singularity, and thus,
the Jacobian algebra of ÔX,x is defined. If this is finite-dimensional as k-vector space, then we
have a Milnor number µx := µ(ÔX,x) that only depends on the formal isomorphism class of the
singularity. For details and proofs in case k = C, we refer to [158]. In particular, if x ∈ X is a
rational double point singularity of type Γ in characteristic zero, then it follows from the explicit
classification in Theorem 0.4.13 that the Milnor number µx is defined and equal to the number n of
vertices of Γ. On the other hand, the Jacobian algebra of an An-singularity in characteristic p with
p|(n+ 1) is not finite-dimensional as k-vector space, that is, we do not have a well-defined Milnor
number.

Remark 0.4.15. It follows from the explicit classification that all rational double points can be
realized as singular points of double covers of smooth surfaces. This is obvious from the equations
except for the An-singularities. However, these singularities are formally isomorphic to

z2 + x2 + yn+1 = 0 if char(k) 6= 2,
z2 + xz + yn+1 = 0 if char(k) = p ≥ 0,

and then, it is also clear in these cases. Note that the equation in the char(k) = 2-case is a double
cover branched along a smooth curve.

In fact, there is a close connection between double covers of smooth surfaces and rational double
points, which we will now discuss in some detail: let f(x, y) ∈ k[[x, y]] with char(k) 6= 2 and
assume that f(x, y) = 0 represents the formal isomorphism class of a one-dimensional singular
point. We will call it a simple curve singularity if z2 + f(x, y) = 0 is a rational double point.
Moreover, this singularity of f is said to be of type an, dn, en, ern if the singularity z2 + f(x, y) = 0
is a rational double point of type An, Dn, En, E

r
n, respectively. Note that this equation can be

interpreted as defining a finite and flat double cover of Spec k[[x, y]] branched over the curve
{f = 0}. This said, we have the following.

Proposition 0.4.16. Let π : X → S be a finite flat double cover, where S is a smooth surface over
an algebraically closed field k of characteristic p ≥ 0.

1. If π is generically étale, then X is smooth outside the ramification divisor.

(a) Moreover, if p 6= 2 then x ∈ X is a rational double point singularity if and only if π(x)
is a simple curve singularity of the branch curve.

(b) Moreover, if p = 2 and π(x) is a smooth point of the branch curve, then x ∈ X is a
smooth point or a rational double point singularity of type An.

2. If π is purely inseparable, then p = 2 and π carries the structure of an αL,a-torsor. Let απ
be the global section of Ω1

S ⊗ L⊗2 from Proposition 0.2.21. If απ has only simple isolated
zeroes, then each singular point of X is a rational double point singularity of type A1.

Proof. If p 6= 2, then this follows from the above discussion. If p = 2 and π is generically étale,
then this follows from a formal local computation and Remark 0.4.15, but see also [679].
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If p = 2 and π is purely inseparable, then π carries the structure of an αL,a-torsor by Proposition
0.2.27. The remaining assertions follows from a formal local computation: we may assume that X
is given by an equation z2 + f(x, y) = 0. Then, it follows from the definition of απ that a point
x ∈ X is singular if and only if π(x) is a zero of the differential form df = fxdx + fydy. Adding
a constant to z, we may assume that π(x) = (0, 0). The zero of απ at π(x) is simple if the ideal
generated by fx and fy is equal to the maximal ideal mS,π(x). After a change of local parameters at
π(x), we may assume that fx = y and fy = x, which implies that f = xy+g for some g ∈ m3

S,π(x).
This shows that the singularity x ∈ X is formally isomorphic to the singularity z2 + xy = 0.

We refer to [42, Chapter III.7] for more details about simple singularities of curves, double covers,
and rational double points in case k = C. Let S be a smooth surface over an algebraically closed
field k of characteristic p ≥ 0. If L is a sufficiently ample invertible OS-module and π : X → S is
a generically finite flat double cover with L∨ ∼= π∗OX/OS , then X will be smooth if p 6= 2, or it
will have at worst ordinary double point singularities if p = 2. This follows from Bertini’s theorem
if p 6= 2, and if p = 2, then we refer to [449], Section 2 for details.

In order to relate properties of singularities of double covers and singularities of branch curves
in characteristic 6= 2 further, we have to recall a couple of facts on singularities of curves: let C
be a reduced and connected curve over an algebraically closed field k and let π : C̃ → C be
its normalization. For a closed point x ∈ C, we define δx to be the length of the OC,x-module
Õ
C̃,π−1(x)

/OC,x. Then, δx = 0 if and only if x ∈ C is a non-singular point, see [637], Chapter

IV.1. Next, if C has h irreducible components and g1, ..., gh are the genera of the components of C̃,
then the arithmetic genus pa(C) = h1(OC) = 1− χ(OC) is given by

pa(C) =
h∑
i=1

(gi − 1) +
∑
x∈C

δx + 1. (0.4.2)

Moreover, if char(k) = 0, then the Milnor number µx of f satisfies the Jung–Milnor formula

µx = 2δx − rx + 1,

where rx is the number of formal local branches through x, that is, the cardinality of π−1(x), see
see [350] or [496], Chapter 10. For example, for simple curve singularities in characteristic zero,
we find

µ r δ
ak x2 + yk+1 k 1 k/2 if k is even

k 2 (k + 1)/2 if k is odd
dk x2y + yk−1 k 3 (k + 2)/2 if k is even

k 2 (k + 1)/2 if k is odd
e6 x3 + y4 6 1 3
e7 x3 + xy3 7 2 4
e8 x3 + y5 8 1 4

(0.4.3)

In positive characteristic, the entries for r, δ are still true, whereas µ may not even be defined.

We will now give yet another characterization of rational double points: let us recall that every
Cohen–Macaulay ring possesses a dualizing module (at least, if it is the quotient of a polynomial
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ring or power series rings over a field), and then, the ring is said to be Gorenstein if its dualizing
module is locally free of rank one. A singular point x ∈ X is said to be Cohen–Macaulay (resp.
Gorenstein) if its local ring OX,x is Cohen–Macaulay (resp. Gorenstein), which is equivalent
to its completion ÔX,x being Cohen–Macaulay (resp. Gorenstein). We refer to [97] and [287],
Chapter III.7 for background. By Serre’s normality criterion, a normal surface singularity x ∈ X
is automatically Cohen–Macaulay. Since complete intersection rings are Gorenstein, it follows
from Theorem 0.4.13 that rational double point singularities are Gorenstein. Interestingly, also the
converse is true, see [19], Theorem 2.7.

Proposition 0.4.17. Let x ∈ X be a normal surface singularity over an algebraically closed field k
and let π : Y → X be its minimal resolution of singularities. Then, x ∈ X is a rational Gorenstein
singularity if and only if it is a rational double point singularity. In this case, we have

π∗ωY ∼= ωX and ωY ∼= π∗ωX ,

where ωX and ωY denote the respective dualizing sheaves.

Another characterization of rational double point singularities comes from the minimal model
program: there, so-called terminal and canonical singularities play an important role, and we refer
to [396] for definitions as well as a proof of the following result.

Proposition 0.4.18. Let X be a normal surface over an algebraically closed field k. Then, a closed
point x ∈ X

1. has a terminal singularity if and only if it is non-singular,

2. has a canonical singularity if and only if it is non-singular or a rational double point singu-
larity.

Next, we introduce two important groups associated to a singularity: let x ∈ X be a normal surface
singularity over an algebraically closed field k, letR := ÔX,x be the completion (or, Henselization)
ofOX,x, set U := Spec R\{x}, and let j : U ↪→ Spec R be the natural open embedding. SinceX
was assumed to be normal and of dimension two, x ∈ X is an isolated singularity and U is a regular
and connected scheme. First, the local Picard group, or class group, of the singularity x ∈ X is
defined to be the Picard group Pic(U). We note that every invertible sheaf L on U has a unique
extension (j∗L)∨∨ to a reflexive sheaf of rank 1 on Spec R and conversely, every reflexive sheaf
of rank 1 on Spec R restricts to an invertible sheaf on U . Thus, Pic(U) is isomorphic to the class
group Cl(Spec R) of Spec R as discussed in Section 0.3. Second, the local fundamental group of
x ∈ X is defined to be the étale fundamental group πét

1 (U). By construction, the local fundamental
group classifies (limits of) finite and étale covers of U and thus, torsors under (limits of) finite, flat,
and étale k-group schemes over U . In positive characteristic, one may also be interested in torsors
under arbitrary finite and flat k-group schemes over U , which is accomplished by the local Nori
fundamental group scheme, see [220]. Moreover, by a theorem of Mumford [523], a closed point
on a normal surface over C is nonsingular if and only if its local fundamental group is trivial, which
shows that the local fundamental group is an important invariant of a singularity. Coming back to
rational double point singularities: their local Picard groups have been determined by Lipman in
[458], Section 24, see also Corollary 0.4.24 below for an easy proof over the complex numbers.
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Proposition 0.4.19. Let x ∈ X be a rational double point singularity over an algebraically closed
field k. Then, the local Picard group depends on the type only:

An Dn E6 E7 E8

Pic(U) Z/(n+ 1)Z (Z/2Z)2 if n is even Z/3Z Z/2Z {0}
Z/4Z if n is odd

This result describes reflexive modules of rank one on these singularities, and we refer to [33]
for the classification of reflexive modules of arbitrary rank. The computation of local fundamental
groups of the rational double points in characteristic zero follows easily from Proposition 0.4.21
below, see Corollary 0.4.24. From this result, it follows that the local fundamental groups even
detect the type of the rational double points. On the other hand, the local fundamental groups of
the rational double points in positive characteristic are more complicated: they depend not only
on the type, but also on the characteristic and the co-index, see [28]. For example, by Proposition
0.4.20 below, the local fundamental group of a rational double point of type Apn−1 with n ≥ 1 in
characteristic p > 0 is trivial, and thus, neither can rational double points be distinguished by their
local fundamental groups, nor is Mumford’s theorem true in positive characteristic. On the other
hand, Mumford’s theorem also holds in characteristic p ≥ 5 if instead of the local fundamental
group, the local Nori fundamental group scheme is considered, see [220].

Yet another characterization of rational double points is in terms of quotient singularities, at least
in characteristic 6= 2, 3, 5: let V be a finite-dimensional vector space over an algebraically closed
field k of characteristic p ≥ 0 and let G ⊂ GL(V ) be a finite subgroup, or, more generally, a finite
k-subgroup scheme. The quotient V/G ∼= Spec (S•V )G is normal and it is smooth outside the
point lying under 0 ∈ V . If p = 0, then, by a theorem of Chevalley, Shephard, and Todd, V/G
is smooth if and only if G is generated by pseudo-reflections, and we refer to [95] and [618] for
extensions of this result to positive characteristic. Next, a singularity that is formally isomorphic to
a singularity of the form V/G is called a (finite) quotient singularity. If G is moreover a linearly
reductive group scheme, then the singularity is called a linearly reductive quotient singularity. For
example, the group scheme µn is linearly reductive and the corresponding linearly reductive quo-
tient singularities are called cyclic quotient singularities. We remind the reader that all finite group
schemes in characteristic zero are linearly reductive, but that Z/pZ and αp are examples of finite
group schemes in characteristic p > 0 that are not linearly reductive. By a theorem of Hochster
[298], linearly reductive quotient singularities are rational. On the other hand, we have already
encountered quotient singularities in characteristic p > 0 that are not rational in Remark 0.3.12
and Example 0.3.13. (Note however, that unlike in our definition of quotient singularity above,
the actions by the group schemes there are not linear.) Before returning to rational double point
singularities, let us classify cyclic quotient singularities in dimension two.

Proposition 0.4.20. Let k be an algebraically closed field of characteristic p ≥ 0, let ϕ : µn →
GL(V ) be a homomorphism of group schemes with dimk V = 2, and assume that the quotient
V/µn is singular. Then,

1. there exists an integer m ≥ 2 and an integer q with 1 ≤ q ≤ m− 1 and coprime to m, such
that the singularity V/µn is formally isomorphic to the quotient V/µm with respect to the
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injective group homomorphism

ψq : µm → GL2,k

η 7→
(
ζm 0
0 ζqm

)
Here, η is a generator of µm and ζm is a primitive m.th root of unity in k (to be taken with a
grain of salt if p divides m). We denote this singularity by 1

m(1, q).

2. The singularity 1
m(1, q) is a rational singularity and a toric surface singularity. Moreover, it

is Gorenstein if and only if q = m− 1, and then, 1
m(1,m− 1) is formally isomorphic to the

rational double point singularity Am−1.

3. The exceptional locus of the minimal resolution of singularities of 1
m(1, q) is a chain of P1’s.

In particular, the dual resolution graph is the diagram

1
m(1, q) • • • •. . .

The self-intersection numbers (−n1, ...,−nk) of the P1’s can be computed via the continued
fractions expansion

m

q
= n1 −

1

n2 − 1
n3−...

.

4. The class group of 1
m(1, q) is isomorphic to Z/mZ and the local fundamental group is iso-

morphic to Z/m′Z, where m = pn ·m′ with p - m′ and n ≥ 0.

Proof. Over the complex numbers, all this is classical: for example, claim (1) is shown in [42],
Proposition III.5.3 and claim (3) is discussed in [42], Chapter III.5. The description of these sin-
gularities in terms of toric geometry, as well as claim (3), are discussed in [235], Chapter 2.2 and
Chapter 2.6. Since µn is a linearly reductive group scheme, the representation ϕ splits into a direct
sum of one-dimensional representations in arbitrary characteristic. From this, the just mentioned
results carry over to algebraically closed fields of arbitrary characteristic, which we leave it to the
reader. As already mentioned, linearly reductive quotient singularities are rational in every charac-
teristic. Using claim (3), it is easy to see that 1

m(1,m − 1) is a rational double point singularity of
type Am−1, which is Gorenstein. Let t1, t2 be the coordinates of A2

k such that ψq(η) sends t1 7→ t1
and t2 7→ ζqmt2. We set ω := dt1 ∧ dt2 and compute ψq(η)(ω) = ζq+1

m ·ω. If 1
m(1, q) is Gorenstein,

then the pullback of the dualizing sheaf to A2
k is a ψq(η)-invariant two-form, which must be of the

form f · ω for some f ∈ k[[t1, t2]] with f(0, 0) 6= 0. From this, it is easy to see that q = m − 1,
which establishes claim (2). To compute the local fundamental group of 1

m(1, q), we letm = pn ·m′
with p - m′ and note that we can factor the quotient as V → V/µpn → V/µm. The first morphism
is purely inseparable, which implies that the local fundamental group of V/µpn is trivial, and since
µm′ acts freely outside the image of the point (0, 0) in V/µpn , it follows that the local fundamental
group of V/µm is isomorphic to Z/m′Z. As explained in [458], Section IV, the class group of
1
m(1, q) is finite and can be computed from the dual resolution graph of the minimal resolution of
singularities. From this, one could compute the class group - in any case, since the dual resolution
graph is independent of the characteristic, we may assume char(k) = 0. Next, we set R := ÔX,x
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and U := Spec R\{x}. Since R is complete and its residue field is algebraically closed of char-
acteristic zero, Hensel’s lemma implies that the map R → R, r 7→ rn is surjective. Using this and
(0.1.7), we conclude that finite cyclic subgroups of order n of the Picard group of U correspond to
Z/nZ-torsors of U . The latter set is in bijection to quotients of the local fundamental group that are
cyclic of order n. From this, it is easy to deduce that the class group of 1

m(1, q) is cyclic of order
m.

We note that the cyclic quotient singularities 1
m(1, q) are also called Hirzebruch–Jung singular-

ities, that the dual resolution graphs in part (3) are called Hirzebruch–Jung strings, and that the
continued fractions in part (4) are called Hirzebruch–Jung continued fractions. Moreover, since
the cyclic quotient singularities 1

p(1, q) in characteristic p > 0 are quotients by µp-actions, they
can also be described as quotients by multiplicative vector fields, which we already discussed in
Theorem 0.3.9 and Proposition 0.3.10.

Coming back to rational double point singularities, let k be an algebraically closed field of char-
acteristic p ≥ 0, let V be a two-dimensional k-vector space, and let G ⊂ SL(V ) be a finite k-
subgroup scheme. Then, G automatically contains no pseudo-reflections and the dualizing sheaf
on V ∼= Spec S•V descends to V/G, which implies that V/G is Gorenstein. If G is moreover
linearly reductive, then the quotient V/G is a normal, rational, and a Gorenstein surface singu-
larity, whence a rational double point singularity by Proposition 0.4.17. Thus, finite and linearly
reductive subgroup schemes of SL(V ) are a source of rational double points. The classification
of finite subgroups of SL2(C) and their quotients is classical, see, for example, [193], Section 26,
[195], or [416]. The classification of finite linearly reductive subgroup schemes of SL2 in positive
characteristic is due to Hashimoto [289].

Theorem 0.4.21. Let k be an algebraically closed field of characteristic p ≥ 0 and let G ⊂ SL2,k
be a finite and linearly reductive k-subgroup scheme. Then, up to conjugation, G is one of the
following

An (n ≥ 1) The group scheme µn+1 of length (n+ 1) generated by(
ζn+1 0

0 ζ−1
n+1

)
inside SL2,k, where ζn+1 denotes a primitive (n+ 1).th root of unity (to be taken with a grain
of salt if p divides (n + 1)). This group scheme is étale if and only if p - (n + 1), in which
case it is cyclic. In any case, the associated quotient singularity is a rational double point
singularity of type An.

Dn (n ≥ 4 and p 6= 2) The group scheme of length 4(n− 2) generated by A2n−5 and(
0 ζ4

ζ4 0

)
inside SL2,k. This group scheme is étale if and only if p - (n − 2), in which case it is the
binary dihedral group. In any case, the associated quotient singularity is a rational double
point singularity of type Dn.
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E6 (p 6= 2, 3) The binary tetrahedral group scheme generated by D4 and

1√
2

(
ζ7

8 ζ7
8

ζ5
8 ζ8

)
inside SL2,k. This group scheme is étale of length 24 over k. The associated quotient singu-
larity is a rational double point singularity of type E6.

E7 (p 6= 2, 3) The binary octahedral group scheme generated by E6 and A7. This group scheme
is étale of length 48 over k. The associated quotient singularity is a rational double point
singularity of type E7.

E8 (p 6= 2, 3, 5) The binary icosehedral group scheme generated by A9,(
0 1
−1 0

)
, and

1

ζ2
5 − ζ3

5

(
ζ5 + ζ−1

5 1

1 −(ζ5 + ζ−1
5 )

)
,

inside SL2,k. This group scheme is étale of length 120 over k. The associated quotient
singularity is a rational double point singularity of type E8.

Remark 0.4.22. The class of quotient singularities by finite and linearly reductive group schemes
is particularly nice. Many results that are classically known for finite quotient singularities over C
carry over to this setting in positive characteristic. For rational double point singularities, we will see
this already below, but we refer to [455] for details and a thorough treatment of these singularities.

As an application, we obtain the following characterization of rational double points as certain
quotient singularities. Again, this is classical over the complex numbers, and the case of positive
characteristic was independently established in [289] and [457].

Corollary 0.4.23. Let k be an algebraically closed field of characteristic p 6∈ {2, 3, 5}. Then,
the rational double point singularities over k coincide with the quotient singularities by finite and
linearly reductive subgroup schemes of SL2,k.

It is easy to compute class groups and local fundamental groups of quotient singularities over
algebraically closed fields of characteristic zero. Using the characterization of rational double points
from the previous corollary, we obtain the following result.

Corollary 0.4.24. Let x ∈ X be a rational double point over an algebraically closed field k of
characteristic zero. If G ⊂ SL2(k) is the finite subgroup such that x ∈ X is formally isomorphic to
the quotient singularity by G, then

1. the local fundamental group of x ∈ X is isomorphic to G,

2. the local Picard group of x ∈ X is isomorphic to Gab, the abelianization of G.

Proof. We set V := k2\{(0, 0)} and note that πét
1 (V ) ∼= {1}, which follows, for example, by using

comparision theorems between étale and topological fundamental groups. Since G acts freely on
V , we find πét

1 (V/G) ∼= G, and since V/G is an open neighborhood of the pointed singularity
x ∈ X , it is not difficult to deduce the first claim. The second claim can be shown along the lines
of the computation of the class group in the proof of Proposition 0.4.20, which we leave it to the
reader.
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Theorem 0.4.21 has the following application to torsors over the smooth locus of some ratio-
nal double point singularities: let x ∈ X be a normal surface singularity over an algebraically
closed field k of characteristic p ≥ 0, let R := ÔX,x (or, the Henselization), and let j : U :=
Spec R\{x} ↪→ U := Spec R be as above. Let π : V → U be a finite morphism, where V is
an integral and normal scheme, and let V = Spec S be the integral closure of Spec R inside the
field of fractions L of H0(V,OV ). Thus, S is the integral closure of R inside L and it is a local and
complete (or, Henselian) k-algebra. We will say that π : V → U is a local principal G-cover, if
G is a finite and flat k-group scheme acting on V such that U ∼= V /G and such that the restriction
π : V → U is a G-torsor. As explained in [220], Section 2.2, it suffices to construct π : V → U
and then, the extension to V → U is automatic. Moreover, if x ∈ X is a non-singular point, then
it follows from purity results for torsors over regular schemes that also the extension V → U is
a G-torsor, see Theorem 0.1.4. After these preparations, Theorem 0.4.21 implies the existence of
local principal covers of rational double points of type An and Dn, see also [457], Proposition 4.2.

Corollary 0.4.25. Let x ∈ X be a rational double point singularity over an algebraically closed
field k of characteristic p ≥ 0. As before, we setR := ÔX,x, U := Spec R\{x}, andU := Spec R.

1. Let x ∈ X be of type An. Then, there exists a µn+1-torsor V → U that extends to a local
principal µn+1-cover V → U , where V is nonsingular.

2. Let x ∈ X be of type Dn and assume p 6= 2. Let BDn−2 be the binary dihedral group scheme
of length 4(n − 2) over k from Theorem 0.4.21. Then, there exists a BDn−2-torsor V → U
that extends to a local principal BDn−2-cover V → U , where V is nonsingular.

We end this section by shortly discussing rational double point singularities in positive character-
istic, local cohomology groups, and the role of Frobenius in this context. Quite generally, let R be
a noetherian integral domain of characteristic p > 0. Then, a famous theorem of Kunz [412] states
that R is regular if and only if the Frobenius morphism F : R→ R, x 7→ xp is flat. Thus, F detects
regularity. Next, for an ideal I ⊆ R and a p-power q = pe, we let I [q] be the ideal generated by
all aq with a ∈ I , or, equivalently, the ideal generated by Fe(I). Then, the tight closure I∗ of I is
defined to be the set of all elements x ∈ R for which there exists an 0 6= c ∈ R with cxq ∈ I [q]

for q � 0. We always have I ⊆ I∗ and I∗∗ = I∗. Moreover, an ideal I ⊆ R is said to be tightly
closed if I = I∗. We refer to [97, III.10] for details and different characterizations. Using tight
closure, we can define interesting classes of singularities in positive characteristic: a noetherian in-
tegral domain R of characteristic p > 0 is called weakly F -regular if all its ideals are tightly closed
and it is called F -regular if all its localizations are F -regular. Moreover, R is called F -rational if
all ideals of principal class, that is, all ideals I generated by height(I) elements, are tightly closed.
For example, regular rings are F -regular, F -regular rings are weakly F -regular, weakly F -regular
rings are F -rational, and F -rational rings are normal. Again, we refer to [97], Chapter III.10 for
details and proofs. This recalled, we will say that a singularity x ∈ X in positive characteristic is
(weakly) F -regular and F -rational, respectively, if ÔX,x has the respective property.

Using the classification of F -regular surface singularities by Hara [277] and the classification
results discussed above, we obtain the following equivalences.

Proposition 0.4.26. Let x ∈ X be a rational double point singularity over an algebraically closed
field k of characteristic p > 0. Then, the following are equivalent:
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1. x ∈ X is an F -regular singularity,

2. x ∈ X is an F -rational singularity,

3. x ∈ X is a taut singularity,

4. x ∈ X is a linearly reductive quotient singularity.

Proof. For Gorenstein rings, F -regularity and F -rationality coincide, see, for example, [97], Propo-
sition III.10.3.7, and thus Proposition 0.4.17 gives (1) ⇔ (2). The equivalence (1) ⇔ (3) follows
from comparing Hara’s classification [277], Theorem 1.1, with the explicit classification list in The-
orem 0.4.13. Moreover, comparing this list with Corollary 0.4.23, we find (1) ⇒ (4). Finally, if
S = k[[u1, .., un]] and G is a linearly reductive group scheme over k acting linearly on S, then
its ring of invariants R := SG is a direct summand of S. Thus, R is F -regular, see [97], Chap-
ter III.10.1, which shows that linearly reductive quotient singularities are F -regular, and we find
(4)⇒ (1).

Remark 0.4.27. It would be very interesting to have a proof of this result without using explicit
classification lists.

Next, let us recall that a noetherian integral domain R of characteristic p > 0 is said to be F -finite
if R, considered as a module over itself via Frobenius, is finite. Moreover, R is called F -split if
the Frobenius map splits as a map of modules. For reduced and F -finite rings, being F -split is
equivalent to being F -pure, and we refer to [97] for details. Finally, a local and noetherian integral
domain (R,m) of characteristic p > 0 is said to be F -injective if the map F : H i

m(R) → H i
m(R)

induced by Frobenius on local cohomology is injective for all i = 0, ...,dim(R). If R is Cohen–
Macaulay, then H i

m(R) = 0 for i < dim(R) and in this case, to decide whether R is F -injective, it
suffices to check i = dim(R) only. We will say that a singularity x ∈ X in positive characteristic
is F -split, F -injective,... if ÔX,x has the respective property.

In some cases, there is a useful way to compute the kernel of Frobenius on the local cohomology
group H2

x(X,OX), and, in particular, to decide F -injectivity, of a normal two-dimensional singu-
larity x ∈ X over an algebraically closed field k of characteristic p > 0: namely, assume that
there exists a graded commutative ring R =

⊕
n≥0Rn of finite type over k with R0 = k and

m =
⊕

n≥1Rn, such that ÔX,x ∼= R̂. By the Pinkham–Demazure construction, there exists an
ample Q-divisor D =

∑
i aiPi on the smooth and projective curve C := Proj R over k and an

isomorphism of graded rings
R ∼=

⊕
n≥0

H0 (C,OC([nD])) , (0.4.4)

where [−] denotes the integral part of a Q-divisor. (If B =
∑

i biQi is a Q-divisor on C, that is,
bi ∈ Q and the Qi are closed points on C, then [B] :=

∑
i[bi]Qi, where [bi] denotes the largest

integer, which is less or equal to bi.) Using this isomorphism, one can compute the kernel of
Frobenius on H2

m(R) as

H2
m(R)[F] ∼=

⊕
n∈Z

Ker
(
F : H1(C,OC([nD])) → H1(C,OC([pnD]))

)
, (0.4.5)
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see [276], Section 2. Let us assume moreover that x ∈ X is a rational double point singularity, in
which case D is easy to compute. Namely, since the singularity is rational and the dual resolution
graph of the minimal resolution of singularities is star shaped, the results of [276], Section 4.4 apply:
namely, we have C = Proj R ∼= P1

k in this case and

D = −KP1 −
r∑
i=1

ei − 1

ei
Pi,

for some r ≤ 3 and some pairwise distinct closed points Pi. Moreover, the indices ei are given by
the following table

(e1, . . . , er) =



(e) type Ae,
(2, 2, e) type De+2,

(2, 3, 3) type E6,

(2, 3, 4) type E7,

(2, 3, 5) type E8,

see [276], Section 4. Since [nD] has non-negative degree for all n ≥ 0 and C ∼= P1, we find
H1(C,OC([nD])) = 0 for all n ≥ 0, and thus, only summands of negative degree in (0.4.5)
have to be taken into account. Applying the condition in [276], Corollary 2.6, it follows that the
singularity x ∈ X is F -injective if p does not divide any of the ei.

Example 0.4.28. Let k be an algebraically closed field of characteristic p > 0.

1. Let C = P1
k and D = n+1

n · (∞). In this case, (0.4.4) yields R ∼= k[x, y, z]/(xy+ zn+1) with
deg(x) = deg(y) = n + 1 and deg(z) = 1, which has a rational double point singularity of
type An at the closed point x = y = z = 0 by Theorem 0.4.13. The criterion just mentioned
shows that the singularity is F -injective if p - n. In fact, we will see in Proposition 0.4.29 that
An-singularities are F -injective in every positive characteristic.

2. Let C = P1
k and D = 1

2P1 + 1
2P2 − (1 − 1

e )P3 for three distinct points P1, P2, P3 on C. In
this case, (0.4.4) yields a graded ring R, which is a rational double point singularity of type
Dn with n = e + 2. In characteristic p = 2, it is of type D0

n. The criterion just mentioned
shows that the singularity is F -injective if p ≥ 3 and p - (n − 2). In fact, we will see in
Proposition 0.4.29 thatDn-singularities are F -injective in every positive characteristic p ≥ 3.
Moreover, using [276], Theorem 2.3, lengthy computations show that the only possibly non-
zero summands in (0.4.5) are in degree (−1). From this, we deduce

dimkH
2
x(X,OX)[F] ≤ 1

if x ∈ X is a rational double point singularity of type D0
n in characteristic 2. By Proposition

0.4.29, these singularities are not F -injective, which shows that we have equality. On the
other hand, rational double point singularities of type D1

4 and D1
5 in characteristic 2 are F -

injective.

We refer to [456] for further details. Concerning the F -injectivity of rational double point singu-
larities, we have the following.
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Proposition 0.4.29. Let x ∈ X be a rational double point singularity over an algebraically closed
field k of characteristic p > 0. Then, the following are equivalent:

1. x ∈ X is F -split

2. x ∈ X is F -injective

3. x ∈ X is a rational double point with p ≥ 7 or

p = 5 and of type different from E0
8

p = 3 and of type different from E0
6 , E

0
7 , E

0
8 , E

1
8

p = 2 and of type An, Dn−1
2n , Dn−1

2n+1, E
1
6 , E

3
7 , E

4
8

In particular, if x ∈ X is F -regular then it is F -split, but the converse need not hold.

Proof. Being reduced and F -finite singularities, being F -split is equivalent to being F -pure. Next,
F -pure singularities are F -injective, and F -injective Gorenstein singularities are F -pure, see [226],
Lemma 3.3. This establishes (1)⇔ (2).

In characteristic p ≥ 7, rational double point singularities are F -regular by Proposition 0.4.26,
and thus, F -split, see for example [228]. To check F -splitting in characteristic p ≤ 5, we apply
Fedder’s criterion: namely, a hypersurface singularity k[[t1, ..., tn]]/(f) is F -pure if and only if
fp−1 6∈ (tp1, ..., t

p
n), see [226], Proposition 2.1. Using the explicit equations of Theorem 0.4.13, the

assertion follows, and we leave the computations to the reader.

Let x ∈ X be a normal and isolated singularity over an algebraically closed field k in characteristic
p > 0, let R := ÔX,x (or, the Henselization), U := Spec R\{x}, and let j : U ↪→ Spec R be
as above. Next, let G be a finite and flat k-group scheme. By Theorem 0.1.3, G-torsors over U
are classified by the flat cohomology group H1

fl(U,G). Moreover, if G is étale, then this group is
isomorphic toH1

ét(U,G), and reduced and irreducibleG-torsors over U are in bijection to surjective
homomorphisms from the local fundamental group of x onto G. The local fundamental groups
of rational double points can be found in [28], which allows us to determine all G-torsors over
U , where G is an étale k-group scheme, and thus, we also also classify local principal G-covers
of x ∈ X . Let us now turn to local principal αp- and µp-covers of a normal surface singularity
x ∈ X . These cannot be detected or classified by the local fundamental group. From (0.1.4)
and (0.1.7), and using Pic(R) = 0 and H1(Spec R,OSpec R) = 0, we obtain isomorphisms
R×/R×p ∼= H1

fl(Spec R,µp) and R/Rp ∼= H1
fl(Spec R,αp). Then, applying (0.1.4) and (0.1.7)

again, it follows that µp- and αp-torsors over U modulo those torsors that extend to Spec R are
classified by

p Pic(U) = Pic(U)[p] and H1(U,OU )[F],

the kernels of multiplication by p and of Frobenius, respectively. From the long exact sequence of
local cohomology, we have H1(U,OU ) ∼= H2

m(R). In particular, if x ∈ X is F -injective, then
H1(U,OU )[F] = 0, and thus, does not admit local principal αp-covers.

For the description and partial classification of torsors under finite group schemes over the rational
double points, we refer to [455] and [456] Instead of giving the full classifcation, we only give
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a couple of examples: we end this section by giving some rational double point singularities in
characteristic p = 2 that are not linearly reductive quotient singularities, but quotient singularities
by αp- or Z/pZ-actions. We note that these group schemes are not linearly reductive and that the
actions are not linear or linearizable.

Proposition 0.4.30. Let k be an algebraically closed field of characteristic 2 and set S := k[[u,w]].

1. For every even integer n ≥ 2, there exists an α2-action on Spec S such that the quotient is a
rational double point singularity of type D0

2n.

2. For every even integer n ≥ 2, there exist (Z/2Z)-actions on Spec S such that the quotients
are rational double point singularities of type Dn/2

2n and Dn/2
2n+1, respectively.

3. There exist an (Z/2Z)-action on Spec S such that the quotient is a rational double point
singularity of type E2

8 .

Proof. If n is even, then the vector field u2 d
du + wn d

dw on S is additive with ring of invariants
equal to k[[u2, w2, u2w + uwn]] and setting x := u2, y := w2, and z := u2w + uwn, we see that it
is isomorphic to k[[x, y, z]]/(z2 + x2y + xyn). By Theorem 0.4.13, this is a rational double point
singularity of type D0

2n. Moreover, the additive vector field corresponds to an α2-action on Spec S
by Example 0.3.6, and establishes the first claim.

By Artin’s classification [29], a surface singularity in characteristic 2 is a quotient singularity by
(Z/2Z) if and only if it formally isomorphic to a hypersurface singularity of the form k[[x, y, z]]/(f)
with

f = z2 + abz + a2y + b2x

where a, b ∈ k[[x, y]] are nonunits that are relatively prime. Using the explicit equations from
Theorem 0.4.13, the remaining assertions follow.

Moreover, for the application to symmetroid quartic surfaces in P4 in characteristic p = 2 below,
see Remark 0.6.22, let us note the following explicit descriptions of rational double point singular-
ities of type D0

4, D1
4, D0

5, and D1
5 as quotients by α2- and Z/2Z-actions. This makes some of the

results from the previous Proposition a little bit more explicit.

Proposition 0.4.31. Let k be an algebraically closed field of characteristic 2. If x ∈ X is a rational
double point singularity of type D0

4 (resp. D1
4) over k, then there exists a local principal G-cover

V → Spec ÔX,x with G = α2 (resp. G = Z/2Z) such that V is nonsingular.

Proof. For a ∈ {0, 1}, the scheme

α2,a := Spec k[ε]/(ε2 − aε)

becomes a finite k-group scheme of length 2 with respect to the comultiplication ε 7→ ε⊗1 + 1⊗ ε.
More precisely, we have α2,0

∼= α2 and α2,1
∼= Z/2Z, see Example 0.1.7. We now define an

α2,a-action on S := k[[u, v]] via

δ(u) = u+ δ1(u)ε := u+
u2

1 + au
ε, δ(v) = v + δ1(v)ε := v +

v2

1 + av
ε.
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Since δ1 is a derivation (see also the computations in Example 0.3.6), we have

δ(uv) = uv + (uδ1(v) + vδ(u))ε = uv +
uv(u+ v)

(1 + au)(1 + av)
ε.

It is easy to see that the formal power series

x :=
u2

1 + au
, y :=

v2

1 + av
, z :=

uv(u+ v)

(1 + au)(1 + av)

belong to the ring of α2,a-invariants S and they satisfy the relation

z2 + axyz + xy(x+ y) = 0,

which is the local equation of a rational double point singularity of type Da
4 by Theorem 0.4.13.

Moreover, since the completion of the k-subalgebra R of S generated by x, y, and z is normal
and since the extension of fields of fractions Q(R) ⊂ Q(S) is of degree p = 2, it follows that
R is not only contained in, but also equal to Sα2,a . It remains to show that the finite morphism
π : V := Spec S → Spec R ∼= Spec ÔX,x is a local principal α2,a-cover, that is, the restriction
to π : V → U := Spec R \ {m} is an α2,a-torsor. It is not difficult to see that the fixed locus of the
α2,a-action on V consists of the unique closed point only, which we leave it to the reader.

Let us also give a cohomological approach, which is interesting in its own right: we set U1 :=
U \ {x = 0}, U2 := U \ {y = 0} and consider the 1-cocycle c = {c12} = {z/xy} with respect to
the Zariski-open cover {Ui}i of U . We compute

c2 +ac+x−1 +y−1 =

(
z

xy

)2

+a

(
z

xy

)
+x−1 +y−1 =

1

(xy)2

(
z2 + axyz + xy(x+ y)

)
= 0,

which shows that c2 + ac = −x−1 − y−1, that is, a 1-coboundary. Thus, c defines a class in
H1(U,OU ) that lies in the kernel of F−a · id. In particular, it shows the existence of anαp,a-torsor
over U using (0.1.4). We set t1 = u−1 and t2 = v−1, and then, over U1, this torsor is given by the
equation t21 + at1 +x−1 = 0, whereas over U2, it is given by the equation t22 + at2 + y−1. We leave
it to the reader to show that this recovers S together with the α2,a-action defined above.

We have a similar description of D5-singularities in characteristic p = 2 as quotients of A1-
singularities by α2- and Z/2Z-actions.

Proposition 0.4.32. Let k be an algebraically closed field of characteristic 2. If x ∈ X is a rational
double point singularity of type D0

5 (resp. D1
5) over k, then there exists a local principal G-cover

V → Spec ÔX,x withG = α2 (resp. G = Z/2Z) such thatW is a rational double point singularity
of type A1.

Proof. Let T := k[[u, v, w]]/(w2 + uv), which is a rational double point singularity of type A1 by
Theorem 0.4.13. First, we define an action of Z/2Z on T via

u 7→ u

1 + w + v
, v 7→ u+ v

1 + w + v
, and w 7→ w + u

1 + w + v
.
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It is easy to see that the fixed locus of this action is given by u = w + v = 0, that is, the action is
free outside the closed point of Spec T . Next, it is easy to see that

x :=
u+ vw + uv

1 + w + v
, y :=

v2 + w2

1 + w + v
, and z :=

u(v + w)

1 + w + v

lie in the invariant subring T (Z/2Z) and that these invariants satisfy

z2 + xyz + y2z + x2y = 0.

By Theorem 0.4.13, this is the equation of the rational double point singularity of type D1
5. Arguing

as in the proof of Proposition 0.4.31, we find that the quotient of W := Spec T by the (Z/2Z)-
action is in fact equal to the complete k-subalgebra of T generated by x, y, and z, and that the
quotient morphism is a local principal (Z/2Z)-cover.

Second, we define an action of α2 = Spec k[ε]/(ε2) on T by

u 7→ u+ uvε, v 7→ v + v2ε, and w 7→ w + (wv + u)ε.

It is easy to see that

x′ := u+ vw, y′ := v2, and z′ := w2 = uv

lie in the invariant subring Tα2 and that these invariants satisfy

z′2 + z′y′2 + x′2y′ = 0.

By Theorem 0.4.13, this is the equation of the rational double point of type D0
5. From here, we

argue as above that the quotient of W := Spec T by the α2-action is in fact equal to the complete
k-subalgebra of T generated by x, y, and z, and that quotient morphism is a local principal α2-
cover. Alternatively, we note that the preimage of the open subset U := D(x)∪D(y) ⊂ Spec Tα2

is equal to the open subsetW := D(u)∪D(v) ⊆W := Spec T . The base changeW ×UW →W
is isomorphic to OW [x]/(x2) ∼= W ×α2, which shows that W → U is a nontrivial α2-torsor.

Remark 0.4.33. By Example 0.3.6, actions by µp or αp correspond to p-closed rational vector
fields of multiplicative or additive type. We classified quotients by µp-actions of smooth varieties
in Theorem 0.3.9 and Proposition 0.3.10, see also Proposition 0.4.20. In particular, the quotient of
a smooth surface by a µ2-action in characteristic p = 2 is either smooth or a rational double point
singularity of type A1. The latter corresponds to the quotient by the multiplicative vector field

∂1 := u
d

du
+ v

d

dv

on V := Spec k[[u, v]]. Using Example 0.3.6, it is not difficult to see that the α2-action on V from
Proposition 0.4.31 with quotient a rational double point singularity of type D0

4 corresponds to the
additive vector field

∂2 := u2 d

du
+ v2 d

dv
,



0.5. DEL PEZZO SURFACES AND SURFACES OF SMALL DEGREE 89

see also Example 0.3.13 and the proof of Proposition 0.4.30. Moreover, we leave it to the reader to
check that the quotient of W := Spec k[[u, v, w]]/(w2 + uv), which has a rational double point
singularity of type A1, by the additive vector field

∂3 := uv
d

du
+ v2 d

dv
+ (u+ vw)

d

dw

acquires a rational double point singularity of type D0
5. Concerning the resolution of singularities,

let us recall that p-closed foliations in characteristic p = 2 admit resolutions of singularities, see
Proposition 0.3.21.

1. For ∂1, the singularity of the quotient V ∂1 is a rational double point singularity of type A1.
The blow-up of the closed point of V ∂1 resolves the singularity, Moreover, the induced vector
field ∂̃1 on the blow-up Ṽ has no isolated zeros, see Example 0.3.20.

2. For ∂2, the singularity of the quotient V ∂2 is a rational double point singularity of type D0
4.

The exceptional divisor of the blow-up of the closed point of V ∂2 is isomorphic to P1 and
contains three rational double point singularities of typeA1. Moreover, for the induced vector
field ∂̃2 on the blow-up Ṽ , we get r = 1 in formula (0.3.6) and the sum of the multiplicities of
isolated zeros of ∂̃2 is equal to 4−1 = 3. Explicit computations show that ∂̃2 has in fact three
isolated zeros of multiplicity 1, and thus, the quotient of Ṽ by ∂̃2 has three rational double
point singularities of type A1:

Ṽ //

π∂̃2��

V

π∂2

��

Ṽ
∂̃2

// V
∂2 .

The singularities of ∂̃2 and the quotient Ṽ
∂̃2

can be resolved as explained in (1).

3. The blow-up W̃ →W resolves that rational double point singularity of type A1. The rational
vector field ∂̃ induced by ∂ on the blow-up has an isolated zero like ∂2. From here, we resolve
the isolated zeros of ∂̃ as in (2), which yields an explicit resolution of the singularity of the
quotient W ∂3 , which is a rational double point singularity of type D0

5.

0.5 Del Pezzo surfaces and surfaces of small degree

In this section, we discuss the classification of non-degenerate surfaces of degree (n − 1) and n
in Pn. Since rational normal scrolls and anti-canonical models of weak del Pezzo surfaces play an
important role in this classification, we will discuss them as well. These results are important for
explicit constructions of Enriques surfaces later on, see, for example Proposition 3.1.1. We refer
to [128], [156], [179, Chapter 8], [473, 7.2], and [46, Chapter IV] for more results on del Pezzo
surfaces.
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We will work over an algebraically closed field k of arbitrary characteristic p ≥ 0 in this section.
We recall that a subvariety, that is, a reduced and irreducible subscheme X ⊆ Pn is said to be
non-degenerate if it is not contained in a proper linear subspace of Pn. Then, we have the following
classical result.

Proposition 0.5.1. Let X be a non-degenerate subvariety of Pn over an algebraically closed field
k. Then, it satisfies the inequality

deg(X) ≥ codim(X) + 1.

Proof. See, for example [200], [252, page 173], or [532].

In case equality holds, the subvariety is said to be of minimal degree. Surfaces of minimal degree,
that is, non-degenerate surfaces of degree (n− 1) in Pn, have been classified by del Pezzo, whereas
minimal subvarieties of arbitrary dimension have been classified by Bertini, and we refer to [200]
for overview.

Before proceeding, let us recall that a rational normal scroll Sa,n with a ≤ b and a+ b = n− 1,
which is also denoted Sa,n−1−a;n, is a surface of degree (n− 1) in Pn that is equal to the linear join
of two Veronese curves of degrees a and b = (n− 1− a) lying in complementary linear subspaces
of dimensions a and b of Pn, respectively. Recall that the linear join of two projective subvarieties
V1 and V2 of a projective space lying in complementary linear subspaces is the union of lines joining
a point in V1 with a point in V2. Then, Sa,n = Sa,n−1−a;n is a non-degenerate surface of degree
(n − 1) in Pn. In particular, it is a surface of minimal degree. We do not exclude the case a = 0,
that is, where one of the curves is a point, in which case S0,n = S0,n−1;n ⊂ Pn is the cone over
a Veronese curve of degree (n − 1). For example, S1,1;3 is a nonsingular quadric and S0,2;3 is an
irreducible quadric cone in P3. We refer to [179, 8.1] and [283, Lecture 8] for more examples and
details.

Next, for an integer n ≥ 0 we consider the P1-bundle π : Fn := P(OP1 ⊕ OP1(−n)) → P1,
which is also known as a Hirzebruch surface or a Segre surface. Here, and in the sequel we follow
[287, Chapter V,§2]. Then,

Pic(Fn) ∼= Zf ⊕ Ze,

where f is the class of a fiber of π and e is the class of a section of π with e2 = −n. Such a section
always exists and if n > 0, then there is only one such section. The canonical divisor class KFn

is linearly equivalent to −(n+ 2)f− 2e and the intersection form on Pic(Fn) is determined by the
intersection numbers

f2 = 0, e · f = 1, and e2 = −n.

Next, the linear system |df + e| is base-point free (resp. very ample) if d ≥ n (resp. d > n). More-
over, if d > n, then |df + e| embeds Fn as a rational normal scroll Sd−n,2d−n+1 = Sd−n,d;2d−n+1

of degree (2d− n) into P2d−n+1. We refer to [287, Chapter V, §2] and [595, Chapter 2] for details
and more results.

Theorem 0.5.2. Let X be a surface of minimal degree, that is, a non-degenerate surface of degree
(n− 1) in Pn over an algebraically closed field k. Then, X is isomorphic to one of the following:
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1. P2,

2. a Veronese surface ν2(P2) in P5,

3. a rational normal scroll Sa,n−1−a;n in Pn for some a ≥ 0.

Proof. See, for example [200], [252], page 525, or [532].

We now proceed to the classification of non-degenerate surfaces of degree n in Pn, that is, to the
next-to minimal degree case. We will achieve this goal in Theorem 0.5.5 below. To state it, we first
recall weak del Pezzo surfaces, their classification, and their anti-canonical models.

Theorem 0.5.3. Let X be a smooth and proper surface over an algebraically closed field k. Then,
the anti-canonical sheaf ω−1

X is big and nef if and only if one of the following cases holds:

1. X is isomorphic to P1×P1 or F2. In the first case, ω−1
X is ample, whereas ω−1

X is big and nef
but not ample in the second case.

2. There exists a birational morphism X → P2 that is the blow-up in a set Σ ⊂ P2 of (9 − d)
points (possibly infinitely near) with d = K2

X , satisfying the following conditions

(a) no more than 3 points lie on a line,

(b) no more than 6 points lie on a conic.

In this case, ω−1
X is ample if moreover

(c) no more than 2 points lie on a line,

(d) no more than 5 points lie on a conic,

(e) there is no cubic through Σ and has a double point at some point of Σ.

In any case, d satisfies 1 ≤ d ≤ 9.

In particular, these surfaces are rational and we will come back to blowing up possibly infinitely
near points in the next section. In case −KX is ample (resp. big and nef), the surface X is called
a del Pezzo surface (resp. weak del Pezzo surface) and d = K2

X is called the degree of the weak
del Pezzo surface. We note that some authors do not consider the surfaces from the first case of the
theorem as (weak) del Pezzo surfaces. One can show that there is precisely one del Pezzo surface up
to isomorphism in each degree d ∈ {9, 7, 6, 5}, and that there are two del Pezzo surfaces of degree
8 up to isomorphism (P1 × P1 and the blow-up of P2 in one point).

We will discuss the blow-upX → P2 with applications to lines and pencils of conics these surfaces
at the end of this section. First, we discuss anti-canonical models in greater detail. For a weak del
Pezzo surface, the graded algebra

AX :=

∞⊕
m=0

H0 (X,OX(−mKX))
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is called the anti-canonical algebra of X . Since ω−1
X is big and nef, the natural and a priori only

rational map
φcan : X 99K Xcan := ProjAX

is a birational morphism. More precisely, φcan blows down all (−2)-curves on X to rational double
point singularities on Xcan and it is an isomorphism outside the (−2)-curves. The surface Xcan is
called the anti-canonical model of X . It is a surface with at worst rational double point singularities
and the anti-canonical sheaf ω−1

Xcan
is ample. In terms of the minimal model program, Xcan is a Fano

surface (possibly of Picard rank greater than one) with at worst canonical singularities. Moreover,
X is a del Pezzo surface if and only if Xcan is smooth, that is, has terminal surface singularities, in
which case φcan is an isomorphism, see also Proposition 0.4.18. Since the terminology Fano surface
confuses with some other surfaces that bear Fano’s name we will call the anti-canonical model of a
weak del Pezzo surface an anti-canonical del Pezzo surface.

Concerning the anti-canonical models and algebras, we have the following results. The proof of
the following proposition can be found in [156] or, in characteristic p 6= 2, 3, in [397], Chapter III.3
or [179], Section 8.3.1.

Proposition 0.5.4. Let X be a weak del Pezzo surface of degree d over an algebraically closed field
k with anti-canonical model Xcan = Proj AX .

1. If X is from the first case of Theorem 0.5.3, then KX is uniquely divisible by 2 in Pic(X) and
| − 1

2KX | defines a morphism φhalf can to P3 that is birational onto its image. If X ∼= P1×P1

(resp. X ∼= F2), then this image is a rational normal scroll S1,1;3 (resp. S0,2;3). The anti-
canonical morphism | −KX | is equal to φhalf can followed by the second Veronese morphism
ν2. Its image is a projectively normal surface of degree 8 in P8.

In particular, the half-anti-canonical algebra BX :=
⊕

m≥0H
0(X,OX(−m

2 KX)) is gener-
ated by 4 elements in degree 1 with one relation in degree 2. The algebra AX is the second
Veronese subalgebra of BX .

2. If X is from the second case of Theorem 0.5.3, then

(a) if d ≥ 3, then the algebra AX is generated by (d + 1) elements of degree 1. This
gives rise to a closed embedding Xcan ↪→ Pd that is an isomorphism onto a projectively
normal surface of degree d.

(b) If d = 2, then the algebra AX is generated by elements t0, t1, t2 of degree 1 and an
element t3 of degree 2. The kernel of the surjective homomorphism k[T0, T1, T2, T3]→
AX , Ti 7→ ti is a principal ideal generated by a polynomial of the form

F = T 2
3 +B(T0, T1, T2) if p 6= 2,

F = T 2
3 +A(T0, T1, T2)T3 +B(T0, T1, T2) if p = 2,

where A is a homogeneous polynomial of degree 2 and B is a homogeneous polynomial
of degree 4. This gives rise to a closed embedding Xcan into weighted projective space
P(1, 1, 1, 2) that is an isomorphism onto a degree 4 hypersurface with at worst rational
double points as singularities.
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(c) If d = 1, then the algebra AX is generated by elements t0, t1 of degree 1, an element t2
of degree 2, and an element t3 of degree 3. The kernel of the surjective homomorphism
k[T0, T1, T2, T3] → AX , Ti 7→ ti is a principal ideal generated by a polynomial of the
form

F = T 2
3 + T 3

2 +A(T0, T1) if p 6= 2, 3
F = T 2

3 + T 3
2 +B(T0, T1)T 2

2 + C(T0, T1)T2 +A(T0, T1) if p = 3
F = T 2

3 +D(T0, T1)T2T3 + E(T0, T1)T3 + T 3
2 +A(T0, T1) if p = 2

where A, B, C, D, E are homogeneous polynomials of degree 6, 2, 4, 1, and 3, re-
spectively. This gives rise to a closed embedding Xcan into weighted projective space
P(1, 1, 2, 3) that is an isomorphism onto a degree 6 hypersurface with at worst rational
double points as singularities.

Proof. See [128], Section 8.5, [156], [179], Section 8.3.1, or [397], Chapter III.3.

Let us give a couple of applications and corollaries of this proposition and refer to [179], Chapter
8.3 for more details and proofs. For example,

1. if d ≥ 3, then AX is generated in degree 1, all φm with m ≥ 1 are birational morphisms, and
φ1(X) is equal to Xcan ⊂ Pd with ωXcan

∼= OPd(−1).

2. If d = 2, then AX is generated in degree 2 and all φm with m ≥ 2 are birational morphisms.
The projection to the first three coordinates of Xcan ⊂ P(1, 1, 1, 2) defines finite degree 2
morphism f : Xcan → P2 and φ1 is the composition of f with the contraction morphism
X → Xcan. It follows from Example 0.2.22 that Xcan is always singular if p = 2 and f is
inseparable (that is, p = 2 and A = 0 in Proposition 0.5.4). By [449], Theorem 2.4, a generic
such Xcan has 7 rational double points of type A1. In particular, if p = 2 and X is a del Pezzo
surface, then f is separable (that is, p = 2 and A 6= 0 in Proposition 0.5.4).

3. If d = 1, then AX is generated in degree 3 and all φm with m ≥ 3 are birational morphisms.
The projection to the first three coordinates of Xcan ⊂ P(1, 1, 2, 3) defines a finite degree 2
morphism f : Xcan → P(1, 1, 2), which is a quadratic cone in P3, and φ2 is the composition
of f with the contraction morphismX → Xcan. As in the d = 2-case, if p = 2 and f is purely
inseparable, thenXcan is always singular, and a generic suchXcan has 8 rational double points
of type A1. Finally, the intersection of Xcan ⊂ P(1, 1, 2, 3) with V (a0T0 + a1T1) defines a
pencil of curves of arithmetic genus 1, that is, a rational map g : Xcan 99K P1. The map φ1

is the composition of g with the contraction X → Xcan, and since | −KX | has a unique base
point, the rational map φ1 is not a morphism.

It follows from Proposition 0.5.4 that every weak del Pezzo surface of degree d ≥ 3 arises as the
minimal resolution of a non-degenerate surface of degree d in Pd with at most rational double point
singularities. Conversely, every normal and non-degenerate surface of degree d in Pd with at most
rational double points as singularities is isomorphic to the anti-canonical del Pezzo surface. The
following result classifies non-degenerate and normal surfaces of degree d in Pd.
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Theorem 0.5.5. Let X be a non-degenerate and normal surface of degree n in Pn over an alge-
braically closed field k. Then, X is isomorphic to one of the following:

1. a projection of a surface X ′ ⊂ Pn+1 of degree n with center outside X ′,

2. the cone over an elliptic normal curve that is contained in a hyperplane of Pn,

3. the anti-canonical del Pezzo surface of degree n,

Proof. See [532, Theorem 8 and Proposition 11] and [179, 8.1].

Remark 0.5.6. If the surfaces from the first case of Theorem 0.5.3 are excluded from the list of weak
del Pezzo surfaces, then one has to add their anti-canonical models by hand into the previous list:
namely, surfaces that are the second Veronese embedding ν2(Q) ⊂ P8 of an irreducibel quadric
surface Q ⊂ P3 (see also the first case of Proposition 0.5.4). We mention this in order to explain
the discrepancy to other classification lists of surfaces of degree n in Pn that can be found in the
literature.

We end the section by shortly discussing lines and pencils of conics on surfaces of degree d ≥ 3 in
Pd, at least if they are anti-canonical del Pezzo surfaces: to do so, we first introduce some notations
and definitions that we will use in the sequel and refer to [179], Chapter 8 for further details. Let
π : X → S be a birational morphism between smooth surfaces. Then, we can factor it as

π : X =: XN
πN−→ XN−1

πN−1−→ . . .
π2−→ X1

π1−→ X0 := S (0.5.1)

as a composition in which each πi : Xi → Xi−1 is the blow-up in a closed point xi ∈ Xi−1. For
N ≥ k > i ≥ 0, we set

πki := πi+1 ◦ . . . ◦ πk : Xk → Xi,

as well as πki = id if k = i. We say thatX is obtained from S by blowing up the points x1, . . . , xN ,
and note that these points may lie on different surfaces. For all i, we define effective divisors

Ei := π−1
i (xi) and Ei := π∗Ni(Ei), (0.5.2)

on Xi and X = XN , respectively, and note that the Ei need neither be irreducible nor reduced
divisors. The divisors Ei are called the exceptional configuration of the birational morphism π :
X → S. Moreover, if πki(xk+1) = xi, then the point xk+1 is said to be infinitely near to xi of order
s = k+ 1− i. In this case, we write xk+1 �s xi and simply xk+1 � xi if k = i. Points that are not
infinitely near to any other will be identified with their images on S.

Let D be a non-zero and effective divisor on S. Then, we define the multiplicity multxi D in
xi ∈ Xi−1 inductively as follows: we set multx1 D to be the usual multiplicity of D at x1, that
is, it is defined as the largest integer m such that the local equation of D around x1 belongs to the
m-th power of the maximal ideal of the local ring OX,x1 . We now assume that the multiplicity
multxi D is defined. Then, we take the proper inverse transform π−1

i (D) of D in Xi and define
multxi+1(D) := multxi+1 π

−1
i (D). It follows from the definition that

π−1(D) = π∗(D) −
N∑
i=1

miEi, where mi = multxi D.
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If xk � xi, then it also follows from the definition that multxk D ≥ multxi D. We will say that
a divisor D has xi as a point of multiplicity multxi (or just passes through xi if the multiplicity is
positive). For an invertible sheaf L on S we denote by |L −

∑
mixi| the linear system of divisors

D ∈ |L| on S such that multxi D ≥ mi. The fixed part of the full transform of |L −
∑
mixi| on

X contains the divisor
∑
miEi. The linear system |π∗(L)(−m1E1 − · · · −mNEN )| is called the

proper transform of the linear system |π∗(L)−
∑
mixi|.

Now, let X be a weak del Pezzo surface of degree d = 9 − N over an algebraically closed field
k that is not isomorphic to P1 × P1 or F2. By Theorem 0.5.3, there exists a birational morphism
σ : X → P2 that is a composition

σ : X = XN
σN−→ XN−1

σN−1−→ . . .
σ2−→ X1

σ1−→ X0 = P2, (0.5.3)

where σi : Xi → Xi−1 is the blow-up of a closed point xi ∈ Xi−1. Thus, X is obtained by
blowing up the ordered set (x1, . . . , xN ), which may include infinitely near points. This defines a
basis of the free abelian group Pic(X) by setting e0 := σ∗(OP2(1)) and ei := [Ei], where {Ei} is
the exceptional configuration defined by the points xi. A basis of Pic(X) obtained this way is a
called a geometric basis. We will discuss the intersection pairing on Pic(X) in connection with the
Enriques lattice later in Section 1.5.

On X , there are many smooth rational curves. Those with KX · C = 0 satisfy C2 = −2 by the
adjunction formula - these are called (−2)-curves or nodal curves. We note that (−2)-curves are
precisely those curves that get contracted to rational double point singularities on the anti-canonical
model Xcan under the anti-canonical map φcan. In particular, if −KX is ample, that is, if X is a
del Pezzo surface, then φcan is an isomorphism onto its image and X contains no (−2)-curves. The
(−2)-curves contained in the exceptional locus of the birational morphism σ : X → P2 are said
to be vertical. Vertical (−2)-curves are irreducible components of some reducible divisor Ei. In
particular, such curves exist if and only if some Ei is reducible, which exist if and only if there are
infinitely points among the blown up points {x1, ..., xN}. Using the formula for the canonical class
of a blow-up and the fact that −KX is always nef, it is not difficult to prove the following two
propositions, and we refer to [156] for details and proof.

Proposition 0.5.7. Let X be a weak del Pezzo surface of degree d ≥ 1 over an algebraically closed
field k and from the second case of Theorem 0.5.3. Let N = 9 − d, Σ := (x1, . . . , xN ), and
σ : X → P2 be as above. Then, the non-vertical (−2)-curves on X are precisely the following:

1. the proper transform of a line in P2 that passes through at least 3 points of Σ,

2. the proper transform of an irreducible conic that passes through at least 6 points of Σ,

3. the proper transform of an irreducible cubic that passes through at least 7 points of Σ and
that passes through one more point of Σ with multiplicity ≥ 2.

If d ≥ 3, then the anti-canonical linear system |ω−1
X | defines a birational morphism φcan by Propo-

sition 0.5.4, and next, we study lines and conics on the anti-canonical model Xcan.

Proposition 0.5.8. Let X be as in Proposition 0.5.7 and assume moreover d ≥ 3. Let f : X →
Xcan ⊂ Pd be the anti-canonical birational morphism. Then, the lines on Xcan are precisely the
images under f of the proper transform under σ of
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1. either a non-nodal component of a curve Ei,

2. or a line that passes through exactly 2 points of Σ,

3. or a conic that passes through exactly 5 points of Σ.

The conics on Xcan are precisely the images under f of the proper transform under σ of

1. either a line that passes through exactly 1 point of Σ,

2. or a conic that passes through exactly 4 points of Σ.

We note that every conic on Xcan moves in a pencil. For the anti-canonical model del Pezzo
surface of degree d ≥ 3 in Pd that is not isomorphic to P1 × P1, we have the following classic and
well-known list.

Degree 3 4 5 6 7 8 9
Lines 27 16 10 6 3 1 0
Pencils of conics 21 10 5 3 2 1 0

For an anti-canonical del Pezzo surface X of degree d ≥ 3, the number of lines and pencils of
conics depends on the (−2)-curves on X and thus, on the singularities of X . For d = 4, we will
explore this phenomenon in Proposition 0.6.2 in the next section.

Fix a geometric basis (e0, e1, . . . , eN ) of a weak del Pezzo surface X . Let

α0 = e0 − e1 − e2 − e− 3, α1 = e1 − e2, . . . , αN−1 = eN−1 − eN .

We see that each αi ∈ Pic(X) satisfies α2
i = −2. For N ≥ 3, we can express the intersection

matrix (αi · αj) by the following diagrams

It means that αi · αj = 1 if the corresponding vertices are incident and αi · αj = 0 otherwise. We
call the corresponding graph the root diagram of the weak del Pezzo surface.

We see that the diagrams coincide with the diagrams of fundamental cycles of rational double
points of types A4 if N = 4, type D5 of N = 5, type E6 if N = 6, type E7 if N = 7, and type E8

if N = 8.

Proposition 0.5.9. Let x1, . . . , xk) be rational double points of an anti-canonical del Pezzo surface
X of degree d ≤ 6 and let Γ(xi) be the dual graph of the exceptional curve over xi in the minimal
resolution of singularities of X . Let αmax be the fundamental cycle of (X,xi) and Γ∗N be graph
obtained from the root diagram ΓN adding one vertex that is incident to vertex α1 and α0 (resp. α2

if N = 4, resp. α0 if N = 6, resp. α1 if N = 7, resp. α7 if N = 8). Then Γ(x1), . . . ,Γ(xk) are
disjoint subdiagrams of Γ∗N .

We omit the proof, it will become clear after we introduce more background about root lattices,
their Weyl groups and use the Borel-de Siebenthal-Dynkin algorithm for describing root sublattices
of a root lattice (see (see Section 6.4 in Volume 2).

Using this proposition we can classify all possible types of exceptional curves in the minimal
resolution of singularities of an anti-canonical del Pezzo surface.
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N = 3 • • •
α1 α2 α0

N = 4 • • • •
α1 α2 α3 α0

N = 5 •

•

• • •

α0

α1 α2 α3 α4

N = 6

•

• • • • •

α0

α1 α2 α3 α4 α5

N = 7

•

• • • • • •

α0

α1 α2 α3 α4 α5 α6

N = 8

•

• • • • • • •

α0

α1 α2 α3 α4 α5 α6 α7

Figure 2: Roots diagrams

0.6 Symmetroid quartic surfaces in P4

In this section, we give a more detailed classification of non-degenerate normal quartic surfaces in
P4 than the one already obtained in Theorem 0.5.5. We refer to [179], Chapter 8.6 for background
and more information. In particular, we classify and describe anti-canonical del Pezzo surfaces of
degree 4 that are symmetroids (in the sense of Definition 0.6.4), which are quartic surfaces in P4

that admit torsors under group schemes of length 2 over their smooth locus. Not surprisingly, the
classification is more complicated in characteristic p = 2. We note that symmetroid quartic surfaces
will be important for the explicit construction of Enriques surfaces later on.

As in the previous section, we will be working over an algebraically closed field k of characteristic
p ≥ 0. If X ⊂ P4 is an non-degenerate and normal surface of degree 4, then, by Theorem 0.5.2 and
Theorem 0.5.5, X is one of the following:

1. the anti-canonical del Pezzo surface of degree 4,

2. a cone over a elliptic normal curve in P3,

3. a projection of a Veronese surface ν2(P2) in P5,

4. a projection of a scroll S0,4;5, S1,3;5, or S2,2;5 in P5.

The first case can be characterized in terms of linear systems of quadrics as follows.

Proposition 0.6.1. Let X ⊂ P4 be a non-degenerate and normal surface of degree 4 over an
algebraically closed field k. Let Q be the linear system of quadrics in P4 containing X . Then, its
projective dimension satisfies

dimk Ker
(
H0(P4,OP4(2))

r→ H0(X,OX(2))
)
− 1 = dimQ ≤ 1.

Morever, equality holds if and only if
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1. eitherX is the anti-canonical del Pezzo surface, in which caseX has at worst rational double
point singularities and a generic member of Q is a smooth quadric,

2. or X is the cone over an elliptic normal curve, in which case X has a unique elliptic Goren-
stein singularity and no member of Q is smooth.

Proof. Suppose dimQ ≥ 1. Then, X is contained in a quartic surface Q1 ∩ Q2, where Q1 and
Q2 are two linear independent quadrics from Q. Since deg(X) = 4, it follows that we have in
fact an equality X = Q1 ∩ Q2 and thus, Q is spanned by Q1 and Q2. This proves the inequality.
Moreover, if equality holds, then X is a complete intersection of two quadrics in P4, and thus, a
Gorenstein surface with very ample anti-canonical sheaf ω−1

X . In this case, it is also easy to see
that h1(X,OX) = h2(X,OX) = 0. We assumed X is to be normal and know it is Gorenstein.
Thus, if X has rational singularities, then the singularities are rational double point singularities by
Proposition 0.4.17 and then, X is the anti-canonical del Pezzo surface in this case. If X does not
have rational singularities, then its minimal resolution of singularities is not a rational surface, and
thus, it follows from the classification of quartic surfaces in P4 (see Theorem 0.5.2 and Theorem
0.5.5) that X must be the cone over an elliptic normal curve of degree 4 in P3.

Conversely, an elliptic normal curve of degree 4 in P3 is the complete intersection of two quadrics,
and thus, also the cone over it in P4 is a complete intersection of two quadrics. From this description,
one also sees that every member ofQ is singular. Finally, suppose thatX is the anti-canonical model
Ycan of a weak del Pezzo surface Y of degree 4. Let σ : Y → P2 be a presentation as blow-up in
a set of points Σ, some of which may be infinitely close to each other. Restriction gives a map
r : H0(P4,OP4(2)) → H0(X,OX(2)), and thus, we have Q = P(Ker(r)). By Proposition 0.5.4,
X is projectively normal, and thus, the map r is surjective. We know that |OX(2)| ∼= | − 2KY |
and the latter is equal (via σ) to the linear system of plane sextics in P2 passing through the points
of Σ with multiplicities ≥ 2. Counting constants (or applying Riemann–Roch), we see that it is of
dimension 12. Since dim |OP4(2)| = 14, we find dimQ = 1. Moreover, since X is not a cone, it
follows from Bertini’s theorem that there is a smooth quadric in Q, and hence the generic quadric
in Q is smooth.

We continue with our analysis of anti-canonical del Pezzo surfaces of degree 4 by classifying lines
and pencils of conics on them. We already discussed lines and pencils of conics on anti-canonical
del Pezzo surfaces of degree d ≥ 3 in Pd at the end of Section 0.5. For the anti-canonical model
Xcan ⊂ Pd of an anti-canonical Pezzo surfaceX of degree d ≥ 3, the number of lines and pencils of
conics depends on the singularities of Xcan and thus, on the (−2)-curves on the minimal resolution
of singularities, which is X . In degree 4, we have the following classification, which is a corollary
of Proposition 0.5.8.

Proposition 0.6.2. Let X be an anti-canonical del Pezzo surface of degree 4 over an algebraically
closed field k and let Xcan ⊂ P4 be its anti-canonical model. Then, the number of lines, pencils of
conics, depending on the type of the singularities on Xcan is given by the following table:
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Lines Pencils of conics Singularities of Xcan

16 10 ∅
12 8 A1

9 6 A1 +A1

8 7 A1 +A1

8 6 A2

6 5 A1 +A1 +A1

6 4 A2 +A1

5 4 A3

4 5 A3

4 4 A1 +A1 +A1 +A1

4 3 A1 +A1 +A2

3 3 A1 +A3

3 2 A4

2 3 D4

2 2 A1 +A1 +A3

1 1 D5

Next, we study anti-canonical quartic del Pezzo surfaces that admit non-trivial torsors of length
2 over their smooth locus - this will important for the analysis of Enriques surfaces later on. First,
let us recall a special case of Theorem 0.1.10: let G be a finite k-group scheme of length 2 over an
algebraically closed field k of characteristic p ≥ 0. If p 6= 2, then G ∼= µ2

∼= Z/2Z, which is étale.
On the other hand, there are three isomorphism classes if p = 2, namely µ2, α2, and Z/2Z. Here,
only the last one is étale, whereas the first two are infinitesimal and nonreduced group schemes over
k.

Lemma 0.6.3. Let X be a smooth and rational surface over an algebraically closed field k and let
G be a finite and flat k-group scheme of length 2. Then, there exist no nontrivial G-torsors over X .

Proof. Being a smooth and rational surface, the Picard group Pic(X) is torsion-free, which implies
that X does not admit nontrivial µ2-torsors by Proposition 0.2.29. Moreover, since X is a rational
surface, it satisfies H1(OX) = 0. Thus, by Proposition 0.2.29, it also does not admit non-trivial
Z/2Z-torsors nor α2-torsors in characteristic p = 2.

Thus, since del Pezzo surfaces are smooth rational surfaces, there are no such torsors over them.
This leads us to the following definition.

Definition 0.6.4. Let X be a normal and proper surface over an algebraically closed field k with
at worst rational double point singularities and let G be a finite flat group scheme of length 2 over
k. Then, X is a symmetroid surface of type G if there exists a G-torsor Y → Xsm = X \Sing(X)
that defines a local principal G-cover over each singular point of X .

We refer to Corollary 0.4.25 for some examples of local principal covers over rational double point
singularities, which will become relevant below. In Proposition 0.7.6, we will give a characterization
of cubic surfaces in P3 that are symmetroid in terms of determinantal equations. More generally,
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an example of a symmetroid surface of degree (2n + 1) in P3 in characteristic p 6= 2 is given by
the determinant of a symmetric square matrix of size (2n+ 1), all of whose entries are linear forms
(plus some regularity condition), see [179], Section 4.2.6. Another example, still assuming p 6= 2,
is a quartic surface in P3 that is the Kummer surface associated to an abelian surface, and we refer
to [179], Theorem 10.3.18, for explicit equations. Higher dimensional examples are provided by
EPW-sextics in P5 and closures of some nilpotent orbits.

For the remainder of the section, we shall classify non-degenerate quartic surfaces in P4 that are
symmetroids. First, we establish the following connection to weak del Pezzo surfaces.

Proposition 0.6.5. A non-degenerate quartic surfaceX ⊂ P4 over an algebraically closed field k of
characteristic p ≥ 0 that is symmetroid is the anti-canonical quartic del Pezzo surface. Depending
on type and characteristic, there are the possible singularities of X:

Type Singularities
p 6= 2 µ2 4A1 or 2A1 +A3

p = 2 µ2 4A1 or 2A1 +A3

α2 D0
4 or D0

5

Z/2Z D1
4 or D1

5

Proof. Let X ⊂ P4 be a normal and non-degenerate quartic surface with at worst rational double
points as singularities and let H be a general hyperplane section. Let π : Y → Xsm be a non-trivial
G-torsor as in Definition 0.6.4. Seeking a contradiction, assume that X is not the anti-canonical del
Pezzo surface of degree 4. It follows from the classification of non-degenerate quartic surfaces in
P4 in Theorem 0.5.5 that H is a smooth rational curve. Since smooth rational curves do not admit
non-trivial G-torsors, it follows that the preimage of H on the non-trivial torsor π is disconnected
or non-reduced (the latter can only happen if p = 2). But this implies that Y is disconnected or
non-reduced, contradicting non-triviality of the torsor π.

Let f : X̃ → X be the minimal resolution of singularities, which is a weak del Pezzo surface
of degree d = 4. In particular, the Picard rank of X̃ is equal to 9 − d = 5 by Theorem 0.5.3.
From Proposition 0.4.2 and Proposition 0.4.9 it follows that the only singularities on X can only be
rational double point singularities of type An with 2 ≤ n ≤ 5 or of type Dm with 4 ≤ m ≤ 5.

First, assume that p = 2 and that the torsor Y → Xsm is of type α2 or Z/2Z. As explained at
the end of Section 0.6, a rational double point singularity of type An does not admit local principal
covers of this type. By Proposition 0.4.31 and Proposition 0.4.32, there do exist local principal
(Z/2Z)-covers (resp. α2-covers) over rational double point singularities of type D1

4 and D1
5 (resp.

D0
4 and D0

5). On the other hand, there are no local principal (Z/2Z)-covers of D0
4 or D0

5 by Artin’s
computation of the local fundamental groups of these singularities [28]. By Proposition 0.4.29, the
singularities D1

4 and D1
5 are F -injective and thus, do not admit local principal α2-covers. From

this and Proposition 0.6.2, the assertions on symmetroid quartic surfaces of type α2 and Z/2Z in
characteristic 2 follow.

Next, assume that the torsor Y → Xsm is of type µ2 in characteristic p ≥ 0. Let j : Xsm → X
be the inclusion and let π : Y := Spec j∗π∗OY → X be the integral closure of X , which is a µ2-
cover. LetE be the exceptional divisor of f and then, f induces an isomorphism of U := X̃\E with
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Xsm. Pulling back to X̃ , we obtain a µ2-cover of X̃ that is a torsor over U . By Proposition 0.2.27,
this is a simple µ2-cover associated to some invertible sheaf L̃ and a global section thereof. Next,
we claim that H0(U,O×U ) = k×: in fact, the divisor of any rational function φ that is invertible
on U is a linear combination of irreducible components of E. Since the intersection matrix of E
is negative definite, this divisor must be equal to zero, hence φ is constant. Thus, the Kummer
exact sequence (0.1.7) shows that H1

fl(U,µ2) ∼= Pic(U)[2]. In fact, the restriction L|U must be the
2-torsion element of Pic(U) defining the µ2-torsor over U . Since L|⊗2

U
∼= OU , we conclude that

L ∼= OX̃(D) for some effective divisor D on X̃ such that 2D ∼ W for some divisor W on X̃
that is supported on X̃\U = E. Let Qi be the root lattice associated to a connected component
Ei of E and let R be an irreducible component of Ei (see also Section 0.8 for definitions.) From
W ·R = 2D ·R, we see that this number is an even integer. Thus, 1

2 [W ] belongs to the dual lattice
Qi. In particular, the discriminant group of Qi is of even order. Inspecting the table in Proposition
0.6.2, we see that the singularities of X must be rational double points of type A1, A3, D4, or D5.
Moreover, since D ·K

X̃
= W ·K

X̃
= 0, the adjunction formula shows that D2 is even and hence,

W 2 = 4D2 is divisible by 8. Replacing W by W +2A for some divisor A supported on E, we may
assume that W is a sum of irreducible components of E taken with multiplicity 1. In order for W 2

to be divisible by 8, X must have 4 singularities of type A1 or two singularities of type A1 and one
singularity of type A3.

In view of this proposition, we will study anti-canonical quartic del Pezzo surfaces admitting
singularities of type 4A1, 2A1 +A3, D4, or D5 (in any characteristic). We will see that there is only
one isomorphism class of surfaces in characteristic p 6= 2 and in characteritic 2 if the singularities
are of typem 4A1 or 2A1 + A3. However, the surfaces with a singular point of type D4 or D5

belong to two isomorphicms classes which are distinguished by the type of the singularity D(0)
4 or

D
(1)
4 (resp. D(0)

5 orD(1)
5 ). After that, we will explicitly construct local principalG-covers over their

smooth loci for surfaces of the firt two types in all characteristic and for the surfaces of type D4 and
D5 in characteristic 2. These will be our quartic symmetroid anti-canonical del Pezzo surfaces.

We will start with finding a possible set of points x1, x2, x3, x4, x5 such that their blow-up is the
minimal resolution of a quartic anti-canonical del Pezzo surface X of type 4A1, 2A1 +A3, D4 and
D5.

Proposition 0.6.6. Let X be a quartic del Pezzo surface X with singularities of types 4A1, 2A1 +
A3, D4, D5. Then its minimal resolution X ′ is isomorphic to the blow-up of one of the following
sets of of points {p1, p2, p3, p4, p5} in P2.

4A1 : p3 � p2, p5 � p4, p1, p2, p3 and p1, p4, p5 are on a line;

2A1 +A3 : p3 � p2 � p1, p5 � p4, p1, p2, p3 and p1, p4, p5 are on a line;

D4 : p4 � p3 � p2 � p1, p5, p5, p1, p2 are on a line;

D5 : p5 � p4 � p3 � p2 � p1, p5, p1, p2, p3 are on a line;

Proof. We use Proposition 0.5.9. It implies that the divisor classes of the irreducible components
of the exceptional curve of the resolution of singularities X ′ → X can be expressed in terms of a
geometric basis of Pic(X ′) as follows.
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If X has singularities of type 4A1, then the divisor classes are

αmax = e0 − e3 − e4 − e5, α0 = e0 − e1 − e2 − e3, α1 = e1 − e2, α3 = e4 − e5.

Using Proposition 0.5.7 we obtain that p5 � p4, p2 � p1 and the points p3, p4, p5 and p1, p2, p3 are
on a line. It remains to renumber them, to obtain the assertion of the proposition.

If X has singularities of type 2A1 +A3, then the divisor classes are

αmax = e0 − e3 − e4 − e5, α0 = e0 − e1 − e2 − e3, α1 = e1 − e2, α3 = e3 − e4, α4 = e4 − e5.

Using Proposition 0.5.7 we obtain that p5 � p4 � p3, p2 � p1 and the points p3, p4, p5 and p1, p2, p3

are on a line.

If X has singularities of type D4, then the divisor classes are

α0 = e0 − e1 − e2 − e3, α2 = e2 − e3, α3 = e3 − e4. α4 = e4 − e5.

Using Proposition 0.5.7 we obtain that p5 � p4 � p3 � p2 and the points p1, p2, p3 are on line.

Finally, if X has singularities of type D5, then the divisor classes are

α0 = e0 − e1 − e2 − e3, α1 = e1 = e2, α2 = e2 − e3, α3 = e4 − e5. α4 = e4 − e5.

Using Proposition 0.5.7 we obtain that p5 � p4 � p3 � p2 � p1 and the points p1, p2, p3 are on
line.

Corollary 0.6.7. Let X be a quartic anti-canonical del Pezzo surface with singularities of type
4A1, 2A1 +A3, D4, or D5. Then it has the following equations

4A1 : x2
0 + x1x2 = x2

0 + x3x4 = 0,

2A1 +A3 : x2
0 + x1x2 = x2

4 + x0x3 = 0,

D
(0)
4 : x2

0 + x1x2 = x1x3 + x4(x4 + x2) = 0,

D
(1)
4 : x2

0 + x1x2 = x1x3 + x4(x4 + x2 + x0) = 0,

D
(0)
5 : x2

0 + x1x2 = x1x3 + x0x2 + x2
4 = 0,

D
(1)
5 : x2

0 + x1x2 = x1x3 + x0(x4 + x2) + x2
4 = 0.

If p 6= 2, the surfaces D(0)
4 and D(1)

4 (resp. D(0)
5 and D(1)

5 ) are isomorphic. If p = 2, then the
surfaces have singularies indicated by their notations.

Proof. Suppose X is of type 4A1. We choose projective coordinates in the plane such that

p1 = [0, 0, 1], p2 = [0, 1, 0], p4 = [1, 0, 0].

The infinitely near point x3 � x2 (resp. p5 � p4) corresponds to the tangent direction of the line
x = 0 (resp. y = 0) at the point p2 (resp. p4). The plane cubics passing through p1, . . . , p5 are
given by equation

x2(a1y + a2z) + y2(a3x+ a4z) + z2(a5x+ a6y) + a7xyz = 0.
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The conditions that the lines x = 0 and y = 0 are tangent at p2 and p4 implies that a2 = a4 = 0.
This shows that the linear system on of cubics through p1, . . . , p5 is generated by monomials

x0 = xyz, x1 = −x2y, x2 = yz2, x3 = xy2, x4 = −xz2. (0.6.1)

The obvious quadratic relations between these monomials give us the asserted equation of the sur-
face.

Suppose X is of type 2A1 +A3. Choose coordinates such that

p1 = [0, 0, 1], p4 = [0, 1, 0].

A plane cubic C passing through p1, p4 has equation

x2(a1y + a2z) + y2(a3x+ a4z) + z2(a5x+ a6y) + a7xyz + a8x
3 = 0.

The condition that p1, p2, p3 (resp. p1, p4, p5) are on a line means that the line y = 0 is tangent to
C at the point p1 with multiplicity 3 and the line x = 0 is tangent to C at p4 with multiplicity 2.
This gives a2 = a5 = a6 = 0. Thus, we can choose a basis in the anti-canonical linear system
represented by sections

− x2y, −x3, xy2, z2y, xyz. (0.6.2)

It is clear that the equation of X in P4 is given by two quadratic forms:

x2
0 + x1x2 = x2

4 + x0x3 = 0. (0.6.3)

Suppose X is of type D4. Choose coordinates such that

p1 = [0, 0, 1], p5 = [0, 1, 0].

The point p2 corresponds to the tangent direction of the line x = 0 at p1. A plane cubic C passing
through p1, p2, p5 has equation

x2(a1y + a2z) + y2(a3x+ a4z) + a5xz
2 + a6xyz + a7x

3 = 0. (0.6.4)

The coefficients a4, a5 are not zeros for a general member of the linear system because otherwise it
is singular. We have a choice for p3 and p4. By blowing-up p1 and then p2, we see that the choice
for p4 is determined by the ratio a5/a4. By applying a projective transformation

T : [x, y, z] 7→ [x,Ay + Cx,Bz +Dx] (0.6.5)

that leaves invariant the linear system of cubics, we find that a4/a5 changes to Aa4/Ba4. Thus we
may fix p4 to assume that a4 = a5. Next time we blow up p4 and obtain that the choice for p5 is
determined by a6. The transformation T changes a6 to ABa6 + 2ABCa4. If p 6= 2, we can make
it equal to 0. If p = 2, we can assume that either a6 = 0 or a6 = a4 = a5.

So, we see that that if p 6= 2, there is only one projective equivalence class of the sets of points
{p1, . . . , p5} represented by the linear systems

x2(a1y + a2z) + y2(a3x+ a4z) + a4xz
2 + a7x

3 = 0. (0.6.6)



104 CHAPTER 0. PRELIMINARIES

If p = 2, we have two projective equivalence classes represented by linear system of cubics

x2(a1y + a2z) + y2(a3x+ a4z) + a4xz
2 + a4xyz + a7x

3 = 0, (0.6.7)

x2(a1y + a2z) + y2(a3x+ a4z) + a4xz
2 + a7x

3 = 0. (0.6.8)

To get the equations of the surfaces we use the following bases

x0 = x2y, x1 = x3, x2 = −xy2, x3 = y2z + xz2 + εxyz, x4 = x2z, ε = 0, 1. (0.6.9)

The relations

(x2y)2 + (x3)(xy2) = 0, (y2z + xz2 + εxyz)x3 + (x2z + xy2 + εx2y)x2z = 0

give the following quadratic equations of X

x2
0 + x1x2 = x1x3 + x4(x4 + x2 + εx0) = 0. (0.6.10)

The singular point of the surface is [0, 0, 0, 1, 0]. Setting x3 = 1 and eliminating x1 using the
second equation, we find the equation of the singular point. Comparing it with the Artin’s equations
of rational double points. we find that ε = 1 corresponds to the singularity of type D(1)

4 .

Assume thatX is of typeD5. We may assume that p1 = [0, 0, 1] and the line x = 0 passes through
the points p1, p2, p3. The linear system of cubics passing through p1, p2, p3 is given by equation

a1x
2y + a2x

2z + a3xy
2 + a4xz

2 + a5xyz + a6x
3 + a7y

3 = 0. (0.6.11)

We can transform the linear system using the projective transformations

T : [x, y, z] 7→ [x,Ay + Cx,Bz +Dx+ Ey]. (0.6.12)

As in the previous case, we can choose T to assume that a4 = a7 and a4 = a5, or a5 = 0. This
gives a basis of the anti-canonical linear system

x0 = x2y, x1 = x3, x2 = xy2, x3 = xz2 + y3 + εxyz, x4 = x2z. (0.6.13)

As un the previous case we may assume that ε = 0 if p 6= 2. We find the relations between the
monomials give the asserted equations for X . If p = 2, we check that ε = 0 gives the singularity of
type D(0)

5 and ε = 1 gives the singularity of type D(1)
5 .

Let Q be the pencil of quadrics with base locus equal to a quartic anti-canonical quartic with
singularities given by equations from the previous proposition. We check that, if X is of type 4A1

(resp. 2A1 + A3, then Q contains two quadrics of corank 2 and one quadric of cornak 1 (resp. no
more singular quadrics). The following proposition proves the converse.

Proposition 0.6.8. Let X be a quartic anti-canonical del Pezzo surface defined by a pencil that
contains two quadrics of corank 2 and one quadric of corank 1 (resp. no more singular quadrics).
Then X is of type 4A1 (resp. 2A1 +A3).
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Proof. Applying a projective transformation, we may assume that one of the quadrics Q1 of corank
2 is given by equation x2

0 + x1x2 = 0. Let

x3L1(x0, x1, x2) + x4L2(x0, x1, x2) + q(x0, x1, x2) + ax2
3 + bx3x4 + cx2

4 = 0

be the equation of the second quadric Q2 of corank 2. The singular line x0 = x1 = x2 = 0 of Q1

intersects Q2 at the points [0, 0, 0, α, β], where aα2 + bαβ4 + cβ2 = 0. Changing the coordinates
x3, x4, we may assume that ax2

3 + bx3x4 + cx2
4 = x3x4 or x2

4.

In the first case, after we replace x3 with x3 + L2(x0, x1, x2) and x4 with x4 + L1(x0, x1, x2),
we may assume that L1 = L2 = 0. The quadric V (q(x0, x1, x2) + x3 + x4) is of corank 2 if and
only if q(x0, x1, x2) = l(x0, x1, x2)2 is of rank 1. The line V (l) intersects the conic V (x2

0 + x1x2)
at two points or it is tangent to it. By orthogonal transformation of the conic we may assume that
l = x0 in the first case, giving us the asserted equations, or l = x1 in the second case. In the latter
case, the pencil Q does not contain quadrics of corank 1.

In the second case, the point (0, 0, 0, 1, 0) cannot be a singular point of Q2 since otherwise X is a
cone. So, L1 6= 0, and, as above, we may assume that L1 = x0 or L1 = x1.

If L1 = x0, we replace x3 with x3 + ax0 + bx1 + cx2 to assume that q does not depend on x0.
This implies that the singular locus of Q2 is contained in the line x0 = x3 = x4 = 0. Since Q2

is a corank 2 quadric, we see that the singular locus coincides with this line, and hence, taking the
partials in x1, x2, we conclude that q = 0. This gives us the asserted equations. If L1 = x1, by a
similar argument we obtain equations

x2
0 + x1x2 = x2

4 + x1x3 = 0.

It is immediate to see that the pencil Q contains a quadric of corank 1.

Remark 0.6.9. If X is of type D4 (in any chartecristic), then the pencil of quadrics Q contains one
quadric of corank 2 and one quadric of corank 1. However this does not characterizes these surfaces.
Indeed, the surface

x2
0 + x1x2 = x0x3 + x2x4 = 0

satisfies these conditions but it has 2 singular points [0, 0, 0, 1, 0] and [0, 1, 0, 0, 0] of type A1 and
A3. The same is true for surfaces of type D5.

Proposition 0.6.10. Let k be a field of characteristic p ≥ 0 and let the k-group scheme µ2 =
Spec k[ε]/(ε2 − 1) act on P3 via

[t0, t1, t2, t3] → [t0 ⊗ ε, t1 ⊗ ε, t2, t3]

and consider the two quadrics in P3 defined by

Q : t0t1 + t2t3 = 0 and Q′ : t0t1 + t22 = 0.

Then, Q is non-singular, whereas Q′ is singular, and both are µ2-invariant. Next, D := Q/µ2 is
isomorphic to the surface D1 and D′ := Q′/µ2 is isomorphic to the surface D′1. Moreover, the
restriction of the quotient maps to D \ Sing(D1) and D′ \ Sing(D′1) are principal µ2-covers. In
particular, D1 and D′1 are symmetroid surfaces.
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Proof. It is easy to see thatQ is non-singular,Q′ is singular with the unique singular point [0, 0, 0, 1],
and that both are µ2-invariant. Let us first consider the non-singular quadric Q. The following
quadratic forms in t0, . . . , t4 belong to the ring of invariants k[Q]µ2 :

(q0, q1, q2, q3, q4) = (t0t1,−t20, t21, t22,−t23), (0.6.14)

and it is easy to see that they define a base-point-free linear subsystem of dimension 4 in |OQ(2)|.
Thus, the map π defined by this linear system is a morphism and it factors through Q/µ2. We
immediately check that xi = qi, restricted toQ satisfy the relations x2

0 +x1x2 = 0 and x2
0 +x3x4 =

0 (here we have to take into account the equation of Q). By Proposition 0.6.15, the surface X
defined by these equations is the surface D1. From this, it is easy to see that π is the quotient map
by the µ2-action. Moreover, the µ2-action onQ is free outside the four points [1, 0, 0, 0], [0, 1, 0, 0],
[0, 0, 1, 0], [0, 0, 0, 1], and π maps these to the four nodes of X , which proves that the restriction of
π over X \ Sing(X) is a µ2-torsor.

Next, consider the singular quadric Q′. Here, we use the invariant quadratic forms

(q0, q1, q2, q3, q4) = (t22,−t20, t21,−t23, t2t3).

This time the relations satisfied by the xi = qi are x1x2 +x2
0 = 0 and x0x3 +x2

4 = 0, which defines
the surface D′1. From here, we conclude as in the previous case.

Proposition 0.6.11. Let k be a field of characteristic p = 2 and let the k-group schemes (Z/2Z)
and α2 = Spec k[ε]/(ε2) act on P3 via

Z/2Z : [t0, t1, t2, t3] 7→ [t1, t0, t3, t2]
α2 : t0 7→ t0 ⊗ 1 + (t2 + t3)⊗ ε,

t1 7→ t1 ⊗ 1 + (t2 + t3)⊗ ε,
t2 7→ t2 ⊗ 1 + (t0 + t1)⊗ ε,
t3 7→ t3 ⊗ 1 + (t0 + t1)⊗ ε,

and consider the nonsingular quadric in P3 defined by

Q : t0t1 + t2t3 = 0 .

Then, Q is invariant under both actions and the quotient Q/(Z/2Z) (resp. Q/α2) is isomorphic
to the surface D2 (resp. D3). Moreover, the restriction of the quotient maps to the non-singular
locus of the quotient is a principal (Z/2Z)-cover (resp. α2-cover). In particular, D2 and D3 are
symmetroid surfaces.

Proof. First, we treat the caseG = Z/2Z. Then, we consider the linear system of invariant quadrics
on Q generated by the quadrics V (qi), where

(q0, q1, q2, q3, q4) = (t0t1, t
2
0 + t21, t

2
2 + t23, t0t2 + t1t3, t0t3 + t1t2).

We argue as in the proof of Proposition 0.6.10 and check that the xi = qi satisfy the relations
x1x2 + (x3 + x4)2 = 0 and x3x4 + x0(x1 + x2) = 0. After a linear change of coordinates
(x0, x1, x2, x3, x4) = (y3, y1 + y2, y2, y0 + y2 + y4, y4) we obtain the equation of the surface D2.
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Next, we treat the case G = α2. Here, we consider the linear system of invariant quadrics on Q
generated by the quadrics V (qi), where

(q0, q1, q2, q3, q4) =
(
(t0 + t1)(t2 + t3), (t0 + t1)2, (t2 + t3)2, t21, t

2
3

)
.

We argue as in the proof of Proposition 0.6.10 and check that the xi = qi satisfy the relations
(x1 + x3)x3 + (x2 + x4)x4 = 0 and x1x2 + x2

0 = 0. After a linear change of coordinates
(x0, x1, x2, x3, x4) = (y0 + y1, y1 + y2, y2, y3, y3 + y4) we obtain the equation of the surface
D3.

The remaining assertions are shown as in the proof of Proposition 0.6.10.

Proposition 0.6.12. Let k be a field of characteristic p = 2 and let the k-group schemes (Z/2Z)
and α2 = Spec k[ε]/(ε2) act on P3 via

Z/2Z : [t0, t1, t2, t3] 7→ [t0, t0 + t1, t0 + t2, t3 + t1 + t2]
α2 : [t0, t1, t2, t3] 7→ [t0 ⊗ 1, t1 ⊗ 1, t2 ⊗ 1 + t0 ⊗ ε, t3 ⊗ 1 + t2 ⊗ ε]

and consider the singular quadric in P3 defined by

Q′ : t0t1 + t22 = 0 .

Then, Q′ is invariant under both actions and the quotient Q′/(Z/2Z) (resp. Q′/α2) is isomorphic
to the surface D′2 (resp. D′3). Moreover, the restriction of the quotient maps to the non-singular
locus of the quotient is a principal (Z/2Z)-cover (resp. α2-cover). In particular, D′2 and D′3 are
symmetroid surfaces.

Proof. First, we treat the case G = Z/2Z. We consider the linear system of invariant quadrics on
Q′ generated by the quadrics V (qi), where

(q0, q1, q2, q3, q4) =
(
t0(t1 + t2), t21 + t22, t

2
0, t3(t1 + t2 + t3), t0t3 + t1t2 + t0t1

)
.

We argue as in the proof of Proposition 0.6.10 and check that the xi = qi satisfy the relations
x1x2 + x2

0 = 0 and x1x3 + x0(x2 + x4) + x2
4 = 0, which is the equation of the surface D′2.

Next, we treat the case G = α2. Here, we consider the linear system of invariant quadrics on Q′

generated by the quadrics V (qi), where

(q0, q1, q2, q3, q4) = (t22, t
2
0, t

2
1, t

2
3, t1t2 + t0t3).

We argue as in the proof of Proposition 0.6.10 and check that the xi = qi satisfy the relations
x1x2 + x2

0 = 0 and x1x3 + x0x2 + x2
4 = 0, which is the equation of the surface D′3.

The remaining assertions are shown as in the proof of Proposition 0.6.10.

Corollary 0.6.13. Let X ⊂ P4 be a non-degenerate quartic surface over an algebraically closed
field k of characteristic p ≥ 0 that is symmetroid. Then, all possibilities of Proposition 0.6.5 do
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exist and the surfaces are isomorphic to the surfaces given by the following equations

equations singularities characteristic
D1 x2

0 + x1x2 = x2
0 + x3x4 = 0 4A1 all

D′1 x2
0 + x1x2 = x3x0 + x2

4 = 0 2A1 +A3 all
D2 x2

0 + x1x2 = x3x1 + x4(x0 + x2 + x4) = 0 D1
4 p = 2

D3 x2
0 + x1x2 = x3x1 + x4(x2 + x4) = 0 D0

4 p = 2
D′2 x2

0 + x1x2 = x3x1 + x0(x2 + x4) + x2
4 = 0 D1

5 p = 2
D′3 x2

0 + x1x2 = x3x1 + x0x2 + x2
4 = 0 D0

5 p = 2

Definition 0.6.14. We will use Di,D
′
i, i = 1, 2, 3 to denote an anti-canonical del Pezzo surface

of degree 4 isomorphic to a surface given in the corresponding row of the previous Table. A sur-
face isomorphic to the surfaces D1 (resp. D′1) is called a 4-nodal quartic del Pezzo surface (resp.
degenerate 4-nodal quartic del Pezzo surface).

To summarize what we have found in this section, let us state the following propositions.

Proposition 0.6.15. Let X be a non-degenerate irreducible quartic surface in P4 over an alge-
braically closed field k of characteristic p ≥ 0 and let Y → X be its minimal resolution of singu-
larities. Let Q be the linear system of quadrics containing X . Then, the following are equivalent:

1. X is the anti-canonical quartic del Pezzo surface with 4 singular points of type A1,

2. X is a pencil spanned by two quadrics of rank 3 and contains a quadric of rank 4,

3. X contains exactly 4 lines and 4 pencils of conics,

4. X is a weak del Pezzo surface of degree 4 obtained from P2 by blowing up 5 points p1, p3 �
p2, p5 � p4 such that the points p1, p2, p3 and p1, p4, p5 are collinear,

5. X is isomorphic to P1 × P1 blown up at four points that are the vertices of a quadrangle of
lines formed by the rulings,

6. X is isomorphic to the surface D1.

Proposition 0.6.16. Let X be a non-degenerate irreducible quartic surface in P4 over an alge-
braically closed field k of characteristic p ≥ 2 and let Y → X be its minimal resolution of singu-
larities. Let Q be the linear system of quadrics containing X . Then, the following are equivalent:

1. X is the anti-canonical quartic del Pezzo surface with 2 singular points of type A1 and one
singular point of type A3,

2. X is a pencil spanned by two quadrics of rank 3 that does not contain any quadric of rank 4,

3. X contains exactly 2 lines and 2 pencils of conics,

4. X is a weak del Pezzo surface of degree 4 obtained from P2 by blowing up 5 points p3 �
p2 � p1, p5 � p4 such that the points p1, p2, p3 and p1, p4, p5 are collinear,
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5. Y is isomorphic to P1 × P1 blown up at four points q1, q2, q3 � q1, q4 � q2, where q1, q2 lie
on the same ruling, and q3, q4 correspond to the tangent directions defined by the lines from
the different rulings passing through q1 and q2,

6. X is isomorphic to the surface D′1.

Remark 0.6.17. Using the explicit equations in Corollary 0.6.13, it is easy to study the geometry of
these surfaces in detail:

1. Let X = D1 be a 4-nodal quartic del Pezzo surface. First, the singular points are the points
[0, 1, 0, 0, 0], [0, 0, 1, 0, 0], [0, 0, 0, 1, 0], and [0, 0, 0, 0, 1]. In terms of Proposition 0.6.15, three
lines come from the blow-up of the points p1, p3, and p5 and the fourth is the line joining p2

and p4. In terms of the equation in Corollary 0.6.13, these lie in the hyperplane x0 = 0 and
are cut out by hyperplanes as follows

x0 = x1 = x3 = 0, x0 = x1 = x4 = 0,
x0 = x2 = x3 = 0, x0 = x2 = x4 = 0.

Three of the pencils of conics come from the pencils of lines in P2 passing through the points
p1, p2 and p4, respectively. The fourth pencil comes from the pencil of conics that passes
through the points p2, p3, p4, and p5.

In particular, the union of its four lines is a quadrangle with vertices at the nodes. We will
refer to this quadrangle of lines as the quadrangle of D1 and to the vertices as the vertices of
D1.

One also easily checks the following simple properties:

(a) Each of the diagonals of the quadrangle of D1 is the singular line of one of the two
quadrics of rank 3 containing D.

(b) A pair of intersecting sides of the quadrangle and the opposite pair of sides are members
of the same pencil of conics. The two pencils obtained in this way are cut out by the
pencils of planes (with respect to the equation from Corollary 0.6.13)

λx0 − µx2 = 0, λx1 + µx0 = 0,
λx0 − µx3 = 0, λx4 + µx0 = 0.

(c) Each side of the quadrangle, taken with multiplicity 2, belongs to a pencil of conics
on D1. The same pencil contains the opposite side, taken with multiplicity 2. The two
pencils obtained in this way are cut out by the pencils of planes (with respect to the
equation from Corollary 0.6.13)

λx2 + µx3 = λx4 + µx1 = 0,
λx2 + µx4 = λx3 + µx1 = 0.

2. Let D′1 be a degenerate 4-nodal quartic del Pezzo surface. First, the two singularities of type
A1 are the points [0, 1, 0, 0, 0] and [0, 0, 1, 0, 0] and the A3-singularity is [0, 0, 0, 1, 0]. In
terms of Proposition 0.6.16, the two lines come from the blow-up of the points p1 and p2 (the
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last blown up component). In terms of the equation from Corollary 0.6.13, the lines lie in the
plane x0 = x4 = 0 and are cut out by an additional equation x2 = 0 and x1 = 0.

The two pencils of conics come from the pencils of lines in P2 passing through the points p1

and p2.

In analogy to the previous case, the union of these two lines the degenerate quadrangle of
D′1. The point of intersection of the two lines is the singular point of type A3, and we will
call it the A3-vertex. Each line also passes through one node, and we will call these nodes the
simple vertices of D′1.

As before, one also easily checks the following simple properties:

(a) The line joining the two simple vertices of the degenerate quadrangle is the double line
of one of the two quadrics of rank 3 containing D′1. The double line of the other quadric
of rank 3 is tangent to the first one at the A3-vertex.

(b) The planes passing through the simple vertices of D′1 cut out a pencil of conics on D′1.
Its equation is (with respect to the equation from Corollary 0.6.13)

λx0 = 0, λx3 + µx4 = 0.

(c) Each line of the degenerate quadrangle, taken with multiplicity 2, belongs to a pencil
of conics on D′1. The same pencil contains the other line taken with multiplicity 2. Its
equation is (with respect to the equation from Corollary 0.6.13)

λx2 + µx0 = 0, λx0 − µx1 = 0.

Proposition 0.6.18. Let X be a non-degenerate irreducible quartic surface in P4 over over an
algebraically closed field k of characteristic p = 2 and let Y → X be its minimal resolution
of singularities. Let Q be the linear system of quadrics containing D. Then, the following are
equivalent:

1. X is the anti-canonical quartic del Pezzo surface with a singular point of typeD1
4 (resp. D0

4),

2. X has exactly 2 lines and 3 pencils of conics,

3. Y is a weak del Pezzo surface of degree 4 obtained from P2 by blowing up 5 points p4 � p3 �
p2 � p1, p5 such that the points p1, p2, p5 are collinear,

4. X is isomorphic to the surface D2 (resp. D3).

Remark 0.6.19. One can show that Aut(P2) acts on the sets of points (p1, . . . , p5) as in (4) with two
orbits. One orbit is represented by a surface that admits a Gm-action of projective transformations,
and the other orbit is represented by a surface that does not admit such an action. However, if p 6= 2,
then there exists a quadratic Cremona transformation defined by the linear system of conics passing
through the points p2, p3, p4 that maps the first projective orbit to the second one. If p = 2, then the
transformation does not change the isomorphism class of the surfaces.

Finally, we characterize quartic symmetroid surfaces D′2,D
′
3.
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Proposition 0.6.20. Let X be a non-degenerate irreducible quartic surface in P4 over an alge-
braically closed field k of characteristic p = 2 and let Y → X be its minimal resolution of singu-
larities. Let Q be the linear system of quadrics containing D. Then, the following are equivalent:

1. X is an anti-canonical quartic del Pezzo surface with a singular point of type D1
5 (resp. D0

5),

2. X has exactly 1 line and 1 pencil of conics,

3. Y is a weak del Pezzo surface of degree 4 obtained from P2 by blowing up 5 points p5 � p4 �
p3 � p2 � p1, such that the points p1, p2, p3 are collinear,

4. X is isomorphic to the surface D′2 (resp. D′3).

Remark 0.6.21. Remark 0.6.19 also applies to anti-canonical quartic del Pezzo surfaces with one
singularity of type D0

5 or D1
5.

Remark 0.6.22. It is easy to check that the induced local action at the point [1, 1, 1, 1] ∈ Q (resp.
[0, 0, 0, 1] ∈ Q′) in Proposition 0.6.11 (resp. Proposition 0.6.12) is isomorphic to the action from
Proposition 0.4.31 (resp. Proposition 0.4.32).

Remark 0.6.23. Let D be the anti-canonical quartic del Pezzo surface X of type D4 or D5 in char-
acteristic p = 2. In Proposition 0.6.11 and Proposition 0.6.12 we established existence of principal
G-covers π : V → Dsm := D \ Sing(D) with G isomorphic to Z/2Z or α2. This G-action on π
extends to π : V → D and finally, V is isomorphic to an irreducible quadric surface in P3.

In fact, the principal G-covers over the smooth locus of D are unique up to isomorphism: let
π : V → D be such a cover. Then, the formula for the canonical class (0.2.10) shows that ωV ∼=
π∗(ωDsm), which implies that π∗(ωD) ∼= ωV . Since π is a finite morphisms and ω−1

D
∼= OD(1) is

ample, it follows that ω−1
V

is ample. Let σ : Ṽ → V be the minimal resolution of singularities and

thus, Ṽ is a weak del Pezzo surface with anti-canonical model V . Then, (π ◦σ)∗(ωD) ∼= ω
Ṽ

, hence
K
Ṽ

= 2K2
D = 8, where we have used the intersection theory of Cartier divisors.

1. Assume that V is nonsingular, that is, D has a singularity of type D4, see Proposition 0.4.31
and Proposition 0.4.32. This implies that V is a quadric or a minimal ruled surface of type F1

(the blow-up of P2 in one point) in P3. Seeking a contradiction, assume that V is isomorphic
to F1. Then, the group scheme G acts on V and leaves invariant the unique (−1)-curve E
of F1. Since −KV · E = 1, the curve E is mapped one-to-one onto a line on D, hence the
quotient map is ramified on E, a contradiction. Thus, V is a nonsingular quadric in P3. It is
easy to see that the G-action on V with one fixed point is isomorphic to the action defined in
Proposition 0.6.11.

2. Now, assume that V is singular, that is, D has a singularity of type D5, see Proposition 0.4.31
and Proposition 0.4.32. Since K2

Ṽ
= 8 and Ṽ contains a (−2)-curve, we conclude that Ṽ is

a minimal ruled surface of type F2 and that V is a singular irreducible quadric in P3. Again,
we check that the G-action on V with one fixed point is isomorphic to the action defined in
Proposition 0.6.12.

Finally, let us show that the principal G-cover π : V → Dsm is unique:
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3. If the singularity of D is of type D0
4 or D0

5, then uniqueness of the α2-cover follows from
Example 0.4.28, which shows that dimH1

fl(Dsm,α2) = 1. The computation in loc. cit.
also shows that the Frobenius map F : H2

m(A) → H2
m(A) cannot be the identity map. Thus,

singularities of typeD0
4 orD0

5 do not admit local principal (Z/2Z)-covers, which also follows
from Artin’s computation of local fundamental groups of these singularities in characteristic
2 from [28].

4. If the singularity of D is of typeD1
4 orD1

5, then π is a finite morphism of degree 2 of complete
surfaces. By [28], the local fundamental group of a singularity of type D1

4 or D1
5 is of order

2. Thus, a local principal Z/2Z-cover of the singular point x0 of the surface D is isomorphic
to the cover that we constructed in Propositions 0.4.31 and 0.4.32.

In particular, V is nonsingular at the point y0 = π−1(x0) if x0 is of type D4 and V has a singular
point of type A1 if x0 is of type D5.

Finally, we turn to the automorphism groups of symmetroid quartic del Pezzo surfaces. First,
we note that an anti-canonical del Pezzo surface has a finite automorphism group isomorphic to a
subgroup of (Z/2Z)4 oS5, where S5 denotes the symmetric group on 5 elements, see [179, 8.6.4]
and [185] (for arbitrary characteristic). On the other hand, automorphism groups of symmetroid
quartic del Pezzo surfaces are rather large, which also gives a partial explanation for the name
symmetroid in Definition 0.6.4, see also Proposition 0.7.6 below. More precisely, concerning the
automorphism groups of these surfaces, we have the following.

Proposition 0.6.24. Let X = Di,D
′
i, i = 1, 2, 3. Then, the automorphism group of X is given by

the following table:

Name Aut(X)◦ G Name Aut(X)◦ G

D1 G2
m D8 D′1 (Ga oGm) oGm Z/2Z

D2 G2
a Z/2Z D′2 G2

a oGa {1}
D3 G2

a oGm Z/2Z D′3 (G2
a oGa) oGm {1}

Here, D8 denotes the dihedral group of order 8. As usual, Aut(X)◦ denotes the connected compo-
nent of the automorphism group scheme Aut(X) and we set G := Aut(X)/Aut(X)◦.

Proof. LetX be an anti-canonical del Pezzo surface and Aut(X) be its automorphism group. Since
| − KX | is ample, the group Aut(X) is a closed subgroup of the algebraic group of projective
automorphisms of X . It is also isomorphic to the group of automorphisms of its minimal resolution
X̄ ofX . Its connected component of identity Aut(X)◦ acts trivially on Pic(X̄) and hence fixes any
geometric basis (e0, e1, . . . , en) of Pic(X̄). In particular, it fixes the linear systet |e0| that defines an
isomorphism from X̄ to the blow-up of P2 at a set of points p1, . . . , pn. This implies that Aut(X)◦

is isomorphic to the subgroup G of Aut(P2) that fixes this sets of points.

It is known that the natural homomorphism Aut(X) → O(Pic(X)) is injective for all weak del
Pezzo surfaces of degree ≤ 5 [179, Proposition 8.2.39]. It is easy to see that, in our cases, this
implies that an automorphism that acting trivially on the set of lines on X belongs to Aut(X)◦.
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After these general remarks, let us now compute Aut(X).

First, letX = D1. Then Aut(X)◦ is a subgroup of Aut(P2) that preserves the coordinate triangle.
It consists of scaling transformations [x, y, z] 7→ [λx, µy, γz]. It is isomorphic to the torus G2

m. In
projective coordinates given in (0.6.1), the action is given by

[x0, x1, x2, x3, x4] 7→ [x0, λx1, λ
−1x2, µx3, µ

−1x4], (0.6.15)

The group of connected components G = Aut(X)/Aut(X)◦ acts on X leaving the quadrangle of
lines given by equations from Remark 0.6.17 invariant. It is immediate to see that it is generated by
permutations of the coordinates

σ1234 : xi 7→ xσ(i), σ = (1324) ∈ S5,

σ12 : xi 7→ xσ(i), σ = (12) ∈ S5.

The group is isomorphic to the dihedral group D8 of order 8. In the plane coordinates (x, y, z), the
group is generated by the following birational transformations of the plane.

σ1234 : [x, y, z] 7→ [xy,−z2, xz],

σ12 : [x, y, z] 7→ [−z2, xy, xz].

Second, let X = D′1. In this case, Aut(X)◦ consists of projective transformations that fix the
points [0, 0, 1] and [0, 1, 0] and also fixes the line y = 0. The group is isomorphic to the group
(Ga oGa)×Gm of transformations

[x, y, z] 7→ [x, ay, bz + cx].

In projective coordinates (x0, x1, x2, x3, x4) given by (0.6.2), the action is given by formula

[x0, x1, x2, x3, x4] 7→ [ax0, x1, a
2x2,−ac2x0 + ab2x3 + 2abcx4,−acx0 + abx4]. (0.6.16)

The group of connected components Aut(X)/Aut(X)◦ is of order 2 and acts by switching the two
lines on X . In the plane coordinates, it is defined by the birational transformation

[x, y, z] 7→ [xy, x2,−yz].

In coordinates (x0, . . . , x4) it acts by switching x1 with x2.

Third, let X have a singular point of type D(1)
4 . It follows from the proof of Corollary 0.6.7 that

Aut(X)◦ ∼= G2
a. In the plane coordinates, the transformations are given by formula (0.6.5).

[x, y, z]→ [x, y + ax, z + bx].

In projective coordinates in P4 given by (0.6.9) with ε = 1, this gives transformations

[x0, x1, x2, x3, x4] 7→ [x0 + ax1, x1, bx0 + b(a2 + a+ b)x1 + bx2 + x3 + a(a+ 1)x4, ax1 + x4].
(0.6.17)
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Assume X has a singular point of type D(0)
4 . Then the group Aut(X)◦ is larger and isomorphic

to G2
a oGm. It is isomorphic to the group of projective transformations of P2 given by formula

[x, y, z]→ [x, cy + ax, c2z + bx].

In projective coordinates in P4 given by (0.6.9) with ε = 1, this gives transformations

[x0, x1, x2, x3, x4] 7→ [cx0 +ax1, x1, a
2x1 +c2x2, b(a

2 +b)x1 +bc2x2 +c4x3 +a2x4, bx1 +c2x4].
(0.6.18)

In both cases, the surface has two lines and the group of connected componentsG = Aut(X)/Aut(X)◦

is of order 2 that switches the lines. In coordinates (x0, . . . , x4) it acts in both cases by

[x0, x1, x2, x3, x4] 7→ [x0, x1, x2, x3, x1 + x4]. (0.6.19)

In the plane coordinates, it is given by a projective involution

[x, y, z] 7→ [x, y, z + x] (0.6.20)

Thus Aut(X) ∼= Aut(X)◦ o (Z/2Z).

Assume thatX has a singular point of typeD(1)
5 . It has only one line, hence Aut(X) = Aut(X)◦.

It follows from the proof of Corollary 0.6.7 that Aut(X)◦ is isomorphic to the group of projective
transformations of P2

[x, y, z] 7→ [x, y + ax, z + by + cx].

This shows that Aut(X)◦ ∼= G2
a oGa, as asserted. In coordinates (x0, . . . , x4), it acts as follows

[x0, . . . , x4] 7→ [x0+ax1, x1, a
2x1+x2, (a

2+ab+c)x0+(c2+a3+ac)x1+(a+b+b2)x2+x3+ax4, bx0+cx1+x4]
(0.6.21)

Finally, if X has a singular point of type D(1)
5 , we again have Aut(X) = Aut(X)◦ and the group

isomorphic to projective transformations of the plane

[x, y, z] 7→ [x, ay + bx, a2z + cy + d].

The group is isomorphic to (G2
a oGa) oGm, as asserted. It acts in P4 by formula

[x0, . . . , x4] 7→ [ax0+bx1, x1, b
2x1+a4x2, (a

2b2+ab+c)x0+(d2+b3)x1+(a4b+c2)x2+x3+a6x4, cx0+dx1+a3x4].
(0.6.22)

0.7 Symmetroid cubic surfaces in P3

In this section, we continue our analysis of symmetroid surfaces began in the previous section. We
will classify and describe cubic surfaces in P3 that are symmetroid in the sense of Definition 0.6.4.
As with symmetroid quartic surfaces in P4, the classification in characteristic p = 2 is more subtle
and more difficult.
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By Theorem 0.5.5, a normal cubic surface in P3 is either the cone over a smooth plane cubic curve
or the anti-canonical del Pezzo surface of degree 3, see also the discussion in [179], Section 9.2.2.
In particular, if not a cone, a normal cubic surface has at worst rational double point singularities.
For the classification of non-normal cubic surfaces, we refer to [179], Theorem 9.2.1. The next
proposition is the key to classify symmetroid cubic surfaces using the classification of symmetroid
quartic surfaces from the previous section.

Proposition 0.7.1. Let X be a normal cubic surface in P3 with at worst rational double point
singularities over an algebraically closed field k of characteristic p ≥ 0. Then, X is a symmetroid
surface if and only if it is the projection of a symmetroid quartic del Pezzo surface in P4 from its
nonsingular point.

Proof. First of all, we claim that every cubic surface in P3 is the projection from an anti-canonical
model of an anti-canonical quartic del Pezzo surface from its nonsingular point: Indeed, let Y → X
be the minimal resolution of singularities of X . By Theorem 0.5.3, Y is the blow-up of P2 in 6
points, and we let σ : Y = Y6 → . . . → Y0 = P2 be the composition of blow-ups as in (0.5.3).
Since Y is a weak del Pezzo surface of degree 3, it follows that Y5 is a weak del Pezzo surface
of degree 4. Let Y5,can be the anti-canonical model of Y5, which is a quartic surface in P4 via its
anti-canonical map | − KY5 |. Let x ∈ Y5,can be the image of the point x5 ∈ Y5. It is easy to see
that the projection of Y5,can from x is projectively isomorphic to the surface X . We refer to [572],
Section 2.3 for explicit equations. Conversely, the projection of an anti-canonical quartic del Pezzo
surface from a nonsingular point is a cubic surface.

Now, if X is a symmetroid del Pezzo surface, then the pull-back of the principal G-cover over
X \ Sing(X) as in Definition 0.6.4 gives rise to a principal G-cover over the smooth locus of
X5,can. Conversely, the a principal G-cover over the smooth locus of X5,can descends to the smooth
locus of X .

As in the case of symmetroid quartic surfaces in P4, there are different types of symmetroid cubic
surfaces in P3 depending on the group scheme of the principal cover. More precisely, by Definition
0.6.4 and Theorem 0.1.10, there is one type in characteristic p 6= 2, namely µ2

∼= Z/2Z, whereas
there are 3 types in characteristic p = 2, namely µ2, α2, and Z/2Z. We start with the classification
type µ2 in every characteristic.

As always we use the notation from the previous section that applies to anti-canonical symmetroid
quartic del Pezzo surfaces.

Proposition 0.7.2. Let X be a symmetroid cubic surface of type µ2 over an algebraically closed
field k of characteristic p ≥ 0. Let Y → X be its minimal resolution of singularities. Then,

1. X is isomorphic to one of the following surfaces:

(C1) x0x1x2 + x0x1x3 + x0x2x3 + x0x2x3 = 0,

(C′1) x0x1x2 + x1x
2
3 + x2x

2
3 = 0,

(C′′1) x0x1x2 + x0x
2
3 + x3

2 = 0.

2. (C1) C1 is the projection of D1 from a point not lying on any line.
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(C′1) C′1 is the projection of D1 from a nonsingular point lying on any line or the projection
of D′1 from a nonsingular point not lying on a line.

(C′′1) C′′1 is the projection of D′1 from a nonsingular point lying on a line.

3. X has only rational double singularities, and more precisely:

(C1) has four points of type A1,

(C′1) has two points of type A1 and one point of type A3,

(C′′1) has one point of type A1 and one point of type A5.

4. The surface Y is a weak del Pezzo surface obtained by blowing up 6 points p1, . . . , p6 in P2

that are in special position:

(C1) p1, . . . , p5 are as in Proposition 0.6.15, and p6 is a point lying outside of the triangle of
lines `1 = 〈p1, p2〉, `2 = 〈p1, p3〈 and `3 = 〈p2, p4〉.

(C′1) p1, . . . , p5 are as in Proposition 0.6.15, and p6 is a point that lies on the line `3 or
infinitely near to p1, or p3, or p5.

(C′′1) p1, . . . , p5 are as in Proposition 0.6.16, and p6 is a point that is infinitely near to p3 or
p5.

5. (C1) C1 is isomorphic to the quotient by µ2 of a del Pezzo surface Q of degree 6 by the group
scheme µ2 (Q is isomorphic to the blow-up of a nonsingular quadric at two points,
infinitely near if p = 2)),

(C′1) C′1 is isomorphic to the quotient of an anti-canonical del Pezzo surface Q′ of degree 6
with one singular point of type A1 by the group scheme µ2 (Q′ is isomorphic to the
blow-up 2 points on a singular quadric).

(C′′1) C′′1 is isomorphic to the quotient of an anti-canonical weak del Pezzo surface Q′′ of
degree 6 with one singular point of type A2 by the group scheme µ2.

Proof. See [132] Proposition 0.5.2 and [179], Section 9.3.3.

We leave the proofs to the reader, who may consult [132], Chapter 0.5. We note that symmetroid
cubic surfaces are cubic symmetroid hypersurfaces in the sense that they are projectively isomorphic
to a hypersurface of the form det(A) = 0 in Pn, where A is a symmetric (3 × 3)-matrix, whose
entries are linear forms in the (n + 1) coordinates, see [179], Section 9.3.3 and Proposition 0.7.6
below.

Proposition 0.7.3. Let X be a symmetroid cubic surface of type (Z/2Z) over an algebraically
closed field k of characteristic p = 2. Let Y → X be its minimal resolution of singularities. Then,

1. X is isomorphic to one of the following surfaces:

(C2) x1x2x3 + x0x
2
3 + x2

1x2 + x1x
2
2 = 0,

(C′2) x1x2x3 + x0x
2
3 + x2

1x2 + x2
2x3 = 0,

(C′′2) x1x2x3 + x0x
2
3 + x0x

2
2 + x3

1 = 0.
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(C2) C1 is the projection of D2 from a point not lying on any line.

(C′2) C′1 is the projection of D2 from a nonsingular point lying on any line or the projection
of D′1 from a nonsingular point not lying on a line.

(C′′2) C′′1 is the projection of D′2 from a nonsingular point lying on a line.

2. X has one rational double point of the following type:

(C2) one point of type D1
4,

(C′2) one point of type D1
5,

(C′′2) one point of type E1
6 .

3. Y is a weak del Pezzo surface obtained by blowing up 6 points p1, . . . , p6 in P2 in one of the
following special position:

(C2) p1, . . . , p5 as in Proposition 0.6.18 and p6 is disjoint from the points p1, . . . , p5,

(C′2) p1, . . . , p5 as in Proposition 0.6.20 and p6 is disjoint from the points p1, . . . , p5,

(C′′2) p1, . . . , p5 as in Proposition 0.6.20 and p6 is infinitely near to p5.

4. (C2) C2 is isomorphic to the quotient of a del Pezzo surface Q of degree 6 by the constant
group scheme (Z/2Z) (Q is isomorphic to the blow-up of a nonsingular quadric at two
points),

(C′2) C′2 is isomorphic to the quotient of an anti-canonical weak del Pezzo surface Q′ of degree
6 with one singular point of type A1 by the group scheme (Z/2Z) (Q′ is isomorphic to
the blow-up 2 points on a singular quadric).

(C′′2) C′′2 is isomorphic to the quotient of an anti-canonical weak del Pezzo surface Q′′ of
degree 6 with one singular point of type A2 by the group scheme (Z/2Z).

Proposition 0.7.4. Let X be a symmetroid cubic surface of type α2 over an algebraically closed
field k of characteristic p = 2. Let Y → X be its minimal resolution of singularities. Then,

1. X is isomorphic to one of the following surfaces:

(C3) x0x
2
3 + x2

1x2 + x1x
2
2 = 0,

(C′3) x0x
2
3 + x2

1x2 + x3x
2
2 = 0,

(C′′3) x0x
2
3 + x3

1 + x0x
2
2 = 0.

(C3) C1 is the projection of D3 from a point not lying on any line.

(C′3) C′1 is the projection of D3 from a nonsingular point lying on any line or the projection
of D′1 from a nonsingular point not lying on a line.

(C′′3) C′′1 is the projection of D′3 from a nonsingular point lying on a line.

2. X has one rational double point of the following types:

(C3) one point of type D0
4,
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(C′3) one point of type D0
5,

(C′′3) one point of type E0
6 .

3. Y is a weak del Pezzo surface obtained by blowing up 6 points p1, . . . , p6 in P2 in one of the
following special position:

(C3) p1, . . . , p5 as in Proposition 0.6.18 and p6 is disjoint from the points p1, . . . , p5,
(C′3) p1, . . . , p5 as in Proposition 0.6.20 and p6 is disjoint from the points p1, . . . , p5,
(C′′3) p1, . . . , p5 as in Proposition 0.6.20 and p6 is infinitely near to p5.

4. (C3) C3 is isomorphic to the quotient of a del Pezzo surface Q of degree 6 by the constant
group scheme α2 (Q is isomorphic to the blow-up of a nonsingular quadric at two
points),

(C′3) C′3 is isomorphic to the quotient of the anti-canonical weak del Pezzo surface Q′ of
degree 6 with one singular point of type A1 by the group scheme α2 (Q′ is isomorphic
to the blow-up of two points on a singular quadric).

(C′′3) C′′3 is isomorphic to the quotient of an anti-canonical weak del Pezzo surface Q′′ of
degree 6 with one singular point of type A2 by the group scheme α2.

Remark 0.7.5. The surface C1 is the famous Cayley cubic surface. It is obtained as the projectiviza-
tion of the affine surface:

1

x
+

1

y
+

1

z
= 1.

It can also be characterized as the unique normal cubic surface with the maximal possible number
of nodes, which is unique up to projective automorphism of the ambient P3. The minimal resolution
C̃1 of the singularities of C1 is isomorphic to the blow-up of six points p1, . . . , p6 in P2 that are the
vertices of a complete quadrilateral.

If p 6= 2, the surface C1 is isomorphic to the quotient of P2 by the standard Cremona invo-
lution with fundamental point p1 = [1, 0, 0], p2 = [0, 1, 0], p3 = [0, 0, 1]. Its fixed points
[1, 1, 1], [1,−1, 1], [1, 1,−1], [1,−1,−1] are mapped to the singular points of the cubic. The del
Pezzo surface Q of degree 6 from Part 4 of Proposition 0.7.2 is isomorphic to the blow-up of the
fundamental points, we also obtain the surface as the quotient of biregular involution of a del Pezzo
surface of degree 6.

If p = 2, the Cremona involution has only one fixed point [1, 1, 1] and the quotient surface becomes
isomorphic to the cubic surface C2.

Other surfaces C′1,C
′′
1 (resp. C′2,C

′′
2) are obtained when we degenerate the standard Cremona

involution allowing infinitely near fundamental points p2 � p1, p3 of p3 � p2 � p1 (see [179,
Example 7.1.9]).

Now, we give another explanation for the name symmetroid cubic surface.

Proposition 0.7.6. Let X be a normal cubic surface in P3 with at worst rational double point
singularities over an algebraically closed field k of characteristic p 6= 2. Then, X is a symmetroid
surface if and only if its equation can be written as the determinant of a symmetric 3 × 3-matrix
whose entries are linear forms in homogeneous coordinates. In other terms, X is the discriminant
hypersurface of a web of conics.
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Proof. Using Proposition 0.7.2, we verify directly that each surface C1,C
′
1,C
′′
1 is isomorphic to a

hypersurface in P3 that is given by the determinant of the following 3× 3 symmetric matrices:

C1 :

x0 + x3 x3 x3

x3 x1 + x3 x3

x3 x3 x2 + x3

 , C′1 :

 x0 x3 −x3

x3 −x1 0
−x3 0 −x2

 , C′′1 :

−x0 x2 0
x2 x1 x3

0 x3 −x2

 .

Conversely, if C is given by a determinantal equation, then there exists a 3-dimensional linear system
(a web) W ∼= P3 of conics in P2 such that

X ∼= {Q ∈W : rank(Q) < 3}.

Webs of conics can be classified, see Chapter 6. In fact, they correspond bijectively to pencils
of conics and the latter are classified by analyzing all possible configurations of their base points.
Doing this, we easily find that there are only three projective classes of webs that give rise to a
normal surface. Each of them is isomorphic to one of the above surfaces.

Remark 0.7.7. In section 7.3 we will introduce the notion of the half-discriminant of a quadratic
form in odd number n of variables over a field of characteristic 2. For example, if n = 3, then the
half-discriminant of a quadratic form q =

∑
1≤i≤j≤3 aijxixj is equal to D3 = a11a

2
23 + a22a

2
13 +

a33a
2
12 + a12a13a23. The equation D = 0 defines a cubic hypersurface in P5 with the subscheme of

non-smooth points equal to V (a2
12, a

2
23, a

2
13). A web of conicsW defines a linear sectionW∩V (D3)

isomorphic to a symmetroid cubic surface C2,C
′
2, or C′′2 . The equations of the surfaces C2,C

′
2,C
′′
2

show that C2 (resp. C′2, resp. C′3 ) is obtained as the intersection of V (D3) with the linear subspace
a13 − a33 = a12 − a22 = 0 (resp. a33 − a13 = a22 − a13 = 0, resp. a12 − a33 = a11 − a22 = 0).

0.8 Quadratic lattices and root bases

In this section, we shortly survey the theory of quadratic lattices which plays a very important role
in the study of Enriques and K3 surfaces. We start with definitions, invariants, and some general
results. Then, we turn to root bases, reflection groups, and Coxeter-Dynkin diagrams, and use
these to study root bases of finite type, of affine type, of crystallographic type, as well as those
of hyperbolic type. An important tool are actions of orthogonal groups and reflection subgroups,
as well as their polyhedral fundamental chambers. We end this section by discussing k-reflective
lattices. We refer to [642] for an introduction and to [165] and [541] for more advanced results,
proofs, background, and further references.

A quadratic lattice (or simply, a lattice) is a free abelian group M of finite rank rankM together
with a symmetric bilinear form b : M ×M → Z. To simplify notation, we set x · y := b(x, y) and
x2 := x · x = b(x, x) for all x, y ∈ M . The function q : x 7→ x2 is a quadratic form q : M → Z
satisfying

q(x+ y)− q(x)− q(y) = 2 · b(x, y) = 2(x · y).

A lattice M is called even if the quadratic form q is even, that is, it takes values in 2Z. It is called
odd otherwise. Quite generally, we recall that for a commutative ring R and an R-module M ,
which is not necessarily free, a map q : M → R is called a quadratic form if q(rm) = r2q(m)
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for all r ∈ R and all m ∈ M and if the map (x, y) 7→ q(x + y) − q(x) − q(y) is bilinear, see
[642], Chapter IV or [383], Section I.2. Then, the pair (M, q) is called a quadratic module. We
note that there is a natural bijection between even lattices and integral quadratic forms on free Z-
modules: given a lattice (M, b), it becomes a quadratic Z-module by setting q(x) := b(x, x) for all
x ∈ M . Conversely, given a quadratic and free Z-module (M, q), it becomes a lattice by setting
b(x, y) := 1

2(q(x+ y)− q(x)− q(y)) for all x, y ∈M .

Given a lattice (M, b), we obtain an induced symmetric bilinear form on the real vector space
MR := M ⊗ZR of dimension over R equal to rankM . By definition, the signature ofM is defined
to be the signature (t+, t−, t0) of the real quadratic form qMR : x 7→ x2 on MR. Thus, we can
speak about (positive, negative) definite, semi-definite and indefinite lattices. A lattice is called non-
degenerate if t0 = 0, in which case we shall drop the last component t0 from the signature. A lattice
M of rank rankM ≥ 2 and signature (1, rankM − 1) is called hyperbolic.

A homomorphism of lattices f : M → M ′ is a homomorphism of abelian groups that respects
the bilinear forms on both sides, that is, f(x) · f(y) = x · y for all x, y ∈ M . An injective (resp.
bijective) homomorphism of lattices is called an embedding (resp. isometry). Two lattices are called
isomorphic (or, isometric) if there exists an isometry from one to another. The set of all isometries
σ : M → M is a group with respect to composition of maps. It is called the orthogonal group of
M and is denoted by O(M).

A sublattice of a lattice M is an abelian subgroup N ⊆ M equipped with the induced bilinear
form. A sublattice N ⊆ M is said to be primitive (resp. of finite index m) if the quotient group
M/N is a free abelian group (resp. a finite group of order m). An element x ∈ M is called
primitive if the sublattice Z · x spanned by x inside M is primitive. An embedding of lattices is
called primitive embedding if its image is a primitive sublattice.

Given two sublattices M1 and M2 of some lattice M , the sum M1 + M2 is defined to be the
minimal sublattice of M containing both M1 and M2. Moreover, if x · y = 0 for all x ∈ M1

and y ∈ M2, then this sum is said to be an orthogonal sum and it is denoted by M1 ⊥ M2 (or,
sometimes, by M1⊕M2). Next, the orthogonal sum of two lattices M1 and M2 is the abelian group
M1⊕M2 together with the bilinear form (x1, x2) ·(y1, y2) := x1 ·y1 +x2 ·y2. Similarly, one defines
the orthogonal sum of any finite number of lattices. The orthogonal complement of a sublattice N
of a lattice M is the sublattice of M that is defined to be

N⊥ := {x ∈M : x · y = 0 for all y ∈ N} ⊆ M.

Next, if e = {e1, . . . , er} is a basis of M as Z-module, then the matrix G(e) := (ei · ej) is called
the Gram matrix of M with respect to the basis e. Any symmetric matrix with integer entries is
the Gram matrix of some lattice and determines the lattice structure uniquely. We note that the
determinant of the Gram matrix det(G(e)) does not depend on the choice of a basis. It is called the
discriminant of the lattice and it is denoted by discr(M). If it is not zero, its sign is equal to (−1)t− ,
where (t+, t−, t0) denotes the signature of M .

Set M∨ := HomZ(M,Z), which, when M is nondegenerate, is a free abelian group of rank
rankM , and let iM : M →M∨ be the homomorphism of abelian groups that assigns to x ∈M the
linear function y → x · y. If we choose a basis e of M and let e∨ be the dual basis of M∨, then the
homomorphism iM is given by the Gram matrix G(e) of M . The lattice M is called unimodular if
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the homomorphism iM is an isomorphism. This is equivalent to the Gram matrix having determinant
±1. In general, the kernel of iM is denoted by Rad(M) and it is called the radical of M . Note
that the lattice M is non-degenerate if and only if Rad(M) = {0}, which is equivalent to the
Gram matrix being invertible over Q. Thus, M is non-degenerate (resp. unimodular) if and only if
discr(M) 6= 0 (resp. |discr(M)| = 1). Next, the cokernel

D(M) := M∨/iM (M)

is called the discriminant group of the lattice M . If M is non-degenerate, then D(M) is a finite
abelian group and its order is equal to the absolute value of the discriminant of M . Moreover, M is
unimodular if and only if D(M) is trivial. In case D(M) is a finite abelian and p-elementary group
for some prime p, then M is called a p-elementary lattice. Quite generally, if M is non-degenerate,
then M∨ can be identified with the abelian group {x ∈ M ⊗Z Q : x · y ∈ Z for all y ∈ M},
which equips M∨ with a rational valued quadratic form inherited from the rational quadratic form
on M ⊗Z Q. By abuse of terminology, M∨ is called the dual lattice of M .

Let (M, b) be a non-degenerate lattice and let M∨ be its dual lattice, both considered as Z-
submodules of M ⊗Z Q. Then, we have an induced symmetric bilinear form on the discriminant
group of M

bD(M) : D(M) × D(M) → (Q/Z), (x+M, y +M) 7→ b(x, y) mod Z

for all x, y ∈M∨. Let us assume moreover that M is an even lattice with associated quadratic form
q. Then, we define the discriminant quadratic form on D(M) by setting

qD(M) : D(M) → Q/2Z, x + M 7→ x2 mod 2Z

for all x ∈ M∨. More explicitly, let r be a positive integer such that rM∨ ⊆ M - for example,
we choose r to be largest elementary divisor of the Gram matrix of M with respect to some choice
of basis. Then, the just-defined quadratic form on D(M) can also be computed as qD(M)(rx) =
1
r2 qM (rx) for all x ∈ M∨, where we note that rx ∈ M for all x ∈ M∨. We note that the function
qD(M) on D(M) is a quadratic form, not as in the sense of the above definition, but in the sense
that qD(M)(nx) = n2qD(M)(x) and q(x + y) − q(x) − q(y) = 2bD(M)(x, y) mod 2Z for all
x, y ∈ D(M) and all n ∈ Z. We denote by O(D(M)) the group of those automorphisms of the
abelian group D(M) that preserve the values of the quadratic form qD(M). If M1,M2 are two
lattices, then we have

qD(M1⊥M2) = qD(M1) + qD(M2) and bD(M1⊥M2) = bD(M1) + bD(M2).

Finally, if we have two non-degenerate lattices M1 and M2, then there exists an isomorphism
D(M1) ∼= D(M2) of discriminant groups together with bilinear forms if and only if there exist
unimodular lattices L1 and L2 and an isomorphism of lattices M1 ⊥ L1

∼= M2 ⊥ L2. Moreover,
if we have two non-degenerate and even lattices M1 and M2, then there exists an isomorphism
D(M1) ∼= D(M2) of discriminant groups together with quadratic forms if and only if there exist
even and unimodular lattices L1 and L2 and an isomorphism of lattices M1 ⊥ L1

∼= M2 ⊥ L2. We
refer to [541] for details and further results.

Two lattices (M1, b1) and (M2, b2) are said to belong to the same genus if they have the same
signature and if there exists an isomorphism of Zp-modules M1 ⊗Z Zp ∼= M2 ⊗Z Zp that is com-
patible with the bilinear forms bi ⊗ Zp, i = 1, 2 for all primes p. It is known that there exist only
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finitely many isomorphism classes of lattices in each genus and that the genus of a lattice determines
the isomorphism class of M ⊗Z Q. Moreover, if M is an even lattice, then the signature and the
discriminant D(M) together with its quadratic form determine the genus of M .

We will also need the classification of finite discriminant forms. Let wεp,k denote the quadratic
form on G = Z/pkZ, where p is an odd prime, defined by its value on the generator equal to ap−k

mod 2Z, where a is the smallest positive odd number which is a quadratic residue if ε = 1 and is not
a quadratic residue if ε = −1. If G = Z/2kZ, then we define the quadratic form wε2,k whose value
on the generator is equal to ε

2 if k = 1 and ε = ±1, and it is equal to ε
2k

if k > 1 and ε = ±1,±5.

Let G = (Z/2kZ)⊕2 and uk and vk be defined by the matrices

uk =

(
0 2−k

2−k 0

)
, vk =

(
2−k+1 2−k

2−k 2−k+1

)
.

The proof of the following theorem can be found in [541].

Theorem 0.8.1. The discriminant quadratic form on a non-degenerate quadratic lattice is isomor-
phic to the orthogonal sum of quadratic form

wεp,k, w
ε
2,k, uk, vk.

Next, ifM is a sublattice of finite indexm of a non-degenerate latticeM ′, then we have inclusions
of lattices

M ⊆ M ′ ⊆ M ′∨ ⊆ M∨, (0.8.1)

from which it is easy to deduce that

discr(M) = m2 · discr(M ′). (0.8.2)

Now, assume that M is an even lattice. Then, the restriction of the quadratic form qD(M) to the
subgroup M ′/M of M∨/M is identically zero. We say that it is an isotropic subgroup.

The next proposition [541, Propositions 1.4.1 and 1.4.2] follows immediately from the tower of
lattices (0.8.1).

Proposition 0.8.2. The correspondence M ′ 7→ HM ′ is a bijective correspondence between the set
of isotropic subgroups of order m of the discriminant group D(M) and the set even lattices M ′

containing M as a sublattice of index m. Moreover, the orthogonal complement H⊥M ′ of HM ′ in
D(M) coincides with M ′∨/M and the restriction of qD(M) to H⊥M ′ defines a quadratic form on
H⊥M ′/HM ′ that coincides with qM ′ . Two such over-lattices M ′ and M ′′ are isomorphic if and only
if the subgroups HM ′ ⊂ D(M ′) and HM ′′ ⊂ D(M ′′) are conjugate by an automorphism of M .

Let M → M ′ be a primitive embedding of even non-degenerate lattices and K be the orthogonal
complement of M ′ in M . Then M ⊕K embeds into M ′ as a sublattice of finite index. Applying
the previous Proposition, we obtain the following.
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Corollary 0.8.3. Primitive embeddings of even non-degenerate lattices M → M ′ with orthogonal
complement isomorphic to a fixed lattice K are determined by subgroups H of D(M) and an
injective homomorphisms γ : H → D(K) satisfying qK ◦ γ = −qM |H and whose graph Γγ ⊂
H × D(K) satisfies (Γ⊥γ /Γγ , qM ⊕ qK) ∼= (D(M ′), qM ′). Two such pairs (H, γ) and (H ′, γ′)
define isomorphic embedding if and only if H = H ′ and γ′ = γ ◦ φ̄ for some φO(K).

In particular, takingM ′ to be a unimodular lattice, we see that primitive embeddings ofM intoM ′

with orthogonal complement isomorphic to N are defined by an isomorphism γ : D(M)→ D(N)
such that

qD(M)(x) = −qD(K)(γ(x)) (0.8.3)

Let
ρM : O(M)→ O(D(M)) (0.8.4)

be the natural homomorphism of the orthogonal groups. We will often denote the image ρM (σ) by
σ̄.

Suppose we have φ ∈ O(M) and ψ ∈ O(N) such that φ̄ = γ(ψ̄), where γ is as in (0.8.3).
Then Corollary 0.8.3 implies that the pair (φ, ψ) extends to an isometry of L. In particular, taking
ψ = idN , we obtain that any isometry from

O(M)] := Ker(ρM )

extends to an isometry of L identical on N .

The following a little more general proposition will be used often in our discussion on the moduli
and automorphism groups of Enriques surfaces.

Proposition 0.8.4. Let M1,M2 be two primitive sublattices of L. Then an isometry φ : M1 →M2

extends to an isometry of L if and only if there exists an isometry of their orthogonal complements
ψ : K1 → K2 such that γ1 ◦ φ̄ = ψ̄ ◦ γ2.

All the previous discussion about the discriminant groupD(M) and its quadratic form qD(M) play
a prominent role in Nikulin’s work on primitive embeddings of lattices [541].

For a finite abelian group A, we denote by `(A) the minimal number of generators of A.

Theorem 0.8.5. Let M be an even indefinite nondegenerate quadratic lattice of signature (t+, t−).

1. Suppose that M satisfies the following conditions

(i) rank(M) ≥ l(D(M ⊗ Zp)) + 2 for any p 6= 2;

(ii) if rank(M) 6= `(D(M ⊗ Z2)) then (D(M), qD(M)) ∼= u2 ⊕ q′ or (D(M), qD(M)) ∼=
v2 ⊕ q′.

Then the signature, the rank and the discriminant quadratic form determine uniquely the
isomorphism class of M and the homomorphism (0.8.4) is surjective [541, Theorem 1.14.2].
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2. Let L be an unimodular lattice of signature (l+, l−) and M be a lattice as in 1) satisfying
conditions (i) and (ii). Suppose

(i) a+ := l+ > t+, a− := l− − t− > 0;

(ii) rank L− rank M ≥ l(D(M ⊗ Zp)) + 2 for any p 6= 2;

(iii) if rank L − rank M = l(D(M ⊗ Z2)), then the discriminant group of M satisfies
condition 1 (ii).

Then M admits a primitive embedding into L and all such embeddings are equivalent with
respect to O(L) [541, Corollary 1.12.4 and Theorem 1.14.4].

For an integer n ∈ Z and a lattice (M, b), we define the following lattices and subsets.

• 〈n〉: a lattice of rank one generated by an element e with e2 = n.

• M(n): the lattice with underlying abelian group M and bilinear form (x, y) 7→ n · b(x, y).

• Mn = {x ∈M : x2 = n}. Elements of M0 are called isotropic vectors.

• M ′n: the subset of primitive vectors of Mn.

• M⊕n: the lattice of rank n · rankM that is the orthogonal sum of n copies of M .

Example 0.8.6. We will be dealing with the following series of lattices in the sequel.

1. For integers m,n ≥ 0,
Im,n := 〈1〉m ⊥ 〈−1〉n

is an unimodular lattice of rank (m+ n), but this lattice is not even.

2. For integers 1 ≤ p ≤ q ≤ r, we define the graph Tp,q,r as in Figure 3.

• • • • • • •

•

•

•

. . .. . .

...

α0

αp−2

αp−1 αp+q−2 αp+q+r−3

Figure 3: The graph Tp,q,r

Associated to Tp,q,r, we define a lattice of rank (p+ q + r − 2) by setting

Ep,q,r := Zα0 ⊕ . . . ⊕ Zαp+q+r−3

with α2
i = −2 and with αi · αj = 1 or 0 for i 6= j depending on whether or not αi is joined

to αj in the graph Tp,q,r. We note that the Ep,q,r are even lattices, whose discriminants satisfy

discr(Ep,q,r) = |pqr − pq − qr − pr|. (0.8.5)
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Lattice Discriminant group Discriminant form
An Z/(n+ 1)Z 〈−n〉n+1

D8k (Z/2Z)⊕2 u1

D8k+1 Z/4Z w−1
2,2

D8k+2 (Z/2Z)⊕2 (w−1
2,1)⊕2

D8k+3 Z/4Z w−3
2,2

D8k+4 (Z/2Z)⊕2 v1

D8k+5 Z/4Z w−5
2,2

D8k+6 (Z/2Z)⊕2 (w1
2,1)⊕2

D8k+7 Z/4Z w1
2,2

E6 Z/3Z w−1
3,1

E7 Z/2Z w1
1,1

E8 0 0

Table 1: Discriminant quadratic forms of lattices An,Dn,En

3.

sign(Ep,q,r) =


(1, p+ q + r − 3) if 1

p + 1
q + 1

r < 1 ,

(0, p+ q + r − 2) if 1
p + 1

q + 1
r > 1 ,

(0, p+ q + r − 3, 1) otherwise.

4. The non-hyperbolic lattices Ep,q,r are as the following ones, and they have their own notation.

An := E1,1,n, Dn := E2,2,n−2(n ≥ 4), E6 := E2,3,3, E7 := E2,3,4, E8 := E2,3,5,

Ẽ6 := E3,3,3, Ẽ7 := E2,4,4, Ẽ8 := E2,3,6.

The lattices Ẽ6, Ẽ7, Ẽ8 are negative semi-definite and their radicals are of rank 1.

The lattices An,Dn,E6,E7,E8 are even negative definite.

5. For an integer n ≥ 2, we define the lattice

U[n] := Zf1 ⊕ · · · ⊕ Zfn

with fi ·fj = 1− δij , where δij is the Kronecker symbol. We note that these lattices are even.
When n = 2, this lattice is called the standard hyperbolic plane and it is also denoted by U
or H. We note that the lattices U[n] are all hyperbolic and that they contain a negative definite
sublattice spanned by the vectors fi − fi+1, which is isomorphic to the lattice An−1, and
whose orthogonal complement is spanned by v := f1 + · · ·+ fn and satisfies v2 = n(n− 1).

The discriminant quadratic forms on the lattice An,Dn,En are given in Table 1.

Here we denote by 〈a〉n the quadratic form on Z/nZ defined by q(1) = a mod 2Z.

We refer to [92] and [501] for computations of the discriminant quadratic forms of hyperbolic
lattices Ep,q,r.
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Proposition 0.8.7. Let M be a unimodular and indefinite lattice of signature (a, b) with a ≤ b.
Then, there exists an isometry

M ∼=
{

Ua ⊥ Eb−a8 if M is an even lattice, and
〈1〉a ⊥ 〈−1〉b otherwise.

Proof. See [642], Chapter 5, Theorem 5.

Let M be a lattice. Then, a primitive vector α ∈ M with α2 6= 0 is called a root vector or just a
root if,

2α · x
α2

∈ Z. (0.8.6)

for every x ∈M . A root vector defines an isometry of M via

rα : x 7→ x − 2x · α
α2

α, (0.8.7)

which is called the reflection in the root vector α. It follows from (0.8.6) that

α̌ :=
2

α2
α ∈ M∨.

Since α̌2 = 4
α2 , we conclude that α̌ ∈ M if and only if |α2| ∈ {1, 2, 4}. We note that |α2| = 1

cannot occur if M is an even lattice. Moreover, if α̌ ∈M , then 1
2α

2 must divide the discriminant of
M . This implies, for example, that in a unimodular lattice, all root vectors satisfy |α2| ∈ {1, 2}.

Assume that M is either negative definite, negative semi-definite with radical of rank 1, or hyper-
bolic lattice of rank n+ 1. Let

V := MR = M ⊗Z R.

If M is definite, then the orthogonal group O(V ) of V is isomorphic to the orthogonal group
O(n + 1) of the standard inner-product space Rn+1. In this case, O(V ) is realized as the group
of isometries (or motions) of the n-dimensional sphere Sn ⊂ Rn+1, considered as a Riemannian
manifold of constant positive curvature. In the semi-definite case, O(V ) is equal to the semi-direct
product (V ⊥0 /V0)∨ o O(V ⊥0 /V0), where V0 denotes the radical of V . More precisely, the subgroup
(V ⊥0 /V0)∨ of O(V ) is equal to the image of the homomorphism ı : (V ⊥0 /V0)∨ → O(V ) that is
defined by the formula

l 7→ ı(l) : v 7→ v + l(v̄) · f, (0.8.8)

for v ∈ V and l ∈ (V ⊥0 /V0)∨, where V0 := Rf and where v̄ denotes image of v under the
projection of V ⊥0 → (V ⊥0 /V0). In particular, this group is isomorphic to the affine orthogonal
group AO(n− 1) = Rn−1 o O(n− 1) of the Euclidean space En−1. It is isomorphic to the group
of motions of En−1, considered as a Riemannian manifold of constant zero curvature.

Let us finally assume that M is hyperbolic. Then, the orthogonal group O(V ) contains a natural
subgroup O(V )′ of index 2 that consists of those isometries that leave invariant one of the two
connected components of the positive cone

V + := {v ∈ V : v2 > 0}.
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More precisely, let (e0, e1, . . . , en) be an orthonormal basis of V so that the quadratic form of V is
given by x2

0 − x2
1 − · · · − x2

n with respect to this basis. Next, let V +
0 be the connected component

of V + that is determined by x0 > 0. Then, a reflection rv ∈ O(V ) belongs to O(V )′ if and only if
v2 < 0. We note that the orthogonal group O(V ) of any non-degenerate quadratic vector space is
generated by reflections in vectors v ∈ V , see, for example, [257].

Let V \{0} → P(V ) be the natural projection onto the real projective space P(V ) of lines in V ,
and let H(V ) be the image of V + in P(V ), that is,

H(V ) :=
{
v ∈ V : v2 > 0

}
/R∗ ⊂ P(V ).

Thus, we can represent points of H(V ) by vectors v ∈ V such that v2 = 1 and such that v belongs
to the fixed connected component V +

0 of V +. The hyperbolic inner product in V induces a structure
of a Riemannian manifold of constant negative curvature on H(V ). Equipped with this Riemannian
metric, H(V ) is called hyperbolic space or Lobachevsky space. After fixing an orthonormal basis
in V as above, we may identify H(V ) with the space

Hn :=

{
x = (x0, x1, . . . , xn) ∈ Rn+1 : x2

0 −
n∑
i=1

x2
i = 1, x0 > 0

}
⊆ Rn+1.

The hyperbolic distance d(x, y) is given by the formula

cosh d(x, y) = x · y. (0.8.9)

Another model of Hn is given by passing to affine coordinates yi = xi/x0 in Pn(R). Then, we find

Hn :=
{
y = (y1, . . . , yn) ∈ Rn : y2

1 + · · ·+ y2
n < 1

}
⊆ Rn.

The hyperbolic distance in this model is different, namely d(y, y′) = log |R(a, x, y, b)|, where
R(a, x, y, b) denotes the cross-ratio of four points on the line joining the points y, y′, where a, b are
the points where the line intersects the absolute

∂Hn :=
{
y = (y1, . . . , yn) ∈ Rn : y2

1 + · · ·+ y2
n = 1

}
= Sn−1 ⊆ Rn.

The group of isometries of the hyperbolic space Hn is isomorphic to O(V )′. It is also isomorphic
to the group PO(V ) of projective transformations of P(V ) that preserve the quadric qV = 0. We
note that this group is a Lie group that is not connected. Its connected component of the identity
is a subgroup O(V )′0 of O(V )′ of index 2 that consists of orientation preserving isometries of Hn.
It consists of those orthogonal transformations of V that can be written as the product of an even
number of rotations in vectors v with v2 < 0. For all these basic facts about hyperbolic spaces, we
refer to [4].

Let M a quadratic lattice of signature (t+, t−, t0) as above and set V := MR = M ⊗Z R. If M is
hyperbolic, then we set

O(M)′ := O(M) ∩O(V )′,

and otherwise, we set O(M)′ := O(M). Then, after a suitable choice of orthonormal basis, the
subgroup O(M)′ of O(V ) is isomorphic to a discrete group of motions of X = Sn,En−1,Hn, that
is, each orbit of the group is a discrete subset of X and each stabilizer subgroup is finite. Quite
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generally, let Γ be a discrete subgroup of motions of X that is generated by a set I (not necessary
finite) of reflections rvi , i ∈ I, in vectors vi with v2

i < 0. Let Hi be the hyperplane in V of vectors
that are orthogonal to vi. Since v2

i < 0, the intersection ofHi with any of the Riemannian manifolds
X = Sn,En−1,Hn is non-empty. By abuse of terminology, we call them hyperplanes inX and keep
the notation. The set of hyperplanes Hvi , i ∈ I, is locally finite and invariant with respect to Γ. The
closure of a connected component P of the complement of the union of the hyperplanes Hvi is
called a chamber of Γ. For every chamber P there exists a smallest subset I(P ) ⊆ I (in particular,
no vector in I(P ) is a positive linear combination of other vectors in I(P )) such that

P =
⋂

i∈I(P )

H+
vi , (0.8.10)

whereH+
vi = {x ∈ V : x ·vi ≥ 0}∩X . The group Γ permutes the chambers and the interior of each

chamber is a (closed) fundamental domain for the action of Γ on X . It is clear that Γ is generated
by the reflections si := rvi with i ∈ I(P ). For i ∈ I(P ), we let ei = 1√

−v2
i

vi be the normalized

vectors of norm −1. It follows from the discreteness of Γ that we have either ei · ej > 1 or

ei · ej = cos
π

mij
, (0.8.11)

where mij ∈ Z>0∪{∞}. If ei · ej ≥ 1, then we set mij :=∞, see [703]. The group Γ is generated
by reflections si, i ∈ I(P ) and these satisfy the relation (sisj)

mij = 1, that is, Γ is isomorphic to a
Coxeter group.

By definition, an abstract Coxeter group is a pair (G,S) that consists of a group G and its set of
generators S subject to defining relations (ss′)ms,s′ = 1 for all s, s′ ∈ S. Here, we have ms,s′ ∈
Z>0 ∪ {∞}, such that ms,s = 1 and ms,s′ = ms′,s for all s, s′ ∈ S, and finally, ms,s′ = ∞ means
that there is no relation between s and s′, see [86].

Associated to (G,S), we have the Coxeter-Dynkin diagram, which is defined to be the unoriented
graph, whose vertices are given by the set S. Two vertices s, s′ are joined by an edge labeled by
(ms,s′ − 2) if m(s, s′) > 2 and it is customary to omit the label if m(s, s′) = 3. If ms,s′ ∈ {4, 5},
then one doubles or triples the edges instead of labeling them. Conversely, the Coxeter-Dynkin
diagram uniquely determines the data (G,S) of the Coxeter group. Note that for any discrete group
Γ of motions of X , we have

Γ = Γr(R) oA(P ), (0.8.12)

where Γr(R) is the subgroup of Γ generated by a set R of reflections from Γ, which is invariant
with respect to inner automorphisms of Γ, and where A(P ) is the group of motions in Γ that leaves
invariant a chamber P of Γr(R), see [702], 1.5.

Now, let V = MR = M ⊗Z R and let Γ be a subgroup of O(M)′ that is generated by reflections
rαi , where the αi belong to a set I of root vectors inM . Since O(M)′ is a discrete group of motions
of X , it follows that Γ is a discrete reflection group of motions. Let P be a chamber defined by the
subset I(P ) ⊆ I of root vectors. It follows from (0.8.11) that

α · β
√
−α2

√
−β2

= cos
π

mα,β
, (0.8.13)
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for every α, β ∈ I(P ) for some mα,β ∈ Z>0 ∪ {∞}. In particular, let Ref(M) be the subgroup of
O(M)′ generated by reflections in all root vectors in M and let Refk(M) be its normal subgroup
generated by reflections in root vectors α ∈ M with α2 = −k. We call Ref(M) (resp. Refk(M))
the reflection group (resp. k-reflection group) of the lattice M . We have

cos
π

mα,β
∈ 1

k
Z

for every rα, rβ ∈ Refk(M). This gives strong restrictions on the Coxeter group. For example, if
k = 2, then we have 2 cos π

mα,β
∈ Z, which implies that mα,β is one of the following

mα,β =


1 if α = β,

2 if α · β = 0,

3 if α · β = 1,
∞ if α · β = 2.

In particular, the only possible label occurring in its Coxeter-Dynkin graph is ∞. We call the
reflection group Ref2(M) the Weyl group of the lattice M and denote it by W (M).

Let P be a chamber of a reflection group Γ of M . We denote the set of vectors defining the
reflections from I(P ) by BP or just B, if no confusions arises, and call it a root basis of M . Note
that we do not assume that the set B spans the R-vector space MR. For two distinct roots α, β ∈ B
that span a negative definite sublattice of M , we have

α̌(β) = 2 ·
√
β2

α2
· cos

π

mα,β
∈ Z>0,

and no vector in B is a positive linear combination of other vectors in B. In particular, if α, β ∈M−2,
then this implies α · β ∈ {0, 1, 2} or |α · β| > 2. Moreover, the reflections rα, α ∈ B give rise to a
root basis of the reflection group ΓB. Its chamber P (B) in X is the image of the subset

C(B) = {x ∈MR : x · α ≥ 0, α ∈ B} ⊆ MR = V (0.8.14)

in X . We call the subset C(B) the fundamental chamber of the root basis B in MR.

Example 0.8.8. For the lattice M = Ep,q,r, the reflection group generated by the reflections rαi , i =
0, . . . , N = p + q + r − 3, is a Weyl group, which is denoted Wp,q,r, and we can take the set
{α0, . . . , αN} as a root basis. Its Coxeter-Dynkin diagram is the graph Tp,q,r. A root basis in Ep,q,r
with Coxeter-Dynkin diagram of form Tp,q,r is called a canonical root basis of Ep,q,r. It is known
that Wp,q,r is a proper subgroup of the Weyl group W (Ep,q,r) if Ep,q,r is a hyperbolic lattice and
(p, q, r) 6= (2, 3, 7), (2, 4, 6), (3, 3, 4), see also below.

Next, the Coxeter-Dynkin diagram of a reflection group Γ in O(V )′ is not connected if and only
if for a chamber P , the set I(P ) is equal to the union of two subsets I1 and I2 such that ei · ej = 0
if i ∈ I1, j ∈ I2. In this case, we have Γ = Γ1 × Γ2, where Γi is the reflection group generated by
reflections rej with j ∈ Ii.

Given a Coxeter group (G,S) and a non-empty subset S′ ⊆ S, the subgroup G′ = G(S′) of
G generated by S′ is again a Coxeter group and in fact equal to (G′, S′), see [86, Chapter IV, §1,
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Theorem 2]. If S is the disjoint union of the two subsets S1 and S2, such that we have [s1, s2] =
(s1s2)2 = 1 for all s1 ∈ S1 and all s2 ∈ S2, then G = G(S1) × G(S2). We note that such a
disjoint decomposition S = S1 ∪ S2 exists if and only if the Coxeter-Dynkin diagram of (G,S) is
not connected. A Coxeter group is called irreducible if its Coxeter-Dynkin diagram is connected.
In the sequel, we will also need the following generalization of this observation.

Proposition 0.8.9. Let (G,S) be a Coxeter group and assume that there exists a non-trivial disjoint
decomposition S = S1 ∪ S2 such that m(s1, s2) is even or infinite for all s1 ∈ S1 and all s2 ∈ S2.
Then,

G = N oG1,

where G1 = G(S1) is the subgroup generated by S1 and where N is the minimal normal subgroup
of G containing S2.

Proof. See [702, Proposition, p. 2].

Let Γ be a reflection group of M and let R(Γ) be the set of root vectors α ∈ M with rα ∈ Γ.
Elements of R(Γ) are called root vectors of Γ. If B is a root basis of Γ, then every root vector
α ∈ R(Γ) belongs to the orbit of a root vector from B. In particular, if B is a finite set, there are
only finitely many orbits of Γ inR(Γ).

Corollary 0.8.10. Let WB be the Weyl group of a root basis B ⊆ M−2 and let G(B) be the associ-
ated Coxeter-Dynkin diagram. If G(B)′ denotes the subgraph of G(B) that is obtained by removing
all labelled edges from G(B), then there exists a bijection

{ orbits of WB-orbits on the setR(WB) } ↔
{

connected components of G(B)′
}
.

Proof. As we observed before, every root vector α ∈ R(WB) is equal to w(αi) for some w ∈ WB

and some αi ∈ B. Thus, the reflection rα in α is conjugate to the reflection rαi . Conversely, the
conjugate w ◦ sαi ◦ w−1 of a reflection in αi ∈ B is the simple reflection rα in the root α = w(αi).
Thus, the set of WB-orbits of roots is in bijection to the set of conjugacy classes of generators of
the Coxeter group (WB, {rα, α ∈ B}). Now, let Γ(B)′o be a connected component of Γ(B)′ and
set S2 := {rα : α ∈ Γ(B)′o} as well as S1 = S \ S2. It follows from the proposition that none
of the roots in Γ(B)′o is WB-conjugate to a root in Γ(B) \ Γ(B)′o. On the other hand, if α, β ∈ B
with α · β = 1, then rβ ◦ rα(β) = rβ(β + α) = α. From this, it follows that the vertices of every
connected component of Γ(B)′ are WB-conjugate. This proves the corollary.

Let (G,S) be a Coxeter group. Let L := R|S| be the R-vector space with basis {es}s∈S and let bL
be the symmetric bilinear form on L defined by

bL(es, es′) = cos
π

ms,s′
.

The geometric representation (also called the Tits representation) is the homomorphism ρ : G →
O(L) defined on the basis {es}s∈S by

ρ(s)(v) = v + 2 bL(v, es) · es,
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for s ∈ S ⊆ G and v ∈ L, see [86, Chapter V, §4]. (Here, we intentially multiplied the bilinear
form by −1 compared to the original definition.) This representation is faithful and hence, realizes
G as a reflection group in L. We say that (G,S) is of elliptic, euclidean, or hyperbolic type if the
symmetric bilinear form (x, y) in L is positive definite, positive semi-definite with one-dimensional
radical, or of signature (n, 1) with n ≥ 1. In this case, we can consider G as a discrete reflection
group of isometries of X = Sn, En−1, or Hn. Its chambers are simplicial convex polyhedra. One of
the chambers is given by inequalities bL(x, es) ≥ 0, s ∈ S. Conversely, given a discrete reflection
group of isometries of X with simplicial chambers, its representation in the corresponding linear
space is isomorphic to the Tits representation.

Example 0.8.11. The Weyl groups Wp,q,r from Example 0.8.8 together with generators defined by
reflections in a canonical root basis acting in the space (Ep,q,r)R is an example of a Tits represen-
tation. It is of elliptic, euclidean, hyperbolic type depending on whether 1

p + 1
q + 1

r > 1, 0, < 1,
respectively.

Given a Coxeter group (G,S), one defines the length function l : G → Z≥0 of G with respect
to S as follows: given g ∈ G, we define l(g) to be the smallest non-negative number r such that g
can be written as the product of r elements from S. By definition, we have l(1) = 0 and we have
l(g) = 1 if and only if g ∈ S.

Proposition 0.8.12. Let Γ be a discrete reflection group of isometries of X = Sn, En−1, or Hn. Let
P be its chamber and I(P ) be the set of vectors ei of norm −1 such that P = ∩H+

ei as in (0.8.10).
We consider Γ as a Coxeter group with the set of generators defined by reflection si = rei in vectors
ei. Then, the following property holds:

(T) For every γ ∈ Γ and i ∈ I , either γ(P ) ⊆ H+
i or γ(P ) ⊆ si(H

+
i ) holds true. Moreover, in

the second case l(siγ) = l(γ)− 1 holds true.

Proof. If P is simplicial, then Γ acts via a Tits representation and then, property (T) is proven in
[86, Chapter V, §4.8]. The proof is based on a lemma that says that it is enough to check property
(T) for a subgroup generated by two reflections (this is referred to as Tits’ Lemma in [144, 4.8].
In our situation, let 〈ei, ej〉 be the subspace spanned by two vectors ei, ej and (sisj)

mij = 1 is a
Coxeter relation. After normalizing, we may assume that ei · ej = −1. Then, the Gram matrix of
the basis (ei, ej) is equal to (

−1 cos π
mij

cos π
mij

−1

)
.

The action of Γ in this space is a Tits representation of dimension 2, and hence property (T) holds.

Corollary 0.8.13. Let Γ be a reflection group of a lattice M that is negative definite, semi-negative
definite, or hyperbolic. Let B be a root basis of Γ and let C(B) be its fundamental chamber. For
every x ∈MR, there exists a γ ∈ Γ such that

γ(x) ∈ C(B) and x = γ(x) +
∑
α∈B

mα α with mα ∈ Z≥0 .
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Proof. Let γ ∈ Γ be such that γ(x) ∈ C(B). Let k := l(γ) and note that the case k = 0 is trivial. If
k ≥ 1, then there exist α1, ..., αk ∈ B such that γ = rα1 ◦ . . .◦rαk . Since l(rαk ◦γ−1) = l(γ−1)−1,
the previous Proposition implies

rαk(x) = rαk
(
γ−1(γ(x))

)
∈ rαk

(
rαk(H+

αk
)
)

= H+
αk
,

where
H+
αk

= {x ∈MR : x · αk ≥ 0}. (0.8.15)

Thus, rαk(x) · αk > 0 and hence, x · αk < 0 and rαk(x) = x − mkαk for some mk ≥ 0. The
statement now follows from induction on k.

Given a reflection group Γ of a lattice M with root basis B and fundamental chamber C(B), we
will say that a root α ∈ R(Γ) is positive (with respect to B) if α · x ≥ 0 for all x ∈ C(B).
Using the notation from (0.8.15), a root α is positive if and only if C(B) ⊆ H+

α . It is clear that
rα(H+

α ) = H+
−α = H−α . It then follows from Proposition 0.8.12 applied to γ = si = rα that either

α or −α is a positive root. Thus, denoting by R(Γ)+ the set of positive roots, we obtain a disjoint
union of the roots

R(Γ) = R(Γ)+
∐
R(Γ)−,

where R(B)− := {−α : α ∈ R(B)+} are the negative roots. In the special case, where B =
{α1, . . . , αr} is a basis of the R-vector space MR, we denote by {α∗1, . . . , α∗r} the dual basis of
(MR)∗. Then, using the isomorphism MR ∼= M∗R given by v 7→ 〈−, v〉, we find

C(B) = R≥0 α
∗
1 + · · · + R≥0 α

∗
r ,

In particular, we find

R(Γ)+ = R(Γ) ∩ (Z≥0α1 + · · · + Z≥0αr) .

Let M be a lattice and let B ⊆ M be a root basis of its reflection group Γ. We denote by MB the
sublattice of M spanned by the subset B. A root basis B is said to be of finite type (resp. affine type)
if the sublattice MB is negative definite (resp. negative semi-definite). The following two results
give a complete classification of root bases of finite type and of affine type, respectively.

Proposition 0.8.14. Let Γ be an irreducible reflection group of an even lattice M and let B be a
root basis of Γ. Then, the following statements are equivalent:

1. B is of finite type.

2. Γ is finite and coincides with the reflection group ??MB).

3. MB
∼= Ep,q,r(k) for some k ≥ 1, where 1

p + 1
q + 1

r > 1.

4. As a set, B is finite, and its Gram matrix (α · β)α,β∈B is negative definite.

5. The Coxeter-Dynkin diagram G(B) is equal to An or Dn for some n, E6, E7, or E8.
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Proof. Let B be of finite type and set V := (MB)R. Then, the orthogonal group O(n) is a compact
Lie group. A discrete subgroup of such a group must be a finite group. Now, assertion (2) follows
from the classification of finite reflection groups in a real inner product vector space V , see [86,
Chapter VI, §4], [310, Chapter 1] or [703, Chapter V, §1]. Each such group is a reflection group
of isometries of the unit sphere Sn and for this reason, it is called a spherical reflection group. Its
Coxeter-Dynkin diagram is either of type Tp,q,r with 1

p + 1
q + 1

r > 1 or it is a spherical group of type
Bn, Cn, F4, I2(m), H3, or H4. In the latter cases, the group does not preserve any sublattice M of
V . It follows that a chamber of Γ is bounded by hyperplanes Hi in V orthogonal to vectors ei ∈ V
with e2

i = −1 and ei · ej = cos π
mij

, where mij = 1 (if i = j), 2, or 3. The Z-sublattice spanned by

the vectors αi :=
√

2ei has the Gram matrix of the lattice Ep,q,r. From this, it is easy to deduce the
remaining implications.

A latticeM isomorphic to the orthogonal sum of lattices An,Dn,E6,E7,E8 is called a root lattice.

Proposition 0.8.15. Let B be an irreducible root basis of an even lattice M . Then, the following
statements are equivalent:

1. The root basis B is of affine type.

2. There exists a unique vector f =
∑

imiαi with mi ∈ Z≥0, such that its radical satisfies
Rad(MB) = Zf, and then, the bilinear form on M defines a non-degenerate bilinear form on
M = (Zf)⊥/Zf equipping it with a structure of a negative definite even lattice.

3. The Cartan matrix of B is not invertible and every proper and connected subdiagram of the
Coxeter-Dynkin diagram Γ(B) is of finite type.

4. The Coxeter-Dynkin diagram of Γ is of type Ãn or D̃n for some n or Ẽ6, Ẽ7 or Ẽ8:

Ãn • • •
•

•. . .

D̃n
•
•
• •

•
•

. . .

Ẽ6 • • • • •
•
•

Ẽ7 • • • • • • •
••

Ẽ8 • • • • • • •
•

•
•

Figure 4: Affine Dynkin diagrams

Note that n is equal to the number of vertices minus 1.

Proof. Let B be of affine type, in which case the lattice N = MB is semi-definite with radical
N0 of rank one. Hence, Γ is isomorphic to a discrete reflection group of the Euclidean space
(N⊥0 /N0)R. The classification of such groups, called euclidean reflection groups is well-known,
see see [86, Chapter VI, §4, Theorem 4], [310, Chapter 5], or [703, Chapter V, §1].. It follows from
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this classification that Γ is the Weyl group of N with Dynkin diagram as in (4) and that N⊥0 /N0 is
a lattice isomorphic to An, Dn, E6, E7, or E8. All euclidean reflection groups are realized as affine
Weyl groups of the simple Lie algebras of types An, Dn, E6, E7, E8 and Bn, Cn, F4, G2. In the latter
cases, the group does not preserve any lattice M with MR = V . Properties (2) and (3) follow from
the classification. It is also clear that (2) implies (1), and it is easy to see that (3) is equivalent to
(4).

Remark 0.8.16. Let M be an even and negative definite or negative semi-definite lattice.

1. Let B be a root basis of the k-reflection group Refk(M) and let ΓB be its reflection group.
Applying (0.8.12), we obtain

O(M)′ = Refk(M) o A(B), (0.8.16)

where A(B) is the subgroup of O(M)′ that leaves the root basis B invariant. For example,
if B is of finite type, then the symmetry group Sym(G(B)) of the Coxeter-Dynkin diagram
G(B) is trivial if B is of type E7 or E8. In these cases, we obtain

O(En) ∼= W2,3,n, n = 4, 5.

On the other hand, the group of symmetries of the Coxeter-Dynkin diagram of types Dn and
An for n ≥ 2 are of order 2. It is easy that the non-trivial symmetry defines an isometry of
M and we find that the Weyl group of M is a subgroup of index 2 in all other cases. We have
(see [86, Tables])

W (An) ∼= Sn+1 O(An) = W (An)× {± idAn} if n ≥ 2,
W (D4) ∼= (Z/2Z)3 oS4 O(D4) = W (D4)×S3,
W (Dn) ∼= (Z/2Z)n−1 oSn O(Dn) = W (Dn)× Z/2Z if n ≥ 5.

The quotient of the lattice E8 by 2E8 is isomorphic to the vector space F8
2 equipped with a

non-degenerate quadratic form of even type. This defines an isomorphism

O(E8) ∼= W2,3,5
∼= O(8,F2)+.

This is a finite group of order 214 · 35 · 52 · 7 and it contains a simple subgroup of index 2.
Similarly, we have W (E7) = W (E7)′ × {± idE7} and the quotient of E7 by 2E7 defines an
isomorphism

W (E7)′ ∼= Sp(6,F2),

where Sp(6,F2) is the group of automorphisms of F6
2 that preserve a non-degenerate sym-

plectic form. The order of W (E7) is equal to 210 · 314 · 5 · 7 and the group Sp(6,F2) is
simple. Finally, the group W (E6) contains a simple subgroup W (E6)′ of index 2 such that
the reduction of E6 by 3E6 gives rise to an isomorphism

W (E6)′ ∼= Sp(4,F3).

The order of W (E6) is equal to 72 · 6!.
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2. Assume now that B is of affine type. Then the symmetry group Sym(G(B)) of the Coxeter-
Dynkin diagram G(B) is trivial only in the case when B is of type Ẽ8.

On the other hand,

Sym(G(B)) ∼=



D2n+2 if B is of type Ãn,

D8 if B is of type D̃n, n 6= 4,

S4 if B is of type D̃4,

S3 if B is of type Ẽ6,

Z/2Z if B is of type Ẽ7.

Here, D2n denotes the dihedral group (Z/nZ) o (Z/2Z) of order 2n.

We also have
O(M)′ ∼= M̄∨ o O(M̄)′, (0.8.17)

where the radical of M is generated by f and M̄ = (Zf)⊥/Zf and the inclusion of M̄∨ into
O(M)′ is given by formula (0.8.8). In particular, we have

O(Ẽ8)′ ∼= W2,3,6
∼= E8 oW2,3,5.

Next, we turn to hyperbolic lattices. A root basis B in a lattice M is said to be of hyperbolic type
if the sublattice MB of M is a hyperbolic lattice. We assume that MB = M . Let C(B) be the
fundamental chamber of B. If B is a finite set, then it follows from (0.8.12) that WB is of finite
index in O(M). We say that a discrete reflection subgroup Γ of O(V )′ with a chamber P is of finite
covolume if P is the convex hull of a finite set of points [v] ∈ P(V ) lying in H(V ) in its boundary.
The reason for this name is that this happens if and only if the volume of P in the hyperbolic metric
is finite. We say that Γ is of cocompact or uniform if none of these points lie in the boundary. It
follows from this definition that the set of bounding hyperplanes of P is a finite set. Of course, the
converse is not true.

A root basis B (or the Weyl group WB) inside a hyperbolic lattice M with M = MB is said to be
crystallographic if the reflection group ΓB is of finite covolume.

Proposition 0.8.17. Let B be a root basis of a hyperbolic lattice M . Then, B is crystallographic if
and only if ΓB is a subgroup of finite index in O(M)′.

Proof. Suppose that ΓB is of finite index in O(M)′. Then, O(M)′ acts in H(V ) with a fundamental
domain of finite volume, see [662]. Since C(B) is a fundamental domain for ΓB, its volume must
be also finite. The converse statement follows from (0.8.12), because B is finite and thus, A(C(B))
is a finite group.

An even and hyperbolic latticeM is called a k-reflective lattice (resp. reflective lattice) if Refk(M)
(resp. Ref(M)) is of finite index in O(M)′. This is equivalent to Mk containing a finite crystallo-
graphic basis. The classification of 2-reflective lattices can be found in [542] and [704] (for lattices
of rank 4), see also the survey [165]. By the previous remarks, if WB is crystallographic for some
root basis B in M , then M is a 2-reflective lattice. In this case, it follows from the proof of Propo-
sition 0.8.19 that B = B(M) and WB = W (M).
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Example 0.8.18. The lattice Ep,q,r is 2-reflective if and only if (p, q, r) is one of the following 9
triples

(2, 3, 7), (2, 3, 8), (2, 3, 9), (2, 3, 10), (2, 4, 5), (2, 4, 6), (3, 3, 4), (3, 3, 5), (3, 3, 6).

Only three of them, namely E2,3,7, E2,4,5, and E3,3,4, have a crystallographic canonical root basis.

Proposition 0.8.19. Let B be a hyperbolic root basis in some lattice. Suppose that B′ is crystallo-
graphic for some subset B′ ⊆ B. Then, B is crystallographic and B′ = B.

Proof. Clearly, WB′ ⊆WB. By Proposition 0.8.17, WB′ is of finite index in O(M) and thus, WB is
of finite index, too. Thus, also B is crystallographic. If α ∈ B \ B′, then α · β ≥ 0 for all β ∈ B′.
This implies that α belongs to C(B′) and since B′ is crystallographic, we find C(B′) ⊆ V +. Hence,
α2 ≥ 0, a contradiction.

A discrete reflection subgroup of finite covolume (resp. uniform) of O(V )′ with simplicial cham-
bers is called a quasi-Lanner group (resp. Lanner group), see [703]. The Coxeter-Dynkin diagrams
of quasi-Lanner and Lanner groups have been classified, see [703] or [310, Section 6.9]. Irreducible
Lanner (resp. quasi-Lanner) group exists only in Hn with n ≤ 4 (resp. n ≤ 9). The classification
list can be found in loc. cit. or [703]. A Lanner (resp. quasi-Lanner) group is characterized by the
property that each proper subdiagram of its Coxeter-Dynkin diagram is the Coxeter-Dynkin diagram
of a finite (resp. finite or euclidean) reflection group.

Proposition 0.8.20. Let Γ be a crystallographic reflection group of a hyperbolic lattice M . Then,
possible labels in its Coxeter-Dynkin diagram of Γ are equal to 2 or 4. If Γ is a Weyl group, then
the Coxeter-Dynkin diagram is simply-laced.

Proof. Let B be a root basis of a Γ. It follows from (0.8.13) that if α, β ∈ B, then cos π
mα,β

belongs to Q or to a quadratic extension K/Q. Quite generally, if m is a positive integer, then
cos π

m generates the real subfield of the cyclotomic field Q(ζ2m), which is an extension of Q
of degree 1

2φ(2m), where φ denotes Euler’s φ-function. Thus, we find φ(2m) ∈ {2, 4}. If
we write 2m = 2apa1

1 · · · p
ak
k for distinct and odd primes p1, ..., pk, then we have φ(2m) =

2a−1pa1−1
1 · · · pak−1

k (p1 − 1) · · · (pk − 1). From this, we deduce m ∈ {1, 2, 3, 4, 6}. Thus, the
possible labels in the Coxeter-Dynkin diagram of a crystallographic group are 2 or 4. In particu-
lar, if the crystallographic group is a Weyl group, then the associated Coxeter-Dynkin diagram is
simply-laced, that is, there are no labels.

The following corollary follows from the list of Coxeter-Dynkin diagrams of Lanner type.

Corollary 0.8.21. A Weyl group of a lattice is never a Lanner group.

We note that there are hyperbolic lattices with reflection group of Lanner type in all possible
ranks. There also exist hyperbolic lattices with Weyl groups of quasi-Lanner type in all ranks
r = 4, . . . , 10. We will see those of rank 10 later in Chapter 5.

Next, we want to determine whether a root basis inside a hyperbolic lattice is crystallographic.
Quite generally, let B be a root basis inside some lattice M with M = MB and let G(B) be the
Coxeter-Dynkin diagram of B. Obviously, there is a natural bijection between the following sets:
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1. The set of non-empty subsets of B.

2. The set of full subgraphs of G(B).

3. The set of principal submatrices of the Gram matrix of B (sometimes also called the Cartan
matrix).

We will say that a subgraph of the graph G(B) is of finite type (resp. parabolic or affine type) if the
corresponding subset of B is a root basis of finite (resp. affine) type. Its rank is defined to be the
rank of the corresponding Cartan matrix or, more geometrically, the number of vertices minus the
number of connected components. Finally, faces (vertices) of P (B) correspond to principal negative
definite submatrices of rank n.

The next theorem is known as the Vinberg criterion.

Theorem 0.8.22. Let B be a root basis inside a hyperbolic latticeM of rank (n+1) withM = MB.

1. If (α · β)2 > α2 · β2 for some α, β ∈ B, then B is not crystallographic.

2. Assume that α · β ≤ 2 for all α, β ∈ B. Then, B is crystallographic if and only if every
connected subgraph of affine type of Γ(B) is contained in a subgraph of affine type of maximal
rank (= (n− 1)).

Proof. A proof can be found in[699, Theorem 2.6 bis]. However, in view of the importance of this
result for our applications to automorphisms of Enriques surfaces, we will include the proof.

The chamber P = P (B) is of finite volume if and only if its closure P̄ in P(V ) lies in H̄(V ).
Suppose there exists a point x0 = [v0] ∈ P̄ \ P for some v0 ∈ V = MR. Let I ⊆ B be the subset
of those α ∈ B such that v0 · α = 0. Since the linear subspace VB is indefinite, I 6= B and VI is not
negative definite, but for any proper subset J ⊂ I , the subspace VJ is negative definite. Suppose
VI is indefinite. Then B contains a root subbase B′ such that ΓB′ is of Lanner group. However, as
we observed before, none of them occurs as a reflection group of a lattice. Thus, we may assume
that the Coxeter-Dynkin diagram does not contain subdiagrams of Lanner type. In particular, no
two vectors in B span a hyperbolic lattice (it will define a Lanner subdiagram with two vertices).
Obviously, P̄ is compact if and only if it is contained in H(V ) and this happens if and only if its
Coxeter-Dynkin diagram does not contain parabolic subdiagrams. So the assertion is true in this
case.

Assume that P is not compact and then, x0 = [v0] ∈ ∂H(V ). A neighborhood U(x0) of x0 ∈
H̄(V ) of the form (Rv0)⊥/R∗ is called an orisphere with center x0. It intersects H(V ) in an open
subset isomorphic (as a Riemannian manifold) to the Euclidean space En−1. In order for P (B) to
be of finite volume, it is necessary and sufficient that P (B) intersects each such orisphere U(x0)
along a bounded subset of the Euclidean space. This happens if and only if x0 is a vertex of the
closure of P (B) in H̄(V ), hence I is contained in a subset J such that the rank of the corresponding
principal submatrix is equal to (n− 1). This proves the assertion.
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0.9 Picard schemes and Albanese varieties

In this section, we discuss the Picard group, Picard functors, and the Picard scheme of a given
scheme. We also discuss Picard lattices, Néron–Severi groups, algebraic, linear and numerical
equivalence of divisors, as well as infinitesimal properties of Picard schemes. Many of these results
are classical, but were established by Grothendieck [260] in the generality presented here. We refer
the reader to [84, Chapter 8] and [382] for surveys and more details than those presented here. We
end this section by discussing the Albanese variety of a normal variety.

For a scheme X , we denote by Pic(X) its Picard group, that is, the set of isomorphism classes
of invertible sheaves on X , which becomes an abelian group with composition given by ⊗, with
neutral element OX , and inverse given by taking duals. If X is an integral scheme, then the Picard
group is naturally isomorphic to the group of Cartier divisors modulo linear equivalence, see [287,
Proposition II.6.15]. One can also interpret elements of Pic(X) as torsors under the multiplicative
group scheme Gm over X with respect to different Grothendieck topologies (Zariski, étale, flat)

Pic(X) ∼= H1(X,O×X) ∼= H1
Zar(X,Gm) ∼= H1

ét(X,Gm) ∼= H1
fl(X,Gm). (0.9.1)

We already explained the first two isomorphisms in Example 0.1.6. The latter two isomorphisms are
deeper and rely on Grothendieck’s generalization of Hilbert’s Theorem 90, see, for example, [493,
Proposition III.4.9], For the last isomorphism, we also refer to Theorem 0.1.3.

Let f : X → S be a separated morphism of finite type between locally noetherian schemes. Then,
the relative Picard functor of X over S is the functor PicX/S that associates to every morphism of
schemes S′ → S the abelian group Pic(X ×S S′)/Pic(S′). Then, we have associated sheaves in
the Zariski, étale, and flat topologies

Pic(X/S)(Zar), Pic(X/S)(ét), and Pic(X/S)(fl).

Using (0.9.1), it is not difficult to see that for every morphism S′ → S of schemes there is an
isomorphism

Pic(X/S)(−)(S
′) ∼= H0(S′, R1

−fS′∗Gm),

where fS′ denotes the base-change f ×S S′ : X ×S S′ → S′. Here, − denotes the Zariski, étale, or
flat topology, and R1

−fS′∗ denotes the higher direct image with respect to this topology. In general,
these sheaves depend on the choice of Grothendieck topology. However, Grothendieck established
the following comparison theorem, see [260] or [382, Theorem 9.2.5].

Proposition 0.9.1. Let f : X → S be a separated morphism of finite type between locally noethe-
rian schemes. Assume that the natural map OS → f∗OX is a universal isomorphism, that is,
remains an isomorphism after every base-change S′ → S. Then, the natural homomorphisms of
abelian groups

PicX/S(S′) → Pic(X/S)(Zar)(S
′) → Pic(X/S)(ét)(S

′) → Pic(X/S)(fl)(S
′)

are injective. If f has a section, then all maps are isomorphisms. If f has a section locally in the
Zariski topology, then the latter two maps are isomorphisms. If f has a section locally in the étale
topology, then the last map is an isomorphism.
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There is a Grothendieck–Leray spectral sequence

Ei,j2 = H i(S′, Rj−fS′∗Gm) ⇒ H i+j
(−) (XS′ ,Gm),

where− denotes the étale or flat topology. From the exact sequence in low degrees and the previous
Proposition, we obtain the following result.

Proposition 0.9.2. Let f : X → S be a separated morphism of finite type between locally noethe-
rian schemes. Assume thatOS → f∗OX is a universal isomorphism. Let S′ → S be a morphism of
schemes and let f ′ := fS′ : XS′ := X ×S S′ → S′ be the base-change. Then, there exists an exact
sequence

0 → Pic(XS′)/Pic(S′)
α→ Pic(X/S)(ét)(S

′)
δ→ H2

ét(S
′,Gm).

The homomorphism α is bijective if f ′ has a section or if H2
ét(S

′,Gm) = 0.

For a scheme Z, the group H2
ét(Z,Gm) is called the cohomological Brauer group of Z and it is

denoted Brct(Z). We refer to [242], [265], and [493] for background and the theory of these groups.
If Z = Spec K, where K is a field, then this group coincides with the usual Brauer group Br(K)
of the field K that is defined as the set of central simple K-algebras modulo Brauer (or, Morita)
equivalence, which becomes an abelian group with composition given by ⊗, with neutral element
K, and inverse given by the opposite algebra [87, §15]. In particular, if the field K is finite, or
algebraically closed, or the field of rational functions of an algebraic curve over an algebraically
closed field, then Br(K) = 0, and we refer to [242] for details and proofs. We will discuss Brauer
groups in greater detail in the next chapter.

Example 0.9.3. Let f : X → S be a proper and geometrically integral scheme over S = Spec k,
where k is a field, that is, X is a proper variety over k. Then, f has sections locally in the étale
topology (see, for example, [242], Appendix A) and thus, Pic(X/k)(ét) = Pic(X/k)(fl) by Proposition
0.9.1. Moreover, if ksep denotes the separable closure of k and if Gk := Gal(ksep/k) denotes its
absolute Galois group, then we set X := X ×k ksep and obtain isomorphisms of abelian groups

Pic(X)Gk ∼= Pic(X/k)(ét)(ksep) ∼= Pic(X/k)(fl)(ksep),

where −Gk denotes Galois-invariants. Then, the exact sequence of Proposition 0.9.2 becomes

0 → Pic(X) → Pic(X)Gk δ→ Br(k).

We note that δ is zero if X has a k-rational point or if Br(k) = 0. We refer to [452] for details and
how to deal with the case δ is non-zero and a connection to Brauer–Severi varieties over k.

The next theorem, which combines results of Grothendieck, Mumford, Murre, and Oort, gives
sufficient conditions for the relative Picard functor to be representable by a group scheme.

Theorem 0.9.4. Let f : X → S be a proper and flat morphism of finite type between noetherian
schemes. If f is projective with geometrically integral fibers or if S is the spectrum of a field, then
Pic(X/S)(fl) is representable by a group scheme PicX/S , which is separated and locally of finite type
over S.
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Proof. The first case is due to Grothendieck [260], and the second case is due to Murre [531] and
Oort [567].

We refer to [21] and [84], Chapter 8.3, for representability results by algebraic spaces. In any case,
Theorem 0.9.4 is sufficient for our applications later on and we refer to [84], Chapter 8 and [382]
for details, proofs, (counter-)examples, and further results. The group scheme PicX/S is called the
Picard scheme of X over S.

Remark 0.9.5. This representability theorem is rather sharp: Mumford gave an example of a flat
and projective morphism f : X → S = Spec R[[t]], whose fibers are curves that are geometri-
cally reduced, but whose special fiber is not geometrically irreducible, and where Pic(X/S)(fl) is not
representable by a group scheme over S. We refer to [84], Chapter 8.2 for details.

Let f : X → S be a morphism of schemes such that the Picard functor is representable by a
group scheme PicX/S over S. Since the Picard scheme represents the Picard functor, there exists
an invertible sheaf P on X ×S PicX/S with the following universal property: for every morphism
of schemes T → S and every invertible sheaf L on X ×S T there exists a unique morphism of
schemes ψ : T → PicX/S over S and an invertible sheaf N on T such that

L ∼= (idX × ψ)∗P ⊗ f∗TN .

This universal invertible sheaf is called the Poincaré sheaf.

Let G be a commutative group scheme that is separated and locally of finite type over a field k.
Let G◦ be its identity component defined in section 0.1. It is a commutative group scheme that is
separated and locally of finite type over k, and the quotient G/G◦ exists and is a group scheme,
which is étale and locally of finite type over k. If k is algebraically closed, then G/G◦ is a constant
group scheme over k. Next, we consider the inverse image of the torsion of G/G◦ in G, that is,

Gτ :=
⋃
n>0

n−1(G◦),

where n : G → G denotes multiplication by n. From this, we obtain morphisms G◦ ⊆ Gτ ⊆ G
of group schemes over k, and each one is an open subscheme of the next one. Next, let S be an
arbitrary scheme and let G be a group scheme that is separated and locally of finite type over S. For
a point s ∈ S, let κ(s) be its residue field and set Gs := G×S Spec κ(s), which is a group scheme
that is locally of finite type and separated over κ(s). Then, we define subfunctors G◦ (resp. Gτ ) as
follows: for every morphism S′ → S, we defineG◦(S′) (resp. Gτ (S′)) to be the subgroup ofG(S′)
of elements that induce an element of G◦s(s

′) (resp. Gτs(s′)) for every point s′ ∈ S′ lying over a
point s ∈ S. For example, if G is smooth over S along the unit section, then G◦ is representable by
an open subscheme of G, and we refer to [84], Chapter 8.4 for details and further representability
results for G◦ and Gτ . The group scheme G◦ is called the identity component of G.

If X is a scheme that is proper over a field k, then, by Theorem 0.9.4, the functor Pic(X/k)(fl)

is representable by a group scheme PicX/k, which is separated and locally of finite type over k.
Applying the previous notions to this group scheme, we have the following result.

Theorem 0.9.6. Let X be a scheme that is proper over a field k.
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1. Pic◦X/k and PicτX/k are group schemes, which are separated and of finite type over k.

2. PicτX/k/Pic◦X/k is a group scheme, which is finite over k.

3. (PicX/k/Pic◦X/k)(k) is a finitely generated abelian group.

Proof. See [260] or [382], Section 9.5.

Next, we turn to the infinitesimal study of Picard schemes. Quite generally, for a group valued
functor G on the category of schemes over S, one can define the Lie algebra functor Lie(G/S)
that associates to every morphism S′ → S the abelian group Ker(G(S′[ε])→ G(S′)), where S′[ε]
denotes the scheme of dual numbers over S′, that is, S′[ε] ∼= S′ ×Spec Z Spec Z[ε]/(ε2). The
restriction of Lie(G/S) to the Zariski open subsets of S yields a quasi-coherent sheaf Lie(G/S) on
S.

Proposition 0.9.7. Let f : X → S be a proper and flat morphism of finite type between noetherian
schemes. Then, there exists a canonical isomorphism

Lie(Pic(X/S)(fl)/S) ∼= R1f∗OX .

Proof. See [84], Chapter 8.4 or [260].

Assume now that S = Spec k for some field k and that X is a proper variety over k. By Theorem
0.9.4, the Picard scheme Pic◦X/k exists as a scheme and by Theorem 0.9.6, the group scheme Pic◦X/k
is separated and of finite type over k. Moreover, the Zariski tangent space of Pic◦X/k at the origin
is isomorphic to H1(X,OX) by Proposition 0.9.7. Since Pic◦X/k may not be a reduced scheme, we
let (Pic◦X/k)red be its reduction. If k is algebraically closed, then (Pic◦X/k)red is a group scheme
that is separated and smooth over k, see also the discussion in connection with the connected-étale
sequence (0.1.8) and its splitting. As already noted there, the reduction of a group scheme need not
be a group scheme, see [713], Chapter 6, Exercises 9 and 10, and the discussion in [382], Remark
9.5.2.

Proposition 0.9.8. Let X be a normal and projective variety over an algebraically closed field k.
Then, Pic◦X/k and PicτX/k are group schemes that are projective over k. Moreover,

1. (Pic◦X/k)red is an abelian variety of dimension at most h1(OX) over k.

2. If char(k) = 0 or if h2(OX) = 0, then Pic◦X/k = (Pic◦X/k)red and it is an abelian variety of
dimension h1(OX) over k.

Proof. For the first statement, see [260], and see [524], Lecture 27, for the second statement, as
well as [382], Section 9.6, for overview and background.
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Remark 0.9.9. The second statement can be made more precise. By Proposition 0.9.7, the Zariski
tangent space of Pic◦X/k at the origin is isomorphic to H1(X,OX). If char(k) = p > 0, then,
by [524], Lecture 27, the Zariski tangent space of (Pic◦X/k)red at the origin is isomorphic to the
subspace

H1
0 (X,OX) :=

⋂
r≥1

Ker(βr) ⊆ H1(X,OX),

where βr+1 : Ker(βr)→ H2(X,OX)/ Im(βr) with Ker(βr) ⊆ H1(X,OX) are certain Bockstein
operators. In particular, if h2(OX) = 0, then H1

0 (X,OX) = H1(X,OX), which implies that
Pic◦X/k is reduced, and thus, an abelian variety of dimension h1(OX) over k.

Now, if X is proper variety over an algebraically closed field k, then Pic◦X/k is a commutative
group scheme that is connected, separated, and of finite type over k by Theorem 0.9.6. Moreover,
G := (Pic◦X/k)red is even reduced, and thus, smooth over k. Thus, by the structure theorem of
Chevalley and Rosenlicht, G is an extension of an abelian variety A over k by a group scheme that
is smooth and affine over k. The latter group scheme is an extension of a unipotent group scheme
U by a torus T , and we refer to the discussion in Section 0.3, to [84], Chapter 9.2, or to [637] for
details. For an integer n ≥ 1 and an abelian group H , we denote by nH := {h ∈ H : nh = 0} the
n-torsion subgroup of H . If n is coprime to char(k), then

nA(k) ∼= (Z/nZ)2g, where g = dimA,

nT (k) ∼= (Z/nZ)t, where t = dimT,

nU(k) = {0}.

We still assume X to be a proper variety over an algebraically closed field k. Then, taking étale
cohomology in the Kummer exact sequence (0.1.6) in étale topology, still assuming n to be coprime
to the characteristic of k,

0 → µn → Gm
×n→ Gm → 0

and using (0.9.1), we conclude

nPicτX/k(k) ∼= H1
ét(X,µn), (0.9.2)

see also (0.1.7). From Theorem 0.9.6 and the previous discussion, it follows that if n is only divisible
by sufficiently large primes, then H1

ét(X,µn) is a free (Z/nZ)-module of rank (2g + t). If X is
moreover geometrically normal, then t = 0 by Proposition 0.9.8. In any case, this rank is denoted
by b1(X) and is called the first Betti number of X . We come back to this in the next section. We
summarize the previous discussion as follows.

Proposition 0.9.10. Let X be a normal and projective variety over an algebraically closed field k.
Then,

1. (Pic0
X/k)red is an abelian variety of dimension 1

2b1(X) and

2. the Zariski tangent space of Pic◦X/k is isomorphic to H1(X,OX).

In particular,
∆(X) := 2h1(OX) − b1(X)

is an even integer that satisfies 0 ≤ ∆(X) ≤ 2h2(OX). Moreover, ∆(X) = 0 if and only if Pic◦X/k
is reduced. If char(k) = 0, then ∆(X) = 0.
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We refer to Remark 0.9.23 for an analytic construction of the Picard scheme and the Picard variety
for smooth and projective varieties over the complex numbers.

Remark 0.9.11. Since a smooth and projective curve X over an algebraically closed field k satisfies
H2(X,OX) = 0, by Remark 0.9.9, its Picard scheme Pic◦X/k is reduced. The first examples of
smooth and projective varieties over algebraically closed fields of positive characteristic with non-
reduced Picard schemes are due to Igusa [317] and we refer to [446] for an analysis of non-reduced
Picard schemes for smooth and projective surfaces. In the next chapter, we will encounter Enriques
surfaces with non-reduced Picard schemes in characteristic 2 and refer to [448, Section 3.3] and
Section 0.10 for further information.

Example 0.9.12. Let A be an abelian variety over an algebraically closed field k. Then, A∨ :=
Pic0

A/k is reduced, that is, A∨ is an abelian variety, which is called the dual abelian variety of A.
It is an abelian variety of the same dimension as A and the name is justified by the fact that there
exists a canonical isomorphism (A∨)∨ ∼= A of abelian varieties over k. We refer to [527, section
13] for details and proofs.

Next, let X be a smooth and proper over an algebraically closed field k. Let Li, i = 1, 2 be two
invertible sheaves on X . Then, L1 and L2 are said to be linearly equivalent if L1

∼= L2. They are
said to be algebraically equivalent, if there exists a connected scheme T of finite type over k, an
invertible sheafM on X × T , and two closed points ti ∈ T , i = 1, 2 such that Li ∼=M|X×{ti} for
i = 1, 2. Finally, L1 and L2 are said to be numerically equivalent if degL1|C = degL2|C for every
integral curve C on X . (For an invertible sheafN on a proper curve C over k, the degree is defined
to be degN := χ(N ) − χ(OC).) Two linearly equivalent invertible sheaves are algebraically
equivalent, and two algebraically invertible sheaves are numerically equivalent. An invertible sheaf
is said to be linearly (resp. algebraically, numerically) equivalent to zero, if it is linearly (resp.
algebraically, numerically) equivalent to OX . We will also use the same terminology for (Cartier)
divisors. We refer to [234] or [382] for definitions and details.

Proposition 0.9.13. Let X be a smooth and projective variety over an algebraically closed field k.

1. Pic◦X/k(k) is the group of divisor classes that are algebraically equivalent to zero, and

2. PicτX/k(k) is the group of divisor classes that are numerically equivalent to zero.

Proof. See [260] or [382].

If X is smooth and projective over an algebraically closed field k, then (Pic◦X/k)red is called the
Picard variety of X , which is an abelian variety over k, see Proposition 0.9.13. The quotient groups

NS(X) := PicX/k(k)/Pic◦X/k(k)

Num(X) := PicX/k(k)/PicτX/k(k)

of divisor classes onX modulo algebraic (resp. numerical) equivalence. The group NS(X) is called
the Néron-Severi group of X .

In the case when X is a smooth projective surface over k, the intersection form on Pic(X)

Pic(X)× Pic(X)→ Z, (L1,L2) 7→ χ(OX)− χ(L−1
1 )− χ(L⊗−1

2 ) + χ(L−⊗1
1 ⊗ L⊗−1

2 ).
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If L1 = OX(D1) and L2 = OX(D2) for some Cartier divisors D1 and D2, we denote the value of
the intersection form on (L1,L2) by L1 ·L2 (resp. D1 ·D2). We set L2 := L·L (resp. D2 := D ·D).

We refer for this definition to [524, Lecture 12] and different expressions of the value of the
intersection form in terms of the intersection theory of Cartier divisors to [287, Chapter 5]. The
intersection form on Pic(X) factors through the intersection form on the Néron-Severi group

NS(X)×NS(X)→ Z. (0.9.3)

Since k is a field, we have PicX/k(k) = (PicX/k)red(k) and similarly for Pic◦X/k and PicτX/k. It
follows from Theorem 0.9.6 that the torsion subgroup Tors of NS(X) is finitely generated and

Num(X) ∼= NS(X)/Tors .

It is a deep theorem that the abelian group Num(X) is finitely generated, see [84], Chapter 8 or
[382] for details and further references. Its rank is denoted by ρ(X) and it is called the Picard
number of X .

In the case of surfaces the intersection form (0.9.3) defines a structure of a quadratic lattice on
Num(X)

Num(X)×Num(X)→ Z. (0.9.4)

It is called the Picard lattice of X .

In connection with this discussion, we also have the following result concerning Picard ranks in
families, which is due to Ekedahl, Hyland, and Shepherd-Barron, see [210], Proposition 4.2.

Proposition 0.9.14. Let f : X → S be a smooth and projective morphism such that S is Noetherian,
f∗OX ∼= OS , and such that

1

2
b1(Xs̄) = h1(OXs̄) − h2(OXs̄)

for every geometric point s̄→ S. Then, the Picard number of Xs̄ in this family is locally constant.

Example 0.9.15. Let X be a proper curve over an algebraically closed field k. Then, PicX/k exists
as a reduced group scheme that is locally of finite type over k and J(X) := Pic◦X/k is called
the (generalized) Jacobian variety of X , see also Remark 0.9.20. Let X = X1 ∪ . . . ∪ Xr be the
decomposition ofX into irreducible components. Letmi be the multiplicity ofXi, which is defined
to be the length of the local artinian ring OX,ηi where ηi denotes the generic point of Xi. Then,
NS(X) is a free abelian group of rank r. More precisely, the homomorphism

NS(X) → Zr
L 7→ (degL|X1 , . . . ,degL|Xr)

is injective and has finite cokernel. Let Xred be the largest reduced subscheme of X and let X̃ be
the normalization of Xred, which is the product of the normalizations X̃i of the Xi. Moreover, let
X ′ → Xred be the largest curve between X̃ and X , which is homeomorphic to X . Then, there are
canonical surjective homomorphisms

Pic◦X/k
α→ Pic◦Xred/k

β→ Pic◦X′/k
γ→ Pic◦

X̃/k,

where
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1. Ker(α) is a smooth, connected, and unipotent group scheme, which is a successive extension
of additive group schemes of type Ga,

2. Ker(β) is a connected and unipotent group scheme, which is trivial if and only if the canonical
morphism X ′ → Xred is an isomorphism,

3. Ker(γ) is a torus, which is trivial if and only if every morphism X̃i → Xi is a homeomor-
phism and if the configuration of the components of X is tree-like.

In particular, this relates the Chevalley–Rosenlicht decomposition of the group scheme Pic◦X/k to
the geometry of X . We refer to [84], Chapter 9.2, for details, proofs, and further results.

As an application of the results of this section, we shortly discuss Albanese varieties: given a
variety X over an algebraically closed field k, one can ask whether there exists a morphism f :
X → A to a commutative group variety over k that is universal with respect to morphisms to
commutative group varieties. More precisely, let C be a category of commutative group varieties
over k such that

1. if A1, A2 are in C, then so is A1 ×Spec k A2,

2. if f : A→ B is morphism of commutative group schemes over k with B ∈ C and Ker(f) is
a finite group scheme over k, then A ∈ C.

For example, C could be the category of abelian varieties over k, which is the classical setup, but
one could also consider the category of tori over k or the category of semi-abelian varieties over
k, whose objects are extensions of abelian varieties by tori. Next, we fix a base point x0 ∈ X .
Then, an Albanese variety of (X,x0) with respect to C is a morphism f : X → A with A ∈ C
and f(x0) = 0A, where 0A denotes the neutral element of A, such that whenever g : X → B is a
morphism with B ∈ C and g(x0) = 0B , then there exists a unique morphism ψ : A → B of group
schemes over k such that g = ψ ◦ f . Being characterized by a universal property, it is clear that if
an Albanese variety of (X,x0) with respect to C exists, then it is unique up to unique isomorphism.
In the following cases, Serre [635] established existence.

Theorem 0.9.16. Let X be a variety over an algebraically closed field k with base point x0 ∈ X .

1. There exists an Albanese variety of (X,x0) with respect to the category C of abelian varieties.

2. Let C be a category as above such that the additive group Ga is not an object of C. Then,
there exists an Albanese variety of (X,x0) with respect to C.

3. Let C be a category as above and let X be proper over k. Then, there exists an Albanese
variety of (X,x0) with respect to C.

We note that if X is a proper variety over k, then any morphism to an affine scheme over k is
constant. Thus, when discussing Albanese varieties for proper varieties over k, it usually suffices to
restrict to the category C of abelian varieties over k. If X is moreover normal, then we can be very
specific about its Albanese variety.
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Theorem 0.9.17. LetX be a normal and projective variety over an algebraically closed field k with
base point x0 ∈ X . Then, the Albanese variety of (X,x0) with respect to the category C of abelian
varieties over k exists and it is isomorphic to the dual of the Picard variety. In particular, it is of
dimension 1

2b1(X).

Proof. Existence follows from Theorem 0.9.16, but it also follows directly from the construction
that we now give: the Picard varietyP (X) := (Pic◦X/k)red is an abelian variety over k by Proposition
0.9.10 and let Alb(X) := P (X)∨ be the dual abelian variety as defined in Example 0.9.12. Let P
be the Poincaré sheaf on X ×Spec k Pic◦X/k, let Pred be its restriction to X ×Spec k P (X), and let F
be the Poincaré sheaf on P (X)×Spec kAlb(X). Next, let σ : P (X)×Spec kX → X×Spec kP (X)
be the isomorphism that is defined by (a, b) 7→ (b, a). By the universal property of the dual abelian
variety P (X)∨, there exists a unique and canonical morphism

albX : X → Alb(X),

such that σ∗(Pred) = (idP (X) × albX)∗F and albX(x0) = 0Alb(X).

To show that this is the Albanese variety with respect to the category C of abelian varieties, let
g : X → B be a morphism to an abelian variety over k with g(x0) = 0B . Then, the pull-back of
invertible sheaves induces a morphism of group schemes from B∨ = Pic0

B/k to Pic0
X/k. Passing to

the reduction P (X) of Pic0
X/k and then, to dual abelian varieties, we obtain a morphism of abelian

varieties ψ : Alb(X) = P (X)∨ → (B∨)∨ ∼= B. It is easy to see that g = ψ ◦ albX . Using various
universal properties, we leave it to the reader to check that (Alb(X), albX) is the Albanese variety
of (X,x0) with respect to C, see also the discussion in [37], Chapter 5. The statement about the
dimension of Alb(X) follows from Proposition 0.9.10.

Under the assumptions of the previous theorem, the pair (Alb(X), albX) is simply called the
Albanese variety of the pair (X,x0), the map albX is called the Albanese morphism, and we will
drop the category C in the future and oftentimes, even the base point x0 ∈ X .

Let us mention another interesting feature of the Albanese map concerning the pull-back of global
differential 1-forms from the Albanese variety, which is due to Igusa [316]. What makes it inter-
esting, is that it is even true if the ground field k is of positive characteristic, where the Albanese
morphism could be inseparable.

Proposition 0.9.18. Let X be a smooth and projective variety over an algebraically closed field k
with Albanese morphism albX : X → Alb(X). Then, the natural map

alb∗X : H0
(

Alb(X), Ω1
Alb(X)/k

)
→ H0

(
X, Ω1

X/k

)
is injective.

If k is of characteristic zero, then this map is even an isomorphism (see below), whereas this need
not be the case if k is of positive characteristic, see Remark 0.9.22. The following two classes of
varieties behave well in any characteristic.

Theorem 0.9.19. Let X be a smooth and projective variety over an algebraically closed field k.
Assume that
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1. X is a curve of genus g(X) := h1,0(X) = h0(X,ωX) or that

2. X is an abelian variety of dimension g(X).

Then, the Picard scheme Pic◦X/k is an abelian variety of dimension g(X), we have the equalities

g(X) =
1

2
b1(X) = h0,1(X) = h1,0(X),

and the map alb∗ from Proposition 0.9.18 is an isomorphism.

Proof. First, assume that X is a curve. Since H2(X,OX) = 0, it follows that Pic◦X/k is reduced by
Proposition 0.9.10 and thus, we find 1

2b1(X) = h0,1(X). Since X is a curve, Serre Duality gives an
isomorphism H0(ωX) ∼= H1(OX)∨ and thus, implies h1,0(X) = h0,1(X). By Proposition 0.9.18,
the map alb∗ is injective, we have h1,0(X) = g(X) and since h0(Ω1

Alb(X)/k) ≥ dim Alb(X) =
1
2b1(X) = g(X), it follows that alb∗ is an isomorphism.

Second, assume that X is an abelian variety. Then, Pic◦X/k is reduced, that is, an abelian variety,
see [527], Section 13. By loc.cit., we have

hi(X,OX) =

(
g(X)

i

)
, (0.9.5)

which, together with Serre Duality, gives the assertion on h0,1(X) = h1,0(X) = g(X). By Propo-
sition 0.9.18, the map alb∗ is injective, and since both both vector spaces are of dimension g(X),
this map is an isomorphism.

We refer to Example 0.10.15 below or [527] for more on the cohomology of abelian varieties.

Remark 0.9.20. Let X be a smooth and projective curve over an algebraically closed field k. Then,
the Picard variety Pic◦X/k comes with a natural principal polarization, and thus, it is naturally isomor-
phic to the Albanese variety of X . In this case, these two abelian varieties are called the Jacobian
variety of X . For higher dimensional varieties, the Picard variety and the Albanese variety are in
general not isomorphic.

Combining these results with Proposition 0.9.10 and Proposition 0.9.18, we conclude the follow-
ing.

Corollary 0.9.21. Let X be a smooth and projective variety over an algebraically closed field k.
Then, the inequalities

1
2b1(X) ≤ h0,1(X) = dimkH

1(X,OX) and
1
2b1(X) ≤ h1,0(X) = dimkH

0(X,Ω1
X/k)

hold true.

Remark 0.9.22. If k is of characteristic zero, then both inequalities are equalities and we obtain the
Hodge symmetry h0,1(X) = h1,0(X). In fact, we established the equality h0,1(X) = 1

2b1(X) in
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characteristic zero in Proposition 0.9.10 and mentioned in Remark 0.9.11 that it may fail in positive
characteristic. The first examples of smooth and projective varieties with 1

2b1(X) 6= h1,0(X) are
due to Igusa [317] and Mumford [522] constructed Enriques surfaces in characteristic 2 with this
property. We refer to [445] for examples of smooth and projective surfaces in characteristic 2, where
the differences (h0,1 − 1

2b1) and (h1,0 − 1
2b1) get arbitrarily large. We refer to [448], Sections 3.3

and 3.4 and Section 0.10 for further discussion.

By the Lefschetz principle, the just mentioned Hodge symmetry in characteristic zero follows
from the following remark or the results of the next section.

Remark 0.9.23. Let X be a smooth and projective variety over C, which we may also consider as a
complex manifold. Then,

1. the Picard scheme Pic0
X/C is reduced, that is, an abelian variety by Proposition 0.9.10. Using

analytic methods, one can show that there exists an isomorphism of abelian groups

Pic0
X/C

∼= H1(X,OX)/H1(X,Z),

and that the right hand side carries the structure of an abelian variety.

2. Similarly, the Albanese variety can be constructed analytically as

Alb(X) ∼= H0(X,Ω1
X/C)∨/H1(X,Z).

Next, after choosing a base point x0 ∈ X and a C-basis ω1, ..., ωg of H0(X,Ω1
X/C), there is

a well-defined and analytic map

albX : X → Alb(X)

x 7→
(∫ x

x0
ω1, ...,

∫ x
x0
ωg

)
,

which gives an analytic construction of the Albanese morphism.

By Hodge theory (see Section 0.10), we have equalities

h1(X,OX) = h0(X,Ω1
X/C) =

1

2
b1(X),

which shows Hodge symmetry h0,1(X) = h1,0(X) and gives an analytic proof of the fact that
dim Pic0

X/C = dim Alb(X) = 1
2b1(X), see Proposition 0.9.10 and Theorem 0.9.17. In this case,

the map alb∗X from Proposition 0.9.18 is an isomorphism. We refer to [252], Chapter 2.6 for details
and proofs.

0.10 Cohomology of algebraic surfaces

In this section, we will briefly recall several cohomology theories (singular, de Rham, `-adic, crys-
talline, de Rham-Witt, and flat) for smooth and projective varieties and discuss their interplay. We
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have chosen the material with a view toward algebraic surfaces and we have included some discus-
sion of cohomology groups of small degree.

First, we consider varieties over the complex numbers from the topological point of view: let X
be a smooth and projective variety of dimension d over the complex numbers. Then, X can also
be viewed as a topological manifold (with respect to the classical topology) of real dimension 2d
and we may study singular simplices, that is, continuous maps σ : ∆i → X , where ∆i denotes
the standard i-simplex. We denote by Ci(X) the free abelian group generated by these singular
simplices, and taking boundaries ∂ (with the correct sign convention) gives rise to a complexC•(X),
the singular chain complex. Dually, we have singular cochains Hom(Ci(X),Z) and a dual chain
complex C•(X) := Hom(C•,Z). For an abelian group A, we define the i.th (singular) homology
group ofX with values inA, denotedHi(X,A), to be the i.th homology group of the chain complex
C•(X) ⊗Z A. Similarly, we define the i.th (singular) cohomology of X with values in A to be the
cohomology of the cochain complex C•(X) ⊗Z A. Since X is of real dimension 2d, we have
Hi(X,A) = 0 and H i(X,A) = 0 for all abelian groups A if i < 0 or if i > 2d. The relation
between homology and cohomology, as well as the relation of homology with coefficients in Z and
A is given by the following universal coefficient formulas

0 → Ext1 (Hi−1(X,Z), A) → H i(X,A) → Hom (Hi(X,Z), A) → 0,
0 → Hi(X,Z)⊗A → Hi(X,A) → Tor1 (Hi−1(X,Z), A) → 0.

(0.10.1)
In particular, if the torsion subgroupHi−1(X,Z) is zero, then we findH i(X,Z) ∼= Hom(Hi(X,Z),Z).
Concerning the torsion subgroups, we also have the following notable shift

Tors H i(X,Z) ∼= Hom (Tors Hi−1(X,Z),Q/Z) ,
Tors Hi(X,Z) ∼= Hom

(
Tors H i+1(X,Z),Q/Z

)
.

Next, there is the cap-product ∩ : Ck(X)× Cm(X)→ Ck−m(X), k ≥ m, which is defined via

σ ∩ φ := φ (σ|[t0, . . . , tm])σ|[tm, . . . , tk], σ ∈ Ck(X), φ ∈ Cm(X).

For all i, the cap-product induces an isomorphism

Hi(X,Z) ∼= H2d−i(X,Z), (0.10.2)

called the Poincaré duality. Combining the Poincaré duality with the homomorphism H i(X,Z)→
Hom(Hi(X,Z),Z) from (0.10.1), we obtain the cup-product pairing

H i(X,Z)×H2d−i(X,Z)→ Z (0.10.3)

Let H i(X,Z)′ := H i(X,Z)/Tors. The cup-product pairing defines a perfect pairing

H i(X,Z)′ ×H2d−i(X,Z)′ → Z. (0.10.4)

Concerning torsion subgroups, we find isomorphisms

Tors H i(X,Z) ∼= Tors H2d−i(X,Z) ∼= Hom
(

Tors H2d−i+1(X,Z),Q/Z
)
. (0.10.5)



150 CHAPTER 0. PRELIMINARIES

Since X is a compact manifold, all singular (co-)homology groups Hi(X,A) and H i(X,A) are
finitely generated A-modules. The rank of H i(X,Z), which coincides with the ranks of Hi(X,Z),
H2d−i(X,Z), and H2d−i(X,Z) by (0.10.2) and (0.10.4), is called the i.th Betti number of X and
denoted is bi(X). Moreover, the alternating sum

e(X) :=
2d∑
i=0

(−1)i bi(X)

is called the Euler-Poincaré characteristic of X . All of this can be found in any good textbook on
algebraic topology, see, for example, [291] or [530].

Second, we still assume X to be a smooth and complex projective variety of dimension d, but
now, we consider it as a differentiable manifold of real dimension 2d. Then, we have the de Rham
complex

0 → A0
X

d→ A1
X

d→ · · · d→ A2d
X → 0,

where AiX denotes the sheaf (with respect to the classical topology) of real-valued smooth differ-
ential i-forms. We let Ai(X) := H0(X,AiX) be the real vector space of global smooth differential
i-forms on X . Then, de Rham’s theorem states that, for every i, there exists a natural isomorphism

H i(X,R) ∼= Ker
(
Ai(X)

d→ Ai+1(X)
)
/ Im

(
Ai−1(X)

d→ Ai(X)
)
, (0.10.6)

that is, de Rham cohomology is isomorphic to singular cohomology with coefficients in R. More-
over, under this isomorphism the isomorphismH i(X,R)×Hn−i(X,R)→ R coming from Poincaré
duality (0.10.4) coincides with the one coming from the pairing arising from integrating differential
forms over X

〈[ω], [τ ]〉 =

∫
X
ω ∧ τ.

Again, this is classic and can be found, for example, in [712].

Third, let us consider X as a complex manifold. Then there are three differentials: d (real dif-
ferentiation), as well as ∂ and ∂ (holomorphic and anti-holomorphic differentiation, respectively).
Also, we obtain a decomposition of the complexified space of global differential i-forms

AiC(X) := Ai(X)⊗R C ∼=
⊕
p+q=i

Ap,qC (X)

into (p, q)-forms, that is, differential forms that are locally (in the classical topology) sums of the
form f · dzi1 ∧ ... ∧ dzip ∧ dzj1 ∧ ... ∧ dzjq for some complex-valued C∞-function f and in some
holomorphic coordinates z1, ..., zd on X . We also assumed that X is projective, that is, it admits
a holomorphic embedding into PNC for some N . Since a projective space is a Kähler manifold, for
example, via the Fubini-Study metric, we can restrict a Kähler metric from PNC to X , which implies
that X is also a Kähler manifold. With respect to the choice of a Kähler metric on X , there exists
a unique Hodge star operator ∗, which allows us to construct adjoint operators d∗ = − ∗ d∗, and
similarly for ∂∗ and ∂

∗
. This gives rise to three Laplace operators on X , namely ∆d := dd∗ + d∗d,

and similarly for ∆∂ and ∆∂ . By definition, forms ω ∈ Ai(X) with ∆d(ω) = 0 are called harmonic
and by a fundamental theorem in Hodge theory, there exist isomorphisms

Ker ∆d|AiC(X)
∼= Ker

(
AiC(X)

d→ Ai+1
C (X)

)
/ Im

(
Ai−1

C (X)
d→ AiC(X)

)
,
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that is, every cohomology class in de Rham cohomology has a unique harmonic representative. By
(0.10.6), this cohomology group is isomorphic to the singular cohomology group H i(X,C). Next,
we have sheaves (with respect to the classical topology) Ωi

X of holomorphic differential forms and
we define the Hodge cohomology groups to be

Hp,q(X) := Hq(X,Ωp
X).

Since X is a compact complex manifold, these are finite-dimensional complex vector spaces and
we define hp,q(X) to be the dimension of Hp,q(X). Since X is projective, it follows from Serre’s
GAGA theorems [633] that these cohomology groups coincide with the cohomology groups of the
same name (this is a deliberate abuse of notation) if X is considered as an algebraic variety, if Ωp

X

is considered as a sheaf (with respect to the Zariski topology) that is a coherent OX -module, and if
Hq is meant in the sense of cohomology of coherent sheaves. Similar to the above, Hodge theory
provides us with isomorphisms

Ker ∆∂ |Ap,qC (X)
∼= Hp,q(X) .

It follows from the fact that the metric used to define the Hodge star operator ∗ is Kähler, that the
three Laplacians are related by the formula ∆d = 2∆∂ = 2∆∂ , which is the key to relating de
Rham cohomology to Hodge cohomology. More precisely, the Hodge decomposition theorem for
Kähler manifolds states an isomorphism

H i(X,C) ∼=
⊕
p+q=i

Hp,q(X) . (0.10.7)

Moreover, complex conjugation induces the Hodge symmetry isomorphisms

Hp,q(X) ∼= Hq,p(X).

As a direct consequence, this implies that hp,q(X) = hq,p(X) for all p, q ≥ 0 and that the Betti
number bi(X) is even if i is odd. Let us also note that Poincaré duality, Serre Duality, Hodge
symmetry, and the Hodge decomposition imply the following equalities for a Kähler manifold of
complex dimension d

bi =
∑

p+q=i h
p,q,

b2d−i = bi,
h2d−q,2d−p = hp,q = hq,p = h2d−p,2d−q.

Again, all this is classic and we refer to [252], [312], or [705] for details, proofs, and further back-
ground. For i = d, Poincaré duality defines a non-degenerate bilinear form on Hd(X,R), which is
symmetric if d is even and skew-symmetric if d is odd. Assume that d is even. Then, the Sylvester
signature (t+, t−) gives rise to the signature of X , which is defined to be I(X) := t+ − t−. Using
the Lefschetz decomposition, one can show that

I(X) =
∑

p≡q mod 2

(−1)p hp,q and thus, t± =
1

2
(bd(X)± I(X)) , (0.10.8)

see [252, Chapter 0.7]. By Hirzebruch’s signature theorem, the signature coincides with the L-
genus of the underlying differentiable manifold. For example, if X is a complex projective surface,
this becomes

I(X) =
1

3
p1(X) =

1

3

(
c1(X)2 − 2c2(X)

)
,
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where the pi denote the Pontryagin classes and the ci denote the Chern classes of the tangent bundle
of X . We refer to [297] or [434] for details, background, and proofs.

Before continuing, we will introduce some notations for abelian groups, which we will use often
in the sequel. Let ` be a prime number. For any abelian group A, we denote by [n] : A → A
multiplication by n ∈ Z (or raising to the n.th power in case the group is written multiplicatively).
Then, we set

nA := Ker ([n] : A→ A) ,

A(n) := Coker([n]) = A/nA ∼= A⊗Z (Z/nZ),

`∞A := lim−→ n Ker ([ln] : A→ A) ,

T`(A) := lim←− n Ker ([`n] : A→ A) ,

and T`(A) is called the `-adic Tate module of A. For example, we have T`(Q/Z) ∼= Z`. Let us also
recall that an abelian group A is called divisible (resp. uniquely divisible) if the equation n · x = a
can be solved (resp. uniquely solved) in A for every n ∈ Z and every a ∈ A. For example, the
additive group of a linear space is a uniquely divisible group and, since every quotient of a divisible
group is divisible, Q/Z and Q`/Z` are divisible groups. A divisible group is an injective object
in the category of abelian groups. In particular, every divisible abelian group inside some abelian
group is automatically a direct summand. Therefore, every abelian group is the direct sum of a
divisible group and an abelian group that does not contain any non-trivial divisible subgroups. The
main result in the theory of divisible groups asserts that every divisible group is isomorphic to a
direct sum of groups isomorphic to Q and to groups isomorphic to Q`/Z` for various primes `, see
[353]. Let us also recall the following result from loc.cit., Theorem 10.

Proposition 0.10.1. Let ` be a prime, let A be an abelian `-group, that is, A = `∞A, and assume
that `A is a finite group. Then

A ∼= (Q`/Z`)n ⊕ F,

where F is a finite abelian `-group and n ≤ dimF` `A. In particular, we have

T`(A) ∼= Zn` .

We continue with various Chern class maps for invertible sheaves. First, assume that X is a
complex projective variety. Then, there exists a Chern class homomorphism

c1 : Pic(X)→ H2(X,Z),

which is induced from the natural map from the group of divisors that assigns to a divisor D =∑
niEi, where theEi are prime divisors, its fundamental class [D] :=

∑
ni[Ei]. Alternatively, one

can start from the exponential sequence

0 → Z → OX
exp−→ O×X → 0, (0.10.9)

where X is equipped with the classical topology in order for this sequence to be exact. After identi-
fying Pic(X) withH1(X,O×X) as in (0.9.1), it follows from the long exact sequence in cohomology
that there is an exact sequence

H1(X,OX) → Pic(X)
δ−→ H2(X,Z).
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Then, one can identify δ with c1 and the tangent space of Pic0(X) at zero with H1(X,OX) (see
Proposition 0.9.7), which eventually shows that the kernel of δ is equal to Pic0(X). Thus, we obtain
an injective homomorphism

cNS
1 : NS(X) → H2(X,Z),

which induces an isomorphism of torsion is compatible with the intersection form (0.9.3) on NS(X)
and the cup-product pairing (0.10.3) on the cohomology groups.

Another approach to the first Chern class is via the map dlog : O×X → Ω1
X/C that is locally defined

by f 7→ df
f . Taking cohomology and identifying again Pic(X) with H1(X,O×X), we obtain a

homomorphism
dlog : Pic(X) → H1(X,Ω1

X/C).

By our discussions above, we have inclusions of H2(X,Z)/Tors and H1,1 = H1(X,Ω1
X/C) into

H2(X,C) and by definition, the intersection H1,1∩H2(X,Z) of the two inside H2(X,C) is called
the space of integral (1, 1)-classes. By the Lefschetz theorem on (1, 1)-classes, the image of c1

inside H2(X,C) is equal to the space of integral (1, 1)-classes. In particular, if ρ denotes the
Picard rank of X , that is, the rank of the Néron–Severi group NS(X) as an abelian group, then we
obtain inequalities

ρ(X) ≤ h1,1(X) ≤ b2(X)

for complex projective varieties. We refer to [252, Chapter 1.2] for details and proofs. Next, by the
Hodge decomposition and Hodge symmetries, we have b2 = h1,1 + 2h2,0 and we find

t(X) := b2(X)− ρ(X) ≥ b2(X)− h1,1(X) = 2h2,0(X). (0.10.10)

Now, assume thatX is a surface, still over the complex numbers. Then, the Poincaré duality pairing
turns H2(X,Z)/Tors into an unimodular lattice and the induced map

cNum
1 : Num(X) → H2(X,Z)/Tors

is an embedding of lattices. Concerning signatures, we have

lattice rank signature
H2(X,Z)/Tors b2 (2h2,0 + 1, h1,1 − 1)
Num(X) ρ (1, ρ− 1)

where the signature of the second lattice is as stated by the Hodge index theorem, see, for example,
[287, Theorem V.1.9] . We define the transcendental lattice T (X) := c1(Num(X))⊥, which is a
sublattice of H2(X,Z). Since the restriction of the pairing on H2(X,Z)/Tors to c1(Num(X)) is
non-degenerate, it follows that c1(Num(X)) ∩ T (X) = {0} and thus, the projection

T (X) = Num(X)⊥ →
(
H2(X,Z)/Tors

)
/Num(X)

induces an injective homomorphism of free abelian groups of rank t(X). Since the pairing on
H2(X,Z)′ = H2(X,Z)/Tors is unimodular, we can also identify the transcendental lattice T (X)
with the dual of the lattice H2(X,Z)′/Num(X). Using the Lefschetz theorem on (1, 1)-classes,
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and the fact that cNS
1 identifies the torsion subgroups of NS(X) and H2(X,Z), we obtain a short

exact sequence

0 → NS(X)
cNS
1−→ H2(X,Z) → T∨X → 0 . (0.10.11)

To determine the parity of the lattice H2(X,Z)/Tors, we consider the composition

H2(X,Z) → H2(X,Z)⊗Z F2 → H2(X,F2).

Poincaré duality induces a pairing H2(X,F2)×H2(X,F2)→ F2 of F2-vector spaces and we have
(a, b) mod 2 = (a, b). Next, we define w2(X) := c1(X), where c1(X) := c1(TX) denotes the
first Chern class of the tangent bundle. We note that c1(X) = −c1(KX), where KX denotes the
canonical line bundle of X . Then, Wu’s formula states

(w2, c) = (c, c) (0.10.12)

for all c ∈ H2(X,Z), see [497, page 132]. In particular, the lattice H2(X,Z)/Tors is even if and
only if w2 = 0. To understand torsion in cohomology better and to link the transcendental lattice
to the cohomological Brauer group, we consider for every integer n ≥ 1 the short exact sequence
(with respect to the classical topology)

0 → Z/nZ → O×X
x 7→xn−→ O×X → 0. (0.10.13)

Using the identification Pic(X) ∼= H1(X,O×X) and taking cohomology again, we obtain

0 → Pic(X)(n) → H2(X,Z/nZ) → nH
2(X,O×X) → 0. (0.10.14)

In particular, using the short exact sequence (0.10.11), we find

(T∨X)(n) ∼= nH
2(X,O×X) . (0.10.15)

Moreover, multiplication by n gives rise to a short exact sequence 0 → Z → Z → Z/nZ → 0 and
taking cohomology, we obtain a short exact sequence

0 → H2(X,Z)(n) → H2(X,Z/nZ) → nH
3(X,Z) → 0 , (0.10.16)

which can also be deduced from the universal coefficient formulas of singular (co-)homology (0.10.1).
Comparing the short exact sequences (0.10.14) and (0.10.16) and using the isomorphism (0.10.15),
we obtain a short exact sequence

0 → Hom(TX ,Z/nZ) → nH
2(X,O×X) → nH

3(X,Z) → 0. (0.10.17)

We note that the torsion subgroup ofH2(X,O×X) of a schemeX is called the cohomological Brauer
group Br(X) of X .

Next, we discuss an algebraic analog of singular cohomology, namely `-adic cohomology. This
cohomology theory was envisioned by Grothendieck with a view toward proving the Weil conjec-
tures, and we refer to [287], Appendix C for history and overview. Let X be a smooth and proper
variety over a field k of characteristic p ≥ 0. Since the Zariski topology is too coarse to a give a
good cohomology theory for locally constant sheaves, one equips X with its étale topology Xét. In
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this Grothendieck topology, the objects are étale morphisms of finite type V → U over X . Then,
a covering of U → X consists of a collection of finite étale morphism of finite type {Vi → U}i
such that the union of the images (all of which are Zariski-open subsets of U ) is equal to U . For
example, if G is a finite and étale group scheme over X - for example, G = µn with p - n - or if F
is a finite local system that is locally constant for the étale topology - for example G = Z/nZ - then
the cohomology groups H i

ét(X,G) := H i(Xét, G) are defined and satisfy the usual properties, such
as long exact sequences in cohomology, etc. We refer to [148] and [493] for the precise definition
and details. For a prime `, we define `-adic cohomology to be

H i
ét(X,Z`) := lim←−nH

i
ét(X,Z/`nZ)

H i
ét(X,Q`) := H i

ét(X,Z`)⊗Z` Q`

(The technical reason for this definition is that étale cohomology works best for local systems that
are finite. If one wants to work directly with infinite local systems that are pro-finite, one can use
the pro-étale site of Bhatt and Scholze [62].) Next, for a prime number ` 6= p, we define the `-adic
Tate module to be

Z`(1) := lim←−
n

µ`n(k)

together with the action of the absolute Galois group Gal(k/k). Taking duals and tensor products
with itself, we obtain Z`(k) for arbitrary k ∈ Z. This leads us to define `-adic cohomology with a
Tate-twist via

H i
ét(X,Z`(k)) := lim←−nH

i
ét(X,µ

⊗k
`n )

H i
ét(X,Q`(k)) := H i

ét(X,Z`(k))⊗Z` Q`

Since X is proper over k, all these cohomology groups are finitely generated modules over Z` and
Q`, respectively. Moreover, they are zero if i < 0 or i > 2 dim(X). If k is a field of characteristic
p > 0 and ` 6= p, then the Q`-dimension of H i

ét(X,Q`(k)) is independent of ` and k, and we define
the i.th (`-adic) Betti number of X to be

bi(X) := dimQ` H
i
ét(X,Q`).

We refer to Example 0.10.15 below to see what can happen for ` = p. On the other hand, if k = C
and one chooses an embedding Q` ⊂ C (such embeddings exist by the axiom of choice, but they
are neither unique, nor natural), there exist comparison isomorphisms

H i
ét(X,Q`)⊗Q` C ∼= H i(X,C),

where the right hand side denotes singular cohomology of the topological manifold X with coef-
ficients in C as discussed above. Moreover, there is an analog of Poincaré duality that is obtained
from a perfect duality of (Z/`nZ)-modules

H i
ét(X,µ

⊗j
`n )×H2d−i

ét (X,µ
⊗(d−j)
`n ) → H2d

ét (X,µ⊗d`n ) ∼= (Z/`nZ), (0.10.18)

where the tensor product is taken in the category of locally constant sheaves of (Z/`nZ)-modules,
see [493], Chapter 6.11. Passing to the projective limit, we obtain a perfect duality of Z`-modules
modulo torsion subgroups

H i
ét (X,Z`(j)) × H2d−i

ét (X,Z`(2d− j)) → Z`. (0.10.19)
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In particular, we find
bi(X) = b2d−i(X).

As in topology, we define the `-adic Euler-Poincaré characteristic of X to be

e(X) :=
2d∑
i=0

(−1)i bi(X).

We will be using a more general Poincaré Duality that applies to any constructible sheaf of Z/`nZ-
modules [493, Chapter VI, Theorem 11.1]. It asserts that there is a nondegenerate pairing

H i(X,F)× Ext2d−i(F ,µ⊗d`n )→ H2d(X,µ⊗d`n ) ∼= Z/`n (0.10.20)

from which (0.10.18) follows by taking F = µ⊗j`n . Moreover, for every coherent sheaf of OX -
modules E on X , there exist Chern classes ci(E) ∈ Ai(X) in the Chow groups of X , see [234].
Using the degree map deg : Ad(X)→ Z, we have

e(X) = cd(X) := deg
(
cd(ΘX/k)

)
, (0.10.21)

where ΘX/k = Ω∨X/k denotes the tangent sheaf of X . By the comparison theorem with singular
cohomology, the Betti numbers and the Euler-Poincaré characteristic defined in terms of `-adic
cohomology and singular cohomology coincide if k = C. Finally, in the case where X is a smooth
and proper surface over a field, we have Noether’s formula

12χ(X,OX) = K2
X + c2(X). (0.10.22)

In fact, in [493], Chapter 5, Theorem 3.12, Noether’s formula is used to prove (0.10.21) for surfaces.
For later use, we also mention the Riemann-Roch theorem for an invertible sheaf L on a surface X

χ(X,L) :=
2∑
i=0

(−1)i hi(X,L) = χ(X,OX) +
1

2
L · (L ⊗ ω−1

X ), (0.10.23)

see, for example, [287, Theorem V.1.6] or the discussion in [37, Chapter 5].

Recall that for any field F , the natural exact sequence of algebraic groups

1 → Gm,F → GLF (n+ 1) → PGLF (n) → 1

induces a bijection of the Galois cohomology pointed sets H1(F,PGLF (n))→ H2(F,Gm,F ), see
[87, VIII, §10, Prop. 7]. The set H1(F,PGLF (n)) is equal to the set of isomorphism classes of
F -forms of the matrix algebra Mn(F ), that is, central simple algebras over F that become isomor-
phic to the matrix algebra Mn(F ′) after some finite and separable extension F ′ of F . The group
H2(F,Gm,F ) is denoted by Br(F ) and it is called the Brauer group of the field F . The group law
corresponds to the tensor product on the set of central simple algebras modulo Morita equivalence,
see [87, §15]. Grothendieck extended this definition to any quasi-compact schemeX by introducing
the notion of an Azumaya algebra over X as a form in étale topology of the endomorphism algebra
of a free sheaf of some rank over X [258, I]. Then, he defined a commutative group law on such
forms modulo an analogue of the Morita equivalence. The resulting commutative group is denoted
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by Br(X) and it comes with a natural injective homomorphism δ : Br(X)→ H2(X,Gm). In con-
trast to the case of a field, this homomorphism need not be surjective. In fact, the group Br(X) is
always a torsion group since an Azumaya algebra can be trivialized after a finite cover of X . On the
other hand, the groupH2(X,Gm) is not always a torsion group. Luckily for us, in the case of curves
and regular surfaces over k, the group H2(X,Gm is a torsion group and δ is an isomorphism, see
[265, II,Théoréme 2.1]. The torsion subgroup of H2(X,Gm) is called the cohomological Brauer
group and this definition agrees with our previous definition in the complex analytical case.

Let us extend the computation of the cohomological Brauer group given by (0.10.17) by computing
the l-torsion l∞H

2(X,Gm) for any smooth projective surface X over k of characteristic p 6= l. As
we know this group coincides with the l-torsion part of the Brauer group Br(X). To deal with the
p-torsion part, we will need more techniques which we will discuss later in this section.

The analog of the exact sequence (0.10.13) in étale topology is the Kummer exact sequence (0.1.6)

0 → µn → Gm
×n−→ Gm → 0, (0.10.24)

which is exact if (n, p) = 1. Taking cohomology, we obtain the following algebraic analog of
(0.10.14)

0 → Pic(X)(n) → H2
ét(X,µn) → nH

2
ét(X,Gm) → 0 (0.10.25)

and passing to powers of a prime `, we find

0 → Pic(X)⊗ (Q`/Z`) → H2
ét(X,µ`∞) → `∞H

2
ét(X,Gm) → 0.

Now, since Pic◦X/k(k) is n-divisible for all n, we find Pic(X)(n) = NS(X)(n). Thus, applying this
to `n for all n and passing to the projective limit, we obtain an exact sequence

0 → NS(X)⊗ Z` → H2
ét(X,Z`(1)) → T` (Br(X)) → 0. (0.10.26)

Note that the map NS(X)⊗ Z` → H2
ét(X,Z`(1)) is the `-adic analog of the first Chern class map

in exact sequence (0.10.11). As in the case of complex surfaces it is the map factored from the map

c1 : Pic(X)→ H2
ét(X,Z`). (0.10.27)

Since the cohomology groups H i
ét(X,µn) are finite abelian groups, it follows that n Br(X) is finite

for all n. Thus, by Proposition 0.10.1, there exists a finite abelian group A and isomorphisms

`∞ Br(X) ∼= (Q`/Z`)t` ⊕A and T` (Br(X)) ∼= Zt`
` . (0.10.28)

Together with the short exact sequence (0.10.26), we obtain the following analog of (0.10.10)

t` = b2(X) − ρ(X) (0.10.29)

for all ` 6= p. In particular, we obtain Igusa’s inequality [318]

ρ(X) ≤ b2(X),

which holds regardless of the characteristic of k.
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The multiplication by `m in Gm defines an embedding of µ`k into µ`k+m with quotient µ`m . This
gives an exact sequence

0→ µ`k → µ`k+m → µ`m → 0 (0.10.30)

that leads to exact sequences

0→ H i
ét(X,Z`(1))`

m → H i
ét(X,µ`m)→ `mH

i+1
ét (X,Z`(1))→ 0 (0.10.31)

(see [493, Chapter V, Lemma 1.11]). It is an analogue of (0.10.16). The composition

H2
ét(X,Z`(1))(`m) → H i

ét(X,µ`m)→ `m Br(X)

defined by exact sequence (0.10.25) has kernel Pic(X)(`m) and hence we obtain an exact sequence

0 → (Z/`mZ)t` → `m Br(X) → `mH
3
ét(X,Z`(1)) → 0 (0.10.32)

which is the `-adic analog of (0.10.17) and (0.10.16). Passing to the inductive limit, we get an exact
sequence

0 → (Q`/Z`)t` → `∞ Br(X) → `∞H
3
ét(X,Z`(1)) → 0 (0.10.33)

Using the universal coefficient formula, and the fact that a maximal `-divisible subgroup must be a
direct factor, we get

Theorem 0.10.2. For any prime ` 6= p, there is an isomorphism

`∞ Br(X) ∼= (Q`/Z`)t` ⊕Hom(`∞ NS(X),Q`/Z`).

Next, we will briefly discuss algebraic de Rham cohomology: let X → S be a smooth and proper
morphism of schemes of relative dimension d over some noetherian base scheme S. We will mostly
be dealing with the case where S = Spec k, where k is an algebraically closed field or where S
is the spectrum of a discrete valuation ring with an algebraically closed residue field k. Then, the
relative Kähler differentials ΩX/S and the exterior differential d = dX/S give rise to the relative de
Rham complex (Ω•X/S , d), where Ωi

X/S :=
∧i ΩX/S . These sheaves usually have non-trivial higher

cohomology groups (unlike the case of C∞-differential forms, where it follows from the Poincaré
lemma that the sheaves Ai that are sheaves with respect to the classical topology have no higher
cohomology, we are dealing with sheaves in the Zariski topology), which is why algebraic de Rham
cohomology is defined to be the hypercohomology of the de Rham complex

H∗DR(X/S) := H∗(Ω•X/S).

Since X is proper over S, these cohomology groups are coherent OS-modules. If S = Spec k is a
field, then this says that they are finite dimensional k-vector spaces and we define the de Rham Betti
numbers to be

bDR
i (X) := dimkH

i
DR(X/k). (0.10.34)

It is a non-trivial result of Grothendieck [264] that if X is a smooth and proper variety over C, then
H∗DR(X/C) is isomorphic to the de Rham cohomologyH∗(X,C) discussed above. Since algebraic
de Rham cohomology arises as hypercohomology of a complex of sheaves, it comes with a spectral
sequence

Ep,q1 := Hp,q(X) = Hq(X,Ωp
X/S) =⇒ Hp+q

DR (X/S) (0.10.35)
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the Hodge versus de Rham spectral sequence, also known as the Frölicher spectral sequence. This
gives rise to a filtration F• on H∗DR(X/S), the Hodge filtration. If this spectral sequence degener-
ates at E1, then we have Ep,q1 = Fp/Fp+1. If X is a complex projective variety, then the Hodge
decomposition (0.10.7) implies that the Hodge versus de Rham spectral sequence degenerates at
E1. Using the Lefschetz principle, we even obtain the following.

Theorem 0.10.3. Let X be a smooth projective variety over a field k of characteristic zero. Then,
the Hodge versus de Rham spectral sequence degenerates at E1 and gives

bDR
i (X) =

∑
p+q=i

hp,q(X), (0.10.36)

where hp,q(X) = dimkH
q(X,Ωp

X/k).

Remark 0.10.4. The first proof of this theorem uses Hodge theory of Kähler manifolds as sketched
above. The first algebraic proof was given by Faltings [225] using p-adic Hodge theory. Later,
Mumford [522] gave explicit examples of smooth and projective surfaces X in positive character-
istic, where the exterior differential d : H0(Ω1

X)→ H0(Ω2
X) is non-zero - in particular, the Hodge

versus de Rham spectral sequences of these surfaces do not degenerate at E1. By a fundamental
result of Deligne and Illusie [153] (see also [323] or [553]), the Hodge versus de Rham spectral
sequence of a smooth and projective variety X over a perfect field k of characteristic p > 0 degen-
erates at E1 if dim(X) ≤ p and X lifts to the truncated Witt ring W2(k). In contrast to the case of
characteristic zero, the Hodge symmetry hp,q(X) = hq,p(X) may not hold in positive characteristic,
even if the Hodge versus de Rham spectral sequence of X degenerates at E1.

In the case, where X is a complex projective variety, complex conjugation and the Hodge symme-
try, give rise to a second filtration F• in the de Rham cohomology, the complex conjugate Hodge
filtration, which satisfies

Hp,n−p(X) ∼= Fp ∩ Fn−p ⊆ Hn
DR(X/C) and Fp ⊕Fn−p+1

= Hn
DR(X/C) . (0.10.37)

Let us put this into a larger, more general, and algebraic perspective: let X → S be a morphism of
schemes. Then, we have the complex (Ω•X/S , d = dX/S) and the associated abelian subsheaves of
Ωi
X/S

BΩi
X/S := dΩi−1

X/S and ZΩi
X/S := Ker

(
Ωi
X/S

d−→ Ωi+1
X/S

)
,

the boundaries and cycles, respectively. Since d ◦ d = 0, we have BΩi
X/S ⊆ ZΩi

X/S and set

Hi(Ω•X/S) := ZΩi
X/S/BΩi

X/S .

Then, there exists a second spectral sequence of hypercohomology

Ep,q2 := Hp(X,Hq(Ω•X/S)) =⇒ Hp+q
DR (X/S), (0.10.38)

giving rise to a filtration on the right hand side. IfX is a smooth and projective variety over C and we
equip it with the classical topology, then the Poincaré Lemma implies that the cohomology sheaves
Hi(A•X) are zero for i ≥ 1. Similarly, the cohomology sheaves Hi(Ω•X/C) are zero for i ≥ 1 if



160 CHAPTER 0. PRELIMINARIES

Ω•X denotes the complex of sheaves of locally holomorphic differential forms with respect to the
classical topology. In these two cases, the filtration in de Rham cohomology arising from (0.10.38)
is trivial. On the other hand, the cohomology sheaves Hi(Ω•X) may be non-zero for i ≥ 1 if Ω•X
is considered as a complex of OX -modules with respect to the Zariski topology. In characteristic
zero, the filtration in de Rham cohomology arising from (0.10.38) is the coniveau filtration, see [68].
Now, let us study this second filtration in positive characteristic: assume that X and S are schemes
of characteristic p > 0 and let F = FX/S : X → X(p) be the S-linear Frobenius morphism. Then,
the abelian sheaves F∗(BΩi

X/S) and F∗(ZΩi
X/S) are OX(p)-modules. Moreover, if X is smooth

over S, then there exists a unique family of additive maps, the Cartier operators

CX/S : F∗(ZΩi
X/S) → Ωi

X(p)/S

that satisfy the following properties

1. C(1) = 1,

2. C(fpω) = f · C(ω) for local sections f ∈ OX and ω ∈ ZΩi
X/S ,

3. C(ω ∧ ω′) = C(ω) ∧ C(ω′) for local sections ω ∈ ZΩi
X/S and ω′ ∈ ZΩi′

X/S ,

4. C(ω) = 0 if and only if ω ∈ BΩi
X/S ,

5. C(fp−1df) = df .

Property (2) shows that the Cartier operator is not a homomorphism of OX -modules, but that it can
be considered as a homomorphism of OX(p)-modules. Next, property (4) and a theorem of Cartier
show that CX/S induces an exact sequence of OX(p)-modules

0 → F∗(BΩi
X/S) → F∗(ZΩi

X/S)
CX/S−→ Ωi

X(p)/S
→ 0 .

and thus, an isomorphism
CX/S : Hi(F∗Ω•X/S)→ Ωi

X(p)/S
. (0.10.39)

the Cartier isomorphism. If i = 0, then its inverse C−1
X/S is the natural isomorphism OX(p) →

F∗OX . If i = 1, then C−1
X/S is defined locally by sending 1 ⊗ ds to the class of sp−1ds in

H1(F∗Ω
•
X/S). We also refer to [323], Section 3, [321], Section 0.2, and [366], Theorem 7.2 for

proofs and further details.

Example 0.10.5. LetX = A1
k = Spec k[t]], where k is a perfect field. We can identifyX(p) withX

by means an isomorphism of ring aiti 7→ api t
i and consider the relative Frobenius map FX/k : X →

X(p) = X, t 7→ tp. We have C(tpk+idt) = tpkC(tidt). If i 6= p − 1, then tidt = dti+1

i+1 and hence
C(tpk+idt) = 0. If i = p − 1, then C(tpk+idt) = tpkdt. This shows that C(Ω1

k[t]/k) = k[tp]dt,
hence

CX/k : Z1ΩX/k/B
1ΩX/k = Ω1

X/k/dΩ1
X/k → Ω1

X/k

is an isomorphism of OX(p)-modules.
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We can also globalize replacing A1
k with X = P1

k. Let f = FX/k : X → X(p), B1 = B1Ω1
X/k

considered as an OX(p)-Module. We have two exact sequences of locally free sheaves on X(p)

0→ OX(p) → f∗OX → B1 → 0,

and
0→ B1 → f∗Ω

1
X/k → Ω1

X(p)/k → 0.

The sheaf f∗ΩX/k is of rank p with χ(f∗Ω
1
X/k) = χ(Ω1

X/k) = −1. It follows that χ(B1) = 0 and,

since H1(X(p),OX(p)) = 0 and dimH0(X(p), f∗OX) = 1, we obtain that H0(X(p), B1) = 0.
Since any locally free sheaf on P1 splits into a direct sum of invertible sheaves and an invertible sheaf
L of negative degree with χ(L) = 0 is isomorphic to the sheafOP1(−1), we see that B1 ∼= O⊕p−1

P1 .
The second exact sequence gives us an isomorphism

(FX/k)∗Ω
1
X/k
∼= OP1(−1)⊕p−1 ⊕OP1(−2).

If X is a smooth and proper variety over a field k of characteristic p > 0, then combining the
second spectral sequence (0.10.38) and the Cartier isomorphism (0.10.39) become

Ep,q2 := Hp(X,Ωq
X/k) =⇒ Hp+q

DR (X/k), (0.10.40)

the conjugate spectral sequence. This name is merely chosen in analogy to the two filtrations in
de Rham cohomology that one has in complex geometry (0.10.37) - however, there is no complex
conjugation in positive characteristic. Next, the data of the k-vector spaceHp+q

DR (X/k) together with
the two filtrations coming from the Hodge versus de Rham and the conjugate spectral sequence is
captured in the notion of an F -zip. Moreover, the two filtrations F• and F• in the complex case are
“as disjoint as possible” in a sense made precise by (0.10.37). On the other hand, the relative position
of these two filtrations in positive characteristic is a very interesting discrete invariant of smooth and
projective varieties in positive characteristic, which is related to ordinarity and supersingularity of
varieties. We refer to [450] or [715] for details and further information.

The “correct” cohomology with p-adic coefficients in characteristic p is crystalline cohomology -
as we will see in Example 0.10.15 below, H∗ét(X,Qp) does not give the “right” answer. Crystalline
cohomology takes values in Witt vectors, which we introduced and discussed in Section 0.3. As a
first approximation to crystalline cohomology, let us introduce Witt vector cohomology: if (X,OX)
is a scheme, then the assignment U 7→ Wn(OX(U)) for every Zariski-open subset U ⊆ X defines
a sheaf of rings Wn(OX) on X for all n ≥ 1. If X is a proper scheme of finite type over a perfect
field k of characteristic p > 0, then the cohomology groups H i(X,Wn(OX)) are finitely generated
Wn(k)-modules for all n and i. Clearly, they are zero for i < 0 or i > dim(X). These cohomology
groups are called Serre’s Witt vector cohomology groups and were first studied by Serre in [634].
Clearly, the maps σ and V and the projection maps Wn(OX)→Wm(OX) for m ≤ n induce maps
on Witt vector cohomology groups. Finally, one can also consider the cohomology groups

H i(X,W (OX)) := lim←−
n

H i(X,Wn(OX)),

which are W (k)-modules, but may fail to be finitely generated.
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Before turning to the construction of crystalline cohomology, let us shortly digress on divided
power structures (also called PD-structures because of the French puissances divisées): for a com-
mutative ring R and an ideal I ⊆ R, a PD-structure consists of maps γn : I → R for n ≥ 0
satisfying the following axioms

1. γ0(x) = 1 and γ1(x) = x for all x ∈ I ,

2. γn(I) ⊆ I for all n ≥ 1,

3. γn(x+ y) =
∑

i+j=n γi(x)γj(x),

4. γn(rx) = rnγn(x) for all x ∈ I and r ∈ R,

5. γn(x)γm(x) =
(
m+n
n

)
γm+n(x) for all x ∈ R and all m,n ∈ Z≥0,

6. γm(γn(x)) = (mn)!
m!n! γmn(x) for all x ∈ I and all m,n ∈ Z≥0.

If R is a Q-algebra, then it easily follows from the axioms that every ideal I ⊆ R possesses a
unique PD-structure, which is given by γn(x) := xn/n!. In fact, PD-structures were introduced in
order to have an analog of the operators x 7→ xn/n! in rings where n! may not be invertible. Such
operators are needed in order to define analogs of exponential functions. Next, since the a priori
rational number pn/n! is in fact a p-adic integer divisible by p for all integers n ≥ 1, it follows
that for every ring R of characteristic p > 0, the principal ideal (p) of the Witt ring W (R) carries
a PD-structure. Similarly, one can define a PD-structure on the ideal (p) ⊆ Wn(R) for all n ≥ 1.
In case R is a ring of characteristic p > 0 with PD-structure on the ideal I ⊆ R, it follows from the
axioms that xp = 0 for every x ∈ I and thus, the ideal I is nilpotent. In particular, non-zero ideals
in integral domains of positive characteristic do not possess PD-structures.

Example 0.10.6. Let R be a commutative ring. Then, we have the following divided power version
of a polynomial ring in r variables over R: we define R〈x1, ..., xr〉 to be the commutative and
gradedR-algebra, whose degree d part is the freeR-module generated by the symbols x[k1]

1 · · ·x[kr]
r

with ki ∈ Z≥0 satisfying k1 + · · · + kr = d. The algebra structure is defined by the relations
x

[a]
i · x

[b]
i =

(
a+b
a

)
x

[a+b]
i . The ideal I ⊆ R〈x1, ..., xr〉 that is generated by all elements of positive

degree carries a unique PD-structure via γn(xi) := x
[n]
i .

Now, let X be a scheme of finite type over a perfect field k of characteristic p > 0. Then, there
exists a Grothendieck topology (X/Wn)crys on X , whose objects are commutative diagrams

U
i //

��

V

��
Spec k // Spec Wn(k),

where U ⊆ X is a Zariski open subset and i : U → V is a closed embedding of schemes over
Wn(k) such that the ideal sheaf IU ⊆ OV is equipped with a PD-structure γ that is compatible with
the PD-structure on the ideal (p) ⊆ Wn(k). A morphism (U, V, γ) → (U ′, V ′, γ′) in (X/Wn)crys

is a commutative diagram given by an open embedding U → U ′ and a morphism V → V ′ that
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is compatible with the PD-structures. Finally, one defines a covering {(Ui, Vi, γi)}i of (U, V, γ) to
be a collection of morphisms (Ui, Vi, γi) → (U, V, γ) as before such that the morphisms Vi → V
are open embeddings with V =

⋃
i Vi. Next, an abelian sheaf F on (X/Wn)crys consists of a

collections of OV -modules FV on every V and every object (U, V, γ) of (X/Wn)crys. These FV
must be compatible with respect to morphisms g : (U, V, γ)→ (U ′, V ′, γ′) in the sense that g∗(FV ′)
is isomorphic to FV if V → V ′ is an open embedding (plus some transitivity condition). The main
example of an abelian sheaf on (X/Wn)crys is the sheafOX/Wn

that is defined by assigning to each
(U, V, γ) in (X/Wn)crys the structure sheaf OV .

After these preparations, we define crystalline cohomology for a smooth and proper variety X of
dimension d over a perfect field k by setting

H i(X/Wn) := H i((X/Wn)crys,OX/Wn
),

H i(X/W ) := lim←− nH
i((X/Wn)crys,OX/Wn

).

Since X is proper over k, the cohomology groups H i(X/Wn) and H i(X/W ) are finitely gener-
ated Wn(k)-modules and W (k)-modules, respectively. As in the case of `-adic cohomology, they
are zero if i < 0 or i > 2 dim(X). We will denote by K the field of fractions of W (k) and set
H i(X/W )K := H i(X/W ) ⊗W K. Then, H i(X/W )K comes with properties and structures ex-
pected from singular cohomology: it is a contravariant functor, there is a Poincaré duality pairing

〈−,−〉 : H i(X/W ) × H2d−i(X/W )→ H2d(X/W )
Tr−→ W (k), (0.10.41)

that is perfect modulo torsion, there exist cycle class maps, there exists a Lefschetz fixed point
formula for endomorphisms,... One of the main properties of crystalline cohomology is given by
the following theorem of Berthelot and Grothendieck [57].

Theorem 0.10.7. Let X be a smooth and proper scheme over a perfect field k of positive charac-
teristic p. Suppose X lifts to W (k), that is, there exists a proper and flat scheme X → Spec W (k)
such that X ×Spec W (k) Spec k ∼= X . Then,

H i(X/W ) ∼= H i
DR(X/ Spec W (k)),

where the right hand side denotes algebraic de Rham cohomology.

In fact, it was Grothendieck’s insight that the algebraic de Rham cohomology of a lift of X does
not depend on the choice of lift, provided that a lift exists. Even more: this cohomology is “so
canonical” that actually no lift is required - the above construction and the previous theorem make
this precise.

Remark 0.10.8. If one drops the structure of divided powers in the definition of the crystalline site,
then the same result holds in characteristic zero, but not in positive characteristic. The reason is
that the Poincaré lemma fails in characteristic p > 0 even for such a simple ring as k[t]. In fact,
tp−1dt ∈ Ω1

k[t]/k lies in the kernel of d, but tp−1dt 6∈ d(k[t]). (We note that this is closely related
to the Cartier isomorphism (0.10.39).) However, the Poincaré lemma is true for the ring k〈t〉 from
Remark 0.10.6 in any characteristic since we have d(

∑
akt

[k]) = (
∑
akt

[k−1])dt. This observation
is an essential ingredient in the proof of the previous theorem and gives a hint of why PD-structures
are important.
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We refer to [57], [59], or [321] for details, definitions, and background on crystalline cohomology.
For surveys, we refer to [319] or [112]. Finally, crystalline cohomology works best for smooth and
proper varieties over k. For smooth and affine schemes over k, Monsky and Washnitzer constructed
a cohomology theory that is well suited for computations. Berthelot generalized crystalline and
Monsky–Washnitzer cohomology to rigid cohomology, and we refer to [438] for details.

We now come back to the problem of defining the “correct” Betti numbers for p-adic cohomology
theories in characteristic p, see also Example 0.10.15 below. By a result of Katz and Messing [367],
we have

rankW H i(X/W ) = bi(X). (0.10.42)

In particular, crystalline cohomology yields the expected Betti numbers. An important feature of
crystalline cohomology is that the W -modules H i(X/W ) may have torsion, which sometimes pro-
vides striking insights into “pathologies” (to quote from the title of [522]) in characteristic p. In
view of Theorem 0.10.7, it is not surprising that crystalline and de Rham cohomology of a smooth
and proper variety X over k are related by a universal coefficient formula

0 → H i(X/W )⊗W (k) k → H i
DR(X/k) → Tor

W (k)
1

(
H i+1(X/W ),k

)
→ 0 . (0.10.43)

As an application of our discussion, we obtain the following identities and (in-)equalities, which are
analogous to the case of Kähler manifolds discussed above.

Proposition 0.10.9. Let X be a smooth and proper variety over a perfect field k of characteristic
p > 0.

1. For all k, there are inequalities ∑
p+q=i

hp,q(X) ≥ bDR
i (X/k) .

Equality for all i is equivalent to the degeneration of the Hodge versus de Rham spectral
sequence at E1.

2. For all i, there are inqualities
bi(X) ≥ bDR

i (X/k) .

Equality for all i is equivalent to W -torsion freeness of all crystalline cohomology groups
H i(X/W ).

Proof. The first statement is a general fact about spectral sequences. The second statement follows
immediately from (0.10.43).

As before, let k be a perfect field of characteristic p > 0, let W := W (k) be the ring of Witt
vectors, let σ : W → W be the Frobenius morphism, and let K be the field of fractions of W .
Then, a map ofW -modules (orK-vector spaces) ϕ : M → N is called σ-semilinear if it is additive
and if it satisfies ϕ(rm) = σ(r)ϕ(m) for all m ∈ M and all r ∈ W (resp. all r ∈ K). Next, an
F-crystal (resp. F-isocrystal) is a finitely generated and free W -module (resp. finite-dimensional
K vector space) M together with an injective and σ-semilinear map ϕ : M → M . A morphism
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of F-crystals f : (M,ϕ) → (N,ψ) (resp. F-isocrystals) is a morphism of W -modules (resp. K-
vector spaces) such that f ◦ ϕ = ψ ◦ f . A morphism f of F-crystals is called an isogeny if f ⊗K
is an isomorphism of F-isocrystals.

Example 0.10.10. Here are two important sources of examples of F-crystals: the first one arises
from geometry and the second one is purely algebraic.

1. Let X be a smooth and proper variety of dimension d over k. Then, the absolute Frobenius
map F : X → X induces, for any i, a self-map ϕi := F∗ of H i(X/W ). Since F is
not a morphism over Spec k (unless k = Fp), the maps ϕi are σ-linear. Next, set M i :=
H i(X/W )/Tors. The Poincaré duality pairing (0.10.41) satisfies the following compatibility
with Frobenius:

〈ϕi(x) , ϕ2d−i(y)〉 = pd · σ (〈x, y〉) for all x ∈M i, y ∈M2d−i.

Since σ is injective onW = W (k), it follows that all ϕi’s are injective. In particular, (M i, ϕi)
is an F-crystal. Moreover, the finite-dimensional K-vector space Mi ⊗W K together with
ϕi ⊗K defines an F -isocrystal.

2. Let Wσ〈T 〉 be the non-commutative polynomial ring in the variable T over W = W (k)
subject to the relations T ·x = σ(x) ·T for all x ∈W . Next, let α = r/s ∈ Q, where r, s are
coprime integers with s ≥ 1. Then,

Mα := Wσ〈T 〉/(T s − pr)

together with ϕ : m 7→ T ·m defines an F-crystal (Mα, ϕ), which is of rank s as aW -module.
The rational number α is called the slope of (Mα, ϕ). If r ≥ 0, that is, if α ≥ 0, then the
F-crystal (Mα, ϕ) is called effective.

The importance of the F-crystals (Mα, ϕ) lies in the following fundamental result due to Dieudonné
and Manin [471].

Theorem 0.10.11. Let k be an algebraically closed field of characteristic p > 0. Then, the cate-
gory of F-isocrystals over k is semi-simple and its simple objects are isomorphic to the F-crystals
(Mα, ϕ) from Example 0.10.10.

Thus, every F-crystal (M,ϕ) is isogenous to a F-crystal of the form

M ∼
⊕
α∈Q≥0

M⊕nαα ,

where ∼ denotes isogeny of F-crystals. The numbers α’s that occur in this direct sum are called
the slopes of M and the integers λα := nα · rankMα is called the multiplicity of the slope α. If all
slopes of M are non-negative, the F-crystal is called effective.

We note that all F-crystals arising as H i(X/W )/Tors from geometry as in Example 0.10.10 are
effective, which is why we will only discuss effective F-crystals in the sequel.
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The slopes and multiplicities of an effective F-crystal are encoded in the Newton polygon: let
α1 ≤ . . . ≤ αr be the slopes of M and let λ1, . . . , λs be the corresponding multiplicities. Then, we
have r := rankW M = λ1 + · · ·+λs. We define a piecewise linear function NwM : [0, r]→ R via

NwM (t) =

{
0 0 ≤ t ≤ λ1,

αk(t−
∑k

i=1 λi) +
∑k−1

i=1 αiλi+1
∑k−1

i=1 λi ≤ t ≤
∑k

i=1 λi.

Its graph is called the Newton polygon. It is a convex graph of a function on the interval [0, bn(X)]
starting in (0, 0) that is of slope α1 in the interval [0, λ1], of slope α2 in the interval [λ1, λ1 + λ2],
etc. By definition, the Newton polygon of an F-crystal depends only on its isogeny class.

Associated to an effective F-crystal (M,ϕ), there is a second convex polygon, the Hodge polygon,
which is not invariant under isogenies: here, the collection (αi, λi) is replaced with the collection
(i, hi), where

M/ϕ(M) ∼=
⊕
i≥1

(
W/piW

)hi
and h0 := rankW M −

∑
i≥1 hi. As in the case of the Newton polygon, we use this collection to

define a piecewise linear function HdgM : [0, r] → R on the interval [0, bn(X)], whose graph is a
convex polygon, the Hodge polygon. Then,

NwM (t) ≥ HdgM (t), t ∈ [0, rankW M ],

that is, the Newton polygon lies on or above the Hodge polygon.

Note that one can define the first Chern class with values in crystalline cohomology

c1 : Pic(X)→ H2(X/W ) (0.10.44)

As in the cases of classical and étale cohomology, the map factors through an injective map

cNS
1 : NS(X)→ H2(X/W ).

The absolute Frobenius F : X → X acts like L 7→ L⊗p on NS(X). Thus, the image c1(NS(X))
lies in the Tate module

TH := {x ∈ H2(X/W ) : ϕ(x) = px} ⊆ H2(X/W ),

where ϕ denotes the Frobenius on H2(X/W ). We note that TH is a Zp-module (rather than a
W -module) and that TH ⊗Zp W is a sub-F-crystal of slope 1 inside H2(X/W ).

The connection to geometry is as follows: let X be a smooth and proper variety over a perfect
field k of characteristic p, and let (Hn(X/W )/Tors, ϕ) be the F-crystal associated to the n.th
crystalline cohomology group as explained in Example 0.10.10. Now, we have three convex poly-
gons: the Newton polygon, the Hodge polygon, and the geometric Hodge polygon. The latter is
graph associated to the piecewise linear function H̃dg defined on the interval [0, bn(X)] with slope
0 over the interval [0, h′0] and slope i on the interval [h′0 + · · ·+ h′i, h

′
0 + · · ·+ h′i+1], where

h′i := hi,n−i(X) = dimkH
n−i(X,Ωi

X/k), for i = 0, ..., n.
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Figure 5: Newton and Hodge polygons for a K3 surface

Example 0.10.12. Let X be a K3 surface. Then its geometric Hodge polygon and possible Newton
polygon is as in Figure 5.

Note that here h could be qual to zero, in which case the Newton polygon coincides with the graph
of the identity function. It expresses the fact that in this case H2(X/W ) = TH ⊗Zp W . This is the
case of a supersingular K3 surface which will encounter often in Volume 2 of the book.

After these preparations, we have the following fundamental result of Mazur [487], Nygaard [549],
and Ogus [59].

Theorem 0.10.13. Let X be a smooth and proper variety over a perfect field k of characteristic
p > 0. Let (M,ϕ) be the F-crystal associated to Hn(X/W )/Tors. Then,

NwM (t) ≥ H̃dgM (t), t ∈ [0, rankW M ].

Moreover, if Hn(X/W ) is a torsion-free W -module and if the Hodge versus de Rham spectral
sequence of X degenerates at E1, then

HdgM (t) = H̃dgM (t), t ∈ [0, rankW M ],

that is, the F-crystal M computes the Hodge numbers hi,n−i.

Remark 0.10.14. We note that F-crystals arising from geometry as in Example 0.10.10 satisfy fur-
ther constraints: if X is smooth and proper of dimension d over k, then the slopes of the F-crystal
associated to Hn(X/W )/Tors lie in the interval [0, d] by Poincaré duality. Moreover, if X is
projective over k, then the Hard Lefschetz theorem together with Poincaré duality imply that the
slopes of Hn(X/W )/Tors lie in the interval [0, n] if 0 ≤ n ≤ d and in the interval [n − d, d] if
d ≤ n ≤ 2d.

Example 0.10.15. Let us compute the different cohomology groups discussed so far for an abelian
variety A of dimension g over an algebraically closed field k.

1. If k = C, then, as a differentiable manifold, A is diffeomorphic to (S1)2g, where S1 denotes
the one-sphere. From this, it is easy to see

H i(A,Z) ∼= ΛiH1(A,Z) and H1(A,Z) ∼= Z2g,
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and similarly for cohomology with coefficients R and C. Moreover, one has

H1(A,C) ∼= H0,1 ⊕H0,1 with H0,1 ∼= Cg ∼= H1,0.

2. If k is a perfect field of characteristic p > 0, then

H i
DR(A/k) ∼= ΛiH1

DR(A/k) with H1
DR(A/k) ∼= k2g

H i(A/W ) ∼= ΛiH1(A/W ) with H1(A/W ) ∼= W (k)2g

In particular, all crystalline cohomology groups are torsion-free W (k)-modules. Moreover,
the Hodge versus de Rham spectral sequence degenerates at E1. To describe the `-adic co-
homology groups, let nA be the kernel of multiplication by n on A. Then, nA is a finite flat
group scheme of length n2g over k, and for every prime `, its k-rational points satisfy

`A(k) ∼=
{

(Z/`Z)2g if ` 6= p, and
(Z/pZ)r for some 0 ≤ r ≤ g if ` = p.

The integer r is called the p-rank of the abelian variety A. Moreover, there exists an isomor-
phism

H1
ét(A,Z`)∨ ∼= lim←−

n
`nA(k),

and one obtains

dimQ` H
1
ét(A,Q`) =

{
2g if ` 6= p, and
r where r is the p-rank of A.

Thus, b1(A) = 2g can be computed from `-adic cohomology for all ` 6= p, but not if ` = p.
One can also show

H1
ét(A,Qp)⊗Qp K

∼=
(
H1(A/W )⊗W K

)
[0]
⊆ H1(A/W )⊗W K,

where the subscript [0] denotes the sub-F-isocrystal of slope 0. Thus, the crystalline cohomol-
ogy group H1(A/W ) has the expected rank 2g and the rank of H1

ét(A,Qp) can be explained
using slopes.

As seen above, there exists a spectral sequence (0.10.35) from Hodge cohomology to de Rham
cohomology. Also, we have seen above that crystalline cohomology is closely related to de Rham
cohomology, see Theorem 0.10.7, for example. This motivated the construction of the de Rham-Witt
complex, introduced by Illusie [321]: let X be a proper and smooth scheme over a perfect field k of
characteristic p > 0. Then, the de Rham-Witt complex WΩ∗Xk is the limit of a projective system
(WnΩ∗X/k)n≥1 of complexes of abelian sheaves on the étale topology ofX . For n = 1 it specializes
to the usual de Rham complex of regular differential forms, that is, W1Ωi

X/k = Ωi
X/k. Moreover,

in degree 0 it specializes as WΩ0
X/k = WOX and WnΩ0

X/k = WnOX , discussed above in con-
nection with Serre’s Witt vector cohomology. The construction of the de Rham-Witt complex is
rather involved and we note thatWnΩ∗X/k does not coincide with Ω∗WnX/k, whereWnX denotes the
topological space X together with the sheaf of rings WnOX . Then, the de Rham-Witt cohomology
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groups H i(X,WΩj
X/k) are W = W (k)-modules that are finitely generated modulo torsion. How-

ever, the torsion subgroups may not be finitely generated W -modules. If the cohomology groups
H i(X,WΩj

X/k) are finitely generated for all i and j, then X is said to be Hodge–Witt. In any case,
there exists a spectral sequence

Ei,j1 := Hj(X,WΩi
X/k) =⇒ H i+j(X/W ) (0.10.45)

from de Rham–Witt to crystalline cohomology, the slope spectral sequence. The canonical filtration
onHn(X/W ) arising from this spectral sequence is denoted by P iHn(X/W ), see [321, Definition
II.(3.1.2)], The following degeneracy result is due to Illusie [321].

Theorem 0.10.16. . Let X be a smooth and proper variety over a perfect field k of characteristic
p > 0. Then,

1. the slope spectral sequence degenerates modulo torsion at E1. In particular, there exists a
decomposition

Hn(X/W )⊗W K ∼=
⊕
i+j=n

Hj(X,WΩi
X/k)⊗W K,

which is compatible with the slope decomposition of the F-isocrystal Hn(X/W ).

2. The slope spectral sequence degenerates at E1 if and only if H i(X,WΩj
X/k) is a finitely

generated W -module for all i and j, that is, if and only if X is Hodge-Witt.

Degeneration modulo torsion is closely related to Theorem 0.10.11: namely, the groupsEp,q1 /Tors
carry natural structures of F-crystals, and then, the differentials on the E2-page of the slope spectral
sequence are morphisms between F-crystals of different slopes, and thus, must be zero. On the
other hand, the slope spectral sequence may not degenerate at E1 even for some K3 surfaces and
some Abelian varieties, see [321, Section II.7].

In any case, one can show that the Hodge-Witt cohomology groups

H0(X, WΩi
X/k), H1(X, WOX), and H i(X,ΩdimX

X/k ) (0.10.46)

are finitely generated W -modules for all i that are even free in the first two cases, see [321, Corol-
laire II.2.17, Corollaire II.2.18, and Proposition II.2.19]. From this, it follows that one always has a
short exact sequence

0 → H0(X, WΩ1
X/k) → H1(X/W ) → H1(X, WOX) → 0 (0.10.47)

of free W -modules, see [321, Proposition II.3.11], which is a partial degeneration result.

Remark 0.10.17. Let us mention two useful results in connection with degeneration of the slope
spectral sequence of a smooth and proper variety X over k.

1. If X is curve, then the slope spectral sequence degenerates at E1. This follows from the
discussion above and in particular, (0.10.46) and (0.10.47).
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2. If X is a surface, then it follows from the discussion above, in particular from (0.10.46) and
(0.10.47) that the only differential that could be non-zero is

d1 : H2(X, WOX) → H2(X, WΩ1
X/k) .

From this, one can deduce that the slope spectral sequence of a surface degenerates at E1

if and only if H2(WOX) is a finitely generated W -module, see [321, Corollary II.3.14] or
[548] for details. Moreover, if the slope spectral sequence of a surface degenerates atE1, then
d1 is zero and since H2(WOX)→ H2(OX) is surjective, it follows that in this case also the
differentials

H2(X, OX) → H2(X, Ω1
X/k) and H0(X, Ω1

X/k) → H2(X, Ω1
X/k)

in the Frölicher spectral sequence (0.10.35) are zero (the second assertion follows from Serre
Duality). In particular, all global 1-forms on X are d-closed. We refer to [321, Remarks
II.5.17.(2)].

Let us shortly digress on the sub-F-isocrystals of Hn(X/W )⊗K of slope < 1 and their relation
to Serre’s Witt vector cohomology group Hn(X,WOX), as well as to the Artin-Mazur functors
Φn
X/k introduced in [31]: given a variety X that is proper over a field k, Artin and Mazur [31]

studied the functor

Φn
X/k :

(
artinian k-algebras
with residue field k

)
→ (abelian groups)

S 7→ Ker (Hn
ét(X ×k S,Gm) → Hn

ét(X,Gm))

This functor possesses a deformation-obstruction theory with obstruction space Hn+1(X,OX)
and tangent space Hn(X,OX). Moreover, if Hn−1(X,OX) = 0 or n = 1, then Φn

X/k is pro-
representable, that is, there exists a local and complete k-algebra R such that Φn

X/k is isomorphic
to Hom(−, Spf R). In this case, Spf R is a group object in the category of formal schemes, that
is, there exists a morphism µ : Spf R × Spf R → Spf R and e : Spf k → Spf R satisfying the
axioms of a group. If moreover Hn+1(X,OX) = 0 holds true, then the functor Φn

X/k is formally
smooth over k, which implies R ∼= k[[t1, ..., tm]], where m = hn(OX). In this latter case, Φn

X/k is
a commutative formal group law of dimension m as introduced in Section 0.3.

Example 0.10.18. For n ≤ 2, we have the following description on Φn
X/k.

1. If n = 1, then H1
ét(X,Gm) classifies Gm-torsors over X , that is, invertible sheaves and

we have H1
ét(X,Gm) ∼= Pic(X), see Example 0.1.6 and (0.9.1). From this, we deduce that

Φ1
X/k(S) is the set of invertible sheaves onX×kSpec S that restrict toOX in the special fiber

X×Spec k, that is, Φ1
X/k describes the infinitesimal neighborhoods of Pic0

X/k at [OX ]. Thus,
Φ1
X/k is the formal completion of the Picard scheme PicX/k along its zero-section, which is

why it is called the formal Picard group and denoted P̂icX/k. We refer to Section 0.3 for such
formal completions and especially, Example 0.1.17 and Example 0.1.18. If H2(X,OX) = 0,
then Pic0

X/k is smooth, that is, an abelian variety, and P̂icX/k is a formal group law.
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2. If n = 2, then H2
ét(X,Gm) is called the (cohomological) Brauer group of X , which is why

Φ2
X/k is called the formal Brauer group and denoted B̂rX/k. We note that there exists no

Brauer group scheme of X such that B̂rX/k is the formal completion of this group scheme
along its zero-section.

Now, assume that X is a smooth and proper variety over a perfect field k of characteristic p > 0
and assume that Φn

X/k is pro-representable by a formal group law. Then, there exist isomorphisms
of F-(iso-)crystals

D(Φn
X/k) ∼= Hn(X,WOX) and Hn(X,WOX)⊗K ∼= (Hn(X/W )⊗W K)<1 ,

where D(−) denotes the Cartier–Dieudonné module of a formal group law and where the subscript
< 1 denotes the sum of all sub-F-isocrystals of slope < 1 in (Hn(X/W ) ⊗ K). For example, if
Φn
X/k
∼= Ĝa, then D(Φn

X/k) is not a finitely generated W -module by Example 0.1.19, which also
explains why Hn(X,WOX) may fail to be finitely generated. We refer to [450] for a more detailed
survey, as well as further references.

Let us now discuss various cohomology groups in low degree: let X be a smooth and proper
variety over a perfect field of characteristic p ≥ 0. Let albX : X → Alb(X) be the Albanese
morphism, that is, every morphism from X to an abelian variety factors through albX , see Section
0.9. There, we showed that there exists an isomorphism Alb(X) ∼= (Pic0

X/k,red)∨, where red

denotes the reduction of Pic0
X/k, which is an abelian variety, and ∨ denotes the dual abelian variety.

Then, the Albanese morphism induces isomorphisms

H1
ét(X,Z`) ∼= H1

ét(Alb(X), Z`),
H1(X/W ) ∼= H1(Alb(X)/W ) if p > 0,

which can be computed using Example 0.10.15. Moreover, setting g := b1(X)/2, we find

H0(X,WΩ1
X/k) ∼= H0(Alb(X),WΩ1

Alb(X)/k) ∼= W g,

H1(X,WOX) ∼= H0(Alb(X),WOAlb(X)) ∼= W g,

H1(X/W ) ∼= H0(X,WΩ1
X/k) ⊕ H1(X,WOX) ∼= W 2g.

In particular, these W -modules are torsion-free. It remains to treat the algebraic de Rham coho-
mology groupH1

DR(X/k), whose k-dimension may be strictly larger that that ofH1
DR(Alb(X)/k),

which is equal to 2g. By the universal coefficient formula (0.10.43) this happens if and only if
H2(X/W ) has non-trivial W -torsion. In order to understand the source of this torsion, the follow-
ing two results are crucial: first, by a theorem of Igusa [316], see Proposition 0.9.18, the pullback
of global 1-forms induces an injective k-linear map

alb∗X : H0(Alb(X),Ω1
Alb(X)/k) → H0(X,Ω1

X/k),

whose image is g-dimensional and all global regular 1-forms in the image are closed under the
exterior differential d. Thus, the image of alb∗X lies in the subspace H0(ZΩ1

X/k) of H0(Ω1
X/k),

where ZΩ1
X/k = Ker(d : Ω1

X/k → Ω2
X/k) is the sheaf of cycles. Second, we have seen in Section

0.9 that the Picard scheme Pic0
X/k may not be reduced, which is the case if and only if g is strictly

smaller than h1(OX). The following result is due to Illusie [321, Proposition II.5.6] and explains
the W - torsion of H2(X/W ).
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Proposition 0.10.19. Let X be a smooth and proper variety over a perfect field k of characteristic
p > 0 with Albanese morphism albX : X → Alb(X). Then, the following are equivalent:

1. H2(X/W ) is W -torsion free, and

2. Pic0
X/k is reduced and alb∗X

(
H0(Alb(X),Ω1

Alb(X)/k)
)

= H0(X,ZΩ1
X/k).

Concerning torsion in H2(X/W ), we have injective homomorphisms

NS(X)⊗Z Zp → H2
fl(X,Zp(1)) → H2(X,WΩ≥1

X/k) =: P 1H2(X/W ),

where P 1H2(X/W ) denotes the indicated filtration W -submodule coming from the slope spectral
sequence, see [321, Proposition II.6.8]. This induces an isomorphism of torsion groups of W -
modules

Tors (NS(X)⊗Z W ) ∼= Tors
(
P 1H2(X/W )

)
. (0.10.48)

However, unlike the singular cohomology in the complex case or the case of `-adic cohomology, the
torsion in H2(X/W ) can be more complicated than the torsion coming from NS(X). (However,
we note that the torsion of H2

fl(X,Zp(1)) coincides with the torsion of NS(X)⊗ Zp, see (0.10.63)
below.) To get a grip on the torsion of H2(X/W ), Illusie defined in [321, Section II.6.7] the
divisorial torsion H2(X/W )d. We refer to loc.cit. for the definition and note that it sits in a short
exact sequence

0 → (NS(X)⊗Z W )p−Tors → H2(X/W )d → H2(X,WOX)V−Tors → 0 . (0.10.49)

Using the identification of H2(WOX) with the Cartier-Dieudonné module of the formal Brauer
group, also the V -torsion can be reasonably explained. By definition, the quotient of the torsion
submodule of H2(X/W ) by H2(X/W )d is called the exotic torsion. If X is an Enriques surface,
then we compute the torsion of H2(X/W ) in Theorem 1.4.13 and Corollary 1.4.14. Finally, we
refer the interested reader to [321, Proposition II. 6.9] for the connection of torsion in H2(X/W )
and Oda’s subspace of H1

DR(X/k) from [552].

Example 0.10.20. Let X be a smooth and proper curve of genus g over an algebraically closed field
k of characteristic p > 0. Let Jac(X) be the Jacobian of X . Then, the Hodge versus de Rham
spectral sequence of X degenerates at E1 and the crystalline cohomology groups Hn(X/W ) are
torsion-free. Moreover, the Albanese morphism albX : X → Jac(X) induces isomorphisms of
`-adic and crystalline cohomology

H1
ét(X,Z`) ∼= H1(Jac(X),Z`) and H1(X/W ) ∼= H1(Jac(X)/W ),

as well as isomorphisms
H1

DR(X/k) ∼= H1
DR(Jac(X)/k)

of algebraic de Rham cohomology.

Concerning torsion of H2(WOX), the slopes of H2(X/W )⊗W K, and its relation to the Picard
scheme PicX/k, we also have the following result, see also Proposition 0.9.14. It is a straight forward
generalization of a result of Illusie [321, Proposition II.7.3.2], see also [453, Proposition 2.2].
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Proposition 0.10.21. Let X be a smooth and projective variety over an algebraically closed field k
of positive characteristic that satisfies

1

2
b1(X) = h1(X, OX) − h2(X, OX).

Then, the F -isocrystal H2(X/W )⊗W K is of slope one and

H2(X,WOX) = Tors
(
H2(X,WOX)

) ∼= D
(

Pic◦X/k/Pic◦X/k,red

)
,

where Tors denotes torsion as W -module.

Definition 0.10.22. A proper smooth variety over k is called ordinary in degree n if any of the
following equivalent properties is satisfied.

(i) Hj(X,BΩi
X/k) = 0, for any i, j with i+ j = n.

(ii) F : Hj(X,WΩi
X/k)→ Hj(X,WΩi

X/k) is bijective for all i, j with i+ j = n.

(iii) The Hodge versus de Rham spectral sequence and its opposite degenerate at termEi,j1 , i+j =
n, and define the opposite filtration on Hn

DR(X).

(iv) X is Hodge-Witt in degree n (i.e. H i(X,WΩj
X/k) are of finite type overW for all i, j, i+j =

n) and H i(X,BWΩn+1−i
X/k ) = 0 for all i ≥ 0.

If Hn(X/W ) has no torsion, then these properties are equivalent to the property

(v) the Newton and the Hodge polygons coincide.

If Hj(X,WΩi
X/k has no torsion for all i, j with i+ j = n, then these properties are equivalent to

the property

(vi) the slopes of the Frobenius on Hn(X/W ) are integers.

The variety X is ordinary if it is ordinary in all degrees.

We refer to [67], [324] and [112] for the proof of the equivalences.

Here are some expected properties of being ordinary.

• The slope spectral sequence degenerates modulo torsion at E1. This follows from Theorem
0.10.16.

• If X ′ is the blow-up of an ordinary variety X with smooth center then X ′ is ordinary [322,
Proposition 1.6]. In particular, if X ′ is a surface birationally isomorphic to a surface X , then
X ′ is ordinary.



174 CHAPTER 0. PRELIMINARIES

• A projective bundle over an ordinary variety is ordinary (see Proposition 1.4 from loc.cit.).

• The product X×Y is ordinary if and only ifX and Y are ordinary [324, IV, Corollaire 4.14].

• If f : X → C is over a local C = Spec R with ordinary closed fiber, then the geometric
generic fiber is ordinary (Proposition 1.9 from loc.cit.). The converse is not true.

• If H i(X/W ) and HdimX−i(X/W ) are both torsion-free, then X is ordinary in degree i if
and only if it is ordinary in degree dimX − i. This follows from property (iv).

Example 0.10.23. Assume X is a curve of genus g > 0 and let Jac(X) = Pic0
X/k be its Jacobian

variety. Then we have an exact sequence

0→ OX
x 7→xp−→ OX

d→→ BΩ1
X/k → 0 (0.10.50)

that gives an exact sequence

0→ H0(X,BΩ1
X/k)→ H1(X,OX)

F→ H1(X,OX)→ H1(X,BΩ1
X/k)→ 0.

This shows that X is ordinary if and only if F acts isomorphically on H1(X,OX).

The Frobenius map F on V = H1(X,OX) is p-linear, i.e., for any scalar λ, F(λx) = λpF(x).

We use the following well-know Lemma.

The following classical lemma about pn-linear maps is well-known (see [634, pp.38-39], or [2],
or [272, Expose XII, Corollaire 1.1.10], [493, III, §4, Lemma 4.13]).

Lemma 0.10.24. Let V be a finite-dimensional linear space over k and φ : V → V be a pk-linear
map (i.e. φ(λx) = λp

k
φ(x) for any λ ∈ k). Let V = Vss ⊕ Vnil, where φ is bijective on Vss and φ is

nilpotent on Vnil. Then φ− id is surjective on V and the kernel of φ− id is a vector space over Fpk
of dimension equal to dimVss.

Note that the dimension of Vss can be computed as follows. Choose a k-basis e of V and let
φ(e) = Ae for some matrix A. Then

dimk Vss = rank(A ·A(p) · · · · ·A(pn−1)), (0.10.51)

where A(pk) denotes raising the entries of the matrix A in pk-th power and n = dimk V . The rank
of the matrix (A ·A(p) · · · · ·A(pn−1)) is called the stable rank of A.

It follows from this that, if F is injective, thenH1(X,OX) = H1(X,OX)ss and hence Ker(id−F) =
(Z/pZ)g. It follows from the Artin-Schreier exact sequence that this happens if and only if

H1(X, (Z/pZ)X) = Ker(id−F : H1(X,OX → H1(X,OX)) = (Z/pZ)g,

Applying Theorem (0.2.34), we obtain that Hom(µp, Jac(X) ∼= (Z/pZ)g. This implies that µgp is
a closed subscheme of p Jac(X) and by the Cartier duality we get

(Z/pZ)g ⊂ p Jac(X)(k) = pPic(X).
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ThusX is ordinary if and only if the p-rank of Jac(X) (see Example 0.10.15) is maximal, i.e. equal
to g = dim Jac(X).

It is natural to call X supersingular of its p-rank is equal to 0. The part H1(X/W )F=id is of
dimension g and its dual part with respect to the Poincaré Duality is equal to H1(X/W )F=p id.

The same argument shows that, if X is of arbitrary dimension, then it is is ordinary if and
only if the p-rank of its Albanese variety and its Picard variety is maximal possible and equal to
its dimension. We know from Example 0.10.15 that, for any abelian variety A of dimension g,
Hn(A/W ) ∼= ΛiH1(A/W ) and H1(A/W ) ∼= W 2g has no torsion. Thus we can apply property
(iv) to deduce that A is ordinary in all degrees if and only if it is ordinary in degree 1.

Example 0.10.25. LetX be a surface. IfX is ordinary in degree 2, property (ii) implies that F is bi-
jective on H2(X,WOX), H1(X,WΩ1

X/k) and on H0(X,WΩ2
X/k). We know that H2(X,WOX)

is isomorphic to the Cartier-Dieudonné module D(Φ2
X/k). Since it is finitely generated over W

when X is ordinary, we see that the formal Brauer group B̂r(X) is of finite height. Moreover, since
H2(X,WOX)W ⊗K = (H2(X/W )⊗W KOX))<1, the Newton and Hodge polygons coincide if
and only if the height h(X) of B̂r(X) is equal to h0,2 = pg(X). The Igusa-Artin-Mazur inequality
now gives

b2(X)− ρ(X) ≥ 2pg(X)

as in the case when k = C. Also, if bDR
1 = 0, for example, if H1(X,OX) = 0 and d1 :

H0(X,Ω1
X/k) → H2(X,OX) is injective, then H2(X/W ) is torsion free is ordinary in degree

1 as follows from the universal coefficients formula (0.10.43). Thus the equality h(X) = pg(X)
implies that X is ordinary.

Finally, we use the definition and exact sequence (0.10.50) to get an exact sequence

H1(X,BΩ1
X/k)→ Ker(F : H2(X,OX)→ H2(X,OX))→ H2(X,BΩ1

X/k)→ 0

to show that if X is ordinary in degree 2, then F acts isomorphically on H2(X,OX).

In particular, let X be a surface with pg(X) = 0. It is ordinary in degree 1 if and only if its
Albanese variety is ordinary. By Proposition 0.9.8, the Picard scheme is reduced. It follows from
Proposition 0.10.21 thatH2(X,WOX) = 0. SinceH1(X,WOX) andH0(X,Ω1

k) have no torsion,
the slope spectral sequence shows that H2(X/W ) is torsion-free. Thus X is ordinary if and only
if the Newton and Hodge polygons coincide. But the latter is the graph of the identity function on
the interval [0, b2] and since the Newton polygon lies above it, it must coincide with it. Thus X is
ordinary in degree 2.

We now turn to the case where ` = p and note already here that the flat cohomology groups
H2

fl(X,µpn) are more difficult to handle - we will come back to these groups below. First, we note
that the absolute Frobenius morphism F : X → X acts like L 7→ F∗L ∼= L⊗p on NS(X).

We set

h(X) := dimK

(
H2(X,WOX)⊗W K

)
= dimK

(
H2(X/W )⊗W K

)
[0,1)

= dimK

(
H2(X/W )⊗W K

)
(1,2]

,

(0.10.52)
where the last equality comes from the slope spectral sequence (0.10.45) and Theorem 0.10.16. If
X is projective, then the Hard Lefschetz theorem implies that h(X) is equal to the K-dimension
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of the slope > 1 part of the F-isocrystal H2(X/W ) ⊗ K and using the slope decomposition of
H2(X/W )⊗K, we find the Igusa-Artin-Mazur inequality

ρ(X) ≤ b2(X) − 2h(X). (0.10.53)

For example, we see that in the case of a K3 surface, the number h(X) coincides with the number
h in the picture of the Newton diagram in Example 0.10.12.

Remark 0.10.26. SinceH2(X,WOX) is the Cartier-Dieudonné module of the formal Brauer group
B̂rX/k of X , it follows that h(X) is equal to the height of B̂rX/k - if the latter is finite. A surface
X is called supersingular if the height of its formal Brauer group is infinite. In this case, the
formal Brauer group is isomorphic to the formal group associated to a unipotent algebraic group of
dimension equal to pg(X) = dimH2(X,OX), where H2(X,OX) is naturally isomorphic to the
tangent space of the formal group. In this context, the crystalline version of the Tate conjecture asks
whether the inclusion c1(NS(X))⊗Zp ⊆ TH is in fact an equality, or at least, up to torsion or finite
index. If true, this would be a characteristic p analog of the Lefschetz theorem on (1, 1)-classes.
For example, it would also imply that the F-isocrystal H2(X/W )⊗K is of slope 1 (the F-crystal
is supersingular) if and only if ρ = b2 (the variety is supersingular in the sense of Shioda). It
follows from (0.10.53) that a surface with pg(X) > 0 that is supersingular in the sense of Shioda is
supersingular. Since the Tate conjecture holds for K3 surfaces over finite fields by [486], [470] and
[379], Proposition 0.10.27 implies that K3 surfaces that are supersingular are supersingular in the
sense of Shioda.

There is also an `-adic version of the Tate conjecture for smooth and proper varietiesX over fields
k that are finitely generated over their prime field that conjecturally describes the image c1(NS(X))
inside H2

ét(Xk,Z`(1)) in terms of the action of the absolute Galois group Gal(k/k). So far, this
conjecture has been established for curves, products of curves, K3 surfaces, Enriques surfaces, and
a couple of more classes of varieties, see [681], [685], and [51] for survey.

The following result is well-known to the experts and follows from some usual spreading out and
specialization techniques, but somehow hard to find stated explicitly in the literature.

Proposition 0.10.27. Let X be a supersingular (in the sense of Remark 0.10.26) K3 surface over
an algebraically closed field k of characteristic p > 0. Assume that the Tate conjecture holds for
K3 surfaces over finite fields of characterstic p. Then, X is supersingular in the sense of Shioda.

Proof. First, assume that k is not an algebraic closure of Fp. Then, there exists a field K that is
finitely generated over Fp and contained in k, such thatX can be defined overK. ReplacingK by a
finite field extension, K is still finitely generated over Fp and we may assume that the Néron-Severi
group of X is isomorphic to the Néron-Severi group over k. Now, there exists an integral scheme of
finite type T over Fp with the residue field at the generic point equal to K. After possibly replacing
T by an open and dense subset, we may assume that there exists a smooth and proper morphism
X → T over Spec Fp, whose generic fiber is X (this is called spreading out). If t ∈ T is a closed
point of T , then the fiber Xt is a K3 surface over the residue field κ(t), which is a finite field of
characteristic p. Moreover, since X is supersingular, so is Xt by [26], Corollary (1.3). But then,
[26], Theorem (1.1) implies that the ranks of the Néron-Severi groups of X and Xt coincide. Thus,
it suffices to prove the proposition for Xt.
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This reduces to the case where k is an algebraic closure of Fp, which we will now assume. IfX is a
supersingular K3 surface over k, then it can be defined over some finite field Fq and by replacing the
latter by a finite extension, we may assume that the Néron-Severi group of X is isomorphic to the
Néron-Severi group of Xk. Since X is supersingular, the F-isocrystal H2(Xk/W )⊗ZQ is of slope
1. After possibly replacing Fq by another finite extension, we may assume that H2(X/W ) ⊗Z
Q is a direct sum of one-dimensional F-isocrystals of slope 1. In particular, the F-invariants of
H2(X/W )(1) ⊗ Z form a Qp-vector space of rank equal to b2(X) = 22. Since we assumed the
Tate conjecture for K3 surfaces over finite fields, this implies that the image of NS(X)⊗Qp inside
H2(X/W )(1) ⊗ Q, which actually lies in the F-invariants of the latter, is a Qp-vector space of
dimension b2(X). Thus, ρ(X) = b2(X), that is, X is supersingular in the sense of Shioda.

For a survery on the Tate conjecture for K3 surfaces we refer to [688].

In order to refine the Igusa-Artin-Mazur inequality, we use the Kummer sequence (0.1.6) and
(0.10.25).

0→ µpn → Gm
x 7→xpn−→ Gm → 0 (0.10.54)

In analogy to the `-adic case, we set

H i
fl(X,Zp) := lim←−

n

H i
fl(X,Z/pnZ) (0.10.55)

H i
fl(X,Zp(1)) := lim←−

n

H i
fl(X,µpn) (0.10.56)

Note however, that if k is of characteristic p > 0, then the finite group schemes (Z/pnZ) are étale
and the finite group schemes µpn are not étale. In particular, the cohomology groups H i

fl(X,Zp)
and H i

fl(X,Zp(1)) need not be isomorphic, not even non-canonically as Zp-modules. In fact, the
former is related to the slope zero part of H i(X/W ), whereas the latter is related to the slope one
part.

Let us now studyH i
fl(X,Zp(1)). Since theµpn are flat but not étale, étale cohomology is not suited

to compute these cohomology groups, which makes the discussion of these cohomology groups
technically more demanding. It is shown by Artin in [26] that the group H i(X,µpn) considered as
a sheaf Rf i∗µpn,X , where f : X → Spec k is the k-scheme structure morphism, admits a structure
of a quasi-algebraic group, possibly of positive dimension. For example, when X is a supersingular
K3 surface, the formal Brauer group is isomorphic to Ĝa(k) and the Kummer exact sequence shows
that H2(X,µp)

∼= p Br(X) ∼= k so cannot be a finite group. We will discuss all of this later in this
section. The Kummer sequence in flat topology gives

0→ H i−1(X,Gm)(pn) → H i(X,µpn)→ pnH
i(X,Gm)→ 0 (0.10.57)

that, after taking the limits gives us an exact sequence

0 → lim←− nH
i−1
fl (X,Gm)(pn) → H i

fl(X,Zp(1)) → TpH
i
fl(X,Gm) → 0. (0.10.58)

Since Gm is a smooth group scheme, it follows that H i
fl(X,Gm) ∼= H i

ét(X,Gm), that is, flat and
étale cohomology coincide in this case, see Theorem 0.1.3. For example, if i ≤ 1, we obtain
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isomorphisms

H0
fl(X,Zp(1)) = 0 (0.10.59)

H1
fl(X,Zp(1)) ∼= Tp Pic(X) (0.10.60)

see also Example 0.10.15 in case X is an abelian variety. For i = 2, we obtain a short exact
sequence

0 → NS(X)⊗Z Zp → H2
fl(X,Zp(1)) → TpH

2(X,Gm) → 0. (0.10.61)

By [321, Proposition II.5.9] (we will give a proof of this important fact later), all terms in this
sequence are finitely generated Zp-modules. Moreover, TpH2(X,Gm) is even a free Zp-module,
and we denote its rank by tp. so we have

Tp(Br(X)) ∼= Ztp
p . (0.10.62)

In particular, we find

TorsH2
fl(X,Zp(1)) = Tors (NS(X)⊗ Zp) = p∞ NS(X) (0.10.63)

and as an application of (0.10.61), we conclude

rankZp H
2
fl(X,Zp(1)) = ρ(X) + tp.

However, the group p Br(X) may not be a finite group and so we cannot apply Proposition 0.10.1
to deduce (0.10.28), where ` is replaced with p. In fact, exact sequence (0.10.57) shows that
pH

2
fl(X,Gm) is the image of the group H2

fl(X,µp). as we will have noticed already and will ex-
plain later in this section, the group H2

fl(X,µp) admits a structure of a commutative quasi-algebraic
group whose connected component of identity, if not trivial, is a connected quasi-algebraic unipotent
group of positive dimension whose p-torsion group is infinite.

The Zp-rank of H i
fl(X,Zp(1)) is equal to the Qp-dimension of H i

fl(X,Qp(1)) and the latter is
connected to crystalline cohomology as follows: by [321, Theorem II.5.5], there exist short exact
sequences for all i

0 → H i
fl (X,Qp(1)) → H i(X/W )⊗K p−F−→ H i(X/W )⊗K → 0, (0.10.64)

from which it follows that H i
fl(X,Qp(1)) ⊗ K is equal to the sub-F-isocrystal of slope 1 inside

H i(X/W )⊗K. In particular, H i
fl(X,Zp(1)) modulo torsion (resp. H i

fl(X,Qp(1))) is a Zp-module
of finite rank (resp. Qp-vector space of finite dimension) for all i. Using the slope-decomposition
of H2(X/W ) ⊗ K into the sub-F-isocrystals of slopes < 1, = 1, and > 1, as well as the Hard
Lefschetz theorem (here, projectivity of X is needed), we find the following improvement of the
Igusa-Artin-Mazur inequality (0.10.53) to an equality

ρ(X) = b2(X) − 2h(X) − tp . (0.10.65)

We refer to [321, Proposition II.5.12] for details. Finally, let us mention the following long exact
sequences

... → Hn+1
fl (X, Zp(1)) → Hn(X, WΩ1

X/k)
1−F−→ Hn(X, WΩ1

X/k) → ... (0.10.66)

... → Hn
fl (X, Zp(1)) → Hn(X, WΩ≥1

X/k)
1−F−→ Hn(X, WΩ≥1

X/k) → ... (0.10.67)
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that relate the cohomology of Zp(1) to the cohomology of the de Rham–Witt complex, see [321,
Theorem II.5.5]. Tensoring with the rationals and using that the slope spectral sequence degenerates
modulo torsion, we obtain (0.10.64).

In order to generalize the relation between ρ and h1,1 in the complex case from (0.10.10), we note
that there is an algebraic dlog map O×X → Ω1

X/k via f 7→ df
f . This gives rise to a homomorphism

of abelian groups
dlog : Pic(X) → H1(X,Ω1

X/k). (0.10.68)

which is an algebraic analog of homomorphism (0.10.68). Via the Hodge versus de Rham spectral
sequence (0.10.35), H1(X,Ω1

X) contributes to H2
DR(X/k). However, if p > 0, then this spec-

tral sequence may not degenerate at E1 and thus, the former may not be a subquotient of the lat-
ter. Moreover, the k-vector spaces H1(X,Ω1

X) and H2
DR(X/k) are p-torsion when considered as

abelian groups, which implies that p Pic(X) lies in the kernel of c1 and dlog. We note that even
the induced map NS(X)⊗Z k→ H1(X,Ω1

X) may fail to be injective. In particular, the inequality
ρ ≤ h1,1, which holds if k is of characteristic zero, may fail if k is of positive characteristic - for
example, supersingular K3 surfaces satisy ρ = b2 = 22 and h1,1 = 20. To further extend the
relation between the Picard group, H1(X,Ω1

X), and H2
DR(X/k) via Chern class and dlog-maps to

the p-adic setting, we use de Rham-Witt cohomology H1(X,WΩ1
X) and crystalline cohomology

H2(X/W ), rather than étale cohomology with Zp-coefficients.

Let
ε : Xfl → Xét

be the natural morphism from the flat site to the étale site of X . Then, applying the functor R1ε∗ to
the Kummer exact sequence (0.10.54) on Xfl yields an exact sequence on Xét

0 → Gm
×pn−→ Gm → R1ε∗µpn → 0. (0.10.69)

Here we used that Rqε∗, q > 0 vanish on any abelian sheaf represented by a smooth group scheme.
Thus, if we denote R1π∗µpn by νn(1), then this is a sheaf on the étale site of X . Applying the
Leray spectral sequence for π, any comparing cohomology of (0.10.54) and (0.10.69), we find
isomorphisms for all i

H i
fl(X,µpn) ∼= H i−1

ét (X, νn(1)) . (0.10.70)

In particular, this allows us to compute the flat cohomology of µpn via étale cohomology of νn(1).

For any scheme S, let Spf be the category of perfect S-schemes equipped with étale topology, and
let Sét be the category of S-schemes equipped with étale topology and Sét → Sfl be the perfection
functor X → Xpf introduced in Section 0.1. We have a natural morphism

ε : Spf → Sét.

For any abelian sheaf A we denote by Apf the restriction of A to Sfl. If A is representable by a
commutative group scheme G, then Apf is representable by its perfection Gpf . This defines the
functor

(εS)∗ : S̃ét → S̃fl

from the category of abelian sheaves on Sét to the category of abelian sheaves S̃fl on Sfl. It admits
a left adjoint functor ε∗S : S̃fl → S̃ét. For example, if A is represented by a commutative group
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S-scheme G, then Apf is represented by its perfection Gpf group scheme. In particular, for every
purely inseparable homomorphism φ of group S-schemes, the morphism (εS)∗ is an isomorphism.

We take S = Spec k and denote εS by ε. For any commutative algebraic group scheme G over
k, we have ε∗G = Gpf and Riε∗G = 0, i > 0. If G is smooth, it follows from vanishing of étale
cohomology of abelian sheaves represented by smooth group schemes. If it is not smooth, it admits
a composition series of sheaves which are either smooth or isomorphic to µp,k or αp,k for which the
assertion is proved using the Kummer or Artin-Schreier exact sequences in étale topology (see [58,
Lemma 2.3]).

For any perfect affine commutative group scheme G annulled by pn there exists a maximal con-
nected subgroup U with quotient an étale group D. The group U is a unipotent quasi-algebraic
group and as such admits a composition series with quotients isomorphic Gpf

a .

The category of commutative algebraic groups over a field of positive characteristic is not abelian
because there exists inseparable isogenies. Thus to use homological algebra, and in particular, the
higher derivative functores Riε∗ we need to pass to the category of perfect schemes and consider
quasi-algebraic groups. For example, to justify the use of the Leray spectral sequence to derive
an isomorphism (0.10.70), we have to consider H i

fl(X,µpm) as quasi-algebraic groups which we
denote by H i

fl(X,µpm). Of course, H i
fl(X,µpm)(k) = H i

fl(X,µpm).

We note that the kernel of dlog in the étale topology is equal toO×pX , which implies that we obtain
an injective map of abelian sheaves on Xét from νn(1) into ZΩ1

X . In order to explain the relation
between the latter and the dlog-map, we recall that we introduced the sheavesBΩi

X/k of boundaries
and the sheaves ZΩi

X/k of cycles, as well as the Cartier operators C = CX/k : F∗(ZΩi
X/k) →

Ωi
X(p)/k. Using properties (2) and (5) of Cartier operators, we find

C(dlog f) = C

(
df

f

)
= f−1 · C

(
fp · df

f

)
= f−1 · C(fp−1df) =

df

f
.

In particular, the image of dlog is contained in the kernel of (1− C). More precisely, one can even
show that this generalizes to exact sequences in the étale topology of X

0 → ν1(i) → F∗(ZΩi
X/k)

1−C−→ Ωi
X(p)/k → 0, (0.10.71)

see, for example, [492]. In case i = 1, this identifies the kernel of (1 − C) with dlog(ν1(1)). In
case i = 0, this exact sequence coincides with the Artin-Schreier sequence (0.1.3) and identifies
ν1(0) with the locally constant sheaf (Z/pZ) on X . Finally, by a theorem of Bloch, the sheaf
ν1(i) is the abelian subsheaf of ZΩi

X/k that is generated (locally in étale topology) by differentials
dlog f1 ∧ · · · ∧ dlog fi, where the fj ∈ O×X are local sections, see [321, Section 0.2.4]. Next, let
C−1 : Ωi

X(p)/k → H
i(Ω•X/k) = ZΩi

X/k/BΩi
X/k be the inverse of the Cartier operator. From the
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following commutative diagram with exact rows

0

��

0

��
BΩi

X/k

��

BΩi
X(p)/k

��
0 // ν1(i) // ZΩi

X/k
1−C //

��

Ωi
X(p)/k

//

��

0

0 // ν1(i) // ZΩi
X/k/BΩi

X/k
1−C //

��

Ωi
X(p)/k/BΩi

X(p)/k
//

��

0.

0 0

Applying the Cartier operator (0.10.71) to the bottom row, we deduce the exact sequences

0 → ν1(i) → Ωi
X(p)/k → Ωi

X(p)/k/BΩi
X(p)/k → 0. (0.10.72)

This exact sequence can be generalized using the de Rham-Witt complex as follows, see [321]: for
all i and k, there exist Frobenius morphism F : Wk+1Ωi

X/k → WkΩ
i
X/k (note the difference in the

lower indices), which gives rise to morphisms F : WkΩ
i
X → WkΩ

i
X/dV

k−1Ωi−1
X , and this latter

coincides with C−1 if k = 1, see [321, Proposition I.3.3]. Then, (0.10.72) is just the beginning of a
series of short exact sequences

0 → νk(i) → WkΩ
i
X/k

F−1−→ WkΩ
i
X/k/dWkΩ

i−1
X/k → 0. (0.10.73)

Let us shortly discuss the i = 1-case, which is important for our discussion of Picard groups
and Chern class maps: the kernel of F − 1 : Wk+1Ω1

X → WkΩ
1
X is contained in dlog(O×X) +

V (WkΩ
1
X) + dV (WkΩ

1
X) by [321, Proposition I.3.24]. Moreover, as k tends to infinity, it follows

from [321, Corollaire I.3.27] that there exists a short exact sequence

0 → O×X/O
×p
X

dlog−→ WΩ1
X/k

F−1−→ WΩ1
X/k → 0 (0.10.74)

of abelian sheaves in the étale toplogy. Let us now come back to Chern class and dlog-maps and
assume that X is a smooth and projective surface over k. Using (0.10.56) and (0.10.70), we find a
short exact sequence

0 → H2
fl(X,Zp(1)) → H1(X,WΩ1

X/k)
F−1−→ H1(X,WΩ1

X/k) → 0,
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see also (0.10.66). Next, there is a commutative diagram with exact rows (see [321, Section II.5.22])

0

��

0

��
H0(X,WΩ2

X/k)
1−pF //

��

H0(X,WΩ2
X/k)

��
0 // H2

fl(X,Zp(1)) // H2(X,WΩ≥1
X/k)

1−F //

��

H2(X,WΩ≥1
X/k) //

��

0

0 // H2
fl(X,Zp(1)) // H1(X,WΩ1

X/k) //

��

H1(X,WΩ1
X/k) //

��

0

0 0 ,

see also (0.10.67). Then, the first Chern class map factorizes as follows

c1 : NS(X)⊗ Zp → H2
fl(X,Zp(1)) → H2(X,WΩ≥1

X/k) → H2(X/W ), (0.10.75)

where all maps are injective, see [321, Remarque II.5.21.4]. The first map is (0.10.61), and the
composite of the first two maps NS(X) ⊗ Zp → H2(X,WΩ≥1

X ) is a de Rham-Witt version of the
dlog-map via the previous diagram. Finally, the map H2(X,WΩ≥1

X ) → H2(X/W ) comes from
the slope spectral sequence (0.10.45).

Now, let X be a scheme that is smooth and proper over a perfect scheme S with geometrically
connected fibers of dimension d. Let (X/S)pf be the category, whose objects are pairs (Y, T ),
where T is a perfect scheme over S and where Y is an étale scheme over X × T with the obvious
morphisms. We equip it with the étale topology and let π : (X/S)pf → Spf , (Y, T ) 7→ T, be
the natural morphism of the categories. For an abelian sheaf A on (X/S)pf that is killed by pn

the sheaves Riπ∗A are objects of the category P(pn). Moreover, it follows from (0.10.69) that the
étale cohomology of the sheaves νn(1) carries the structure of a commutative group scheme that
is killed by pn. Using (0.10.70), we equip the flat cohomology of the sheaves µpn with the same
structure. Thus, the sheaf Riπ∗νn(1) is the perfect group scheme associated to the flat cohomology
group H i+1

fl (X,µpn) and we shall denote it by H i+1
fl (X,µpn). For example, if S = Spec k for

some algebraically closed field k, then the group of k-rational points of the perfect group scheme
H i+1

fl (X,µpn) is equal to the abelian group H i+1
fl (X,µpn) (functorially in X). By the structure

result (0.1.9) of perfect group schemes, we obtain short exact sequence of perfect group schemes
for all i

0 → Ui(X,µpn) → H i
fl(X,µpn) → Di(X,µpn) → 0,

whose kernel Ui is smooth, connected, and unipotent, and whose cokernel Di is finite and étale. For
example, using (0.10.54), we find the following equalities and isomorphisms in small degrees

H0
fl(X,µpn) = 0

H1
fl(X,µpn) ∼= D1(X,µpn) ∼= pn Pic(X) and U1(X,µpn) = 0 .
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Passing to the limit over n, we find H0
fl(X,Zp(1)) = 0 and H1

fl(X,Zp(1)) = Tp Pic(X), which we
already established in (0.10.59) and (0.10.60).

Passing to the formal groups in the Kummer exact sequences

0→ H i−1(X,Gm)(pn) → H i
fl(X,µpn)→ pnH

i(X,Gm)→ 0 (0.10.76)

and taking the tangent spaces gives a bound for the dimension of H i
fl(X,µpn)

dimH i
fl(X,µpn) ≤ hi−1(OX) + hi(OX) (0.10.77)

(see [26, p.554]).

Next, we consider exact sequence (0.10.30) where ` is replaced with p. It follows from U1(X,µpn) =
0 that U2(X,µpn embeds in U2(X,µpn+1 but since the dimensions of these groups is bounded this
embedding is a bijection for n � 0. Therefore, the pro-object U2(X,µpn) is essentially zero, and
we obtain, after passing to the projective limit an isomorphism

H2
fl(X,Zp(1)) ∼= lim←−

n

D2(X,µpn). (0.10.78)

The morphism of the projective systems (µpn−1)→ (µpn) define the multiplication by p homomor-
phism in H2

fl(X,Zp(1)) with the cokernel isomorphic to a subgroup of the étale finite group. Since
any complete p-adic abelian group A (dual to the notion of a p-divisible group) is finitely generated
if A/pA is finite (dual to the assertion of Proposition 0.10.1) we obtain that TpH2

fl(X,Zp(1)) is free
of rank tp and via the Kummer exact sequence TpH2(X,Gm) ∼= Ztpp (as promised earlier).

Now we are ready to extend Theorem 0.10.2 to the p-torsion subgroup Br(X). Since for smooth
surfaces Br(X) ∼= H2(X,Gm) is a torsion group [265, II,Théoréme 2.1] we complete the compu-
tation of the Brauer group of a smooth surface over k.

Theorem 0.10.28. LetX be a smooth projective algebraic surface over k. IfX is not supersingular,

p∞ Br(X) ∼= (Qp/Zp)tp ⊕ p∞ NS(X),

otherwise
p∞ Br(X) ∼= kpg(X) ⊕ (Qp/Zp)tp ⊕ p∞ NS(X),

Proof. The proof follows the proof of Theorem 0.10.2 where we use exact sequences (0.10.31),
(0.10.32) and (0.10.33) replacing l with p. We also use the universal coefficient formula from [491]
that gives an isomorphism

p∞H
3
fl(X,Zp(1)) ∼= p∞ NS(X). (0.10.79)

The inductive limit lim−→H
2
fl(X,µpn) is equal to the direct sum of D2(X,µp∞) = lim−→D2

fl(X,µpn)

and U2(X,µp∞) = lim−→U2(X,µpn). It follows from the previous discussion that U2(X,µp∞) ∼=
U2(X,µpn) for some sufficiently large n. This group has a structure of a connected unipotent
quasi-algebraic group and its formal completion at the origin is isomorphic to the formal Brauer
group Φ2(X) = B̂r(X) which must be isomorphic to Ĝr

a. It tangent space is H2(X,OX), hence
r = pg(X). By definition, it is trivial only if X is not supersingular or pg(X) = 0.
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After these preparations, we can discuss the duality theorem for flat cohomology of the sheaves
µpn on a smooth and projective surface X over a perfect field k of characteristic p > 0, which is
due to Milne [492] for n = 1 and to Berthelot [58] for arbitrary n. To state it, we first consider the
pairing of étale sheaves on a smooth and projective variety π : X → Spec k of dimension d

Gm/[p
n]Gm ×Gm/[p

n]Gm = νn(1)× νn(1) → νn(2)

of sheaves on Xét that is defined by (f, g) 7→ dlog f ∧ dlog g ∈ WnΩ2
X/k at the level of local

sections. Next, there exist trace isomorphisms Rdπ∗WnΩd
X/k → Wn(k), as well as surjective

morphisms Rdπ∗WnΩd
X/dWnΩd−1

X → Wn(k) for all n ≥ 1, see [58, Corollary 1.7]. Moreover,
there exist surjective morphisms for all n

ηn : Rdπ∗νn(d) → (Z/pnZ), (0.10.80)

such that the following diagrams commute for all n

0 // Rdπ∗νn(d) //

ηn

��

Rdπ∗WnΩd
X/k

F−1//

∼=
��

Rdπ∗

(
WnΩd

X/k

d(WnΩd−1
X/k)

)
����

0 // Z/pnZ //Wn(k)
σ−1 //Wn(k),

where σ : Wn(k) → Wn(k) denotes the Frobenius map. Then, we have the following duality
theorem.

Theorem 0.10.29. Let X be a smooth and proper variety of dimension d over a perfect field k of
characteristic p > 0. Then, the pairings νn(r)×νn(d− r)→ νn(d) together with the maps ηn give
rise to isomorphisms

Rπ∗νn(r) → RHomP(pn) (Rπ∗νn(d− r), Z/pnZ[−d]) (0.10.81)

in the derived category Db(P(pn)).

In view of (0.10.70), to derive the duality for flat cohomology H i(X,µpn) we must take r = 1,
where we use the trace isomorphism (0.10.80) and hence must assume that d = 2. So, we assume
now that X is a smooth and proper surface over a perfect field k of characteristic p > 0.

Let Uk be the category of commutative unipotent algebraic groups over k, andQUk be the abelian
category of quasi-algebraic unipotent groups (see Section 0.1). There is a duality functor

G• → (G•)∨ := RHom(G•,Qp/Zp)

on the category of complexes in QUk. For example,

(Z/pZ)∨ = Hom(Z/pZ),Q/Z) = Hom(Z/pZ),Qp/Zp = Z/pZ,

(Gpf
a )∨ = Ext1(Gpf

a ,Q/Z) = Ext1(Gpf
a ,Qp/Zp) = Gpf

a .
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Here the final Gpf
a is considered as the complex shifted by on. To see the isomorphism, we use that

the Artin-Schreier exact sequence defines a quasi-isomorphism of complexes

(0→ Z/pZ)→ (Ga,k
F−id−→ Ga,k).

The sheaves Riπ∗νn(r) are representable by a perfect unipotent group Gin(r). Let U in be its
connected part and Di

n(r) = Gin(r)/U in be its étale quotient. Then there is an isomorphism of
perfect unipotent groups

U in(r)∨ ∼= Ud+1−i
n (r)∨, Di

n(r) ∼= Dd−i
n (r)∨.

As explained in [58, Corollaire 3.8], Theorem 0.10.29 implies isomorphisms for all i

Ui(X,µpn) ∼=
(
U5−i(X,µpn)

)∨
, (0.10.82)

Di(X,µpn) ∼=
(
D4−i(X,µpn)

)∨
= Hom(D4−i(X,µpn),Qp/Zp).

In particular, if k is algebraically closed, then the k-valued points of Di(X,µpn) and D4−i(X,µpn)
are finite and dual groups. Since G∨a ∼= Ga and since every smooth, connected, commutative, and
unipotent algebraic group has a composition series with factors isomorphic to Ga, we also find

dimUi(X,µpn) = dimU5−i(X,µpn).

Using Hom(Ui(X,µpn),Qp/Zp) = 0, Theorem 0.10.29 implies the existence of a pairing in the
category of perfect group schemes for all n

H i
fl(X,µpn) × H4−i

fl (X,µpn) → Z/pnZ. (0.10.83)

Note however, that in general, this pairing is not perfect: its left kernel is isomorphic to Ui(X,µpn).
On the other hand, we have already seen above that Ui(X,µpn) is zero for i ≤ 1 and that the
pro-object U2(X,µpn) is essentially zero. Therefore, when passing to the limit, we obtain a pairing

H i
fl(X,Zp(1)) × H4−i

fl (X,Zp(1)) → Zp (0.10.84)

that is non-degenerate modulo torsion groups. This is a p-adic analog of Poincaré Duality in classi-
cal topplogy. Note however, that we do not claim that this pairing is perfect: Remark 0.10.30 gives
counter-examples. The case i = 2 is particularly interesting for surfaces: from the construction
that the duality pairing (0.10.84), it follows that it is compatible with the pairing on NS(X) ⊗ Zp
induced by (0.10.61). Therefore, we obtain the following commutative diagram

0

��
(NS(X)⊗ Zp) × (NS(X)⊗ Zp)

c1×c1
��

// Zp

H2
fl(X,Zp(1)) × H2

fl(X,Zp(1)) //

��

Zp

Tp Br(X) × Tp Br(X) //

��

Zp

0 .
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In particular, the Zp-module Tp Br(X) plays the role of the dual of the trancendental lattice.

Remark 0.10.30. Suppose that X is a smooth and proper surface over an algebraically closed field
k and assume furthermore that b2(X) = ρ(X). By (0.10.26), (0.10.61), and Proposition 0.10.1,
there exists an isomorphism NS(X) ⊗ Z` ∼= H2

ét(X,Z`(1)) that is compatible with intersection
pairings on both sides for all primes ` (including ` = p). It follows from Poincaré duality in `-adic
cohomology that the induced pairing on Num(X)⊗Z` is perfect for all ` 6= p. From this, it follows
that the discriminant of the lattice Num(X) is power of p. One can also prove with much more
effort that the discriminant group is a p-group, see Theorem 10.1.6 in Volume 2. For example, if X
is a Shioda-supersingular K3 surface, that is, we have ρ(X) = b2(X) = 22, then

discr(Num(X)) = −p2σ0 and D(Num(X)) ∼= (Z/pZ)2σ0

for an integer σ0 = σ0(X) that satisfies 1 ≤ σ0 ≤ 10. This integer is called the Artin invariant ofX
and we refer to [26] or [450] for details, proofs, and further references. Since σ0 6= 0, the pairings
on H2

fl(X,Zp(1)) and Num(X) are not unimodular.

We already mentioned above that the torsion of H3
fl(X,Zp(1)) may be not finitely generated as

Zp-module, see [321], Section II.5.D. More precisely and still assumingX to be a surface, it follows
from [321, Section II.(5.22.5)], that there exists a short exact sequence

0 → H3
fl(X,Zp(1)) → H2(X,WΩ1

X/k)
F−id−→ H2(X,WΩ1

X/k) → 0 , (0.10.85)

which is a special case of [321], Theorem II.5.5. Finally, still assuming X to be a surface, it follows
from Poincaré duality that we also have for all m ≥ 1

H4
fl(X,µpm) = 0 and thus, H4

fl(X,Zp(1)) = 0 .

Putting all these results together, we obtain a fairly good grip on the flat cohomology groups of µpm
and Zp(1), at least for smooth and proper surfaces.

Remark 0.10.31. One could also study flat cohomology of the locally constant sheaves Z/pnZ on
X . But then, the Artin-Schreier exact sequence

0 → Z/pnZ → WnOX
F−1−→ WnOX → 0

implies that H i
ét(X,Z/pnZ) = 0 for all i > dimX + 1. In particular, there is no perfect Poincaré

duality type pairing for these cohomology groups.

Bibliographical notes

Most of the material from this chapter is more or less well-known, although sometimes, it is hard to find
references. For example, finite group schemes are discussed in Section 0.3 are discussed in [713]. We also
refer to Milne’s book [495] for basic facts about algebraic groups over arbitrary fields.

The general theory of cyclic covers discussed in Section 0.3 can be found, for example in [42], at least in
characteristic zero. We know of no textbook that discusses the theory of cyclic covers in positive characteris-
tic. We have cited some papers that deal with it.



Bibliographical notes 187

The study of inseparable morphisms of varieties via vector fields as discussed in Section 0.3 was first
exploited in the work of Rudakov and Shafarevich [610]. It rests on Jacobson’s Galois correspondence for
inseparable field extensions of height one via p-Lie algebras [335] and we note that Ekedahl [206] gave a
scheme-theoretic framework. The classification of the occurring singularities is still rudimentary.

The theory of rational double points from Section 0.6 goes back to du Val [196] and Salmon [615]. The
modern treatment and a rather complete theory in characteristic zero are due to Artin [20], Brieskorn [91]
and Tyurina [689]. An exposition of this theory can be found in [579] and [580], see also [195] or [416].
In positive characteristic (especially in small characteristics), the theory is still rather rudimentary. Artin’s
explicit classification [28] is still one of the most important contributions to this subject.

The material on varieties of minimal degree and del Pezzo surfaces of Section 0.5 is well-known. It is
almost as old as algebraic geometry itself. We refer to [156] and [179] for the most complete exposition of
the theory. The classification of complete intersections of two quadrics in P4 (p 6= 2) discussed in Section
0.6 is due to Segre [630]. Smooth intersections of two quadrics in P4 in characteristic 2 are studied in [185].
The general definition and the classification of symmetroid quartics in all characteristics seem to be new. The
classification of symmetric cubic surfaces discussed in Section 0.5 is classic and well-known in characteristic
p 6= 2. One of them, the Cayley cubic, occurs in many situations in algebraic geometry. A modern treatment
of this classification can be found in Catanese’s article [107]. The extension of this classification to the case
p = 2 seems to be new.

The theory of lattices discussed in Section 0.8 can be found in many articles and textbooks. The best source
for this theory with a view toward K3 surfaces and their automorphisms is Nikulin’s article [541] and the
survey [165].

The theory of Picard functors and Picard schemes from Section 0.8 in the generality presented here is due
to Grothendieck [260] and we refer to [84, Chapter 8] and [382] for surveys.

A very good survey of different cohomology theories of algebraic varieties can be found in Danilov’s article
[141]. For complex projective varieties, we followed the textbook of Griffiths and Harris [252] and for the
discussion of `-adic cohomology, we followed Milne’s book [493]. Various duality theorems are discussed
in [493] as well as [229]. The computation of the l-torsion part of the Brauer group of a surface is taken from
[265, III]. The computation of the p-torsion part seems to be new.

For surveys on crystalline cohomology (which is only briefly mentioned on [141]) with an emphasis on
geometry, we refer to [112] or [450]. Flat cohomology is discussed in [494] and further references are given
in the text of this section. In the exposition of the flat duality for curves and surfaces we followed closely
[30], [492] and [58].



188 CHAPTER 0. PRELIMINARIES



Chapter 1

Enriques surfaces: generalities

1.1 Classification of algebraic surfaces

Let k be an algebraically closed field of arbitrary characteristic p ≥ 0. In this section, we recall
the fundamental results of the classification of smooth projective surfaces over k. For characteristic
zero, we refer to the textbooks [42], [46], [252], [595] and the references given there. For positive
characteristic, we refer to the original articles [525], [74], [75], to the textbooks [37] and [413], as
well as to the survey [448].

For any invertible sheaf L or a divisor D we denote by |L| or |D| the complete linear system of
effective divisors C with OX(C) ∼= L or linearly equivalent to D. It is clear that |D| depends only
on the linear equivalence class of D.

First, we define the Kodaira–Iitaka dimension κ(X,L) of an invertible sheaf L on a normal and
projective variety X to be −∞ if h0(X,L⊗m) = 0 for all m ≥ 1. Otherwise , we define it by the
following equivalent properties

1. the function m 7→ h0(X,L⊗m) grows like mκ(X,L) as m tends to infinity.

2. The maximal dimension of the image of the rational map defined by |L⊗m|withH0(X,L⊗m) 6=
{0} is equal to κ(X,L).

3. The section ring of L, that is, the graded k-algebra

R(X,L) :=
⊕
m≥0

H0(X,L⊗m)

is an integral domain and, if R(X,L) 6= k, its field of homogeneous fractions is of transcen-
dence degree κ(X,L) over k.

In particular, it follows from the second characterization that κ(X,L) is either equal to −∞ or it
is an integer lying in between 0 and dim(X). By definition, an invertible sheaf L is called big if
κ(X,L) = dim(X). For example, if L is ample, then it is big, but the converse need not be true

189
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if dim(X) ≥ 2. We refer to [435, Definition 2.1.3] and [435, Corollary 2.1.38] for details and
proofs in arbitrary dimensions, as well as to [37, Section 14] for these results if X is of dimension
at most two. Let us also note that even if X is a surface, then the section ring R(X,L) need not
be a finitely generated k-algebra and that Zariski [721] (see also [37, Theorem 14.19]) settled when
finite generation holds and when it fails.

IfX is a smooth and projective variety with canonical invertible sheaf ωX , then κ(X) := κ(X,ωX)
is called the Kodaira dimension or canonical dimension of X . This is the main invariant in higher-
dimensional geometry. The Kodaira dimension is a birational invariant of smooth and proper vari-
eties. Moreover, the canonical section ring R(X) := R(X,ωX) is called the canonical algebra. It
is expected thatR(X) is always a finitely generated k-algebra, but at the moment this is only known
to be true if dim(X) ≤ 2 or if char(k) = 0 - we refer the interested reader to [37, Section 14.31]
for a proof in dimension two and to [370] for a survey of the higher-dimensional case.

Example 1.1.1. If X is a smooth and proper curve over k, then its genus g = g(X) controls the
Kodaira dimension as follows

g 0 1 ≥ 2

κ −∞ 0 1

Next, we turn to dimension two: first, a note on the category we are working in, which is classical
in dimension one and due to Zariski and Goodman in dimension two. The extension to algebraic
spaces can be found, for example, in [389, Theorem V.4.9 and Section V. 4.10].

Theorem 1.1.2. Let X be an algebraic space that is smooth, proper, and of dimension at most two
over an algebraically closed field k. Then, X is a scheme that is projective over k.

In particular, when talking about curves and surfaces that are smooth and proper over k, there is
no difference between working with algebraic spaces (as one has to do when constructing moduli
spaces) or with projective varieties (as one usually does in classical algebraic geometry).

Let X be a smooth and proper surface over k. Then, X is called minimal if every birational
morphism f : X → X ′ onto a smooth and proper surface X ′ is an isomorphism. Equivalently, this
means that X does not contain (−1)-curves. Moreover, if κ(X) ≥ 0, then X is minimal if and
only if KX is a nef divisor class, that is, KX · C ≥ 0 for every effective curve C. (We will come
back to nef invertible sheaves in Section 2.1.) Let us denote by ≡ (resp. ∼) numerical (resp. linear)
equivalence of divisors. Then, we have the following fundamental result about minimal models and
the Kodaira dimension of surfaces.

Theorem 1.1.3. Let X be a smooth and proper surface over an algebraically closed field k. Then,
there exists a birational morphism f : X → X ′ onto a minimal surface X ′ that satisfies precisely
one of the following properties:

1. κ(X ′) = 2, K2
X′ > 0,

2. κ(X ′) = 1, K2
X′ = 0, KX′ 6≡ 0,

3. κ(X ′) = 0, K2
X′ = 0, KX′ ≡ 0,
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4. κ(X ′) = −∞, X ′ ∼= P2 or X ′ is a minimal ruled surface, that is, there exists a smooth
morphism f : X ′ → C onto a smooth projective curve C such that all geometric fibers are
isomorphic to P1.

Remark 1.1.4. To complete the picture, let us mention the following additional results.

1. If κ(X) ≥ 0, then the surface X ′ from Theorem 1.1.3 is unique, that is, X has a unique
minimal model, called the minimal model of X , which is unique up to isomorphism.

2. If κ(X) = −∞, then minimal models are not unique. For example, P2 and P1 × P1 are
minimal and birationally equivalent surfaces that are not isomorphic. By results of Noether,
Enriques, and Tsen (see [46, Theorem III.4] or [37, Theorem 11.3]), a smooth fibration f :
X → C, whereC is a curve and where all geometric fibers are isomorphic to P1 has a section,
which implies that X → C is a P1-bundle, and thus, isomorphic to P(E) → C, where E is a
locally free sheaf of rank 2 on C. In particular, X is birationally equivalent to C × P1.

3. A surface X with κ(X) = −∞ and q = 0 is birationally isomorphic to P1 × P1 and
hence is a rational surface. The Castelnuovo’s Rationality Criterion gives a characteriza-
tion of rational surfaces in terms of vanishing of its numerical invariant q, pg and P2 :=
dimH0(X,OX(2KX)) (see a characteristic free proof in [720] or [37, 13]).

4. If κ(X) = 2, then X is called a surface of general type. By fundamental results of Bombieri
[76] and Ekedahl [207], if m ≥ 5, then |mKX | defines a morphism to projective space, and
X is birational onto its image.

5. In Chapter 4, we will study surfaces admitting genus one fibrations, that is, fibrations, whose
generic fiber is an integral curve of arithmetic genus one. In case the generic fiber is smooth,
such a fibration is called elliptic, and quasi-elliptic otherwise. The latter type exists in char-
acteristic p = 2, 3 only (see Theorem 4.1.3). A (quasi-)elliptic surface X satisfies κ(X) ≤ 1.
If κ(X) = 1, then X carries a unique genus one fibration, and in fact, this fibration arises
from the morphism associated to |mKX | for m ≥ 14 [358] (m ≥ 5 if p = 3 [363]). We will
see later that all Enriques surfaces admit genus one fibrations, but that these fibrations are not
unique.

Since Enriques surfaces, the objective of this book, have Kodaira dimension zero, let us have a
closer look at this class of surfaces. First, let us recall the fundamental numerical invariants of sur-
faces: we denote by bi(X) the Betti numbers computed with respect to the classical or étale topology
as explained in Section 0.10. We denote by e(X) =

∑
i(−1)ibi(X) the Euler-Poincaré character-

istic. We also have χ(OX) =
∑

i(−1)ihi(OX) and the Hodge numbers hi,j(X) = hj(Ωi
X). Let us

recall from Section 0.10 that b1(X) is twice the dimension of the Picard scheme Pic◦X/k and that the
Zariski tangent space of Pic◦X/k atOX is isomorphic to H1(OX). In Proposition 0.9.10, we defined

∆(X) = 2h1(OX) − b1(X),

and showed that this is a non-negative and even integer, which is zero if and only if Pic0
X/k is

reduced, that is, an abelian variety. Moreover, if p = char(k) = 0, then ∆(X) = 0, whereas if
p > 0, then we have the bound 0 ≤ ∆(X) ≤ 2h2(OX). Finally, we denote by pg(X) = h0(KX)
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the geometric genus of X , and if X is a surface, then the Serre Duality gives h0,2(X) = h2(OX) =
h0(KX) = pg(X). The next result determines the possible values of these invariants for minimal
surfaces of Kodaira dimension zero, that is, the third case of Theorem 1.1.3.

Proposition 1.1.5. Let X be a smooth and proper surface over an algebraically closed field k that
is a minimal surface of Kodaira dimension zero. Then, K2

X = 0, and we have the following possible
invariants:

b2 b1 e χ h0,1 pg ∆

22 0 24 2 0 1 0
14 2 12 1 1 1 0
10 0 12 1 0 0 0

1 1 2
6 4 0 0 2 1 0
2 2 0 0 1 0 0

2 1 2︸ ︷︷ ︸ ︸ ︷︷ ︸
invariants under invariants, which are in general

deformation only upper-semicontinuous under
deformation

Table 1.1: Possible invariants for minimal surfaces of Kodaira dimension zero

We will see in Proposition 1.1.9 that the case b2(X) = 14 does not occur.

Proof. From the third case of Theorem 1.1.3, we obtain K2
X = 0, as well as pg(X) ≤ 1. In

particular, ∆(X) = 0 or ∆(X) = 2 and by Proposition 0.9.10, the latter is possible only if pg(X) =
1. By Serre Duality, we have h2(OX) = pg(X) and deduce χ(OX) ≤ 2 from this. Next, Noether’s
Formula (0.10.22) becomes 12χ(OX) = e(X) = 2 − 2b1(X) + b2(X), which we expand and
arrange as follows

10 + 12pg(X) = 8h1(OX) + 2∆(X) + b2(X).

Then, each term and both sides of this formula are non-negative. Using pg(X) ≤ 1 and the other
just-established inequalities, we obtain the stated list.

Now, we define the main object of this book.

Definition 1.1.6. An Enriques surface is a smooth and proper surface over an algebraically closed
field k that is of Kodaira dimension zero and satisfies b2(X) = 10.

Note that it follows from Table 1.1 that an Enriques surfaces additionally satisfies the following
properties:

b1(X) = 0, χ(OX) = 1. (1.1.1)

From now on, we denote Enriques surfaces by S to distinguish them from other surfaces, which we
will usually denote by X . By Table 1.1, we have h0,1(S) = pg(S) ≤ 1 and this inequality is an
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equality if and only if ∆(S) = 2, which can only happen in positive characteristic. In particular,
if h0,1(S) 6= 0, then the absolute Frobenius morphism of S induces a semi-linear map of one-
dimensional k-vector spaces

F : H1(S,OS) → H1(S,OS). (1.1.2)

Here, semi-linear means that we have F(λ · s) = λp · F(s) for all λ ∈ k and all s ∈ H1(S,OS).
Since k is algebraically closed, whence perfect, this map is either zero or bijective. Following the
traditional terminology from [75], we make the following definition.

Definition 1.1.7. An Enriques surface is called

1. classical if h0,1(S) = pg(S) = 0,

2. ordinary (or, singular) if h0,1(S) = pg(S) = 1 and F is bijective on H1(OS), and

3. supersingular if h0,1(S) = pg(S) = 1 and F is zero on H1(OS).

For reasons that will become clear in Theorem 1.2.1 below, ordinary Enriques surface are also
called µ2-surfaces and supersingular Enriques surfaces are also called α2-surfaces - see also Defi-
nition 1.2.6 As already mentioned, non-classical Enriques surfaces can only exist in positive char-
acteristic. The following result shows that even there, they can only exist in characteristic 2.

Theorem 1.1.8. An Enriques surface S in characteristic p 6= 2 is classical.

Proof. If p = 0, then ∆(S) = 0, and thus, S is classical.

Suppose that S is not classical. Then, p > 0 and from h2(OS) = h0(KS) = 1, we deduce
KS = 0. Since h1(OS) = 1, any 0 6= e ∈ H1(OS) is a basis. Then, the absolute Frobenius F
induces a semi-linearl action on H1(S,OS), say with e 7→ λe for some λ ∈ k. Let αλ be the kernel
of the map (F− λ) : OS → OS , where we consider OS as the group scheme Ga over S in the flat
topology. Then, G ∼= (Z/pZ) if λ 6= 0 and G ∼= αp if λ = 0, see also Example 0.1.7. Taking flat
cohomology in the exact sequence

0 → αλ → Ga,S
F−λ−→ Ga,S → 0,

we see that H1(S,αλ) is non-zero, and thus, there exists a non-trivial αλ-torsor π : X → S. Then,
π is a finite and flat morphism of degree p, which is a principal Artin-Schreier cover if λ 6= 0 and
purely inseparable if λ = 0. It follows from Proposition 0.2.20 that X is an integral Gorenstein
surface with ωX ∼= π∗(ωS) ∼= π∗(OS) ∼= OX and hence χ(OX) ≤ 2. On the other hand, π∗OY
has a composition series of length p, all of whose simple factors are isomorphic toOS , see (0.2.17).
Since π is a finite morphism, we obtain

2 ≥ χ(OX) = χ(π∗OX) = p · χ(OS) = p,

which establishes the theorem.

For completeness, we end this section by shortly discussing the remaining surfaces from Table
A.2.5. We start with the following two cases.
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Proposition 1.1.9. LetX be a smooth, proper, and minimal surface of Kodaira dimension zero over
an algebraically closed field k.

1. Surfaces with b2(X) = 14 do not exist.

2. If b2(X) = 22, then

(a) KX = 0,

(b) there exists an integer 1 ≤ ρ ≤ 22 and ρ 6= 21 with

PicX/k ∼= NS(X)k ∼= Num(X)k ∼= (Zρ)k,

(c) X is algebraically simply connected, that is, X does not admit any non-trivial finite
étale covers.

Proof. By Table A.2.5, a hypothetical surface with b2 = 14 satisfies b1 = 2 and χ(OX) = 1,
and thus, (Pic0

X/k)red is of dimension 1. Thus, there exists a numerically trivial invertible sheaf
L 6∼= OX . Since pg > 0 and KX ≡ 0, we have KX = 0. Thus, using Riemann-Roch and Serre
Duality, we find

h0(L) + h0(L−1) = h0(L) + h0(ωX ⊗ L−1) ≥ χ(OX) = 1,

which implies that h0(L) ≥ 1 or h0(L−1) ≥ 1. But since L and L−1 are both non-trivial and
numerically trivial, neither of them can be represented by an effective divisor. This contradiction
excludes the possibility of surfaces with b2 = 14.

Let us now assume that b2 = 22. As before, pg > 0 and KX ≡ 0 imply KX = 0. Next, by Table
A.2.5, we have H1(OX) = 0, which implies that the tangent space of PicX/k at the origin is trivial,
and thus, Pic0

X/k = 0. Let L ∈ PicτX/k(k). As in the previous discussion, KX = 0, Riemann-
Roch, and the Serre Duality imply h0(L) + h0(L∨) ≥ 2. This shows that L or L∨ has a non-trivial
section and thus, L ∼= OX . Thus, NS(X) has no non-trivial torsion. Being a projective surface,
we have ρ ≥ 1 and using the Igusa-Artin-Mazur inequality (0.10.53), we deduce ρ ≤ b2 = 22 and
ρ 6= 21. It remains to prove the assertion on the algebraic fundamental group: let f : Y → X be a
finite, connected, and étale cover of degree n ≥ 2. Then f∗(ωX) ∼= ωY and thus, KY = 0. Since
χ(Y,OY ) = 2− q(Y ) ≤ 2 = χ(X,OX) and e(Y ) > e(X), we get a contradiction with Noether’s
Formula.

In Section 1.3, we will see that surfaces with b2 = 22 as in the previous proposition are closely
linked to Enriques surfaces. Let us give the classical definition of this type of surfaces.

Definition 1.1.10. A K3 surface is a smooth and proper surface X over a field satisfying KX = 0
and h1(OX) = 0.

From the point of view of Enriques surfaces, the following examples of K3 surfaces will play
an important role later on. Moreover, we refer to Example 1.6.10 for another construction of K3
surfaces that uses abelian surfaces.
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Lemma 1.1.11. Let X be an integral surface over an algebraically closed field k that is

1. a hypersurface of degree 4 in P3, or

2. a complete intersection of a quadric and a cubic in P4, or

3. a complete intersection of three quadrics in P5.

Then, X is an integral Gorenstein surface with ωX ∼= OX and H1(X,OX) = 0. If X is smooth,
then it is a K3 surface.

Proof. In all cases, we have ωX ∼= OX by the adjunction formula. Quite generally, a complete
intersection Z of dimension d in some projective space satisfies H i(Z,OZ(k)) = 0 for all 1 ≤ i ≤
d− 1 and all k ∈ Z, see, for example, [287, Exercise III.5.5]. Finally, if X is smooth, then KX = 0
and h0,1 = 0, which identifies X as a K3 surface.

It remains to deal with the remaining cases of Table A.2.5. In both cases, we have b1 6= 0, and thus,
the Albanese morphism albX : X → Alb(X) is non-trivial. This is the key to their classification.

Proposition 1.1.12. Let X be a smooth, proper, and minimal surface of Kodaira dimension zero
over an algebraically closed field k.

1. If b1(X) = 2, then the Albanese morphism gives rise to a fibration X → E onto an elliptic
curve E, all of whose fibers are integral curves of arithmetic genus one.

2. If b1(X) = 4, then the Albanese morphism of X is an isomorphism. In particular, X is an
abelian surface, that is, an abelian variety of dimension two.

Proof. If b1 = 2, then (the Stein factorization of) the Albanese morphism is a fibration X → E,
where E is an elliptic curve. If F is a fiber, then F 2 = 0 (being a fiber) and KX · F = 0 (since
KX ≡ 0), imply that F is of arithmetic genus one. Moreover, by the Shioda-Tate-formula (4.3.2),
the Picard rank of X is equal to ρ = 2 +

∑
x(mx− 1), where mx denotes the number of irreducible

components of the fiber over x ∈ E. Since ρ ≤ b2 = 2, we find ρ = 2 and thus, every fiber of
X → E is irreducible.

If b1 = 4, then the image of albX is an abelian variety of dimension 2. We refer to [74, Section 5]
or [37, Theorem 10.19] for a proof that albX is an isomorphism in this case.

Using the previous result, one can actually classify surfaces with b1 = 2 in characteristic p ≥ 0
very explicitly. Let us sketch the idea and refer to [74] and [75] for details: if p 6= 2, 3, then the
fibers of X → E are all smooth genus one curves, that is, elliptic curves. Therefore, the fibration is
isotrivial, and all fibers are isomorphic to one elliptic curve C. Then, there exists a finite and étale
Galois-cover, such that this isotrivial fibration becomes a trivial product family. This eventually
exhibits X as the quotient of the product of two elliptic curves by a fixed-point-free action if some
finite group K. In characteristic p = 2, 3 there is the additional possibility that all fibers X → E
are isomorphic to one curve C that is a rational curve with an ordinary cusp. In this case, the
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smooth locus of C carries a group scheme structure that is isomorphic to Ga. This is an example
of a quasi-elliptic fibration, see Section 4.1. In all cases, there exists an elliptic curve E′ over k,
a finite subgroup scheme K ⊂ Aut(E′), an injective homomorphism α : K → Aut(C), and an
isomorphism

X ∼= (E′ × C)/K,

where k ∈ K acts via (e, c) 7→ (e + k, α(k)(c)) on E′ × C. Then, the Albanese morphism
coincides with the projection onto the first factor and E ∼= E′/K. Moreover, the projection onto
the second factor induces an elliptic fibration X → P1. Since these surfaces come with two genus
one fibrations, one makes the following definition.

Definition 1.1.13. Let X be a smooth, proper, and minimal surface of Kodaira dimension zero with
b1 = 2. Let X → E be the Albanese fibration. In case the generic fiber is smooth, X is called
a bielliptic surface or hyperelliptic surface. Otherwise, X is called a quasi-bielliptic surface or a
quasi-hyperelliptic surface.

One can actually classify all possible K, K ⊂ E′ and α : K → Aut(C) even more explicitly: in
characteristic zero, this leads to the classical list of Bagnera and de Franchis, see [46, List VI.20].
In positive characteristic, a similar list has been worked out by Bombieri and Mumford for bielliptic
surfaces in [74], and for quasi-bielliptic surfaces in [75]. As already mentioned, quasi-bielliptic
surfaces exist in characteristic p = 2, 3 only.

Let us mention the following application of these classification lists: we have KX = 0 if X is an
abelian surface or a K3 surface and we will establish 2KX = 0 for Enriques surfaces in Corollary
1.2.3 below. When combining these results with the lists of Bagnera-de Franchis and Bombieri-
Mumford just mentioned, we obtain the following.

Theorem 1.1.14. A smooth, proper, and minimal surface X of Kodaira dimension zero satisfies
12KX = 0.

1.2 The Picard scheme and the Brauer group

In this section, we will compute the Picard rank, the connected component of the Picard scheme
and its torsion, and the Brauer group of an Enriques surface. This leads to another characterization
of the three types of Enriques surfaces introduced in Definition 1.1.7 via their Picard schemes. The
most difficult result of this section is that all Enriques surfaces have Picard rank ρ = b2 = 10.
Whereas this result is easy to prove in characteristic zero, it requires a bit of more effort in positive
characteristic.

We start with the connected component of the Picard scheme and its torsion, which we introduced
and discussed in Section 0.9.

Theorem 1.2.1. Let S be an Enriques surface over an algebraically closed field k of characteristic
p ≥ 0. Then

(Pic0
S/k)red = 0,



1.2. THE PICARD SCHEME AND THE BRAUER GROUP 197

and PicτS/k is a finite and flat group scheme of length 2 over k. More precisely,

PicτS/k ∼=


(Z/2Z)k if S is classical,
µ2,k if S is ordinary,
α2,k if S is supersingular.

In particular, if p 6= 2, then S is classical and PicτS/k is étale.

Remark 1.2.2. If S is a supersingular or a classical Enriques surface in characteristic 2, then the
group scheme PicτS/k is unipotent. For this reason, these two classes of surfaces are also called
unipotent Enriques surfaces. We will see in Section 1.2 and Section 1.3 that they are the classes of
Enriques surfaces that are the most difficult to handle. In Theorem 1.4.13, we will see that the class
of unipotent Enriques surfaces coincides with the class of algebraically simply connected Enriques
surfaces.

Proof. By Table A.2.5, we have b1(S) = 0. Therefore, (Pic0
S)red is an abelian variety of dimension

zero and thus, trivial.

First, assume that S is classical. Then H1(OS) = 0, which implies that PicS is a discrete and
reduced group scheme. In particular, we have PicτS = (Tors(Pic(S)))k in this case. Let L ∈
Tors(Pic(S)). By Riemann-Roch and Serre Duality, we find h0(L) + h2(L) ≥ 1, which implies
that L ∼= OS or L ∼= ωS . Hence, PicτS ∼= (Z/2Z)k and this group is generated by the canonical
divisor class.

Now, assume that S is non-classical. Then, we have p = 2 by Theorem 1.1.8. Arguing as before,
we find (PicτS)red = 0 and thus, G := PicτS consists of one point with a one-dimensional Zariski
tangent space. As a scheme, a finite flat group scheme G over k with G(k) = {1} is the spectrum
of a ring of the form k[t1, ..., tr]/(t

pni
1 , ..., tp

nr

r ), see [156, Exposé VIIB, 5.4] and Remark 0.1.13. In
our case, the Zariski-tangent space ofG is one-dimensional and thus,G ∼= Spec k[t]/(tp

n
) for some

n ≥ 1. Seeking a contradiction, assume that n ≥ 2. Then, the morphism Spec k[t]/(t2) → PicS
defined by a nonzero tangent vector can be extended to a morphism Spec k[t]/(t3)→ G ↪→ PicS .
By [524, Lecture 27], this implies that the first Bockstein operation β1 : H1(OS)→ H2(OS) is not
bijective (see also Remark 0.9.9). However, this is impossible: indeed, in characteristic 2, the map
β1 is equal to the composition of the map

H1(S,OS) → H1(S,OS)⊗H1(S,OS), x 7→ x⊗ x

followed by the cup-product

H1(S,OS)⊗H1(S,OS) → H2(S,OS).

Since KS = 0, the latter coincides with the map

H1(S,OS)⊗H1(S,Ω2
S) → H2(S,Ω2

S),

which is an isomorphism by Serre Duality. In particular, β1 is bijective.

Thus, still assuming that S is non-classical, we know that PicτS is a non-reduced group scheme
of length p = 2, and thus, isomorphic as a scheme to Spec k[t]/(t2). Thus, by Theorem 0.1.10,
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this group scheme is isomorphic to µ2 or to α2. By Example 0.1.16, the Frobenius map on Zariski
tangent spaces is bijective in the first case and it is zero in the second case.

Corollary 1.2.3. Let S be an Enriques surface. Then, we have

2KS = 0.

Moreover, we have KS = 0 if and only if S is non-classical.

Proof. By Theorem 1.1.3, we have KS ≡ 0, where ≡ denotes numerical equivalence. If S is non-
classical, then h0(KS) = 1 and we conclude KS = 0. If S is classical, then h0(KS) = 0, which
impliesKS 6= 0. But sinceKS is an element of PicτS(k), which is of length 2, we find 2KS = 0.

Remark 1.2.4. Another way of proving 2KS = 0 goes as follows: Enriques surfaces satisfy b1(S) =
0 and being of Kodaira dimension zero, they are not rational. Thus, we must have h0(2KS) 6= 0 for
otherwise we would obtain a contradiction to Castelnuovo’s Rationality Criterion. Since KS ≡ 0,
we conclude 2KS = 0.

Corollary 1.2.5. Let S be an Enriques surface over an algebraically closed field k of characteristic
p > 0. Then, H1(WOS) = 0,

H2(WOS) ∼=


0 if S is classical,
k · x with Fx = xp and V x = 0 if S is ordinary,
k · x with Fx = V x = 0 if S is supersingular,

and the F-isocrystal H2(S/W )⊗W K is of slope one.

Proof. Since Pic0
S is zero-dimensional and H1(WOS) is always without p-torsion, we conclude

that H1(WOS) = 0, see also Section 0.10.

Next, it follows from Proposition 0.10.21 that H2(WOX) ∼= D(Pic◦S/Pic◦S,red) and that the slope
of H2(S/W ) ⊗W K is equal to one. From this, the assertion follows, see also the computation of
Dieudonné modules in Section 0.3.

In view of Theorem 1.2.1, we will also use the following terminology.

Definition 1.2.6. An ordinary (resp. supersingular) Enriques surface is also called a µ2-surface
(resp. an α2-surface).

Having determined the torsion and infinitesimal structure PicτS/k of an Enriques surface, let us
now determine the Picard rank ρ(S), which is the main result of this section.

Theorem 1.2.7. Let S be an Enriques surface over an algebraically closed field k. Then, its Picard
rank satisfies

ρ(S) = b2(S) = 10.

The proof will require some work. In characteristic zero, it is actually not so difficult.
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Lemma 1.2.8. Theorem 1.2.7 is true if k is of characteristic zero.

Proof. By the Lefschetz principle, we may assume k = C. Then, taking cohomology in the expo-
nential sequence (0.10.9)

0 → Z → OX
exp−→ O×X → 0 (1.2.1)

and using h1(OS) = h2(OS) = 0, we find Pic(S) = H1(S,O×S ) ∼= H2(S,Z), which implies
ρ(S) = b2(S) = 10.

Since Theorem 1.2.7 is a fundamental result for Enriques surfaces, let us note that there are cur-
rently three proofs available in positive characteristic:

1. The first proof is due to Bombieri and Mumford [75]: first, they show that every Enriques
surface carries a genus one fibration. The associated Jacobian fibration is a rational surface,
which is easily seen to satisfy ρ = b2 = 10, from which it follows that Enriques surfaces also
satisfy this equality. We will come back to this in Section 4.1.

2. In case an Enriques surface in positive characteristic lifts to characteristic zero, one obtains
Theorem 1.2.7 from Lemma 1.2.8 using Corollary 1.2.12. But although lifting of Enriques
surfaces to characteristic zero is true by [448] (see also Remark 1.4.11 and Volume 2), the
proof there requires Theorem 1.2.7 at some point.

3. The second proof is due to Lang [423]: it uses a mixture of the previous lifting argument and
unirationality results in case the lifting of the surface in question is not so obvious. We will
present it below.

4. The third proof is due to Liedtke [453]: first, it reduces to the case of Enriques surfaces over
Fp and then, it uses the Tate conjecture. We will present it below.

We start with Lang’s proof of Theorem 1.2.7 from [423], which also contains some results that
are interesting in their own right: we start with the easy case of unirational Enriques surfaces.
Recall that a variety X over an algebraically closed field k is said to be unirational if there exists a
dominant rational map f : Pn 99K X . By restricting f to a generic linear subspace of dimension
dim(X), there is no loss in generality in assuming n = dim(X) in this definition. An exampe of
a unirational surface of non-negative Kodairs dimension is a Zariski surface (see Example 0.3.17).
We will come back to the unirationality of Enriques surfaces in Theorem 1.3.11 and to classical

Enriques surfaces with vector fields in Corollary 1.4.9 below.

Proposition 1.2.9. Let S be an Enriques surface over an algebraically closed field k of character-
istic p > 0.

1. If S is unirational, then it satisfies ρ(S) = b2(S) = 10.

2. If S is classical andH0(S,ΘS) 6= 0, then S is a Zariski surface (these surfaces are very rare,
see Theorem 1.4.10).
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Proof. Smooth rational surfaces satisfy ρ = b2, since this holds for P2 and since this equality is
preserved under blow-ups and blow-downs. Moreover, the property ρ = b2 also holds for images of
dominant and generically finite morphisms by a theorem of Shioda [656]. In particular, it holds for
unirational surfaces, and we obtain the first assertion.

To prove the second assertion, we choose a vector field 0 6= ∂ ∈ H0(S,ΘS), which may assume
to be p-closed by Lemma 0.3.5. Let π = π∂ : S → S∂ be the corresponding quotient map, see
Section 0.3. Let σ : Y → S∂ be a resolution of singularities and π′ : S′ → Y ×S∂ S be a resolution
of singularities of the base change. Thus, S′ → S is a birational morphism of smooth surfaces, and
we obtain a commutative diagram

S′
π′ //

τ

��

Y

σ
��

S
π // S∂ .

Then, h0(nKS) ≥ h0(nKY ) for all n ≥ 1 and 0 = κ(S) ≥ κ(Y ) by Corollary 0.3.16. If
the Albanese morphism of Y were non-trivial, then so would be the one of S′, which contradicts
b1(S′) = b1(S) = 0. This contradiction shows that b1(Y ) = 0. In particular, if κ(Y ) = −∞, then
Y is a rational surface. Thus S′ is a rational surface and the map S′ → S is an inseparable cover of
S, whence S is a Zariski surface and we are done.

Thus, we may now assume κ(Y ) = 0 and we want to show that this case does not occur. From
b1(Y ) = 0 and Table 1.1 it follows that Y is birational to an Enriques surface or to a K3 surface.
Since we assumed S to be a classical Enriques surface, it follows from 0 = h0(KS) ≥ h0(KY ) that
Y cannot be a K3 surface.

Thus, Y is birational to an Enriques surface and we let f : Y → Y ′ be a birational morphism to
the unique minimal model Y ′ of Y . Since every (−1)-curve contributes positively to the canonical
class of Y and KS is numerically trivial, it follows that the exceptional locus of f is contained in
the exceptional locus of σ. In particular, if σ is the minimal resolution of singularities, then there
are no (−1)-curves in the exceptional locus of σ and f is an isomorphism, that is, we may assume
that Y is a minimal surface. Thus, we assume that Y is an Enriques surface.

Since π is a finite and purely inseparable morphism, it is a homeomorphism in the étale topology,
from which we conclude b2(S∂) = b2(S) = 10. Being an Enriques surface, we have b2(Y ) = 10.
Since every exceptional divisor of Y → S∂ would contribute positively to the difference b2(Y ) −
b2(S∂), which is zero, it follows that Y → S∂ is an isomorphism. Thus, the quotient of S by ∂ is
Y , which is a smooth surface and thus, the vector field ∂ has no isolated zeros, see Theorem 0.3.9.
On the other hand, we have KS = π∗KY + (p − 1)R by Proposition 0.3.14, where R denotes the
divisor of ∂. This implies that R = 0, which shows that ∂ has no singular points at all. However, in
view of equality (0.3.4), this contradicts c2(S) = 12 6= 0.

Next, we want to show that Enriques surfaces that lift to characteristic zero satisfy ρ = b2 = 10.
To do so, we start with the following result of Katsura and Ueno [358], which is interesting in its
own right. It shows that some of the most important invariants of surfaces do not change in smooth
families. Note that for families in positive or mixed characteristic, the Hodge numbers hi,j only
satisfy semi-continuity and may jump - in fact, families of Enriques surfaces provide examples (see
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also Table 1.1).

Theorem 1.2.10. Let f : X → Spec R be a smooth morphism of relative dimension 2 over a
Dedekind domain R. Let Xη̄ be the geometric generic fiber and let X0̄ be a geometric special fiber.
Then,

bi(Xη̄) = bi(X0̄), e(Xη̄) = e(X0̄),
χ(OXη̄) = χ(OX0̄

), K2
Xη̄ = K2

X0̄
,

κ(Xη̄) = κ(X0̄), ρ(Xη̄) ≤ ρ(X0̄).

If Xη̄ is a minimal surface, then also X0̄ is minimal. If X0̄ is a minimal surface and κ(X0̄) ≥ 0, then
also Xη̄ is minimal.

Proof. After localizing at the maximal ideal corresponding to the special point 0̄, and passing to
unramified extensions and completions, we may assume that R is a local and complete DVR with
algebraically closed residue field.

We start with the assertion on Picard ranks. Let j : Xη → X and i : X0 → X be the inclusion
morphisms, which give rise to homomorphisms of Picard groups i∗ : Pic(X ) → Pic(X0) and
j∗ : Pic(X )→ Pic(Xη). ReplacingR by a finite extension if necessary, we may assume Pic(Xη) =
Pic(Xη̄) from now on. By projectivity of Xη, every Cartier divisor on Xη can be written as a
difference of two effective Cartier divisors. The closure of these two divisors in X are Weil divisors,
which are even Cartier divisors, since X is regular. This defines a section of j∗, and since j∗ is
injective, it follows that j∗ is an isomorphism of Picard groups. Thus, we obtain a specialization
homomorphism

sp : Pic(Xη̄)→ Pic(X0̄) (1.2.2)

and refer to [268, Section 7.8] for further details. By loc. cit, this homomorphism is compatible
with the intersection forms on both sides and thus, it induces an injective homomorphism

Num(Xη̄)→ Num(X0̄).

From this, we obtain ρ(Xη̄) ≤ ρ(X0̄).

The equality of Betti numbers follows from the base change theorem in étale cohomology (see
[493, Chapter 6, Theorem 4.1], or [358, Section 9]). By definition, this implies the equality of Euler-
Poincaré characteristics. Since Euler characteristics of coherent sheaves are constant in flat families,
and intersection numbers of Cartier divisors can be defined using such Euler characteristics, we
deduce χ(OXη̄) = χ(OX0̄

) and K2
Xη̄ = K2

X0̄
(for the latter, one could also use Noether’s formula

(0.10.22)).

Let us denote by pn(Y ) the n.th plurigenus h0(Y, ω⊗nY ). By the semi-continuity theorem, we have
pn(Xη̄) ≤ pn(X0̄) for all n ≥ 1, which implies κ(Xη̄) ≤ κ(X0̄).

If Xη̄ is not minimal, then there exists a curve D with Kη̄ ·D < 0, and after specializing, we find
that also KX0̄

is not nef. If moreover κ(X0̄) ≥ 0, then KX0̄
not being nef implies that X0̄ is not

minimal. Conversely, if X0̄ is not minimal, then it contains a (−1)-curve and this curve lifts to Xη̄
by a deformation argument, see [358, Lemma 9.4]. This implies both minimality assertions.
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By lifting (−1)-curves as in loc. cit. and contracting them in families, we may assume that X0̄ is
minimal. Now, let κ(Xη̄) = −∞. Then, KXη̄ is not nef, which implies that KX0̄

is not nef (by the
same argument as above) and minimal, whence κ(X0̄) = −∞.

To show equality of Kodaira dimensions in the remaining cases, we may assume that X0̄ and Xη̄
are both minimal surfaces of non-negative Kodaira dimension. If κ(Xη̄) = 2, thenK2

X0̄
= K2

Xη̄ > 0
since intersection numbers are preserved under specialization. Applying Theorem 1.1.3 to X0̄, we
find κ(X0̄) = 2. Also, if κ(Xη̄) = 0, then 12KXη̄ = 0 by Theorem 1.1.14, which implies that
12KX0̄

= 0, whence κ(X0̄) = 0. But then, also κ(Xη̄) = 1 must imply κ(X0̄) = 1.

By inspecting Table 1.1, we see that the type of surfaces of Kodaira dimension zero does not
change in smooth families.

Corollary 1.2.11. In the situation of the theorem, X0̄ is an Enriques surface (resp. K3 surface,
abelian surface, (quasi-)bielliptic surface) if and only if Xη̄ is of the same type.

We will study the degenerations of Enriques surfaces varying in a not necessary smooth families
in Chapter 5 and Chapter 9 of Volume 2.

Another application is that Enriques surface that are liftable to characteristic zero satisfy ρ = b2 =
10. To be precise, we have the following.

Corollary 1.2.12. In the situation of the theorem, if X0̄ is an Enriques surface and R is of charac-
teristic zero, then ρ(X0̄) = b2(X0̄) = 10.

Proof. IfR is of characteristic zero and X0̄ is an Enriques surface, then Xη̄ is an Enriques surface in
characteristic zero and we have ρ(Xη̄) = b2(Xη̄) = 10 by Lemma 1.2.8. The assertion then follows
from the inequalities 10 = b2(Xη̄) = ρ(Xη̄) ≤ ρ(X0̄) ≤ b2(X0̄) = 10.

We are now in the position to sketch Lang’s proof of Theorem 1.2.7 from [423]:

Proof. By Lemma 1.2.8, the assertion is true if k is of characteristic zero. Thus, we will assume
that k is of characteristic p > 0. We start with the following observation: since

∧2 Ω1
S/k
∼= ωS , we

have ΘS/k ∼= Ω1
S/k ⊗ ωS , from which we obtain isomorphisms

H2(S,ΘS/k) ∼= H2(S,Ω1
S/k ⊗ ωS) ∼= H0(S,ΘS/k)∨, (1.2.3)

where the second one is Serre Duality.

First, let us assume that S is classical and that h0(ΘS) = 0. By the previous observation, we
find h2(ΘS) = 0 and thus, deformation theory implies that S admits a formal lift over the Witt
ring W = W (k). Moreover, since we have h2(OS) = 0, deformation theory implies that every
invertible sheaf L on S extends to such a formal lift. In particular, if we choose an ample L, this
shows that every formal lift of S is algebraizable by Grothendieck’s existence theorem. From this,
we deduce that S admits projective algebraic lifts toW (see the details and the references in Volume
2). Thus, Corollary 1.2.12 gives the assertion.



1.2. THE PICARD SCHEME AND THE BRAUER GROUP 203

Second, assume that S is classical and that h0(ΘS) 6= 0. Then, S is unirational by Proposition
1.2.9 and thus, ρ(S) = b2(S) holds true by loc. cit.

Thus, we may assume that S is non-classical, in which case we have p = 2 by Theorem 1.1.8.
From here on, we will only sketch the proof: if S is a µ2-surface, then there exists an algebraic lift
by [423, Theorem 1.3] (see also Volume 2) and then, the assertion follows from Corollary 1.2.12. If
S is an α2-surface, then S is unirational by the analysis in [423] (see also Theorem 1.3.11) and the
assertion follows from Proposition 1.2.9.

We now come to Liedtke’s proof of Theorem 1.2.7 from [453]: let us recall that we we discussed
the crystalline version of the Tate conjecture for divisors in Remark 0.10.26. Its connection to 1.2.7
is as follows.

Proposition 1.2.13. Let S be an Enriques surface over a finite field Fq. If S satisfies the Tate
conjecture, then Theorem 1.2.7 holds for S ×Fq Fq.

Proof. We set S := S ×Fq Fq. By Proposition 0.10.21 or Corollary 1.2.5, we find that the F-
isocrystal H2(S/W )⊗W K is of slope one. Thus, after possibly replacing Fq by a finite extension,
there exists a K-basis {ei} of H2(S/W ) ⊗W K such that Frobenius acts as F(ei) = p · ei for all
i. In particular, the Tate module TH ⊆ H2(S/W ) is a Zp-module of rank b2(S) = 10. Since we
assumed that the Tate conjecture holds for S, we conclude that S satisfies ρ = b2.

Interestingly, this special case is sufficient to deal with the general case.

Proposition 1.2.14. In order to prove Theorem 1.2.7, it suffices to establish it for Enriques surfaces
over Fp.

Proof. Let S be an Enriques surface over an algebraically closed field k. Then, there exists a sub-
Z-algebra R of k that is of finite type over Z and a smooth and projective morphism S → B :=
Spec R with S ×B Spec k ∼= S. Moreover, if s ∈ B is a closed point, then the residue field
κ(s) is a finite field. In particular, the geometric fiber Ss̄ is an Enriques surface over κ(s) and we
have ρ(Ss̄) = b2(Ss̄) by assumption. Using Table 1.1 and Proposition 0.9.14, the first assertion
follows.

Corollary 1.2.15. If the Tate conjecture holds for Enriques surfaces over finite fields, then Theorem
1.2.7 is true.

Remark 1.2.16. This corollary reduces Theorem 1.2.7 to a fundamental conjecture in arithmetic
geometry, namely, the Tate conjecture. However, at the moment, the Tate conjecture is still wide
open. For Enriques surfaces, it can be rather easily deduced from the already established cases, see
[453], Section 3, and we obtain an unconditional proof of Theorem 1.2.7. Since the Tate conjecture
is an arithmetic version of the Lefschetz theorem on (1, 1)-classes, this proof of Theorem 1.2.7 is
very close to the proof of Lemma 1.2.8.

Having dealt with Picard schemes and Picard groups of Enriques surfaces, let us end this section
by computing their cohomological Brauer groups, which we introduced in Chapter 0.10.
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Theorem 1.2.17. Let S be an Enriques surface over an algebraically closed field k. Then,

Br(S) ∼=

{
Z/2Z if S is classical,
{0} if S is non-classical.

Proof. First, we prove the result in characteristic zero. By the Lefschetz principle, we may assume
k = C and then, we may use analytic methods: taking cohomology in the exponential sequence
(0.10.9) and using h1(OS) = h2(O2) = 0, we obtain H2(S,Z) ∼= Pic(S) ∼= Z10 ⊕ (Z/2Z). Thus,
the universal coefficient formula 0.10.1 and Poincaré duality yield

Tors H3(S,Z) ∼= Tors H2(S,Z) ∼= Tors H2(S,Z) ∼= (Z/2Z).

Since the transcendental lattice of S is zero, exact sequence (0.10.17) yields the statement.

Essentially the same proof also works in positive characteristic p > 0, but we have to treat the
p-torsion and the prime-to-p-torsion separately: it follows from (0.10.26) or (0.10.61) and Theorem
1.2.7 that there exists isomorphisms NS(S) ⊗ Z` ∼= H2

ét(S,Z`(1)) and that we have t` = 0 for all
primes ` (including ` = p). From this, it already follows that Br(S) is a finite abelian group. Using
that S is a surface, Poincaré duality in `-adic cohomology, and (0.10.32), we find

`∞ Br(S) ∼= `∞H
3
ét(S,Z`(1)) ∼= `∞H

2
ét(S,Z`(1))

for all primes ` 6= p from which Theorem 1.2.1 yields the `-power torsion of Br(S). Moreover,
using (0.10.79) and (0.10.85), we find

p∞ Br(S) ∼= p∞H
3
ét(S,Zp(1)) ∼= p∞ Ker

(
F− 1 : H2(S, WΩ1

S/k) → H2(S, WΩ1
S/k)

)
.

Using Theorem 1.2.1 and the computation of the Hodge-Witt cohomology groups of Enriques sur-
faces that we will establish in Proposition 1.4.16 below, the result follows.

We already mentioned that the proof of Theorem 1.2.7 in [75] uses genus one fibrations. Simi-
larly, Theorem 1.2.17 can be established using genus one fibrations by applying Theorem 4.10.3 to
Theorem 4.3.13. Concerning Brauer groups of Enriques surfaces, we refer the interested reader to
[50] for more information, as well as to [265, Section 8] for a more algebraic point of view.

1.3 The K3-cover

In this section, we discuss the K3-cover π : X → S of an Enriques surface S. In characteristic
p 6= 2, the surface X is a K3 surface and π is an étale morphism of degree 2, which links the theory
of Enriques surfaces to the theory of K3 surfaces. However, in characteristic 2, the situation is much
more complicated: for example, X may even be a non-normal and rational surface, although it will
always be “K3 like” in a certain sense. Then, we discuss the unirationality of Enriques surfaces
in positive characteristic and relate it to the unirationality of the K3-cover. We end the section by
studying the pull-back of the Picard group and the Brauer group from an Enriques surface to its
K3-cover.
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Theorem 1.3.1. Let S be an Enriques surface over an algebraically closed field k of characteristic
p. Then, there exists a non-trivial (PicτS/k)∗-torsor

π : X → S.

In particular, π is a finite and flat morphism of degree 2.

Proof. This follows by applying Theorem 0.2.34 to Theorem 1.2.1.

Before proceeding, let us be a little bit more explicit about these torsors, see also Proposition
0.2.29.

1. First, let S be a classical Enriques surface, in which case we have PicτS/k ∼= (Z/2Z) and
(PicτS/k)∗ ∼= µ2. By Corollary 1.2.3, the canonical sheaf ωS = OS(KS) is a non-trivial
2-torsion element of Pic(S). As explained in (0.2.4), a choice of isomorphism ω⊗2

S
∼= OS

defines an OS-algebra structure on (OS ⊕ ωS), and thus, a finite flat double cover

π : X := Spec (OS ⊕ ωS) → S,

which is a µ2-torsor. In particular, π is étale if p 6= 2 and purely inseparable if p = 2.

2. Next, let S be a µ2-surface, in which case we have p = 2, as well as PicτS/k ∼= µ2 and
(PicτS/k)∗ ∼= (Z/2Z). Then, the Artin-Schreier exact sequence in étale topology

0 → (Z/2Z)S → Ga,S
F−id−−−→ Ga,S → 0

gives rise to an isomorphism

H1
ét(S,Z/2Z) ∼= Ker

(
H1(S,OS)

F−id−−−→ H1(S,OS)
)
6= 0.

As explained in Section 0.3, a non-zero element η of this cohomology group defines a non-
trivial étale double cover π : X → S, that is, a (Z/2Z)-torsor. It is easy to see that the
isomorphism class of this cover does not depend on the choice of η.

3. Finally, let S be anα2-surface, in which case we have p = 2, as well as PicτS/k ∼= (PicτS/k)∗ ∼=
α2. Then, the exact sequence in flat topology

0 → α2,S → Ga,S
F−→ Ga,S → 0

gives rise to an isomorphism

H1
fl(S,α2) ∼= Ker

(
H1(S,OS)

F−→ H1(S,OS)
)
6= 0.

Again, as explained in Section 0.3, a non-zero element η of this cohomology group defines a
flat double cover π : X → S, which is an α2-torsor. In particular, π is purely inseparable. It
is easy to see that the isomorphism class of this cover does not depend on the choice of η.
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Definition 1.3.2. The flat double cover π : X → S is called the K3-cover of S (or the canonical
cover).

Since it is a non-trivial torsor under a finite flat group scheme of prime order, X is reduced and
irreducible, that is, an integral scheme. Moreover, the name is justified by the fact that it is always
“K3-like” in the following sense.

Proposition 1.3.3. Let π : X → S be the K3-cover of an Enriques surface S. Then, X is an
integral Gorenstein surface (not necessary normal) satisfying

H1(X,OX) = 0 and ωX ∼= OX .

Moreover,

1. if p 6= 2 or S is a µ2-surface, then X is smooth and a K3 surface, and

2. if p = 2 and S is classical or an α2-surface, then X is not a smooth surface.

Proof. As seen in Section 0.3 or via the above case-by-case analysis, X is locally a hypersurface in
a line bundle over S. In particular, X is Gorenstein and we already mentioned above that X is an
integral variety. Moreover, we have an exact sequence

0 → OS → π∗OX → L−1 → 0 (1.3.1)

with L = ωS . From this, we conclude χ(X,OX) = χ(S, π∗OX) = 2χ(S,OS) = 2. Next, for the
dualizing sheaf of X we have ωX = π∗(ωS ⊗ L−1) ∼= π∗(OS) ∼= OX , see Proposition 0.2.12 and
Proposition 0.2.20. Then, the Serre Duality implies h2(OX) = h0(ωX) = 1. Combining this with
χ(OX) = 2, we find h1(OX) = 0.

If p 6= 2 or if S is a µ2-surface, then π is étale, hence X is smooth. Since ωX ∼= OX and
h1(OX) = 0, it follows from the very definition that X is a K3 surface.

In remaining cases, we have p = 2 and π is purely inseparable. Seeking a contradiction, assume
that X is smooth. Since π is a homeomorphism in the étale topology, we find c2(X) = c2(S) = 12.
On the other hand, we have χ(OX) = 2, and ωX ∼= OX implies K2

X = 0, which contradicts
Noether’s formula (0.10.22).

Now, we study the K3-cover π : X → S in case X is not smooth, that is, if p = 2 and S is not a
µ2-surface, or, equivalently, S is a unipotent Enriques surface. Since X may not be normal, let

ν : Y → X

be the normalization of X . Then, the composition π̃ = π ◦ ν : Y → S is a finite and inseparable
morphism of degree 2 from a normal surface onto a smooth surface. Since Y is Cohen-Macaulay
(being a normal surface) and X is regular, σ̃ is flat by Proposition 0.2.4. Thus, by Proposition
0.2.27, also π̃ is a torsor under a finite flat group scheme of length 2. In particular, also Y is a
Gorenstein scheme. Also, we have an exact sequence

0 → OS → π̃∗OY → L̃−1 → 0 (1.3.2)
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for some invertible sheaf L̃ on S. If this is a µ2-torsor, then the exact sequence splits. We also have

ωY ∼= π̃∗
(
ωS ⊗ L̃

)
∼= π̃∗(L̃). (1.3.3)

Here, we have used that π̃∗ωS = ν∗π∗ωS = ν∗OX ∼= OY . To understand the normalization ν, we
consider the conductor ideal

C := Ann(ν∗OY /OX) ⊆ OX
of the normalization ν, which can be defined equivalently as HomOX (ν∗OY ,OX). We note that C
can be considered as an ideal sheaf of OY and that it is the largest ideal sheaf of OX that is also an
ideal sheaf of OY . We refer to [596] for details. Let D ⊂ X and C ⊂ Y be the closed subschemes
defined by these ideal sheaves, both of which are of pure codimension one (if nonempty). The
duality theorem for finite morphisms (see [596, Proposition 2.3] in this situation and [285] for the
general machinery) gives isomorphisms

ν∗ωY ∼= HomOX (ν∗OY , ωX) ∼= C · ωX ,
ν∗ωX ∼= ν∗OX ∼= OY ∼= HomOY (C, ωY ) ∼= ωY (C),

(1.3.4)

where ωY (C) denotes the reflexive saturation of of ωY ⊗OY (C), that is, the reflexive OY -module
of rank one, whose local sections are rational sections of ωY with at worst a single pole along C.
Taking into account (1.3.3), we obtain

OY (C) ∼= ω−1
Y
∼= π̃∗(L̃−1).

In particular, if non-empty, then C ⊆ Y is an effective Cartier divisor. From the commutative
diagram with exact rows (1.3.1) and (1.3.2)

0 → OS → π∗OX → ω−1
S → 0

|| ↓ ↓
0 → OS → π̃∗OY → L̃−1 → 0

we obtain an injective homomorphism of invertible sheaves ω−1
S → L̃−1 on S, which gives rise to

an effective Cartier divisor A on S, and we conclude

L̃ ∼= ωS(−A). (1.3.5)

Since ν|Y−D : (Y − C) → (X − D) is an isomorphism, it follows that A lies below C ⊆ Y , as
well as below D ⊆ X . Following [209], we make the following definition.

Definition 1.3.4. The effective Cartier divisorA of S is called the conductrix andB := 2A is called
the bi-conductrix.

The relevance of the bi-conductrix will become clear in Proposition 1.3.8 and when discussing
exceptional Enriques surfaces in Section ??, see also [209]. After these preparations, we have the
following result that describes the geometry of the K3-cover X in case it is not smooth.

Theorem 1.3.5. Let S be an Enriques surface over an algebraically closed field of characteristic 2
that is classical or an α2-surface. Let π : X → S be its K3-cover.
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1. If X is normal with at worst rational singularities, then it has only rational double point
singularities. The minimal resolution X ′ of singularities is a K3 surfaces that satisfies b2 =
ρ = 22 (i.e. X ′ is supersingular in sense of Shioda).

2. If X is normal with non-rational singularities, then it is a rational surface with one elliptic
Gorenstein singularity.

3. If X is non-normal, then its normalization is a rational surface with at worst rational double
point singularities.

Proof. By Proposition 1.3.3, X is Cohen-Macaulay. Thus, if X has only isolated singularities, then
it is normal by Serre’s normality criterion. We now do a case-by-case analysis.

Case 1: X has only isolated singularities that are at worst rational.

Then, let τ : X ′ → X be the minimal resolution of singularities. Since X is Gorenstein,
Proposition 0.4.17 implies that all singularities of X are rational double points and we compute
ωX′ ∼= τ∗ωX ∼= τ∗OX ∼= OX′ . Using Serre Duality, we find h2(OX′) = h0(ωX′) = 1. From
χ(OX′) = χ(OX) = 2, we find h1(OX′) = 0 and thus, X ′ is a K3 surface.

Moreover, the composition X ′ → X → S and the Frobenius morphism give rise to a dominant
and rational map S(1/p) 99K X ′, which extends to a generically finite morphism S̃(1/p) → X after
a suitable blow-up of S(1/p). Since b2 = ρ holds for Enriques surfaces, it also holds for their
blow-ups, and thus, in particular, for S̃(1/p). Then, this also holds for X by [656], that is, X is
supersingular in sense of Shioda.

Case 2: X has only isolated singularities, at least one of which is not rational.

Again, let τ : X ′ → X be the minimal resolution of singularities. Then, the five-term exact
sequence of the Grothendieck-Leray spectral sequence

Ei,j2 := Hj(X, Riτ∗OX′) =⇒ H i+j(X ′,OX′)

is the long exact sequence

0 → H1(X,OX) → H1(X ′,OX′) → H0(X,R1τ∗OX′) → H2(X,OX)→ H2(X ′,OX′).

By Serre Duality and Proposition 1.3.3, we find h1(X,OX) = 0 and h2(X,OX) = 1.

Since ωX ∼= OX , the canonical divisor class KX′ has a representative D that is supported on the
exceptional curve of the resolution τ . If we had |nKX′ | 6= ∅ for some n ≥ 1, then we could find
a rational function f on X ′ such that (f) + nD ≥ 0. Consider f as a rational function on X , then
it is regular outside isolated normal singularities, thus, it has to be regular everywhere, and thus,
constant. Hence, nD ≥ 0 for all n ≥ 0. If we had nD = 0 for some n ≥ 1, then ω⊗nX′ = τ∗ω⊗nX .
But then, every integral curve R inside the exceptional divisor of τ would satisfy R ·KX′ = 0, as
well as R2 < 0 (being exceptional). The adjunction formula then yields R2 = −2 and R ∼= P1,
which implies that all singularities of X are rational double points by Proposition 0.4.8. Since we
assumed to have at least one non-rational singularity, we conclude that nD > 0 for at least one
n ≥ 1, which contradicts the non-emptyness of |nKX′ |. This contradiction implies |nKX′ | = ∅ for
all n ≥ 1.
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Since the morphism π : X → S is purely inseparable, there exists a dominant rational map
S(1/p) 99K X ′, and thus, ifX ′ had a non-trivial Albanese morphism, then so would S, contradicting
b1(S) = 0. This contradiction implies b1(X ′) = 0. Since |2KX′ | = ∅ by the above, Castelnuovo’s
Rationality Criterion shows that X ′ is a rational surface.

Being a rational surface, we have h1(OX′) = h2(OX′) = 0. Together with h2(OX) = 1, we find
h0(R1τ∗OX′) = 1. In particular, there is precisely one singular point that is not rational, and it is
elliptic. Since X is Gorenstein by Proposition 1.3.3, this is an elliptic Gorenstein singularity. This
shows that there is a unique elliptic Gorenstein singularity on X .

Case 3: X is not normal.

Let ν : Y → X be the normalization, let A be the conductrix, and let τ : Y ′ → Y be the
minimal resolution of singularities. We have ωY ∼= π̃∗(L̃) ∼= π̃∗OS(−A) by (1.3.3) and (1.3.5).
In particular, KY < 0, which implies KY ′ < 0, and we obtain |nKY ′ | = ∅ for all n ≥ 1. As in
Case 2, we find b1(Y ′) = b1(S) = 0, and conclude that Y ′ is a rational surface by Castelnuovo’s
Rationality Criterion.

Since Y ′ is rational, we have h1(Y ′,OY ′) = 0, and since Y is a Gorenstein surface with KY < 0,
we have h2(Y,OY ) = h0(Y, ωY ) = 0. Applying the Grothendieck-Leray spectral sequence to
its minimal resolution τ : Y ′ → Y as in Case 1, the long exact sequence in low terms yields
h0(Y,R1τ∗OY ′) = 0. This implies that all singularities of Y are rational, and since Y is Gorenstein,
its singularities are rational double points.

Remark 1.3.6. It is proven in [622, Theorem 14.1] that in Case 2 X is smooth outside of its elliptic
singularity. We will return to this case later in Volume 2.

Corollary 1.3.7. Let S be an Enriques surface over an algebraically closed field of characteristic
2 that is classical or an α2-surface. Then, S is algebraically simply connected.

Proof. Let π : X → S be the K3-cover. Then, the minimal resolution of the singularities of X
is a rational surface or a K3 surface, both of which are algebraically simply connected, see [266,
Corollaire XI.1.2] and Proposition 1.1.9. Since π is purely inseparable, it is a homeomorphism in
the étale topology, and so, S is algebraically simply connected.

We note that the first case of Theorem 1.3.5 is generic, see Remark 1.3.9 below. Let us now
continue with a more detailed analysis of the singularities of the K3-cover X of an Enriques surface
S in characteristic 2. By Proposition 0.2.21, the singularities of X lie above the zeroes of a section
of the sheaf Ω1

S/k. This already implies h1,0(S) = h0(Ω1
S/k) 6= 0 for such surfaces, that is, there

exists a non-zero and regular 1-form ω. Let Z = Z(ω) be its scheme of isolated zeros and let
D = D(ω) be its divisorial part, that is, the largest effective divisor such that OS(D) is a subsheaf
of Ω1

S/k containing the image of ω. Thus, we obtain a short exact sequence

0 → OS(D) → Ω1
S/k → IZ(D′) → 0, (1.3.6)

where IZ is the ideal sheaf of the 0-dimensional closed subscheme Z and D′ is a divisor that is
linearly equivalent to −KS −D, see Proposition 0.3.18 and (0.3.3) and use that Ω1

S/k
∼= ΘS/k for
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classical and α2-surfaces (see also the proof of Theorem 1.4.4). We note that the scheme of zeroes
of ω is the union of the supports ofD and Z. Here Z may intersect the support ofD and there could
be non-reduced scheme structures on both closed subsets.

Proposition 1.3.8. Let S be an Enriques surface over an algebraically closed field of characteristic
2 that is classical or an α2-surface. Let π : X → S be its K3-cover. Then,

H0(S,Ω1
S/k) 6= 0.

More precisely, let ω be a non-zero and regular 1-form and let D and Z be its schemes of divisorial
and isolated zeros as above. Then, D = 2A, where A denotes the conductrix of S and we have

−D2 + h0(OZ) = 12. (1.3.7)

Moreover, if X is non-normal, then

1. the divisor A is effective, supported on (−2)-curves, numerically connected and satisfies
A2 = −2, as well as h0(S,OS(2A)) = 1, and

2. the normalization of X is a rational surface with four rational double points of type A1 or
one rational double point of type D(0)

4 .

Proof. We have established h0(Ω1
S) 6= 0 already in the above discussion. Next, taking Chern classes

in (1.3.6) and using KS = c1(Ω1
S) = D + D′, we find 12 = c2(S) = c2(Ω1

S) = −D2 + h0(OZ),
see also Proposition 0.3.18.

Let ν : Y → X be the normalization, where ν is an isomorphism if and only if X is normal.
We set π̃ := π ◦ ν : Y → S, which is an αL̃-torsor with respect to an invertible OS-module L̃ as
explained in (1.3.2). By Proposition 0.2.21 there exists an injection L̃⊗(−p) → Ω1

S , whose zero set
lies below the singularities of Y (note that, since the cover is inseparable, a = 0, in the notation of
the proposition). Since Y is normal, its singularities are isolated, and this injection is saturated. We
thus obtain a short exact sequence

0 → L̃⊗(−2) → Ω1
S/k → IZ′(D

′′) → 0, (1.3.8)

where IZ′ is the ideal sheaf of some 0-dimensional closed subscheme Z ′ of S and D′′ is a divisor
on S. Inspecting the proof of Proposition 0.2.21, we see that the two short exact sequences (1.3.8)
and (1.3.6) coincide. Using (1.3.5), we obtain D = 2A.

Finally, assume that X is not normal, that is, A 6= 0. Then, we have

0 < h0(OS(2A)) ≤ h0(Ω1
S/k) = h1,0(S).

In Corollary 1.4.9 below, we will see that that h1,0(S) = 1 for classical and α2-surfaces in charac-
teristic 2, from which we conclude h0(OS(2A)) = 1. Now, if we had A2 ≥ 0, then Riemann-Roch
would imply the h0(OS(2A)) ≥ 2, a contradiction. Thus, A2 < 0 and after applying (1.3.7), we
conclude A2 = −2. Moreover, if A = A1 + A2 for some A1 > 0, A2 > 0, then A2

1 < 0 and
A2

2 < 0, because otherwise 2A1 or 2A2 would move. This gives A2 = A2
1 + 2A1 ·A2 +A2

2 = −2,
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henceA1 ·A2 > 0. Thus,A is 1-connected. Moreover, we also see that every irreducible component
of A is a (−2)-curve.

Now, consider π̃ : Y → S. Using Proposition 0.2.10 and Proposition 0.2.21, we see that the
singular points of Y are defined by the zeros of a section of Ω1

S ⊗ OS(2A). A computation with
Chern classes shows that c2(Ω1

S ⊗OS(2A)) = 4. Moreover, by Theorem 1.3.5, all singular points
of Y are rational double points. Being a purely inseparable double cover of a smooth surface, these
singular points have local equations of the form z2 + f(x, y) = 0 and we know that the colength of
(fx, fy) is at most 4. Using the list of rational double points from Proposition 0.4.13, we find that
the only possibilities are singularities of type A1, which are of colength 1, or of type D(0)

4 , which
are of colength 4.

Remark 1.3.9. To complete the picture, let us also mention the following results concerning K3-
covers of Enriques surfaces.

1. In every characteristic and even when non-smooth or when non-normal, the K3-cover is al-
ways birational to the complete intersection of three quadrics in P5 (see Corollary 3.4.2 and
Lemma 1.1.11, Case 3). This shows some relation to the theory of K3 surfaces.

2. In characteristic 2, the K3-cover of an Enriques surface S is non-normal if and only if S
admits a quasi-elliptic fibration, see [476].

3. In characteristic 2 and for a quantitative comparison of the three cases of the K3-cover from
Theorem 1.3.5, we have to use moduli spaces, which we will construct in Chapter 5.

(a) Inside moduli spaces for classical andα2-surfaces in characteristic 2, there exist an open
and dense subsets, such that the K3-covers of the corresponding surfaces are normal
with 12 rational double points of type A1. Moreover, for a surface S on these open
subsets, every non-zero regular 1-form ω ∈ H0(Ω1

S/k) has no divisorial part and 12
isolated zeros. In particular, the first case of Theorem 1.3.5 is generic.

(b) The locus of classical andα2-surfaces, whose K3-cover is not a K3 surface with rational
double points, that is, cases 2 and 3 of Theorem 1.3.5, is closed and everywhere of
codimension at least 3.

We also refer to Remark 1.6.9 for some illustrating examples and refer to [210] for details.

Later in Volume 2, we will say more about singularities of the K3-cover.

We have already seen in Proposition 1.2.9 that Enriques surfaces with non-zero regular vector
fields are Zariski surfaces. In characteristic zero, unirational varieties are of Kodaira dimension
−∞, and in particular, K3 surfaces and Enriques surfaces in characteristic zero are never unira-
tional. However, K3 surfaces in positive characteristic can be unirational, and Shioda [656] showed
that then, the K3 surface is Shioda-supersingular. For a Shioda-supersingular K3 surface, the dis-
criminant of the Néron-Severi group is of the form p2σ0 for some integer 1 ≤ σ0 ≤ 10, called the
Artin invariant, see also Remark 0.10.30. The following nontrivial results are due to Rudakov and
Shafarevich [611] if p = 2, 3 to Pho-Shimada [581] if p = 5 and to Shioda [657] for p ≥ 3.
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Theorem 1.3.10. Let X be a Shioda-supersingular K3 surface in characteristic p > 0.

1. If p = 2 or else p = 3 and σ0 ≤ 6 or else p = 5 and σ0 ≤ 3, then X is a Zariski surface, and
thus, unirational.

2. If p ≥ 5 and σ0 ≤ 2, then X is unirational.

In [636], Serre showed that the étale fundamental group of a smooth, projective, and unirational
variety is finite, and over the complex numbers, the étale and topological fundamental groups are
even trivial. Moreover, by loc.cit., a smooth and projective variety is unirational if and only if some
(and hence, every) finite étale cover is unirational. This allows us to determine which Enriques
surfaces are unirational.

Theorem 1.3.11. Let S be an Enriques surface in characteristic p.

1. If p = 2, then S is unirational if and only if it is not a µ2-surface. Moreover, if the minimal
resolution of singularities of the K3-cover is not a K3 surface, then S is a Zariski surface.

2. If p ≥ 3, then S is unirational if and only if its K3-cover is a unirational K3 surface.

Proof. Let us first assume that p is an odd prime. Then, an Enriques surface is unirational if and
only if its K3-cover is unirational by [636] or [657, Lemma 3.1].

We will now assume that p = 2. If S is a µ2-surface, then its K3-cover is an étale double cover.
On the other hand, by [636] and [139], the étale fundamental group of a smooth, projective, and
unirational variety in characteristic p is finite of order prime to p. Therefore, S is not unirational.

Finally, assume that S is not a µ2-surface. Let π : X → S be its K3-cover, which is purely
inseparable of degree p = 2. If X is rational, then S is a Zariski surface by definition, and we
are done. Thus, we may assume that X is not a rational surface. But then, its minimal resolution
of singularities X ′ is a Shioda-supersingular K3 surface by Theorem 1.3.5, which is unirational by
Theorem 1.3.10. In particular, S is also unirational.

Remark 1.3.12. By a result of Crew [139, Theorem 2.7], the K3-cover of aµ2-surface is an ordinary
K3 surface, that is, the height of the formal Brauer group of X is equal to one, see Section 0.10 and
Theorem 1.4.21. We refer to Remark 1.6.12 and Example 1.6.13 for families and examples of
unirational as well as non-unirational Enriques surfaces in characteristic p ≥ 3.

For the remainder of this section, let S be an Enriques surface over an algebraically closed field k
of characteristic p ≥ 0 and assume that the K3-cover π : X → S is étale, that is, p 6= 2 or that p = 2
and S is a µ2-surface. In particular, X is a K3 surface. We want to compare the Picard groups and
the Brauer groups of S and X . To do so, we have pull-backs

π∗ : Pic(S) → Pic(X) and π∗ : Br(S) → Br(X),

which are homomorphisms of abelian groups. Since π∗(ωS) ∼= OX , the first homomorphism factors
through an injective homomorphism which we continue to denote by π∗

π∗ : Num(S) ↪→ Pic(X) = Num(X).
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Let G be the group of deck transformations of X , which is isomorphic to Z/2Z. If we denote the
subgroup of G-invariant invertible sheaves of X by Pic(X)G, then the following result describes
kernel and image of π∗ for Picard groups.

Proposition 1.3.13. Let S be an Enriques surface over an algebraically closed field k of charac-
teristic p 6= 2 and let π : X → S be its K3-cover. Then, there exists a short exact sequence

0 → Z/2Z → Pic(S)
π∗−→ Pic(X)G → 0,

and the kernel of π∗ is generated by ωS . Moreover, the lattice embedding π∗ : Num(S)(2) →
Pic(X) is primitive.

Proof. Consider the Hochschild-Serre spectral sequence in étale cohomology

Ei,j2 := H i
(
G, Hj

ét(X,Gm)
)
⇒ H i+j

ét (S,Gm). (1.3.9)

Using E1,0
2 = H1(G,Gm) = Hom(G,Gm) and E2,0

2 = H2(G,Gm) = 0, the five-term exact
sequence yields a short exact sequence

0 → Hom(G,Gm) → Pic(S)
π∗−→ Pic(X)G → 0,

see also [343]. We have Hom(G,Gm) ∼= Z/2Z and since π∗ωS ∼= ωX ∼= OX , we see that ωS is a
non-trivial element of Kerπ∗, and thus, a generator.

Finally, every torsion class of Pic(X)/Pic(X)G can be lifted to an L ∈ Pic(X) with L⊗n ∈
Pic(X)G for some n ≥ 1. Since L⊗n is G-invariant and Pic(X) is torsion-free by Proposition
1.1.9, also L is G-invariant, that is, L ∈ Pic(X)G. This shows that the quotient Pic(X)/Pic(X)G

is torsion-free, that is, the embedding Pic(X)G → Pic(X) is primitive.

The behavior of π∗ on cohomological Brauer groups is more complicated. To understand it, let us
recall the norm homomorphism

Nm : Pic(X) → Pic(S), (1.3.10)

which is defined as follows: if L ∈ Pic(X), then π∗L is a locally free OS-module of rank 2, and
then, Nm(L) := det(π∗OX)∨ ⊗ det(π∗L) ∼= ωS ⊗ det(π∗L), where the last isomorphism follows
from taking the determinants in (1.3.1). Next, let σ ∈ G be the generator, we will refer to as
the Enriques involution on X . Being a homomorphism and G-invariant, we compute Nm(L−1 ⊗
σ∗L) = Nm(L)−1 ⊗Nm(L) ∼= OS and conclude

(id− σ∗) Pic(X) ⊆ Ker(Nm).

By the following result of Beauville [50], the quotient of these groups controls the kernel of π∗ of
Brauer groups.

Theorem 1.3.14. Let S be an Enriques surface over an algebraically closed field k of characteristic
p 6= 2 and let π : X → S be its K3-cover. Then,

Ker
(

Br(S)
π∗−→ Br(X)

)
∼= Ker(Nm)/(id−σ∗) Pic(X). (1.3.11)



214 CHAPTER 1. ENRIQUES SURFACES: GENERALITIES

Proof. Let us only sketch the proof and refer to [50] for details. As in the proof of the previous
Proposition, the starting point is the Hochschild-Serre spectral sequence (1.3.9). From E2,0

2 =
H2(G,Gm) = 0, we obtain an isomorphism

Ker
(

Br(S)
π∗−→ Br(X)

)
∼= E1,1

∞ = Ker
(
E1,1

2
d2−→ E3,0

2

)
.

Using periodicity of the group cohomology of G, we find that E3,0
2 = H3(G,Gm) is isomorphic

to H1(G,Gm) = Hom(G,Gm) = G∗, the Cartier dual group scheme. If we denote by ψ the
endomorphism of Pic(X) that is defined by L 7→ L ⊗ σ∗(L), then E1,1

2 = H1(G,Pic(X)) is
isomorphic to Ker(ψ)/ Im(id−σ∗). Since we have π∗Nm(L) = ψ(L) for all L ∈ Pic(X), we find
that the norm homomorphism maps Ker(ψ) to Ker(π∗ : Pic(S) → Pic(X)), and that the latter is
canonically isomorphic toG∗ ∼= Z/2Z by (the proof of) Proposition 1.3.13. Since Nm ◦(id−σ∗) =
0, the norm induces a homomorphism H1(G,Pic(X)) → Ker(π∗ : Pic(S) → Pic(X)) ∼= G∗.
By [50, Lemma 4.2], which is a non-trivial computation, this homomorphism coincides with the
differential d2.

Remark 1.3.15. Let S be an Enriques surface over the complex numbers. In this case, Beauville
[50] showed that the kernel (1.3.11) is non-trivial if and only if there exists an invertible sheaf
L ∈ Pic(X) with σ∗L ∼= L−1, whose self-intersection satisfies L2 ≡ 2 mod 4. From this, he
deduced that inside the moduli space of Enriques surfaces over the complex numbers, the locus
of surfaces, where the kernel (1.3.11) is non-trivial, forms an infinite and countable union of non-
empty hypersurfaces, whereas this kernel is trivial for a very general Enriques surface. We refer to
[240] for more information in case when the K3-cover is a Kummer surface.

Remark 1.3.16. Given a K3 surface X one may ask in how many ways it can be realized as the
canonical cover of an Enriques surface. In other words, we ask how many conjugacy classes of
fixed-point-free involutions in its automorphism group (see Section ?? in Volume 2).

1.4 Cohomological invariants

In this section, we will determine the following fundamental invariants of an Enriques surface:
the Betti and Hodge numbers, the fundamental group, the de Rham, Hodge-Witt, and crystalline
cohomology groups, as well as the cohomology of the tangent sheaf. On our way, we will also study
the degeneration behavior of the Frölicher spectral sequence from Hodge to de Rham cohomology,
as well as the slope spectral sequence from Hodge-Witt to crystalline cohomology.

Over the complex numbers, an Enriques surface S can also be considered merely as a topological
or differentiable 4-manifold, and we may consider its singular (co-)homology groups.

Theorem 1.4.1. Let S be an Enriques surface over k = C. Then, as a topological 4-manifold, S
has the following singular (co-)homology groups

i 0 1 2 3 4

Hi(S,Z) Z (Z/2Z) Z10 ⊕ (Z/2Z) 0 Z
H i(S,Z) Z 0 Z10 ⊕ (Z/2Z) (Z/2Z) Z
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Moreover, the topological fundamental group is isomorphic to (Z/2Z) and the universal cover of S
is the K3-cover.

Proof. The assertions about singular (co-)homology for i = 0, 4 follow from the fact that S is an
orientable topological 4-manifold. Using h1(OS) = h2(OS) = 0 and taking cohomology in the
exponential sequence (0.10.9), we find H2(S,Z) ∼= Pic(S). From this, we obtain the statement
about H2 using Theorem 1.2.1 and Theorem 1.2.7. Since b1(S) = 0, we obtain H1(S,Z) = 0, and
then, the universal coefficient formula yieldsH1(S,Z) ∼= Tors(H2(S,Z)) ∼= Z/2Z. The remaining
(co-)homology groups can be computed using the isomorphisms H i(S,Z) ∼= H4−i(S,Z) induced
from Poincaré Duality.

Let π : X → S be the K3-cover of S. We already know from Proposition 1.1.9 that a K3 surface
is algebraically simply connected. The fact that it is a simply connected 4-manifold if k = C is
much harder to prove (see, for example, [42, Corollary (8.6)]). It follows that X is the universal
cover of S, and since π is of degree 2, we find π1(S) ∼= Z/2Z.

Remark 1.4.2. We will construct in Section 5.3 a moduli space for complex Enriques surfaces that
is connected. Therefore, by a theorem of Ehresmann, all Enriques surfaces are diffeomorphic as
differentiable 4-manifolds, and in particular, homeomorphic as topological spaces, see Corollary
5.3.10. We refer to [565] for the homotopy type, homeomorphism type, and the smooth structures
of the manifold underlying an Enriques surface - for example, there exist infinitely many distinct
smooth structures on the topological manifold underlying an Enriques surface.

Let us now work again over arbitrary algebraically closed ground fields. We start with a result that
holds for all smooth and proper surfaces.

Proposition 1.4.3. Let X be a smooth and proper surface over a field k. Then,

1.
∑

j(−1)jhi,j(X) = χ(OX) for i = 0, 2,

2.
∑

j(−1)jh1,j(X) = 2χ(OX)− c2(X),

3.
∑

i,j(−1)i+jhi,j(X) = c2(X),

4.
∑

i(−1)ihiDR(X) = c2(X).

Proof. Assertion (1) follows from the definition and Serre Duality and (2) follows from Riemann-
Roch. Assertion (3) follows from (1) and (2). Finally, (4) follows from (3) and the existence of the
Frölicher spectral sequence (degeneracy at E1 is not needed) from Hodge to de Rham cohomology
(0.10.35).

Before turning to Enriques surfaces, we need a couple of results about K3 surfaces.

Theorem 1.4.4. Let X be a K3-surface over an algebraically closed field k. Then,

ΘX/k ∼= Ω1
X/k
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and

hi,j(X) = hj,i(X) =


1 if (i, j) = (0, 0), (2, 0), (0, 2), (2, 2),
20 if (i, j) = (1, 1),
0 otherwise.

Moreover, the étale fundamental group of X is trivial, that is, X is algebraically simply connected.

Proof. The natural multiplication map
∧r Ω1

X ⊗
∧2−r Ω1

X →
∧2 Ω1

X is a perfect pairing for any r
by [287, Exercise II.5.16]. We thus obtain isomorphisms Ω1

X
∼= ΘX ⊗ ωX ∼= ΘX , where the last

isomorphism uses ωX ∼= OX . This implies that for all j

hj(X,Ω1
X) = h2−j(X,ωX ⊗ (Ω1

X)∨) = h2−j(X,Ω1
X).

By a highly non-trivial result of Rudakov and Shafarevich [610] (see also [422] and [548] for dif-
ferent proofs), we have

h0(X,ΘX) = 0.

(In characteristic zero, this is an easy consequence of the isomorphism Ω1
X
∼= ΘX and the Hodge

symmetry h0,1 = h1,0, but this symmetry is known to fail in general for surfaces in positive charac-
teristic.) Thus, hj(Ω1

X) = 0 if j 6= 1. Using Serre Duality and the definition of a K3 surface, we also
have hj(Ω0

X) = hj(Ω2
X) = 1 for j = 1, 2 and h1(Ω0

X) = h1(Ω2
X) = 0. Using e(X) = c2(X) = 24

(see Table A.2.5) and Proposition 1.4.3, the remaining Hodge numbers follow. The assertion on the
étale fundamental group was already shown in Proposition 1.1.9.

The previous result allows us to compute the cohomology of tangent and cotangent bundle of those
Enriques surfaces, whose K3-cover is a smooth K3 surface.

Corollary 1.4.5. Let S be an Enriques surface over an algebraically closed field k of characteristic
p ≥ 0. Assume that p 6= 2 or that S is a µ2-surface. Then,

h1,j(S) = hj(Ω1
S/k) = hj(ΘS/k) =

{
10 if j = 1, and
0 otherwise.

Moreover, the étale fundamental group of S is isomorphic to (Z/2Z).

Proof. Let π : X → S be the K3-cover of S, which is étale of degree 2. Then, X is a K3 surface by
Proposition 1.3.3, and since K3 surfaces are algebraically simply connected by Proposition 1.1.9,
the assertion on étale fundamental groups follows.

Since π is étale, we have π∗(Ωi
S) ∼= Ωi

X for all i, and then, the projection formula yields

π∗(Ω
i
X) = π∗

(
π∗(Ωi

S)
)

= Ωi
S ⊗ π∗(OX).

From this, we obtain a short exact sequence

0 → Ωi
S → π∗Ω

i
X → Ωi

S ⊗ ωS → 0. (1.4.1)
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If p 6= 2, then this sequence splits. Then, taking cohomology and using Theorem 1.4.4, we find
h0(Ω1

S) = h2(Ω1
S) = 0. Using c2(S) = 12, χ(OS) = 1 (see Table 1.1), and Proposition 1.4.3, we

find h1(Ω1
S) = 10. Taking cohomology in (1.4.1) again allows us to compute hj(Ω1

S ⊗ ωS), which,
by Serre Duality, is equal to h2−j(ΘS).

If S is a µ2-surface, then ωS ∼= OS . As in the proof of Theorem 1.4.4, we find Ω1
S
∼= ΘS .

Taking cohomology in (1.4.1), we find h0(Ω1
S) = h2(Ω1

S) = 0. From this, we compute h1(Ω1
S) =

1
2h

1(Ω1
X) = 10.

The analogous results for Enriques surfaces in characteristic 2 that are not µ2-surfaces are more
complicated. We start with the following result, which is independently due to Illusie [321] and
Lang [421].

Theorem 1.4.6. Let S be an Enriques surface over an algebraically closed field k of characteristic
p. Then, all regular 1-forms are d-closed, that is, dα = 0 for all α ∈ H0(S,Ω1

S/k).

Proof. We have to show that the differential

d1 : E1,0
1 = H0(S,Ω1

S) → E2,0
1 = H0(S,Ω2

S)

in the Frölicher spectral sequence is zero and we shall follow [421]. If S is a classical Enriques
surface, then h0(Ω2

S) = 0, and if S is a µ2-surface, then h0(Ω1
S) = 0. In these cases, the assertion

is trivially true, and we may assume that p = 2 and that S is an α2-surface. Then, we have
ωS ∼= OS and Ω1

S
∼= ΘS . Seeking a contradiction, we assume that d1 is non-zero. Then, it follows

from h0(Ω2
S) = 1 that d1 is surjective. Thus, by Poincaré Duality in de Rham cohomology, the

transpose
d∗1 : E0,2

1 = H2(S,OS) → E1,2
1 = H2(S,Ω1

S)

of d1 is injective.

Let a ∈ H1(S,OS) be a non-zero element. We have already seen in the proof of Theorem 1.2.1
that the cup-product a ∪ a ∈ H2(S,OS) is non-zero. Using p = 2, we compute d∗1(a ∪ a) =
a ∪ d∗1(a) + d∗1(a) ∪ a = 2(a ∪ d∗1a) = 0, which contradicts the injectivity of d∗1. Thus, d1 is not
surjective, whence, the zero-map, and so, all regular 1-forms are d-closed, also forα2-surfaces.

Remark 1.4.7. We will see in Proposition 1.4.12 below that the slope spectral sequence of an En-
riques surface degenerates at E1, which also implies Theorem 1.4.6, see Remark 0.10.17. Over the
complex numbers, it follows from Stokes’ theorem that holomorphic 1-forms on a compact complex
surface are d-closed (even without the Kähler assumption), see [42, Lemma IV.2.1]. On the other
hand, Mumford [522] gave examples of smooth projective surfaces in positive characteristic with
regular 1-forms that are not closed.

Corollary 1.4.8. Let S be an Enriques surface over an algebraically closed field k of characteristic
p ≥ 0. Then,

h1
DR(S) =

{
0 if p 6= 2,

1 otherwise.
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Proof. Since all 1-forms are d-closed by Theorem 1.4.6, Oda’s results [552] imply that H1
DR(S/k)

is isomorphic to the Dieudonne module of the p-torsion subgroup scheme of PicτS/k, see also the
proof of [421, Theorem 2]. By Theorem 1.2.1, this module is zero if p 6= 2 and a 1-dimensional
k-vector space if p = 2.

Corollary 1.4.9. Let S be an Enriques surface over an algebraically closed field k of characteristic
p = 2 that is not a µ2-surface. Then,

h1,j(S) = hj(S, Ω1
S/k) =

{
12 if j = 1, and
1 otherwise.

Moreover,

1. if S is an α2-surface, then hj(S,ΘS/k) = hj(S,Ω1
S/k) for all j, and

2. if S is a classical Enriques surface, then

hj(S, ΘS/k) =

{
10 + 2a if j = 1, and
a otherwise.

for some integer 0 ≤ a ≤ 1. If a 6= 0, then the K3-cover X → S is a non-normal and
rational surface. Thus, in this case, S is a Zariski surface via its K3-cover.

Proof. Passing to E2-terms of the Frölicher spectral sequence (0.10.38), we obtain an inclusion of
Ker(d : H0(Ω1

S)→ H0(Ω2
S)) into H1

DR(S). The former coincides with H0(Ω1
S) by Theorem 1.4.6

and it is non-zero by Proposition 1.3.8. SinceH1
DR(S) is one-dimensional by the previous corollary,

we find h0(ΩS) = 1. Next, Serre Duality gives h2(Ω1
S) = 1, and using Proposition 1.4.3, we find

h1(Ω1
S) = 12.

If S is an α2-surface, then ωS ∼= OS , which gives Ω1
S
∼= ΘS as in the proof of Theorem 1.4.4. In

particular, we obtain hj(Ω1
S) = hj(ΘS) for all j.

If S is classical, then we set a := h0(ΘS). Using Serre Duality and Proposition 1.4.3, we conclude
h1(ΘS) = 10 + a and h2(ΘS) = a. It remains to show that a ≤ 1. Let π : X → S be the K3-cover
and let A be the conductrix, which could be zero. Dualizing the short exact sequence (1.3.8) and
using (1.3.5), we find a closed subscheme Z (empty or zero-dimensional) with ideal sheaf IZ and a
short exact sequence

0 → ωS(2A) → ΘS → IZ(−2A) → 0. (1.4.2)

The singular locus of X lies over Z ∪A, and thus, since X is not smooth by Proposition 1.3.3, Z or
A cannot be both empty. From this, we deduce a = h0(ΘS) = h0(ωS(2A)). In particular, if a 6= 0,
then A 6= 0 and X is not normal. In this case, X is a rational surface by Theorem 1.3.5 and since
X → S is purely inseparable of degree p, it follows that S is a Zariski surface via X . Let B = 2A
be the biconductrix, and then, taking cohomology in the short exact sequence

0 → ωS → ωS(B) → ωB → 0

and using that S is classical, we find h0(ωS(B)) = h0(B,ωB). We will show in Proposition 4.10.5
that A is a proper part of reducible fibers of a genus one fibration on S. This then implies that
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|2A+KS | does not have a moving part varying in a linear system of positive dimension. Thus, we
find a = h0(ωS(B)) ≤ 1.

Enriques surfaces in characteristic 6= 2 have no nonzero global vector fields. On the other hand,
α2-surfaces always have nonzero global vector fields, whereas µ2-surfaces have no nonzero global
vector fields. Concerning vector fields on classical Enriques surfaces in characteristic 2, we have
just established h0(ΘS) ≤ 1 and note that we encountered classical Enriques surfaces with vector
fields in Proposition 1.2.9 in connection with Lang’s proof of Theorem 1.2.7. The following result
is due to Ekedahl and Shepherd-Barron [209].

Theorem 1.4.10. Let S be a classical Enriques surface over an algebraically closed field of char-
acteristic 2. Then, H0(S,ΘS) 6= 0 if and only if S contains a configuration of smooth rational
curves that defines a root basis of type T3,3,4, T2,4,5, or T2,3,7 inside Num(S).

Proof. We will only mention the ingredients of the proof: let π : X → S be the K3-cover. If X is
normal, then we have h0(ΘS) = 0 by Corollary 1.4.9. Thus, if h0(ΘS) 6= 0, then X is non-normal
and thus, there is a non-zero conductrix A. More precisely, A is equal to the divisorial part of the
scheme of zeros of a regular 1-form on S. Using (1.4.2), we conclude that h0(ΘS) 6= 0 if and only
if h0(2A+KS) 6= 0. From here, the proof consists of a careful analysis of possible divisors A and
finding all possible A for which this condition is satisfied. We will give more details in Section 4.10
when discussing exceptional Enriques surfaces.

The following table summarizes our findings. As usual, we set hi,j(S) = hj(Ωi
S/k) and Serre

Duality gives hi,j(S) = h2−i,2−j(S). Moreover, we set tj := hj(ΘS/k). The integer a is the one
from Corollary 1.4.9, where we also established 0 ≤ a ≤ 1.

PicτS/k h1,0 h0,1 h2,0 h1,1 h0,2 t0 t1 t2 h1DR π1

characteristic p 6= 2:
µ2
∼= (Z/2Z) 0 0 0 10 0 0 10 0 0 Z/2Z

characteristic p = 2:
(Z/2Z) 1 0 0 12 0 a 10 + 2a a 1 {e}
µ2 0 1 1 10 1 0 10 0 1 Z/2Z
α2 1 1 1 12 1 1 12 1 1 {e}

Table 1.2: Differential invariants of Enriques surfaces

Remark 1.4.11. Let S be an Enriques surface over an algebraically closed k of characteristic p > 0.
If t2(S) = 0, then deformation theory implies formal lifting of S over the Witt ring W = W (k). If
moreover h2,0(S) = 0 holds true, then even algebraic lifts over W are easy to establish. We note
that both conditions are satisfied if p 6= 2. On the other hand, α2-surfaces do not even lift over W2,
but there always exist algebraic lifts over ramified extensions of W . We will come back to this in
Volume 2.

Next, in order to compute the crystalline and Hodge-Witt cohomology groups of an Enriques sur-
face, let us remind the reader that we computed Serre’s Witt vector cohomology groups H i(WOS)
already in Corollary 1.2.5 using results on PicτS/k. This is already sufficient the degeneration behav-
ior of the slope spectral sequence (0.10.45).
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Proposition 1.4.12. The slope spectral sequence of an Enriques surface over an algebraically
closed field of positive characteristic degenerates at E1.

Proof. By Theorem 0.10.16, we have to show that Hj(WΩi
S) is a finitely generated W -module

for all i, j. Moreover, by Remark 0.10.17, it suffices to check that H2(WOS) is finitely generated,
which is true by Corollary 1.2.5.

Next, we compute the crystalline cohomology groups, which should be compared to the singular
cohomology groups in the complex case in Theorem 1.4.1.

Theorem 1.4.13. , Let S be an Enriques surface over an algebraically closed field k of character-
istic p > 0 and let W = W (k) be the ring of Witt vectors. Then, S has the following crystalline
and de Rham cohomology groups

0 1 2 3 4
p 6= 2 Hi(S/W ) W 0 W 10 0 W

Hi
DR(S) k 0 k10 0 k

p = 2 Hi(S/W ) W 0 W 10 ⊕ k k W
Hi

DR(S) k k k11 0 k

Table 1.3: Crystalline and de Rham cohomology of Enriques surfaces

Moreover, if p 6= 2 or S is a µ2-surface, then the étale fundamental group is isomorphic to (Z/2Z).
In the remaining cases, S is algebraically simply connected.

Proof. The assertions about H i(S/W ) for i = 0, 4 follow from the fact that S is a smooth and
proper surface. Also, since Pic0

S is zero-dimensional, we find H1(S/W ) = 0.

First, assume that p 6= 2. Since NS(S) has no p-torsion, also P 1H1(S/W ) has no p-torsion by
(0.10.48). And since H2(WOS) = 0 by Corollary 1.2.5, we have H2(S/W ) = P 1H2(S/W ), and
conclude that H2(S/W ) has no p-torsion. Since it is of rank b2 = 10, we find H2(S/W ) ∼= W 10.
From this, Poincaré Duality gives H3(S/W ) = 0.

Next, assume that p = 2. If S is classical, then we have H2(WOS) = 0 by Corollary 1.2.5 and
conclude H2(S/W ) = P 1H2(S/W ) as before. The p-torsion of P 1H2(S/W ) is computed from
the one of NS(S), and we find P 1H2(S/W )tors

∼= k. Again, the rank of of H2(S/W ) is equal to
b2 = 10, and we conclude H2(S/W ) ∼= W 10 ⊕ k. Thus, we obtain H3(S/W ) ∼= k by Poincaré
Duality.

Finally, assume that S is non-classical. Since NS(S) has no p-torsion, neither has P 1H2(S/W ) by
(0.10.48). By Corollary 1.2.5, we have H2(WOS) = k. Now, the V -torsion of H2(WOS) injects
into the torsion of H2(W/S), and the torsion of H2(W/S) surjects onto the torsion of H2(WOS),
see also [321, Section II.(6.7.2)]. This implies that the torsion ofH2(S/W ) is k, and since b2 = 10,
we find H2(S/W ) ∼= W 10 ⊕ k. Using Poincaré Duality, we find H3(S/W ) = k.

In all cases, the de Rham cohomology groups can easily be computed from the crystalline coho-
mology groups using the universal coefficient formula (0.10.43).
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Corollary 1.4.14. Let S be an Enriques surface over an algebraically closed field k. Then, the
exotic torsion of S is zero.

Proof. Applying the theorem and Corollary 1.2.5 to (0.10.49), it follows that the torsion ofH2(S/W )
is divisorial and thus, the exotic torsion is zero.

Corollary 1.4.15. Let S be an Enriques surface over an algebraically closed field k.

1. The Frölicher spectral sequence of S from Hodge to de Rham cohomology degenerates at E1

if and only if S not an α2-surface.

2. If S is an α2-surface, then the Frölicher spectral sequence degenerates at E2 and the non-
zero differentials on the E1-page are

d0,1
1 : H1(S, OS) → H1(S, Ω1

S/k) and d1,1
1 : H1(S, Ω1

S/k) → H1(S, Ω2
S/k).

Proof. The Frölicher spectral sequence of a smooth and proper variety degenerates atE1 if and only
if hnDR =

∑
i+j=n h

i,j holds for all n, see Proposition 0.10.9. Using this, the first claims follows
from inspecting Table 1.2 and Table 1.3.

Let S be an α2-surface. Since global 1-forms on S are d-closed by Theorem 1.4.6, it follows that
the only differentials on theE1-page of the Frölicher spectral sequence that can be non-zero are d0,1

1

and d1,1
1 . By the established first claim, at least one of them must be non-zero. Since d0,1

1 and d1,1
1

are dual maps via Serre Duality, it follows that if one is non-zero, then so is the other. Therefore,
both maps must be non-zero.

For more details about the Frölicher spectral sequence of an Enriques surface and its differentials,
we refer the interested reader to [321, Proposition II.7.3.8] and its proof. We end this section by
computing the Hodge-Witt cohomology groups

H i,j
W (S) := Hj(S, WΩi

S/k),

that is, the cohomology groups of the de Rham-Witt complex, which we discussed in Section 0.10.

Proposition 1.4.16. Let S be an Enriques surface over an algebraically closed field k of charac-
teristic p > 0 and let W = W (k) be the ring of Witt vectors. Then, we have H0,0

W
∼= H2,2

W
∼= W , as

well as

PicτS/k H1,0
W H0,1

W H2,0
W H1,1

W H0,2
W H2,1

W H1,2
W

characteristic p 6= 2:
µ2
∼= (Z/2Z) 0 0 0 W 10 0 0 0

characteristic p = 2:
(Z/2Z) 0 0 0 W 10 ⊕ k 0 0 k
µ2 0 0 0 W 10 k k 0
α2 0 0 0 W 10 k 0 k

Table 1.4: Hodge-Witt cohomology of Enriques surfaces
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Proof. Since S is a smooth and proper surface, we have H0,0
W
∼= H2,2

W
∼= W . Next, by partial

degeneration of the slope spectral sequence (0.10.45) we obtain a short exact sequence of free W -
modules

0 → H0(S, WΩ1
S) → H1(S/W ) → H1(S, WOS) → 0,

see (0.10.47). Since H1(S/W ) = 0 by Table 1.3, we conclude H1,0
W = H0,1

W = 0. Next, the
F-isocrystal H2(S/W )⊗K is of slope 1 by Corollary 1.2.5, which implies that H0(WΩ2

S)⊗K is
zero, since the latter is isomorphic to the sub-F-isocrystal of H2(S/W ) ⊗K of slope 2. All H i,0

W

are free W -modules of finite rank by (0.10.46), from which we conclude that H2,0
W = 0. Moreover,

we already computed H0,2
W = H2(WOS) in Corollary 1.2.5.

By Proposition 1.4.12, the slope spectral sequence of S degenerates at E1, and thus, looking up
H2(S/W ) in the Table 1.3, as well as using the already computed groups H2,0

W and H0,2
W , this

enables us to compute H1,1
W .

It remains to compute H2,1
W and H1,2

W . Again, using that the slope spectral sequence degenerates
at E1, we obtain a short exact sequence

0 → H1(S, WΩ2
S) → H3(S/W ) → H2(S, WΩ1

S) → 0

and H3(S/W ) is given by Table 1.3. If p 6= 2, then this immediately implies H2,1
W = H1,2

W = 0.
We may thus assume that p = 2. From here, we sketch only the proof and refer to [321, Section
II.7.3] for details. Since p = 2, we have H3(S/W ) ∼= k, which implies that one of the two desired
cohomology groups is isomorphic to k, whereas the other one is zero. Therefore, it suffices to
compute H1(WΩ2

S). Now, the Verschiebung V induces a short exact sequence 0 → WΩ2
S →

WΩ2
S → WΩ2

S/VWΩ2
S → 0. Taking cohomology, using H2(WΩ2

S) ∼= W and using the Cartier
operator C in Hodge-Witt cohomology, we obtain an isomorphism

H1(S, WΩ2
S)/V H1(S, WΩ2

S) ∼= lim←−
C

H1(S, Ω2
S).

Next, Frobenius F is an automorphism of H2,1
W and since V = pF−1, the term on the left is isomor-

phic to H2,1
W /pH2,1

W . Thus, if S is classical, then H1(Ω2
S) = 0, which implies H2,1

W /pH2,1
W = 0 and

we conclude H2,1
W = 0. In case S is not classical the C-limit over H1(Ω2

S) is dual to the F-limit
over H1(OS). This is isomorphic to k if S is a µ2-surface and it is zero if S is anα2-surface. Thus,
we find H2,1

W
∼= k (resp. = 0) in case S is a µ2-surface (resp. an α2-surface).

We end this section by discussing F -split and ordinary Enriques surfaces in positive characteristic
- these behave particularly nice when it comes to degeneration of the Frölicher spectral sequence
from Hodge to de Rham cohomology, in view of their crystalline cohomology, and in view of the
vanishing theorems that we will discuss in Section 2.1.

Let X be a variety over a perfect field k of characteristic p > 0 and let F : X → X be the
absolute Frobenius morphism. Then,X is called Frobenius split, or F -split for short, if the injective
homomorphism OX → F∗OX splits as a homomorphism of OX -modules. We remind the reader
that we already discussed F -split singularities in Chapter 0.4 and refer the reader to [93] for an
introduction to F -split varieties.
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Proposition 1.4.17. Let X be a smooth and proper variety over an algebraically closed field k
of characteristic p > 0 that is F -split. Then, h0(X,ω

⊗(1−p)
X ) 6= 0. In particular, the Kodaira

dimension of X satisfies κ(X) ≤ 0.

Proof. We only sketch the proof and refer to [93, Section 1.3] for details: by definition of −!, there
is an isomorphism

Hom(F∗OX ,OX) ∼= F∗(F
!OX).

Using duality for finite and flat morphisms and suitable trace maps, one can show that there exists
an isomorphism

F!OX ∼= ω
⊗(1−p)
X .

Thus, if X is F -split, then a choice of splitting ϕ : F∗OX → OX yields a non-zero section of
F∗(F

!OX), which implies that h0(F!OX) = h0(ω
⊗(1−p)
X ) 6= 0.

In particular, surfaces of Kodaira dimension zero as classified in Chapter 1.1 have a chance of
being F -split. We refer to Section 0.10 for a discussion of ordinary varieties.

Theorem 1.4.18. Let X and S be smooth and proper varieties in characteristic p > 0.

1. If X is an abelian variety or a K3 surface, then X is F -split if and only if X is ordinary.

2. If S is an Enriques surface, then

(a) if p 6= 2, then S is F -split if and only if its K3-cover is F -split.

(b) If p = 2, then S is F -split if and only if S is a µ2-surface. In this case, the K3-cover of
S is a K3 surface that is ordinary or, equivalently, F -split.

Proof. If X is an abelian variety, then the equivalence of being ordinary and being F -split is well-
known, see, for example, [490, Lemma 1.1].

Next, it follows from [93, Remarks 1.3.9] that a smooth, proper, and n-dimensional variety X is
F -split if and only if the map

F∗ : Hn(X,ωX) → Hn(X,ω⊗pX )

induced by Frobenius on cohomology is non-zero.

Thus, ifX is a K3 surface, thenX is F -split if and only if F∗ : H2(OX)→ H2(OX) is non-zero.
We showed in Example 0.10.25 that this means that it is ordinary in degree 2. Since H1(X,OX) =
0, it is ordinary in degree 1. We refer to this Example for other characterizations of an ordinary K3
surface.

Now, let S be an Enriques surface in characteristic p > 0, say with K3-cover π : X → S. First,
assume that p 6= 2. Since π is a finite and étale morphism, we have π∗ωS ∼= ωX and thus, we obtain
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a commutative diagram

H2(X,ωX)
F // H2(X,ω⊗pX )

H2(S, ωS)

π∗

OO

F // H2(S, ω⊗pS ).

π∗

OO

Since π is a finite of degree prime to p, the vertical maps are split injections (via trace maps). On
the other hand, the vector spaces on the left are one-dimensional, from which it is easy to see that
the upper horizontal map is injective if and only if the lower horizontal map is. Using the above
criterion for F -splitting, assertion (a) follows.

If p = 2 and S is an F -split Enriques surface, then Proposition 1.4.17 implies that h0(ω−1
S ) 6= 0,

that is, S is a non-classical Enriques surface. Moreover, sinceOS → F∗OS is a split injection, so is
F : H1(OS)→ H1(F∗OS), which implies that the Frobenius action onH1(OS) is injective. Thus,
S is a µ2-surface. Conversely, let S be a µ2-surface. Then, the K3-cover π : X → S is an ordinary
K3 surface by [139], see also Remark 1.3.12. In particular, F∗ : H2(X,OX) → H2(X,OX) is
injective. Since π is a (Z/2Z)-torsor, we have a short exact sequence

0 → OS → π∗OX → OS → 0,

see Section 0.3. From this, it is easy to see that the injective F-action on H2(X,OX) forces also
the F-action on H2(S,OS) to be injective. Since ωS ∼= OS , it follows that S is F -split.

Theorem 1.4.19. Let S be an Enriques surface in characteristic p > 0. Then,

1. If p 6= 2, then S is ordinary (in the sense of Definition 0.10.22).

2. If p = 2, then S is ordinary if and only if S is not an α2-surface.

In particular, F -split Enriques surfaces are Bloch-Kato-Illusie-Raynaud ordinary, but the converse
is not true in general.

Proof. First, assume that p 6= 2 or that p = 2 and that S is classical. Taking cohomology in the
short exact sequence

0 → OS → F∗OS
d−→ BΩ1

S/k → 0 (1.4.3)

and using h1(OS) = h2(OS) = 0, we find H i(BΩ1
S/k) = 0 for all i ≥ 0. If p = 2 and S is

a µ2-surface, then it is F -split by Theorem 1.4.18 and thus, (1.4.3) is split. Therefore, the maps
H i(OS)→ H i(F∗OS) are injective for all i ≥ 0, which implies that H i(BΩ1

S) = 0 for all i ≥ 0.

Since S is a surface, the Cartier operator induces a perfect pairing

F∗(OS) ⊗ F∗(Ω
2
S/k) → Ω2

S/k = ωS

that is given by (f, ω) 7→ C(fω). This induces a perfect pairing BΩ1
S⊗BΩ2

S → ωS , see the proofs
of [346, Theorem 2.4.1]. and [490, Lemma 1.1]. Thus, a surface S that satisfies H i(BΩ1

S) = 0 for
all i ≥ 0 automatically satisfies H i(BΩ2

S) = 0 for all i ≥ 0 and is thus ordinary in the sense of
Bloch, Kato, Illusie, and Raynaud.
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It remains to show if S is an α2-surface over an algebraically closed field k of characteristic 2,
then it is not ordinary: taking cohomology in (1.4.3) and using that the mapH1(OS)→ H1(F∗OS)
is zero, we obtain an isomorphism and an injection k ∼= H1(F∗OS) → H1(BΩ1

S), which implies
that S is not Bloch-Kato-Illusie-Raynaud ordinary.

Remark 1.4.20. For varieties that are ordinary in the sense of Bloch, Kato, Illusie, and Raynaud,
the Frölicher spectral sequence from Hodge to de Rham cohomology degenerates at E1 by [324,
Théorème IV.4.13]. Therefore, we obtain another proof that the Frölicher spectral sequences degen-
erates at E1 for all Enriques surfaces that are not α2-surfaces. By Corollary 1.4.15, we know that it
does not degenerate at E1 for α2-surfaces.

If S is an Enriques surface in characteristic p > 0, then H1(S/W ) and H3(S/W ) are zero and
torsion, respectively, see Theorem 1.4.13. Moreover, the Newton polygon and the Hodge polygon
arising from H2(S/W ) coincide and are straight lines. In particular, these crystalline cohomology
groups do not give rise to interesting invariants. However, if p 6= 2 or p = 2 and S is a µ2-surface,
then the K3-cover π : X → S is a K3 surface and we can look at the height h(X) := h(B̂rX/k) of
the formal Brauer group. If h(X) = 1, then X is an ordinary K3 surface. Moreover, if h(X) =∞,
that is, if X is supersingular, then we may consider the Artin invariant σ0(X).

Theorem 1.4.21. Let S be an Enriques surfaces in characteristic p > 0 and let π : X → S be its
K3-cover.

1. If p = 2 and S is a µ2-surface, then h(X) = 1, that is, X is an ordinary K3 surface.

2. If p ≥ 3, then

(a) either h(X) ≤ 6,

(b) or else h(X) =∞, that is, X is supersingular, and then, σ0(X) ≤ 5.

3. Conversely, if p ≥ 3, then

(a) for every 1 ≤ h ≤ 6, there exists a K3 surface X with h(X) = h in characteristic p
that is the K3-cover of an Enriques surface.

(b) Every supersingular K3 surface X in characteristic p with σ0(X) ≤ 5 is the K3-cover
of an Enriques surface.

Proof. The assertion for p = 2 is due to Crew [139], see also Theorem 1.4.18, and thus, we may
assume p ≥ 3.

We have b2(X) = 22 since X is a K3 surface. Next, we have ρ(S) = 10 by Theorem 1.2.7,
and the map π∗ : Pic(S) → Pic(X) is injective up to torsion (see also Proposition 1.3.13) and
we find ρ(X) ≥ 10. Thus, if h(X) < ∞, then the Igusa-Artin-Mazur inequality (0.10.53) yields
h(X) ≤ 1

2(b2(X)− ρ(X)) ≤ 6.

If h(X) =∞, then the assertion σ0(X) ≤ 5 is due to Jang, see [339, Corollary 3.4].

The converse result (3) is also due to Jang, see [339, Theorem 2.3] and Corollary 2.4.
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Remark 1.4.22. The formal moduli space of K3 surfaces (resp. Enriques surfaces) in characteristic
p of height ≥ h is of dimension 21 − h (resp. 11 − h), see [26] and [339]. Moreover, if p ≥ 3,
then every K3 surface can be the K3-cover of at most finitely many Enriques surfaces. Thus, for
dimensional reasons, a general K3 surface of height≤ 6 is not the K3-cover of an Enriques surface.

For example, if A is an abelian surface in characteristic p ≥ 3, if X := Kum(A) is the associated
Kummer surface, and S := Kum(A)/〈ι〉 is the quotient by a fixed point free involution ι, then S
is an Enriques surface with K3-cover X . Since X is a Kummer surface, it is well-known that we
have either h(X) ≤ 2 or else h(X) = ∞ and σ0(X) ≤ 2. We refer to Example 1.6.13 for explicit
examples.

1.5 The Enriques lattice

In this section, we turn to the Néron-Severi lattice of an Enriques surface S. We will study root
bases, Weyl groups, fundamental weights, and orbits of primitive vectors. We start with the isometry
class of this lattice, which is in fact the same for all Enriques surfaces.

Proposition 1.5.1. Let S be an Enriques surface over an algebraically closed field k. Then,

Num(S) = NS(S)/Tors = NS(S)/(KS) ∼= U⊕ E8,

which is an even and unimodular lattice of rank 10 and signature (1, 9).

Proof. By Theorem 1.2.7, the rank of Num(S) is equal to 10. Let us first treat the case where k is
of characteristic zero. By the Lefschetz principle, we may assume that k = C. Then, Lefschetz’s
Theorem on (1, 1)-classes implies that the first Chern class c1 : NS(S) → H2(S,Z) gives rise to
an isomorphism of abelian groups up to torsion subgroups, that is,

Num(S) ∼= H2(S,Z)/Tors ∼= Z10.

Since this isomorphism is compatible with intersection pairing on both sides, Poincaré Duality
for H2(S,Z) implies that Num(S) is a unimodular lattice. By the Hodge Index Theorem, it is
of signature (1, 9). Given an effective class D ∈ Num(S), the adjunction formula yields D2 =
D2 + D · KS = −2χ(OD), which is an even integer. Since S is projective, every divisor class
D ∈ Num(S) can be written as the difference of two effective divisor classes, from which it follows
that D2 is in general an even integer. This shows that Num(S) is an even lattice. By Proposition
0.8.7, there exists only one isomorphism class of even and unimodular lattices of signature (1, 9)
and it is represented by U⊕ E8.

Let us now treat the case, where k is of characteristic p > 0. For all primes ` 6= p, it follows from
(0.10.29) that T`(Br(S)) = 0, which shows that there is an isomorphism

Num(S)⊗Z Z` ∼= H2
ét(S,Z`(1))/Tors

that is compatible with intersection pairings on both sides. By Poincaré Duality for `-adic cohomol-
ogy of algebraic surfaces, we find that Num(S) ⊗ Z` is a unimodular lattice over Z` for all ` 6= p.
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Next, the Artin-Mazur formula (0.10.65) yields h(S) = tp = 0, and then, (0.10.61) implies that
there is an isomorphism

Num(S)⊗Z Zp ∼= H2
fl(S,Zp(1))/Tors

that is compatible with intersection pairings on both sides. We note that even if a surface satisfies
ρ = b2, then this does not imply that the pairing on the right hand side is unimodular, see Remark
0.10.30. In our case, it follows from (the proof of) Theorem 1.4.13 that there exist isomorphisms

Num(S)⊗Z W ∼= (H2
ét(S,Zp(1))⊗Zp W )/Tors ∼= H2(X/W )/Tors

that are compatible with intersection pairings. By Poincaré Duality in crystalline cohomology, the
pairing on the right hand side is perfect, which implies that the pairing on Num(S)⊗Zp is perfect.
Putting all these computations together, we find that Num(S) ⊗ Z` is a unimodular lattice over Z`
for all primes ` (including ` = p), which implies that Num(S) is a unimodular lattice over Z. From
here, we proceed as in the characteristic zero case.

Definition 1.5.2. The lattice
E10 := U⊕ E8

∼= E2,3,7

is called the Enriques lattice.

In fact, this lattice is part of the following series of lattices: for every integer n ≥ 4, we define

En := E2,3,n−3,

where the lattices Ep,q,r are the ones introduced in Example 0.8.6. In this notation, the Enriques
lattice is E10, which is consistent with the previous definition. Moreover, we note that there are
isomorphisms of lattices for n ≥ 11

En ∼= U⊕ E8 ⊕ An−10.

These lattices can be realized as follows in the geometry of rational surfaces, see also the discussion
around (0.5.1): consider

π : X = Xn
πn−→ Xn−1

πn−1−→ . . .
π2−→ X1

π1−→ X0 := P2, (1.5.1)

where each πi : Xi → Xi−1 is the blow-up of a point xi ∈ Xi−1. If e0 denotes the pullback
of the divisor class of a line in P2 and the ei, i = 1, . . . , n denote the classes of the exceptional
configuration Ei = (π ◦ · · · ◦ πi)−1(xi), then we have already seen in the discussion around (0.5.3)
that the e0, e1, . . . , en form a basis of Pic(X).

For an integer n ≥ 3, let I1,n = 〈1〉 ⊕ 〈−1〉n be the standard hyperbolic lattice with its stan-
dard basis e0, . . . , en, see Example 0.8.6. Then, the map that sends ei 7→ ei for all i defines an
isomorphism of lattices I1,n ∼= Pic(X). Next, we define

kn := 3e0 − e1 − · · · − en,

which corresponds to the anti-canonical divisor class −KX in Pic(X). It is easy to check that

En ∼= (Zkn)⊥ ⊂ I1,n. (1.5.2)
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Under this identification, the vectors

α0 := e0 − e1 − e2 − e3, αi := ei − ei+1, i = 1, . . . , n− 1,

form a root basis of En. In particular, if n = 10, that is, for the Enriques lattice E10, then the
Coxeter-Dynkin diagram of this root basis is of type T2,3,7, see also Example 0.8.6 for the definition
of the graphs Tp,q,r:

• • • • • • • • •

•

α1 α2 α3 α4 α5 α6 α7 α8 α9

α0

Figure 1.1: The Enriques lattice E10

With respect to this root basis, the splitting E10
∼= U ⊕ E8 can be seen as follows: first, the

α0, . . . ,α7 span a lattice of type E8. Next, we define

f := 3α0 + 2α1 + 4α2 + 6α3 + 5α4 + 4α5 + 3α6 + 2α7 +α8, (1.5.3)

and then, we have f · αi = 0 for i = 0, . . . , 7. Moreover, f and α9 span a sublattice isomorphic to
U and orthogonal to E8, which yields the asserted splitting.

The Dynkin diagram in Figure (1.1) has only one parabolic subdiagram, namely the one that
is obtained by deleting the vertex α9. Since its rank is equal to 8, Theorem 0.8.22 implies that
B = (α0, . . . ,α9) is a crystallographic basis. By Proposition 0.8.19, WB(E10) = W (E10). Since
the graph T2,3,7 has no non-trivial symmetries, (0.8.16) implies that there is an isomorphism

O(E10)′ ∼= W (E10). (1.5.4)

As explained in Section 0.3, reflections in the αi give rise to an action of W (E10) on I1,n and it
is easy to see that it leaves vector k10 fixed. Conversely, using (1.5.2), we see that an isometry
σ ∈ O(I1,10) that fixes k10 defines an isometry of E10. Thus, by (1.5.4) we find

O(E10)′ ∼=
{
σ ∈ O(I1,10) : σ(k10) = k10

}
.

Using the isomorphism Num(S) ∼= E10 for an Enriques surface S, the pre-image W (Num(S))
of W (E10) becomes a subgroup of index 2 of the orthogonal group O(Num(S)). The group
W (Num(S)) is called the Weyl group of S.

Since E10 is unimodular, the intersection form induces a canonical isomorphism with its dual
lattice E∨10 and we denote by B∗ = (ω0, . . . ,ω9) the dual basis of B. Its elements are called the
fundamental weights of E10. We note that this is compatible with Lie theory: for E10, the set of
roots B coincides with the set of coroots, and thus, the fundamental weights are dual to the coroots,
as defined, for example, in [86, Chapter VI, Section 10].

Proposition 1.5.3. The vectors

fi := k10 + ei, i = 1, . . . , 10, and ∆ :=
1

3
(f1 + · · ·+ f10).

belong to E10 and satisfy
fi · fj = 1− δij .
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Moreover, the fundamental weights B∗ are as follows

ω0 = ∆

ω1 = ∆− f1,

ω2 = 2∆− f1 − f2,

ωi = 3∆− f1 − · · · − fi = fi+1 + · · ·+ f10, i ≥ 3.

The Gram matrix with respect to the basis B∗ is the following.



10 7 14 21 18 15 12 9 6 3
7 4 9 14 12 10 8 6 4 2
14 9 18 28 24 20 16 12 8 4
21 14 28 42 36 30 24 18 12 6
18 12 24 36 30 25 20 15 10 5
15 10 20 30 25 20 16 12 8 4
12 8 16 24 20 16 12 9 6 3
9 6 12 18 15 12 9 6 4 2
6 4 8 12 10 8 6 4 2 1
3 2 4 6 5 4 3 2 1 0



Proof. Since k2
10 = −1 and ei · k10 = 1 for all i ≥ 1, we find fi ∈ k⊥10 = E10 using(1.5.2). Next,

we have

∆ =
1

3

(
10k10 +

10∑
i=1

ei

)
=

1

3

(
30e0 − 9

10∑
i=1

ei

)
= 10e0 − 3

10∑
i=1

ei,

which thus lies in I1,10. It is easy to see that it is perpendicular to k10, which shows that ∆ lies in
E10. The remaining assertions are easily verified by straightforward computations.

Explicitly, one can express the isotropic vectors fi in terms of the root basis B as follows

fi = f +
9∑
j=i

αj , for i = 1, . . . , 9, and f10 = f. (1.5.5)

Let us recall the following notations that we introduced in Section 0.8: if M is a lattice, then Md

denotes the set of vectors v ∈ M that satisfy v2 = d. Moreover, we denote by M ′d the subset of
Md that consists of primitive vectors. As an application of the previous Proposition, we have the
following.

Corollary 1.5.4. The O(E10)-orbits of primitive vectors of E10 of self-intersection at most 10 are
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as follows.

(E10)′0 = O(E10) · ω9 (1.5.6)

(E10)′2 = O(E10) · ω8 (1.5.7)

(E10)′4 = O(E10) · ω1

⊔
O(E10) · (ω8 + ω9) (1.5.8)

(E10)′6 = O(E10) · ω7

⊔
O(E10) · (ω8 + 2ω9) (1.5.9)

(E10)′8 = O(E10) · (2ω8)
⊔

O(E10) · (ω8 + 3ω9)
⊔

O(E10) · (ω1 + ω9) (1.5.10)

(E10)′10 = O(E10) · ω0

⊔
O(E10) · (ω7 + 3ω9)

⊔
O(E10) · (ω8 + 4ω9) (1.5.11)

Proof. Since C(B) = R≥0ω0 + · · · + R≥0ω9 is a fundamental domain for the WB-action on V +

and since O(E10) = WB×{±1}, each vector in E10 belongs to the orbit of a vector that is a positive
sum of ωi’s. From this observation, the assertion follows from straight forward computations with
the Gram matrix of B∗.

Remark 1.5.5. All fundamental weights can be written as positive sums of isotropic vectors: namely,
by the previous Proposition, this is obvious for all ωi with i ≥ 3. In the remaining cases, we define

fi,j := ∆− fi − fj , 1 ≤ i < j ≤ 10,

which are isotropic vectors and then, we have

ω1 := f1,2 + f2, ω2 := 2f1,2 + f1 + f2.

Definition 1.5.6. An ordered isotropic k-sequence in a lattice is a set of vectors f1, . . . , fk with
fi · fj = 1− δij for all 1 ≤ i, j ≤ k.

In particular, the vectors of an ordered isotropic k-sequence are isotropic and (f1, . . . , f10) is an ex-
ample of an ordered isotropic 10-sequence in the Enriques lattice E10. In fact, we have the following
observation.

Lemma 1.5.7. To give an ordered isotropic 10-sequence in the Enriques lattice E10 is equivalent to
giving a primitive embedding E10 ↪→ I1,10. Both determine a root basis in E10.

Proof. In Proposition 1.5.3, we saw that a primitive embedding E10 ↪→ I1,10 gives rise to a root
basis in E10 and an ordered isotropic 10-sequence. Conversely, an ordered isotropic 10-sequence
(f1, ...f10) defines a primitive embedding E10 ↪→ I1,10 and hence a root basis in E10. To see this,
we consider the sublattice L of E10 spanned by f1, . . . , f10. A direct computation shows that its
discriminant is equal to 9, and thus, it is a sublattice of index 3 in E10. Moreover, the vector
δ = 1

3(f1 + · · · + f10) has integer intersection with each fi and hence, it defines an element in the
dual lattice L∗ with 3δ ∈ L. This implies that δ ∈ E10 and we may set ω0 = δ, ω1 = δ − f1, etc. as
in Proposition 1.5.3. As there, the vectors ωi represent the dual of a root basis α0, . . . , α10.

Let
C = R+ω0 + · · ·+ R+ω9
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be the fundamental domain of the Weyl group W (E10) in (E10)R. Any vector v ∈ E10 belongs to
the orbit of a unique vector

∑
miωi ∈ C.

We can also write any v ∈ E10 uniquely in the form

v = m∆−
10∑
i=1

mifi, (1.5.12)

where 3m−
∑10

i=1mi = 0.

Lemma 1.5.8. Assume that v ∈ C. Then

• m−m1 −m2 −m3 ≥ 0;

• m1 ≥ m2 ≥ · · · ≥ m10;

• v ·∆ = m;

• v · fi = mi;

• v2 = m2 −
∑

i=1m
2
i .

Proof. Since v ∈ C, we have v ·αi ≥ 0, i = 0, . . . , 9. This checks the first two properties. We have
v ·∆ = 10m− 3

∑10
j=1mj = m. Also we get v · fi = 3m−

∑10
j=1,j 6=imj = mi. The last property

is immediate.

This reminds us a well-known representation of divisor classes of the blow-up of a set of points in
P2 in term of the geometric basis. In fact, using Proposition 1.5.3, we can write v in the form

v = me0 −
10∑
i=1

miei,

where (e0, . . . , e10) is the orthonormal basis of I1,10 that corresponds to a geometric basis of the
blow-up X of 10 points in P1 under a geometric marking Pic(X) → I1,10. The condition 3m =∑10

i=1mi means that the divisor class is orthogonal to the canonical class of X . As we will see
later in section 5.4 and Chapter 9 in Volume 2, the analogy acquires a geometric meaning when we
degenerate S to a Coble surface.

1.6 Examples

In this section, we present several constructions to obtain some more or less explicit families of
Enriques surfaces in arbitrary characteristic. We start with three classical constructions, due to
Castelnuovo and Enriques. Then, we settle existence of all types of Enriques surfaces in every
characteristic using a construction of Bombieri and Mumford. To make this latter construction even
more explicit, we use Kummer surfaces associated to Jacobians of genus two curves. We start with
an easy and well-known observation.
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Lemma 1.6.1. Let X be a smooth and projective variety of dimension d ≥ 2 over an algebraically
closed field k such that

1. X is the complete intersection of (N − d) smooth hypersurfaces in PNk , or

2. X is a simple µn-cover of Pdk associated to some data (L, s).

Then, X is algebraically simply connected and satisfies h1(X,OX) = 0.

Proof. To prove the first assertion, we note that we have shown h1(X,OX) = 0 already in the proof
of Lemma 1.1.11. To show that the étale fundamental group π1(X) is trivial, we proceed by induc-
tion: letX = Y ∩H , where Y is a smooth complete intersection of smooth hypersurfaces, andH is
a smooth hypersurface. By a theorem of Lefschetz, the homomorphism of étale fundamental groups
π1(Y ) → π1(X) induced by restriction is an isomorphism if dim(X) ≥ 2, see [267, Théorème
X.3.10].

To prove the second assertion, let X → Pd be a simple µn-cover associated to data (L, s). Since
d ≥ 2, we have H1(P2,L⊗i) = 0 for all i ∈ Z. Therefore, (0.2.3) implies h1(X,OX) = 0. Next,
X is a hypersurface in the total space of the line bundle L = V(L−1) → Pd, see the discussion
in Section 0.3. We can embed L into a P1-bundle B → Pd. Since B is a proper, rational, and
smooth variety, π1(B) is trivial by [266, Corollaire XI.1.2]. Since X is an ample divisor inside B,
the restriction homomorphism π1(B)→ π1(X) is an isomorphism by Lefschetz’s theorem.

Since Enriques surfaces are not algebraically simply connected in characteristic 6= 2 and those,
which are algebraically simply connected in characteristic 2 satisfy h0,1 6= 0, it follows that the
standard constructions from Lemma 1.6.1 never give Enriques surfaces. Thus, it should not be
surprising that the examples below arise as resolutions of singularities of non-smooth hypersurfaces
in projective space and of non-smooth and rational double covers.

We start with Enriques’ original construction [106], [214] of the first Enriques surface over the
complex numbers, see also the bibliographical notes at the end of this section, [184], and Theorem
3.5.1. We note that the generic Enriques surfaces over the complex numbers arises this way, which
was shown by Enriques [215]. Moreover, Mumford [522] observed that this construction actually
works in any characteristic.

Example 1.6.2. Let k be an algebraically closed field of arbitrary characteristic and consider the
sextic surface in P3

k that is given by

F6(Q) : t0t1t2t3Q(t0, t1, t2, t3) + t21t
2
2t

2
3 + t20t

2
2t

2
3 + t20t

2
1t

2
3 + t20t

2
1t

2
2 = 0,

where Q = Q(t0, t1, t2, t3) is a homogeneous quadric. Then, the surface F6(Q) is singular along
the tetrahedron given by the six lines {ti = tj = 0}i 6=j . In particular, F6(Q) is not normal.

More precisely, for a generic choice of Q (for example being nondegenerate and not vanishing on
the edges of the coordinate tetrahedron), the surface F6(Q) has very classical types of singularities:
quite generally, an integral, but possible non-normal surface X over an algebraically closed field
k has ordinary singularities if the locus of non-smooth points consists of a double curve Γ that
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is smooth outside triple points and pinch points singular points of the surface. More precisely,
the completion of a local ring at a general point of Γ is isomorphic to k[[z1, z2, z3]]/(z1z2), it is
isomorphic to k[[z1, z2, z3]]/(z1z2z3) at triple points, and it is isomorphic to k[[z1, z2, z3]]/(z2

1 +
z2

2z3) at pinch points. Let ν : X ′ → X be the normalization morphism, which is an isomorphism
outside Γ, and then, an easy computation shows that X ′ is even smooth over k. Moreover, the pre-
image of a general point (resp. triple point, resp. pinch point) of Γ under ν consists of two points
(resp. three points, resp. one point). The importance of these singularities comes from the fact
that every smooth and projective surface over the complex numbers is birationally equivalent to a
surface in P3 with ordinary singularities, see [252, Chapter 4.6] for details, pictures, and proofs.

Proposition 1.6.3. Let k be an algebraically closed field of characteristic p ≥ 0 and let Q =
Q(t0, t1, t2, t3) ∈ k[t0, ..., t3] be a general quadratic form. Then, F6(Q) has ordinary singularities
and its normalization is an Enriques surface. If p = 2, then this Enriques surface is classical.

Proof. We leave it to the reader to check that if Q = Q(t0, t1, t2, t3) ∈ k[t0, ..., t3] is a generic
homogeneous quadric, then F6(Q) has at worst ordinary singularities. Thus, let Q be generic and
let ν : S → F := F6(Q) be the normalization morphism. The conductor ideal C of ν gives rise to
closed subschemes ∆ ⊂ S and Γ ⊂ F , respectively. By the above discussion, S is a smooth surface
over k and the singular locus of F is equal to Γ, which is equal to six lines forming a tetrahedron as
explained in Example 1.6.2. Also, F has no pinch points and the triple points of F correspond the
intersection points of three lines of the the tetrahedron.

Being a hypersurface in P3 and a smooth surface, respectively, both surfaces F and S are Goren-
stein and we denote by ωF and ωS their dualizing sheaves. Moreover, the adjunction formula for
the degree 6 surface F in P3 yields ωF ∼= OF (2). Duality for the finite morphism ν yields

ωS ∼= ν∗ωF (−∆) ∼= ν∗(OF (2))(−∆) (1.6.1)

see also (1.3.4). From this, the projection formula yields ν∗ωS ∼= OF (2) ⊗ IΓ. Taking global
sections and using that Γ is a curve of degree 6 in P3, we find h0(S, ωS) = 0.

We leave it to the reader to show that Γ ⊂ P3 is an arithmetically Cohen-Macaulay (ACM) scheme,
that is, the natural restriction morphism H0(P3,OP3(n)) → H0(Γ,OΓ(n)) is surjective for all
n ≥ 0. Using this and taking cohomology in the short exact sequence

0 → IΓ(2) → OF (2) → OΓ(2) → 0,

we find H1(S, ωS) ∼= H1(F, IΓ(2)) = 0 and thus, H1(S,OS) = 0.

Next, using (1.3.4) or (1.6.1), we find

ω⊗2
S
∼= π∗

(
ω⊗2
F (−2Γ)

) ∼= π∗ (OF (4)(−2Γ)) ∼= π∗
(
OF (4)⊗ I(2)

Γ

)
,

where J (n) denotes the n.th symbolic power of an ideal (sheaf) J . We leave it to the reader to check
that one can conclude ω⊗2

S
∼= OS from this. Thus, S is a minimal surface of Kodaira dimension zero

with h0,1 = h0,2 = 0. Thus, Table 1.1 identifies S as an Enriques surface with ∆ = 0. In particular,
if p = 2, then S is classical. We refer to [184] for more details and note that if p = 2, then Mumford
[522] explicitly showed that, if S is non-classical, then h0,1(S) 6= 0 and h1,0(S) = 0.
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Let us mention the following variant of Example 1.6.2, which is due to Castelnuovo and yields a
birational model that is birationally equivalent to F6(Q).

Example 1.6.4. Let k be an algebraically closed field of characteristic p ≥ 0 and consider the
rational and birational self-map (a Cremona transformation of degree 2)

T : P3
k 99K P3

k
[y0, ..., y3] 7→ [y2y3, y0y1, y0y2, y0y3].

Let F6(Q) be as in Example 1.6.2 and after plugging in T into F6(Q) and dividing by y3
0y

2
2y

2
3 , we

find

G5(Q) : y1Q(y2y3, y0y1, y0y2, y0y3) + y3
0y

2
1 + y0y

2
2y

2
3 + y0y

2
1y

2
3 + y0y

2
1y

2
2 = 0 .

If the quadric Q is general, then this defines a normal surface of degree 5 in P3 that has four
singular points: namely the points [1, 0, 0, 0], [0, 1, 0, 0], [0, 0, 1, 0], and [0, 0, 0, 1], all of which are
simple elliptic singularities, the first two are of degree 2, the last two are of degree 3.1 In classical
terminology, the first two singularities are ordinary tacnodes and the last two are ordinary triple
points. The minimal resolution of singularities is an Enriques surface.

In fact, T induces a birational map between F6(Q) and G5(Q), which implies that the Enriques
surfaces constructed from Q in Example 1.6.2 and Example 1.6.4 are in fact isomorphic. We refer
to [378], [667], and [692] for modern treatments and studies of quintic models of Enriques surfaces.
Let us also mention the following presentation of Example 1.6.4 as a rational double cover of the
plane, which is due to Enriques.

Example 1.6.5. Let k be an algebraically closed field of characteristic p ≥ 0 and let G5(Q) be the
quintic surface from Example 1.6.4. Since [0, 0, 0, 1] is a triple point, we can write it as

G5(Q) : y2
3A(y0, y1, y2) + y3B(y0, y1, y2) + C(y0, y1, y2) = 0,

where A, B, and C are homogeneous forms in the variables y0, y1, y2 that are of degree 3, 4, and 5,
respectively. In this form, we see that projection away from [0, 0, 0, 1] induces a rational map

f : G5(Q) 99K P2

that is generically finite of degree 2. If p 6= 2, then this map is generically étale and the branch
curve is given by B2 − 4AC = 0, which is of degree 8. More precisely, this curve is the union of
two lines `1 = V (y0) and `2 = V (y1) with a degree six curve W . The sextic curve W has a double
point at the intersection of these lines and two simple points of type a3 (classically called tacnodes)
such that the lines `1 and `2 intersect W at these points with multiplicity 4. This is an Enriques
octic and we refer to Example 3.3.20 for explicit equations.

If p = 2, the map f could be separable or inseparable. We will study these covers in Section 3.3.

The next construction is due to Enrico Bombieri and David Mumford [75], who attribute it to
Miles Reid. It gives examples of Enriques surfaces in arbitrary characteristic. Moreover, it also

1A simple elliptic singularity of degree d is the singularity of the affine spectrum of the section ring of an invertible
sheaf of degree d over an elliptic curve.



1.6. EXAMPLES 235

gives examples of all three types of Enriques surfaces in characteristic 2 as in Definition 1.1.7. In
fact, by a result of Liedtke [447], all Enriques surfaces in arbitrary characteristic arise this way
(when also allowing rational double point singularities). We will construct our surfaces as quotients
of complete intersections of 3 quadrics in P5 by a finite flat group scheme of length 2. If X is such
a complete intersection, then h1(OX) = 0 and ωX ∼= OX , and if X is smooth, then it is a K3
surface, see Lemma 1.1.11. By Theorem 0.1.10, there exist three group schemes of length 2 over an
algebraically closed field k of characteristic p = 2, namely, (Z/2Z)k, µ2,k, and α2,k. On the other
hand, if p 6= 2, then there is only one, namely (Z/2Z)k ∼= µ2. Let us slightly extend our setup for
later use.

Example 1.6.6. Let R be a local, complete, and noetherian ring with residue field k of characteristic
p ≥ 0. Fix a, b ∈ R with ab = 2. Then, we define

Ga,b := Spec R[t]/(t2 − at),

which is a finite and flat scheme of length 2 over R. It becomes a group scheme over R via the
comultiplication map

R[t]/(t2 − at) → R[t]/(t2 − at) ⊗R R[t]/(t2 − at), t 7→ t⊗ 1 + 1⊗ t− bt⊗ t.

By the classification results of Oort and Tate [569] (see also Theorem 0.1.10), every finite group
scheme of length 2 over R is isomorphic to Ga,b for some a, b as above. Let us make the following
remarks.

1. If u ∈ R is invertible, then we have Ga,b ∼= Gau,bu−1 .

2. In particular, if p 6= 2, then 2 ∈ R is invertible, and all finite flat group schemes of length 2
over R are isomorphic to G1,2

∼= G2,1
∼= µ2,R

∼= (Z/2Z)R.

3. If p = 2, then there are three possibilities over k:

G0,1,k ∼= µ2,k, G0,0,k ∼= α2,k, G1,0,k ∼= (Z/2Z)k,

see also Theorem 0.1.10. In case R is a local and complete DVR with residue field k of
characteristic 2 and Ga,b is as before, then the Oort-Tate classification implies that if the
special fiber over k is isomorphic to µ2 or Z/2Z, respectively, then so is the generic fiber. On
the other hand, if the special fiber is isomorphic to α2, then it is easy to construct examples
over R = k[[u]], where the generic fiber is isomorphic to α2 (e.g. a = b = 0), or to µ2 (e.g.
a = 0, b = u), or to Z/2Z (e.g. a = u, b = 0). This observation will become important when
discussing moduli of Enriques surfaces in characteristic 2.

4. Cartier duality takes the following form

G∗a,b = Hom(Ga,b,Gm) ∼= Gb,a.

For the construction of our examples, we need an action of Ga,b on P5 over R. First, we consider
the two-dimensional representation of Ga,b that is given by associating to every R-algebra S the
homomorphism

Ga,b(S)→ GL2,R(S), s 7→
(

1 s
0 1−bs

)
.
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This defines an isomorphism from Ga,b onto a closed subgroup scheme of GL2,R. We extend this to
a 6-dimensional representation

ρ : Ga,b → GL6,R

by simply taking the direct sum of three copies of the former representation. More precisely, con-
sider the variables x0, x1, x2, y0, y1, y2, and then, define a Ga,b-action by setting

xi 7→ xi, yi 7→ sxi + (1− bs)yi for i = 0, 1, 2 and s ∈ Ga,b(S) = {s ∈ S|s2 = as}.

After these preparations, we have the following lemma, due to Bombieri and Mumford [75, page
222].

Lemma 1.6.7. The following 12 elements of degree 2 inR[x0, x1, x2, y0, y1, y2] span theR-module
of Ga,b-invariants of degree 2:

xixj , y2
i − axiyi, xiyj + xjyi + byiyj .

Moreover, they also generate the R-algebra of Ga,b-invariants of even degree.

Consider the induced Ga,b-action on P5 = Proj R[x0, x1, x2, y0, y1, y2]. Let us also specialize to
the case R = k. Then, the examples of Bombieri-Mumford-Reid from [75] are the following.

Example 1.6.8. Let k be an algebraically closed field of characterstic p ≥ 0, let Ga,b with a, b ∈ k
and ab = 2 be the finite flat group scheme of length 2 over k as in Example 1.6.6, and consider P5

with the Ga,b-action introduced above. Let X ⊂ P5 be the complete intersection of three generic
Ga,b-invariant quadrics. By Lemma 1.1.11, X is an integral Gorenstein surface with ωX ∼= OX and
h1(OX) = 0, and by construction, it carries a Ga,b-action. Since X is generic, the quotient

S := X/Ga,b

is an Enriques surface with K3-cover X → S and PicτS ∼= G∗a,b ∼= Gb,a. In particular, this shows the
existence of Enriques surfaces in every characteristic, as well as the existence of the three possible
types in characteristic 2.

We will see in Corollary 3.4.3 that all Enriques surfaces arise in this way, when also allowing
rational double point singularities. This will be done in Chapter 3.4, where we discuss in greater
detail quotients of degree 8 polarized K3 surfaces that lead to polarizations of degree 4 on Enriques
surfaces.

Remark 1.6.9. Let us make the following remarks concerning moduli and deformations of the three
types of Enriques surfaces in characteristic 2.

1. Let S → B be a flat family of Enriques surfaces, where B is a base scheme of characteristic
2. Table 1.2 and the semi-continuity theorem applied to h0,1 and to h1,0 show that the locus
of classical, as well as the locus of µ2-surfaces, is open in B. The locus of α2-surfaces is
closed in B. In particular, if B is irreducible, then this family cannot contain both, classical
and µ2-surfaces.
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2. Let S = X/G0,0 be an α2-surface over an algebraically closed field k of characteristic 2 as
in Example 1.6.8. As explained in Example 1.6.6, there exists finite and flat group schemes
Ga,b of length 2 over R := k[[u]] with special fiber G0,0

∼= α2 and generic fiber G0,1
∼=

µ2 or G1,0
∼= Z/2Z. It is not difficult to see that one can deform the three G0,0-invariant

quadrics cutting out X ⊂ P5 to three Ga,b-invariant families over R. The resulting complete
intersection X in P5 over R is Ga,b-invariant, and the quotient S = X/Ga,b yields families of
Enriques surfaces over R, whose special fiber is an α2-surface, and whose generic fiber is a
classical or a µ2-surface, respectively.

This shows that moduli spaces of Enriques surfaces in characteristic 2 cannot be irreducible, since
classical and µ2-surfaces have to lie on different irreducible components. On the other hand, some
α2-surfaces can be deformed into classical, as well as into µ2-surfaces (in fact, this is true for all
α2-surfaces). We refer to Section 5.9 for details and examples.

Finally, we give explicit constructions of Enriques surfaces in characteristic 6= 2 as quotients
of complete intersections of three quadrics in P5 by free Z/2Z-actions. This makes Example 1.6.8
more explicit. In fact, these complete intersections are Kummer K3 surfaces associated to Jacobians
of genus two curves.

Example 1.6.10. Let A be an abelian surface over an algebraically closed field k of characteristic
p 6= 2. Then, the sign involution (with respect to the group structure) ιA : x 7→ −x is an involution,
that is, it generates a cyclic group 〈ιA〉 ∼= Z/2Z. The quotientA/〈ιA〉 is a normal surface, which has
16 rational double point singularities of type A1. The minimal resolution Kum(A) of singularities
is a K3 surface, called the Kummer K3 surface associated to A.

To obtain explicit equations, let C be a smooth and projective curve of genus 2 over an alge-
braically closed field k of characteristic p 6= 2. Since C is a hyperelliptic curve, there exists a finite
morphism C → P1 of degree 2 that is branched over 6 points, say [1 : ai], i = 0, . . . , 5 for pair-
wise distinct ai ∈ k. Then, the Jacobian variety Jac(C) = Pic◦C/k of C is an abelian surface, see
Example 0.9.15. In this case, it is well-known that the Kummer K3 surface X = Kum(Jac(C)) is
isomorphic to the complete intersection of three quadrics in P5 with equations

5∑
i=0

t2i =

5∑
i=0

ait
2
i =

5∑
i=0

a2
i t

2
i = 0, (1.6.2)

see, for example, [179, Chapter 10.3.3]. Next, let I ⊂ {0, 1, 2, 3, 4, 5, 6} be a subset with 3 elements
and let σI be the involution of X that is defined by ti 7→ −ti if i ∈ I and ti 7→ ti otherwise. It has
no fixed points on X and thus, the quotient π : X → S by 〈σI〉 is an Enriques surface and X is its
K3-cover.

As an application, we find examples of unirational and non-unirational Enriques surfaces in every
characteristic p ≥ 3. We have already seen in Theorem 1.3.10 that an Enriques surface in odd
characteristic is unirational if and only if its K3-cover is. In the case of Kummer K3 surfaces, uni-
rationality can be decided using the Picard rank ρ by the following result of Shioda [657, Theorem
1.1].

Theorem 1.6.11. Let A be an abelian surface over an algebraically closed field k of characteristic
p ≥ 3. Then, the following are equivalent:
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1. Kum(A) is a unirational K3 surface,

2. ρ(Kum(A)) = 22, that is, Kum(A) is a Shioda-supersingular K3 surface,

3. ρ(A) = 6,

4. A is a supersingular abelian surface,

5. A is isogenous to the product of two supersingular elliptic curves.

Remark 1.6.12. Both, the moduli spaceM2 of genus 2 curves, as well the moduli space of prin-
cipally polarized abelian surfaces A2, are 3-dimensional and the map C 7→ Jac(C) defines a mor-
phismM2 → A2 that induces a bijection on geometric points by the Torelli theorem. Moreover,
the moduli space of supersingular abelian surfaces Ass

2 is a 1-dimensional subspace of A2.

It follows from Theorem 1.6.11 that, for a generic curve C of genus 2 in characteristic p ≥ 3,
the Enriques quotients of Kum(Jac(C)) constructed in Example 1.6.10 are not unirational. On the
other hand, this construction also yields 1-dimensional families of unirational Enriques surfaces in
every characteristic p ≥ 3. It follows from Example 1.6.2 that isomorphism classes of Enriques
surfaces depend on 10 parameters (we will say this more precisely in Volume 2) which implies that
the family of Enriques Kummer quotients is of large codimension.

Even more explicitly, the following two examples are due to Shioda [657, Section 1], and yield
explicit examples of unirational Enriques surfaces in infinitely many positive characteristics.

Example 1.6.13. We keep the assumptions and notations of Example 1.6.10.

1. Assume p = 3. If we represent a point inM2 by a hyperelliptic curve x2
2 + f6(x0, x1) = 0,

where f6 =
∑6

i=0 cix
i
0x

6−i
1 is a binary form of degree 6, then the pre-image of Ass

2 inM2

consists of the isomorphism classes of hyperelliptic curves satisfying the conditions

c2c
2
1 + c3

4 = c3
1c5 + c4

4 = 0.

(see Example ??).

2. Assume that p 6= 2, 5. Then, there exists a unique curve C of genus 2 that admits an automor-
phism of order 5 and it is known that the Kummer surface X = Kum(J(C)) is isomorphic to
the complete intersection from (1.6.2) with

(a0, . . . , a5) = (0, 1, ζ5, ζ
2
5 , ζ

3
5 , ζ

4
5 ),

where ζ5 is a primitive 5.th root of unity. By a direct computation, Shioda [657] shows that
X is unirational if p 6≡ 1 mod 5. In particular, the construction of Example 1.6.10 yields
unirational Enriques surfaces.

3. Similarly, if p 6= 2, 3 and if C is the unique curve that has an automorphism of order 6,
then Kum(Jac(C)) is unirational if p ≡ 2 mod 3. Again, we obtain unirational Enriques
surfaces in these characteristics via Example 1.6.10.
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other hand, Enriques’ original motivation to construct the first Enriques surface in [214] was to give a surface
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types of Enriques surfaces in every characteristic are due to Mumford and Bombieri [74], who attribute this
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Chapter 2

Linear systems on Enriques surfaces

2.1 Vanishing theorems

After stating the Riemann-Roch theorem and Serre Duality for Enriques surfaces, and making some
elementary, yet useful observations, we turn to the vanishing theorems of cohomology on Enriques
surfaces. On our way, we discuss ample, big, and nef invertible sheaves, as well as criteria to check
whether a given invertible sheaf has these properties. Then, we turn to the Zariski decomposition,
as well as general vanishing theorems. We refer to [595] for more on these notions for surfaces,
and to [435] and [436] for a general background on positivity questions and applications. For the
vanishing theorems for surfaces over the complex numbers, we refer the interested reader to [42,
Chapter IV.12].

Let S be an Enriques surface over an algebraically closed field k. Since the canonical divisor class
KS is numerically trivial (see Theorem 1.1.14 or Corollary 1.2.3) and we have χ(OS) = 1 by Table
1.1, the Riemann-Roch theorem (0.10.23) for an invertible sheaf L on S becomes

h0(S,L) − h1(S,L) + h2(S,L) = 1
2L

2 + 1. (2.1.1)

Moreover, Serre Duality for S becomes

H i(S,L) ∼= H2−i(S, ωS ⊗ L−1)∨ and thus, hi(S,L) = h2−i(S, ωS ⊗ L−1) (2.1.2)

for 0 ≤ i ≤ 2. Next, if D is an effective divisor on S, then the adjunction formula for the arithmetic
genus pa(D) of D becomes

pa(D) = 1
2D

2 + h0(D,OD). (2.1.3)

Combined with (2.1.1), we obtain the following relation

h0(S,OS(D)) − h1(S,OS(D)) + h0(S,OS(KS −D)) = pa(D).

Concerning the vanishing of h2, we have the following elementary observation.

Lemma 2.1.1. Let S be an Enriques surface in characteristic p ≥ 0. Let L be an invertible sheaf
on S with h0(S,L) 6= 0. If p = 2 and S is non-classical, assume moreover that L 6∼= OS . Then,

h2(S,L) = h0(S, ωS ⊗ L−1) = 0

241
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holds true.

Proof. The first equality is Serre Duality (2.1.2). If p 6= 2 or p = 2 and S is classical, then we
have h2(OS) = 0 by Serre Dualityality and Definition 1.1.7, that is, we may assume L 6∼= OS
in any case. Being projective, we may choose an ample divisor H on S. Since L is effective
and non-trivial, we have H · L > 0. On the other hand, if we had h0(ωS ⊗ L−1) 6= 0, then
there would exist a divisor D ∈ |ωS ⊗ L−1|. This divisor would satisfy H · D ≥ 0, as well as
H ·D = H · (ωS ⊗ L−1) = −H · L < 0, a contradiction.

We now want to give conditions under which h1 is zero. To do so, we introduce a couple of notions,
which are meaningful and important for much more general varieties than Enriques surfaces and we
refer to [435] and [436] for the general background. An invertible sheaf L on a smooth and proper
variety X over some algebraically closed field k is called nef (short for numerically effective or
numerically eventually free) if we have

L · C ≥ 0

for every curve C on X . Clearly, it suffices to check L · C ≥ 0 for every integral curve C on X ,
that is, every curve that is reduced and irreducible. If D is a divisor on X , then it is called nef if the
associated invertible sheaf OX(D) is. A related notion is the following: an invertible sheaf L on
a smooth and projective surface X is called pseudo-effective if L ·M ≥ 0 for all ample invertible
sheaves onM. The name is justified by the fact that if h0(X,L⊗n) 6= 0 for some n ≥ 1, then L is
pseudo-effective. For Enriques surfaces, we have the following elementary, but useful observations.

Lemma 2.1.2. Let S be an Enriques surface. Let L be an invertible sheaf on S with L2 ≥ 0. Then,

1. L or L∨ is pseudo-effective.

2. If L is nef, then L is pseudo-effective.

3. If L2 > 0 and L is nef, then L is effective and we have h0(S,L) ≥ 1 + 1
2L

2 ≥ 2.

Proof. By Riemann-Roch and Serre Duality, we have

h0(L) + h0(ωS ⊗ L∨) ≥ χ(OS) +
1

2
L2 ≥ 1.

Since the order of ωS in Pic(S) is at most two, it follows that h0(L⊗2) 6= 0 or h0(L⊗−2) 6= 0.
In particular, L or L∨ is pseudo-effective. Assume furthermore that L is nef. If h0(L⊗2) 6= 0,
then L is pseudo-effective and we are done. If h0(L⊗2) = 0, then h0(L⊗(−2)) 6= 0 and thus, we
have L · M ≤ 0 for all ample invertible sheaves M on S. Since L was nef, it follows that L
must be numerically trivial in this case, and thus, L is again pseudo-effective. Finally, assume that
L2 > 0 and that L is nef. Then, L is not numerically trivial and the previous analysis shows that
h0(L⊗−2) = 0, which implies h0(ωS ⊗ L⊗−1) = 0. In particular, Serre Duality yields h2(L) = 0
and then, Riemann-Roch implies h0(L) ≥ 1 + 1

2L
2 ≥ 2.

Let us recall that we introduced the Kodaira–Iitaka dimension κ(X,L) of an invertible sheaf L
on X in Section 1.1. Moreover, we defined L to be big if κ(X,L) = dim(X). If D is a divisor
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on X , then it is called big if the associated invertible sheaf OX(D) is. Clearly, if L is an ample
invertible sheaf on X , then it is big and nef. Using Riemann-Roch for L⊗m for all m > 0, we have
the following useful result and refer to [37, Lemma 14.7] for proof.

Lemma 2.1.3. Let X be a smooth and proper surface and let L be an invertible sheaf on X that is
nef. Then, L is big if and only if L2 > 0.

Next, we have the following fundamental theorem, which characterizes ample invertible sheaves
in terms of intersection theory.

Theorem 2.1.4 (Nakai-Moishezon criterion). Let X be a smooth and proper surface and let L be
an invertible sheaf on X . Then, L is ample if and only if the following two conditions are fulfilled:
L2 > 0 and we have

L · C > 0

for every curve C on X .

We note that Mumford gave an example of a smooth and complex projective surface X together
with an invertible sheaf L that is not ample but that satisfies L · C > 0 for every curve C on X .
In particular, the assumption L2 > 0 cannot be dropped. For proofs, history, examples, and further
details, we refer to [37, Theorem 1.22] or [435, Section 1.2.B].

For K3 surfaces and Enriques surfaces, we have the following interesting result that describes
the difference between invertible sheaves that are ample and those that are merely big and nef.
This result also establishes a connection to the negative definite lattices An, Dn, E6, E7, and E8

introduced in Example 0.8.6. Finally, it also shows a connection to the theory of rational double
point singularities, see Proposition 0.4.8 and Proposition 0.4.9. Despite its simplicity, this is a key
observation.

Proposition 2.1.5. Let X be a K3 surface or an Enriques surface.

1. Let C be an integral curve on X .

(a) If C2 < 0, then KX · C = 0, C2 = −2, and C ∼= P1.

(b) If C ∼= P1, then KX · C = 0 and C2 = −2

Such a curve C is called a (−2)-curve or a nodal curve.

2. Let L be a big and nef invertible sheaf on X . Then, the set

{C| C is an integral curve on X with L · C = 0}

is finite and consists of (−2)-curves only. These span an even and negative definite sublattice
M inside Num(X) (not necessary primitive) that is the orthogonal sum of negative definite
lattices of type An, Dn, E6, E7, and E8. Moreover, these (−2)-curves form a root basis of
finite type inside M .
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Proof. Since KX is numerically trivial, we have KX ·C = 0 for every integral curve C. Moreover,
the adjunction formula gives pa(C) = 1 + 1

2C
2. If we have C2 < 0, then pa(C) ≥ 0 and the

adjunction formula imply pa(C) = 0 and C2 = −2. In particular, we find C ∼= P1. Conversely, if
C ∼= P1, then KX · C = 0 and pa(C) = 0 imply C2 = −2. This establishes the first claim.

Now, let L be a big and nef invertible sheaf. If C is an irreducible curve with L · C = 0, then the
Hodge index theorem implies C2 < 0, and thus, C is a (−2)-curve by the first claim. By definition,
the classes of these curves lie in the orthogonal complement M ′ := 〈L〉⊥ inside Num(X). Since
Num(X) is of signature (1, ρ − 1) and L2 > 0, it follows that M ′ is a negative definite primitive
sublattice equal to the primitive closure of M . It follows from Riemann-Roch and the fact that KX

is numerically trivial that Num(X) is an even lattice and thus, also the sublattice M is even.

Since the C2 = −2 for every integral curve with L·C = 0, the C are primitive vectors inM and it
is easy to verify (0.8.6), that is, these curves are roots. The remaining assertions can be shown along
the lines of Proposition 0.4.9 or follow from Proposition 0.8.14, which we leave it to the reader.

A fundamental result for pseudo-effective divisors is the Zariski decomposition. Before stating it,
we note that this is a result for which we have to pass to Q-divisors. Let us shortly digress on this: if
Div(X) denotes the abelian group of divisors on the smooth and proper surfaceX , then a Q-divisor
is an element of Div(X) ⊗Z Q. Being defined in terms of intersection numbers, the notions nef
and pseudo-effective also make sense for Q-divisors. Moreover, if D =

∑
i aiPi for some prime

divisors Pi and some ai ∈ Q, we define [D] :=
∑

i[ai]Pi, where [x] denotes the largest integer ≤ x
for all x ∈ Q. Moreover, we will say that D is effective, denoted D ≥ 0, if we have ai ≥ 0 for all i.
Also, if D is a Q-divisor on X , one can still define a sheaf OX(D) by defining its global sections
over a Zariski open subset U ⊆ X to be

H0(U,OX(D)) := {f ∈ k(X) | [(f) +D]|U ≥ 0} ∪ {0}.

Since X is a smooth surface, this is an invertible sheaf.

Theorem 2.1.6 (Zariski-Fujita). Let X be a smooth and proper surface and let D ∈ Pic(X)⊗Z Q
be a pseudo-effective Q-divisor. Then, there exists a unique decomposition of Q-divisors

D = P + N ∈ Div(X)⊗Z Q,

such that P is a nef Q-divisor class and N is effective (not necessary nef). Moreover, if N > 0, say
N =

∑n
i=1 aiCi, with pairwise distinct integral curves Ci and ai ∈ Q>0, then P · Ci = 0 for all i

and the intersection matrix
(Ci · Cj)1≤i,j≤n

is negative definite.

In this decomposition, P is called the positive part and N is called the negative part of D. For
example, we have the following useful corollary, which generalizes Lemma 2.1.3. We refer to [37,
Corollary 14.18] for proof.

Corollary 2.1.7. Let D ∈ Div(X)⊗ZQ be a pseudo-effective Q-divisor on X with Zariski decom-
position D = P +N . Then, D is big if and only if P 2 > 0.
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For K3 surfaces and Enriques surfaces, we have the following result, whose proof we leave it to
the reader since it can be done along the lines of the proof of Proposition 2.1.5. Again, it shows a
connection between the geometry of K3 surfaces and Enriques surfaces on one side, with the theory
of even and negative definite lattices of finite type on the other side, as well as the theory of rational
double point singularities.

Proposition 2.1.8. , Let X be a K3 surface or an Enriques surface and let D ∈ Div(X)⊗Z Q be a
pseudo-effective Q-divisor on X with Zariski decomposition D = P + N , say with N =

∑
i aiCi

for pairwise distinct integral curvesCi and ai ∈ Q>0. LetM ⊆ Num(X) be the sublattice spanned
by the Ci.

1. The lattice M is even and negative definite and the Ci form a root basis of finite type.

2. Moreover, M is the orthogonal sum of negative definite lattices of type An, Dn, E6, E7, and
E8.

Next, if X is a smooth and proper surface and D is an effective divisor on X , then D is called
numerically connected if whenever we have two non-zero and effective divisors D1 and D2 on X
with D = D1 +D2, then

D1 ·D2 > 0

holds true. In Section 2.5, we will generalize and refine this notion. We start with a couple of
general remarks from [595, Lemma 3.11], and include the proofs for the reader’s convenience.

Lemma 2.1.9. Let X be a smooth and proper surface.

1. Let D be an irreducible curve (but not necessarily reduced) on X with D2 > 0. Then, D is
nef and numerically connected.

2. Let D be an effective and numerically connected divisor on X . Then, we have

h0(D,OD) = 1.

3. Let L be a big and nef invertible sheaf on X with h0(X,L) 6= 0. Then, every effective divisor
0 6= D ∈ |L| is numerically connected.

4. Assume that h1(X,OX) = 0 and letL be a big and nef invertible sheaf onX with h0(X,L) 6=
0. Then, we have

h1(S,L−1) = h1(S, ωS ⊗ L) = 0.

Proof. First, let D be an irreducible curve on X with D2 > 0. Numerical connectivity is trivial.
To prove that D is nef, let C be a reduced and irreducible curve on X . If the supports of C and
D coincide, then we find C · D > 0 using D2 > 0. Otherwise, C · D is equal to the number of
intersection points of C and D, counted with multiplicities, which is a non-negative number. This
proves the first assertion.

To prove assertion (2), let D1 ⊆ D be an effective divisor with h0(D1,OD1) = 1 (such divisors
exists, for example, one could choose D1 to be reduced and irreducible). Now, if D1 6= D, then
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D1 · (D −D1) ≥ 1 by numerical connectivity. Thus, there exists a reduced and irreducible divisor
Γ ⊆ (D −D1) with D1 · Γ ≥ 1. Clearly, we have an exact sequence

H0(Γ,OΓ(−D1)) → H0(D1 + Γ,OD1+Γ) → H0(D1,OD1) .

Since the k-vector space on the left is zero and the one on the right is one-dimensional, we find
h0(OD1+Γ) = 1. From this, the claim follows by induction.

To prove assertion (3), let 0 6= D ∈ |L|. Let D1 and D2 be two effective and non-zero divisors
with D = D1 +D2. Since D is nef, we find

D2
1 + D1 ·D2 = D ·D1 ≥ 0

D1 ·D2 + D2
2 = D ·D2 ≥ 0.

Now, if we had D1 ·D2 ≤ 0, then we would find D2
1 ·D2

2 ≥ (D1 ·D2)2 ≥ 0, which contradicts the
Hodge Index Theorem and establishes the assertion.

To show claim (4), let L be a big and nef invertible sheaf on X with h0(X,L) 6= 0. The first
equality is Serre Duality (2.1.2). Consider the short exact sequence

0 → OX(−D) → OX → OD → 0.

By assumption, we have H1(OX) = 0 and it follows from assertion (2) that the restriction map
H0(OX)→ H0(OD) is surjective. Thus, taking cohomology, we find h1(L−1) = h1(OX(−D)) =
0.

For Enriques surfaces, we obtain the following effectivity and vanishing result.

Corollary 2.1.10. Let S be an Enriques surface in characteristic p ≥ 0 and let L be a big and nef
invertible sheaf on S. Then,

1. h0(S,L) 6= 0 and every divisor D ∈ |L| is numerically connected.

2. If p 6= 2 or if p = 2 and S is classical, then h1(S,L) = h1(S,L−1) = 0.

Proof. By Lemma 2.1.2, we have h0(L) 6= 0 and then, assertion (1) follows from Lemma 2.1.9.(3).
If p 6= 2 or p = 2 and S is classical, then we have h1(OS) = 0 and thus, h1(L−1) = 0 follows
from Lemma 2.1.9.(4). Since also ωS ⊗ L is big and nef and ωS ∼= ω−1

S by Corollary 1.2.3,
we find 0 = h1(ωS ⊗ L−1) = h1(L), where the first equality follows from what we have just
established.

For more results on curves on surfaces, we refer the interested reader to [524].

Before establishing vanishing results also for non-classical Enriques surfaces in characteristic 2
in Theorem 2.1.15 below, let us put vanishing of H1 into a larger perspective. Namely, we have
the following classical and famous results for surfaces, which are much more sophisticated than the
results of the above discussion and much more difficult to prove.
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Theorem 2.1.11. Let X be a smooth and proper surface over an algebraically closed field k of
characteristic p ≥ 0. Let L be a big and nef invertible sheaf on X . Then,

hi(X,L−1) = h2−i(X,ωX ⊗ L) = 0

for all i ≤ 1 holds true in the following cases:

1. p = 0,

2. p > 0 and X admits a flat lift to W2(k),

3. p > 0, L is effective, and Frobenius F acts injectively on H1(OX).

Proof. In all cases, the first equality is Serre Duality (2.1.2).

If k = C and L is ample, then the stated vanishing is the famous Kodaira Vanishing Theorem
[390], see also, for example, [252, Chapter 1.2]. If k = C and L is merely big and nef, then the
stated vanishing is the Kawamata–Viehweg Vanishing Theorem [369], [697], see also [435, Chapter
4.3]. By the Lefschetz principle, these results hold more generally if k is of characteristic zero.
Moreover, we refer the interested reader to [219] for an introduction to vanishing theorems.

If p > 0 and X lifts to W2(k), then these vanishing results are due to Deligne and Illusie [153],
see also [323] and [553] for overviews and further information.

Finally, h0(L−1) = 0 follows easily from the fact that L is big and nef. Moreover, if p > 0,
L is effective, F acts injectively on H1(OX), then the assertion h1(L−1) = 0 is the Ramanujam
Vanishing Theorem [586], see also [595, Theorem 3.13].

Remark 2.1.12. Raynaud [591] gave examples of smooth and projective surfaces and ample invert-
ible sheaves in positive characteristic, for which these vanishing results do not hold.

Let us recall that we introduced Frobenius-split, or, F -split, varieties in Section 1.4. For this class
of varieties in positive characteristic, vanishing theorems are easy to establish:

Theorem 2.1.13. Let X be a proper variety over an algebraically closed field k of characteristic
p > 0 that is F -split. Let L be an invertible sheaf on X .

1. If hi(X,L⊗ν) = 0 for a fixed index i and ν � 0, then hi(X,L) = 0.

2. If L is ample, then hi(X,L) = 0 for all i > 0.

Proof. We only sketch the proofs and refer to [93] for details: first of all, we have F∗L ∼= L⊗p
and F∗L = L ⊗OX F∗OX , see [93, Lemma 1.2.6]. Since X is F -split, it follows that also the
induced map L → F∗L ∼= L ⊗ F∗OX is split, which implies that the induced map on cohomology
H i(X,L) → H i(L ⊗ F∗OX) is split. Since L ⊗ F∗OX ∼= F∗(F

∗L) ∼= F∗(L⊗p), we find an
isomorphism H i(L ⊗ F∗OX) ∼= H i(L⊗p) and thus, we obtain a split injection

H i(X,L) → H i(X,L⊗p).
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In particular, if H i(L⊗pj ) = 0 for some j ≥ 0, we find H i(L) = 0. From this, assertion (1)
follows, see also [93, Lemma 1.2.7] and Theorem 1.2.8. Assertion (2) is a consequence of (1) and
Serre vanishing [287, Proposition III.5.3].

We have determined, which Enriques surfaces are F -split in Theorem 1.4.18. In terms of moduli
spaces, “most” Enriques surfaces in characteristic p ≥ 3 are F -split, and the previous theorem gives
an elementary proof of Kodaira vanishing for them. However, one can prove Kodaira vanishing for
Enriques surfaces in characteristic zero using Frobenius-splittings in characteristic p - of course,
we know this already and we already have easier proofs, but the arguments of this proof may be
interesting, nevertheless.

Proposition 2.1.14. Let S be an Enriques surface in characteristic zero and let L be an ample
invertible sheaf on S. Then, hi(S,L) = 0 for all i ≥ 1.

Proof. Being a variety in characteristic zero, S can be defined over a field k that is finitely generated
over Q. Thus, k is the function field of some variety B over a number field K, that is, a finite
extension of Q. Spreading out, we obtain a family f : S → B over K, whose generic fiber is
isomorphic S. Replacing B by an open and dense subset B if necessary, we may assume that f is
smooth and (by openness of ampleness) that the restriction of L to the fiber Sb is still ample for all
b ∈ B. By semi-continuity of cohomology it suffices to find a b ∈ B such that H i(Sb,L|Sb) = 0
for all i ≥ 1. Thus, we may assume that k is a number field.

Let π : X → S be the K3-cover of the Enriques surface S that is defined over a number field
K. Let OK ⊂ K be the ring of integers and for a prime p ∈ OK we denote by Xp (resp. Sp) a
reduction modulo p, which is unique up to isomorphism if it is smooth. After possibly replacing K
by a finite extension, the set of primes

P := {p ∈ Spec OK : Xp is a smooth and ordinary K3 surface}

is of density one, see [72] and the preprint version of [346]. In particular, this set is infinite. For all
but finitely many primes ∈P , also the reduction Sp is smooth and Xp → Sp is the K3-cover. For
all but finitely many primes p ∈ P , the reduction of π∗(L) modulo p is still ample. In particular,
there exists a p ∈ OK such that Xp is an ordinary K3 surface, such that π∗(L)p is ample, and such
that πp : Xp → Sp is the K3-cover. Being ordinary, Xp is F -split by Theorem 1.4.18 and thus,
we have H i(Xp, π

∗(L)p) = 0 for all i ≥ 1 by Theorem 2.1.13. By semi-continuity, this implies
H i(X,π∗L) = 0 for all i ≥ 1. Since π is a simple µ2-cover associated to ωS , we obtain a short
exact and split sequence

0 → L → π∗π
∗L → L⊗ ωS → 0.

In particular, H i(S,L) is a direct summand of H i(X,π∗L), which implies the desired vanishing.

We now come to the main result of this section, namely, a vanishing theorem that holds for every
Enriques surface in every characteristic. In view of Raynaud’s counter-examples mentioned in
Remark 2.1.12, it is interesting that Enriques surfaces do satisfy the desired vanishing, even for
α2-surfaces in characteristic 2: for these surfaces, F does not act injectively on H0,1 by definition,
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they are not F -split, and they do not admit flat lifts to W2(k) as mentioned in Remark 1.4.11. In
particular, none of the vanishing results established above applies to α2-surfaces.

Theorem 2.1.15 (Vanishing Theorem). Let S be an Enriques surface and let L be a big and nef
invertible sheaf on S. Then,

h1(S,L) = h1(S,L−1) = 0

holds true.

Proof. Let S be an Enriques surface over an algebraically closed field k of characteristic p ≥ 0. If
p 6= 2 or if p = 2 and S is classical, then we established the assertions on h1 already in Corollary
2.1.10.

Thus, we may assume that p = 2 and that S is non-classical. In particular, we have ωS ∼= OS and
then, the first equality follows from Serre Duality. By Lemma 2.1.2, there exists non-zero section
0 6= s ∈ H0(L), say with divisor of zeros C, and then, we obtain a short exact sequence

0 → OS
×s−→ L → L|C → 0. (2.1.4)

Since ωS ∼= OS , the adjunction formula on S yields

L|C ∼= OS(C)|C ∼= ωS(C)|C ∼= ωC ,

and thus, Serre Duality for the Gorenstein curve C implies

h1(C,L|C) = h1(C,ωC) = h0(C,OC).

By Lemma 2.1.9, the divisor C is numerically connected and thus, we find h0(C,OC) = 1. We
have h2(L) = 0 by Lemma 2.1.1 and thus, taking cohomology in (2.1.4), we obtain a long exact
sequence

... → H1(S,OS) → H1(S,L) → H1(C,L|C) → H2(S,OS) → 0 (2.1.5)

We have h1(S,OS) = h1(C,L|C) = h2(S,OS) = 1, from which we conclude that H1(S,OS)→
H1(S,L) is surjective and that h1(S,L) ≤ 1.

Now, every section s ∈ H0(S,L) gives rise to a mapOS → L, which induces a mapH1(S,OS)→
H1(S,L) and we obtain a linear map

H0(S,L) → Hom
(
H1(S,OS), H1(S,L)

)
. (2.1.6)

We denote byH0(S,L)◦ its kernel, that is, the subspace that consists of those sections s ∈ H0(S,L)
such that the corresponding map H1(S,OS)→ H1(S,L) in (2.1.5) is trivial. Since h1(S,OS) = 1
and h1(S,L) ≤ 1, we find that the right hand side of (2.1.6) is at most one-dimensional. This
implies that codimH0(S,L)◦ ≤ 1.

On the other hand, we have h0(S,L) ≥ 2 by Lemma 2.1.2, which implies that H0(S,L)◦ 6= {0}.
In particular, there does exist a non-zero section 0 6= s ∈ H0(S,L)◦. By definition of this latter
vector space, the corresponding map H1(S,OS) → H1(S,L) is zero, and thus, the surjectivity of
this map established after (2.1.5) implies that H1(S,L) = 0.
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Corollary 2.1.16. Let S be an Enriques surface and L an invertible sheaf that is big and nef. Then,

dim |L| = dim |ωS ⊗ L| = 1
2L

2,

or, equivalently, h0(S,L) = h0(S, ωS ⊗ L) = 1 + 1
2L

2.

Proof. The assertion on h0 follows immediately from the just-established vanishing of h1, Riemann-
Roch (2.1.1), Lemma 2.1.1, and Lemma 2.1.2.

In Corollary 2.4.4, we will give another proof of this fundamental vanishing result using Bogo-
molov instability of rank two vector bundles.

2.2 Nef divisors and genus one pencils

In this section, we study nef divisors and their associated linear systems on Enriques surfaces. First,
we make a couple of general remarks concerning the cones of effective, nef, and ample divisors on
an Enriques surface and relate these cones to root systems and Weyl groups. Then, we classify nef
divisor classes of self-intersection number zero, which leads to genus one pencils, their (half-)fibers,
and Kodaira’s classification of degenerate fibers. This will take up most of this section. We end this
section by treating linear systems associated to big and nef divisors, their fixed components, and
whether they contain irreducible divisors.

Let X be a smooth and proper surface over an algebraically closed field k of characteristic p ≥ 0.
In Chapter 0.9, we defined the group Num(X) of divisor classes of X modulo numerical equiva-
lence. It follows from Theorem 0.9.6 that Num(X) is a finitely generated abelian group, whose rank
ρ(X) is called the Picard rank ofX . Thus, Num(X)R := Num(X)⊗ZR is a finite dimensional real
vector space. Being a surface, Num(X) is equipped with an intersection pairing and by the Hodge
index theorem, this pairing is non-degenerate of signature (1, ρ − 1). As explained in Chapter 0.8,
the non-degeneracy implies that we may view Num(X) as a sublattice of finite index of the dual
lattice Num(X)∨. Clearly, this inclusion induces an isomorphism Num(X)R ∼= Num(X)∨R that is
compatible with intersection forms.

The classes of effective divisors of X generate a cone

Eff(X) ⊆ Num(X)R,

the cone of effective divisors, or, effective cone, of X . We remind the reader that a cone is a subset
C ⊆ V of a real vector space, such that for all c ∈ C and all λ ∈ R>0 we have λc ∈ V . Moreover,
a cone C is said to be convex if for all c1, c2 ∈ C we also have c1 + c2 ∈ C. It is easy to see that
Eff(X) is a convex cone.

As defined in the previous section, a divisor D is nef, if we have D · C ≥ 0 for every effective
curve C on X . Thus, in terms of the effective cone, a nef divisor class is an element of Num(X) ⊆
Num(X)∨ that is non-negative on the effective cone Eff(X). Thus, the cone of nef divisors, or, nef
cone, is the dual cone to Eff(X)

Nef(X) = Eff(X)∨ := {x ∈ Num(X)R |x · y ≥ 0 for all y ∈ Eff(X) } .
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It is easy to see that Nef(X) is a convex cone inside Num(X)R and that the set of nef divisor classes
is equal to the intersection Nef(X) ∩Num(X) inside Num(X)R.

We note that a nef divisor D satisfies D2 ≥ 0, see, for example, [595, Chapter D.2.3]. By the
Nakai-Moishezon criterion Theorem 2.1.4 a nef divisor D is ample if and only if D2 > 0. Thus, the
cone of ample divisors, or, ample cone, denoted Amp(X), is the cone generated by ample divisor
classes inside Num(X)R. Again, it is easy to see that this is a convex cone, and that we have an
inclusion of convex cones

Amp(X) ⊆ Nef(X) ⊆ Num(X)R.

More precisely, Amp(X) is the interior (with respect to the classical topology) of Nef(X) inside
Num(X)R.

Next, let
VX :=

{
x ∈ Num(X)R |x2 ≥ 0

}
,

Then, VX \ {0} has two connected components, since the lattice Num(X) is hyperbolic, see also
Section 0.8. We set VX \ {0}+ to be the connected component that contains the ample cone. We
denote the interior of the cone V +

X by Big(X). This the cone of big divisor classes. The intersection
Big(X)∩Num(X) consists of numerical classes of effective divisors with positive self-intersection.
We have

Amp(X) ⊆ Big(X) ⊆ Eff(X) ⊆ Num(X)R.

Next, We also recall from section 0.8 that the image of the interior of VX in the real projective
space P(Num(X)R) is the hyperbolic space associated to Num(X)R. The following results applies
to K3 surfaces and Enriques surfaces and should be compared with Proposition 2.1.5 and Proposi-
tion 2.1.8, where we already observed a connection to the theory of lattices and their root bases.

Proposition 2.2.1. Let X be a K3 surface or an Enriques surface. LetR := R(X) ⊂ Num(X) be
the set of classes of (−2)-curves. Then,

1. R is a root basis in Num(X),

2. the nef cone Nef(X) is the fundamental chamber C(R) ofR, and

3. the ample cone Amp(X) is the interior of the fundamental chamber.

Proof. LetD be a divisor class withD2 ≥ 0. By Riemann-Roch, we have h0(D)+h0(KX−D) ≥
χ(X,OX) > 0 and thus, D or (KX −D) is effective. Passing to their classes in Num(X), we find
that [D] or −[D] lies in Eff(X). Thus, we may represent [D] by a divisor D = ±

∑
mi[Di], where

mi > 0 and where the Di are irreducible curves. Intersecting with the class of an ample divisor,
we conclude that [D] ∈ V +

X if and only if [D] is effective. If D is effective and C is an integral
curve, then the intersection number D · C =

∑
miDi · C can only be negative if C coincides with

a component Di with D2
i < 0. Since KX is numerically trivial, the adjunction formula implies that

such a Di must be a (−2)-curve, see also Proposition 2.1.5. Thus, Nef(X) consists of classes of
divisors D that satisfy D ·R ≥ 0 for every R ∈ R = R(X). Since we have R ·R′ ≥ 0 if R 6= R′,
we see that R satisfies the conditions for a root basis in Num(X). By definition, its fundamental
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chamber coincides with the nef cone. In our discussion above, we have already seen that the ample
cone is the interior of the nef cone.

We denote byW nod
X the Weyl group defined by the root basisR = R(X). This is called the nodal

Weyl group of X and it is a subgroup of the Weyl group W (Num(X)). If X is a K3 surface, then
the group W nod

X coincides with the Weyl group W (Num(X)), see [176, Proposition 5.10], or [535,
Remark 3.5]. We will discuss nodal Weyl groups of Enriques surfaces in Section 2.3.

We now turn to Enriques surfaces and classify nef divisors on them. Thus, let S be an Enriques
surface over an algebraically closed field and let D be a nef divisor.

First, we treat the case where D2 = 0. These divisors are interesting because they occur as fibers
of genus one fibrations, see Lemma 2.2.2 below. We write D =

∑
niRi as a sum of its irreducible

components with multiplicities ni. Since KS ≡ 0, we have KS · Ri = 0. If R2
i < 0, then Ri is

a (−2)-curve by Proposition 2.1.5. On the other hand, for every component Ri with R2
i ≥ 0 we

compute
0 = D2 ≥ D ·Ri = niR

2
i +

∑
j 6=i

njRj ·Ri,

which implies that R2
i = 0, as well as Ri ·Rj = 0 for all j. In particular, if D is connected, then it

is either supported on an integral curve with self-intersection number zero or else it is supported on
a union of (−2)-curves. We will refine this observation in Proposition 2.2.5 below.

Let us remind the reader that we defined the notion of numerically connected divisors in the
previous section. We note that if E is an irreducible curve with E2 = 0 and m ≥ 1 is an integer,
then mE is connected for all m ≥ 1, whereas mE is numerically connected if and only if m = 1.

We now define (indecomposable) divisors of canonical type on smooth and proper surfaces, which
were introduced by Mumford [525]. Divisors of canonical type should be thought of as sums of
fibers of genus one fibrations, and indecomposable divisors of canonical type should be thought of
as non-multiple and connected fibers of genus one fibrations. If X is a smooth and proper surface,
then an effective divisor D =

∑
niRi with ni > 0 for all i that satisfies KX · Ri = 0 and

D · Ri = 0 for all i is said to be a of canonical type. In particular, divisors of canonical type are
nef. If a divisor of canonical type D is moreover connected and if the greatest common divisor of
the ni’s is equal to 1, then it is said to be indecomposable, see [37, Section 7] or [525, Section 2].
Clearly, every divisor of canonical type is the sum of indecomposable divisors of canonical type.
In [595], Reid defines a divisor D to be of elliptic fiber type if it is nef, not numerically trivial,
and if it satisfies D2 = KX · D = 0. Using the Hodge index theorem it is easy to see that an
effective divisor is of elliptic fiber type if and only if it is of canonical type. Moreover, in [595],
Reid defines a 0-curve to be an effective divisor of elliptic fiber type D =

∑
niRi with ni > 0 for

all i such that the greatest common divisor of all ni is equal to 1. Thus, a 0-curve is the same as an
indecomposable divisor of elliptic fiber type. We note that such a curve need not be irreducible, that
is, this definition is not compatible with the notion of (−n)-curves previously introduced. Before
coming to the classification of indecomposable divisors of canonical type in Proposition 2.2.5 below,
let us motivate this notion.

Lemma 2.2.2. Let X be a K3 surface or an Enriques surface. Let f : X 99K B be a dominant and
rational map to a smooth and proper curve. Then,
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1. B ∼= P1.

2. If f is a fibration, that is, a morphism with f∗OX = OB , then all fibers of f are divisors of
canonical type. In particular, all irreducible fibers are curves of arithmetic genus one.

Proof. By resolution of indeterminacies, there exists a smooth blow-up π : X̃ → X such that f
gives rise to a morphism f ◦ π : X̃ → B. Since b1(X̃) = b1(X) = 0, the Albanese variety of X is
trivial. Thus, by the universal property defining the Albanese map, also the Jacobian of B must be
trivial, that is, B ∼= P1. This establishes claim (1).

Next, assume that f is a fibration and let F =
∑
niRi be a fiber of f . Since KX is numerically

trivial, we have KX · Ri = 0. Let F ′ be another fiber of f , distinct of F . Then, F ′ is disjoint from
every componentRi of F and thus, F ′ ·Ri = 0 for all i. Since F is linearly equivalent to F ′, we find
F ·Ri = 0 for all i, which identifies F as a curve of canonical type and establishes claim (2).

To avoid the terminology confusions, we will call a linear system |D| a pencil if it has no fixed
components and its dimension is equal to one. If D2 = 0, the pencil defines a morphism to P1 with
connected fibers equal to members of |D|. If |D| is a positive-dimensional linear system without
fixed components with D2 = 0, then |D| = |kP |, where P is a pencil. If k > 1, D is said to be
composite with a pencil [287, Chapter III, Exercise 11.3]. The linear system |D| has dimension k
and defines a morphism which admits the Stein factorization f : S → B → P1, where B → P1 is
a finite cover of degree k [287, Corollary 11.5].

Next, we establish some elementary properties of (indecomposable) divisors of canonical type and
relate them to some previously defined notions.

Proposition 2.2.3. Let X be a smooth and proper surface with KX nef.

1. If D is an effective and nef divisor with KX ·D = D2 = 0, then D is a divisor of canonical
type. If D is moreover numerically effective, then D is indecomposable.

2. If D =
∑

i niRi is an indecomposable divisor of canonical type, then D is numerically
connected. Moreover, if L is an invertible OD-module with degL|Ri = 0 for all i, then

H0(D,L) 6= 0 if and only if L ∼= OD.

Proof. First, let D =
∑

i niRi be as in the first part of assertion (1). SinceKX is nef andKX ·D =
0, we concludeKX ·Ri = 0 for all i. Similarly, sinceD is nef andD2 = 0, we concludeD ·Ri = 0
for all i. Thus, D is of canonical type. Since D is of canonical type, it is a sum

∑
aiDi of

indecomposable divisors Di of canonical type, where Di and Dj are disjoint for i 6= j. Thus, if D
is numerically connected, then D is indecomposable.

Now, let D =
∑s

i=1 niRi be an indecomposable divisor of canonical type. If D is irreducible,
then being indecomposable implies that it is also numerically connected and thus, we may assume
s ≥ 2. Since KX is nef and KX · D = 0, we conclude KX · Ri = 0 for all i. Since s ≥ 2, the
Hodge index theorem implies R2

i < 0 for all i, and thus, the adjunction formula actually implies
R2
i = −2. If M ⊆ Num(X) denotes the sublattice spanned by the Ri, then B := {Ri}i is a root
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basis of M . Since D · Ri = 0, the Ri lie in the orthogonal complement of the class [D] and thus,
[D] lies in the radical of M . Since D2 = 0, it follows from the Hodge index theorem that M is
negative semi-definite and D is connected, the root system B is irreducible. But then, the radical
of M is actually spanned by [D], which implies that for every decomposition D = A + B, where
A,B are effective and non-zero, we have A2 < 0 and B2 < 0. Thus, from 0 = A ·D = A2 +AB,
we conclude A ·B ≥ 1, that is, D is numerically connected. For remaining assertions of claim (2),
we refer to [37, Theorem 7.8] or [525, Section 2].

In particular, if KX is numerically trivial, we obtain the following corollary.

Corollary 2.2.4. LetX be a K3 surface or an Enriques surface. For a divisorD onX , the following
are equivalent:

1. D is effective, nef, and numerically connected with D2 = 0,

2. D is indecomposable of canonical type.

We now come to the classification of indecomposable divisors of canonical type: quite generally,
for any effective divisor D =

∑
niRi with ni ≥ 1 and Ri integral curves for all i on a smooth

projective surface, we denote by Γ(D) the graph whose vertices are the irreducible components Ri
of D and two vertices are joined by an edge if the components intersect. Moreover, we label the
edge with intersection number if it is greater than 1.

It follows from the above discussion or the proof of the previous Proposition that an indecom-
posable divisor of canonical type D is either of the form R, where R is an irreducible curve with
R2 = 0, or it is of the form D =

∑
niRi, where the Ri are (−2)-curves, the greatest common

divisor of the ni’s is equal to 1, and the graph Γ(D) is connected. In case R is irreducible with
R2 = 0, then the adjunction formula implies that R is of arithmetic genus one, and thus, one of
the following: a smooth elliptic curve, or a rational curve that is singular with one ordinary node
singularity, or a rational curve that is singular with one ordinary cusp singularity. In terms of sim-
ple curve singularities as discussed in Chapter 0.4 and if the characteristic of the ground field is
different from 2, an ordinary node (resp. cusp) is a singularity of type a1 (resp. a2). On the other
hand, if D is a reducible divisor, then have already seen in the proof of the previous Proposition that
the set B := {[Ri]}i is an irreducible root system of affine type of the lattice MB spanned by the
classes [Ri] inside Num(X). Moreover, the class [D] belongs to the radical of MB. Applying the
classification of irreducible root systems of affine type from Proposition 0.8.15, we thus obtain the
following classification.

Proposition 2.2.5. Let D =
∑
niRi be an indecomposable divisor of canonical type on a smooth

and proper surface over an algebraically closed field. Then, either D is irreducible and it is one of
the following

I0 a smooth elliptic curve,

I1 a singular rational curve with an ordinary node,

II a singular rational curve with a cusp,
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or else D is reducible, all Ri are (−2)-curves, and it is one of the following

I2 Γ(D) is of type Ã1, that is,

D = R1 +R2, where R1 and R2 intersect transversally in two points,

III Γ(D) is of type Ã1, that is,

D = R1 +R2, where R1 is tangent to R2 at one point and R1 ·R2 = 2,

I3 : Γ(D) is of type Ã3, that is,

D = R1 +R2 +R3 with Ri ·Rj = 1 if i 6= j and R1 ∩R2 ∩R3 = ∅,

IV : Γ(D) is of type Ã3, that is,

D = R1 +R2 +R3 with Ri ·Rj = 1 if i 6= j and R1 ∩R2 ∩R3 6= ∅,

In : Γ(D) is of type Ãn, and n ≥ 4, that is,

D = R1 + · · · + Rn, with R1 · R2 = R2 · R3 = . . . = Rn−1 · Rn = Rn · R1 = 1 and
Ri ·Rj = 0 otherwise,

I∗n+4 : Γ(D) is of type D̃n+4, that is,

D = R0 +R1 +R2 +R3 + 2R4 + · · ·+ 2R4+n with R1 ·R4 = R2 ·R4 = R4 ·R5 = . . . =
R3+n ·R4+n = R4+n ·R2 = R4+n ·R3 = 1 and Ri ·Rj = 0 otherwise,

IV ∗ : Γ(D) is of type Ẽ6, that is,

D = R0 + 2R1 + R2 + 2R3 + 3R4 + 2R5 + R6 with R0 · R1 = R1 · R2 = R1 · R4 =
R2 ·R3 = R3 ·R4 = R4 ·R5 = R5 ·R6 = 1 and Ri ·Rj = 0 otherwise,

III∗ : Γ(D) is of type Ẽ7, that is,

D = 2R0 +R1 + 2R2 + 3R3 + 4R4 + 3R5 + 2R6 +R7 with R0 ·R4 = R1 ·R2 = R2 ·R3 =
. . . = R6 ·R7 = 1 and Ri ·Rj = 0 otherwise,

II∗ : Γ(D) is of type Ẽ8, that is,

D = 2R0 + 2R1 + 4R2 + 6R3 + 5R4 + 4R5 + 3R6 + 2R7 +R8, where R0 ·R3 = R1 ·R2 =
R2 ·R3 = . . . = R7 ·R8 = 1 and Ri ·Rj = 0 otherwise.

The multiplicities should be compared to the fundamental cycles associated to root systems of
finite type, see Corollary 0.4.12.

Remark 2.2.6. Here, we have used Kodaira’s notation from [391], but there is also Néron’s notation
from [538], which we include here for the reader’s convenience

Kodaira I0 I1 In, n > 1, II III IV I∗0 I∗n IV ∗ III∗ II∗

Néron a b1 bn c1 c2 c3 c4 c5n c6 c7 c8

root lattice Ã0 Ã∗0 Ãn−1 Ã∗∗0 Ã∗1 Ã∗2 D̃4 D̃n+4 Ẽ6 Ẽ7 Ẽ8
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We will use the notation for the corresponding type of the affine root basis. The only cases where
the type of the root basis does not determine the Kodaira type are the pairs (I2, III) and (I3, IV ).
Also, the types I0, I0, and II do not have an associated root basis. We will see later in Section ??
that all the above types with number of irreducible components ≤ 9 do occur on Enriques surfaces.

We end our discussion of indecomposable divisors of canonical type with the following useful
remarks and computations, which were already more or less implicit in the above discussion.

Lemma 2.2.7. Let X be a smooth and proper surface over an algebraically closed field k with KX

nef. Let D be an indecomposable divisor of canonical type. Then,

1. hi(D,OD) = 1 for i = 0, 1.

2. ωD ∼= OD.

3. OD(D) ∼= OD(KS).

4. If E is an effective divisor on X with E · Ri = 0 for all i ∈ I , then E = nD + A for some
integer n ≥ 0 and an effective divisor A that is disjoint from D.

5. There exists an a ∈ Q with a ≥ 0 such that KX = a ·D in Num(X)⊗Q.

Proof. (1) Obviously, it suffices to consider the case where D is reducible. Then, it follows from
the previous classification that there exists an i ∈ I such that D = Ri + D′, where D′ does not
contain Ri and coincides with the fundamental cycle Z of a rational double point, see Corollary
0.4.12. Thus, we have h0(D′,OD′) = h1(D′,OD′) = 1. Now, the assertion follows easily from
taking cohomology in the exact sequence

0 → ORi ⊗OX(−D′) → OD → OD′ → 0 (2.2.1)

and the observation that deg(ORi ⊗OX(−D′)) = −Ri ·D′ = −2.

Alternatively, we know from Proposition 2.2.3 that D is numerically connected and thus, we have
h0(OD) = 1 by Lemma 2.1.9. Moreover, the adjunction formula yields χ(OD) = 0, which implies
h1(OD) = h0(OD) = 1.

(2) Tensoring the exact sequence (2.2.1) with OX(KX +D), we obtain the exact sequence

0 → ωRi → ωD → OD′ ⊗OX(KX +D) → 0. (2.2.2)

There exists a non-zero section s ∈ H0(D,ωD) ∼= H1(D,OD)∨ ∼= k. Restricting s to D′, we
obtain a non-zero section of L := OD′ ⊗ OX(KX + D) ∼= OD′ ⊗ ωD. Since deg(L ⊗ ORj ) =
D · Rj = 0 for all components Rj of D′, we deduce L ∼= OD′ from Proposition 0.4.6. Therefore,
s generates ωD at each point of D′. Since deg(ωD ⊗ORj ) = 0, the section s generates ωD ⊗ORj
or it is identically zero. Since Ri intersects D′, the latter case does not occur. Thus, s generates ωD
everywhere.

Alternatively, we have ωD ∼= OX(KX+D)|D and thus, we have degωX |Ri = (KX+D)·Ri = 0
for all i. Since h0(ωD) = h1(OD) = 1 by Serre Duality, Proposition 2.2.3 implies ωD ∼= OD.
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(3) By adjunction formula OD ∼= ωD ∼= OD(D +KD). The assertion follows.

(4) Write E = A+B as a sum of effective divisors, where A is chosen such that it does not have
a common irreducible component with D. For every i ∈ I , we have 0 = E ·Ri = A ·Ri+B ·Ri =
B ·Ri. Since Γ(D) is connected, it follows that the support of B is equal to the support of D. Since
D is numerically connected, it also follows that B = nD for some integer n ≥ 0.

(5) is consequence of the Hodge index theorem, see also [595, Section E.6].

Proposition 2.2.8. Let S be an Enriques surface. Let D be an effective, numerically connected,
and nef divisor with D2 = 0 or, equivalently, an indecomposable divisor of canonical type. Then,

1. |D| or |2D| is a pencil without base points.

2. dim |D| = 0 if and only if the class [D] ∈ Num(S) is a primitive isotropic vector.

Moreover, if S is classical, that is, KS 6= 0, then dim |D +KS | = 0.

Proof. By assumption, we have h0(OS(D)) ≥ 1. It follows from Riemann-Roch that h0(OS(D)) =
1 if and only if h1(OS(D)) = 0. Assume that this is the case. Then, taking cohomology of the
exact sequence

0 → OS(D) → OS(2D) → OD(2D) → 0 (2.2.3)

shows that h0(S,OS(2D)) = h0(S,OS(D)) + h0(D,OD(2D)). By Lemma 2.2.7 and the adjunc-
tion formula we have

OD(2D) ∼= OD. (2.2.4)

Since h0(D,OD) = 1 and h1(S,OS(D)) = 0, we find h0(S,OS(2D)) = 2. Let |2D| = T + |M |,
where T denotes the fixed part of the linear system |2D|. Since every proper subdivisor of D has
negative self-intersection, we get M2 = (2D − T )2 = T 2 < 0, which contradicts the fact that M
is movable. Thus, |2D| has no fixed part and since D2 = 0, it must be an irreducible pencil without
base points.

Next, assume that h1(S,OS(D)) 6= 0. The adjunction formula and Lemma 2.2.7 give OD ∼=
ωD ∼= OD(KS +D). Using that 2KS = 0, we find OD(D) = OD(KS), as well as

0 6= h0(OD(D)) = h0(OD(KS)) ≤ h0(OD(2KS)) = h0(OD) = 1,

and thus, h0(OD(D)) = h0(OD(KS)) = 1. We have the standard exact sequence

0 → OS → OS(D)→ OD(D) → 0 . (2.2.5)

If S is classical, then taking cohomology shows h0(OS(D)) = 2. If S is non-classical, then we have
KS = 0 and thus, OD(D) ∼= OD. Inspecting the long exact in cohomology, we find h0(OS(D)) =
2. Thus, we find dim |D| = 1 in any case. Arguing as above, we conclude again that |D| is an
irreducible pencil without base points. This establishes the first claim.

To prove the second claim, let us first assume that dim |D| ≥ 1. Since h0(S,OS(D)) ≥ 2, it
follows from Riemann-Roch that h1(S,OS(D)) 6= 0. Moreover, it follows from Riemann-Roch
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that h0(S,OS(KS +D)) ≥ 1, that is, there exists an effective divisor D′ ∈ |KS +D|, which is of
canonical type. Seeking a contradiction, we assume that D′ is indecomposable. In particular, D′ is
numerically connected and thus, satisfies h0(OD′) = 1. Taking cohomology in the standard exact
sequence

0→ OS(−D′)→ OS → OD′ → 0

and using Lemma 2.2.7, we obtain a long exact sequence

0 → H1 (S,OS(−D′)) → H1 (S,OS) → H1(D′,OD′) → H2 (S,OS(−D′)) → H2(S,OS) → 0.

If S is classical, this and Serre Duality give

0 = h1(S,OS(−D′)) = h1(S,OS(D)),

contradicting what we have already seen. If S is non-classical, that is, KS = 0, then we have
OD(D) ∼= ωD ∼= OD by Lemma 2.2.7. The exact sequence (2.2.3) shows that the map

H0(S,OS(D))→ H0(D,OD(D))

is surjective. Hence, we have a long exact sequence

0→ H1(S,OS)→ H1(S,OS(D))→ H1(D,OD)→ H2(S,OS(D)) = H0(S,OS(−D)) = 0. (2.2.6)

Since h1(OS(D)) = 1, we get a contradiction, also in the non-classical case. These contradictions
show that D′ is not indecomposable. We write D′ =

∑
j ajAj as sum of indecomposable divisors

of canonical type. Since the signature of the lattice Num(S) is hyperbolic, each Aj , as well as D′

all span the same line inside the vector space Num(S) ⊗ Q. Since D′ is not indecomposable, this
shows that [D′] is not primitive in Num(S).

Conversely, assume that the class [D] is not primitive. Then, we either have D = nD′ or D =
nD′ + KS for some divisor of canonical type D′ and some n ≥ 2. In the first case we have
dim |D| ≥ 1 using the already established first claim. In the second case, we note that, h0(D′ +
KS) + h0(−D′) ≥ 1

2D
′2 + 1 ≥ 1 implies that there exists an effective divisor D′′ ∈ |D′ + KS |.

Obviously,D and (n−1)D′+D′′ are distinct divisors in |D| and thus, dim |D| ≥ 1. This establishes
the second claim.

To prove the last assertion, we take cohomology in the exact sequence

0→ OS(−D)→ OS → OD → 0 (2.2.7)

and using Lemma 2.2.7 as well as h1(OS) = 0, we find h1(OS(−D)) = 0. By Serre Duality, we
find h1(OS(D+KS)) = h1(OS(−D)) = 0 and thus, Riemann-Roch yields dim |D+KS | = 0.

If D is as in the previous Proposition, then we call the pencil |D| or |2D| a genus one pencil.
Moreover, if D is as in the second assertion of the proposition, then it is called a half-fiber. Every
genus one fibration on an Enriques surface has at least one and at most two half-fibers, as the next
result shows.

Corollary 2.2.9. Let S be an Enriques surface.
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1. If S is classical (resp. non-classical), then every genus one pencil on S has precisely two
half-fibers (resp. one half-fiber).

2. If D is an effective and nef divisor on S with D2 = 0, then

(a) either dim |D| = 0 and D is the sum of n ≤ 2 half-fibers of some genus one pencil |P |.
(b) or else dim |D| > 0 and there exists a genus one pencil |P | such that |D| = |kP + eF |

for some k > 0 and e = 0, 1, where F is a half-fiber of |P |. Moreover dim |D| =
dim |kP + eF | = k + 1.

In particular, a member of a linear system |D| without fixed part, has even intersection number with
any effective divisor on S.

Proof. Let [D] be the class of D in Num(S). Then [D] = mf , where m is a positive integer and
f is a primitive isotropic vector represented by some indecomposable effective nef divisor F . If
S is classical (resp. non-classical), then the torsion of Pic(S) is equal to Z/2Z (resp. trivial) and
thus, there exist precisely two (resp. one) representative of f . If S is not classical, we obtain that
D ∈ |mF |, otherwiseD ∈ |mF | orD ∈ |mF+F ′|, where F ∈ |F+KS |. Ifm = 1, we getD = F
or D = F + F ′, in both cases dim |D| = 0. If m > 1, we write m = 2k + e, where e = 0or 1. If
e = 0, by the previous Proposition |2F | is a pencil |P |, and dim |mF | = dim |kP | = k+ 1 > 0. If
e = 1, then |D| = |kP + F | or |kP + F ′|. Let G denote F or F ′. The exact sequence

0→ OS(kP )→ OS(kP +G)→ OG(kP +G)→ 0

together with the fact thatOG(kP+G) ∼= OG(G), and hence h0(OG(kP+G)) = h0(OG(G)) = 0
(because dim |G| = 0) shows that dim |kP | = dim |kP +G|. Thus F or F ′ is the fixed component
of the linear system |D| and dim |D| > 0.

Remark 2.2.10. Half-fibers taken with multiplicity 2 are examples of multiple fibers of genus one
pencils. Moreover, the unique half-fibers taken with multiplicity 2 of genus one pencils on non-
classical Enriques surfaces are examples of multiple fibers that are wild. The generic member of a
genus one fibration of an Enriques surface in characteristic 6= 2 is in fact a smooth curve, that is,
the pencil is an elliptic pencil. However, in characteristic 2, it may happen that the generic member
of a genus one pencil on an Enriques surface is a rational curve with a cusp singularity, that is the
pencil is quasi-elliptic. We will come back to these topics when discussing genus one fibrations on
arbitrary surfaces in Chapter IV.

We end this section by describing linear systems associated to big and nef invertible sheaves.
Compared to the previous analysis of genus one fibrations and divisors of canonical type, this is
relatively easy.

Proposition 2.2.11. Let S be an Enriques surface and let L be a big and nef invertible sheaf on S.
Then, every effective divisor in |L| is numerically connected and

1. either |L| has no fixed components,

2. or else L2 = 2 and |L| = |P | + R, where the moving part |P | is a genus one pencil, and
where the fixed component R is a smooth rational curve with P ·R = 2.
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Proof. Numerical connectivity of effective divisors in |L| follows from Lemma 2.1.9.(3) or Corol-
lary 2.1.10.

By Riemann-Roch, we have h0(S,L) ≥ 2. We write |L| = |M | + Z, where Z is the fixed part
and |M | is the moving part and we will now assume that Z 6= 0.

Seeking a contradiction, we suppose that M2 > 0. Then, since M is nef, we can apply the
Vanishing Theorem (Theorem 2.1.15) to conclude that h0(S,OS(M)) = 1

2M
2 + 1. Since every

divisor in |L| is numerically connected, we find the strict inequality L2 ≥ L ·M = M2 +Z ·M >
M2. On the other hand, we have 1

2M
2+1 = h0(S,OS(M)) = h0(S,L) ≥ 1

2L
2+1, a contradiction.

This implies M2 = 0.

Thus, by Corollary 2.2.9, the linear system |M | = |kP | is composed of a genus one pencil. Since
L2 = Z2 + Z ·M > 0 and Z ·M > 0 (by numerical connectivity of Z + P ), we obtain Z2 < 0
by the Hodge index theorem. Let R be an irreducible component of Z with Z ·R < 0, which exists
since we have Z2 < 0. Since L is nef, we obtain L · R = Z · R + M · R ≥ 0, which implies
R · P > 0. We have r := R · P ≥ 2 by Corollary 2.2.9 and compute

(R+ P )2 = −2 + 2R · P = 2r − 2 ≥ 2 and R · (R+ P ) = −2 + r ≥ 0.

Thus, R + P is a nef divisor with (R + P )2 > 0. By Riemann-Roch and the Vanishing Theorem,
we have h0(R+P ) = r ≥ 2. SinceR is the fixed part of |R+P | and h0(P ) = h0(R+P ) = r, we
get r = 2. This implies that k = 2 and 1 = dim |R + P | = dim |P |. Since 2 = h0(P ) = h0(L) =
1
2L

2 + 1, we conclude L2 = 2.

Next, we compute

2 = L2 = L · (P + Z) = R · P + (Z −R) · P + L · Z = 2 + (Z −R) · P + L · Z,

which gives L · Z = 0 and hence, L ·R = 0 and L2 = L · P = 2. Thus, we find

det

(
L2 L · (P +R)

L · (P +R) (P +R)2

)
= L2 · (P +R)2 − (L · (P +R))2 = 2(2P ·R− 2)− 4 = 0.

By the Hodge index theorem, the divisor classes of P +R and L are proportional in Num(S)R and
since (P +R)2 = L2, they are equal. Finally, since (P +R) ·R = 0 and P is nef, we conclude that
P+R is nef. By Riemann-Roch and the Vanishing Theorem, we find h0(P+R) = 1

2(P+R)2+1 =
2 = h0(P ) and thus, R is the fixed part of |P +R|.

We refer to Section 2.4 and in particular, to Corollary 2.4.6, for base points of linear systems on
Enriques surfaces. Moreover, as an application of Proposition 2.2.11, we have the following Bertini
type theorems for linear systems on Enriques surfaces.

Corollary 2.2.12. Let S be an Enriques surface and let L be a big and nef invertible sheaf on S.

1. If L2 > 2, then the linear system |L| contains an integral divisor, that is, a reduced and
irreducible curve.
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2. If L2 = 2 and S is classical, then |L| or |L ⊗ ωS | contains an integral divisor.

Proof. If L2 > 2, then |L| has no fixed components by the previous Proposition . In characteristic
zero, Bertini’s theorem states that a general member of |L| is even a smooth divisor away from the
base locus. In positive characteristic, it is at least still true that a general member of |L| is an integral
divisor. We refer to [347, Théorème 5.1] for proofs and details. For further details, see also [423,
Lemma 3.3].

Next, suppose that L2 = 2 and that S is classical. If the linear system |L| contains no irreducible
curve, then |L| = |P | + R, where |P | is a genus one pencil and R is a smooth rational curve with
R · P = 2. Let us show that in this case |P + R + KS | contains an irreducible curve. If not, then
we can write |P +R+KS | = |P ′|+R′ for some genus one pencil |P ′| and a smooth and rational
curve R′ with R′ · P ′ = 2. From 2 = P · (P + R) = P · (P ′ + R′) ≥ P · P ′ ≥ 0 and the fact
that |MP | = |2F |, |P | = |2F ′| for two half-fibers F , F ′, we conclude P · P ′ = 0. This implies
P = P ′ and R + KS ∼ R′. The latter equality gives 2R ∼ 2R′, and since (2R)2 = −8 < 0, we
find R = R′ (see also Lemma 2.3.2) and thus, KS = 0, a contradiction.

If L is a big and nef invertible sheaf, then it follows from Enriques Reducibility Lemma (see
Corollary 2.3.5 below) that the linear system |L| contains also at least one reducible curve.

2.3 The Nodal Weyl Group and the Enriques Reducibility Lemma

In this section, we study effective divisors on Enriques surfaces that are not necessarily nef. We
introduce the nodal Weyl group and prove the Reducibility Lemma, which states that every effective
divisor is linearly equivalent to a sum of reduced and irreducible curves of arithmetic genus zero
and one. As an application, we see that every Enriques surface carries at least one genus pencil.

Let S be an Enriques surface and let R be a (−2)-curve. By the adjunction formula, this is also
equivalent to saying that R is an irreducible curve with R2 = −2, see also Proposition 2.1.5. We
denote byR(S) the set of (−2)-curves on S.

Definition 2.3.1. An Enriques surface S is called unnodal ifR(S) = ∅, that is, if S does not contain
any (−2)-curves. Otherwise, S is called nodal.

In Volume 2, we will see that inside the ten-dimensional moduli spaces for (polarized) Enriques
surfaces, the sets of unnodal Enriques surfaces form open and dense subsets, whereas nodal Enriques
surfaces form divisors inside these moduli spaces. We will study nodal Enriques surfaces in detail
in Volume 2.

The following observation shows that we may identify a (−2)-curve with its class in Num(S) or
NS(S).

Lemma 2.3.2. Let R1 and R2 be (−2)-curves on an Enriques surface S. Then,

R1 ≡ R2 ⇔ R1 ∼ R2 ⇔ R1 = R2,

where ≡ and ∼ denote numerical and linear equivalence of divisors, respectively.
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Proof. The implications from the right to the left are trivial. Since dim |R1| = dim |R2| = 0, we
see that R1 ∼ R2 implies R1 = R2. Finally, R1 ≡ R2 implies that either R1 ∼ R2 holds and we
are done or else, we find R1 ∼ R2 + KS with KS 6= 0. However, the second case cannot occur,
since then, we would deduce 2R1 ∼ 2R2 and from dim |2R1| = dim |2R2| = 0, we inferR1 = R2,
a contradiction.

In the previous section, we identified the nef cone Nef(S) of an Enriques surface S with the
fundamental chamber of the root basis in Num(S) formed by the classes of (−2)-curves. LetW nod

S

be the Weyl group of this basis, which we call the nodal Weyl group of S. It is a subgroup of the
Weyl group W (Num(S)). In particular, every effective divisor of S can be moved into the nef cone
by an element of W nod

S . Since the numerical class of any (−2)-curve has a unique representative in
Pic(S), the group W nod

S also acts on Pic(S). More precisely, we have the following result.

Theorem 2.3.3. Let D be an effective divisor on an Enriques surface S with D2 ≥ 0. Then,

D ∼ D′ +
∑
i

miRi, mi ≥ 0, (2.3.1)

where D′ is the unique nef divisor class in the W nod
S -orbit of the divisor class of D and Ri are

(−2)-curves. Moreover, one of the following cases occurs:

1. D′ is an integral curve if D2 > 2;

2. |D′| or |D′ +KS | contains an integral curve if D2 = 2;

3. D′ ∈ |P +R|, where |P | is a genus one pencil and R is a (−2)-curve with R · P = 2, or

4. D′ is a nef divisor with D′2 = 0.

Proof. The numerical class [D] ∈ Num(S) belongs to the closure of a connected component of
V +
S = {x ∈ Num(S)R : x2 > 0}. The nef cone is a fundamental chamber of W nod

S by Proposition
2.2.1. By Corollary 0.8.13, we can write a representative D of its numerical class in the asserted
form (2.3.1) with [D′] ∈ Nef(S). The remaining assertions follow from Proposition 2.2.11 and
Corollary 2.2.12.

Corollary 2.3.4. Every Enriques surface carries at least one genus one pencil.

Proof. Let S be an Enriques surface. Since ρ(S) = 10 and Num(S) is a unimodular and indefinite
lattice, it contains an isotropic vector, see, for example, [642, Chapter 5]. Alternatively, we have
seen and classified (orbits) of isotropic vectors in the Enriques lattice in Corollary 1.5.4. Applying
Theorem 2.3.3 and Proposition 2.2.8, the assertion follows.

The next assertion is known as Enriques’ Reducibility Lemma, or simply as Reducibility Lemma,
which is a fundamental result for linear systems on Enriques surfaces.

Theorem 2.3.5 (Reducibility Lemma). Let D be a divisor on an Enriques surface S.
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1. If D is effective, then it is linearly equivalent to a sum of integral curves of arithmetic genus
0 or 1.

2. If D is big and nef, then the linear system |D| contains a reducible divisor. Moreover, one
can even find D1 +D2 ∈ |D|, where the Di, i = 1, 2 are effective divisors with D2

i ≥ 0.

Proof. Let D be an effective divisor on S. Since D is a sum of integral divisors, we are reduced
to the case where D is integral with D2 > 0. By Theorem 2.3.3, we may reduce to the case where
D is nef. Applying an element from W (Num(S)), we can write [D] as a linear combination of
fundamental weights. Thus, by Remark 1.5.5, we can write the class [D] in Num(S) as a non-
negative linear combination of isotropic vectors fi such that fi · fj > 0 for all i 6= j. Applying w−1

to w([D]), we obtain a numerical equivalence D ≡
∑
niFi with F 2

i = 0 and Fi · Fj > 0 for i 6= j.
Since D is nef and D2 > 0, we have D · Fi > 0. Thus, we may assume each Fi to be an effective
divisor. If KS = 0, then numerical equivalence coincides with linear equivalence and thus, D is in
fact linearly equivalent to the sum of effective divisors Di = niFi with D2

i = 0. If KS 6= 0, then
we replace D1 with D′1 ∈ |D1 + KS | if necessary to conclude the same. In particular, we see that
any big and nef divisorD can be written as a sumD1 +(D−D1) of two divisors with non-negative
self-intersection.

Applying Theorem 2.3.3, we can write each Di as a sum Pi +
∑

i∈I Ri, where Pi is a nef divisor
with P 2

i = 0. By Corollary 2.2.9, each Pi is linearly equivalent to a sum of half-fibers. Moreover,
each half-fiber is either an irreducible curve of arithmetic genus one or a sum of (−2)-curves.

Remark 2.3.6. If S is a classical Enriques surface and D is a big and nef divisor, then Enriques
gave the following beautiful and geometric argument for the existence of a reducible divisor in |D|:
inside the projective space |2D| = P(H0(S,OS(2D))), we have the two closed subschemes V and
V ′ formed by divisors of the form D1 + D2 and D′1 + D′2 with Di ∈ |D| and D′i ∈ |D + KS |,
respectively. Since n := dim |D| = dim |D + KS | = 1

2D
2 by Corollary 2.1.16, we conclude that

dimV = dimV ′ = 2n. Similarly, we have dim |2D| = 4n and |2D| contains integral divisors by
Corollary 2.2.12. Thus, V ∩ V ′ 6= ∅ and there exists a divisor C ∈ |2D| that can be written as

C = D1 +D2 = D′1 +D′2,

with Di ∈ |D| and D′i ∈ |D + KS |. However, since |D| ∩ |D + KS | = ∅, this can only happen if
D1 and D2 are reducible divisors. This establishes a reducible divisor D1 in |D|.

In particular, if an Enriques surface is unnodal, then it does not contain curves of arithmetic genus
0, and we have the following.

Corollary 2.3.7. If S is an unnodal Enriques surface, then every effective divisor on S is linearly
equivalent to a sum of integral curves of arithmetic genus 1.

Finally, since the canonical class KS is trivial or equal to the class of the difference of two half-
fibers of a genus one pencil, we obtain the following.

Corollary 2.3.8. If S is an Enriques surface, then Pic(S) is generated by the classes of curves of
arithmetic genus 1 or 0.
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Remark 2.3.9. Note that we can prove this corollary without using Enriques Reducibility Lemma. In
fact, we may use Proposition 1.5.3 to conclude that the Enriques lattice E10 is generated by isotropic
primitive vectors f1, . . . , f10 and ∆−f1−f2. This corollary should also be compared with the fact
that the Picard group of a rational surface is generated by classes of smooth rational curves.

2.4 Base points and the Φ-function

In this section, we discuss the Bogomolov instability for rank two vector bundles and Reider’s theo-
rem for surfaces. As an application, we obtain another proof of the fundamental Vanishing Theorem
for Enriques surfaces (Theorem 2.1.15), but also results on base points of linear systems and Fujita’s
conjecture. Then, we introduce the function Φ for invertible sheaves, which is fundamental for the
study of big and nef linear systems on Enriques surfaces. Finally, we shortly discuss k-ampleness
and Seshadri constants.

Definition 2.4.1. A rank 2 vector bundle E on a smooth and proper surface X is called Bogomolov
unstable if there exists a short exact sequence

0 → OX(A) → E → IZ(B) → 0, (2.4.1)

where IZ is the ideal sheaf of a 0-dimensional closed subscheme Z ⊂ X and the divisor A − B
satisfies (A−B)2 > 0 and (A−B) ·H > 0 for some ample divisor H .

The following theorem, due to Bogomolov [70] over the complex numbers, gives a very useful
criterion for a rank two vector bundle to be Bogomolov unstable.

Theorem 2.4.2. Let X be a smooth and proper surface in characteristic p ≥ 0 and let E be a rank
two vector bundle on X . Assume that p = 0 or that p > 0 and that X is of Kodaira dimension
κ(X) ≤ 0. If c2

1(E) > 4c2(E), then E is Bogomolov unstable.

Proof. Over the complex numbers, we refer to [70], as well as [42, Chapter IV, Sections 10 and 12],
and [594]. In positive characteristic, this theorem is a special case of [649, Theorem 7].

Remark 2.4.3. In positive characteristic p, more is known: this theorem still holds if κ(X) = 1
with some very explicit exceptions if p ≤ 3, see [207, Theorem 1.6]. For surfaces of general type,
that is κ(X) = 2, we refer the reader to [207] and [649]. Finally, we refer the reader to [430]
and [431] for further results and with a view towards the Bogomolov-Miyaoka-Yau inequality in
positive characteristic.

Before applying this result and Reider’s theorem below to the study of base points of linear systems
on Enriques surfaces, we give another proof of the Vanishing Theorem (Theorem 2.1.15). Let us
recall some results from Section 2.2: if X is a smooth and proper surface, then we defined the cone
Big(X) of big numerical divisor classes. If we fix some ample class h ∈ NS(X), then the set of big
divisors {

x ∈ NS(X) : x2 > 0, x · h > 0
}
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does not depend on the choice of h and generates the cone Big(X). If D ∈ NS(X) is a numerically
effective class, then the Hodge index theorem implies that we have [D] · x > 0 for all x ∈ Big(X).
After these preparations, we give another proof the vanishing theorem.

Corollary 2.4.4 (Vanishing Theorem). Let X be a smooth and proper surface that satisfies the
assumptions of Theorem 2.4.2, for example, an Enriques surface. IfD is an effective and nef divisor
with D2 > 0 on X , then

H1(S,OX(−D)) = 0.

Proof. SetL := OX(D) and assume thatH1(X,L−1) 6= 0. Using the isomorphism Ext1(L,OX) ∼=
H1(X,L−1), we deduce that there exists a non-trivial extension of invertible sheaves

0 → OX → E → L → 0. (2.4.2)

Computing Chern classes, we find c1(E) = [D] and c2(E) = 0. By Theorem 2.4.2, the vector
bundle E is Bogomolov-unstable. Thus, there exists an exact sequence like (2.4.1) for E and we let
φ : OX(A)→ L be the composition of the inclusion map OX(A)→ E followed by the projection
E → L.

Seeking a contradiction, let us assume φ = 0. Then, the image of OX(A) in E is contained in
OX and hence, A ≤ 0. Moreover, if A < 0, then, after taking global sections in (2.4.1), we find
that B ≥ 0 and hence (A − B) ·H < 0 for all ample line bundles H on X , which contradicts the
properties of (2.4.1). From this contradiction, we infer A = 0. Thus, the exact sequence (2.4.1)
gives c1(E) = [A] + [B] = [D]. Hence, [B] = [D] and again (A − B) ·H = −D ·H ≤ 0 for all
ample H . This contradiction shows that φ 6= 0.

Using φ 6= 0, we conclude h0(L(−A)) = h0(OX(B)) 6= 0. Now, since [A − B] ∈ Big(X), we
conclude D · (D − 2B) = D · (A−B) > 0. Also, we have 0 = c2(E) = A ·B + h0(OZ), which
implies A ·B = (D−B) ·B ≤ 0. Thus, we obtain B2 ≥ D ·B and D2 > 2D ·B ≥ D ·B, which
gives

D2 > 0 and B2 ·D2 > (D ·B)2.

By the Hodge Index Theorem, this implies [B] = 0, hence B = 0. Thus, L = OX(A) and φ
defines a splitting of the exact sequence (2.4.2), a contradiction. This final contradiction shows that
h1(X,L−1) = 0.

We now come to the main application of Theorem 2.4.2, which is the analysis of base points of
adjoint linear systems, due to Reider [597].

Theorem 2.4.5 (Reider). Let X be a smooth and proper surface that satisfies the assumptions of
Theorem 2.4.2. Let L be a big, nef, and effective invertible sheaf.

1. Suppose that L2 ≥ 5 and that |L ⊗ ωX | has a base point x ∈ X . Then, there exists an
effective divisor E that contains x such that either

(a) E2 = 0 and L · E = 1, or

(b) E2 = −1 and L · E = 0.
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2. Suppose that L2 ≥ 9 and that |L ⊗ ωX | does not separate two points x, y ∈ X (possibly
infinitely near). Then, there exists an effective divisor E that contains x and y such that

(a) E2 = 0 and L · E ≤ 2, or

(b) E2 = −1 and L · E ≤ 1, or

(c) E2 = −2 and L · E = 0, or

(d) L2 = 9, E2 = 1, and L ≡ 3E in Num(X).

Proof. A point x ∈ X is a base point of the linear system |L⊗ωX | if and only if h0(Ix⊗L⊗ωX) =
h0(L ⊗ ωX), where Ix ⊆ OX denotes the ideal sheaf of x ∈ X . Taking cohomology in the short
exact sequence

0 → Ix ⊗ L⊗ ωX → L⊗ ωX → Ox → 0

and applying Corollary 2.4.4, we conclude that x is a base point if and only if

0 6= H1(X, Ix ⊗ L⊗ ωX) ∼= Ext1(Ix ⊗ L⊗ ωX , ωX) ∼= Ext1(Ix ⊗ L,OX),

where the first isomorphism is Serre Duality. Thus, a non-zero element in the latter Ext-group gives
rise to a non-split exact sequence

0 → OX → E → Ix ⊗ L → 0. (2.4.3)

One can show that E is locally free and thus, a vector bundle of rank 2. Computing Chern classes,
we find c1(E) = [L] and c2(E) = [x]. Since L2 ≥ 5, Theorem 2.4.2 implies that E is Bogomolov
unstable, that is, there exists a short exact sequence

0 → OX(A) → E → IZ(B) → 0 (2.4.4)

as in (2.4.1). Moreover, we have 2h · A > h · L > 0 for every ample class h. Since L is big and
nef, it is a limit of ample divisors, from which we conclude 2L · A ≥ A2. Combining (2.4.3) and
(2.4.4), we claim that the composition

OX(A) → E → Ix ⊗ L

is non-zero: otherwise, we obtain A = −E for some effective divisor E, and thus, 2h · A ≤ 0 for
all ample classes, which contradicts the above. From this, we conclude that there exists an effective
divisor E on X such that

L ∼= OX(A+ E) and x ∈ E.

In particular,E is not numerically trivial and thus, the inequality 2L·A ≥ A2 becomes L2 ≥ 2L·E.
We rewrite (2.4.4) as the short exact sequence

0 → L(−E) → E → IZ ⊗OX(E) → 0

and computing Chern classes, we find 1 = c2(E) = L·E−E2+h0(OZ). This impliesL·E−E2 ≤ 1
and we conclude the following inequalities

2L · E ≤ L2 L · E − E2 ≤ 1
L · E ≥ 0 L2 · E2 ≤ (L · E)2 .
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The third inequality follows from the fact that L is nef and E is effective and the fourth inequality
follows from the Hodge Index Theorem. Putting these together, we conclude

L · E ≤ 1 + E2 ≤ 1 +
(L · E)2

L2
≤ 1 +

1

2
(L · E).

From this, we obtain L · E ≤ 2 and we have equality if and only if L and E generate the same line
in Num(X). In this latter case, we find E2 ≥ 1 and L2 ≤ 4 contradicting our assumptions. Thus,
we have L · E = 0 or L · E = 1. In the first case, we have E2 ≤ 0 by the Hodge Index Theorem
and we have E2 = 0 if and only if E is numerically trivial, which we know not being the case.
Since −E2 ≤ 1, we conclude E2 = −1. In the second case, that is, if L · E = 1, then we find
E2 ≤ (L2)−1 ≤ 1

5 and thus, E2 ≤ 0. On the other hand, we have E2 ≥ 1−L ·E = 0 and we find
E2 = 0. This establishes the first claim.

Similarly, a pair x, y of points onX (possibly infinitely near), which are not separated by |L⊗ωX |
define a non-split extension

0 → OX → E → Ix,y ⊗ L → 0, (2.4.5)

and we note that we have h0(Ox,y) = 2. Again, E turns out to be a vector bundle of rank two and
computing the Chern classes, we find c1(E) = [L] and c2(E) = [x+y]. Thus, if L2 > 4h0(Ox,y) =
8, then E is Bogomolov unstable by Theorem 2.4.2. From there, a similar analysis as the above
yields the second claim. We refer the interested reader to [42, Chapter IV, Theorem 11.4], or [232,
Chapter 9, Theorem 6] or [597] for details.

First, we apply Reider’s theorem to Enriques surfaces, which allows us to analyze base points of
linear systems rather than their adjoint linear systems.

Corollary 2.4.6. Let S be an Enriques surface and L be a big and nef invertible sheaf.

1. If L2 ≥ 6 and |L| has a base point x, then there exists an effective divisor E containing x
such that E2 = 0 and L · E = 1.

2. If L2 ≥ 10 and |L| does not separate two points x, y (possibly infinitely near), then there
exists an effective divisor E containing x, y such that

(a) E2 = 0 and L · E = 2, or

(b) E2 = −2 and L · E = 0.

Proof. Since ωS is numerically trivial, also L′ := L⊗ωS is big and nef with L2 = L′2 and then, we
can apply Theorem 2.4.5 to L′. By Proposition 1.5.1, the intersection pairing on Num(S) is even,
which implies that the cases 1.(a), 2.(b), and 2.(d) of Theorem 2.4.5 cannot occur.

Remark 2.4.7. We can even say a little bit more about the effective divisors E occuring in Corollary
2.4.6: in case 2.(b), by Hodge’s Index Theorem, we may assume that E is a sum of (−2)-curves.
In the remaining cases, we have E2 = 0 and then, Theorem 2.3.3 shows that E is numerically
equivalent to the sum of a multiple of a half-fiber F and the non-negative sum of (−2)-curves.
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Again, by Hodge’s Index Theorem, we must have L · F > 0, and hence either L · F = 1 and |L|
has a fixed point on F , or L · F = 2 and |L| does not separate two points. They either lie on a F
or F ′ ∈ |F + KS |, or on both F and F ′.We will say more about base points of linear systems in
Theorem 2.4.14, as well as in Section 2.6 below.

Next, we apply these results to establish Fujita’s conjecture for K3 surfaces and Enriques surfaces:
given an ample invertible sheaf L on a smooth and projective variety X of dimension d over an
algebraically closed field, it follows from the very definition that L⊗N , as well as L⊗N ⊗ ωX , will
be base point free and even very ample for N � 0. More precisely, Fujita [233] conjectured that
L⊗N ⊗ ωX should be base point free (resp. very ample) if N ≥ (d + 1) (resp. N ≥ (d + 2)).
Reider’s theorem can be used to prove this conjecture for surfaces and we refer the interested reader
to [435] and [436] for more about this conjecture. For K3 surfaces and Enriques surfaces, we have
the following.

Corollary 2.4.8. Let X be a K3 surface or an Enriques surface and let L be an ample invertible
sheaf.

1. Both, L⊗2 and L⊗2 ⊗ ωX , are globally generated, that is, the associated linear systems have
no base points.

2. Both, L⊗3 and L⊗3 ⊗ ωX , are very ample.

Proof. Since L is ample and the intersection form on Num(X) is even, we have L2 ≥ 2.

Thus, we have (L⊗2)2 ≥ 8 and every effective divisor E satisfies L⊗2 · E ≥ 2. Thus, Theorem
2.4.5.(1) implies that L⊗2⊗ωX has not base points. If X is a K3 surface, then ωX ∼= OX and thus,
also L⊗2 has no base points. If X is an Enriques surface, then Corollary 2.4.6.(1) shows that also
L⊗2 has no base points.

The proof of the second claim follows similarly and we leave it to the reader.

In view of the Reducibility Lemma (Theorem 2.3.5), as well as the previous analysis, it is clear that
genus one fibrations and isotropic vectors in Num(S) play an important role for linear systems and
their base points on an Enriques surface S. This leads to introducing the function Φ. In Section 0.9,
we introduced the notation Num(S)0 for the set of isotropic vectors in Num(S), that is, classes of
self-intersection zero. Moreover, in Corollary 1.5.4, we even classified isotropic vectors of Num(S).
Then, we define

Φ : Num(S) → Z≥0

x 7→ inf {|x · f | | f ∈ Num(S)0} .
(2.4.6)

We extend it by linearity to a function on Num(S)R. To simplify notation, if D is a divisor or if L
is an invertible sheaf on S, then we denote by Φ(D) and Φ(L) the just defined function Φ evaluated
on the corresponding class in Num(S). If L is a big and nef invertible sheaf, then Φ(L) should be
thought of as a sort of positivity measure or ampleness measure - below, we will make this precise.

Remark 2.4.9. Clearly, Φ can be defined for every lattice M that contains isotropic vectors (see
[132, Chapter III, §7] where this function is studied for hyperbolic lattices). Note that Φ makes
sense only for very few lattices beside the hyperbolic ones. First, the need for isotropic vectors
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implies that M cannot be positive or negative definite. Moreover, if M is an indefinite lattice of
rank ≥ 6 and signature (t+, t−) with t+ ≥ 2 and t− ≥ 2, then for every 0 6= x ∈M , the sublattice
(Z · x)⊥ ⊆M is indefinite of rank ≥ 5, thus, contains isotropic vectors, which shows Φ(x) = 0.

We start with a useful lemma. First, we recall some notation. Let Big(S) ⊂ Num(S) be the cone
of big divisors, we set

Num(S)+ := Big(S) ∩Num(S).

Lemma 2.4.10. Let S be an Enriques surface and let x ∈ Num(S).

1. For every isometry ψ ∈ O(Num(S)) we have

Φ (ψ(x)) = Φ(x).

In particular, this applies to elements of the Weyl group W (Num(S)) and the nodal Weyl
group W nod

S .

2. If x ∈ Num(S)+, then Φ(x) can be achieved on the class of a half-fiber. In particular, we
have

Φ(x) =
1

2
inf {x · P, where |P | is a genus one pencil} (2.4.7)

and Φ(x) ≥ 1 in this case.

Proof. We have

Φ(ψ(x)) = inf{|ψ(x) · f | : f ∈ Num(S)0} = inf{|x · ψ−1(f)| : f ∈ Num(S)0} ≥ Φ(x).

Replacing ψ with ψ−1, we get the opposite inequality, which establishes the first claim.

In particular, to compute Φ(x), we may replace x with a nef class in the same W (Num(S))-orbit.

To prove the second assertion, by above, we may assume that x ∈ Num(S)+ is nef. By Theorem
2.3.3, we can write f = f0 + R, where f0 is nef and R is a non-negative sum of the classes of
(−2)-curves. Since x ·f0 ≤ x ·f and x ·f is minimal, we conclude that Φ(x) = x ·f0. Thus, f0 is a
divisor of canonical type. Since x · f0 is minimal and x is nef, it follows that f0 is indecomposable.
Moreover, again by minimality, f0 must be a half-fiber. Clearly, if |P | is a genus one pencil, then
[P ] ∈ Num(S)0 and it is divisible by 2 in Num(S) and thus, we have the inequality “≤” in (2.4.7).
Since |2f0| is a genus one pencil and Φ(x) = x · f0, this shows that we have equality in (2.4.7). The
positiveness of Φ(x) follows from Hodge’s Index Theorem.

Next, we have the following inequalities.

Proposition 2.4.11. Let S be an Enriques surface and x ∈ Num(S)+. Then, the inequality

Φ(x) ≤
√
x2

holds true. Moreover, the equality takes place only if x is in the orbit of the fundamental weight ω1

and satisfies x2 = 4,Φ(x) = 2.
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Proof. Consider the function ψ(x) = Φ(x)2

x2 . Let us prove first that it is a convex function on
the fundamental chamber C of W (E10) in (E10)R, the convex cone of the fundamental weights
ω0, . . . ,ω9. Since any two non-proportional vectors in C span a hyperbolic plane, (x ·y)2 > x2 ·y2.
For any two positive λ, µ ∈ R, we get

ψ(λx+µy)(λx+µy)2 ≤ (λx ·ω9 +µy ·ω9)2 = λ2(x ·ω9)2 + 2λµ(x ·ω9)(y ·ω9) +µ2(y ·ω9)2

< λ2Φ(x)2x2 + 2λµΦ(x)Φ(y)
√
x2y2 + µ2Φ(y)2y2 ≤ max{ψ(x), ψ(y)}(λx+ µy)2.

Thus ψ(λx + µy) < max{ψ(x), ψ(y)}, as claimed. It follows from the convexity of the function
ψ that it is enough to check the assertion for fundamental weights of ωi, i 6= 10. Using Proposi-
tion 1.5.3, we verify that ψ(ω0) = 9/10, ψ(ω1) = 1, ψ(ω2) = 8/9, ψ(ω3) = 6/7, ψ(ω4) =
5/6, ψ(ω5) = 4/5, ψ(ω6) = 3/4, ψ(ω7) = 2/3, ψ(ω8) = 1/2.

Remark 2.4.12. As we remarked before in Remark 2.4.9, we can define the function Φ for any
hyperbolic lattice M with isotropic vectors. It is proved in [132, Theorem 2.7.1], that Φ(x)/x2 is
always bounded by some constant which is an invariant of the lattice. For example, it is known that
Φ(x)/x2 ≤ 2 if M ∼= E2,4,5,E2,4,6 and Φ(x)/x2 ≤ 3

2 if M = E3,3,4.

Remark 2.4.13. As is shown in [386, Proposition 4.1], the function Φ does not take all possible
positive values. In fact, it is proven in loc. cit. that

x2 ≤ Φ(x)2 + Φ(x)− 2.

As a first result that shows the usefulness of the Φ-function, we show that it does detect whether
a linear system has base points. The proof uses some results that we will establish in Section 2.6
below, but it is useful to already state it at this point.

Theorem 2.4.14. Let S be an Enriques surface and let L be a big and nef invertible sheaf on S.
Then, the following are equivalent:

1. Φ(L) = 1.

2. The linear system |L| has at least one base point.

Proof. First, assume that Φ(L) = 1. Using Lemma 2.4.10.(3), we see that there exists a half-fiber
F of some genus one pencil such that L · F = 1. By Lemma 2.2.7, we have ωF ∼= OE . It thus
follows from Riemann-Roch that h0(F,L|F ) = 1. Thus, there exists a unique point x ∈ F such
that every member of |L| passes through x, that is x is a base point of |L|.

Conversely, if Φ(L) ≥ 2, then |L| has no base points by Corollary 2.6.8. (In case L2 ≥ 6, then it
already follows from Corollary 2.4.6 that |L| has no base points.)

More precisely, we will see in Proposition 2.6.4 below that if Φ(L) = 1, then the linear system
|L| has exactly two simple base points (one is infinitely near if S is not classical Enriques surface).
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Corollary 2.4.15. Let S be an Enriques surface and let L be a big and nef invertible sheaf with
Φ(L) ≥ 2 and L2 = 2d. Then, the linear system |L| has no base points and the associated
morphism

ϕ : S → Pd

is generically finite onto its image, which is a surface. Moreover, we have the estimate for the
generic degree degϕ of ϕ

1 ≤ degϕ ≤ 2 ·
(

1 +
1

d− 1

)
≤ 4 .

In particular, if d ≥ 4, then degϕ ≤ 2.

Proof. Since Φ(L) ≥ 2, the linear system |L| has no base points, and since L2 > 0, the image
of ϕ must be a surface. Next, we have h0(S,L) = 1 + 1

2L
2 by Corollary 2.1.16, and thus, ϕ is a

morphism to projective space of dimension 1
2L

2. By Proposition 0.5.1, we have degϕ(S) ≥ d− 1
and thus, we find

L2 = degϕ · degϕ(S) ≥ degϕ · (d− 1).

From this and the fact that 2d ≥ Φ(L)2 ≥ 4, the claimed estimates follow.

Next, the following theorem says that linear systems |L| arising from big and nef invertible sheaves
L with Φ(L) ≥ 3 always give rise to birational morphisms. We will study linear systems |L| and
their base points with Φ(L) ≤ 2 in detail in Section 2.6 below.

Theorem 2.4.16. Let S be an Enriques surface and let L be a big and nef invertible sheaf with
L2 = 2d. Then, the following are equivalent

1. Φ(L) ≥ 3.

2. The linear system |L| has no base points and the associated morphism ϕ : S → Pd is
birational onto its image S′ = ϕ(S), which is a normal surface.

In this case, S′ has at worst rational double point singularities.

Proof. (2) ⇒ (1) Since |L| has no base points, we have Φ(L) ≥ 2 by Theorem 2.4.14. Seeking a
contradiction, we assume Φ(L) = 2. Using Lemma 2.4.10.(3), we see that there exists a genus one
pencil |2F | with L · F = 2. More precisely, by Lemma 2.2.7, we have ωF ∼= OF . By Riemann-
Roch, we have h0(F,L|F ) = 2, which implies that either |L| has at least one base point on F , which
contradicts our assumptions (or Theorem 2.4.14), or else |L| induces a morphism of degree 2 from
F to P1. However, since ϕ was assumed to be birational with normal image S′, this contradicts
Zariski’s Main Theorem (see [287, Corollary III.11.4]).

(1)⇒ (2) First, we have d ≥ 5 by Proposition 2.4.11 and we may apply Corollary 2.4.6. First of
all, this implies that |L| has no base points and we let ϕ : S → PN be the associated morphism. In
fact, we have N = d by Corollary 2.1.16. If ϕ does not separate two points x, y (possibly infinitely
near), then Corollary 2.4.6 implies that there exists a (−2)-curve R with L · R = 0 that contains x
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and y (the other possibility does not occur because we have Φ(L) ≥ 3). Obviously, ϕ blows downR
to a point in the image. Since [L]⊥ is a negative lattice inside Num(S), the number of (−2)-curves
R such that L · R = 0 is finite, see also Proposition 2.1.5. This shows that ϕ is an isomorphism
outside the union of such curves. Moreover, all these curves are blown down to rational double
points of S′ = ϕ(S) by Proposition 0.4.8 and Proposition 2.1.5.

As an application, we obtain the following generalization of Corollary 2.4.8 and Fujita’s conjec-
ture.

Corollary 2.4.17. . Let S be an Enriques surface and let L be a big and nef invertible sheaf.

1. The invertible sheaves L⊗2 and L⊗2 ⊗ ωS are globally generated, that is, their associated
linear systems have no base points.

2. The rational maps associated to the linear systems |L⊗3| and |L⊗3⊗ωS | are morphisms and
S is birational to the image.

Proof. First, we have Φ(L) ≥ 1 by Lemma 2.4.10.(3). Thus, we have Φ(L⊗2) = Φ(L⊗2⊗ωS) ≥ 2
and then, the first claim follows from Theorem 2.4.14. Similarly, we have Φ(L⊗3) = Φ(L⊗3 ⊗
ωS) ≥ 3 and then, the second claim follows from Theorem 2.4.16.

Interestingly, the Φ-function also controls the behavior of the linear system |π∗L| on the K3-cover
π : X → S of an Enriques surface S, see Section 3.1.

We end this section by relating Φ to two classical positivity measures for invertible sheaves. First,
if L is an invertible sheaf on some proper variety X , then L is called k-very ample if for every
closed and zero-dimensional subscheme Z ⊂ X with h0(Z,OZ) ≤ (k + 1) the restriction map

H0(X,L) → H0(Z,L ⊗OZ)

is surjective. Clearly, L is 0-very ample if and only if L is globally generated. Moreover, L is
1-very ample if and only if L is very ample. Geometrically, for k ≥ 1, k-very ampleness means that
under the embedding defined by |L| there are no (m + 1)-secant (m − 1)-planes to X for m ≤ k.
Equivalently, any zero-dimensional subscheme Z ⊆ X of length m with m ≤ (k + 1) imposes
independent conditions on global sections of L, that is,

h0(X, IZ ⊗ L) = h0(X,L) − lg(Z),

where IZ ⊆ OX denotes the ideal sheaf of Z and lg(Z) = h0(OZ) as it was defined in (0.3.3). A
relation between this notion and the Φ-function is given by the following theorem, which is due to
Szemberg [677] - it seems likely that these results also hold in positive characteristic.

Theorem 2.4.18 (Szemberg). Let S be an Enriques surface in characteristic zero and let L be a big
and nef invertible sheaf.

1. If L is k-very ample, then Φ(L) ≥ (k + 2).
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2. If S is unnodal and Φ(L) ≥ (k + 2) for some integer k ≥ 1, then L is k-very ample.

Let us also mention the following theorem, due to Knutsen [385] and Szemberg [677], and again,
it seems likely that it also holds in positive characteristic.

Theorem 2.4.19 (Knutsen, Szemberg). Let S be an Enriques surface in characteristic zero and let
L be a big and nef invertible sheaf.

1. L is k-very ample if and only if there exists no effective divisor E on S with

(a) E2 = −2 and L · E ≤ (k − 1) or

(b) E2 = 0 and L · E ≤ (k + 1).

2. If L is ample and n ≥ (k + 2), then L⊗n is k-very ample.

Remark 2.4.20. In the following two cases, we already established the first statement and even in
arbitrary characteristic:

1. If k = 0, then L is 0-very ample, that is, L is globally generated, if and only if Φ(L) ≥ 2. We
have seen this in Theorem 2.4.14.

2. If k = 1, then L is 1-very ample, that is, L is ample, if and only if Φ(L) ≥ 3 and there exists
no (−2)-curve E with L · E = 0. This easily follows from Theorem 2.4.16.

Morover, the first statement can be thought of as a generalization of Corollary 2.4.6 and the second
statement can be thought of as a generalization of Corollary 2.4.8.

The next positivity measures are the following and we refer to [44] or [435] for introduction and
background: if L is an ample invertible sheaf on a smooth and proper variety X , then we define the
Seshadri constant of L in the closed point x ∈ X to be the real number

ε(L, x) := inf
x∈C

L · C
multxC

,

where the infimum is taken over all curves C passing through x. Moreover, the Seshadri constant
of L is defined to be

ε(L) := inf
x∈X

ε(L, x).

A priori, Seshadri constants are real numbers and on surfaces, we have the estimate

0 ≤ ε(L) ≤
√
L2,

see, for example, [435, Proposition 5.1.9]. In general, not much is known about Seshadri constants.
For Enriques surfaces, we have the following result, which slightly extends a theorem of Szemberg.

Theorem 2.4.21. Let S be an Enriques surface and let L be an ample invertible sheaf. Then, ε(L)
is a rational number and satisfies

1

2
≤ ε(L) ≤ Φ(L) ≤

√
L2. (2.4.8)

Moreover,
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1. if Φ(L) ≥ 2, or, equivalentely, if L is globally generated, then ε(L) ≥ 1.

2. If ε(L) < 1, then Φ(L) = 1 and ε(L) ∈ {1
2 ,

2
3}.

Proof. The inequality Φ(L) ≤
√
L2 is Proposition 2.4.11. Moreover, by definition of Φ and Lemma

2.4.10, there exists a half-fiber F of S such that L · F = Φ(L) and thus, if x ∈ F , we find

ε(L) ≤ ε(L, x) ≤ L · F
multx F

≤ L · F = Φ(L).

Over the complex numbers, ε(L) ∈ Q is shown in [677, Theorem 3.3]. We leave it to the reader to
check that the proof works in arbitrary characteristic. If L is ample, then L⊗2 is globally generated
by Corollary 2.4.17. Being ample and globally generated, we have ε(L⊗2) ≥ 1 (see, for example
[435, Example 5.1.18]), which implies ε(L) ≥ 1

2 . This establishes all inequalities in (2.4.8).

An ample invertible sheaf L is globally generated if and only if Φ(L) ≥ 2 by Theorem 2.4.14
and for ample invertible sheaves that are globally generated, we already mentioned that we have
ε(L) ≥ 1.

If ε(L) < 1, then Φ(L) < 2 by the just established result and thus, Φ(L) = 1 by Lemma 2.4.10.
In particular, there exists a half-fiber F such that L · F = 1. Moreover, if x ∈ S is a point such that
ε(L, x) < 1, then there exists a unique non-multiple E(x) ∈ |2F | passing through x. As explained
in the proof of [677, Proposition 3.5], the infimum ε(L, x) is achieved on a component of E(x).
This implies that

L · E(x)

multxE(x)
=

2

multxE(x)
= ε(L, x) < 1.

Since ε(L) ≥ 1
2 , the classification of irreducible divisors of canonical type shows that E(x) must

be a double curve and x must be a non-smooth point of its reduction or E(x) is a triple point of a
fiber of type Ã∗2. From this, we infer ε(L, x) = 1

2 or 2
3 and the remaining assertion follows.

Remark 2.4.22. In case there exists a half-fiber F on S with Φ(L) = L ·F such that F is a singular
curve, then the proof shows that ε(L) ≤ 1

2Φ(L) holds true in this case.

We refer to [677] for more about Seshadri constants on Enriques surfaces, further estimates, and
the relation to generation of s-jets. It would be interesting to extend these results to positive charac-
teristic.

2.5 Numerically connected divisors

In Section 2.1, we introduced numerically connected divisors. In this section, we shortly discuss a
generalization and some useful applications.

Let D be an effective divisor on a smooth and proper surface X . We say that D is called numer-
ically m-connected if for every decomposition D = D1 + D2 as a sum of two nonzero effective
divisors D1 and D2, we have D1 ·D2 ≥ m. Clearly, an effective divisor is numerically 1-connected
if and only if it is numerically connected in the sense of Section 2.1. In particular, we refer to
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Lemma 2.1.9 for some easy results on 1-connected divisors. Next, we define a linear system |D|
(resp. an invertible sheaf L) on X to be m-connected if every effective divisor in |D| (resp. every
effective divisor in |L|) is m-connected.

Proposition 2.5.1. Let C be an irreducible curve on an Enriques surface S with C2 > 0. Then,

1. Φ(C) ≥ 1 and |C| is 1-connected.

2. If |C| is m-connected, then C2 ≥ 2m.

3. |C| is m-connected if and only if |C +KS | is m-connected.

4. |C| is 2-connected if and only if Φ(C) ≥ 2.

Proof. Since C is irreducible with C2 > 0, it follows that OX(C) is big and nef. Thus, |C| is
1-connected by Lemma 2.1.9.(3) and we have Φ(C) ≥ 1 by Lemma 2.4.10. From this, the first
claim follows.

Assume that |C| is m-connected. By the Reducibility Lemma (Theorem 2.3.5), |C| contains
a sum of non-zero effective divisors D1 + D2 with non-negative self-intersection. Thus, C2 =
(D1 +D2)2 = D2

1 +D2
2 + 2D1 ·D2 ≥ 2m, which establishes the second claim.

To show the third claim, assume that |C| is m-connected. Seeking a contradiction, suppose that
D ∈ |C + KS | is not m-connected. Thus, there exist two non-zero and effective divisors D1 and
D2 with D = D1 + D2 and D1 · D2 < m. By the previous assertion, we have D2 = C2 ≥ 2m,
hence one of the divisors D1, D2, say D1, has positive self-intersection. Thus, by Riemann-Roch,
there exists an effective divisor D′1 that is linearly equivalent to (D1 + K2). From this we find
D′1 + D2 ∈ |C| with D′1 · D2 < m, contradicting the assumption that |C| is m-connected. This
contradiction establishes the third claim.

To show the fourth claim, let us first assume Φ(C) ≤ 1 and thus, Φ(C) = 1 by the first claim.
Let E be a genus one curve with C · E = 1 and let 2n = C2. Then, (C − nE)2 = 0 and
|C − nE| 6= ∅. Thus, we can write C = C1 + C2 with C1 = E and C2 = (n − 1)E + E′ for
some E′ ∈ |C − nE|. Since C1 · C2 = E · (C − E) = 1, it follows that |C| is not 2-connected.
Conversely, suppose that |C| is not 2-connected. Then, we can find effective divisors D1, D2 with
D1 + D2 ∈ |C| and D1 · D2 = 1. First, suppose that we have D2

1 ≤ 0 and D2
2 ≤ 0. Since

0 < (D1 + D2)2 = D2
1 + D2

2 = 0, we find D2
1 = D2

2 = 0 and D1 ·D2 = 1, from which we infer
Φ(C) = Φ(D) = 1 in this case. Thus, we may now suppose that D2

1 > 0 or D2
2 > 0, say D2

1 > 0.
Then, by the Hodge Index Theorem, we find D2

1 ·D2
2 ≤ (D1 ·D2)2 = 1, which implies D2

2 ≤ 0.
If D2

2 = 0, then D · D2 = 1, and we find Φ(C) = Φ(D) = 1. Finally, if D2
2 < 0, then we find

D2
1 ≥ D2 and h0(D1) ≥ h0(D). However, since |D| = |C| has no fixed components, we get a

contradiction and thus, this case does not exist. This establishes the fourth claim.

Proposition 2.5.2. If F is an indecomposable divisor of canonical type, then it is 2-connected.

Proof. If we write F as a sum of two proper and effective divisors F = D1 + D2, then D2
1 ≤ −2

and D2
2 ≤ −2. Hence, 0 = F 2 = D2

1 +D2
2 + 2D1 ·D2 implies that D1 ·D2 ≥ 2.
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Let D be nef divisor with D2 > 0 on an Enriques surface S, that is, D is big and nef. By the
Hodge Index Theorem, see also Proposition 2.1.5, the orthogonal complement of [D] in Num(S)

[D]⊥ := {x ∈ Num(S) |x · [D] = 0} ⊆ Num(S)

contains the orthogonal sum of negative definite lattices that are spanned by the (−2)-curves

RD := {R ∈ R(S) |R ·D = 0} ,

see also Proposition 2.1.5. More precisely, for every such orthogonal summand, there is a root basis
of finite type formed by (−2)-curves. In this situation, we established in Proposition 0.4.7 a unique
fundamental cycle. Moreover, by Proposition 0.4.11, this fundamental cycle can be identified with
the highest root. This motivates to define the fundamental cycle of D to be the sum of the funda-
mental cycles of these orthogonal summands. By the results of Section 0.4, the fundamental cycle
of D is the unique effective divisor Z of S such that Z2 = −2 and Z ·R ≤ 0 for every (−2)-curve
R with R ·D = 0. Since D is big and nef, the linear system |D| is 1-connected by Lemma 2.1.9.
Moreover, in most cases also |D − Z| is 1-connected:

Proposition 2.5.3. Let D be a big and nef divisor on an Enriques surface S and let Z be its
fundamental cycle. If |D − Z| is not 1-connected, then D2 = 2 and at least one of |D| and
|D +KS | has a fixed component.

Proof. Let D1, D2 be effective divisors with D1 + D2 ∈ |D − Z|. Since |D| is 1-connected by
Lemma 2.1.9, we find D1 · (D2 + Z) ≥ 1 and D2 · (D1 + Z) ≥ 1. This gives

2D1 ·D2 + (D − Z) · Z = 2D1 ·D2 − Z2 = 2D1 ·D2 + 2 ≥ 2.

Therefore, we have D1 ·D2 ≥ 1, unless D1 ·D2 = 0 and D1 · Z = D2 · Z = 1. Now, assume the
latter. Since 0 ≤ D ·D1 = (D1 +D2 +Z) ·D1 = D2

1 + 1, we conclude D2
1 ≥ 0, and similarly, we

find D2
2 ≥ 0. Using the Hodge Index Theorem, we conclude D1 ≡ D2, hence D2

1 = D2
2 = 0 and

D2 = 2. Then, we can write D1 = E1 + Z1 and D2 = E2 + Z2, where |2F1| = |2F2| is a genus
one pencil and Z1, Z2 are nodal cycles. This gives |D| = |E1 + E2 + Z1 + Z2 + Z|. If E1 = E2,
then we find dim |D| = dim |2E1| = 1 and |D| has a fixed component. If E1 6= E2, then we find
dim |D+KS | = dim |2E1| = 1, and |D+KS | has a fixed component. It follows from Proposition
2.2.11 that in each of these cases Z is a (−2)-curve.

2.6 Big and nef divisors with Φ ≤ 2

In Section 2.4, we began our study of the linear system associated to a big and nef invertible sheaf
L on an Enriques surface S. If Φ(L) ≥ 2, then |L| has no base points, see Theorem 2.4.14. If
Φ(L) ≥ 3, then |L| defines a morphism to projective space such that S is birational onto its image,
see Theorem 2.4.16. This motivates to study divisors and linear systems with Φ ≤ 2 in greater
detail, which is the subject of this section.

We start with linear systems associated to big and nef divisors with Φ = 1.
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Proposition 2.6.1. Let D be a big and nef divisor on an Enriques surface S with Φ(D) = 1 and
D2 = 2n ≥ 2. Then, one of the following cases occurs.

1. |D| = |nF1 + F2|, where |2F1| and |2F2| are genus one pencils with F1 · F2 = 1,

2. |D| = |(n + 1)F1 + R|, where |2F1| is a genus one pencil and R is a (−2)-curve with
R · F1 = 1,

3. |D| = |(n+ 1)F1 +R+KS |, where |2F1| is a genus one pencil and R is a (−2)-curve with
R · F1 = 1.

If the linear system |D| has a fixed component, then n = 1 and D is from the second case. More
precisely, we then have |D| = |2F1|+R for a genus one pencil |2F1| with D · F1 = 1.

Proof. Let D be as in the assumptions. Let |2F | be a genus one pencil with D · F = 1. Then,
(D−nF )2 = 0, hence D ∼ nF +A, where A is a divisor with A2 = 0 and A ·F = 1. This shows
that [A] ∈ Num(S) is a primitive isotropic vector. ReplacingA by an effective divisor and applying
Proposition 2.3.3, we find A ∼ F ′ + Z, where F ′ is a nef divisor with F ′2 = 0. This implies that
|2F ′| is a genus one pencil and that Z is a nodal cycle. We have

1. either F · F ′ = 1 and F ′ · Z = 0

2. or else F · F ′ = 0 and F · Z = 1.

In the first case, we find |D| = |nF +F ′+Z| and D2 = (nF +F ′)2 implies that |D| = |nF +F ′|
because |nF + F ′| has no fixed components. This leads to the first case claimed in the proposition.
In the second case, we have F ′ = F or F ′ ∼ F +KS and then, we find |D| = |(n+ 1)F + Z| or
|D| = |(n+ 1)F +Z +KS |. Let R be the unique irreducible component of Z such that R ·F = 1.
If n ≥ 2, then, since ((n + 1)F + R)2 = 2n = D2 and |D| has no fixed components, we obtain
that Z = R. If n = 1, we come to the same conclusion by applying Proposition 2.2.11.

The assertion on the fixed components follows applying the just established classification to Propo-
sition 2.2.11 and Corollary 2.2.12.

All three cases of the previous Proposition do exist. Of course, if S is unnodal, then the cases (2)
and (3) cannot occur on S.

Corollary 2.6.2. LetD a nef divisor with Φ(D) = 1 andD2 ≥ 4. Then, there exists a unique genus
one pencil |2F | such that D · F = 1.

Proof. If |D| = |nF1 + F2| as in the first case of the proposition, then F1 satisfies D · F1 = 1.
Moreover, if |E| is a genus one pencil on S different from |2F1|, then F1 · E ≥ 1 and thus,
D · E = (nF1 + F2) · E ≥ nF1 · E ≥ n ≥ 2 (here, we use D2 = 2n ≥ 4). Thus, |2F1| is
the unique genus one pencil with D · F1 = 1. We leave the remaining cases to the reader.
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Lemma 2.6.3. Let |2F1| and |2F2| be two genus one pencils on an Enriques surface withF1·F2 = 1.
Then, F1 and F2 have no common irreducible components. In particular, F1 ∩ F2 consists of one
point.

Proof. By proposition 2.5.2, the divisors F1 and F2 are 2-connected. Let D1 be the maximal ef-
fective divisor with D1 ≤ F1 and D1 ≤ F2. If we let F1 = D1 + D2 and F2 = D1 + D′2 be
the decompositions into effective divisors, then we have D2 · D′2 ≥ 0. Therefore, 1 = F1 · F2 =
(D1 +D2) ·F2 = D2 ·F2 = D2 ·D1 +D2 ·D′2 ≥ D2 ·D1, where we use that D1 ·F2 = 0. Hence,
D1 = 0.

We now describe the base points of linear systems |D| if D is big and nef with Φ(D) = 1.

Proposition 2.6.4. Let D be a big and nef divisor on an Enriques surface S with Φ(D) = 1 and
D2 = 2n. Assume that |D| has no fixed components. Then |D| has two simple base points, one of
them is infinitely near if S is not a classical Enriques surface.

Proof. Since Φ(D) = 1 and using Lemma 2.4.10.(3), we see that there exists a genus one pencil
|2F | with D · F = 1. More precisely, F is a half-fiber and by Lemma 2.2.7, we have ωF ∼= OF .
It thus follows from Riemann-Roch that h0(F,OS(D)|F ) = 1. Thus, there exists a unique point
x ∈ F such that every member of |D| passes through x, that is, x is a base point of |D|. If S is
classical, then |2F | has another half-fiber by Corollary 2.2.9 and we find a second base point of |D|.

Next, let us see that the number of base points, counting with multiplicities is even. If D2 = 2,
this is obvious since |D| is a pencil, hence the number is equal to D2 = 2. So we may assume that
D2 ≥ 4. Let P be a general member of |2F |. The short exact sequence

0 → OS(D − P ) → OS(D) → OS(D)|P → 0

together with the Vanishing Theorem 2.1.15 applied to OS(D − P ) (here, we use that D2 ≥ 4)
shows that the restriction of |D| to P is a complete linear system of degree 2 on P , which defines a
morphism P → P1 of degree 2. In particular, the rational map defined by |D| on S is generically of
degree 2. Thus, the number of base points of |D| is even, when counted with multiplicities.

Now suppose n is odd, say n = 2k + 1. We use the notation from Proposition 2.6.1. Then, |D|
contains |2kF1| + |D − 2kF1|, and since |2kF1| is composite with k genus one pencils |2F1|, the
base points of |D| are contained in the base points of |D − 2kF1|.

In case (1) of Proposition 2.6.1, we have |D − 2kF1| = |F1 + F2|. This is an irreducible pencil
with (F1 + F2)2 = 2. Thus, the number of base points is equal to (F1 + F2)2 = 2. We have

OF1(F1 + F2) ∼= OF1(F1)⊗OF1(F2).

IfKS 6= 0,OF1(F1) is the non-trivial normal sheaf of F1, and hence the base point on F1 is different
from the intersection point F1 ∩ F2. Since OF ′1(F1 + F2) ∼= OF1(F1 ∩ F2), the second base point
is the intersection point F ′1 ∩ F2.

If S is classical, that is, KS 6= 0, then we find two base points lying on half-fibers of |2F1|. If S is
non-classical, that is, KS = 0, then we find one base point F1 ∩ F2 and the infinitely near point to
it corresponding to the tangent direction different of that of F1 and F2.
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In case (2) of Proposition 2.6.1, we have |D − 2kF1| = |2F1 + R|. This linear system has a
fixed component, which is equal to R, see also Proposition 2.2.11. More preicsely, all base points
of |2F1 + R| = |2F1|+ R lie on R. Writing D = (2k − 2)F1 + F1 + (3F1 + R), we see that the
base points of |D| outside F1 are base points of |3F1 + R|. Since (3F1 + R) · R = 1, we find one
base point on R outside F1 ∩ R. In fact, this must be equal to F ′1 ∩ R, where F ′1 ∼ KS + F1. The
other base point is F1 ∩ R. If KS 6= 0, then |D| contains a divisor kF + F ′1 + R, where F 6= 2F1

belongs to |2F1|. This divisor is smooth at the point F1 ∩ R and its direction at this point is equal
to R. Since (3F1 + R) · R = 1, this shows that the base point F1 ∩ R is simple. Similarly, we see
that the base point F ′1 ∩R is simple. If KS = 0, then |3F1 +R| is a double point with two branches
tangent to F1 and R. Again, a general member at this point is smooth. After blowing-up this point,
we find a simple base point of the proper transform of the linear system. This shows that F1 ∩R is
a point of multiplicity 2.

In case (3) of Proposition 2.6.1, we use the decompositionD = 2kF1 +(2F1 +R+KS). We may
assume thatKS 6= 0 (otherwise we are in the previous case). Then, the linear system |2F1+R+KS |
is irreducible and (2F1 +R +KS)2 = 2. We argue as in first case above and find two simple base
points on F1 and F ′1.

Next, suppose that n is even, say n = 2k.

In case (1) of Proposition 2.6.1, we use the decomposition D = (2k − 2)F1 + (2F1 + F2). The
base points are base points of |2F1 + F2|. Suppose KS 6= 0. Then the restriction of |2F1 + F2| to
F1 (resp. F ′1) has one base point equal to F1 ∩ F2 (resp. F ′1 ∩ F2). Since (2F1 + F2) · F2 = 2,
there are no more base points on F2. Thus, we conclude that there are only two base points. To
compute their multiplicities, we argue as in the previous case: we use that the divisor F +F2, where
F is a general member of |2F1| is nonsingular at F1 ∩ F2 and F ′1 ∩ F2. Its tangent direction is F2.
Since (2F1 + F2) · F2 = 2, we conclude that the base points are simple. If KS = 0, then a similar
argument shows that all members of |2F1 + F2| are tangent to F2 at the unique base point.

We leave the remaining cases to the reader.

If S is a classical Enriques surface and D is a big and nef divisor with Φ(D) = 1 and D2 = 2n ≥
2, then the following pictures show the positions of the two base points of |D|. The three columns
correspond to the three cases of Proposition 2.6.1 and the two rows distinguish, whether n is even
or odd - we refer to the proof of Proposition 2.6.4 for details.
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Figure 2.1: Base points of |D| for big and nef divisors D with Φ(D) = 1
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As another corollary of the proof of Proposition 2.6.4, we describe the rational map associated
to the linear system |D| of a big and nef divisor with Φ(D) = 1. If |D| has a fixed component,
then |D| = |2E| + R for some genus one fibration |2E| and a (−2)-curve R with E · R = 1 by
Proposition 2.6.1. Thus, the map associated to |D| is the genus one fibration |2F |. In the remaining
cases, we have the following result. We continue our study of these rational maps in Section ??.

Corollary 2.6.5. . Let D be a big and nef divisor on an Enriques surface S with Φ(D) = 1 and
D2 = 2n ≥ 2. Assume that |D| has no fixed components. Let S̄ → S be the blow-up in the two
base points (possibly infinitely near) of |D|. Then, the rational map φ|D| defined by |D| extends to
a morphism

φ̄|D| : S̄ → Pn

with the following properties:

1. If n = 1, then ψ is a fibration, whose generic fiber is an integral curve of genus 2. Moreover,
if the ground field is of characteristic p 6∈ {2, 3, 5}, then the generic fiber of φ̄|D| is smooth.

2. If n ≥ 2, then φ̄|D| is generically finite of degree 2 onto a surface of minimal degree (n− 1)
in Pn, see Theorem 0.5.2.

Proof. If n ≥ 2, then we saw already in the proof of Proposition 2.6.4 that the rational map defined
by |D| is generically finite of degree two onto its image. If D̄ denotes the strict transform of D on
S̄, then D̄2 = D2 − 2 = 2(n − 1). Thus, φ̄|D|(S̄) is a surface of degree (n − 1) in Pn, that is, a
surface of minimal degree.

If n = 1, then either |D| = |F1 + F2| or |D| = |2F + KS + R| and a generic member of |D| is
an integral curve of arithmetic genus 2 by the adjunction formula, see also the proof of Proposition
2.6.4 In these cases, φ̄|D| is a genus two fibration. It follows from Theorem 4.1.3 that the generic
fiber of φ̄|D| is smooth if the ground field is of characteristic p 6∈ {2, 3, 5}.

Next, we study big and nef divisors D with Φ(D) = 2 modulo numerical equivalence. By Propo-
sition 2.4.11, such divisors satisfy D2 ≥ 4. We distinguish between self-intersection numbers D2

of the form 4k and 4k + 2.

Proposition 2.6.6. Let D be a big and nef divisor on an Enriques surface S with Φ(D) = 2 and
D2 = 4k > 0. Then, D ≡ C, where C is one of the following curves

1. kF1 + 2F2, where F1 · F2 = 1 and k ≥ 2,

2. (k + 2)F1 + 2R1, where F1 ·R1 = 1 and k ≥ 2,

3. kF1 + F2, where F1 · F2 = 2,

4. (k + 1)F1 +R1 +R2, where F1 ·R1 = F1 ·R2 = 1 and R1 ·R2 = 0,

5. kF1 + F2 + R, where R = R1 + · · ·+ Rn is a fundamental cycle of type An with R · R1 =
R ·Rn = −1 and F1 ·R = F1 ·R1 = F2 ·R = F2 ·Rn = F1 · F2 = 1,
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6. (k+ 1)F1 +R, where R = 2R1 + · · ·+ 2Rn +Rn+1 +Rn+2 with F1 ·R1 = Ri ·Ri+1 = 1,
i = 1, . . . , n, Rn · Rn+1 = Rn · Rn+2 = 1 and all other intersection indices of different
components are zeros.

Here, the |2Fi| are genus one pencils and the Ri are (−2)-curves.
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Figure 2.2: Big and nef divisors D with Φ(D) = 2 and D2 = 4k

Proof. The proof is similar to the proof of Proposition 2.6.1. We only sketch the proof and refer
the interested reader to [130] for details. Let |2F1| be a genus one pencil with D · F1 = 2. Then,
(D−kF1)2 = 0, henceD ∼ kF1 +A, whereA2 = 0 and F1 ·A = 2. We have eitherA ∼ 2F2 +R,
where R is a nodal cycle with F2 · A = 0, or else A ∼ F2 + R, where R is a nodal cycle with
F2 · R = 1. The first possibility leads to cases (1) and (2). The second possibility leads to the
remaining cases.

Proposition 2.6.7. Let D be a big and nef divisor on an Enriques surface S with Φ(D) = 2 and
D2 = 4k + 2 > 0. Then, D ≡ C, where C is one of the following curves

1. kF1 + F2 + F3, where Fi · Fj = 1 for all i 6= j,

2. kF1 + 2F2 +R1, where F1 · F2 = F2 ·R1 = 1 and F1 ·R1 = 0,

3. (k + 1)F1 + F2 +R1, where F1 · F2 = F1 ·R1 = 1 and F2 ·R1 = 0,

4. (k + 2)F1 + 2R1 +R2, where R1 ·R2 = F1 ·R1 = 1 and F1 ·R2 = 0.

Here, the |2Fi| are genus one pencils and the Ri are (−2)-curves.
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Figure 2.3: Big and nef divisors D with Φ(D) = 2 and D2 = 4k + 2

As an important application, we obtain the following result on base-point freeness of linear sys-
tems on Enriques surfaces.

Corollary 2.6.8. Let D be a big and nef divisor on an Enriques surface S with Φ(D) ≥ 2. Then,
the linear system |D| has no base points.
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Proof. Since Φ(D) ≥ 2, we have D2 ≥ 4 by Proposition 2.4.11. By Corollary 2.4.6, the assertion
is true if D2 ≥ 6. Thus, we may assume D2 = 4. By the Proposition 2.6.6, D is numerically
equivalent to a curve of one of the types (3) - (6) with k = 1.

First, assume that D is of type (3), that is, D ≡ F1 + F2, where |2Fi| are genus one pencils with
F1 · F2 = 2. Replacing F2 by F2 + KS if necessary, we may assume that D ∼ F1 + F2. Taking
cohomology in the exact sequence

0 → OS(F1) → OS(D) → OS(D)|F2 → 0

together with the fact that H1(S,OS(F1)) = 0, it follows that the restriction homomorphism
H0(S,OS(D)) → H0(F2,OS(D)|F2) is surjective. Since OS(D)|F2 is an invertible sheaf of de-
gree 2 on a curve of arithmetic genus one curve, the linear system |D|F2 | has no base points. This
shows that |D| has no base points on F2. Similarly, it follws that |D| has no base points on F1.
Hence, divisor F1 + F2 ∈ |D| does not pass through base points, hence |D| has no base points.

The remaining cases can be treated similarly, and we leave it to the reader.
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Chapter 3

Projective models of Enriques surfaces

3.1 Preliminaries

Let S be an Enriques surface and let D be a nef divisor with D2 = 2d > 0. In this chapter, we will
study rational maps

φ|D| : S 99K |D|∨ ∼= Pd

defined by the complete linear system |D|. We assume that d ≥ 2 and then, by Corollary 2.2.12, the
linear system |D| has no fixed components and it contains an irreducible curve. In particular, it is not
composed of a pencil and hence, its image S′ := φ|D|(S) is a surface, and we refer to Proposition
3.1.1 for the list of possible cases. A refined analysis in the next sections leads to explicit birational
models of Enriques surfaces (Section 3.5) and to descriptions of Enriques surfaces as branched
covers of rational surfaces. On our way, we also establish a similar analysis for K3-covers of
Enriques surfaces, see Theorem 3.1.7 and Section 3.4.

In Section 2.3, we introduced the setR(S) of (−2)-curves on S and in Section ??, we introduced

RD := {R ∈ R(S) |R ·D = 0} .

Since D2 > 0, by Theorem 2.1.5, the (−2)-curves of RD form a root system of finite type (not
necessarily irreducible) inside the lattice Num(S) and thus, they span a negative definite lattice that
is orthogonal to the class of D. We will identify RD with the union of its members and call it the
nodal cycle of |D|. If no base points of the linear system |D| lie on RD then every (−2)-curve of
RD is contracted to a point under φ|D|. More precisely, if we factor φ|D| through the normalization
of φ|D|(S), then the image of RD on this normalization consists of rational double points, see also
Theorem 2.4.16.

Let us also recall that we introduced in Section 2.4 the function Φ : Num(S) → Z≥0, which
satisfies the estimates

1 ≤ Φ(D) ≤
√
D2

by Lemma 2.4.10 and Proposition 2.4.11. Moreover, the linear system |D| has base-points if and
only if Φ(D) = 1 by Theorem 2.4.14 and Corollary 2.6.8. Moreover, if Φ(D) = 1, then we gave a

285
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complete description of the base points of |D| and the geometry of φ|D| in Section 2.6. If Φ(D) ≥ 2,
then φ|D| is generically finite onto its image and the generic degree satisfies the estimate

1 ≤ deg φ|D| ≤ 2 ·
(

1 +
2

D2 − 2

)
≤ 4

by Corollary 2.4.15. Putting all these observations together, we obtain the following list of possi-
bilities. In it, the classification of surfaces of small degree from Section 0.5 will be very useful in
describing the image S′ := φ|D|(S) if deg φ|D| ≥ 2, that is, if S is not birational to S′.

Proposition 3.1.1. Let S be an Enriques surface, let D be a nef divisor with D2 = 2d > 0, let

φ|D| : S 99K Pd

be the rational map associated to |D| and let S′ := φ|D|(S). Then one of the following cases
occurs.

1. Φ(D) = 1 and D2 = 2. Then,

(a) either |D| has a fixed component and φ|D| rationally defines a genus one fibration,

(b) or |D| has no fixed components and φ|D| rationally defines a genus two fibration.

These are the only cases, where S′ is not a surface.

2. Φ(D) = 1 and D2 ≥ 4. Then, |D| has two base points, maybe infinitely near, and

deg φ|D| = 2 and degS′ = codimS′ + 1.

In particular, the possible images S′ are classified in Theorem 0.5.2.

3. Φ(D) = 2, D2 ≥ 4, and |D| has no base points. Then, we have the following subcases:

(a) deg φ|D| = 1, that is, S → S′ is a birational morphism.

(b) deg φ|D| = 2 and degS′ = codimS′ + 2. In particular, the possible images S′ are
classified in Theorem 0.5.5.

(c) D2 = 4, deg φ|D| = 4, and S′ = P2.

(d) D2 = 6, deg φ|D| = 2, and S′ ⊆ P3 is a cubic surface.

4. Φ(D) ≥ 3, D2 ≥ 10, and |D| has no base points. Then, deg φ|D| = 1, that is, S → S′ is a
birational morphism, and S′ has at worst rational double point singularities.

Remark 3.1.2. We will show in Proposition 3.3.1 that D2 = 8 in case (3b).

Proof. If |D| has a fixed component, then D2 = 2 and |D| = |M | + R for a genus one fibration
|M | with M · R = 2, see Proposition 2.2.11. In this case, Φ(D) = 1 and |D| rationally defines a
genus one fibration. If |D| has no fixed components and D2 = 2, then |D| has two base points and
rationally defines a genus two fibration by Corollary 2.6.5. This establishes case (1).
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If Φ(D) = 1 and 2d = D2 ≥ 4, then |D| has two base points, counted with multiplicity, see The-
orem 2.4.14 and Corollary 2.6.8. The analysis leading to case (2) has been carried out in Corollary
2.6.5.

Third, if Φ(D) ≥ 2, then |D| has no basepoints and together with D2 > 0, we conclude that
S′ is a surface. Moreover, we have D2 ≥ Φ(D)2 ≥ 4 by Proposition 2.4.11. The generic degree
deg φ|D| can be estimated using Corollary 2.4.15. From this, the subcases (a) and (b) of case (3)
follow immediately. If D2 = 4, then the image S′ = φ|D|(X) is P2, which implies deg φ|D| = 4,
and we obtain subcase (c). If D2 = 6, then we have 1 ≤ deg φ|D| ≤ 3. Since Φ(D) = 2, there
exists an elliptic fibration |E| with D ·E = 2 and so, the restriction of φ|D| to a general fiber of |E|
is of degree 2, which implies deg φ|D| = 2. This gives subcase (d).

Finally, if Φ(D) ≥ 3, then 2d = D2 ≥ 9 by Proposition 2.4.11 and S′ has at worst rational double
point singularities by Theorem 2.4.16. This establishes case (4).

In the next sections, we will analyze the cases (2) and (3) in greater detail. To do so, we collect a
couple of results and facts that we will use in this chapter.

Proposition 3.1.3. Let S be a classical Enriques surface, that is, KS 6= 0. Let D be an effective
divisor on S with H1(S,OS(D)) = 0. Then,

H0(D,OD(KS)) = 0.

Proof. Consider the long exact sequence in cohomology associated to

0 → OS(KS −D) → OS(KS) → OD(KS) → 0.

Then h0(S,OS(KS)) = 0 and h1(S,OS(KS − D)) = h1(S,OS(D)) = 0, which follows from
Serre Duality, imply h0(D,OD(KS)) = 0.

Applying the adjunction formula, we obtain the following useful result.

Corollary 3.1.4. Let S be an Enriques surface and let D be a nef and effective divisor. Assume that
D2 > 0 or that D is the half-fiber of a genus one pencil. Then,

OD(D) ∼= ωD(ε),

where ε is an element of order at most 2 in Pic(D). If S is classical (resp. non-classical), that is,
KS 6= 0 (resp. KS = 0), then ε is is non-trivial (resp. trivial).

Proof. If we set ε := OD(KS), then the adjunction formula yields OD(D) ∼= ωD(ε), where ωD
denotes the dualizing sheaf of the Gorenstein curve D. If KS = 0, then ε is trivial, whereas
if KS 6= 0, then ε is a 2-torsion element of Pic(D) since KS is a 2-torsion element of Pic(S).
Moreover, if KS 6= 0, then h0(D, ε) = 0 by Proposition 3.1.3 and thus, ε is a non-trivial 2-torsion
element.
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If C is a smooth and proper curve with canonical sheaf ωC and ε ∈ Pic(C) is a non-trivial
2-torsion element, then the map associated to the complete linear system |ωC | (resp. |ωC(ε)|) is
called the canonical map (resp. a Prym canonical map). Thus, if S is a classical (resp. non-
classical) Enriques surface and D is as in the previous corollary, then the restriction of |D| to D
gives rise to a Prym canonical map (resp. to the canonical map) of D. Moreover, if S is classical,
then the restriction of |D + KS | to D gives rise to the canonical map of D and if D′ ∈ |KS + D|,
then the restriction of |D| to D′ gives rise to the canonical map of D′.

Finally, one should compare Proposition 3.1.1, as well as some of the results of Chapter 2, with
the analogous results for K3 surfaces, which are due to Saint-Donat [614], see also Sections 3.8 and
3.15 of [595].

Theorem 3.1.5. Let X be a K3 surface and let D be an effective divisor on X .

1. The linear system |D| contains a divisor of the form M +
∑
niRi, where M is nef and where

the Ri are (−2)-curves.

2. Assume that D is nef.

(a) If D2 = 0, then D = kF , where |F | is a genus one pencil.

(b) If D2 > 0, then H1(X,OX(D)) = 0 and thus, dim |D| = 1
2D

2 + 1.

(c) If D2 > 0 and |D| has a fixed component, then D ∼ kF +R, where |F | is a genus one
pencil and R is a (−2)-curve with F ·R = 1.

3. Assume that D is big and nef and that |D| has no fixed components. Then, |D| has no base
points and for the associated morphism φ|D||D| : X → P

1
2
D2+1 one of the following cases

occurs:

(a) φ|D| is of degree 1, that is, birational, onto a normal surface X ′ ⊆ P
1
2
D2+1 of degree

D2 that has at worst rational double points as singularities.

(b) φ|D| is a morphism of degree 2 onto a surface X ′ ⊆ P
1
2
D2+1 of degree 1

2D
2. In par-

ticular, X ′ is a surface of minimal degree, as classified in Theorem 0.5.2. Moreover,
φ|D| can be factored as composition ψ ◦ φ|D′|, where φ|D′| : X → X̄ ′ is a birational
morphism onto a normal surface with at worst rational double points as singularities
and ψ : X̄ ′ → X ′ is a finite morphism of degree 2.

Case (b) happens if and only if there exists a genus one pencil |P | on X such that D ·P = 2.

Concerning the equations defining a subvariety X ⊆ PN , we recall that Mumford [526] showed
that if the embedding ofX is given by a “sufficiently ample” invertible sheaf, then the homogeneous
ideal of X is generated by quadrics. For example, if C is a smooth and proper curve of genus g and
if L is an invertible sheaf of degree ≥ 2g + 1 on C, then L is very ample and the image of the map
defined by |L| is cut out by quadrics, see for example, [526, Section 2].

When studying linear systems on surfaces, it is a general technique to restrict these linear systems
to general divisors and to study the induced linear system on these restrictions. Thus, from Corollary
3.1.4 it already becomes clear, that canonical maps and Prym canonical maps of curves play an
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important role in the study of linear systems on K3 surfaces and Enriques surfaces. For canonical
maps of curves, we have classical results that go back to Babbage, Enriques, Noether, and Petri,
see, for example, [12, Chapter III.3]. For example, if g ≥ 3 and if C is not hyperelliptic, then ωC
is very ample, the canonical map |ωC | embeds C as a curve of degree 2g − 2 into Pg−1, and the
homogeneous ideal is generated by quadrics and cubics. Cubics are only needed if the curve is not
trigonal, that is, if there does not exist a morphism C → P1 of degree 3.

For K3 surfaces, we have the following theorem of Saint-Donat [614] concerning the equations
defining their projective models.

Theorem 3.1.6. Let X be a K3 surface and let D be a big and nef divisor with D2 ≥ 8, such that
|D| has no base points. Let φ|D| : X → X ′ ⊆ P

1
2
D2+1 be the associated morphism.

1. If deg φ|D| = 1, then the homogeneous ideal of X ′ is generated by quadrics and cubics.
Moreover, cubics are needed if and only if

(a) |D| = |2C + R|, where C is an irreducible curve with C2 = 2 and R is a (−2)-curve
with R · C = 1, or

(b) there exists a genus one pencil |P | on X such that D · P = 3.

2. If deg φ|D| = 2, then the image X ′ is a surface of minimal degree, whose homogeneous ideal
is generated by quadrics.

Let π : X → S be the K3-cover of an Enriques surface S. In view of Saint-Donat’s results, we
obtain the following analog of Proposition 3.1.1 for the K3-cover. What makes this result a little bit
tricky (and not a straight forward corollary of Theorem 3.1.6), is that the K3-cover in characteristic
2 may not be a K3 surface, in fact, it may not even be normal. Over the complex numbers, the
following result is due to Cossec [130] and its extension even to characteristic 2 is due to Liedtke
[447].

Theorem 3.1.7. Let S be an Enriques surface, let π : X → S be its K3-cover, and let D be a nef
divisor with D2 = 2d > 0. Then, the a priori rational map

φ̃|D| : X 99K P1+2d

associated to the invertible sheaf π∗OS(D) is a morphism, its image X ′ := φ̃|D|(X) is a surface,
and it is generically finite of degree deg φ̃|D| ≤ 2.

1. If Φ(D) = 1, then deg φ̃|D| = 2 and X ′ is a surface of minimal degree 2d. In particular, the
possible images X ′ are classified in Theorem 0.5.2).

2. If Φ(D) ≥ 2, then D2 ≥ 4 and deg φ̃|D| = 1, that is, X → X ′ is a birational morphism, and
X ′ is a surface of degree 4d.

Proof. We work over an algebraically closed field k of characteristic p ≥ 0.

We start with the second assertion and follow [447, Theorem 2.2]: since Φ(D) ≥ 2, the linear
system |D| has no base points on S by Theorem 2.4.14 and thus, π∗OS(D) is a globally generated
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invertible sheaf on X . (Since X may not even be normal, we will use the language of invertible
sheaves, global generation, etc. rather than divisors and linear systems.) By Proposition 2.4.11, we
have D2 ≥ Φ(D)2 ≥ 4. Next, we set L := OS(D) and consider the short exact sequence

0 → L → π∗π
∗L → L⊗ ωS → 0 (3.1.1)

We have h0(S,L) = h0(S,L⊗ωS) = 1+ 1
2L

2 and h1(S,L) = 0 by Theorem 2.1.15 and Corollary
2.1.16. Thus, we find h0(X,π∗L) = 2 + L2. Thus, π∗L gives rise to a morphism φ̃|D| from X to
projective space of dimension 1 + L2 = 1 + 2d. Also, since the image of the map associated to |L|
is a surface by Corollary 2.4.15, the same is true for φ̃|D|. Moreover, X ′ = φ̃|D|(X) is an integral
surface, that is, reduced and irreducible, since X is.

If p 6= 2 or if S is a singular Enriques surface, then X is a smooth K3 surface and we compute
(π∗L)2 = 2L2. Since π∗L is globally generated, we find 4d = 2L2 = deg φ̃|D| · deg(X ′). By
Proposition 0.5.1, a non-degenerate and integral surface in PN has degree at least (N−1), and thus,
we conclude deg φ̃|D| ≤ 2.

If p = 2 and S is classical or supersingular, then π is a torsor under µ2 or α2. In particular, π
is purely inseparable of degree 2, and the extension k(S) ⊂ k(X) of function fields is obtained
by adjoining a square root. If we denote by k(S)1/2 the field that is obtained by adjoining all
square roots of k(S), then the resulting field extension k(S) ⊂ k(S)1/2 is purely inseparable.
Moreover, we have an inclusion of fields k(S) ⊂ k(X) ⊂ k(S)1/2. If we denote by S(1/2) the
normalization of S inside k(S)1/2, then S(1/2) is abstractly isomorphic to S, and the field extension
k(S) ⊂ k(S)1/2 induces a purely inseparable and finite morphism F : S(1/2) → S of degree 4, the
k-linear Frobenius morphism. Similarly, k(X) ⊂ k(S)1/2 induces a purely inseparable and finite
morphism $ : S(1/2) → X of degree 2 such that F = π ◦$. Thus, we obtain a diagram

S(1/2)

F

��

$

""
X

π
��

φ̃|D|

// P1+2d

S

(3.1.2)

The composition ϕ◦$ corresponds to a linear subsystem of |2D| (here, we identify S with S(1/2)).
Both, φ̃|D| and $ are morphisms, and we have 2 deg φ̃|D| = deg(φ̃|D| ◦ $), as well as (L⊗2)2 =

4L2. As before, we find deg φ̃|D| ≤ 2, this time by arguing on S(1/2).

In order to show deg φ̃|D| = 1 (now again, for arbitrary π and p) we assume deg φ̃|D| 6= 1 and seek
a contradiction. Then, deg φ̃|D| = 2 and the image X ′ is an integral surface of degree 2d in P1+2d,
that is, a surface of minimal degree. These surfaces have been explicitly classified in Theorem 0.5.2.

Now, the morphism π is a torsor under a finite flat group scheme G, which is of length 2 over k.
Since the quotient of X by G is isomorphic to S and not isomorphic to φ̃|D|(X), it follows that the
G-action on X induces a non-trivial G-action on P(H0(X,π∗L)) and φ̃|D|(X). As already seen
above, we can write global sections of π∗L as

0 → H0(S,L) → H0(X,π∗L)
pr−→ H0(S,L ⊗ ωS) → 0 (3.1.3)
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and consider it as a sequence of G-modules. It is not difficult to see that H0(S,L) is the id-
eigenspace for the G-action on H0(X,π∗L) and that G acts via the determinant of its regular rep-
resentation on H0(S,L ⊗ ωS).

We set P+ := P(H0(S,L)). In case G is linearly reductive, that is, if p 6= 2 or if p = 2 and
G ∼= µ2, then the G-action has a second eigenspace, providing us with a splitting of (3.1.3), and
which we can identify with H0(S,L ⊗ ωS). We denote by P− its projectivization and set P− := ∅
in case G is not linearly reductive. Clearly, if a point in P(H0(X,π∗L)) is fixed under the G-action
(in the scheme-theoretic sense) then it lies in P+ or in P−.

For v ∈ H0(S,L ⊗ ωS), the hyperplane Pv := P(pr−1(v)) is G-stable and contains P+. For
generic v, the intersection ∆ := Pv ∩ ϕ(X) is an irreducible and non-degenerate curve inside
Pv ∼= PL2

. Since ∆ is of degree (L2 − 1) in a L2-dimensional projective space, it is a rational
normal curve and in particular, smooth and rational. Since ∆ is isomorphic to P1 and equipped with
a non-trivial G-action, its fixed point scheme has length 2.

In particular, φ̃|D|(X) contains points that are fixed under G and so, its intersection with P+ or
P− is non-empty. On the other hand,

P+ ∩ φ̃|D|(X) =
⋂

s∈π∗H0(S,L)∨

{s = 0} ∩ φ̃|D|(X),

and similarly for P− ∩ φ̃|D|(X) and s ∈ π∗H0(S,L ⊗ ωS)∨. This implies that L or L ⊗ ωS is not
globally generated, a contradiction. Thus, deg φ̃|D| = 1, which establishes assertion (2).

We now establish the first assertion and follow [447, Theorem 2.5]: As in the proof of the second
assertion, we find h0(X̃, π∗OS(D)) = 2 + 2d. Let us first assume D2 ≥ 4. In this case, |D| has
no fixed component, but two base points, and X ′ = φ̃|D|(X) is a surface since already the image of
the rational map associated to |D| on S is a surface, see Proposition 3.1.1.

Seeking a contradiction, we assume that φ̃|D| is birational. As in the proof of the second assertion,
we find that a generic Cartier divisor D̃ ∈ |π∗OX(D)| is an integral Gorenstein curve. Since
Φ(D) = 1, there exists a genus one half-pencil E′ on S such that D · E′ = 1. Then M :=
π∗OS(E′)|

D̃
satisfies degM = 2 and taking cohomology in

0 → π∗OS(E′ −D) → π∗OS(E′) → M → 0

we find h0(D̃,M) ≥ 2. Since pa(D̃) ≥ 5, Riemann-Roch implies h1(D̃,M) 6= 0. But then,
Clifford’s inequality h0(D̃,M) ≤ 2 is in fact an equality, which implies that D̃ is hyperelliptic.
In the proof of the second assertion, we have seen that φ̃|D| restricted to D̃ induces |ω

D̃
|, which

contradicts the fact that φ̃|D| is birational. Thus, deg φ̃|D| ≥ 2 and since X ′ is a non-degenerate
integral surface in P1+2d, we conclude

2D2 ≤ deg φ̃|D| ·D2 ≤ deg φ̃|D| · deg(X ′).

On the other hand, π∗OX(D) is globally generated outside a finite set of points and thus, we find

deg φ̃|D| · deg(X ′) ≤ 2D2
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with equality if and only if π∗OX(D) is globally generated: this is clear if π is étale, because then
X̃ is smooth. If π is inseparable, we consider φ̃|D| ◦$ in the diagram (3.1.2) and obtain the same
result by arguing on S(1/2).

Putting these inequalities together, we find that π∗OS(D) is globally generated, deg φ̃|D| = 2 and
deg(X ′) = D2. In particular, X ′ is a surface of minimal degree.

It remains to deal with the case Φ(D) = 1 and D2 = 2. Then, |D| may have fixed components,
see Proposition 3.1.1 (and Proposition 2.2.11). Assume first that |D| has no fixed part. Since
Φ(D) = 1, we may choose a genus one half-pencil E′ with D · E′ = 1. Moreover, φ̃|D| is a
possibly rational map to P3. By contradiction, assume that X ′ = φ̃|D|(X) is a curve. A generic
G ∈ |π∗OS(F ′)|, where F ′ is a half-fiber withD ·F ′ = 1, is an integral curve with pa = 1. We find
deg π∗OS(D)|G = 2, which implies h0(G, π∗OS(D)|G) = 2 by Riemann-Roch and Clifford’s
inequality. This implies that φ̃|D|(G) is a linearly embedded P1 ⊂ P3. But then, X ′ is equal to
this P1, contradicting the fact that X ′ linearly spans the ambient P3. Thus, X ′ is a surface and we
conclude as before.

It remains to consider the case where |D| has a fixed part. We write |D| = A + |M |, where A
(resp. M ) is the fixed (resp. movable) part. Let F be a half-fiber with D · F = A · F +M · F = 1.
If M · F = 0, then |M | is a genus one pencil and D2 = A2 + 2A · M = 2 together with
0 ≤ D · A = A2 + A ·M imply that A ·M = 2, i.e., A ∼= P1. Since the K3-cover splits over A
and M , we obtain D̃ ∼ A1 + A2 + 2M̃ , where A1, A2 are (−2)-curves (equal if π is inseparable),
and |M̃ | is a genus one pencil. Since dim |2M̃ | = 2 and dim |D̃| = 3, the linear system |D̃| has no
fixed components and we conclude as before. On the other hand, if M · F = 1, then A · F = 0 and
hence, A is a component of a member of |2F |. Thus, M ·A ≤ 2M ·F = 2. A before, we conclude
that |M | is a pencil and A is a (−2)-curve with M ·A = 2. We finish as before by showing that |D̃|
has no fixed component.

We end this section by a result on the equations defining Enriques surfaces in projective space.
Assume that D is a nef divisor with D2 = 2d > 0 on an Enriques surface S such that the complete
linear system |D| defines an embedding φ|D| : S ↪→ Pd. By Proposition 3.1.1, we have Φ(D) ≥ 2
and d ≥ 3. We will see in Section 3.5 below that if Φ(D) = 2 and d ≤ 4, then the map φ|D| cannot
be an embedding. Since Φ(D) ≥ 3 implies d ≥ 5, this shows that in order for φ|D| to define an
embedding, we must have d ≥ 5. The question of projective normality and the homogeneous ideal
of an Enriques surface in projective space was addressed in [243] and [387]. The following is the
main result of the papers.

Theorem 3.1.8. Let S be an Enriques surface in characteristic zero, let D be a nef divisor on S
with D2 = 2d > 0, and assume that the linear system |D| defines an embedding S ↪→ Pd. Then,
we have d ≥ 5.

1. If d ≥ 6 or if d = 5 and S does not lie on a quadric, then S is projectively normal in Pd and
its homogeneous ideal is generated by quadrics and cubics.

2. We have Φ(D) ≥ 4 if and only if the homogeneous ideal of S is generated by quadrics only.

We will see in Section 8.9 of Volume 2 that, if d = 5 and S ⊂ Pd lies on a quadric, then S has a
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smooth rational curve. Conversely, if S has an ample linear system with D2 = 10 and S contains
a smooth rational curve, then |D + KS | or |D| embeds S into a smooth quadric in P5. Note that a
general Enriques surface does not contain smooth rational curves.

3.2 Hyperelliptic maps

In this section, we study linear systems |D| on an Enriques surface S such that D is big and nef
and such that |D| has base points. This is case (2) of Proposition 3.1.1, that is, D is a nef divisor
with D2 = 2n ≥ 4 and Φ(D) = 1. We remind the reader that we classified such linear systems in
Section 2.6 in terms of genus one fibrations and nodal curves. In particular, |D| has two base points
(counted with multiplicity) and the rational map φ|D| is generically of degree deg φ|D| = 2. Thus,
the image S′ := φ|D|(S) of

φ|D| : S 99K Pn

is a nondegenerate surface of degree (n − 1) in Pn, that is, S′ is a surface of minimal degree as
classified in Theorem 0.5.2. In this case, we say that |D| or φ|D| is hyperelliptic. In this section,
we will classify the images of hyperelliptic maps, as well as their branch and ramification loci. The
name is justified by Proposition 3.2.7 below.

By Theorem 0.5.2, the surface S′ is either P2, or a Veronese surface of degree 4 in P5, or a rational
normal scroll Sa;n = Sa,b;n ⊆ Pn, where a + b = n − 1. It follows from Section 0.5 that we have
the following isomorphisms and special cases

S0;2
∼= P2, which arises in this context as

the contraction of the unique (−1)-curve on F1,
S0;3

∼= P(1, 1, 2) the quadric cone in P3, which is isomorphic to
the contraction of the unique (−2)-curve on F2,

Sk;2k+1
∼= F0, embedded via |kf + e| and k ≥ 1,

Sk−1;2k
∼= F1, embedded via |kf + e| and k ≥ 2,

Sk−1;2k+1
∼= F2, embedded via |(k + 1)f + e| and k ≥ 2.

After these preparations, we determine the images of hyperelliptic maps in terms of their clas-
sification via genus one pencils, as established in Proposition 2.6.1. It turns out that only the just
mentioned examples occur as images of hyperelliptic maps.

Proposition 3.2.1. Let |D| be a hyperelliptic linear system on an Enriques surface S with D2 =
2n ≥ 4. Let φ|D| : S 99K Pn be the associated rational map and S′ = φ|D|(S) be its image. Then,
one of the following cases occurs:

1. If n = 2k is even, then S′ = Sk−1;n ⊆ Pn.

2. If n = 2k + 1 is odd and

(a) |D| = |nF1 + F2| or

(b) |D| = |(n+ 1)F1 +R+KS | with KS 6= 0,
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then S′ = Sk;n ⊆ Pn.

3. If n = 2k + 1 ≥ 3 is odd and |D| = |(n+ 1)F1 +R|, then S′ = Sk−1;n ⊆ Pn.

Here, we use the classification from Proposition 2.6.1, that is, |2F1| and |2F2| are genus one pencils
on S with F1 · F2 = 1 and R is a (−2)-curve with F1 ·R = 1.

Proof. Let S̄ → S be the blow-up of S at the two base points of |D| and let |D̄| be the proper
transform of |D| on S̄, which is without base points. Thus, |D̄| gives rise to a morphism φ̄|D| : S̄ →
Pn, which resolves the indeterminacy of φ|D| and which is generically finite onto its image S′ =
φ|D|(S), which is a surface of minimal degree (n − 1). We already established this in Proposition
2.6.4 and Corollary 2.6.5.

Next, let Q1 + Q2 be the exceptional divisor of the blow-up S̄ → S, where Q2 is a (−1)-curve.
Since D̄ ·Q2 = 1, the map φ̄|D| maps Q2 to a line in Pn. Since the Veronese surface of degree 4 in
P5 does not contain lines, it cannot be the image of φ̄|D|. Thus, by Theorem 0.5.2 the image S′ of
φ̄|D| is a rational normal scroll Sa;n ⊆ Pn.

First, suppose we are in case (1) of Proposition 2.6.1, that is, |D| = |nF1 + F2| for two genus
pencils |2Fi|, i = 1, 2 with F1 · F2 = 1 and n ≥ 2. Then, the ruling of the scroll Sa;n is the image
of the pencil |2F1|. Next, let F̄2 be the proper transform of F2 in S̄. The restriction of the proper
transform of |D| to F̄2 is a linear system of degree 2k if n = 2k+ 1 and of degree 2k−2 if n = 2k.
Since F2 · 2F1 = 2 and the since map φ|D| defines a degree 2 map of a general member of the
pencil |2F1|, we see that the image of F2 is a curve of degree (k − 1) if n = 2k (resp. of degree
k if n = 2k + 1). (Here, a curve of degree 0 means a point.) It spans a linear subspace of Pn of
codimension equal to dim |D − F2| = dim |nF1|. Moreover, we know that |nF1| is composed of k
pencils if n = 2k, or composed of k pencils and one fixed component F1 if n = 2k + 1. From this,
we conclude that we have dim |D−F2| = k in both cases. Thus, the image of F2 spans a subspace
of dimension equal to its degree (if F2 is reducible, then all its components except one belong to
RD, and are hence blown down to points). It is a Veronese curve of degree (k − 1) or k. A rational
normal scroll in Pn containing such a curve is generated by this curve and another Veronese curve
of degree (k− 1) (resp. k). Thus, it must be the scroll Sk−1;n if n = 2k (resp. Sk;n if n = 2k + 1).

Second, suppose we are in case (2) of Proposition 2.6.1, that is, |D| = |(n + 1)F1 + R| for a
genus one pencil |2F1| and a (−2)-curve R with F1 · R = 1. We argue as in the previous case,
replacing F2 byR. If n = 2k, thenR contains one base point and its proper transform intersects the
proper transform of D with multiplicity (2k− 2). The image φ|D|(R) is a Veronese curve of degree
(k− 1), hence S′ = Sk−1;2k ⊆ P2k. If n = 2k+ 1, then R contains two base points, and its proper
transform intersects the proper transform of D with multiplicity (2k − 2). The image φ|D|(R) is a
again a Veronese curve of degree (k − 1), hence S′ = Sk−1;2k+1 ⊆ P2k+1.

Finally, suppose we are in case (3) of Proposition 2.6.1, that is, |D| = |(n + 1)F1 + R + KS |
for a genus one pencil |2F1|, a (−2)-curve R with F1 · R = 1, and KS 6= 0. Then, D ∼ (n +
1)F1 + R + KS ∼ nF1 + F ′1 + R and R contains one base point on F1 if n = 2k (resp. no base
points if n = 2k+ 1). The image of R is a Veronese curve of degree (k− 1) in the former case and
degree k in the latter case. This shows that S′ = Sk−1;n ⊆ Pn if n = 2k (resp. S′ = Sk;n ⊆ Pn if
n = 2k + 1).
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Next, we will describe the branch divisor of the double cover φ̄|D| : S̄ → S′, where |D| is
a hyperelliptic linear system and where S̄ → S is the blow-up in the base points of |D|. If a
hyperelliptic linear system is of the form |nF1 + F2|, that is, as in case (1) of Proposition 2.6.1,
then it is called non-special, otherwise, the linear system is called special. For example, if S is
unnodal (which is the generic case), then every hyperelliptic linear system on S is non-special. To
describe the branch locus of φ̄|D|, we will use the notation from Proposition 3.2.1. We start with the
non-special case.

Theorem 3.2.2. Let S be an Enriques surface in characteristic p 6= 2 and let |D| = |nF1 + F2| be
a non-special hyperelliptic linear system. Let S̄ → S be the blow-up at the two base points of |D|
and let φ̄|D| : S̄ → S′ be the associated generically finite morphism of degree 2. Then, the Stein
factorization of φ̄|D| is equal to

S̄
f−→ S̄′

g−→ φ̄|D|(S) = S′ ⊆ Pn,

where

1. f is the birational morphism that blows down the nodal cycleRD and the proper transforms
of the curves F1 and F ′1. If n = 2, then f also blows down the proper transform of F2.

2. g is a finite morphism of degree 2, whose branch divisor B ⊂ S′ is given by one of the
following three cases

(a) S′ = S0;2
∼= P2 and |D| is from case (1) of Proposition 3.2.1:

B is a curve of degree 8 equal to the union of two lines `1, `2 and a curve of degree 6
that has an ordinary double point at p1 := `1 ∩ `2, as well as four additional double
points p2, p3 ∈ `1 and p4, p5 ∈ `2, where p3 � p2, p5 � p4 are infinitely near points.

(b) n = 2k ≥ 4, S′ = Sk−1;n
∼= F1 and |D| is from case (1) of Proposition 3.2.1:

F1 can be identified with the blow-up of P2 at p1 and then, B is the proper transform of
the branch curve from case (1).

(c) n = 2k + 1 ≥ 3 is odd and S′ = Sk;n
∼= F0 and |D| is from case (2) of Proposition

3.2.1:
F0 is isomorphic to P1×P1 andB is the union of two fibers `1, `2 of one of the projection
maps F0 → P1 and a curve of bidegree (4, 4) that has double points p1, p

′
1 ∈ `1 and

p2, p
′
2 ∈ `2, where p′1 � p1, p′2 � p2 are infinitely near points.

The remaining singularities (if any) of B are simple curve singularities.

Proof. We only indicate and sketch the main points of the proof and leave the details to the reader.
The assertion about f is clear since the proper transform of |D| does not intersect the proper trans-
forms of F1, F ′1 and RD. (As usual, F ′1 denotes the half-fiber that is the unique effective divisor in
|F1 +KS |, that is, F1 and F ′1 are the half-fibers of the genus one pencil |2F1|.) Moreover, if n = 2,
then the proper transform of |D| also does not intersect the proper transform of F2.

Since S is a minimal surface of non-negative Kodaira dimension, the rational deck transformation
of φ̄|D| extends to an automorphism σ of order 2 of S. The locus of fixed points of σ consists of a
curve W (nonsingular because p 6= 2) and some isolated fixed points.
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Since D · F1 = 1, the restriction of φ̄|D| to a general member of |2F1| is a morphism of degree 2
onto P1, see also the proof of Proposition 2.6.4. Thus, the restriction of σ to a general member F
of |2F1| is an involution of an elliptic curve with quotient isomorphic to P1. Since this map has 4
fixed points, we conclude W · F = 4. Next, let C be a general member of the pencil |F1 + F2|. It
is spanned by the curves F1 + F2 and F ′1 + F ′2.

If n = 2k + 1 ≥ 3, then S′ = Sk;n is isomorphic to F0
∼= P1 × P1 embedded into Pn via the

complete linear system |kf + e|. In this case, the set of base points of |C| is equal to the set of base
points of |D|. The proper transform C̄ of C on S̄ has self-intersection zero and its image C ′ on S′

is a curve of the same self-intersection. Therefore, C ′ must belong to the ruling |e|. The other ruling
|f| is the image of the pencil |2F1|. Since C is of genus 2, we find that the branch curve B intersects
C ′ at 4 points. The other two branch points come from the intersections with the images λ1, λ2 of
Q1, Q2, where the Qi are the exceptional divisor of S̄ → S as in the proof of Proposition 3.2.1.
This implies that B is a curve of bidegree (4, 4). It contains two singular points p1 ∈ `1, p2 ∈ `2,
which are the images of F1 and F ′1. Since the base points of |D| are isolated fixed points of the deck
transformation, the curve B intersects `1 and `2 with multiplicity 4 at its singular points p1, p2. The
member F1 +F2 (resp. F ′1 +F ′2) of |C| has the image equal to a section s (resp. s′) from |e| passing
through the singular point p1 (resp. p2) of B. Since W · F2 = W · F ′2 = 2, we conclude that B
intersects s (resp. s′) with multiplicity 2 at p1 (resp. at p2). This shows that p1 and p2 are double
points of B and it shows that also B has two infinitely near double points p′1 � p1 and p′2 � p2.

If n = 2k ≥ 4, then S′ = Sk−1;n is isomorphic to F1 embedded into Pn via the complete linear
system |kf + e|. In this case, only one base point of |D| is a base point of |F1 + F2| and it is equal
to F ′1 ∩ F2. The proper transform |C| of |F1 + F2| on S̄ has one base point, which is equal to the
preimage of the point F1 ∩F ′2. The image of |C| is a pencil, which is contained in the linear system
|f + e| on S′ ∼= F1. The branch curve consists of the union of two members `1, `2 from |f| and a
curve B from |6f + 4e|. It has two double points p2 ∈ `1, p4 ∈ `2 and two infinitely near points
p3 � p2, p5 � p4 with tangent directions `1, `2.

If n = 2, then the branch curve on S′ ∼= P2 is the image of the branch curve from the previous
curve under the blow-up morphism F1 → P2.

•

•

`1

`2

S′ ∼= P2

p2

p3

p1

•
•

e

`1 `2

S′ ∼= F1

p1

p2

•

•

e

`1 `2

S′ ∼= F0

p1

p2

Figure 3.1: Branch curve of a non-special hyperelliptic map

Remark 3.2.3. We note that the branch curve B may have additional infinitely near points at the
points p1, p2, p3. This happens if one of the half-fibers of |2F1| or |2F2| is reducible.

The next theorem describes the branch locus of φ̄|D| in case |D| is a special hyperelliptic linear
system. Again, we will use the notation from Proposition 2.6.1 and Proposition 3.2.1.

Theorem 3.2.4. Let S be an Enriques surface in characteristic p 6= 2 and let |D| be a special
hyperelliptic linear system with D2 = 2n ≥ 4. Let S̄ → S be the blow-up in the two base points
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of |D| and let φ̄|D| : S̄ → S′ be the associated generically finite morphism of degree 2. Then, the
Stein factorization of φ̄|D| is equal to

S̄
f−→ S̄′

g−→ φ̄|D|(S) = S′ ⊆ Pn,

where

1. f is the birational morphism that blows down the nodal cycleRD and the proper transforms
of the curves F1 and F ′1. If S′ ∼= P2 or S′ ∼= P(1, 1, 2), then f also blows down the proper
transform of R.

2. g is a finite morphism of degree 2, whose branch divisor B ⊂ S′ is given by one of the
following five cases

(a) S′ = S0;2
∼= P2 and |D| is from case (1) of Proposition 3.2.1:

B is a curve of degree 8 equal to the union of two lines `1, `2 and a curve B′ of degree
6. The curve B′ has double points in p1 = `1 ∩ `2 and another point p4 ∈ `2. It also
has two infinitely near points p3 � p2 � p1, such that the line `1 passes through them
and an infinitely near point p5 � p4, such that the line `2 passes through p1, p4, and p5.

(b) n = 2k ≥ 4, S′ = Sk−1;n
∼= F1 and |D| is from case (1) of Proposition 3.2.1:

B is the union of two members `1 and `2 of |e+ f| and a curve B′ ∈ |4e+ 6f|. The curve
B′ has double points p1 ∈ `1 and p2 ∈ `2 and one of them lies on the exceptional section
e. It also has two infinitely near points p′1 � p1 and p′2 � p2 with tangent directions `1
and `2. The image of R is equal to e.

(c) n = 2k + 1 ≥ 3, S′ = Sk;n
∼= F0 and |D| is from case (2) of Proposition 3.2.1

F0 is isomorphic to P1 × P1 and B consists of the union of two members `1 and `2
of |f| and a curve B′ of bidegree (4, 4). The curve B′ has two double points p1 ∈ `1
and p2 ∈ `2. It also has two infinitely near points p′1 � p1 and p′2 � p2 with tangent
directions `1 and `2. The image of R is a section from |e|, which passes through p1 and
p2.

(d) n = 2k + 1 ≥ 5, S′ = Sk−1;n
∼= F2 and |D| is from case (3) of Proposition 3.2.1:

B is the union of two members `1 and `2 of |f| and a curve B′ ∈ |8f + 4e|. The curve
B′ has two double points p1 ∈ `1 and p2 ∈ `2, neither of which lies on the exceptional
section e. It also has two infinitely near points p′1 � p1 and p′2 � p2 with tangent
directions `1 and `2. The image of R is equal to e.

(e) n = 3, S′ = S0;3
∼= P(1, 1, 2) and |D| is from case (3) of Proposition 3.2.1:

B is the image the branch curve in the previous case under the contraction F2 →
P(1, 1, 2) of e.

The remaining singularities (if any) of B are simple curve singularities.

We will deal with branch divisors of hyperelliptic maps in characteristic p = 2 in the next section.

The two previous theorems admit converses, that is, the double cover of S′ branched over a curve
B = B′+ `1 + `2 as described in these theorems are birationally isomorphic to an Enriques surface.
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Figure 3.2: Branch curve of a special hyperelliptic map

This is an exercise, which can be solved using the formula for the canonical class of a nonsingular
model of a double cover as in Section 0.3.

Let us sketch this in the case (2a) of Theorem 3.2.2, that is, where the Enriques surface S is
birational to a double cover of S′ = P2 associated to a non-special hyperelliptic linear system |D|
with D2 = 4. We leave the remaining cases to the reader. For this construction, we will use the
notion of a geometric basis of the blow-up of points in P2 as introduced in (0.5.3) in Section 0.3.

Example 3.2.5. Choose five points p1, ..., p5 in P2 such that p1, p2, p4 are not collinear and such that
p3 � p2 and p5 � p4. Next, choose a reduced plane curve of degree 6 in the linear system

B′ ∈ |OP2(6)− 2(p1 + · · ·+ p5)|,

and let
`1 ∈ |OP2(1)− p1 − p2 − p3| and `2 ∈ |OP2(1)− p1 − p4 − p5|,

that is, `1 (resp. `2) is the unique line passing through p1, p2, p3 (resp. p1, p4, p5). Let B be the
union of B′ and the two lines `1 and `2.

Claim: The minimal resolution S̄ of the double cover of P2 branched alongB is isomorphic to the
blow-up of the two base points of a hyperelliptic linear system |2F1 + F2| on an Enriques surface
S.

Proof of the claim. Let π : Y → P2 be the blow-up in five points p1, ..., p5. Let e0 be the divisor
class of π∗(OP2(1)) and let ei = [Ei] be the divisor classes of the exceptional curve of π over pi.
Then, we have

π−1(B) ∼ 8e0 − 4e1 − 3e2 − 3e3 − 3e4 − 3e5.

Next, e2 − e3 (resp. e4 − e5) is the class of the unique component R2 (resp. R3) of E2 (resp. E3)
with self-intersection −2. On Y , we consider the curve

B
′

:= B + R2 + R3 ∼ 8e0 − 4e1 − 2e2 − 4e3 − 2e4 − 4e5,

where B̄ denotes the proper transform of B on Y . Then, the canonical divisor class of Y is linearly
equivalent to

KY ∼ −3e0 + e1 + · · · + e5.

Let τ : X → Y be the double cover of Y branched over B. By formula (0.2.10), we have

KX ∼ τ∗(e0 − e1 − e3 − e5).
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A member of the linear system |e0 − e1 − e3 − e5| is a line passing through p1, p3, p5. This implies
that the line also passes through p1, p2, p3 and by assumption on the position of these points, we
conclude |e0 − e1 − e3 − e5| = ∅. Using the projection formula, we compute

h0 (X,OX(KX)) = h0 (Y, τ∗(OX(KX))) = h0 (OY (KY )) + h0

(
OY

(
KY −

1

2
B̄

))
= 0.

On the other hand, we have

2KX ∼ τ∗(2e0 − 2e1 − 2e3 − 2e5)
= τ∗((e0 − e1 − e2 − e4) + (e0 − e1 − e3 − e5) + (e2 − e3) + (e4 − e5)).

Using the projection formula again, we find that the only effective divisor in |2KX | is the curve
τ∗(¯̀

1 + ¯̀
2 + R2 + R3). Since the curves ¯̀

i and Ri are components of the branch locus of τ , we
conclude that

2KX ∼ 2(Q1 +Q2 +Q′2 +Q′3),

where τ∗(¯̀
i) = 2Qi and τ∗(Ri) = 2Q′i. It is not difficult to see that the Qi and Q′i are (−1)-curves.

After blowing down these four curves, we obtain a surface S with 2KS = 0 and KS 6= 0 and thus,
S is an Enriques surface. The composition π ◦ τ : X → P2 corresponds to the complete linear
system associated to the invertible sheaf

τ∗π∗OP2(1) ∼ τ∗((e0 − e1 − e2 − e3) + e1 + (e2 − e3) + 2e3) = 2Q1 + E1 + 2Q′2 + 2E3,

where E1 = τ∗(e1) and E3 = τ∗(e3). Let F1 (resp. F2) be the image of E3 (resp. E1) on S. Then,
the images of the (−1)-curves Q1 and Q′2 on S are the two base points of the hyperelliptic linear
system |2F1 + F2|. The surface X ′ obtained from X by blowing down the curves Q2 and Q′1 is the
blow-up of S at the base points. The rational map S 99K P2 defined by linear system |2F1 + F2|
induces the morphism π ◦ τ : X ′ → P2.

We end this section by describing the general member of a hyperelliptic linear system on an
Enriques surface. Extending the usual definition, we will say that an integral curve C that is proper
over an algebraically closed field is hyperelliptic if there exists an invertible sheaf L of degree 2
on C such that h0(C,L) = 2. It follows that the linear system |L| has no base points and the
curve C is Gorenstein (see [299]). We mention that if C is smooth and of genus ≥ 2, then C is
hyperelliptic in the classical sense and the linear system |L| is the unique g1

2 on C, see, for example,
[287, Proposition IV.5.3]. A smooth rational or an elliptic curve is hyperelliptic with respect to our
generalization.

The linear system |L| defines a finite morphism π : C → P1 of degree 2. It is a separable
map if C is smooth. The formula for the canonical sheaf of a double cover shows that ωC ∼=
π∗OP1(n− 2) = L⊗(n−2), where π∗OC = OP1 ⊕OP1(−n). Applying the projection formula, we
obtain pa(C) = h0(ωC) = h0(OP1(n− 2)) = n− 1. This gives the familiar formula

ωC ∼= L⊗(pa(C)−1). (3.2.1)

Assume that pa(C) ≥ 2. Since dimSpa(C)−1(H0(C,L)) = pa(C) = dimH0(C,ωC), we con-
clude that the canonical map f : C → Ppa(C)−1 is a degree 2 map onto P1 embedded as a Veronese
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curve. Since the canonical map is independent of a choice of L defining a hyperelliptic curve, it
follows that L = f∗(OP1(1)) is uniquely defined. We keep the classical notation g1

2 for the linear
system |L|. We refer the interested reader to [108], [110], [299], and [673] for some extensions of
some standard results about basepoints of linear systems and pluricanonical maps from smooth to
integral Gorenstein curves with a view towards embeddings of curves and surfaces.

Remark 3.2.6. The hyperelliptic linear system |D| with D2 = 4 was originally used by F. Enriques
to define a double plane model of an Enriques surface, the degree 2 birational cover of P2 branched
over the octic curve B. He also distinguished special and non-special model corresponding to
special or non-special hyperelliptic linear system.

If |D| is a hyperelliptic linear system on an Enriques surface S, then Φ(D) = 1, see case (2) of
Proposition 3.1.1 or the beginning of Section ??.

Proposition 3.2.7. Let S be an Enriques surface in characteristic p ≥ 0.

1. If D is a big and nef divisor on S with Φ(D) = 1, then a general member of |D| is a
hyperelliptic curve. If moreover

(a) D2 = 2 and p 6∈ {2, 3, 5} or

(b) D2 ≥ 4 and p 6= 2,

then a general member of |D| is a smooth curve.

2. Conversely, let C ⊂ S be a hyperelliptic curve with C2 ≥ 4. If S is classical or C2 ≥ 6, then
|C| is a hyperelliptic linear system.

Proof. First, let D be a big and nef divisor with D2 = 2n > 2 and Φ(D) = 1. Let S̄ → S be the
blow-up in the base points of |D| and φ̄|D| : S̄ → Pn be the map that resolves the indeterminacy
of the rational map φ|D| associated to |D|. Being of codimension one in a smooth variety, every
divisor C ∈ |D| is a Gorenstein curve. If n ≥ 2, then the preimage of a general hyperplane section
of Pn is an integral curve in |D|. Similarly, if n = 1, then again a general member of |D| is integral
by Corollary 2.6.5. Since Φ(D) = 1, there exists a genus one pencil |2F | with D · F = 1. Thus,
a general member C ∈ |D| is an integral Gorenstein curve. The restriction of OS(2F ) to C is an
invertible sheaf of degree 2. Moreover, taking cohomology in the short exact sequence

0 → OS(2F − C) → OS(2F ) → OS(2F )|C → 0

we find h0(C,OS(2F )|C) = 2 and thus, C is a hyperelliptic curve (in the generalized sense above).

Finally, if D2 = 2, then φ̄|D| is a fibration. Moreover, if p 6∈ {2, 3, 5}, then a general fiber C̄ of
φ̄|D| is smooth by Corollary 2.6.5. IfD2 = 2n ≥ 4, then φ̄|D| is a morphism that is generically finite
of degree 2 onto its image S′ ⊆ Pn. If p 6= 2, then this map is separable and thus, the inverse image
C̄ of a general hyperplane section under φ̄|D| is smooth by Bertini’s theorem, see [614, Lemma
5.8.2]. Since the linear system |D| has two simple base points by Proposition 2.6.4, it follows in
both cases that the two (−1)-curves of S̄ intersect the smooth curve C̄ transversally. But then, the
image of C̄ on S is a smooth curve, which shows that a general member of |D| is smooth.
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To prove the converse, we follow the argument from [695, Lemma 1.2]: let C ⊂ S be a smooth
curve with C2 ≥ 4 that is hyperelliptic.

First, assume that S is classical, that is, KS 6= 0. The adjunction formula and the short exact
sequence

0 → OS(KS) → OS(C +KS) → OS(C +KS)|C → 0 (3.2.2)

show that the restriction of the linear system |C + KS | to C is the canonical linear system |ωC |.
SinceC is hyperelliptic, it follows from (3.2.1) that it defines a degree 2 map onto P1 embedded as a
Veronese curve in Ppa(C)−1. This shows that the (possibly rational) map φC+KS associated |C+KS |
cannot be birational onto its image. From Theorem 2.4.16, we see Φ(C) = Φ(C + KS) ≤ 2.
Seeking a contradiction, we assume that the linear system |C| is not hyperelliptic, that is, Φ(C) =
Φ(C +KS) = 2. By Theorem 2.4.14, the linear system |C +KS | has no base points.

Thus, for every point x ∈ S, the linear system |C − x| of divisors of |C| passing through x is of
dimension dim |C| − 1. Let |L| be the unique g1

2 on C.

Assume that |C| is not hyperelliptic, that is, Φ(C) = 2 and |C| has no base points. Let x be a
general point on S and |C − x| be the linear system of dimension dim |C| − 1 of divisors in |C|
containing the point x. Since |ωC | is composed of the pencil g1

2 , for any D ∈ |C − x|, there exists a
unique point xD ∈ D such that x+ xD ∈ g1

2 . This implies that any divisor from |C +KS | passing
through x contains xD, too. Thus, xD is a base point of the linear system |C + KS − x|. Since
Φ(C +KS) = Φ(C) = 2, the linear system |C +KS | has no base points. Hence, the codimension
one linear subsystem |C + KS − x| has only finitely many base points. This implies that xD does
not depend on D and it must be a base point of |C − x|. Thus, h0(OC(C)) = h0(OS(C))− 1 = n
and h0(OC(C − x− xD)) = h0(OC(C − x)) = n− 1. This gives

h0(OC(C − x− xD)) = h1(OC(KC − C + x+ xD)) = h1(OC(KS + x+ xD)) = n− 1.

By Riemann-Roch onC, we find h0(OC(KS+x+xD)) = 2+n−1+1−pa(C) = 2+n−(n+1) =
1. Let a+ b ∈ |OC(KS + x+ xD)|. Since

h0(OC(C − a− b)) = h0(OC(C +KS − x− xD)) = h0(OC(C ′ − x))− 1 = n = h0(OC(C)),

we obtain that a and b are base points of |OC(C)| and hence, of |OS(C)|. This contradiction shows
that the linear system |C| is hyperelliptic.

Finally, assume that C2 ≥ 6 and that S is not necessarily classical. Using exact sequence (3.2.2)
and the fact that h1(OS) = 1, we conclude that the restriction of |C| to C is a codimension 1 linear
subsystem of the canonical linear system |ωC |. If it has a base point, then |C| is hyperelliptic. Since
the canonical linear system maps C two-to-one onto a Veronese curve R of degree n := pa(C)− 1
in Pn. We obtain that the restriction of φC := φ|C| to C is equal to the composition of this map with
the projection from a point outside R. Since C2 ≥ 6, we find pa(C) ≥ 4 and thus, n ≥ 3. Since
n > 2, the projection is a degree 1 map onto a rational curve of degree n in Pn−1. This implies that
φC is a degree 2 map onto a surface of degree n, whose hyperplane sections are rational curves of
degree n. By Proposition 0.5.5, the image S′ of φC is a projection of a rational normal scroll. A
line from the ruling of the scroll intersects a general hyperplane section at one point. This implies
that the preimage of this line is a divisor P such that P · C = 2. By the Hodge Index Theorem,
C2 · P 2 − (P · C)2 = 2nP 2 − 4 < 0. This implies P 2 = 0 and we find Φ(C) = 1. In particular,
|C| is hyperelliptic.
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3.3 Bielliptic maps

In this section, we study linear systems |D| on an Enriques surface S that give rise to double covers,
that is, the cases (3b) and (3d) of Proposition 3.1.1. Thus, we study nef divisors D with D2 =
2d ≥ 4, Φ(D) = 2, the linear system |D| has no base points, and the map φ|D| associated to |D| is
generically finite of degree 2 onto its image φ|D|(S). Thus, the image S′ of

φ|D| : S → Pd

is a non-degenerate surface of degree d in Pd, that is, one of the surfaces classified in Theorem 0.5.5.
In this case, we say that the linear system |D| is bielliptic. We note that such linear systems were
called superelliptic in [132]. We remind the reader that we classified such linear systems in Section
2.6 in terms of genus one fibrations and nodal curves. Proposition 3.3.1 explains the terminology.

In the course of our analysis, we will see that d ∈ {3, 4} and that D := φ|D|(S) ⊂ Pd is the
anti-canonical del Pezzo surface of degree d. We will analyze the branch locus of φ|D| and we will
see that D is a symmetroid surface in the sense of Definition 0.6.4. If d = 4, then D is a symmetroid
quartic surface as classified in Section 0.6. Composing this map with some birational map to a
minimal ruled surface, we obtain various birational models of S as a double cover of a rational
surface. Among them, there is the Horikawa model, which is frequently used in the literature, see
Remark 3.3.21.

We start with the classification of the possible images of a bielliptic morphism.

Proposition 3.3.1. Let |D| be a bielliptic linear system on an Enriques surface S. Then, D2 = 6 or
D2 = 8, and the image φ|D|(S) is the anti-canonical Pezzo surface of degree 1

2D
2. The restriction

of φ|D| to a general member of |D| is a double cover of an elliptic curve.

1. If D2 = 8, then |D| is one of the following linear systems from Proposition 2.6.6:

(a) |2F1 + 2F2|, F1 · F2 = 1 (case (i)),

(b) |4F1 + 2R|, F1 ·R = 1 (case (ii)).

2. If D2 = 6, then |D| is one of the following linear systems from Proposition 2.6.7:

(a) |F1 + F2 + F3|, |F1 + F2 − F3| 6= ∅ (case (i)),

(b) |F1 + 2F2 +R1|, |F1 −R1| 6= ∅ (case (ii)),

(c) |3F1 + 2R1 +R2|, |F1 −R2| 6= ∅ (case (iii)).

Proof. We know that φ|D| has no base points and that Y := φ|D|(S) is a surface of degree d in Pd,
see Theorem 0.5.5 for a classification of these surfaces. The argument from the last paragraph of the
proof of Proposition 3.2.7 shows that Y is not the projection of a normal rational scroll. It cannot
be also a cone over a normal elliptic curve, since there are no maps from S to a curve of positive
genus. Thus, Y is the anti-canonical del Pezzo surface of degree d. In particular, we have d ≤ 9.

The case d = 9 cannot occur: in that case, Y would be a Veronese surface of degree 9, hence
D = 2A, where |A| defines a degree 2 map onto P2. But then, we compute A2 = 2 and D2 = 8, a
contradiction.



3.3. BIELLIPTIC MAPS 303

Since Φ(D) = 2, there exists a genus one pencil |P | on S withP ·D = 4. Its image on Y is a pencil
of conics. Since a conic is contained in a plane, we have h0(D − P ) = h0(OS(D)) − 3 = d − 2.
Thus, |D−P | is a linear system of dimension d−3 without fixed components. SinceD2 = 2d ≤ 16,
we obtain (D−P )2 = 2d− 8 ≤ 8. If D−P is big and nef or (D−P )2 = 0 and h1(D−P ) = 0,
then dim |D−P | = d−4 < d−3, and we obtain a contradiction. This shows that if (D−P )2 > 0,
then D − P is not nef.

Next, we use the description of linear systems |D| with Φ(D) = 2. First, assume 2d = D2 = 4k
and that we are in case (i) of Proposition 2.6.6. Then, |P | is equal to the pencil |2F1| or |2F2| and
k = 2. In the first case |D − P | = |(k − 2)F1 + 2F2|. If k > 2, then the divisor D − P is big and
nef, hence dim |D − P | = d− 4 < d− 3. This shows that k = 2, d = 4, and |D| = |2F1 + 2F2|.
In both cases, we find |D| = |2F1 + 2F2|. Let B be a general member of the pencil |F1 + F2|. It is
a curve of arithmetic genus 2, and

ω⊗2
B
∼= OB(2F1 + F2 + 2KS) ∼= OB(2F1 + 2F2).

The short exact sequence

0 → OS(F1 + F2) → OS(2F1 + 2F2) → OB(2F1 + 2F2) → 0

implies that the restriction of |D| to B is the complete bicanonical linear system. Since B is hyper-
elliptic, the restriction of φ|D| is of degree 2, hence φ|D| is of degree 2, and |D| is bielliptic.

In case (ii) of Proposition 2.6.6, we must have |P | = |2F1|. If k ≥ 3, then D − P = kF1 + 2R is
big and nef and hence, |D| is not bielliptic. If k = 2, then P = 2F1 and D− P = (k − 2)F1 + F2.
On the other hand, if k > 2, then D − P is big and nef, which shows k = 2. Restricting the map
φ|D| to a general member of the pencil |2F1 + R1|, we obtain, as above, that |D| = |4F1 + 2R1|
is bielliptic. We leave it to the reader to check that in the remaining cases of Proposition 2.6.6, the
linear system |D| is not bielliptic.

Assume we are in case (i) of Proposition 2.6.7. If k ≥ 2, then |P | = |2Fi| and |D − P | = |(k −
2)F1 +F2 +F3|. Moreover, if k ≥ 2, then the divisorD−P is big and nef or h1(D−P ) = 0. Thus,
|D| is not bielliptic. If k = 1, then we may assume that P = F1 and (D−P )2 = (F2 +F3−F1)2 =
−2. We have dim |D − P | = n − 3 = 0 if and only if F2 + F3 − F1 is effective. Similar to the
previous case we can show that the restriction of φ|D| to a general member of the pencil |F1 + F2|
is a degree 2 map. Thus, |D| is bielliptic.

In case (ii), we obtain with similar arguments that |P | = |2F1| or |2F2| and k = 1. In the first case
|D−P | = |2F2 +R1−F1|must be of dimension n−3 = 0 and hence, |2F2 +R1−F1| 6= ∅. Since
the unique effective divisor from this linear system must be connected, we must have F1−R1 > 0.
If |P | = |2F2|, then |D − P | = |F1 + R1|. In this case, the image of |P | is a pencil of conics on a
cubic surface, so R1 must be again a component of F1.

In case (iii), we must have k = 1, and this case is identical to the previous one.

In case (iv), we get |P | = |2F1| and k = 1 with similar arguments as above. Then, |D − P | =
|F1 + 2R1 +R2| is not empty. As above, the unique effective divisor linearly equivalent to D − P
must be connected, hence F1 −R2 > 0.



304 CHAPTER 3. PROJECTIVE MODELS OF ENRIQUES SURFACES

Remark 3.3.2. One can show (see [132, Corollary 4.7.1]) that a bielliptic linear system |D| of degree
6 is equal in case (a) to a linear system

|D| = |Z1 + Z2 + Z3|,

where Z2
i = −2 are chains of (= 2)-curves with Zi · Zj = 2 and |2Fi| = |Zi + Zj | are genus one

pencils.

We will call a bielliptic linear system of the form |2F1 +2F2| if D2 = 8 or of the form |F1 +F2 +
F3| if D2 = 6 a non-special bielliptic linear system. These correspond to case (i) in the previous
Proposition . Bielliptic linear systems of the remaining types will be called special.

Moreover, we have just established that the image φ|D|(S) ⊂ Pd is the anti-canonical model of a
weak del Pezzo surface with d = 1

2D
2 ∈ {3, 4}. We remind the reader that we studied such surfaces

of minimal degree in Section 0.5. Now, the morphism S → φ|D|(S) is generically finite of degree
2. Thus, after passing to its Stein factorization, we obtain a finite degree 2 cover of φ|D|(S). By
Proposition 0.2.27, the restriction of this cover to the smooth locus of φ|D|(S) is a torsor under a
finite flat group scheme of length 2. Thus, φ|D|(S) is a symmetroid surface in the sense of Definition
0.6.4 and we refer to Section 0.6 and Section 0.7 for their classification.

We start with the case d = 1
2D

2 = 4, in which case φ|D|(S) ⊂ P4 is a symmetroid quartic surface.
We will be frequently using such bielliptic systems.

Definition 3.3.3. A pair of genus one pencils |2F1| and |2F2| with F1 · F2 = 1 (resp. a genus one
pencil |2F | and its special bisection R is called a [h U -pair (resp. degenerate U -pair).

The reason behind these definitions is that a U -pair of genus one fibrations corresponds to a canon-
ical pair of isotropic vectors f1 = [F1] and f2 = [F2] (resp. f2 = [F+R]) that in its turn corresponds
to a primitive embedding U ↪→ E10.

We will use the notations and classification results from Section 0.6.

Theorem 3.3.4. Let φ|D| : S → D ⊂ P4 be a bielliptic map defined by a bielliptic linear system
|D| with D2 = 8.

1. Assume that KS 6= 0

(a) If |D| is non-special, then D = D1.

(b) If |D| is special, then D = D′1.

2. Assume that S is a µ2-surface.

(a) If |D| is non-special, then D = D2.

(b) If |D| is special, then D = D′2.

3. Assume that S is an α2-surface.

(a) If |D| is non-special, then D = D3.

(b) If |D| is special, then D = D′3.
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Proof. We start with (1). First, assume that |D| is non-special, that is, |D| = |2F1 + 2F2|. The
restriction of φ|D| to the half-fibers F1, F

′
1, F2, F

′
2 is a degree 2 map. Since h0(OS(D − Fi)) =

h0(OS(D − F ′i )) = 3, the image of each of these four half-fibers is a line on D. Conversely, if an
irreducible curveC is mapped onto a line, thenC ·D = 2(C ·F1+C ·F2) = 2 and dim |D−C| = 2.
The first condition gives C ·F1 or C ·F2 = 0. Thus, we may assume that C ·F1 = 0 and C ·F2 = 1.
The first condition implies that C is a component of F1 or F ′1 or that C is a component of a member
of |2F1| that is not equal to 2F1 or 2F ′1. SinceC ·F2 = 1, we see that in the first caseC is mapped to
the line φ|D|(F1) or φ|D|(F ′1). In the second case, we have dim |D−C| = dim |2F2| = 1. Thus, all
lines are accounted for: we have exactly 4 lines on D and we note that they span a hyperplane. Next,
we count the number of conic pencils on D. We have obvious pencils coming from the four pencils
in |D|, which are given by |2F1|, |2F2|, |F1 + F2|, and |F1 + F2 +KS |. Let us show that there are
no more: the preimage of a conic is a movable nef divisor G with G2 ≥ 0 and G · (2F1 + 2F2) = 4.
By the Hodge Index Theorem, we have G ∼ 2Fi or G · F1 = G · F2 = 1. In the latter case, we find
Φ(G) = 1 and applying Proposition 2.6.1, we obtain that G ≡ F1 + F2. This proves the claim. It
remains to apply Proposition 0.6.15 to conclude that D is isomorphic to D1.

Next, assume that |D| is special, that is, |D| = |4F + 2R|. Then we have two lines equal to the
images of F and F ′ ∈ |F + KS | and two pencils of conics equal to the images of the pencils |2F |
and |2F + R|. As before, applying Proposition 2.6.1 and the Hodge Index Theorem, we see that
there are no more lines on D and no more pencils of conics. We also see that Proposition 0.6.16
shows that D = D′1.

We continue with case (2). First, assume that |D| = |2F1 + 2F2| is non-special. The images of
F1 and F2 are lines `1 and `2 on D. As in case (1), one can show that there are no more lines on D.
We also have three pencils of conics |2F1|, |2F2|, and |F1 + F2|. As in the previous cases, one can
show that there are no more. Applying Proposition 0.6.18, we obtain that D = D2 or D = D3.

Suppose that D = D3. By Proposition 0.6.11, there exists a principal α2-cover Q′ → Dsm, where
Q′ is the complement of one point on a nonsingular quadric. Its pull-back on S \ {s0} is a principal
α2-cover. By Theorem 0.1.4, it extends to a principal α2-cover of S. We claim that this cover is
non-trivial. Then D is an α2-surface and we are done. This claim is true if φ|D| is a separable map
because in this case the base change S ×D X is reduced. Thus, we may assume that φ|D| defines
an inseparable cover. Let F : S → S(2) be the relative Frobenius morphism. The surface D is
sandwiched between S and S(2), thus there exists a degree 2 inseparable cover ψ : D → S(2) and
we identify S(2) with S. Let π : X → S be the K3-cover of S, which is a non-trivial and principal
(Z/2Z)-cover. Since ψ is an homeomorphism in the étale topology over a complement of finitely
many points (over which ψ is not finite), the preimage of the K3-cover is a non-trivial principal
cover of Dsm. This implies that D ∼= D2.

If |D| = |4F + 2R| is a special bielliptic linear system, we use similar arguments as above to
show that D contains only one line and one pencil of conics, hence, by Proposition 0.6.20, it must
be either D′2 or D′3. Using the previous argument, we show that D = D′2.

In case (3), the arguments from case (2) show that the assumptions D = D2 or D′2 imply that S
admits a nontrivial (Z/2Z)-cover, which contradicts to the assumption that S is a α2-surface.

We continue with the case d = 1
2D

2 = 3 and then, φ|D|(S) ⊂ P3 is a symmetroid cubic surface.
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We will use the notations and classification from Section 0.7.

Theorem 3.3.5. Let φ|D| : S → C ⊂ P3 be a bielliptic map defined by a bielliptic linear system
|D| with D2 = 6.

1. Assume that KS 6= 0

(a) If |D| is non-special, then C = C1.

(b) If |D| is special, then C = C′1 (resp. C = C′′1) if |D| is of type (b) (resp. of type (c)).

2. Assume that S is a µ2-surface.

(a) If |D| is non-special, then C = C2.

(b) If |D| is special, then C = C′2 (resp. C = C′′2) if |D| is of type (b) (resp. of type (c)).

3. Assume that S is an α2-surface.

(a) If |D| is non-special, then C = C3.

(b) If |D| is special, then C = C′3 (resp. C = C′′3) if |D| is of type (b) (resp. of type (c)).

Proof. Applying Proposition 3.3.1, we can write the divisor class D in of the form

D = F1 + F2 + F3 = (2F1 + 2F2)− (F1 + F2 − F3), in case (a),

D = F1 + 2F2 +R1 = (4F2 + 2R1)− (2F2 − F1 +R1), in case (b),

D = 3F1 + 2R1 +R2 = (4F1 + 2R1)− (F1 −R2), in case (c).

Here, Z = F1 + F2 − F3 (resp. (2F2 − F1 + R1), resp. (F1 − R2)) is an effective divisor with
Z2 = −2 and F1 · Z = F2 · Z = 0 (resp. Z · F2 = 0, resp. Z · F1 = 0). This implies that Z is a
connected nodal cycle contained in a fiber of |2F1 and in a fiber of |2F2|. Under the bielliptic map
φ : S → D given by the linear system |2F1 + 2F2| or |4F1 + 2R1|, this nodal cycle Z is mapped
to a point x0 of a anti-canonical quartic del Pezzo surface D . In case (a), we have D = D1,D2

or D3 and the point x0 lies on the intersection of conics from different pencils on D = and hence,
does not lie on a line. Composing φ with the projection map with center at x0, we map to the cubic
anti-canonical del Pezzo surface C = C1,C2 or C3 depending on the type of S. In case (b), we have
D = D′1,D

′
2 or D′3 and x0 does not lie on the line φ(F2). Projecting from x0, we map to C = C′1,C

′
2

or C′3. In case (c), we find that Z is a component of a half-fiber F1 of the pencil |2F1|, so its image
lies on a line and projection from x0 gives us the surface C3,C

′
3 or C′′3 .

Next, we describe the branch locus of a bielliptic map φ : S → φ|D|(S). We restrict ourselves to
the case D2 = 8 and leave the case D2 = 6 as an exercise to the reader. First, we introduce some
notations that will be used in the statements and in their proofs.

If D ⊂ P4 is a symmetroid quartic surface, then we let j : Dsm ↪→ D be the open immersion of the
smooth locus of D. Let φ := φ|D| : S → D be a bielliptic map defined by a bielliptic linear system
|D| with D2 = 8 and let

S
σ→ S′

φ′→ D ⊂ P4 (3.3.1)
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be the Stein factorization of φ. Then, φ′ is a finite morphism of degree 2 and σ is a birational
morphism from S onto a normal surface with at worst rational double point singularities. More
precisely, σ contracts all (−2)-curves C ⊂ S with C ·D = 0 and nothing else.

Lemma 3.3.6. Let y ∈ D be a singular point and let s = φ−1(y) and s′ = φ′−1(y). If φ is a
non-special bielliptic map, then s′ is a nonsingular point of S′ and the morphism φ is finite at s.
The same is true if φ is special and if y is a rational double point of type A1 on D = D′1. In the
remaining cases, s′ is a rational double point of type A1 and the birational morphism σ : S → S′

contracts a (−2)-curve R to the point s′.

Proof. First, assume D is not special, that is, D = D1, D2, or D3. Then, every singular point of D is
equal to the intersection of two lines. The preimage of a line on S is a half-fiber of |2F1| or |2F2|. If
KS 6= 0, then we obtain that φ−1(Sing(D)) consists of four points sij = F i1∩F

(j)
2 , where F (1)

i , F
(2)
i

are the irreducible components of the half-fibers of |2Fi| containing a point from φ−1(Sing(D)). If
KS = 0, then Sing(D) = {y0} and s0 = π−1(y0) is equal to F1 ∩ F2, where Fi are irreducible
components of the unique half-fibers of |2Fi|. Any (−2)-curve R′ passing through s0 intersects
positively both components F i1 and F (j)

2 (resp. F1 and F2). Hence, it cannot be contracted by the
map σ. Thus, every point s′ ∈ φ′−1(y0) is nonsingular and φ′ is a finite morphism near s′0.

Next, assume D is special, that is, D = D′1, D′2, or D′3. In this case, the linear system |D| =
|4F + 2R| is special and the curve R is contracted by φ to a singular point s′0 on S′.

We now assume that KS 6= 0. Then, the image of the half-fibers F and F ′ of |2F | are the lines
on D′1. Thus, the image of R is the intersection point y0 of the two lines `1 and `2. It follows from
the description of the surface D′1 that this point is a rational double point of type A3. The other two
singular points y1 and y2 lie on the lines `1 and `2. Any (−2)-curve R′ 6= R on S passing through
one of the points s0 = φ−1(y0), s1 = φ−1(y1), s2 = φ−1(y2) must intersect R or the irreducible
components of F or F ′ passing through these points. Hence, such an R′ is not contracted by σ.
This shows that s′0 = σ(s0) is a rational double point of type A1 and that the points s′1 = φ(s1) and
s′2 = φ(s2) are nonsingular points of S′. The map φ′ is a finite morphism near s′0, s′1, and s′2.

Finally, we assume that KS = 0, that is, D = D′2 or D′3. In this case, the image of the unique
half-fiber of |2F | is the unique line ` on D. The unique singular point y0 of D lies on `. The curve
R is contracted to a point y ∈ `. The preimage of the 2-dimensional linear system of hyperplane
sections of D containing the line ` consists of divisors E + R +D′ ∈ |D|. They are all singular at
the point s0 = R ∩ F , where F is an irreducible component of E intersecting R. This implies that
y = y0. Any other (−2)-curve R′ passing through s0 intersects F and R, hence R′ ·D 6= 0, and R′

is not contracted to a point on S′. This shows that s′0 = σ(s0) is a rational double point of type A1

and that φ′ is a finite morphism near s′0.

Now, let τ : D̃→ D be the minimal resolution of singularities of D and let S̃′ be the normalization
of D̃ in the field of rational functions on S. A proof of the next lemma can be found in [28,
Proposition 1.5] in the case of a principal (Z/2Z)-cover but it also works for principal µ2-covers or
α2-covers.

Lemma 3.3.7. Let X = Spec A be the henselization of a local ring of a rational double point on a
normal algebraic surface. LetX ′ → X be its minimal resolution of singularities and let Y → X be
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a finite degree 2 map that is a non-trivial principal double cover outside the closed point x0 ∈ X .
Assume that the closed point y0 ∈ Y over x0 is again a rational double point. Let Y ′ → X ′ be the
normalization of X ′ in the field of fractions of Y . Then, there is a morphism Y ′ → Y that factors
through a minimal resolution Y ′′ of Y . A complete integral curve C ⊂ Y ′ contracts to a point
on Y ′′ if and only if 2C is equal to the pre-image of an irreducible component of a resolution of
singularities X ′ → X .

Let S̃′ be the normalization of D̃ in the field of rational functions of S′. It comes equipped with a
birational morphism τ ′ : S̃′ → S′ and a degree 2 cover φ̃′ : S̃′ → D̃. Let U = S′ \ φ′−1(Sing(D)).
Its complement consists of finite many points s1, . . . , sk. We can identify it with an open subset of
S̃′ that lies over the complement of the exceptional divisor of D̃→ D. The morphism σ−1(U)→ U
is a resolution of singularities. It defines a rational map S 99K S̃′ which we extend to a birational
morphism σ′ : S̃ → S̃′, where τ ′′ : S̃ → S is a composition of blow-ups with centers at nonsingular
points. To sum up, we have the following commutative diagram

S̃

τ ′′

��

σ′ // S̃′
φ̃′ //

τ ′

��

D̃

τ

��
S

σ // S′
φ′ // D

. (3.3.2)

Let
φ̃ := φ̃′ ◦ σ′ : S̃ → D̃.

Applying Lemma 3.3.7, we obtain that τ ′ factors through a minimal resolution of singular points
si (in fact, it can be only one such point and this happens only if D = D′1,D

′
2, or D′3). This implies

that we may assume that σ′ is an isomorphism over τ ′−1(si) and hence φ̃ is a finite morphism of
degree degree 2 over an neighborhood of A. In particular, the exceptional divisor Ã of τ ′′ is a finite
cover of the exceptional divisor A of τ .

Let us describe the exceptional divisor A =
∑k

i=1Ai, where k = 4 if D = Di and k = 5,
otherwise, in terms of a geometric basis (e0, . . . , e5) of Pic(D̃) given in the Propositions 0.6.15,
0.6.16, 0.6.18, and 0.6.20.

• D = D1:

A1 = e0 − e1 − e2 − e3, A2 = e2 − e3, A3 = e0 − e1 − e4 − e5, A4 = e4 − e5.

−2 −2 −2 −2

A1 A2 A3 A4

• D = D′1:

A1 = e0−e1−e2−e3, A2 = e2−e3, A3 = e0−e1−e4−e5, A4 = e4−e5, A5 = e1−e2.

−2 −2 −2 −2 −2−2 −2−2 −2

A1 A2 A3 A5 A4
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• D = D2,D3:

A1 = e0 − e1 − e2 − e3, A2 = e2 − e3, A3 = e3 − e4, A4 = e4 − e5.

−2 −2 −2−2

−2

−2

−2

−2

−2

−2

−2

A1 A4

A3

A2

• D = D′2,D
′
3:

A1 = e0− e1− e2− e3, A2 = e2− e3, A3 = e3− e4, A4 = e4− e5, A5 = e1− e2.

−2 −2 −2−2

−2

−2

−2

−2

−2

−2

−2

−2 −2

A1 A4

A3

A2 A5

Observe that

A1 + · · ·+A4 =

{
2(e0 − e1 − e3 − e5) if D = D1,D

′
1,

e0 − e1 − e3 − e5 otherwise.

Let Ãi = φ̃−1(Ai)red. Observe that the image of the component Ã5 in S is the special bisection
R that is mapped under σ to the ordinary double point si of S′ lying over a singular point of D.

Lemma 3.3.8. The dual graph of the exceptional divisor Ã of τ ′′ is as follows.

• D = D1:

−1 −1 −1 −1

Ã1 Ã2 Ã3 Ã4

• D = D′1:

−1 −1 −1 −1−1 −1

Ã1 Ã2 Ã3 Ã5 Ã4

• D = D2,D3:

−1 −1 −1−1

−4

−1

−4

−1

−4

−1

−4

Ã1 Ã4

Ã3

Ã2

• D = D′2,D
′
3:
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−1 −1 −1−1

−4

−1

−4

−1

−4

−1

−4

−1 −4

Ã1 Ã4

Ã3

Ã2 Ã5

Proof. Since S̃ is smooth, the pre-image Ã of the exceptional divisor A of τ is a divisor on S̃ that
can be blown down to nonsingular points. For each component Ai of A, its pre-image Ãi is either a
(−1)-curve or a (−4)-curve. The former case happens if and only if the pre-image of Ai is equal to
2Ãi.

If D = D1, A consists of four disjoint (−2)-curves, hence Ã consists of four disjoint smooth
rational curves that can be blown down to nonsingular points. They have to be (−1)-curves.

If D = D′1, A consists of two disjoint (−2)-curves and a chain of three (−2)-curves, hence Ã
consists of two disjoint smooth rational curves and a chain of three smooth rational curves. We know
that the middle component is mapped to a special bisection R on S. Thus the extreme components
are mapped to nonsingular points, and this leaves with the only possibility given by the picture.

Assume that D = D2 or D3. Then Ã is the union of three disjoint smooth rational curves
Ã1, Ã2, Ã4 and a smooth rational curve Ã3 that intersects each Ãi, i 6= 3, with multiplicity 1.
Let τ ′′ be the composition of the blowing downs of one (−1)-curve. It is immediate to see that the
first curve that is blown-down cannot be Ã3. So, we may assume that it is Ã1. The image of Ã3 after
the first blow-down is a chain of three smooth rational curves. The only way to blow them down to
a nonsingular points, is to assume that E0 is a (−4)-curve and all other Ãi are (−1)-curves. This
gives the asserted picture.

Finally, assume that D = D′2 or D′3. In this case Ã5 is mapped to a special bisection with self-
intersection−2, and Ã− Ã3 is mapped to a nonsingular point on S. Similar arguments to the above
gives us the asserted picture.

We now continue with our analysis of the double cover φ̃ : S̃ → D̃. We have a short exact
sequence

0 → OD̃ → φ̃′∗OS′ → L−1 → 0, (3.3.3)

where L is an invertible sheaf. If p 6= 2, then φ′ this exact sequence splits, then the cover φ̃′ is given
by a global section s of L⊗2, whose zero divisor B(φ̃′) is equal to the branch divisor of the cover. If
p = 2 and if φ′ is separable, then the cover is an Artin-Schreier cover defined by data (L, a), where
a is a section of L, whose zero divisor B(φ̃′) is the branch divisor of the cover. If p = 2, if φ′ is
inseparable, and if the exact sequence splits, then the cover is defined by a section of L⊗2 modulo a
square of a section of L. If the exact sequence does not split, then we get a cover of type αL.

Since D has rational singularities, we have R1τ∗OD̃ = 0 and thus, after applying τ∗ to the exact
sequence (3.3.3), we obtain a short exact sequence

0 → OD → φ′∗OS̃′ → τ∗L−1 → 0. (3.3.4)

We know that the direct image of a reflexive sheaf is reflexive and thus, Q := τ∗L−1 is a reflexive
sheaf. If φ′ is separable, then Q[2] ∼= OD(−B(φ)) (resp. Q ∼= OD(−B(φ))), where B(φ) = τ∗(B̃)
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is the Weil divisor that is defined to be the image of the branch divisor of φ̃. We call B(φ) the branch
divisor of φ. Its pre-image in D̃ is the branch divisor B(φ̃) of φ̃′.

Proposition 3.3.9. Let L be the invertible sheaf from the data defining the double cover φ̃ : S̃ → D̃.
Then,

1.

L ∼=

{
ω−1

D̃
⊗OD̃(1

2A) if D = D1,D
′
1,

ω−1

D̃
⊗OD̃(A) otherwise.

2.

H1(D̃,L) ∼=

{
{0} if D = D1,D

′
1,

k otherwise.

Proof. (1) It follows from Lemma 3.3.8 that

KS̃ =

{
τ ′′∗(KS) + Ã1 + Ã2 + Ã3 + Ã4 if D = D1,D

′
1,

τ ′′∗(KS) + 2Ã1 + 2Ã2 + Ã3 + 2Ã4 otherwise.

By Proposition 0.2.10, we have
ωS̃′
∼= φ̃′∗(ωD̃ ⊗ L).

Since all singularities of S̃′ are rational double points, we have

ωS̃
∼= φ̃∗(ωD̃ ⊗ L).

Applying Proposition 0.2.14, we obtain that ωD ⊗ L is a 2-torsion element of Pic(D) and it is
a non-trivial 2-torsion element only if KS 6= 0, that is, D = D1,D

′
1. By Lemma 3.3.8, we have

φ̃∗(Ai) = 2Ãi for i = 1, . . . , 4 if D = D1,D
′
1, and otherwise, we have φ̃∗(Ai) = 2Ãi, i = 1, 2, 4

and φ̃∗(A3) = Ã3 otherwise. This proves assertion (1).

(2) Assume that D = D1,D
′
1. We have −KD̃ + 1

2A ∼ 4e0 − 2e1 − e2 − 2e3 − e4 − 2e5. It
is easy to see that the moving part of the linear system | − KD̃ + 1

2A| is equal to |2e0 − e2 − e4|
(resp. |2e0 − e1 − e4|) if D = D1 (resp. D = D′1). It corresponds to the linear system of conics
through the points p2, p4 (resp. p1, p4). Thus, we find h0(L) = 4. On the other hand, we obtain by
Riemann-Roch that

h0(L) =
1

2
(2K2

D̃
+ 1

4A
2) + 1 + h1(L) = 4 + h1(L).

This shows that h1(L) = 0.

Finally, assume that D 6= D1,D
′
1. Let a be a section of ω−1

D̃
with zero divisor F disjoint from

A+A5. This defines a section of L and the corresponding short exact sequence

0 → OD̃ → L → OF+A(F +A) → 0. (3.3.5)

We compute

H1(OF+A(F +A)) ∼= H1(OF (F ))⊕H1(OA(A)) ∼= H1(OA(A)) ∼= H1(ωA) ∼= k.

Taking cohomology in (3.3.5), we obtain the remaining assertion.



312 CHAPTER 3. PROJECTIVE MODELS OF ENRIQUES SURFACES

Remark 3.3.10. Let a be a global section of L. It follows from the proof that the map

F + a : H1(D̃,L) → H1(D̃,L⊗2) (3.3.6)

can be identified with the map F + a : H1(A,OA(A)) → H1(A,OA(2A)). Both maps F and a
come from the same mapOA(A)→ OA(2A) that is multiplication by the section ofOD̃(A) whose
scheme of zeros is equal to A. Thus, the map F + a is zero and we conclude that

Ker(F + a) ∼= H1(D̃,L) ∼= k (3.3.7)

if H1(D̃,L) 6= 0.

Theorem 3.3.11. Concerning the double cover φ̃ : S̃ → D̃, the following assertions hold true.

1. If p 6= 2, then

(i) D = D1 or D′1.

(ii) φ̃ is a separable µ2 cover with branch divisor

B(φ̃) = W +A,

where W ∈ | − 2KD̃| is a reduced curve disjoint from A.

(iii) The elliptic fibrations on S are the pre-images of the pencils |e0 − e1| and |2e0 − e2 −
e3 − e4 − e5| if D = D1 and |e0 − e1| if D = D′1.

2. If p = 2 and KS 6= 0, then

(i) D = D1 or D′1.

(ii) φ̃ is an inseparable µ2-cover defined by a section b of L with

Z(b) = W +A,

where W ∈ | − 2KD̃| is a reduced curve disjoint from A, or

(ii’) φ̃ is a separable split Artin-Schreier cover defined by data (L, a, b) with

Z(a) = A+A5 + Z(a)0, Z(b) = A+ Z(b)0,

where Z(a)0 ∈ |2e0 − e2 − e4| (resp. |2e0 − e1 − e4|) if D = D1 (resp. D = D′1) and
Z(b)0 ∈ | − 2KD̃|.

(iii) The genus one fibrations on S are the pre-images of the pencils |e0 − e1| and |2e0 −
e2 − e3 − e4 − e5| if D = D1 and |e0 − e1| if D = D′1.

3. If p = 2 and S is a µ2-surface, then

(i) D = D2 or D′2.

(ii) φ̃ is a non-split and separable Artin-Schreier cover defined by data (L, a) with

Z(a) = A+ Z(a)0,

where Z(a)0 ∈ | −KD̃| is disjoint from A.
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(iii) The genus one fibrations on S are the pre-images of the pencils |e0 − e1| and |2e0 −
e2 − e3 − e4 − e5| if D = D2 and |e0 − e1| if D = D′2.

4. If p = 2 and S is an α2-surface, then

(i) D = D3 or D′3.

(ii) φ̃ is a non-split separable Artin-Schreier cover defined by data (L, a) with

Z(a) = 2A+ 2A5 +A3 + Z(a)0,

where Z(a)0 ∈ |2e0 − e2 − e3| (resp. |2e0 − e1 − e2|) if D = D3 (resp. D = D′3).

(ii’) φ̃ is a non-split and inseparable α2-cover.

(iii) The genus one fibrations on S are the pre-images of the pencils |e0 − e1| and |2e0 −
e2 − e3 − e4 − e5| if D = D3 and |e0 − e1| if D = D′3.

Proof. In each case 1) - 4), assertion (i) follows from Theorem 3.3.4 and we listed it only for
convenience of the reader.

Assume that p 6= 2. In this case, we have D = D1 or D2. Applying Proposition 3.3.9, we find that
φ̃ is a separable µ2-cover, whose branch divisor is given by a section b of OS(−2KD̃ + A). Since
φ defines a local µ2-cover of singular points, Z(b) consists of a reduced curve W ∈ | − 2KD̃| and
the curve A that is disjoint from W .

Assume that p = 2, KS 6= 0, and φ̃ is separable. Applying Proposition 3.3.9, we obtain that its
branch divisor Z(a) belongs to the linear system | −KD̃ + 1

2A|. By Lemma 3.3.8, the curves Ai
with i 6= 5 are contained in the branch curve. The residual curve belongs to

| −KD̃ −
1

2
A| = |(3e0 − e1 − · · · − e5)− (e0 − e1 − e3 − e5)| = |2e0 − e2 − e4|.

If D = D′1, thenA5 ·(2e0−e2−e4) = (e1−e2) ·(2e0−e2−e4) = −1 and thus,A5 is an irreducible
component of Z(a), whose residual component is linearly equivalent to (2e0−e2−e4)−(e1−e2) =
2e0 − e1 − e4. If D = D1, then the linear system |2e0 − e2 − e4| is irreducible and consists of the
inverse transform of conics passing through the points p2, p3, p4. If D = D′1, then the linear system
|2e0 − e1 − e4| is irreducible and consists of the inverse transform of conics passing through the
points p1, p4. Thus, we can write

Z(a) = Z(a)0 +A+A5,

where we ignore A5 if D = D1 and Z(a)0 is as in the assertion of the theorem.

Assume p = 2, KS 6= 0, and φ̃ is inseparable. By Theorem 3.3.9, we have H1(D̃,L) = 0. Thus,
the cover is a splitµ2-cover defined by data (L, b), where Z(b) ∈ |−2KD̃+A|. Using Lemma 3.3.8
again, we see that A enters in Z(b). Thus, Z(b) = W +A for some reduced curve W ∈ | − 2KD̃|.

Assume that p = 2, S is a µ2-surface, and φ̃ is inseparable. Then, the pre-image of the pencil
of conics on D is a pencil of genus one curves on S, whose general fiber is isomorphic to an
inseparable cover of P1. This curve is isomorphic to a cuspidal cubic. According to the terminology
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of Chapter 4.1, we obtain a quasi-elliptic fibration on S. We will prove later in Theorem 4.10.3
that a µ2-surface does not admit quasi-elliptic fibrations and hence, φ̃ must be separable. Applying
Proposition 3.3.9, we obtain that it is a separable Artin-Schreier cover defined by data (L, a) with
Z(a) ∈ | −KD̃ +A−A5|.

The unique singular point of D admits a local double (Z/2Z)-cover by a nonsingular point if
D = D2 and a rational double point of type A1 if D = D′2. Since such a point does not admit a
ramified local cover by a nonsingular (resp. singular point of type A1), the branch curve B(φ) does
not pass through the singular point of D. This implies that Z(a) = Z(a)0 +R, whereR is supported
on the exceptional divisor and Z(a)0 is disjoint from R. Applying Lemma 3.3.8, we see that the
curves A1, A2, A4 enter in R. This gives

Z(a)−A1 −A2 −A4

∼ (3e0 − e1 − · · · − e5) + (e0 − e1 − e3 − e5)− (e2 − e3)− (e0 − e1 − e2 − e3)− (e4 − e5)

∼ 3e0 − e1 − e2 − 2e4 − e5.

Taking the intersection withA3 ∼ e3−e4, we obtain thatA3 is a component of Z(a)−A1−A2−A4

and that Z(a)−A1−A2−A3−A4 = Z(a)− (A−A5) ∼ 3e0− e1− e2− e3− e4− e5 = −KD̃.
Thus, we can write Z(a) = Z(a)0 + A − A5 with Z(a)0 ∈ | −KD̃|. Applying Lemma 3.3.8, we
see that A3 enters in the branch divisor but its pre-image under the cover is a reduced curve.

Finally, assume that p = 2, S is an α2-surface, and φ̃ is separable. Since H0(D̃,L) 6= 0, we
obtain that φ̃ is split or a non-split Artin-Schrier cover defined by some data (L, a). The singular
point of D is of typeD(0)

4 orD(0)
5 . It has no local principal covers with the Galois group Z/2Z. This

shows that Z(a) contains a curve Z(a)0, which has no exceptional components but intersects the
exceptional locus. As in the previous case, we obtain that Z(a) ∼ Z(a)′+A with Z(a)′ ∈ |−KD̃|.
Thus, Z(a)′ = Z(a)0 +A′, where A′ 6= 0 is supported on the exceptional divisor. We may assume
that A′ is the largest divisor with this property. Thus, (−KD̃ − A

′) · Ai = −A′ · Ai ≥ 0 for each
exceptional component Ai. This implies that A′ is the fundamental cycle of the singularity, hence
equal to A1 + A2 + 2A3 + A4 (resp. A1 + 2A2 + 2A3 + A4 + A5) if D = D3 (resp. D3 = D′3).
Thus, we get

Z(a) = 2A+A3 + Z(a)0, (resp. Z(a) = 2A+A2 +A3 −A5 + Z(a)0),

where Z(a)0 ∈ |2e0 − e2 − e3| (resp. |2e0 − e1 − e2|). If D = D3, then we compute

2A+A3 + Z(a)0

= 2(e0 − e1 − e3 − e5) + (e3 − e4) + (2e0 − e2 − e3)

= 4e0 − 2e1 − e2 − 2e3 − e4 − 2e5

= (3e0 − e1 − e2 − e3 − e4 − e5) + (e0 − e1 − e3 − e5)

= −KD̃ +A = Z(a).

Restricting the sequence to the punctured local ring of the singular point of D splits. However, when
the cover is an α2-cover of a Z/2Z-cover in characteristic 2, the local cover of the punctured local
ring does not split. This follows from exact sequence (0.1.5) because F − a is surjective on global
sections.
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Figure 3.3: Branch curve of a bielliptic map (p 6= 2)

A1 A2

A3 A4

non-special

-1 -1

-1

-1

-2 -2

-2 -2

A1 A4

A3 A2

A5

special

-1 -1

-2 -2

-2 -2
-2

Z(a)

Z(b)

Figure 3.4: Branch curve of a separable bielliptic map (p = 2,KS 6= 0)

If p = 2, then a bielliptic map φ|D| : S → D could be inseparable. However, the next proposition
shows that in this case the surface S is a nodal Enriques surface, that is, it contains at least one
smooth rational curve. In the next chapter, we will reprove this result using the theory of genus one
fibrations on S.

Remark 3.3.12. In the case p = 2 and KS 6= 0, the cover splits over the complement of the union of
the lines. In fact, the blow-up map D̃ → P2 makes it isomorphic to the complement of one line on
the plane and hence it is affine. Over this open subset the cover is given by the data (L, a, b), where
a is a section of L and b is a section of L⊗2 restricted to this open subset. So, one can construct a
birational model of S by using this data.

Proposition 3.3.13. Assume that p = 2, that |D| be a bielliptic linear system with D2 = 8, and
that the associated bielliptic map φ : S → D is an inseparable cover. If |D| is non-special (resp.
special), then φ contracts a set of eight (resp. nine) (−2)-curves. In particular, S contains smooth
rational curves and thus, is a nodal Enriques surface.

Proof. The maps σ′ : S̃ → S̃′ and φ̃′ : S̃′ → D̃ from (3.3.2) are minimal resolution of singularities
and an inseparable finite map of degree 2, respectively. We have e(S̃′) = e(D̃) = e(P2) + 5 = 8
and e(S̃) = e(S) + 4 = 16. It remains to use that, under a minimal resolution of rational double
points e(S̃) = e(S̃′) + n, where n is the number of smooth rational curves blown down to singular
points. If |D| is non-special, the exceptional divisor of σ′ is isomorphic to the exceptional divisor
of σ, so we get that σ blows down n = 8 smooth rational curves. If |D| is special, the exceptional
divisor of σ consists of the exceptional divisor of σ′ and the special bisection R that is blown down
to the singular point of S′ lying over the singular point of D. So, σ′ blows down 9 smooth rational
curves.
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Figure 3.5: Branch curve of a separable bielliptic map (µ2-surface)
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Figure 3.6: Branch curve of a separable bielliptic map (α2-surface)

Remark 3.3.14. We know that singular locus of the inseparable cover φ̃′ : S̃′ → D̃ lies over the
zeros of a section α of Ω1

D̃
⊗ L⊗2. We have

c2(Ω1
X ⊗ L⊗2) = c2(Ω1

X) + c1(Ω1
X) · c1(L⊗2) + c1(L⊗2)2. (3.3.8)

We know that c2(Ω1
D̃

) = e(D̃) = 8, and

c1(Ω1
D̃

) · c1(L⊗2) = KD̃ · (L1 + · · ·+ L4 +W ) = KD̃ ·W = KD ·W = −8,

c1(L⊗2)2 = (L1 + · · ·+ L4 +W )2 = −8 + 16 = 8.

Adding up, we find c2(Ω1
D̃
⊗ L⊗2) = 8. In the case when the zero cycle Z of the section α

is reduced, it shows that Sing(S̃′) consists of 8 ordinary double points, and this agrees with the
previous Proposition . It also suggests that, for any singular point x of type An, Dn, En, we have
h0(OZ,x) = n.

Let F : D̃→ S̃′ → D̃ be the factorization of the Fronenius map. Comparing formula (3.3.8) with
formula (0.3.4) and using Remark 0.3.15 we find that h0(OZ̃) = h0(Z), where Z̃ is the scheme of
zeros of the rational vector field ∂ on D̃ such that D̃∂ ∼= S̃′.

Proposition 3.3.15. Let |D| be a bielliptic linear system with D2 = 8 and let φ : S → D be the
associated bielliptic map. Let ρ : Q → D be the degree two cover by a quadric surface described
in Propositions 0.6.10, 0.6.11, 0.6.12. Then, the first projection π : S ×D Q → S is isomorphic to
the K3-cover of S.

Proof. Set Q′ := ρ−1(Dsm). If D = D1,D2,D3, then the Q is a nonsingular quadric and Q \ Q′
consists of 4 points if D = D1 and one point otherwise. If D = D′1,D

′
2,D

′
3, then Q is a quadric cone

andQ\Q′ consists of the singular point ofQ and two more points if D = D1 and consists of only the
singular point otherwise. The cover ρ′ : Q′ → D \Dsm is a principal G-cover, where G = µ2 (resp.
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(Z/2Z), resp. α2) if D = D1 (resp. D2, resp. D3). The base change S×DQ
′ → S† := φ−1(Dsm) is

a nontrivial principalG-cover isomorphic to the pre-image of the torsorQ′ → Dsm by the morphism
φ. By Theorem 0.1.4, it extends to a nontrivial principal cover of S isomorphic to the K3-cover.

Now, consider the second projection φ̄ : X = S ×D Q → Q. We can factor both φ and φ̄
as birational morphisms σ, σ̄ followed by a finite morphisms of degree two φ′, φ̄′ and obtain a
commutative diagram

X

π

��

σ̄ // X ′
φ̄′ //

π′

��

Q

ρ

��
S

σ // S′
φ′ // D.

It follows that the double cover φ̄′ : X ′ → Q is given by the preimage to Q of the data defining the
cover φ′ : S′ → D.

1. If p 6= 2, then the cover φ̄′ is a µ2-cover, whose branch curve satisfies

B(φ̄′) ∈ |ρ∗(−2KD)| = | − 2KQ|

and is contained in Q′.

2. If p = 2, if KS 6= 0, and if φ is separable, then φ̄′ is a split Artin-Schreier associated to some
data (ω−1

Q , a, b), where

B(φ̄′) = Z(a) ∈ | − 2KQ|, Z(b) ∈ | − 4KQ|.

In this case, B(φ̄′) is contained in Q \Q′.

3. If p = 2 and KS = 0, then φ̄ is a separable and non-split Artin-Schreier cover, whose branch
curve B(φ̄′) ∈ | − 2KQ| is contained in Q′ if S is a µ2-surface.

Theorem 3.3.11 admits a converse, whose proof we leave it to the reader. It gives an explicit recipe
for constructing birational models of Enriques surfaces as double covers of symmetroid quartic
surfaces.

Theorem 3.3.16. Let D be a non-degenerate symmetroid quartic surface and let A and L be as in
Theorem 3.3.9.

1. Assume that p 6= 2. Let D = D1 (resp. D′1) and W ∈ | − 2KD̃| be a reduced divisor disjoint
from the exceptional curve A. Then, a minimal resolution of the double cover S̃′ → D̃
branched along W + A1 + · · · + A4 is isomorphic to the blow-up of an Enriques surface S
at four points x1, . . . , x4. It descends to a bielliptic map φ : S → D defined by a non-special
(resp. special) bielliptic linear system |D| of degree 8. If |D| = |2F1+2F2| (resp. |4F+2R|),
then the points xi are the intersection points of the irreducible components F (i)

1 ∩ F
(j)
2 of the

two half-fibres F (i)
1 of |2F1| and two half-fibers F (i)

2 of |2F2|. If |D| = |4F1 + 2R|, then
xi = R ∩ F (i)

1 , i = 1, 2 and x3 ∈ F (1)
1 , x4 ∈ F (2)

1 .
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2. Assume p = 2 and let D = D1 (resp. D′1). Let a be a section of L with Z(a) = A + B with
B ∈ |2e0− e2− e4| (resp. |2e0− e1− e4|) and let b be a section of L⊗2 with Z(b) = A+W
andW ∈ |−2KD̃|. Then, a minimal resolution of the normalization of the split Artin-Schreier
double cover of S′ → D defined by the data (L, a, b) is isomorphic to a classical Enriques
surface S blown up at four points as in (1).

3. Assume p = 2 and let D = D2 (resp. D′2). Let a be a section of L with Z(a) = A+ B, where
B ∈ | −KD̃| is disjoint from A, and let S′ be a non-trivial αL,a-torsor, whose cohomology
class is mapped to a nonzero element of Ker(F + a : H1(D,L)) → H1(D,L⊗2)). Then, a
minimal resolution of the normalization of S′ is isomorphic to the blow-up of a µ2-Enriques
surface S blown up at four points x2 � x1, x3 � x1, x4 � x1. The cover S′ → D̃ descends
to a bielliptic map defined by the linear system |D|. If |D = |2F1 + 2F2| (resp. |4F1 + 2R|),
the point x1 is the intersection point of irreducible components of F1 and F2 (resp. R).

4. Assume p = 2 and let D = D3 (resp.D′3). Let a be a section of L with Z(a) = 2A + A3 +
B with B ∈ |2e0 − e2 − e4| (resp. |2e0 − e1 − e4|). Then, a minimal resolution of the
normalization of the non-split Artin-Schreier double cover of S′ → D defined by an αL,a-
torsor is isomorphic to an α2-Enriques surface S blown up at four points x2 � x1, x3 � x1,
x4 � x1 as in (3).

5. Assume p = 2 and let D = D1 (resp. D′1). Let W ∈ | − 2KD̃| be a divisor disjoint from the
exceptional curve A such that the inseparable µ2-cover defined by Z(b) = W + A − A5 is
normal. Then, its minimal resolution is isomorphic to the blow-up of an Enriques surface S
at four points x1, . . . , x4 as in (1).

6. Assume p = 2 and let D = D3 (resp. D′3) and let S′ be a non-trivial α2,L-torsor. Assume that
S′ is normal. Then, its minimal resolution is isomorphic to the blow-up of an α2-Enriques
surface S at four points x1, . . . , x4 as in (1).

Remark 3.3.17. We will prove later in Volume 2 that if the K3-cover is a normal surface, then every
bielliptic map is separable.

Remark 3.3.18. Let φ : S → D be a bielliptic map onto an anti-canonical quartic del Pezzo surface.
If D = Di (resp. D = D′i), then, one can also construct a rational map of degree 2 from S onto an
irreducible and nonsingular (resp. singular) quadric if D:

1. If D = D1 (resp. D′1), this map is defined to be the composition of the induced map S̃ → D̃
followed by a birational morphism from S̃ to a nonsingular (resp. singular) quadric DQ (not
to be confused with the double cover Q of D) given by the linear system |2e0−e2−e4| (resp.
|2e0 − e1 − e4|). It blows down the four (resp. two) lines on D to points on the quadric DQ.

If p 6= 2, then the branch curve is the union of a curve W of bidegree (4, 4) with four double
points at the vertices of a quadrangle of lines on DQ and the four sides of the quadrangle
(resp. the union of two lines of the ruling and a curve W of degree 4 with two tacnodes with
tangent directions along the lines). The linear system defining the rational map S 99K DQ
is given by the linear subsystem of the linear system |D + KS | spanned by the two pencils
F1 +F ′1 + |2F2| and F2 +F ′2 + |2F1| (resp. by the linear subsystem of |4F +R+KS | spanned
by the pencils R+ 2F + |2F +R+KS | and 2R+ 2F ′ + |2F |).
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2. If D = D2,D3 (resp. D′2,D
′
3), then the map is the composition of the induced map S̃ → D̃

and a birational morphism from S̃ onto a singular quadric DQ given by the linear system
|2e0 − e2 − e3| (resp. |2e0 − e1 − e2|). It blows down the two lines (resp. one line) on D to
points on the same line on the quadric DQ. It is given by the 3-dimensional linear subsystem
of |2F1+2F2| that is spanned by the pencils F1+F2+|F1+F2|, 2F2+|2F1|, and 2F1+|2F2|
with one base point of multiplicity 2 (resp. the 3-dimensional linear subsystem of |4F + 2R|
spanned by the plane 2R+ |4F | and the pencil 2F +R+ |2F +R|).

Remark 3.3.19. Suppose that we have a non-degenerate canonical isotropic sequence (F1, F2), such
that |2F1 + 2F2| defines an inseparable bielliptic map φ : S → D. Then, both genus one fibrations
|2F1| and |2F2| are quasi-elliptic. On the other hand, if φ is separable, we will see in Proposition
3.3.23 that at most one of the genus one fibrations can be quasi-elliptic. In fact, one would expect
that both fibrations are elliptic, however in special cases one of them could be quasi-elliptic (see
Example 3.3.24.

Example 3.3.20. In the case where D = D1,D
′
1, let us give the equation of the image V (F6) of the

curve W ′ ∈ |6e0 − 2(e1 + · · · + e5)| in the plane under the blowing down D → P2 defining the
geometric basis e0, e1, . . . , e5 of Pic(D). In this example we give an explicit formula for the double
plane model (see Remark 3.2.6) of S.

1. D = D1. We choose the coordinates such that D1 such that p1 = [1, 0, 0], p2 = [0, 1, 0], and
p4 = [0, 0, 1] and D is the blow-up of these points followed by the blow-up the infinitely near
points p3 � p2 and p5 � p4 corresponding to the directions defined by t1 = 0 and t2 = 0.

If p 6= 2 or p = 2 and the cover S → D1 is inseparable, the double plane model of S
from Remark 3.2.6 is a birational model equal to the double cover of P2 branched along the
curve V (t1t2F6) of degree 8 passing through the points p1, . . . , p5 with multiplicity 2. By
straightforward computations we find that

F6 = t40A1(t1, t2)+t30t1t2A2(t1, t2)+t20t1t2A3(t1, t2)+t0t
2
1t

2
2A4(t1, t2)+t21t

2
2A5(t1, t2) = 0,

(3.3.9)
Thus the equation of the double plane in the weighted projective space P(1, 1, 1, 2) is

w2 + t1t2F6(t0, t1, t2) = 0. (3.3.10)

If p = 2, and the cover S → D1 is separable, the equation of the double plane is

w2 + wt1t2(at20 + bt0t1 + ct0t2 + dt1t2) + t1t2F6(t0, t1, t2) = 0. (3.3.11)

2. D = D2.

We choose the coordinates such that D2 is the blow-up of points p1, . . . , p5, where p1 =
[1, 0, 0], p2 = [0, 0, 1] and p5 � p4 � p2 � p2 with the line t1 = 0 passing through p1, p2, p3.
The equation of the double plane in affine coordinates x = t0/t1, y = t2/t1) outside the line
t1 = 0 is

w2 + wF3(x, 1, y) + F6(x, 1, y) = 0 (3.3.12)

where
F3 = a1t1t

2
2 + (a2t

2
0 + a3t

2
1)t2 + t1(a4t

2
0 + a5t0t1 + a6t

2
1) = 0

is the equation of a cubic curve passing through the points p1, . . . , p5.
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3. D = D3 If the cover is inseparable, the affine equation over the complement of the line t1 = 0
is

w2 + F6(x, 1, y) = 0, (3.3.13)

If the cover is separable, the affine equation is

w2 + wF2(x, 1, y) + F6(x, 1, y) = 0, (3.3.14)

where F2 = a1t
2
0 + a2t0t1 + a3t1t2 + a4t

2
1 = 0 is the equation of a conic passing through the

points p2, p3.

4. D = D′1. In this case, p1 = [1, 0, 0], p4 = [0, 0, 1] and p3 � p2 � p1 and p5 � p4 are
infinitely near points.

F6 = t30t
2
2A1(t0, t1) + t20t1t2A2(t1, t2) + t0t

2
1t2A3(t1, t2) + t21A4(t1, t2) = 0, (3.3.15)

If p 6= 2 or p = 2 and the cover S → D1 is inseparable, the double plane model of S is given
by equation (3.3.10). If p = 2 and the cover is separable, the double plane model is given by
the equation (3.3.11).

5. D = D′2. The surface D is the blow-up of p5 � p4 � p3 � p2 � p1, where p1 = [1, 0, 0] and
p2 is defined by the tangent direction t1 = 0. The cover must be separable, and the equation
of the double plane over the complement of the

w2 + wF3(x, 1, y) + F6(x, 1, y) = 0, (3.3.16)

where F3(t0, t1, t2) = 0 is the equation of a cubic passing through the points p1, . . . , p5.

6. D = D′3 If the cover is inseparable, the affine equation of the double plane over the com-
plement of the line is (3.3.13). If the cover is separable, the equation is (3.3.14), where
F2(t0, t1, t2) = 0.

The octic curve V (t1t2F6) is called an Enriques octic. It is called non-degenerate (resp. degener-
ate if its equation is given by (3.3.9) (resp. (3.3.15)). The equation (3.3.10) (resp. (3.3.15)) is called
the Eniriques double plane (resp. Enriques degenerate double plane)

Remark 3.3.21. One can derive various birational models of a bielliptic map by composing it with
a birational map from D onto a ruled surface. For example, let c : D̃′1 → F2 be the birational
morphism from the minimal resolution of a degenerate 4-nodal anti-canonical quartic del Pezzo
surface D′1 onto the minimal ruled surface F2 (see Section 0.5) that blows down the curves from the
divisor classes e4−e5, e5, e2−e3, and e3. The images of the (−2)-curveA5 is the unique section of
F2 → P1 with self-intersection number −2, the images of the curves A1 and A3 are fibers. We can
define similar birational morphism from D̃′2 and D̃′3 onto F2, as well as birational morphisms from
D̃1, D̃2, D̃3 onto F0 = P1 × P1. These models are often called Horikawa models of an Enriques
surface, see [300].

Let φ : S → D be a bielliptic map to an anti-canonical quartic del Pezzo surface. If D =
D1,D2,D3, then φ gives rise to two genus one fibrations |2F1|, |2F2| on S with F1 · F2 = 1, see
Proposition 3.3.1. Otherwise, φ gives rise to a genus one fibration |2F1| with a 2-section R ∼= P1.
Moreover, if φ is an inseparable map, then it is easy to see that both, |F1| and |F2| are quasi-elliptic
fibrations.
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Lemma 3.3.22. Let f : C → P1 be a separable degree two cover in characteristic 2, where C is a
cuspidal curve of arithmetic genus one. Then, C is given by an Artin-Schreier equation

F = y2 + u2y +A(u, v) = 0,

where A(u, v) is a binary form in u, v of degree 4, such that u2 divides dA.

Proof. Let |D| be the linear system of degree 2 on C that defines f .

Let us first assume that there exists a nonsingular point p ∈ C such that 2p ∈ |D|. We claim
that then, all divisors of |D| are of the form 2q. There exists a group law on the smooth locus of
C, isomorphic to the additive group Ga, and we may assume that p is the zero with respect to this
group law. In this case, any smooth point q with 2q ∈ |D| is a 2-torsion point with respect to this
group law and conversely, every 2-torsion point q of the group law satisfies 2q ∈ |D|. Since we are
dealing with Ga in characteristic 2, there is a one-dimensional linear subsystem of |D| consisting of
divisors of the form 2q. By Riemann-Roch, dim |2p| = 1, and thus, this subsystem is actually equal
to |2p|. This proves that every divisor in |D| is of the form 2q and thus, the map f is inseparable,
contradicting our assumptions.

So, we may assume that |D| contains a divisor of the form p + q with p 6= q and hence the map
is separable. Since |D| does not contain divisors of the form 2p, the only ramification point is the
cusp. In particular, we see that the equation of C must be of the form F = y2 +u2y+A(u, v) = 0,
where A(u, v) =

∑4
i=0 aiu

iv4−i is a binary form of degree 4. By taking partial derivatives, we
obtain that dA = (a1u

2 + a3v
2)(udu+ vdv) vanishes at the point [0, 1]. This happens if and only

if a3 = 0.

The condition a3 = 0 is equivalent to the condition in the assertion of the lemma.

Proposition 3.3.23. Let φ : S → D be a separable bielliptic map. Then, at most one of the two
genus one fibrations |2F1| and |2F2| is quasi-elliptic.

Proof. Assume that φ is separable and that the genus one fibration |2F1| is quasi-elliptic. We use
the double plane model of S from Example 3.3.20. We will prove later in Theorem 4.10.3 that a
µ2-Enriques surface does not carry a quasi-elliptic pencil. So, we may assume that D = D1 or
D = D3. Assume that D = D1. The genus one pencils on S are the pre-images of the pencil of lines
through the point p1 on the plane defining the linear system |e0 − e1| on D̃ and the pencil of conics
through p2, p3, p4, p5 defining the linear system P = |2e0 − e2 − e3 − e4 − e5|. Its pre-image on S
is the pencil |2F2|. We will often identify these linear systems. Changing the blow-down morphism
D → P2, we may assume that the pencil |2F1| defined by |e0 − e1| is quasi-elliptic. By Lemma
3.3.22, a general line through p1 is tangent to the conic B̄ through p2, p4 representing on the plane
the curve B ∈ |2e0 − e2 − e4| (or the conic is the double line 〈p2, p4〉). Note that this condition
implies that either |2F1| is quasi-elliptic or its general fiber is a supersingular elliptic curve. This
means that p1 is the strange point (i.e. a point contained in all tangent lines of the conic B̄). It
implies that the conic is given by the equation t20 + λt1t2 = 0 and hence belongs to the pencil
P . It follows that the curve B is equal to the union of a conic from this pencil and the lines l3, l5
with the divisor classes e3, e5. Their pre-images on S are the half-fibers F1, F

′
1 of |2F1|. Thus the
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ramification divisor of a general member F of |F2| consists of two distinct points of intersection of
F with F1, F

′
1. By Lemma 3.3.22, it must be an elliptic curve.

Assume D = D3. In this case, Z(a)0 is a conic from |2e0−e2−e3|. The argument is similar to the
previous case. We may assume that the quasi-elliptic pencil is the pre-image of the pencil |e0 − e1|
passing through p1. The part B of the branch curve is represented by a conic B̄ in the plane passing
through the points e2 and e3, i.e. a conic passing through p1 and tangent to the line 〈p1, p2〉. The
point p1 must be its strange point and hence B̄ must be defined by the equation t20 + λt1t2 + µt21,
where we assume that p1 = [1, 0, 0] and p2 = [0, 0, 1]. Let a general member C of the pencil
P = |2e0 − e2 − e3 − e4 − e5| be given by equation t20 + at0t2 + λt1t2 + µt21 expressing the
condition that it passes through p2 and is tangent to the line t1 = 0. Assume that B̄ does not belong
to this pencil, i.e. a 6= 0. The pencil generated by the conics C and B̄ contains the reducible conic
t1(at0 + αt1 + βt2) = 0, where a 6= 0. We see that B̄ intersects this conic at 3 points, it is tangent
to the component t1 = 0 and intersects the other component at 2 distinct point. This shows that
a0 = 0 and B̄ belongs to the pencil P . Thus B intersects a general member of the pencil at two
distinct points on the lines l1 and l2, and we finish as in the previous case

Example 3.3.24. We assume that D = D1 and choose equation (3.3.9) to be

Φ = t23 + t1t2(t1t2 + t20)(t3 + q4(t0, t1, t2)) = 0,

where V (q4) is a quartic curve with a double point at p1 = [1, 0, 0] and tangent to t1 = 0 and t2 = 0
at the points p2 = [0, 1, 0] and p4 = [0, 0, 1]. To satisfy these conditions, q4 must be of the form

q4 = t20A2(t1, t2) + t0t1t2A1(t1, t2) +A0t
2
1t

2
2,

where Ai is a binary form of degree i.

In the open subset t1 6= 0, we use affine coordinates z = t3/t
4
1, x = t2/t1, y = t0/t1, to rewrite

the equation of the surface in th form

z2 + x(x+ y2)z + x(x+ y2)(y2A2(1, x) + yxA1(1, x) +A0x
2) = 0.

The pre-image of a general line ` = V (x+ λ) through p1 is given by equation

z2 + λ(λ+ y2)z + λ(λ+ y2)(y2A2(1, λ) + λyA1(1, λ) +A0λ
2) = 0.

We see that the equation satisfies the condition of Lemma 3.3.22 and hence the pre-image of the
line is a quasi-elliptic curve.

3.4 Degree four covers of the plane

In this section, we study linear systems |D| on an Enriques surface S such thatD is nef withD2 = 4
and Φ(D) = 2. This is case (3d) of Proposition 3.1.1. In this case, the linear system |D| has no
base points and the associated morphism

φ|D| : S → S′ := φ|D|(S) = P2
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is generically finite of degree four, which is also denoted φ+ below. We note that in Proposition
2.6.6 we classified such linear systems in terms of genus one fibrations and nodal curves. More
precisely, they are types (3)-(6) with k = 1. A linear system of type (3), that is, D ∼ F1 + F2 with
F1 · F2 = 2, where the |2Fi| are genus one pencils, is called non-special, the remaining types are
called special. In [447], the associated invertible sheafOS(D) is called a Cossec-Verra polarization.

To analyze the morphism φ|D| : S → P2, we first study the morphism associated to π∗OS(D) on
the K3-cover π : X → S in more detail and refer to Theorem 3.1.7 for the first general results. This
gives also explicit equations for the K3-cover of an Enriques surfaces, which we already encountered
in Example 1.6.8. If the K3-cover is smooth, then this is shown in [130] and in [447] in the general
case. It refines Theorem 3.1.6 and Theorem 3.1.7 for K3-covers of Enriques surfaces.

Theorem 3.4.1. Let S be an Enriques surface and let D be a nef divisor with D2 = 4 and Φ(D) =
2. Let π : X → S be the K3-cover of S, let

φ̃|D| : X → P5

be the morphism associated to π∗OS(D) and let X ′ := φ̃|D|(X) be the image. Then, X → X ′ is
a birational morphism and X ′ is a surface of degree 8 in P5 that is a complete intersection of three
quadrics.

More precisely, let G := (PicτS/k)∗ be the Cartier dual of the torsion subgroup scheme of PicS/k.
Then, there exists a Cartesian diagram

X

π
��

φ̃|D| // X ′

π′

��

⊂ // P5

S
ψ // S′

such that

1. π and π′ are G-torsors and φ̃|D| and ψ are birational morphisms.

2. The morphism ψ contracts precisely those curves on S that have zero-intersection with D, all
of which are (−2)-curves. In particular, S′ has at worst rational double point singularities.

3. TheG-action onX extends toX ′ and to a linear action on the ambient P5. The three quadrics
cutting out X ′ can be chosen to be individually G-invariant.

Proof. By Theorem 3.1.7, the map φ̃|D| is a morphism to P5, the induced morphism X → X ′ :=

φ̃|D|(X) is birational, and X ′ is a surface of degree 8. By Theorem 1.3.1, the morphism π is a
G-torsor. Next, we define

ψ : S → S′ := Proj
⊕
n≥0

OS(nD).

Since D is big and nef, ψ is a proper birational morphism onto a normal surface. It contracts
precisely those curves that have zero-intersection with D. Such curves are (−2)-curves and thus,
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S′ has at worst rational double point singularities. Then, OS′(1) is an ample invertible sheaf on S′

with ψ∗OS′(1) ∼= OS(D).

Using the isomorphism PicτS/k
∼= PicτS′/k, there exists a G-torsor π′′ : X ′′ → S′, such that the

G-torsor X → S arises as pull-back from X ′′ → S′ via S → S′. Moreover, π′′∗OS′(1) is an ample
invertible sheaf and φ̃|D| factors as X → X ′′ → X ′ → P5. Clearly, X → X ′′ → X ′ are birational
morphisms, and it is not difficult to see that X ′′ → X ′ is actually an isomorphism.

Since OS(D) is an invertible sheaf on S, there is a G-action on π∗OS(D) and thus, a linear G-
action on H0(X,π∗OS(D)). Therefore, the G-action on X extends to X ′ and to a linear G-action
on the ambient P5.

As in (3.1.3) in the proof of Theorem 3.1.7, we have a short exact sequence

0 → H0(S,OS(D)) → H0(X,π∗π
∗OS(D)) → H0(S, ωS(D)) → 0 . (3.4.1)

We have an inducedG-action on the function field k(X) with invariants k(S) and consider the space
H0(X,π∗π

∗OS(D)) as a k-sub-vector space of k(X). From this, we conclude that the G-action on
H0(X,π∗π

∗OS(D)) is a direct sum of three copies of the 2-dimensional regular representation ρ
of G over k. The G-action restricts to a trivial representation on H0(S,OS(D)). In characteristic
p 6= 2, the G-action on H0(S, ωS(D)) is via the sign-involution.

From this, we obtain a short exact sequence of G-representations

0 → Kerµ → S2H0(X,π∗OS(D))
µ−→ H0(X,π∗OS(D)⊗2) → 0 (3.4.2)

It is easy to compute that Kerµ is 3-dimensional. Working out the G-representations, it is not
difficult to see that the G-action on Kerµ is trivial. This implies that the quadrics of P5 that contain
X ′ form a 3-dimensional space and that all these quadrics are G-invariant.

It remains to show that X ′ is actually a complete intersection of three quadrics. Here, we will
only treat the case where p 6= 2 or where p = 2 and that X is a µ2-surface. We refer to [447,
Proposition 2.4] for the two remaining cases in characteristic 2. By Theorem 3.1.6, X ′ ⊂ P5 is cut
out by quadrics and cubics. Moreover, if cubics are needed, then there are two possible cases. We
set D̃ := π∗D and note that we have D̃2 = 8. Case (a) is impossible, since we have |D̃| = |2C+R|
with C2 = 2, R2 = −2, and C · R = 1, which implies D̃2 = 10. In case (b), there exists a genus
one fibration |P | on X with P · D̃ = 3. Let τ : X → X be the covering involution of π : X → S.
Using the Hodge Index Theorem, we find D̃2 · (P · τ(P )) ≤ 9. This implies |P | = |τ(P )| or
P · τ(P ) = 2. If |P | = |τ(P )|, then there exists a genus one fibration |F | = |2F ′| on S such that
|P | = |π−1(D)| and we find 2F ′ · D = F · D = 3, which is impossible. Thus, we may assume
P · τ(P ) = 2. We compute (D̃ − P − τ(P ))2 = 0 and so, Riemann-Roch shows that the moving
part |M | of |D̃ − P − τ(P )| is non-empty. Since M · D̃ ≤ 2, the Hodge Index Theorem implies
that |M | is a genus one pencil. If we had |M | = |P |, then we would find |D̃| = |2P + τ(P )| since
dim |D̃| = dim |2P + τ(P )|, hence P · D̃ = P · (2P + τ(P )) = 2, a contradiction. Similarly, one
shows that |D̃| is distinct from |τ(P )|. From this, we obtain

5 = dim |D̃| ≥ dim |M + P + τ(P )| ≥ 1 +
1

2
(M + P + τ(P ))2 = 7,

a contradiction. Thus, also case (b) does not occur and thus, X ′ is cut out by quadrics in P5. Since
Kerµ is 3-dimensional, it follows that X ′ is a complete intersection of quadrics.
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As an application, we obtain the following result.

Corollary 3.4.2. Let S be an Enriques surface with K3-cover π : X → S. Then, S admits a Cossec-
Verra polarization. In particular, X is birational to a complete intersection of three quadrics in P5.

Proof. It suffices to show that S admits a Cossec-Verra polarization: in fact, these correspond to
the fundamental weight ω1 in the Enriques lattice E10

∼= Num(S). Applying Proposition 2.2.1, we
may assume that it is represented by a nef divisor class. We have seen in the proof of Proposition
2.4.11 that Φ(ω1) = 2, that is, every invertible sheaf with class ω1 corresponds to a Cossec-Verra
polarization.

In fact, one can be very explicit about the G-action on P5 and the G-invariant quadrics: the group
schemeG in Theorem 3.4.1 is of length two, and thus, described by Example 1.6.6. Moreover, in the
same lemma, we described the regular representation ρ : G→ GL2, which yields a G-action on the
polynomial ring k[x, y]. Taking three copies of ρ, we obtain a G-action on k[x0, x1, x2, y0, y1, y2]
and thus, on P5. Now, we set

E+ := H0(S,OS(D)), E− := H0(S, ωS(D)), and E := H0(X,π∗OS(D)),

which are k-vector spaces of dimension 3, 3, and 6, respectively. By (3.4.1), we obtain an extension
of k-vector spaces

0 → E+ → E → E− → 0

The G-action on E restricts to a trivial G-action on E+ and there is an induced G-action on the
quotient E− ∼= E/E+. In characteristic p 6= 2, the non-trivial element of G acts as −id one can
canonically split this sequence as E ∼= E+⊕E− in such a way that is compatible with the G-action
- we note that this is not possible if p = 2. In any case, the proof shows that the G-action on P5

stated in Theorem 3.4.1 is of this form. The space of G-invariant quadrics have been computed by
Bombieri in Mumford [75, page 222], see also Lemma 1.6.7. Thus, the previous corollary shows
that the examples given in Example 1.6.8 yield in in fact all Enriques surfaces:

Corollary 3.4.3. Let S be an Enriques surface. Then, after possibly contracting some (−2)-curves
to rational double points S → S′, the surface S′ arises via the Bombieri-Mumford-Reid construc-
tion given in Example 1.6.8.

Remark 3.4.4. Assume that the characteristic is p 6= 2.

1. First, construction simplifies as follows: in this case, G ∼= (Z/2Z) ∼= µ2, the G-action on
k[x0, x1, x2, y0, y1, y2] is given by the involution

τ : xi 7→ xi and yi 7→ −yi,

and the τ -invariant quadrics are
xixj and yiyj

for 0 ≤ i ≤ j ≤ 2. In particular, the image X ′ ⊂ P5 of the K3-cover is concretely given a
the complete intersection of three quadrics Ã0, Ã1, Ã2 that are of the form

Ãr = {
∑
i,j

a
(r)
ij xixj +

∑
i,j

b
(r)
ij yiyj = 0 } ⊂ P5 .
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Without loss of generality, we may assume that the Ar := (arij) and Br := (brij) are symmet-
ric 3× 3 matrices.

2. Consider the three reducible quadrics

Ãi := {x2
i − y2

i = 0} = {xi − yi = 0} ∪ {xi + yi = 0} ⊂ P5

for 0 ≤ i ≤ 2, each of which is the union of two hyperplanes. We note that τ interchanges
all these pairs of connected components. The complete intersection X∞ := Q1 ∩Q2 ∩Q3 is
a surface of degree 8 in P5 that is a union of 8 planes, which intersect along 12 lines, and the
12 lines intersect in 6 points. Thus, these planes form a octahedron upon which τ acts.

Given a smooth complete intersection X of three τ -invariant quadrics in P5, one can eas-
ily find a one-parameter family deforming them into X∞ keeping the involution τ . This is
an example of a type III degeneration of a K3 surface. The polyhedron associated to this
degeneration is a topological 2-sphere S2 and these types of degenerations of K3 surfaces
are characterized by maximal order of nilpotence of the monodromy operator on the second
cohomology. By assumption, we can form the quotient by τ in this family and obtain an
example of a type III degeneration of an Enriques surface. Here, the polyhedron associated
to the degeneration is the real projective plane RP2, which arises as quotient of S2 by the
involution induced by τ . We refer to [411, 575] for details.

After a linear change of variables, one may assume that Qi are of the form ziwi for some
coordinates zi, wi of the projective space P5, that is, the above degenerationX∞ is an example
of a monomial degeneration that is compatible with the structure of P5 as a toric variety.
Being a degeneration of maximal unipotent monodromy, such types of degenerations play an
important role in some aspects of mirror symmetry [137]. From these, one can pass to the
tropicalizations of K3 surfaces and Enriques surfaces, see [73].

We now turn to the morphisms

φ+ : S → P(E+) = P(H0(S,OS(D))) and φ− : S → P(E−) = P(H0(S, ωS(D))),

both of which are generically finite of degree 4 onto P2. In the terminology introduced earlier, we
have φ+ = φ|D| and φ− = φ|KS+D| and it turns out to be useful to study both morphisms at the
same time via the morphism φ̃|D| from the K3-cover X . We note that both morphisms φ± factor
over S → S′, where S′ is the contraction of the nodal cycle ZD formed by all (−2)-curves that
have zero-intersection with D. The induced morphisms φ′± : S′ → P(E±) are finite.

Let us now assume that the characteristic is p 6= 2. Then, G ∼= (Z/2Z) ∼= µ2 and we denote by
τ ∈ G the non-trivial element, which is the Enriques involution on X . As seen above, the τ -action
decomposes E into the direct sum E+ ⊕ E− of ±id-eigenspaces. The inclusions E± ⊂ E give
rise to embeddings Λ± := P(E±) ⊂ P(E) and to rational maps p± : P(E) 99K P(E±). Using the
notations of Theorem 3.4.1, we thus obtain a factorization

X

π

��

φ̃|D| // X ′

π′

��

⊂ // P5

p±
��

S
ψ // S′

φ′± // P(E±)
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with φ± = φ′± ◦ ψ. As seen in Theorem 3.4.1, the map π′ : X ′ → S′ is a G-torsor, that is, the
fixed-point free Enriques involution τ induces a fixed-point free involution τ ′ on X ′.

The equations cutting out X are very special. More precisely, we have the following result.

Theorem 3.4.5. Let S be an Enriques surface in characteristic p 6= 2, let D be a nef divisor with
D2 = 4 and Φ(D) = 2, let π : X → S be the K3-cover, and let τ : X → X be the covering
involution. Let E = E+ ⊕ E− and φ̃|D| : X → X ′ ⊂ P(E) be as above. Then, there exist
3-dimensional linear subspaces N± of S2E± and an isomorphism γ : N+ → N− such that

X ′ =
⋂
q∈N+

V (q + γ(q)) ⊂ P(E) (3.4.3)

Proof. The covering involution τ : X → X decomposes E = H0(X,π∗OS(D)) into ±id-
eigenspaces E = E+ ⊕ E− of the induced τ -action. In particular, we obtain a τ -action on P(E)
and the induced τ -action on Λ± = P(E±) is trivial.

Let N be the kernel of the restriction map

S2E = H0
(
P(E),OP(E)(2)

)
→ H0

(
X ′,OX′(2)

)
,

which defines the base locus of the net of quadrics in P(E) vanishing on X ′ = φ̃|D|(X), see also
(3.4.2). The τ -action on E induces an action on S2E, which decomposes into two eigensubspaces
of dimensions 12 and 9 with eigenvalues 1 and−1, respectively. More precisely, we can decompose
it as

S2E = (S2E)1 ⊕ (S2E)−1 =
(
S2E+ ⊕ S2E−

)
⊕ (E+ ⊗ E−) .

Next, we choose coordinates x0, x1, x2 inE+ and coordinates y0, y1, y2 inE−. Then, the quadrics
x2
i , xixj , y

2
i , yiyi are a basis of (S2E)+ and the xiyj are a basis of (S2E−)−1. We know that N

is contained in either (S2E)1 or (S2E)−1 (see the discussion around (3.4.2)). If it is contained in
(S2E)−1, the base-locus contains the planes x0 = x1 = x2 = 0 and y0 = y1 = y2 = 0, and hence
reducible. So we obtain that N ⊂ (S2E)1. Thus, we can find an injective map N → S2E+ ⊕
S2E− such that its composition of with the projections onto each factor is injective (otherwise, |N |
contains a quadric with singular locus of dimension ≥ 2, in which case the base scheme X has a
singular point on it). Let N± be the images of the compositions γ± : N → N±. We define γ to be
γ− ◦ γ−1

+ and the assertion follows.

For the future use, let us note the following.

Proposition 3.4.6. Suppose that φ̃D : X → X ′ is an isomorphism, or, equivalently, that the surface
X ′ given by the equations (3.4.3) is smooth. Then, the two nets of conics |N±| have no base points.

Proof. Seeking a contradiction, assume that one of the nets |N±| has a base point x = [v], v ∈ E∨±.
Without loss of generality, we may assume that v ∈ E+. Thus, there exists a conic V (q) in the net
that has a singular point at x. Then, the point [(v, 0)] ∈ P(E) = P(E+ ⊕E−) is a singular point of
all quadrics V (q + γ(q)). Thus, X ′ contains a base point of the net |N | of quadrics with base locus
X ′. Since P(E±) consists of fixed points of the involution τ ′ and τ ′ acts freely on X ′, we obtain a
contradiction.
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Consider the Veronese maps

v± : E± → S2E± ⊂ H0(S,OS(2)), s 7→ s2 := s⊗ s.

Both spaces S2E± are 6-dimensional linear subspaces of H0(S,OS(2)), which is 9-dimensional.
Therefore, their intersection is of dimension ≥ 3 and we can choose a 3-dimensional subspace
L of this intersection. Considering it as a subspace of S2E±, it defines a 3-dimensional linear
space of quadratic forms on E∨± and thus, a net N ′± of conics in P(E±). Moreover, L defines a
canonical bijection γ′ : N ′+ → N ′−. The so-constructed triple (N ′+, N

′
−, γ

′) is similar to the triple
(N+, N−, γ) from Theorem 4.7.2. In particular, it allows us to introduce a 3-dimensional linear
space N ′ of quadratic forms in E∨ and a K3-like complete intersection of three quadrics

Y :=
⋂
q∈N ′+

V
(
q + γ′(q)

)
. (3.4.4)

Of course, one expects that (N+, N−, γ) = (N ′+, N
′
−, γ

′) and thus, Y = X ′. This is indeed true
and we will see this in Remark 3.4.9 below.

The maps φ± : S → P(E±) coincide with φ|D| and φ|D+KS |, respectively, and thus, the pre-
images of lines are divisors in |D| and |D+KS |, respectively. Thus, the pre-images of double lines
are divisors of type 2C, 2C ′ ∈ |2D|, where C ∈ |D|, or C ′ ∈ |D+KS |. Using the definition of the
Veronese map, we identify |L| with a non-complete linear subsystem of |2D|.

Proposition 3.4.7. Consider the maps α± : P(E±) → P(L) given by the linear system of conics
|N ′±| identified with |L|. Then, the map φ+ × φ− : S → P(E+) × P(E−) is a morphism that is
birational map on its image. This image coincides with the fiber product of the maps α+ and α−.
In other words, the commutative diagram

S

φ−
��

φ+ // P(E+)

α+

��
P(E−)

α− // P(L)

is a Cartesian square.

Proof. The composition of the map φ+ × φ− and the Segre map P(E+)× P(E−)→ P(E+ ⊗E−)
is defined by the linear system |2D + KS |. Since Φ(D) = 2, we find Φ(2D + KS) = 4 and
thus, by Theorem 2.4.16, the composition is a morphism that is birational onto its image. Let
φ : S → |L∨| = P(L) be the map given by a non-complete linear system |L| ⊂ |2D|. It follows
from the definitions from the above that φ = α+◦φ+ = α−◦φ−. Thus, the diagram in the assertion
is commutative. The verification that the square is Cartesian is straightforward and we leave it to
the reader.

Next, consider the variety of secant lines `s ⊂ P(E) with s ∈ S, joining pairs of points (x′, τ ′(x′))
on X ′. Obviously, it is birationally equivalent to S. Since each line is invariant with respect to the
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involution τ ′, there are two fixed points of τ ′ on `s. Since X ′ does not intersect P(E±), one fixed
point must be in P(E+) and another one in P(E−). This gives rise to a map

ι : S → P(E+)× P(E−), s 7→ (`s ∩ P(E+), `s ∩ P(E−)) (3.4.5)

that factors over S → S′. We have the following relation of ı relation to the maps in Proposition
3.4.7, the K3-cover X → S and the linear projections p± : P(E) 99K P(E±).

Proposition 3.4.8. The morphism ι coincides with φ+ × φ−. Moreover, the composition

X
φ̃|D|−→ P(E)

p+×p−
99K P(E+)× P(E−)

factors through the projection π : X → S and the induced map S → P(E+)×P(E−) also coincides
with ι and φ+ × φ−.

Proof. If a ∈ P(E−), then (p+ ◦ φ̃|D|)−1(a) is equal to the intersection of the 3-dimensional sub-
space Pa spanned by P(E−) and a with X . Let La be the pencil of quadrics in |N | vanishing in the
point a. For every point x ∈ p−1

+ (a) every quadric in La vanishes in x and a. Since E+ and E−
are orthogonal with respect to all polar symmetric bilinear forms associated with quadratic forms
on N , we conclude that all quadrics in La contain the line x, a. In fact, it follows from equations
of X that the restriction of Q ∈ La to Pa is the quadratic cone with vertex at a and its intersection
with the plane P(E−) is a conic from the net N−. Thus, we can identify La with a pencil of conics
in N−. Similarly, we can project x to a point b ∈ P(E−) from P(E+) and conclude that the line x, b
is contained in Lb. The map p+ × p− : X → P(E+) × P(E−), x 7→ (a, b) is obviously invariant
with respect to τ and thus, its fiber over (a, b) contains the two points π−1(π(x)). Hence, the line
joining these points must coincide with the lines x, a and x, b. This shows that the map ι coincides
with the map (p+, p−). Also, our identification of La (resp. Lb) with the pencil of conics in N+

(resp. (N−)) with base point a (resp. b) shows that ι coincides with the map φ+ × φ−.

Remark 3.4.9. It follows from the proof and Proposition 3.4.7 that the triples (N+, N−, γ) and
(N ′+, N

′
−, γ

′) coincide and thus, the surface Y from (3.4.4) is equal to X ′.

We now come back to the nets N± of conics in P(E±). Quite generally, the discriminant curve
∆ of a base-point-free net of conics is a plane cubic curve. The classification of such nets and their
discriminant curves can be found in Example 7.2.9 in Volume 2: up to projective equivalence, there
are four families. The curve ∆ is nonsingular if and only if the net does not contain double lines,
that is, the net of conics is regular. This follows from this classification or from the description
of the tangent space of the discriminant variety of quadrics in Pn, see, for example [179, Example
1.2.3]. Quite generally, if C is a nonsingular (resp. one-nodal) plane cubic curve, then it follows
from Plücker’s formulas (see, for example, [179, Section 1.2.3]) that the dual curve C∗ is a curve of
degree 6 (resp. 4) with 9 (resp. 3) ordinary cusps. Also, if C is two-nodal, then C∗ is nonsingular
cubic curve and if C is three-nodal, then C∗ is a set of three points. In any case, we define C∗∗ to
be the union of C∗ with the double lines corresponding to the pencils of lines through the singular
points. Then, C∗∗ will be a plane curve of degree 6, which is non-reduced if C is singular.

Theorem 3.4.10. Let S be an Enriques surface in characteristic p 6= 2 and let D be a nef divisor
with D2 = 4 and Φ(D) = 2. Then, the maps

φ|D| : S → P(E+) and φ|D+KS | : S → P(E−)
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are morphisms that factor through the birational map S → S′ that blows down the nodal cycle ZD
(the curves of S that have intersection number zero with D) and a finite morphisms of degree 4

φ± : S′ → P(E±).

The branch locus of φ± is equal to the preimage of the curve ∆∗∗± , where ∆± is the discriminant
curve of the net of conics |N±| under the map |P(E±)| → |N±| given by the net. If this cubic curve
is nonsingular, it is a curve of degree 12. In general, it has 36 cusps lying on a plane sextic.

Proof. It follows from Proposition 3.4.7 that the branch curve of the map φ± : S → P(E±) is the
preimage of the branch curve of α∓ on P(E±). The discriminant curve ∆± of the net of conics
|N±| parametrizes singular conics of the net. A conic in the net is the preimage of a line in P(E±).
It is singular if and only if it is tangent to ∆± or passes through a singular point. Thus, the branch
curve of α± coincides with ∆∗∗± . Assume that ∆± is nonsingular. Then, ∆∗∗± = ∆∗± is a curve of
degree 6 with 9 cusps. Since the preimage of a line in P(L) is a conic in P(E±), the degree of the
branch curve is equal to 12. The preimage of a cusp of ∆∗± consists of 4 cusps, unless they are on
the branch locus of α∓. The 9 cusps of a nonsingular cubic lie on a cubic curve. Its pre-image under
α∓ is a curve of degree 6.

Remark 3.4.11. An intersection point of the plane cubics ∆+ and ∆− corresponds to a quadric Q
which is the join of a singular conic in P(E+) and P(E−), hence it has rank ≤ 4. Since the base
locus of the net is irreducible, this easily implies that ∆+ and ∆− have no common irreducible
components and hence intersect in 9 points, the base points of the pencil of cubic curves spanned
by ∆+ and ∆− (some of them could be infinitely near base points). We also see that all base points
are simple base points (otherwise we find a reducible quadric in the net).

The quadric Q contains two pencils of 3-dimensional subspaces and the restriction of the net of
quadrics N to such a 3-dimension subspace is a quartic curve of genus 1. This defines two genus
one pencils |F1| and |F2| on X , which intersect in 4 points. Moreover, F1 + F2 is the divisor class
of a hyperplane section. Both pencils are invariant under the involution τ and give rise to genus one
pencils |2G1| and |2G2| on S. These satisfy G1 · G2 = 2 and |Fi| is the pre-image of |2Gi|. This
shows that a choice of an intersection point q of ∆+ and ∆− defines a representative of the divisor
class D as a sum of two genus one curves intersecting with multiplicity 2, compare also Proposition
2.6.6, case (3) with k = 1.

Remark 3.4.12. Let Y ′ be the double cover of the plane |N | branched along the discriminant curve
∆ = ∆+ ∪ ∆− and let Y → Y ′ be the minimal resolution of singularities. By the previous
remark, all singular points of ∆ are simple singular points, hence a minimal resolution Y of Y ′ is
a K3 surface that is isomorphic to the moduli space of rank 2 simple sheaves on X with Mukai
vector (2, c1(OX(1)), 2), see [511, Example 0.9]. This is an example of a Fourier-Mukai transform
between X and Y . Moreover, if X contains a smooth and rational curve, then X is isomorphic to
Y , see [179, Lemma 10.3.1].

Finally, we assume that the characteristic of the ground field is p = 2 and that S is a µ2-surface. In
particular, the K3-cover π : X → S is étale,X is a K3 surface, and there exists an involution τ onX
with quotient S. We keep the previous notation, but since ωS ∼= OS , the maps φ+ and φ− coincide
and we denote them simply by φ. We set E+ := π∗(H0(S,OS(D))) ⊂ E = H0(X,π∗OX(D))
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and note that the target of the map φ is the space P(E+). The map φ̃ : X → X ′ ⊂ P(E) is birational
onto its image and the composition φ ◦ π : X → P(E+) is the projection from |E⊥+ |.

The involution τ onX extends uniquely to a linear involution τ̃ ofE, which hasE+ as its invariant
part. Thus, the fixed locus of τ in the space P(E) where X ′ lies is equal to one plane P(E⊥+). Since
τ extends to a fixed-point free involution τ ′ on X ′, we conclude P(E⊥+) ∩ X ′ = ∅. The Jordan
normal form of the linear involution τ̃ consists of three Jordan blocks of size 2 × 2. We can thus
choose coordinates (x0, x1, x2, y0, y1, y2) in E such that τ is given as follows

τ : (x0, x1, x2, y0, y1, y2) 7→ (x0, x1, x2, x0 + y0, x1 + y1, x2 + y2).

The space of τ -invariant quadratic forms is spanned by

x2
i , xixj , y

2
i + yixi, xiyj + xjyi,

see also Lemma 1.6.7. Thus, the net N of quadrics vanishing on X is generated by three quadrics
V (qk), k = 0, 1, 2, which are of the form

qk = q′k(x0, x1, x2) +

2∑
i=0

α
(k)
i (y2

i + yixi) +
∑

0≤i<j≤2

β
(k)
ij (xiyj + xjyi) = 0 .

Its restriction to |E⊥+ | is the net of conics generated by the three conics V (q′k), k = 0, 1, 2.

Let a ∈ P(E+) and let P (a) be the pre-image of a under the projection P(E) → P(E+). Then,
the fiber of the map X → P(E+) is equal to the intersection X ∩ P (a). The restriction of |N | to
P (a) can be written in the form

Q(t; a) = A(t; a)z2 +
2∑
i=0

(
Bi(t)y

2
i + Ci(t; a)yiz

)
= 0,

whereA(t; a) is a bihomogeneous form of degree 1 in t and degree 2 in a, where theBi(t) are linear
forms in t, and where the Ci are bilinear forms in t, a. The base locus of Q(t; a) is not reduced if
and only if there exists a singular quadric with singular point inside the base locus. The quadric
Q(t; a) is singular if and only if the partial derivatives

∂Q

∂yi
= Ci(t; a)z and

∂Q

∂z
= Ci(t; a)yi

have a common zero at a point satisfying Q(t; a) = 0. Since X ′ ∩ P(E+) = ∅, we are interested
only in singular points with z 6= 0. Such a point must satisfy Ci(t; a) = 0. Its singular locus is the
plane

√
A(t; a)z+

∑2
i=0

√
Biyi = 0. The quadrics of the net |N | restrict to a pencil of conics in this

plane and hence, they always have a common point. This shows that the branch locus of φ consists
of the points a ∈ P(V+) such that the three lines Ci(t; a) = 0 in the plane |N | are concurrent. Since
the Ci(t; a) depend linearly on t, the branch locus is either a plane cubic curve or the whole plane.
The latter happens if and only if the map φ is inseparable.
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3.5 Birational maps

Let D be a nef and big divisor with D2 = 2n on an Enriques surface S and let φ|D| : S 99K Pn be
the associated rational map. We classified the possibilities for the degree of φ|D| (if finite) and the
image S′ = φ|D|(S) in Proposition 3.1.1. In the previous sections, we studied the case where φ|D|
is generically finite of degree greater than 1. In this section, we will assume that deg φ|D| = 1, that
is, φ|D| defines a birational map from S onto its image S′. Of course, this is the case for almost all
polarizations. We will therefore only discuss three cases in some detail:

1. Enriques’ sextic model S′ ⊂ P3, which is non-normal,

2. the Fano model S′ ⊂ P5, and

3. the Mukai model S′ ⊂ P9.

Quite generally if φ|D| : S 99K S′ is a birational (possibly rational) map, then we have Φ(D) ≥ 2
by Corollary 2.6.5 and then, by Theorem 2.4.14, the linear system |D| has no base points, that is,
φ|D| is a morphism.

Let us recall from Theorem 2.4.16 and Proposition 3.1.1 that if D is a big and nef divisor with
Φ(D) ≥ 3, then D2 = 2n ≥ 10 and φ|D| defines a birational morphism S → S′ ⊂ Pn. More
precisely, S′ is a normal surface with at worst rational double point singularities and S → S′ is
equal to the contraction morphism of all (−2)-curves on S that have zero-intersection with D.

If D is a big and nef divisor with Φ(D) = 2, then D = 2n ≥ 4 and if φ|D| is birational onto its
image in Pn, then n ≥ 3, that is, we have D2 ≥ 6. Since the image S′ = φ|D|(S) may not be a
normal surface, we let S̄ be the normalization of S′ and then, S → S′ factors through S̄. If D2 ≤ 8,
then it follows from the description of linear systems in Section 2.6 that the only cases where φ|D|
could be birational onto its image are the cases where |D| = |D′ + KS |, where |D′| is a bielliptic
linear system and KS 6= 0. Then, φ|D| is birational onto a non-normal surface of degree 6 (resp. 8)
in P3 (resp. P4) if D2 = 6 (resp. D2 = 8).

Let us begin with the case D2 = 6. This leads to Enriques’s original construction of an Enriques
surface as a non-normal sextic surface in P3 passing doubly through the edges of the coordinate
tetrahedron, see also Example 1.6.2. We note that in Section 1.6, we also encountered a birationally
equivalent model: using a suitable Cremona transformation, Enriques’ examples can be transformed
into non-normal quintic surfaces in P3, see Example 1.6.4. To describe the non-normal sextic mod-
els in detail, we will use the notation from Proposition 2.6.7, where we described nef divisors D
with D2 = 6. We start with the generic case.

Theorem 3.5.1. Let S be an Enriques surface with KS 6= 0 and let D = F1 + F2 + F3 be a nef
divisor with Φ(D) = 2 as in case 1 of Proposition 2.6.7. Suppose that neither |D| nor |D +KS | is
a bielliptic linear system.

Then, S′ = φ|D|(S) ⊂ P3 is a surface of degree 6. Its singular locus consists of rational double
points and 6 lines, which are the double locus of the union of 4 linearly independent planes in P3.
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Moreover, the surface S′ is projectively equivalent to a surface with equation

t0t1t2t3Q(t0, t1, t2, t3) + t21t
2
2t

2
3 + t20t

2
2t

2
3 + t20t

2
1t

2
3 + t20t

2
1t

2
2 = 0,

whereQ is a homogeneous quadratic form. The surface S′ is singular along the six edges ti = tj =
0 of the coordinate tetrahedron in P3.

Proof. Since D · Fi = 2, the restriction of |D| to any the genus one curves Fi (resp. F ′i ) defines a
map of degree 2 onto a line `i (resp. `′i) in P3. Since F ′i ∼ Fi +KS , we have

F1 + F2 + F3 ∼ F ′1 + F ′2 + F3 ∼ F ′1 + F2 + F ′3 ∼ F1 + F ′2 + F ′3.

This shows that among the planes in P3 corresponding to divisors from the linear system |D| there
are four planes H1, . . . ,H4 that cut out the triples of lines

`1 + `2 + `3, `′1 + `′2 + `3, `′1 + `2 + `′3, and `1 + `′2 + `′3. (3.5.1)

Let us show that these four planes are linearly independent, or equivalently, their intersection is
empty. Suppose they are linearly dependent. Two of the planes contain the line `1 and the other two
contain the line `′1. This implies that the lines `1 and `′1 intersect, hence they span a plane. It follows
that |D−F1 −F ′1| = |F2 +F3 −F1 +KS | 6= ∅. Applying Proposition 3.3.1, we conclude that the
linear system |D +KS | is bielliptic, which contradicts our assumptions.

It remains for us to find the equation Φ6(t0, t1, t2, t3) = 0 of the sextic surface S′. After choosing
coordinates in P3, we may assume that the planes are the coordinate hyperplanes ti = 0. Since
the line ti = tj = 0 is a double line of the surface, each monomial entering in Φ6 is divisible
by one of the monomials titj , t2i , t

2
j . A linear combination of monomials divisible by t0t1t2t3 is

equal to t0t1t2t3Q(t0, t1, t2, t3), where Q is a homogeneous quadratic form. A monomial that does
not contain, say t3, must be of the form x2

0x
2
1x

2
2. Each such monomial should enter with nonzero

coefficient, otherwise the polynomial is reducible. After rescaling the variables, we may assume that
the coefficients at monomials of type x2

0x
2
1x

2
2 are equal to 1. This shows that Φ6 is as claimed.

Next, we consider degenerate cases. They can only appear if the surface S is nodal, that is, if it
contains smooth rational curves. As we will see later, a general surface in the sense of moduli does
not have such curves. First, we continue to assume that |D| = |F1 + F2 + F3| is not bielliptic,
but allow |D + KS | to be bielliptic. The difference here is that all the planes Hi intersects at one
point and that all the lines `i pass through this point. The 6 lines are the intersection lines Hi ∩Hj .
Arguments similar to the ones in the previous proof shows that the equation of S′ = φ|D|(S) is
projectively equivalent to

t0t1t2(t0 + t1 + t2)Q(t0, t1, t2, t3) + a1t
2
1t

2
2(t0 + a2t1 + t2)2 + a2t

2
0t

2
2(t0 + t1 + t2)2

+ a3t
2
0t

2
1(t0 + t1 + t2)2 + a4t

2
0t

2
1t

2
2 = 0.

Here, we can only scale the coordinates t0, t1, t2 simultaneously. Also, we can use transformations
t3 7→ αt3 + βt2 + γt1 + δt0. The coefficient at t23 in Q is not equal to zero for otherwise the
surface has a point [0, 0, 0, 1] of multiplicity 5, in which case the surface would be rational. If
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the characteristic satisfies p 6= 2, then we can use the change of t3 to transform Q to the form
Q1(t0, t1, t2) + t23. In this case, the equation of the sextic acquires the form

t0t1t2(t0 + t1 + t2)(Q1(t0, t1, t2) + t23) + a1t
2
1t

2
2(t0 + a2t1 + t2)2 + a2t

2
0t

2
2(t0 + t1 + t2)2

+ a3t
2
0t

2
1(t0 + t1 + t2)2 + t20t

2
1t

2
2 = 0. (3.5.2)

From this, we see that these surfaces depend on 9 parameters, whereas there are 10 parameters in
the general case from Theorem 3.5.1. This is consistent with the moduli dimensions.

Second, we assume that the linear system is of the form |F1+2F2+R| as in case 2 from Proposition
2.6.7. The curves F1, F

′
1, F2, F

′
2 are mapped to the double lines `1, `′1, `2, `

′
2 of the sextic surface S′.

The curve R1 is blown down to a point P ∈ S′. Since F2, F
′
2 intersect R, the lines `2, `′2 intersect

at P . Also, since the restriction of |D| to F2 contains the divisor F1 ∩ F2 and R ∩ F2, hence the
intersection point F1 ∩ F2 is mapped to P . Similarly, we find that the intersection point F1 ∩ F ′2
is mapped to P . Thus, the four lines `i, `′i intersect at P . They are not coplanar because the linear
system |D − F1 − F ′1 − F2 − F ′2| = |R − F1| is empty. However, |D − F2 − F ′2 − F ′1| = |R| is
not empty and thus, the lines `2, `′2, `

′
1 are coplanar. The plane spanned by `1, `2 (resp. `′1, `

′
2) cuts

out the line `2 (resp. `′2) with multiplicity 4. The plane spanned by `1, `′1 cuts out additionally a
conic equal to the image of a curve with the divisor class D − F1 − F ′1 = 2F2 − F1 + R + KS .
The normalization of the surface is always singular at the preimage of the point P . In this case, the
equation of the sextic surface is of the form

(t20 + at21)t42 + bt0t1
(
t22Q(t0, t1, t3) + t0t1(t0 + t1)2

)
= 0, (3.5.3)

where Q is a homogeneous quadratic form. If p 6= 0, we can additionally reduce Q to the form
q(t0, t1) + t23. In this case, the equations of the lines are

`1 : t0 = t1 = 0,
`′1 : t2 = t0 + t1 = 0,
`2 : t2 = t0 = 0,
`′2 : t2 = t1 = 0.

Here, the double locus of the sextic surface consists of 4 lines and two lines that are infinitely near
to `2 and `′2.

Finally, we assume that the linear system is of the form |D| = |3F + 2R1 + R2|, see case 4 of
Proposition 2.6.7. In this case, we have two coplanar lines `, `′, which are the images of the curves
F, F ′. Their intersection point is the image of the curve R1 + R2. Let t0 = 0 be the hyperplane
corresponding to the divisor 3F + 2R2 + R1 and t1 = 0 be the hyperplane corresponding to the
divisor 2F ′ + F + 2R2 + R1. They intersect along the line `, which may assume to be given by
t0 = t1 = 0. We may also assume that the equation of `′ is t1 = t2 = 0. Then, the equation of the
sextic surface S′ can be reduced to the form

x6
1 + t0

(
t0t

2
1Q(t0, t1, t2, t3) + t30t2

)
= 0.

This finishes our discussion of non-normal sextic models of Enriques surfaces.

Now, we turn to big and nef divisors D with Φ(D) = 3. As seen above, this implies D2 ≥ 10. A
nef divisor D with D2 = 10 and Φ(D) = 3 is called a Fano polarization. The image S′ = φ|D|(S)
in P5 is called a Fano model of the Enriques surface S.
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By Corollary 1.5.4, there are two W (Num(S))-orbits of vectors of norm 10 and only the orbit
that contains ω0 satisfies Φ = 3. Moreover, it also follows from Corollary 1.5.4 that the class 3h is
the sum over an isotropic 10-sequence (f1, . . . , f10) (see Section 1.5. We will prove in Section 6.1
of Volume 2 that the isotropic sequence must be a canonical isotropic sequence in the sense that it
contains a certain number c of nef classes fi1 , . . . , fic and every other fj is obtained from some fik
by adding a chain of smooth rational curves. Thus we obtain the following.

Lemma 3.5.2. Let D be a Fano polarization on an Enriques surface S. Then, the class h of D in
Num(S) satisfies

3h = f1 + · · ·+ f10, (3.5.4)

for some canonical isotropic 10-sequence (f1, . . . , f10). Moreover, h lies in the W (Num(S))-orbit
of ω0 in the notation Section 1.5.

We note that the isotropic 10-sequence (f1, ..., f10) consists of nef classes (we say in this case that
it is non-degenerate) if and only if D is ample. In the case where the fi’s are nef numerical divisor
classes, they uniquely defined by h since they are characterized among nef classes by the property
that h · fi = 3. In other words, the restriction of the genus one pencil |2Fi| with [Fi] = fi to any
smooth curve D with [D] = h is the gonality pencil, that is, a linear system of type g1

d, that is, a
pencil on a curve of minimal possible degree d.

Let |D| be a Fano polarization of an Enriques surface such that φ|D|(S) is not contained in a
quadric. By Theorem 3.1.8, the embedding φ|D|(S) = S′ ⊂ P5 is projectively normal. Therefore,
S′ is a scheme-theoretical intersection of 10 = h0(OP5(3)) − h0(OS(3D)) cubic hypersurfaces.
Assume moreover that D is ample so that the isotropic sequence (f1, . . . , f10) is non-degenerate.
Note that the image of any curve representing one of the vectors fi in (3.5.4) is a curve of de-
gree 3, which spans a plane inside P5 = |D|∗. Thus, a choice F1, . . . , F10 of representatives of
(f1, . . . , f10) defines an ordered sequence of 10 planes (Λ1, . . . ,Λ10). If D − Fi − Fj is nef, then
h0(D − Fi − Fj) = 1 and we conclude that Λi ∩ Λj = Fi ∩ Fj is a point. Assume KS 6= 0
and let |Fi + KS | = {F ′i}. Then, (F ′1, . . . , F

′
10) defines another ordered sequence of 10 planes

(Λ′1, . . . ,Λ
′
10). Since h0(D − Fi − F ′j) = 1, we conclude that Λi ∩ Λ′j is a point if i 6= j. We will

prove later in Proposition 7.10.3 in Volume 2 that Λi ∩Λ′i = ∅ unless φ|D|(S) lies on a quadric. We
call the two 10-uples (Λ1, . . . ,Λ10) and (Λ′1, . . . ,Λ

′
10) the double-ten of planes associated with a

Fano polarization.

Another interesting polarization is the following: a nef divisor D with D2 = 18 and Φ(D) = 4
on an Enriques surface S is called a Mukai polarization. We will call the image S′ = φ|D|(S) in P9

a Mukai model of the Enriques surface S.

Lemma 3.5.3. Let D be a Mukai polarization on an Enriques surface S. Choose an isomor-
phism Num(S) ∼= E10 to identify the two lattices. Then, the class [D] of D in Num(S) lies in the
W (Num(S))-orbit of

v1 = ω2 = 2∆− f1 − f2

in the notation from Section 1.5.

Proof. It follows from the intersection matrix of the fundamental weights given in Proposition 1.5.3
that the only positive integral linear combination of them with norm 18 is equal to ω2 or ω7 +ω10.
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It follows that there are two W (Num(S))-orbits of vectors of norm 18. These are represented by
the two vectors

v1 = ω2 = 2∆− f1 − f2 and v2 = ω7 + ω9 = f1 + f2 + f3 + 2f10.

It is easy to see that Φ(v2) = 3 and we claim that Φ(v1) = 4. Set

gi = ∆− fi − f10, i = 1, . . . , 9.

Then, we find gi · gj = 1− δij , and
∑

gi = 9∆− (f1 + · · ·+ f9)− 9∆ = 6∆− 8f10, and

v :=
1

2
(g1 + · · ·+ g9) = 3∆− 4f10.

It is clear that v2 = 18 and Φ(g1 + · · ·+ g9) = 8, hence Φ(v) = 4. Thus, v lies in a W (E10)-orbit
different from the W (E10)-orbit of v2. This implies that Φ(v1) = Φ(v) = 4.

It follows from Proposition 6.1.1 in Volume 2 that there are two W (E10)-orbits of isotropic 9-
sequences. One of them represents isotropic sequences that can be extended to an isotropic 10-
sequence. The sum of the vectors in this sequence is not divisible by 2. The isotropic sequence
(g1, . . . ,g9) in the proof of the previous lemma represents the other orbit.

Thus, ifD is a Mukai polarization, then after applying Proposition 6.1.5 from Volume 2, we obtain
that 2[D] = g1 + · · · + g9, where (g1, . . . ,g9) is a canonical isotropic 9-sequence. If D is ample,
then all classes gi are nef.

Since Φ(D) = 4, the linear system |D| defines a birational morphism φD : S → S′ = φ|D|(S) ⊂
P9, where S′ is a normal surface with at most rational double points as singularities, see Proposition
3.1.1. Note that the image of a divisor Fi representing gi is a curve of degree 4 spanning a 3-
dimensional subspace Λi. Similar to the case of a Fano model, we obtain a sequence (Λ1, . . . ,Λ9)
of 3-dimensional subspaces in P9. Since (D−Fi−Fj)2 = 4, we conclude that any pair Λi,Λj , i 6= j,
spans a codimension 3 subspace in P9 instead of a codimension 2 subspace, which would be the
expected codimension. Since Fi ∩ Fj = 1, we obtain that Λ ∩ Λj is a point. If D − 2Fi is nef
and KS 6= 0, then h0(D − Fi − F ′i ) = 2, and we obtain a double-nine of 3-dimensional subspaces
(Λ1, . . . ,Λ9) and (Λ′1, . . . ,Λ

′
9) such that Λi ∩ Λ′j is a point if i 6= j and empty if i = j.

By Theorem 3.1.8, a Mukai model of an Enriques surface S in characteristic zero is a scheme-
theoretical intersection of 18 = h0(OP9(2))− h0(OS(2D)) quadrics.

We end this section by explaining a close connection between Mukai polarizations and Cossec-
Verra polarizations discussed in Section 3.4. Keeping the notations from the above and Section 1.5,
we set

h = ∆− f10

and let M be the sublattice of the Enriques lattice E10 generated by h,g1, . . . ,g9.

Lemma 3.5.4. The lattice M is isomorphic to U⊕ D8.
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Proof. We have h = gi + fi, i = 1, . . . , 9, so that M is generated by ∆− f10 = −2∆ + f1 + · · ·+
f9, f2, . . . , f9. We note that (∆, f1, . . . , f9) is a basis of E10 and thus, the index of M in E10 is equal
to 2. Next, the Gram matrix of M with respect to the basis (h,g1, . . . ,g9) is equal to

4 2 2 2 . . . 2 2
2 0 1 1 . . . 1 1
2 1 0 1 . . . 1 1
...

...
...

...
...

...
...

2 1 1 1 . . . 0 1
2 1 1 1 . . . 1 0


Let dk be the greatest common divisor of all k × k minors. It is easy to see that dk = 1, k ≤ 8.
Moreover, every 9× 9-minor except the one defined by the last 9 rows and columns contains a row
of even numbers. Thus, it is an even number. The remaining 9×9 minor is equal to 28. This implies
that d9 is even. The determinant of the Gram matrix is equal to the square of the index of M in
E10, which implies d10 = 4. Thus, the sequence of the elementary divisors (d1, . . . , d10) is equal to
(1, . . . , 1, 2, 2). This shows that the discriminant group of M is isomorphic to (Z/2Z)2. Thus, M
and U ⊕ D8 have the same discriminant groups. We now conclude by applying Nikulin’s results.
Alternatively and more explicitly, we note that the vectors g8,g9 span a lattice isomorphic to U and
that the vectors g1 − g2, . . . ,g6 − g7,g7 + g8 + g9 − h,h− g1 − g2 span a lattice isomorphic to
D8. Thus, M contains a sublattice isomorphic to U⊕ D8 and thus, must be equal to it.

Now, let DCV be a Cossec-Verra polarization on an Enriques surface S, that is, DCV is a nef
divisor withD2

CV = 4 and Φ(DCV) = 2. Assume in addition thatDCV is ample. We will freely use
the notations and results from Section 3.4, where we studied these polarizations. We also assume
that p 6= 2.

The pullback π∗DCV to the K3-cover π : X → S is very ample and defines an embedding
φ̃DCV

: X → P(E) ∼= P5, whose image is the complete intersection of three quadrics. Here, we
have E := H0(X,π∗OS(DCV)) and we let |N | be the net generated by three such quadrics. We
know that the discriminant curve ∆ of |N | is the union of two cubics ∆+∪∆−. We assume that the
cubics intersect transversally (this is the generic case) at 9 points p1, . . . , p9. Each point pi defines
a quadric Qi in |N |, whose singular locus is equal to a line `i. Moreover, the quadric Qi contains
two pencils of 3-planes containing `i. Fix one pencil. Then, the restriction of |N | to each 3-plane
of this pencil is equal to a complete intersection of two quadrics, hence it is a curve of arithmetic
genus 1. This defines an elliptic pencil |Fi| on X . Replacing the pencil with the other one, we
obtain another pencil, which we denote by |F−i|. Since the union of the 3-spaces, one from each
family, spans a hyperplane, we obtain that the class of π∗DCV in Num(X) is equal to [Fi] + [F−i]
for each i. Note that two 3-planes from different pencils intersect along the singular line `i of Qi.
Thus, Fi ∩ F−i consists of two points on this line taken with multiplicity 2. This agrees with the
equality 8 = (π∗(DCV))2 = 2Fi · F−i. It follows from formula (3.4.3) that the pencils |F±i| are
invariant under the involution τ of π : X → S and, hence are equal to the pre-images of genus one
pencils |2G±i| on S. In Num(S), we have the equalities

[DCV] = gi + g−i, i = 1, . . . , 9,
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where g±i = [G±i]. Since D2
CV = 4, we find gi · g−i = 2. We also have 2 = [DCV] · gi =

(gj+g−j) ·gi = gj ·gi+g−i ·gj . Since gi ·gj ≥ 1, we must have gi ·gj = 1. This defines an isotropic
9-sequence (g1, . . . , g9) in Num(S). The Gram matrix of (h, g1, . . . , g9) coincides with the matrix
of (h,g1, . . . ,g9) from the above and hence h, g1, . . . , g9 generate a sublattice L of index 2 inside
E10, which is isomorphic to U ⊕ D8. The intersection number of the vector v = 1

2(g1 + · · · + g9)
with each vector in L is an integer and thus, it belongs to Num(S). We have v2 = 18 and thus, it
defines a Mukai polarization on S. We also note that the isotropic sequence (g−1, . . . , g−9) can be
extended to an isotropic 10-sequence and that the sum

∑9
i=1 g−i is not divisible by 2 in Num(S).
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Chapter 4

Genus one fibrations

4.1 Elliptic and quasi-elliptic pencils: generalities

Let k be an algebraically closed field of arbitrary characteristic p ≥ 0. In this section, we first collect
some generalities about fibrations of relative dimension one. If p = 0, then the generic fiber of such
a fibration is always smooth by Bertini’s theorem, but if p > 0, then this need no longer be true. We
will then turn to genus one fibrations, especially from surfaces onto curves: we will classify their
local geometry, such as the degenerate fibers, as well the global geometry, such as Euler numbers
and Betti numbers. For other textbooks treating the theory of (genus one) fibrations from surfaces
onto curves, we refer to [37], [42], [499], [625], and [664].

Let f : X → Y be a proper morphism between two varieties over k. We set Y ′ := Specf∗OX ,
the affine spectrum of the OY -Algebra f∗OX . We thus obtain a factorization f = f ′′ ◦ f ′ with
f ′ : X → Y ′ and f ′′ : Y ′ → Y , the Stein factorization of f . Since f is proper, f∗OX is a coherent
sheaf of OY -modules, which implies that the natural morphism f ′′ is finite. We have f ′∗OX = OY ′
by construction and thus, it follows from Zariski’s Main Theorem that f ′ has connected fibers. We
refer to [287], Chapter III.11 for details and proofs. We define a fibration between two varieties X
and Y over k to be a proper and surjective morphism f : X → Y such that f∗OX = OY . As just
mentioned, this implies that the fibers of f are connected. The dimension of the generic fiber of f
is called the relative dimension of the fibration.

Theorem 4.1.1. Let f : X → Y be a fibration of relative dimension one between normal varieties
X and Y over an algebraically closed field k of characteristic p ≥ 0.

1. If p = 0, then the generic fiber of f is a smooth curve over the function field k(Y ). In
particular, the generic fiber is geometrically integral and geometrically regular.

2. If p > 0 and dim(Y ) = 1, then the generic fiber of f is a regular curve over k(Y ) that is
geometrically integral.

3. If dim(Y ) = 1, then f is a flat morphism.

339
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Proof. Let Fη be the generic fiber of f , which is a scheme of dimension one over k(Y ) by assump-
tion. Since all points in Fη are (non closed) points in X , it follows that Fη is normal. Being of
dimension one, Fη is regular.

If p = 0, then regularity implies geometric regularity and thus, Fη is smooth over k(Y ), see [483,
Section 28]. In particular, Fη is geometrically regular, geometrically integral, and geometrically
reduced.

The assertion that Fη is geometrically integral if dim(Y ) = 1 and p > 0 is highly non-trivial and
we refer to [37, Theorem 7.1] or [622, Corollary 2.5] for a proof. We also refer to [622] for a more
general result, which implies the geometric integrality of Fη if dim(Y ) = 1.

If dim(Y ) = 1, then X is a normal surface, whence Cohen-Macaulay and Y is a normal curve,
whence regular. This implies that f is flat, see Proposition 0.2.4.

Remark 4.1.2. The condition dim(Y ) = 1 in assertion (2) is really needed: for example, if p = 2,
then there do exist examples of fibrations f : X → S, such that X is a smooth threefold, S is a
smooth surface, and such that every geometric fiber of f is non-reduced of multiplicity p and with
reduction isomorphic to P1, see [507] or [397, Exercise IV.1.13.5]. In fact, such wild conic bundles
play an important rôle in the classification of Fano threefolds in positive characteristic. We refer to
[622] for some bounds on the embedding dimension of the geometric generic fiber of a fibration in
characteristic p > 0.

Now, let f : X → Y be a fibration of relative dimension one from a normal surface X to a normal
curve Y over an algebraically closed field k of characteristic p > 0. Let Fη be the generic fiber
of f , which is a geometrically integral curve over k(Y ) by the previous theorem. Let Fη be the
base-change of Fη to some algebraic closure k(Y ) of k(Y ), that is, Fη is the geometric generic
fiber of f . Then, we consider the normalization morphism

ν : F̃η → Fη

and thus, F̃η is a normal curve, whence smooth over k(Y ). Moreover, F := ν∗(OF̃η)/OFη is a
torsion sheaf on Fη, whose support is equal to the singular locus of Fη. More precisely, if x ∈ Fη
is a closed point, then δ(x) := dimkFx is zero if and only if x is a smooth point. If δ(x) > 0, then
this is the arithmetic genus of the singular point x. The reason for this terminology is the equality

pa(Fη) = pa(F̃η) +
∑
x∈Fη

δ(x),

where pa(−) denotes the arithmetic genus of an integral curve. The following theorem is a conse-
quence of a slight generalization of Tate’s theorem of genus change in inseparable field extensions
[680].

Theorem 4.1.3. We keep the assumptions and notations and assume moreover that p ≥ 3. Then,
every singular point x ∈ Fη satisfies

δ(x)

∣∣∣∣ p− 1

2
.

In particular, if p > 2pa(Fη) + 1, then Fη is geometrically normal, that is, smooth over k(Y ).
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Proof. The fact that
∑

x δ(x) divides p−1
2 is the classical theorem of Tate [680] and we refer to

[621] and [650] for its modern treatment. In fact, each δ(x) divides p−1
2 individually, see [332,

Theorem 1.8].

After these preparations, we now turn to fibrations of relative dimension one, whose generic fiber
is a curve of arithmetic genus one. By a genus one curve over a field L we mean a projective and
one-dimensional scheme E over L that satisfies

dimLH
0(E,OE) = dimLH

1(E,OE) = 1. (4.1.1)

The first condition implies that E has no embedded components and that E is geometrically con-
nected, i.e. stays connected after any field extension. Since E has no embedded components, it
is a Cohen-Macaulay scheme and thus, admits a dualizing sheaf ωE . Since dimLH

0(E,ωE) =
dimLH

1(E,OE) = 1, there exists a nonzero section s : OE → ωE . If we also assume that E is
reduced, then we obtain a short exact sequence

0 → OE → ωE → F → 0,

where F is a torsion sheaf on E. Taking cohomology and using (4.1.1), we conclude that s is an
isomorphism. In particular, a reduced genus one curve is a Gorenstein curve with trivial canonical
sheaf. We will be mostly concerned with genus one curves lying on a nonsingular projective surface
over an algebraically closed field k.

A genus one curve is called an elliptic curve if it is smooth. Otherwise we call it a quasi-elliptic
curve.

A genus one fibration is a fibration f : X → Y between normal varieties over a field k, such that
f is flat and such that the generic fiber Xη is a geometrically integral and regular genus one curve.
If k is algebraically closed and Y is of dimension one, then flatness of f and geometric integrality
of the generic fiber are automatic, see Theorem 4.1.1. A genus one fibration is called elliptic if Xη

is smooth and quasi-elliptic otherwise.

It follows from Theorem 4.1.3 that quasi-elliptic fibrations exist only if p = 2, 3. In Remark 4.4.3
below, we will give an independent proof of this fact.

By definition of a fibration, the canonical homomorphism OC → f∗OX is bijective. By general
properties of morphisms of schemes, all geometric fibres are geometrically connected and there
exists an open non-empty subset U of C such that an elliptic (resp. quasi-elliptic) f is smooth (resp.
geometrically integral) over U , see [263, Part III, §9].

We will be mostly concerned with the case when the base is a regular integral noetherian scheme
of dimension 1. To distinguish this case from the general one we will re-denote the base B by
C. When C is a smooth projective curve over k, the surface X , together with an elliptic (resp.
quasi-elliptic) fibration f : X → C is called an elliptic surface (resp. quasi-elliptic surface).

As we saw in Section 2.2, an Enriques surface S always admits a base point free elliptic or quasi-
elliptic pencil, which defines an elliptic or a quasi-elliptic fibration on S. In this chapter, we will
develop a general theory of genus one fibrations f : X → C, which, by far, exceeds our needs, but
which will hopefully serve its purpose as a convenient reference to the theory.
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Unless, stated otherwise, X will be assumed regular, and the base scheme C will be one of the
following:

• Global Case: C is a smooth algebraic curve over an algebraically closed field k. In this case,
X is a smooth and irreducible algebraic surface.

• Local Case C = Spec R, where R is a local ring of a smooth algebraic curve at its closed
point or its completion or its henselization. In the latter cases, we say that C is strictly local.

In both cases we will often denote by K the residue field k(η) of the generic point η of C.

For any morphism φ : Y → C and a closed point t ∈ C, we denote by φt : Y (t) → Spec OC,t
the base change of φ under the canonical morphism Spec OC,t → C. We call it the localization of
φ at the point t. Similarly, we define the strict localization φt : Y (t)h → Spec OhC,t of φ.

A genus one fibration f : X → C is called relatively minimal if the relative canonical sheaf ωX/C
is nef. Each fibration admits a birational morphism over C onto a relatively minimal fibration, it
blows down (−1)-curves in fibers over closed points. From now on, we will assume that genus one
fibrations are relatively minimal.

Let f : X → C be a genus one fibration and Σ be the set of closed points t ∈ C such that the
scheme-theoretical fiber Xt is not smooth if the fibration is elliptic or not irreducible if the fibration
is quasi-elliptic. The fibers Xt, t ∈ Σ, are called degenerate fibers or singular fibres.

We consider a fiber Xt of f over a closed point t as an effective Cartier divisor with the sheaf of
ideals equal to the pull-back of the ideal sheaf of the point t.

Since X is regular, we can identify Xt with the corresponding Weil divisor and write the fiber

Xt =
∑
i∈I

niRi

as as a linear combination of its irreducible components. The number ni is called the multiplicity of
the component Ri. The greatest common divisor mt of the ni’s is called the multiplicity of Xt.

We denote by NSt(X) the free abelian group spanned by irreducible components of Xt. For
any effective divisors E and C on X such that C is supported in a closed fiber, one defines the
intersection product

E · C := degC(OX(E)⊗OC).

(see [149]) In particular, it equips NSt(X) with a structure of a quadratic lattice.

The next result, originally due to Kodaira and Néron, describes the structure of possible degenerate
fibers.

Theorem 4.1.4. Let Xt =
∑

i∈I niRi be a degenerate fiber of multiplicity m. Then, Xt = mX̄t,
where X̄s is

1. either an irreducible curve with an ordinary double point or a cuspidal point,
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2. or a reducible divisor, whose irreducible components define a canonical root basis of affine
type in the lattice NSt(X).

The type of Xt is the type of the root basis, that is, Ãn, D̃n, Ẽ6, Ẽ7, Ẽ8.

A fiber of type Ã1 could be either the union of two components intersecting transversally at two
points (type Ã1) or two components tangent at one point (type Ã∗1). A fiber of type Ã2 could be
either the union of three components forming a divisor with normal crossings or the union of three
components intersecting each other transversally at the same point (type Ã∗2).

The multiplicities ni/m are equal to the coordinates of the generator of the radical of NSt with
respect to the root basis. In the case Ãn all the coordinates are equal to 1. In other cases, they are
indicated by the numbers above the vertices of the Dynkin diagrams.

• • Ã1

• •
••

• •
• •

...
... Ãn

• • • • • •

• •

. . . D̃n

1 2 2 2 2 1

1 1

• • • • •
•
•

Ẽ6

1 2 3 2 1

2

1

• • • • •

•

• • Ẽ7

1 2 3 4 3

2

2 1

• • • • •

•

• • • Ẽ8

2 4 6 5 4

3

3 2 1

Figure 4.1: Reducible fibers of genus one fibration

The notation for the types of the fiber agrees with the notation for irreducible divisors of canonical
types from Proposition 2.2.5. From now on we choose this notation and refer to Remark 2.2.6 for
comparison with other notations of Kodaira or Néron.

Remark 4.1.5. We will see in Corollary 4.3.22 that this list is much smaller for quasi-elliptic fibra-
tions. Note that, if the ground field is imperfect of characteristic p = 2 or 3, the classification is
different (see [465] and [678]).

The types Ãn are said to be of multiplicative type or semi-stable. They are the only singular fibers
for which the first Betti number b1(Xt) is not equal to zero but rather equal to 1. All other degenerate
fibers are said to be of additive type or unstable. The reason for this terminology multiplicative
and additive will become clearer when discussing Néron models, see Section 4.2. Moreover, base
changes of semi-stable fibers remain semi-stable, whereas for every unstable fibre admits a finite
base change that is semi-stable. This explains this part of the terminology.
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It follows from the above classification that any fiber Xt is equal to mtX̄t, where mt is the multi-
plicity and where X̄t has at least one reduced and irreducible component.

Another useful observation is that the number of components of X̄t of multiplicity 1 is equal to the
order of the discriminant group of the finite root system of the affine root system associated to X̄t.
In particular, this number is equal to the determinant of the Cartan matrix of the finite root system.

Theorem 4.1.6. Let f : X → C be a genus one fibration. Then

ωX/C ∼= f∗L⊗−1 ⊗OX

(∑
t∈C

atX̄t

)
, (4.1.2)

where L is an invertible sheaf on C that is defined by

R1f∗OX ∼= L ⊕ T with T = Tors R1f∗OX .

Moreover,

1. degL = −χ(OX)− h0(T ).

2. 0 ≤ at < mt.

3. the order νt of OX̄t(X̄t) in Pic(X̄t) divides mt and at + 1.

4. mt = νt p
rt , where p = char(k).

5. at = mt − 1 if and only if Tt = {0}.

Proof. We use the relative duality theorem. The complex ωX/C [1] with ωX/C placed at degree −1
is a dualizing complex in the sense that there is an isomorphism of functors

DC ◦Rf∗ ∼= Rf∗ ◦DX/C , (4.1.3)

where DC = RHom(−,OC) and DX/C = RHom(−, ωX/C [1]) denote the Hom functors in the
derived categories of coherent sheaves on C and X , respectively. In particular, for any locally free
sheaf E , we have an isomorphism

f∗(ωX/C ⊗ E∨) ∼= (R1f∗E)∨ = HomOC (R1f∗E ,OC). (4.1.4)

Taking E = OX , we obtain an isomorphism

f∗ωX/C ∼= (R1f∗OX)∨ = L⊗−1. (4.1.5)

Since f is of relative dimension one, we haveR2f∗OX = 0 and hence, by the Base Change Theorem
[287, Chapter 3, §7]), the fiber R1f∗OX(t) of R1f∗OX at a point t is isomorphic to H1(Xt,OXt).
For any fiber Xt with h1(OXt) = 1 we have R1f∗OX(t) ∼= k(t) and hence, the generic rank of
R1f∗OX is equal to 1. Moreover, R1f∗OX is invertible around a point t with h1(OXt) = 1. By
Proposition 2.2.3, we have h1(OXt) = 1 for any non-multiple fiber. It follows that R1f∗OX is
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isomorphic (non-canonically) to L⊕T , where L is an invertible sheaf and T is a torsion sheaf. The
length of T at a point t is equal to h1(OXt)− 1.

We have a canonical homomorphism of invertible sheaves on X

f∗L⊗−1 = f∗f∗ωX/C → ωX/C ,

which is an isomorphism outside the set of multiple fibers. The sheaf f∗L⊗−1 ⊗ ω⊗−1
X/C is an ideal

sheaf on OX that defines an effective Cartier divisor D. Since both f∗L and ωX/C restrict to OXt
at each non-multiple fiber, we see that D is supported in multiple fibers. Since degωX/C ⊗OXt =
KX ·Xt is constant and equal to zero for a non-multiple fiber, we obtain that it is equal to zero for all
t. Also, each proper irreducible component R of Xt, is a (−2)-curve and hence degωX/C ⊗OR =
KX ·R = 0. It follows that the divisor class [Dt] in each fiber Dt of D belongs to the radical of the
sublattice of NS(X) generated by irreducible components of the fiber, and hence Dt = [atX̄t] for
each fiber Xt. This gives us formula (4.1.2) from the assertion of the theorem.

To prove assertion 1, we use the Leray spectral sequence for the morphism f and the Riemann-
Roch Theorem on C. They show that

χ(R1f∗OX) = h0(T ) + degL+ χ(OX) = χ(f∗OX)− χ(OX) = χ(OC)− χ(OX),

hence
degL = −χ(OC)− h0(T ).

Let us prove assertion 2. Let D =
∑

tDt, where Dt = mtX̄t. Using (0.2.8) and applying f∗ to
ωX/C , we obtain, by the projection formula,

f∗ωX/C ∼= L⊗−1 ∼= L⊗−1 ⊗ f∗OX(D).

Cancelling L⊗−1, we get f∗OX(D) ∼= OC . If at > mt for some t, then f∗OX(t) ⊂ OX(D) and
hence, OX(t) ⊂ f∗OX(D) = OC , a contradiction.

Since
OX̄t(mtX̄t) ∼= OX̄t ⊗OXt ∼= OX̄t .

we find νt|mt. By adjunction formula, we have

OX̄t ∼= ωX/C(X̄t)⊗OX̄t ∼= OX̄t((1 + at)X̄t).

We conclude νt|1 + at, which proves assertion 3.

We will prove the last two assertions in the next section (Lemma 4.2.10 and Corollary 4.2.3).

Corollary 4.1.7. Let X be a surface that admits a relatively minimal genus one fibration. Then

K2
X = 0.

Definition 4.1.8. A fiber Xt is called wild if Tt 6= {0} and tame otherwise.
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We have already noticed in the proof of the theorem that Xt is wild if and only if h1(OXt) >
h1(X̄t) = 1 and thus, by the duality, if and only if h0(OXt) > h0(X̄t) = 1. Also, the difference
is equal to l(Tors(R1f∗OX)t). We recall from [262, (7.8.1)] that a proper flat morphism of finite
type f : Y → T is said to be cohomologically flat if taking f∗ commutes with all base changes.
SinceOT → f∗(OY ) is an isomorphism in our case, it follows that a fiber is tame if and only if it is
cohomologically flat, see also [590, Théorème 7.2.1].

In his unpublished manuscript [592], Raynaud gives a more precise computation of the coefficients
at in the formula for ωX/C . We will reproduce it in the next section.

Remark 4.1.9. The fact that at = mt − 1 if k = C was proven by Kodaira and we refer to [42,
Chapter V, Theorem 12.1] for a proof. The proof that the normal bundleOX̄t(X̄t) is always of order
equal to mt is [42, Chapter III, Lemma 8.3]. We will prove in the next section that if p > 0, then
this happens if and only if Xt is a tame fiber.

Remark 4.1.10. Suppose H1(X,OX) = 0, for example, X is a rational surface or a classical
Enriques surface. Then, the Leray spectral sequence gives an exact sequence

0 → H1(C,OC) → H1(X,OX) → H0(C,R1f∗OX) → H2(C,OC) = 0.

This implies that H0(C,R1f∗OX) = 0 and hence the torsion subsheaf T is zero. Thus, all fibers
are tame and we have at = mt − 1 for all t ∈ C.

Let
e(Z) =

∑
i≥0

(−1)i dimQ` H
i
ét(Z,Q`)

be the `-adic Euler-Poincaré characteristic of a scheme Z of finite type over a field k, see Chap-
ter 0.10. Unless stated otherwise, we will assume that ` is a prime different from p = char(k).
Straightforward computations give

e(Xt) =


0 if t 6∈ Σ and f is an elliptic fibration,
2 if t 6∈ Σ and f is a quasi-elliptic fibration,
1 + # Irr(Xt) if Xt is not of type Ãn, and
# Irr(Xt) if Xt is of type Ãn.

and

b1(Xt) =


0 if Xt is of additive type,
1 if Xt is of multiplicative type, and
2 if Xt is smooth.

Here, Irr(Xt) denotes the set of irreducible components of Xt.

Next, we introduce the wild ramification invariant of a fiber: Let ν : R→ Z be a discrete valuation
ring with an algebraically closed residue field k of characteristic p > 0, let K be its fraction field,
and let π be a generator of the maximal ideal of R. Let L/K be a finite Galois extension of K with
group G. Let RL be the integral closure of R in L, which is again a discrete valuation ring, and let
πL be a generator of the maximal ideal or RL We define a function aG : G→ Z via

aG(g) :=

{
−ν(gπL − πL) if g 6= 1,

−
∑

g 6=1 aG(g) if g = 1.
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By a theorem of E. Artin, the function aG is a character of some complex representation [639,
Chapter 6], the Artin representation. If the index of ramification of L/K is prime to p, that is, if
L/K is tamely ramified, then this representation it coincides with the regular representation and
aG is the character of the regular representation, which we will denote by iG. If p divides the
ramification index of L/K, that is, if L/K is wildly ramified, then the Artin representation strictly
contains the regular representation and aG − iG takes zero value on elements of G of order prime
to p. Artin used this to show that the Artin representation is rational over any l-adic field Q`, where
l 6= p. Next, we define a sequence of subgroups of G by setting G0 := G and

Gi := {g ∈ G : aG(g) ≥ i+ 1}, i ≥ 1,

and denote their orders by ei := #Gi and e := e0 := #G. Then each Gi+1 is a normal subgroup
of Gi, that G/G1 is a subgroup of k∗ and that Gi/Gi+1 is a subgroup of k+ if i > 0. For any
G-module M that is a finite abelian l-group, we define

δ(K,M) :=
∑
i=0

ei
e

dimFl(M/MGi).

One can show that the representation with character aG − iG is defined by some projective Z`[G]-
module PG and that δ(K,M) = dimF` HomG(PG,M).

Let f : X → C be a fibration of relative dimension n over a global C as above. Let Rif∗µ`,X be
the étale sheaves on C killed by `. We chose the prime ` large enough, such that dimF`(R

if∗µ`)t =
dimQ` H

i(Xt,Q`) for every geometric point t of C. For any generic point ηt of the localization of
C at a closed point t, the fiber (Rif∗µ`,X)ηt is a module over GKt , which will be trivialized over
some Galois extension Lt/Kt, so that we can take it as the module M from above take

δt(f ; `)i := δ(Kt, (R
if∗µ`,X)ηt), (4.1.6)

as the definition of the invariant of the wild ramification.

Theorem 4.1.11. Let f : X → C be a fibration of relative dimension n over a global C as above.

e(X) = e(Xη̄) e(C) +
∑
t∈C̄

(
e(Xt)− e(Xη̄) +

n∑
i=0

(−1)iδt(f ; `)i

)
, (4.1.7)

where C̄ denotes the set of closed points of C.

Proof. Assume first that n = 0. In this case, X → C is a finite cover of complete smooth algebraic
curves over k of some degree N . We have e(Xη̄) = N and e(Xt) = #f−1(t) and we can rewrite
the formula as

e(X) = Ne(C)−
∑
x∈X̄

(ex − 1 + αx), (4.1.8)

where ex is the ramification index at a closed point x ∈ X and where
∑

x∈f−1)t) ax = δt(f ; `)0.
Thus, the formula becomes the adjustment of the usual Hurwitz formula to characteristic p. The
proof of the formula in this case can be found in [639, Chapter VI, Proposition 7].
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The case n > 0 can be reduced to the case n = 0: we first use the Leray spectral sequence for the
sheaf µ`,X , which gives

e(X) = χ(X,µ`) =
n∑
i=0

χ(Rif∗µ`,X).

Then, one shows that the constructive sheaves Rif∗µ`,X are trivialized over some finite separable
extension φ : X → C and coincide with the sheaves φ∗(µ`,X). We refer for the details to [588].

Now, we specialize this formula to the case of genus one fibrations. First of all, the invariants
δt(f ; `)0 and δt(f ; `)2 are both equal to zero. The invariant δt(f, `)1 is independent of ` or Xt is
smooth or of the multiplicative type [555]. Since (R1f∗µl,X)ηt

∼= H1(Xηt ,µ`)
∼= ` Pic(Xηt),

it depends only on the fiber of the corresponding jacobian fibration (see Section 4.3). Since the
invariant of wild ramification δ(K,M) does not change after a separable extension, and a jacobian
fibration admits a semi-stable reduction after an extension of degree dividing 24, it is equal to zero
if p 6= 2, 3. If p = 2 (resp. p = 3), then it is always non-zero unless the fiber is of type Ã∗2 or Ẽ6

(resp. Ã∗1, Ẽ7, D̃n), see [464, Theorem 4.1]. It is also equal to zero if f is quasi-elliptic fibration,
because in this case, the sheaf R1f∗µ`,X is zero.

Corollary 4.1.12. Assume that C is global and that f : X → C is a genus one fibration. Then,

e(X) =

{∑
t∈C (e(Xt) + δt) if f is elliptic,

2e(C) +
∑

t∈C (b2(Xt)− 1) if f is quasi-elliptic.

Remark 4.1.13. In the case when f is smooth outside of a finite set of points, formula (4.1.7) was
proven by Deligne [150, Proposition 2.1]. There, he also shows that δ(f ; `)i = 0 if i 6= n and that
δ(f ; `)n does not depend on `. The term e(Xt)− e(Xη̄) + δt(f)n coincides with (−1)n−1µX/C(x),
where µX/C(x) is equal to the length of the module Ext1(Ω1

X/C ,OX)x. For example, if X is a
singular fiber of multiplicative type of an elliptic fibration, then we have µX/C(x) = 1 at each
singular point of Xt and hence, the term is equal to n = e(Xt). In particular, we see that δt = 0 in
this case.

Let f : X → C be a quasi-elliptic fibration. Its generic fiber Xη contains a unique non-smooth
point, which becomes an ordinary cusp after passing to the algebraic closure of k(C). The closure
of this point in X is an irreducible reduced subscheme C of X , which we call the curve of cusps.
For any t 6∈ Σ, the intersection of the curve of cusps with Xt is equal to the unique non-smooth
point of Xt, the unique cusp.

Proposition 4.1.14. The curve of cusps C is a smooth curve onX such that C·Xt = p = char(κ(t)).
The restriction of f to C is a purely inseparable finite cover of degree p.

Proof. It is proven in [75, Proposition 1] that C intersects any irreducible fiber at its cusp with
multiplicity equal to p = 2 or 3. Since Cη is equal to the closure inX of the unique non-smooth point
on the generic fiber Xη, it does not intersect any closed fiber at its smooth point. This implies Since
the intersection number C · Ft is constant, we see that C must be smooth at each point (otherwise
the intersection number would be larger than or equal to 4). It is clear that the restriction of f to C
is a homeomorphism and hence, it is an inseparable map of degree p.
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This proposition has the following nice applications.

Corollary 4.1.15. The multiplicity of a multiple fiber of a quasi-elliptic fibration is equal to the
characteristic p ∈ {2, 3}.
Corollary 4.1.16. If X is a quasi-elliptic surface, then there exists a surface Y that is ruled over C
and a dominant morphism Y → X that is generically purely inseparable and finite of degree p. In
particular, Y is a uniruled surface and supersingular in the sense of Shioda.

Proof. Let S be a desingularization of the base-change X ×C C→ C. The generic fiber of S → C
is a smooth rational curve, that is S is a ruled surface over C. The induced map S → X is dominant,
generically finite of degree p and generically purely inseparable. Thus, X is a uniruled and thus,
supersingular in the sense of Shioda.

Proposition 4.1.17. Let f : X → C be a genus one fibration and assume that there exists a multiple
fiber Xt = mtX̄t with p - mt. Then f is an elliptic fibration. Moreover, X0 is a smooth elliptic
curve or a singular fiber of multiplicative type Ãn for some n.

Proof. Since the mt 6= p, Corollary 4.1.15 implies that f is elliptic.

It follows from Theorem 4.1.6 that the normal sheaf OX̄t(X̄t) is of order equal to mt and thus it
is prime to p. Using the Kummer sequence and taking cohomology, we obtain an isomorphism

m Pic(X̄t) ∼= H1
ét(X̄t,µm).

An elementary computation shows that the group on the right is non-trivial only if X̄t is smooth or
multiplicative of type Ãn for some n. (In these cases, this group is isomorphic to (Z/mZ)2 in the
former case and isomorphic to (Z/mZ) in the latter.)

4.2 The Picard group

Let f : X → C be a genus one fibration (global, local or strictly local) and let PicX/C be the relative
Picard functor. In this section, we study this relative Picard functor, Néron models, and associated
invariants. In particular, we will consider degree homomorphisms and discriminant groups. Finally,
we study non-reduced and wild fibers in genus one fibrations and give an estimate of the torsion of
R1f∗OX .

We keep our assumption that C is a smooth curve over an algebraically closed field or a local ring
of such curve or the henselization of such a local ring. In this case Br(C) = H2

ét(C,Gm) = {0},
see [493, Chapter 4, 4.1]. It follows from Proposition 0.9.2 that the value of the functor PicX/C
on C is equal to the group Pic(X)/f∗ Pic(C). For any complete curve Z over a field with the set
Irr(Z) of irreducible components, we let

deg : Pic(Z) → ZIrr(Z) (4.2.1)

be the degree homomorphism that assigns to L ∈ Pic(Z) the function, whose value on an irre-
ducible component Zi is equal to the degree of the restriction of L to Zi. We set

Pic0(Z) = Ker(deg).
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Proposition 4.2.1. Let f : X → C be a genus one fibration with C a strictly local scheme with
closed point t. Then, the restriction homomorphism

rt : Pic(X) → Pic(Xt)

is surjective and its kernel is uniquely divisible by any integer prime to the characteristic.

Proof. Since C is strictly local, we have

Pic(X) ∼= H1
ét(X,Gm) ∼= H0(C,R1f∗Gm).

Next, the Proper Base Change Theorem asserts that (R1f∗Gm)(t) ∼= H1
ét(Xt,Gm) (see [493, Chap-

ter 6, Corollary 2.3]). This implies the surjectivity of rt. Moreover, by loc.cit., Corollary 2.7, the
canonical homomorphism

H i
ét(X,µn) → H i

ét(Xt,µn), i ≥ 0,

is bijective for any n that is prime to the characteristic. It follows from Theorem 4.3.11 that

H2(X,Gm) ∼= H2(Xt,Gm) = 0.

The Kummer exact sequence (0.1.6) implies that the canonical homomorphisms

n Pic(X) → n Pic(Xt), and Pic(X)/nPic(X) → Pic(Xt)/nPic(Xt)

are bijective. This proves the assertion.

Let us assume that C = Spec R is strictly local and let m be the maximal ideal of R. For all
i > 0, we denote by Ri the artinian ring R/mi.

For brevity of notation, we set D := X̄t so that Xt = mD, where m = d0 · pr is the multiplicity
of the closed fiber. LetXn be the closed subscheme defined by the Cartier divisor nD with the ideal
sheaf IXn = OX(−nD). By Oort’s dévissage [567], the closed embeddings Xn ↪→ Xn+1 define
surjective homomorphism of groups

rn : Pic◦(Xn) → Pic◦(Xn−1) (4.2.2)

with kernel isomorphic (as an abelian sheaf) to

Ker
(
H1(Xn,OXn)→ H1(Xn−1,OXn−1)

)
= Coker

(
H0(Xn−1, ωXn−1)→ H0(Xn, ωXn)

)∨
,

where ωXn = ωX/C(nD)⊗OXn is the canonical sheaf of Xn.

Proposition 4.2.2. The restriction homomorphism rn from (4.2.2) is surjective and its kernel is
either trivial or isomorphic to the additive group of k. The latter happens if and only if ωXn is
isomorphic to OXn .

Proof. Since X1 is an indecomposable divisor of canonical type by Proposition 2.2.3, we have
H0(X1,OX1) ∼= k. Since ωXn is of degree zero on each component ofX1, we haveH0(X1, ωXn⊗
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OX1) is either zero or ωXn ⊗ OX1
∼= OX1 . In the first case, rn is an isomorphism. We have

ωXn(Xn) ∼= OXn(Xn). This gives a short exact sequence

0 → ωXn−1 → ωXn → ωXn ⊗OX1 → 0.

Since ωXn ∈ Pic0(Xn), we have ωXn ⊗OX1
∼= OX1 if and only if H0(X1, ωXn ⊗OX1) ∼= k. In

this case, we use a commutative diagram

OXn //

��

ωXn ⊗OXn

��
OX1

// ωX1 ⊗OX1

to conclude that a non-zero section OX1 → ωXn ⊗OX1 lifts to a non-zero section of ωXn ⊗OXn ,
hence ωXn ⊗OXn+1

∼= OXn .

Note that the projective system (Xnm)n coincides with the projective system (Xn). By Artin’s
Algebraization Theorem [21, Theorem 3.5], we have an injective homomorphism

Pic◦(X) → lim←− n Pic◦(Xn)

with dense image. It follows from above that the kernel of each map Pic◦(Xn+1) → Pic◦(Xn+1)
is surjective with the kernel isomorphic to the additive group of a linear space over k. This gives
another way to see Proposition 4.2.1 and it also shows that the kernel on p-torsion points can be
very large.

The following corollary is assertion 4 from Theorem 4.1.6.

Corollary 4.2.3. Let d0 be the order ofOX1(X1) in Pic(X1) andm be the multiplicity of the closed
fiber, Then, m = d0 · pr for some r ≥ 0 and m = d0 if p = 0.

Proof. The invertible sheaf N = OX(X1) ∈ Pic(X) is of order m and its image in Pic(X1) is of
order d0. If p = 0, then we know that the kernels of the restriction maps rn are vector spaces over
a field of characteristic zero and hence rn is an isomorphism on torsion subgroups. This proves
that m = d0. On the other hand, if p > 0, then the kernel of rn is killed by p, so the set of orders
dn ofM⊗OXn consists of numbers d0 · ps(n) with non-decreasing function s(n) bounded by the
multiplicity m. Since the image of Pic(X) in lim←− n Pic(Xn) is dense, we obtain m = d0 · pr for
some r.

At the end of this section, we will return to the study of the truncations maps Pic(Xn+1) →
Pic(Xn+1) to give an application to Theorem 4.1.6 and to the computation of the length of the
torsion sheaf T of R1f∗OX .

Assume that C is strictly local with closed point t and generic point η. Let Div(X)fib be the free
abelian group generated by irreducible components Ri of Xt. Then, the kernel Div(X)0

fib of the
natural homomorphism Div(X)fib → Pic(X) is the cyclic group Z[Xt] generated by the class of the
fiber Xt = mt(

∑
i niRi), where mt denotes the multiplicity of the fiber. The image of Divfib(X)



352 CHAPTER 4. GENUS ONE FIBRATIONS

inside Pic(X) is equal to the kernel Pic0(X) of the restriction homomorphism rη : Pic(X) →
Pic(Xη).

Let Divfib(X)∨ = Hom(Divfib(X),Z) denote the dual abelian group and

degt : Pic(X) → Divfib(X)∨ (4.2.3)

be the homomorphism that assigns to a divisor class D the linear function Ri 7→ D · Ri. For
any irreducible component Ri of Xt of multiplicity ni, there exists a finite and flat S-scheme T of
degree ni and a regular C-embedding u : T → X , such that T ∩Ri = T ×X Ri is a point, see [590,
Corollary 7.1.2]. This shows that there exists an invertible sheaf L ∈ Pic(X), such that degt(L) is
the delta-function of the component Ri. In particular, the homomorphism degt is surjective.

Next, let
βt : Divfib(X)∨ → Z, l 7→ l(Xt)

be the evaluation of Xt. Then, the composition βt ◦ degt assigns to D ∈ Pic(X) its total degree,
that is, the intersection number D ·Xt.

Next, we consider the composition

αt : Divfib(X) → Pic(X) → Divfib(X)∨, (4.2.4)

where the first map is the natural homomorphism followed by degt. Using the basis {Ri} of
Divfib(X) and the induced basis of Div∨fib, the map αt is given by the matrix (Ri · Rj). In the
case where Xt is reducible, this is the Cartan matrix of an affine root system of type equal to the
type of Xt. It equips Divfib(X) with the structure of a quadratic lattice. The kernel of αt is the
cyclic group generated by X̄t, which is also equal to the radical of the lattice D. In particular,

Divfib(X) := Divfib(X)/Ker(αt) ∼= Im(αt)

is isomorphic to the root lattice of finite type corresponding to the affine root system associated to
X̄t. In other words, it is of type An, Dn, En if Xt is of type Ãn, D̃n, R̃n, respectively. Moreover, it
follows that

Discrt(X) := Ker(βt)/ Im(αt)

is the discriminant group of the root lattice D̄ivfib.

In the following, we review some results of Raynaud from [590] about the relative Picard functor
PicX/C which we will identify with its sheafication PX/C . First, we note that this functor is never
representable by a separated group scheme unless the fiber Xt is an integral scheme. The reason
is simple: assume that Xt is reducible or multiple. Then, the subgroup Pic0(X) of Pic(X) is
isomorphic to the non-trivial group Divfib /Divfib(X)0. The restriction of PX/C(C) = Pic(X)
to PX/C(Xη) has a non-trivial kernel, from which it follows that P cannot be represented by a
separated scheme.

To remedy this situation, Raynaud considers the scheme-theoretical closure E of the zero section
inside PX/C . First, we recall that for any abelian sheaf F in flat topology on some scheme S and
every subsheaf G of Fη, the scheme-theoretical closure Ḡ of G in F is an abelian subsheaf of F ,
which is generated by morphisms u : Z → F , where Z is a flat S-scheme, such that uη : Zη → Fη
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factors through G. In the case where the sheaf F is representable by a scheme F over S, then this
coincides with the scheme-theoretical closure of the subscheme G in F , which is the unique flat
subscheme of F , whose general fiber equal to G, see [263, (2.4.5)].

Let P ′X/C (resp. P0
X/C) denote the subsheaf of PX/C whose values on any T → C are elements

of PX/C(T ) such that their restriction to any fiber of XT → T are the isomorphism classes of
invertible sheaves of degree 0 (resp. degree zero on each irreducible component of the fiber).

Proposition 4.2.4. Let X → C be a genus one fibration over a strictly local C with closed fiber X0

of multiplicity m. Let E be the scheme-theoretical closure of the zero section in PX/C .

1. The closed fiber Et is representable by an affine group scheme e, which is of finite type over k
of dimension h0(OX0)−1, the reduced scheme e◦red is a connected unipotent algebraic group
of the same dimension.

2. E(C) ∼= Divfib(X)/Ker(αt),

3. E(C) ∩ P0
X/C(C) ∼= Divfib(X)/Divfib(X)0 ∼= Z/mtZ,

4. P ′(C)/(E(C) + P0
X/C(C)) ∼= Discrt(X),

5. et is reduced if and only if Xt is a tame fiber or, equivalently, if and only if f is cohomologi-
cally flat.

We note that (et)
◦
red is the vector space equal to the kernel of the canonical surjective map

H1(Xt,O∗Xt) → H1(X̄t,O∗X̄t) defined by the surjection OXt → OX̄t . The dimension of this
kernel is equal to the dimension of the kernel of the map H1(Xt,OXt)→ H1(X̄t,OX̄t), see [20].

In characteristic zero, every group scheme is reduced by Cartier’s theorem, see Theorem 0.1.12
and Remark 0.1.13. Thus, in characteristic zero, property (6) implies the following.

Corollary 4.2.5. If p = 0, then all fibers of a genus one fibration f : X → C are tame and f is
cohomologically flat. In particular, Et is a constant group scheme associated to the abelian group

Divfib(Xt)/Z[X̄t] ∼= Dt ⊕ Z/mtZ.

The main result of Raynaud is the following theorem, see [590, Theorem (4.1.1)].

Theorem 4.2.6. Let X → C be a genus one fibration, let PX/C = PicX/C be the sheafication of
the relative Picard functor, and let E be the scheme scheme-theoretical closure of the zero section
in PX/C .

1. The sheaf PX/C is representable by a separated group scheme over C (resp. algebraic space
over C), which is locally finite type if and only if Xt is integral (resp. f is cohomologically
flat).

2. The quotient sheaf QX/C = PX/C/E in the flat topology is representable by a separated
smooth group C-scheme QX/C , which is of locally finite type.
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3. The quotient sheaf Q′X/C = P ′X/C/E in the flat topology is representable by a separated
smooth group C-scheme Q′X/C of finite type.

4. The quotient sheaf Q◦X/C = P◦X/C/E is the identity component of Q′X/C ,

5. Any C-homomorphism of P to a separated algebraic group space over C factors through Q.

Remark 4.2.7. The results of Raynaud are stated in the case where C is the spectrum of a discrete
valuation ring. However, they can be globalized to apply to the case where C is a regular one-
dimensional scheme. We define the maximal representable factor Q of PicX/C , whose strict local-
izations at any closed point coincides with Q from the above. Theorem 4.2.6 generalizes several
previously known results concerning the representability of the functor PX/C , which we discussed
earlier in Section 0.9.

From now we do not make the assumption that the base C of the fibration is strictly local. We
recall from [84, 1.2] the definition of a Néron model.

Definition 4.2.8. Let S be Dedekind scheme with residue field K of the generic point η. Let XK be
a smooth and separated K-scheme of finite type. A Néron model is a smooth and separated scheme
X of finite type over S that satisfies the following universal property:

For each smooth S-scheme Y and each K-morphism uK : YK → XK there exists a unique
S-morphism u : Y → X extending uK .

The universal property of this definition, which is called the Néron mapping property, is somewhat
reminiscent of the valuative criterion for properness. Note that a Néron model (if it exists) is usually
not proper over S, because if it is, then the valuative criterion of properness would allow one to
extend any morphism uK to a morphism Y → X , where Y is the spectrum of a valuation ring. We
refer for the many properties of Néron models to [84, Chapter 7].

It follows from the definition, taking Y = S, that there is a canonical bijection

XK(K) → X(S).

If S is strictly local, then this bijectivity property even characterizes Néronian group schemes, see
[84, Chapter 7, Theorem 1.1]. Moreover, G is a Néron model of Gη if and only if the strict local-
ization at every closed point t is the Néron model of Gηt (see [587, (2.3)]). Finally, let ι : η → S be
the inclusion of the generic point.

We will study Néron models only in the cases when S = C, global or local, and XK is a group
scheme GK over K, in which case the Néron model G, if it exists, is a group scheme over C
that extends the group scheme GK , see [84, Chapter 1, Proposition 6]. It is known that the Néron
scheme exists if GK is an abelian variety over K or if GK is a non-K-unirational wound unipotent
algebraic group over K that admits a regular compactification (see Section 4.8).

Here is our main example of a Néron model. Let f : J → C be a genus one fibration together with
a fixed section O. Let J ] be the open subset of points x ∈ J such that f is smooth at x. Assume C
is strictly local. The closure of any rational point of JK is a section of J that intersects each fiber
at its smooth point. Thus, it defines a section s : C → J ]. Conversely, any section of J ] restricts
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to a rational point of JK . This implies that J ] is a Néron model of J ]η in the strictly local case and
hence, it is a Néron model in a global case. Its identity component is obtained from J ] by throwing
away all irreducible components of the fiber that do not intersect O. Moreover, it follows from the
theory of relative minimal models of regular two-dimensional schemes (see the details in the next
section) that J is the unique, up to isomorphism over C, relatively minimal genus one fibration over
C that contains J ].

Theorem 4.2.9. We keep the assumptions and notations of Theorem 4.2.6.

1. The group scheme Q′X/C is the Néron model of its generic fiber (QX/C)′η
∼= Pic◦Xη/η

∼=
Jac(Xη).

2. The group scheme Q◦X/C is the identity component of the Néron model of Jac(Xη).

3. For every closed point t ∈ C, there is a natural isomorphism

Discrt(X) → (QX/C)′t/Q
◦
X/C .

The last statement is an improvement of a result of Raynaud [590, Proposition 8.1.2], whose proof
can be found in [84, Theorem 9.6.1].

Let XK be the generic fiber of f : X → C and Jac(XK) = Pic◦Xη be its jacobian variety over K.
It is an elliptic curve if f is an elliptic fibration and a one-dimensional unipotent algebraic group
over K otherwise. Let j : J → C be a relatively minimal regular projective completion of the
Néron model J of Jac(XK). This is a genus one fibration over C with J ] ∼= J. We call it the
jacobian fibration associated with f : X → C..

Recall that the Lie algebra of the relative Picard functor PX/C coincides with the Lie algebra of
the functor P◦X/C and is isomorphic, as a OC-Module, to R1f∗OX . On the other hand, the Lie
algebra of the Néron model j : J→ C is isomorphic to R1j∗OJ . The morphism

q : P◦X/C → Q
′
X/C

defines a homomorphism of OC-Modules

Lie(q) : R1f∗OX → ω := R1j∗OJ . (4.2.5)

We know from Theorem 4.1.6 that the quotient of the sheaf R1f∗OX by its torsion subsheaf T is an
invertible sheaf L of degree−χ(OJ)−h0(T ). It follows from [465, Theorem 3.1] that the cokernel
of Lie(q) is isomorphic to T . In particular, this compares T and T of f and its Néron model.

For the remainder of this section, we study finer invariants associated to multiple fibers, which
lead to the Raynaud polygon and give estimates for the length of the torsion subsheaf of R1f∗OX .
Let

φ(n) := h1(Xn,OXn)

and let νn be the order of the invertible sheaf OXn(D) in Pic(Xn).

It follows from Proposition 4.2.2 that νn+1 = νn, unless OXn+1(D) belongs to the kernel of rn.
Since the kernel is killed by p, we have νn+1 = pνn in this case. Moreover, we have ν1 = d0.
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Let m1 be the first n such that ν(n) jumps and becomes equal to d0p. Let m2 be the first n
that it jumps again and becomes equal to d0p

2. In this way, we obtain a sequence of numbers
(m0 = 1,m1, . . . ,mr). It follows from the definition of mi that OXmi (D) belongs to Ker(rmi).
Hence, by Proposition 4.2.2, ωXmi (miD) = OXmi (miD) is trivial.

Lemma 4.2.10. Set m0 := 1. Then

• m = d0 · pr;

• mi+1 = mi + kid0p
i for some positive integer ki.

• mr = mh− a for some positive integer h and 0 ≤ a < m.

Proof. (1) We know that OX(D) is of order m in Pic(X) and that OX1(D) is of order d0 in
Pic(X1). The image ofOX(D) under the homomorphism Pic(X)→ Pic(Xn) is of orderm/pn(i)d
and its image in Pic(X1) is d0. From this, the assertion follows.

(2) Let j : J → C be the jacobian fibration associated to f and let ω = (R1j∗OJ)∨. Let λ be
defined by the equality

ωX/C ∼= f∗ω ⊗OX(λD) (4.2.6)

and set
Mi = ωX/C(miD) = OX((λ+mi)D).

By Proposition 4.2.2, we have that ωXmi = Mi ⊗ OXmi is trivial. SinceM is a tensor power of
OX(D), its restriction to Xn is trivial for n < mi+1 and also ωXmi+1 = Mi ⊗ OXmi+1 is trivial.
Thus, OX((λ + mi)D) ⊗ OXmi = OXmi (D)⊗λ+mi is trivial for n < mi+1 and it is of order 1 or
p for n = mi+1. From this, it follows that for n = mi + h with mi+1 −mi > h > 0, the sheaf
ωXn = OX(hD)⊗OXn is trivial if and only if d0p

i divides h.

Now, for n = mi+1, ωXn = M⊗OXmi+1((mi+1 −mi)D) is trivial and thatM⊗OXmi+1 of
order 1 or p. This implies that OX(p(mi+1 − mi)D) ⊗ OXmi+1 is trivial, hence d0p

i+1 divides
p(mi+1 −mi). Therefore, there exists a positive integer ki, such that mi+1 = mi + kid0p

i.

(3) The sheaf OXm(mD) is the normal bundle of a fiber, hence it is trivial. Thus, OXm(D) is of
some order d0p

i. Hence, mr > m and can be written in the form mr = mh − a as stated in the
assertion.

Thus, with ki as in the previous lemma, we have

φ(m0) = 1 and φ(mi) = 1 + k1 + · · ·+ ki−1, 1 ≤ i ≥ r.

Let RndX/R(t) : [0,mr] → R be the continuous piecewise affine convex function such that
RndX/R(mi) = 1 + k1 + · · · + ki, i = 1, . . . , r. We call its graph the Raynaud polygon. It has
slope αi := 1

d0pi
in the interval [mi,mi+1].

It follows that the Raynaud polygon of a tame fibration is just the linear function with slope 1 in
the segment [0, 1].
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Figure 4.2: The Raynaud polygon RndX/C

Let ψ = Rnd−1
X/C be the inverse function. It is a piecewise linear strictly increasing function with

ψ(1) = 1 and ψ(1 + k0 + · · ·+ ki) = mi.

For 1 + k0 + · · ·+ ki−1 ≤ n < 1 + k0 + · · ·+ ki we have

ψ(n+ 1) = ψ(n) +
mi+1 −mi

ki
= d0p

i = ν(n).

Let q : P◦X/C → Q
0
X/C be the quotient map from Theorem 4.2.9.

Proposition 4.2.11. ([54, §4]). Let rn : P0
X/C(C) = Pic0(X)→ Pic0(Xn) and r′n : Q0

X/C(C)→
Q0
X/C(Rn) be the restriction homomorphisms. There exist homomorphisms qn : Pic0(Xψ(n)) →
Q0
X/C(Rn) that make the following diagram commutative

Pic0(X)
q //

rψ(n)

��

Q0
X/C(C)

r′n
��

Pic0(Xψ(n))
qn // Q0

X/C(Rn).

Moreover, each homomorphism qn is surjective and its kernel is the subgroup of Pic0(Xψ(n)) gen-
erated by OXψ(n)

(−D).

Finally, following [590], we give an application of the function φ(n) to the computation of the
torsion sheaf T from Theorem 4.1.6.

Theorem 4.2.12. Let R1f∗OX = L ⊕ T , where L is invertible and T is a torsion sheaf. Then,

l(T ) =
[ `
m

]
=
[
(1− 1

m
) + k0(1− 1

pr
) + · · ·+ kr−1(1− 1

p
)
]
.

Proof. Taking the transpose of the homomorphism of Lie algebras (4.2.5), we obtain a homomor-
phism

ω → (R1f∗OX)∨ = L⊗−1,
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whose cokernel is isomorphic to the torsion sheaf T . By definition of l in (4.2.6), we have f∗ωX/C =

ω⊗m−[ `
m

]. Comparing it with equality R1f∗OX = L⊕T , we get T ∼= R/m[ `
m

] and l(T ) =
[
`
m

]
.

It remains to compute `
m . Applying Lemma 4.2.10, we obtain

φ(mr) = 1 + k0 + · · ·+ kr−1 = φ(mr + a) = φ(mh).

In particular, for n ≥ mr, we have φ(n) = φ(n − 1) + 1 if and only if n = mr + km. Since
mr = mh− a by the previous lemma, we get

φ(mr) = φ(mr + a) = φ(mh) (4.2.7)

Let R1f∗OX ,L, T correspond to R-modules M,L, T , respectively. We have f∗m = OX(−mD)
and R1f∗OXmn = M/mnM . The short exact sequence

0 → mn/mn+1 → M/mn+1M → M/mnM → 0

shows that l(M/mn+1M) = l(M/mnM)+1. Hence, we find l(R1f∗OXmh) = l(T )+l(L/mhL) =
l(T ) + h. By the Base Change Theorem, we have l(R1f∗OXmn) = h1(OXmn) for n > h, hence

φ(hm) = l(T ) + h. (4.2.8)

Since ωXmr = OX((l +mr)D)⊗OXmr is trivial and the order of OX(D)⊗OXmr is equal to m,
we have

`+mr = αm

for some positive integer α. By Lemma 4.2.10, we have ` = (α− h)m+ a and taking into account
(4.2.7) and (4.2.8), we obtain

l(T ) =
[ `
m

]
= α− h = φ(mr)− h.

Thus, α = φ(mr) and we get

` = φ(mr)m−mr = m(1 + k0 + · · ·+ kr−1)− (1 + k0d0 + · · ·+ kr−1d0p
r−1).

This gives
`

m
= (1− 1

m
) + k0(1− 1

pr
) + · · ·+ kr−1(1− 1

p
)

as asserted.

Corollary 4.2.13. Let at and mt = d0 · prt be as in Theorem 4.1.6. Then

at
mt

=
`t
mt
−
[ `t
mt

]
,

where
`t = mt

(
(1− 1

mt
) + k0(1− 1

pr
) + · · ·+ krt−1(1− 1

p
)
)

for some positive integers k0, . . . , krt−1 if Xt is wild. In particular, we have at = mt − 1 if and
only if Xt is tame.
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Proof. We localize at t ∈ C and may assume that C is strictly local. We let lt = l, mt = m, a− t =
a be as in the local computations from above. It follows from Theorem 4.1.6 that ωX/C = f∗L−1⊗
OX(aD). On the other hand, it follows from the definition of l that ωX/C = f∗ω ⊗ OX(lD). It
remains to use that f∗L−1 = f∗ω ⊗ OX(l(T )mD) that implies that ` = a + l(T )mt. Then, we
divide by m and apply Theorem 4.2.12

Corollary 4.2.14. Let m = d0 · pr. Then

l(T ) ≥ r.

Proof. Since (1− 1/pr) ≥ (1− 1/2r), we obtain

`

m
≥ (1− 2−r) + r − (2−r + · · ·+ 2−1) = (1− 2−r) + r − 1 + 2−r = r,

hence
[
`
m

]
≥ r − 1.

Example 4.2.15. Assume l(T ) = 1. Then, by the above, r = 1. Since k0 < p, we get

`

m
= (1− 1

d0p
) + k0(1− 1

p
) = (1 + k0)− 1 + d0k0

d0p
.

Since
[
`
m

]
= 1 and 1+d0k0

d0p
≤ 1, we get k0 = 1,m1 = 1 + d0p,m = p. Conversely, if k0 = 1 then[

`
m

]
= 1. If the fiber is wild with d0 = 1, then d0 = 1 and hence

RndX/R(t) =

{
1 , 0 ≤ t ≤ 1,

(x+ p− 1)/p , 1 ≤ t ≤ 1 + p.

We have at
d0p

= 1− 1+d0k0
d0p

, hence, under our assumption l(T ) = 1,

at = mt − 1− d0.

This fact is proved, by other means, in the corollary to [74, Proposition 4].

4.3 Jacobian fibrations

A genus one fibration f : X → C is called a jacobian fibration if it admits a section, that is, if
X(C) 6= ∅. In the previous section, we associated to a genus one fibration f : X → C its jacobian
fibration j : J → C. In this section, we will study how invariants like the Brauer group, Betti
numbers, the Euler-Poincaré characteristic, and the geometry of the fibers change when passing
from f to j. On our way, we will introduce the Mordell-Weil group and prove the Shioda-Tate
formula.

The generic fiber Xη of a jacobian fibration f : X → C is a regular and geometrically irreducible
curve of genus one with aK-rational point. IfXη is smooth, then the choice of such a k(C)-rational
point turnsXη into a one-dimensional abelian variety, that is, an elliptic curve. On the other hand, if
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Xη is not smooth, then there is a unique non-smooth point onXη, the cusp, and the choice of a k(C)-
rational point turns the smooth locus X]

η = Xη \ {cusp} of Xη into a one-dimensional unipotent
algebraic group. In fact, the base change of Xη to the algebraic closure of k(C) is isomorphic to
the additive group Ga and thus, Xη is a form of Ga over η = Spec K.

For any morphism g : X → T of regular schemes, we set

X] := {x ∈ X : g is smooth at x}.

The following proposition summarizes what we have found in the previous section.

Proposition 4.3.1. Let f : X → C be a genus one fibration. Then, there exists a jacobian genus
one fibration j : J → C, unique up to a C-isomorphism, that satisfies the following properties:

1. J ]η ∼= Jac(Xη),

2. the natural map of sections J(C) → Jη(η) is a bijection and defines the structure of an
abelian group on Jac(C),

3. the image of any section C → J lies in J ], and

4. there exists a natural group scheme structure over C on f : J ] → C, which is isomorphic to
the Néron model of J ]η.

It follows from Theorem 4.2.9 that J ]t is a one-dimensional and commutative algebraic group,
which is not necessarily proper, reduced, or connected. Its connected component of identity (J ]t )

◦

is an elliptic curve if Jt is smooth, it is the multiplicative group Gm,k if the fiber is singular of
multiplicative type, and it is the additive group Ga,k otherwise. The group of connected components
J ]t /(J

]
t )
◦ is trivial in the first case and it is isomorphic to the discriminant group Discrt otherwise.

We recall that the structure of the discriminant groups is given by (0.8.5) and Table (1) from Section
0.8. We have

J ]t /(J
]
t )
◦ ∼=



{1} if Jt is smooth, or of types Ã∗0, Ã
∗∗
0 ,

Z/(n+ 1)Z if Jt is of type Ãn, Ã∗n,
(Z/2Z)⊕2 if Jt is of type D̃2k,

Z/4Z if Jt is of type D̃2k+1,

Z/3Z if Jt is of type Ẽ6,

Z/2Z if Jt is of type Ẽ7,

{1} if Jt is of type Ẽ8.

For a point t ∈ C (not necessarily closed) we let

rt : Pic(X) → Pic(Xt)
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be the restriction homomorphism. We set

Picfib(X) := Ker(rη),

Picfib(X/C) := Picfib(X)/f∗ Pic(C),

Pic0(X) := Ker(deg ◦rη),

where η denotes the generic point ofC. Then, the following proposition follows from the definitions
and the local information about Pic(X(t)) that we established in above.

Proposition 4.3.2. There are the following isomorphisms of quadratic lattices.

1. Picfib(X/C) ∼= ⊕t∈CDt/D0
t ,

2. Picfib(X/C) ∩ Pic0(X) ∼= ⊕t∈C Ker(αt)/D̄
0
t
∼= ⊕t∈CZ/mtZ, and

3. Pic0(X)/Picfib(X) ∼= Jac(Xη)(η).

We will say that a genus one fibration f : X → C is trivial if it is isomorphic to a product, that is,
isomorphic to pr2 : F × C → C over C. Since we assumed X to be regular, this implies that F is
smooth, that is, an elliptic curve. The following result is known as the Mordell-Weil Theorem.

Theorem 4.3.3. Assume that C is global and let f : J → C be a non-trivial jacobian genus one
fibration.

1. The abelian group J(K) ∼= J(C) is a finitely generated abelian group.

2. If f is quasi-elliptic, then J ](K) is an elementary abelian p-group.

Proof. First, assume that f is an elliptic fibration. The pull back morphism f∗ : PicC/k → PicJ/k
induces a homomorphism of abelian varieties Jac(C) = Pic0

C/k → Pic0
J/k. By the Poincaré Re-

ducibility Theorem (see [527], Chapter 4, §19), there exists an abelian variety E0 over k and an
isogeny

E0 × Pic◦C/k → Pic◦X/k.

Under the restriction morphism rη : Pic◦X/k → Pic◦JK/K , the image of E0 is the K/k-trace of JK .
We now assume E0 = 0. Then,

Pic(J)/f∗(Pic(C)) ∼= PicJ/k(k)/f∗PicC/k(k),

PicJ/k(k)/Pic◦J/k(k) ∼= NS(J),

PicC/k(k)/Pic◦C/k(k) ∼= Z.

This implies that Pic(J)/f∗ Pic(C) is a finitely generated abelian group of rank equal to ρ(J)− 1.
Thus, Pic0(J)/f∗ Pic(C) is finitely generated of rank ρ(J)− 2. Finally, J(K) is finitely generated
and it follows from Proposition 4.3.2 that

rank J(K) = ρ(X)− 2−
∑
t∈C

(# Irr(Jt)− 1) . (4.3.1)
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Let us show that under our assumption E0 is always trivial. If E0 is not trivial, then dimE0 = 1,
and JK ∼= E0 ⊗k K. Thus the the trivial minimal elliptic fibration E0 × C → C has the same
generic fiber as our fibration. By the uniqueness of relative minimal models, it follows that that
J ∼= E × C over C, that is, f : J → C is trivial, which we excluded.

Finally, assume that f : J → C is a quasi-elliptic fibration. Since its generic geometric fiber is a
cuspidal cubic over the separable closure of κ(η), it cannot contain an abelian variety. The previous
argument implies that the group J ](K) is a finitely generated subgroup of the additive group of K,
hence it is a finite elementary abelian p-torsion group.

Definition 4.3.4. The group J(K) is called the Mordell-Weil group of the jacobian genus one
fibration f : J → C and it is denoted by MW(J/C) or MW(JK). If f : J → C is the jacobian
fibration associated to a genus one fibration X → C, then Jac(XK) ∼= JK and we extend the
notion of the Mordell-Weil group to X → C by setting MW(X/C) := MW(J/C).

In Section (4.5), we will study lattice structures on the Mordell-Weil group and its dual and relate
these to the intersection pairing on NS(J). Formula (4.3.1) is called the Shioda-Tate formula.

We note that the Shioda-Tate formula for a quasi-elliptic fibration f : X → C becomes

ρ(J) = 2 +
∑
t∈C

(# Irr(Jt)− 1) . (4.3.2)

Next, we note that the proof of the Mordell-Weil theorem shows that in the case when the associated
jacobian fibration is not trivial, then there is an isomorphism

MW(J/C) ∼= Num(J)0/Numfib(J), (4.3.3)

where Num(J)0 (resp. Numfib(J)) is the image of Pic0(J) (resp. Picfib(J)) in Num(J).

Proposition 4.3.5. Let f : J → C be a global genus one jacobian fibration.

1. If f is non-trivial, then b1(J) = b1(C).

2. If f is trivial, then b1(J) = b1(C) + 2.

3. If χ(OJ) > 0, then the Néron-Severi group NS(J) has no torsion and coincides with Num(J).

Proof. Assertion (1) follows essentially from the proof of Theorem 4.3.3. First, assume that the
k-trace E0 of Jη is zero if f is an elliptic fibration. Then, we have an isogeny of abelian varieties
Jac(C)→ Pic0(J). The usual Kummer exact sequence in the étale topology implies that b1(C) =
2 dim Jac(C) and b1(J) = 2 dim Pic0(J). This proves the assertion in this case.

If E0 is non-zero, then E0×Jac(C) is isogenous to Pic0(J), and assertion (2) follows easily from
that.

Let us prove the last assertion. We follow the proof of [625, Theorem 6.4]. Let D 6= 0 be a
torsion divisor class. Then h0(D) + h0(KJ −D) ≥ χ(OJ) > 0. Since a non-trivial torsion class
cannot be effective, KJ −D ∼ D′, where D′ is an effective divisor. The restriction of KJ and D
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to each irreducible component of a fiber is of degree 0, hence D′ is a linear combination of fibers
and hence D′ = f∗(d′) for some effective divisor class on C. By Theorem 4.1.6, KJ = f∗(k) for
some divisor class on C, we obtain that D = f∗(k− d) where k− d is a torsion divisor class on C.
Hence, D ∈ f∗ Jac(C) and thus, it is algebraically equivalent to zero.

Corollary 4.3.6. Let f : J → C be a jacobian fibration then NS(J) is torsion free unless f is a
smooth non-trivial elliptic fibration or a quasi-elliptic fibration f : J → C, where C is an elliptic
curve and all fibers are irreducible.

Proof. Suppose that f is not a smooth elliptic fibration. We will prove later in Proposition 4.4.9
that degR1f∗OJ > 0, then Theorem 4.1.6 implies that χ(OJ) > 0. If f is a trivial fibration, then
obviously NS(X) is torsion-free.

Suppose f is a quasi-elliptic jacobian fibration. Then the inequality (4.4.39) from Section 4.4
shows that χ(OJ) > 0 unless C is an elliptic curve. Then we have b1(C) = b1(J) = 2, and, since
J is obviously minimal, the classification Proposition 4.4.12 shows that J is a bielliptic surface (a
surface from the last two rows in Table from Proposition 1.1.5). These surfaces are classified in
[75].

We will see later in Proposition 4.3.14 that b1(X) = b1(J) if J → C is the jacobian fibration of
X → C, hence the first two assertions are true for any elliptic fibration. Also, in Section 4.7 we
will show that NS(J) may have torsion if f is a smooth fibration.

Let f : J → C be a jacobian genus one fibration. By definition, there exists a section and we
will now fix a section e : C → J . Its image E := e(C) ⊂ J is a one-dimensional subscheme. We
therefore obtain the structure of a commutative group scheme on J ] over C, which is isomorphic to
the Néron model of J ]η. Its zero section is equal to e.

For every closed point t ∈ C, the intersection number Jt · E is equal to 1, which implies that
a jacobian fibration has no multiple fibers. In particular, the canonical bundle formula, that is,
Theorem 4.1.6, simplifies in this case as follows.

Proposition 4.3.7. Let f : J → C be a jacobian genus one fibration over global C. Then,

ωJ ∼= f∗(L−1 ⊗ ωC),

where L = R1f∗OJ is an invertible sheaf of degree −χ(OJ) on C.

Corollary 4.3.8. If s : C → S ⊂ J is a section of a jacobian fibration, then

S2 = −χ(OJ),

where S2 denotes the self-intersection number.

Proof. By the adjunction formula, we have

ωC ∼= s∗(ωS) ∼= s∗(OS(S)⊗ ωJ)
∼= s∗(OS(S)⊗ s∗(f∗(ωS ⊗ L−1))) ∼= OS(S)⊗ ωC ⊗ L−1.

This implies OS(S) ∼= L, hence S2 = degOS(S) = degL = −χ(OJ).
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Theorem 4.3.9. Let f : J → C be a non-trivial jacobian genus one fibration and let MW(J/C)
be its Mordell-Weil group.

1. For any closed point t ∈ C and a prime number ` 6= p, the natural restriction homomorphism

`∞ MW(J/C) → `∞J
]
t

is injective.

2. Any non-trivial torsion section is not contained in (J ])◦ unless f is a smooth fibration.

3. Assume that MW(J/C) is finite. Then,

# MW(J/C)2 · # Discr(Num(J)) =
∏
t∈C

# Discrt(J). (4.3.4)

Proof. (1) Since J(C) ⊂ J(Kt), where Kt is the fraction field of a strict henselization OhC,t, we
may assume that C is strictly local. We know that J ] → C represents the sheaf PicJ/C/E . Since
C strictly local, this implies that J(C) = Pic(J)/E(C). By Proposition 4.2.1, the kernel of the
restriction homomorphism rt : Pic(J) → Pic(Jt) is a group, which is uniquely divisible by any
prime ` 6= p. By Proposition 4.2.4, we have `∞E(C) = {0}. Now, we consider the following
commutative diagram, whose vertical arrows are restriction homomorphisms.

0 //
`k Pic(J) //

��

`kJ(C) //

��

E(C)(`k)

��

0 // Pic(Jt) // J ]t
// E(t)(`k).

Since E(C) → E(t) is a bijection, we obtain that `∞ Ker(J(C) → `∞J
]
t ) is equal to the kernel of

`∞ Pic(J)→ `∞ Pic(Jt). Since it is divisible by `, it has no non-trivial `-torsion elements.

(2) Let E1, E2 ∈ (J ])◦(C) be two different torsion sections. Then, there exists an integer n such
that n(E1 − E2) ∈ Picfib(J). Since E1 and E2 intersect the same irreducible component of each
fiber, E1 − E2 ∈ Picfib(J)⊥. This easily implies that

n(E1 − E2) ≡ mF,

where F is any closed fiber. Applying Corollary 4.3.8, we get

0 = (E1 − E2)2 = E2
1 + E2

2 − 2E1 · E2 = −2χ(OJ)− 2E1 · E2.

Taking E2 to be the zero section O, we get 0 ≤ E · O = −χ(OJ), hence

E · O = 0, χ(OJ) = 0.

By Proposition 4.4.9 in the next section this happens if and only f : J → C is smooth.

(3) It follows from the proof of the Mordell-Weil Theorem that the restriction homomorphism
Pic0(J) → J(C) is surjective and that its kernel is generated by Picfib(J). This homomorphism
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factors through a surjection Num0(J)/Numfib(J) → J(C), where Num0(J) is the group of nu-
merical divisor classes, whose restriction to Jη is of degree 0, and Numfib(J) is generated by the
numerical classes of irreducible components of fibers. LetL1 be the sublattice of Num(J) generated
by the class [Jt] and the class of the zero section E. This is a sublattice of Num(J) isomorphic to
the hyperbolic plane. The orthogonal complement L2 of L1 in Numfib(J) is contained in Num0(J)
and is generated by the components that do not intersect E. It is isomorphic to the direct sum of the
root lattices of finite type Dt/D

0
t . We have

(Num(J)/L1) ⊥ L2
∼= Num0(J)/Numfib(J) ∼= J(C).

Now, the assertion follows from the relationship between the discriminant of a lattice and its sublat-
tice of finite index, see (0.8.2).

We will say more about smooth genus one fibrations in Section 4.5 when discussing Mordell-Weil
lattices.

Remark 4.3.10. The formula from Assertion 1 is a special case of the determinant formula from
Section 4.5.

We will now study the relationship between the geometry of a genus one fibration and that of its
associated jacobian fibration. We start with the Brauer group and to do so, we will use the following
quite general vanishing theorem of M. Artin, see [265, II, Corollaire (3.2)].

Theorem 4.3.11. Let f : X → Y be a proper and flat morphism of relative dimension one between
locally noetherian regular schemes. Assume that all local rings of Y are japanese. Then

Rif∗Gm = 0 for all i ≥ 2.

Recall that a japanese ring is an integral domain R, such that its normalization in any finite exten-
sion of its fraction field is a finitely generated over R, see [203, 4.2]. Our global or local bases C
satisfy these conditions.

Corollary 4.3.12. If f : X → C is a genus one fibration, then there exist canonical isomorphism

Br(X) = H2(X,Gm) ∼= H1
ét(C,R

1f∗Gm,X),

H3(X,Gm) ∼= H2
ét(C,R

1f∗Gm,X),

Hn(X,Gm) = 0 for all n > 3.

Proof. We know that H2(C,Gm) = Br(C) = 0 by the Noether-Tsen theorem. Applying Artin’s
vanishing theorem to the morphism π : C → Spec k and using that k is algebraically closed, we
obtain that Riπ∗Gm,C = H i(C,Gm,C) = 0 for i ≥ 2. Thus, the Grothendieck-Leray spectral
sequence

Ep,q2 = Hq
ét(C,R

pf∗Gm,X) ⇒ Hp+q = Hp+q
ét (X,Gm,X)

degenerates already on the E2-page. Using that H i
ét(C,Gm) = 0 for i > 1, we obtain the stated

isomorphism

Hk+1 = Hn
ét(X,Gm,X) → Ek,12 = H1

ét(C,R
1f∗Gm,X), k ≥ 1,

and the result follows.
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Theorem 4.3.13. Let f : X → C be a genus one fibration and let j : J → C be the associated
jacobian fibration. Let ind(f) be the index of Xη ( = smallest relative degree of a divisor on X)
and ind(f)′ = ind(f)/l, where l = l.c.m({mt, t ∈ C}). Then, there exists an exact sequence of
abelian groups

0 → Z/ ind(f)′Z → Br(J) → Br(X) → ⊕t∈C Z/mtZ
Z/lZ

→ A → 0,

where the group Z/lZ embeds diagonally and the group A is trivial if j is not a trivial fibration.

Proof. From the previous section, we know that R1f∗Gm,X , considered as a sheaf in flat topology,
coincides with the relative Picard sheaf PX/C and its quotient by the subsheaf Ef is a Néronian
sheaf Qf . Since the sheaf Qf is represented by a smooth group scheme of locally finite type over
C, we have H∗fl(S,Q) ∼= H∗ét(C,Q), see [493], Chapter 3, Theorem 3.9. Applying Lemma 4.3.12,
we obtain an exact sequence

H1
ét(C, Ef ) → Br(X) → H1

ét(C,Qf ) → H2(C, Ef ).

Since Ef is supported in finitely many closed points, the cohomology groups H1 and H2 of E are
zero. This gives us an isomorphism

Br(X) ∼= H1
ét(C,Qf ).

Replacing f with j in the previous discussion, we obtain isomorphisms

Br(J) ∼= H1
ét(C,Qj).

Now, let Q′f be the scheme-theoretic closure of Pic0(Xη) in Qf . We know that Q′f coincides with
Q′j and that it is represented by the Néronian scheme J ]. We denote it by A and have an exact
sequence

0 → A → Qf
deg−→ ZS . (4.3.5)

If f = j, then the degree map is surjective on sheaves and surjective on global sections. It is known
that

H1(C,ZC) = 0

(see [493], Chapter 3, §3), hence we we obtain an isomorphism

H1(C,A) ∼= H1(C,Qj) ∼= Br(J).

We denote by Z′C the subsheaf of the constant sheaf ZC that is equal to the image of the homomor-
phism deg. Then, we have an exact sequence

0 → Z′C → ZC → ⊕t∈C(it)∗(Z/mtZ)t → 0, (4.3.6)

where it : t ↪→ C denotes the inclusion of the closed point t ∈ S. Passing to cohomology in exact
sequence

0→ A→ Qf → Z ′S → 0
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gives an exact sequence

0→ Coker(H0(C,Qf )
deg→ H0(C,Z ′C))→ Br(J)→ Br(X)→ Ker(H1(C,Z′C)→ H2(C,A))→ 0.

By Chinese Remainder Theorem,

H0(C,Z ′C)) ∼= Ker(Z→ ⊕t∈CZ/mtZ) = lZ

and
H1(C,Z ′C)) ∼= Coker(Z/lZ→ ⊕t∈CZ/mtZ).

This gives

Coker(H0(C,Qf )
deg→ H0(C,Z ′C)) ∼= Z/ ind(f)′Z.

It remains to add that, by Theorem 4.7.9, the group H2(C,A) is trivial if j is not trivial

Proposition 4.3.14. Let f : X → C be a genus one fibration, let j : J → C be the associated
jacobian fibration, and assume that C is global. Then,

χ(OX) = χ(OJ) and e(X) = e(J),

where χ and e denote the coherent and the topological Euler characteristic, respectively.

Proof. We already cited a result from [465] that the kernel and the cokernel of the map (4.2.5)

Lie(q) : R1f∗OX → R1j∗OJ

is isomorphic to the torsion subsheaf T of R1f∗OX . This implies that χ(R1f∗OX) = χ(R1j∗OJ)
and the equality χ(OX) = χ(OJ) follows now from the Leray spectral sequence. By Corollary
4.1.7, K2

X = K2
J = 0. The second equality now follows from Noether formula.

We already noted that jacobian fibrations do not have multiple fibres. In particular, when passing
from a genus one fibration to its jacobian fibration, there are no longer multiple fibers. Another way
to get rid off a multiple fiber is via a suitable base change, which we may even assume not to affect
the smooth fibers.

Definition 4.3.15. Let f : X → C be a genus one fibration and let Σ′ be a set of of points in C such
that the fibers Xt with t ∈ Σ′ are multiple. We say that a finite and separable cover φ : C ′ → C
eliminates multiple fibers from Σ′ if there exists a genus one fibration f ′ : X ′ → C ′ and a rational
map Φ : X ′ 99K X of finite degree making the following diagram commutative

X ′

f ′

��

Φ // X

f
��

C ′
φ // C

and such that f ′ has no multiple fibers over points in φ−1(Σ′).
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The fact that it is always possible to eliminate multiple fibers by a base change was first proved
by Kodaira in the case k = C. The proof uses the fact that given a finite set of points t1, . . . , tk on
a compact Riemann surface C, then one can find a finite Galois cover φ : C ′ → C that is ramified
over these points with prescribed ramification indices mi. If we take mi to be the multiplicity of
the fiber Xti , then locally the base change is given by u = vmi , where u is a local parameter at ti
and v is a local parameter at a point t′i ∈ φ−1(ti). Over C, a multiple fiber is always of type Ãn−1

and one shows that after the base change the fiber over t′ ∈ φ−1(ti) becomes non-multiple of type
Ãmin−1, see [392, Section 4] or [42, Section V.7].

The situation in positive characteristic is more complicated: for example, multiple fibers can be
of additive additive type [357] and thanks to wild ramification, it is more complicated to construct
Galois coverings of curves with prescribed ramification indices and prescribed inertia groups. To
show that it is possible to eliminate multiple fibers in the case of positive characteristic, we use the
following result (see [274, Theorem 3.4] and [368]).

Theorem 4.3.16. Let k be an algebraically closed field of characteristic p > 0. Let C be a smooth
curve over k with closed points ti, i = 1, . . . , tk. Let G be a finite group with subgroups Hi, i =
1, . . . , k, such that each Hi is isomorphic to the product of a p-group with a cyclic group of order
prime to p. Then, there exists a Galois G-cover C ′ → C of smooth curves over k, whose branch
divisor contains {t1, . . . , tk} and such that the inertia groups at ti is isomorphic to Hi for all i.

Now, in the situation of Definition 4.3.15, choose {t1, . . . , tk} to be the set Σ′ and let mi be the
multiplicity of the fiber Xti . For any ti, let OhC,ti be the henselization of OC,ti and let Ki = Kh

ti

be its field of fractions. Let iti : C(ti) := Spec OhC,ti → C be the canonical morphism and let
f(ti) : X(ti) = X ×C C(ti) → C(ti) be the base change. The closed fiber of f(ti) is isomorphic
to Xti and the generic fiber Xηi := X ×C Kh

ti is a genus one curve over the field Kh
ti . We use the

analogous notation for the jacobian fibration. The curveX(ti)
]
ηi is a torsor under the curve J×CKi

of order mi. Let si be a closed point of degree mi on Xηi . Let Li be the residue field of this point,
which is an extension of Ki of degree equal to m′tp

n, where m′ is coprime to p. Its Galois group
is the product of a p-group and a cyclic group of order prime to p. Now we apply Theorem 4.3.16.
We find a finite group G that contains subgroups isomorphic to the groups Hi (for example, the
direct product of these groups). Then we find aG-cover C ′ → C, whose intertia subgroups over the
points t1, . . . , tk are isomorphic to H1, . . . ,Hk. We make the base change X ′ = X ×C C ′ → C ′

and take a relative minimal model of the generic fiber X ′η′ . Then, for any t′i over ti, X(ti)
′
η′i

has
a rational point and hence, the fiber X ′t′i is not multiple. Since the process to going to the relative
minimal model gives us a rational map φ : X ′ 99K X , we have eliminated the multiple fibers over
the points ti ∈ Σ′.

For more effective results about elimination of multiple fibers of elliptic fibrations that are not of
additive type, we refer to the work of Katsura and Ueno [357] and [358].

Using the elimination process, we will now prove the following.

Proposition 4.3.17. Let f : X → C be a genus one fibration, let j : J → C be the associated
jacobian fibration, and let t ∈ C be a closed point. Then,

bi(Xt) = bi(Jt), i ≥ 0,
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that is, the Betti numbers of the fibers coincide.

Proof. This is clear for i = 0 and for i ≥ 3. For i = 1, we argue as follows: for any integer n
coprime to the characteristic p, the Kummer exact sequence gives an isomorphism of sheaves in
étale topology

R1f∗µn = nR
1f∗Gm,X := Ker

(
R1f∗Gm,X

[n]→ R1f∗Gm,X

)
,

and we have similar isomorphism forR1j∗µn. Using the comparison of the sheavesR1f∗Gm,X and
R1j∗Gm,J from the proof of Proposition 4.3.13, we obtain an isomorphism R1f∗µn

∼= R1j∗µn.
Passing to fibers, we get b1(Xt) = b1(Jt).

It remains to deal with the case i = 2. Here, we will use the elimination of multiple fibers process.
Fix one multiple fiber Xt1 and let Xt2 , . . . , XtN be the remaining multiple fibers. We apply the
elimination process to the set Σ′ = {t2, . . . , tN}, but taking the base change φ : C ′ → C to be
unramified over t1 (that is, we take H1 = {1} in Theorem 4.3.16). Let X ′ → C ′ be the relative
minimal model of the base change X ×C C ′ → C ′. We do the same for the base change of the
jacobian fibration j : J → C. For any t′1 ∈ C ′ over t1, the fibers of X ′t′1 and J ′t′1 are isomorphic.
Both fibrations have no multiple fibers outside points over t1. Thus, the fibrations are strictly locally
isomorphic and hence, the fibers X ′t′ and J ′t′ are isomorphic for all points t′ 6∈ φ−1(t1).

Now we invoke the formula for the Euler-Poincaré characteristic of a genus one fibration from
Proposition 4.1.12:

e(X ′) = e(Xη̄′)e(C
′) +

∑
t′ 6∈φ−1(t1)

(
e(X ′t′)− e(X ′η̄′) + δt′

)
+ N

(
e(X ′t′1

)− e(X ′η̄′) + δt′1

)
,

e(J ′) = e(J ′η̄′)e(C
′) +

∑
t′ 6∈φ−1(t1)

(
e(J ′t′)− e(J ′η̄′) + δt′

)
+ N

(
e(J ′t′1

)− e(J ′η̄) + δt′1

)
,

where N = #φ−1(t1). We already know that e(X ′t′) = e(J ′t′) for t′ 6∈ φ−1(t1) and we also know
that e(X ′) = e(J ′). Moreover, the invariants of wild ramification δt′ at t′ ∈ C ′ for X ′ and J ′

coincide: this is because their definition depends on the ramification of the sheaves R1f∗µn and
R1j∗µn for n = `k, where ` is a prime different from p, and by above, they are isomorphic if
(n,mt) = 1. Thus, we obtain that e(X ′t) = e(X ′t) = e(J ′t) = e(Jt). Since we already know that
b1(Xt) = b1(Jt), we obtain b2(Xt) = b2(Jt).

Corollary 4.3.18. Let f : X → C be a genus one fibration, let j : J → C be the associated
jacobian fibration, and assume that C is global. Then,

ρ(X) = ρ(J) and bi(X) = bi(J), i ≥ 0,

where ρ denotes the Picard number.

Proof. We have b1(X) = b1(J) by Corollary 4.3.5. Moreover, we have e(X) = e(J) by Propo-
sition 4.3.14. This implies that b2(X) = b2(J). The equality for b3(X) = b3(J) follows from
Poincaré Duality and the equalities for b0, b4 are obvious.
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Finally, we know from (0.10.29) that b2(X) = ρ(X) + t`(X) and b2(J) = ρ(J) + t`(J), where
t`(−) denotes the rank of the `-adic Tate module T`(Br(−)) of the Brauer group. The equality
ρ(X) = ρ(J) now follows from Theorem 4.3.13.

Remark 4.3.19. In fact, one can say a little bit more than just the equality ρ(X) = ρ(J). Namely, it
follows from Proposition 4.3.2.(3) that there is an isomorphism of groups

Pic0(X)/Picfib(X) ∼= Pic0(J)/Picfib(J). (4.3.7)

By Proposition 4.3.2.(1), the rank of the subgroup Picfib(X) (resp. Picfib(J)) is equal to
∑

t(# Irr(Xt)−
1) (resp.

∑
t(# Irr(Xt)− 1)). By Proposition 4.3.17, these numbers are equal.

Theorem 4.3.20. Let f : X → C be a genus one fibration and let j : J → C be the associated
jacobian fibration. Let t ∈ C be a closed point. Then

1. Xt and Jt are of the same type.

2. Moreover, if Xt is not a multiple fiber, then Xt
∼= Jt,

Proof. Passing to the strict localization, we may assume thatC is strictly local. IfXt is not multiple,
then, by Hensel Lemma, there exists a section of X → C that intersects Xt in a smooth point. Thus
XK is a trivial torsor and hence, X → C is isomorphic to J → C. This proves assertion (2).

To prove (1), we first use Artin’s Approximation Theorem [22] to assume that C is global. We
have bi(Xt) = bi(Jt) by Proposition 4.3.17. Then, the classification of degenerate fibers shows
that Xt and Jt must be of the same type unless Xt is of type Ẽn (resp. D̃n) and Jt is of type D̃n

(resp. Ẽn). However, Theorem 4.2.9 implies that Discrt(X) and Discrt(J) are isomorphic. This is
enough to see that also in these remaining cases the types of Xt and Jt are the same, see also Table
1 for the discriminant groups of root lattices of finite type.

Remark 4.3.21. The crucial fact used in the proof of this fundamental result is Theorem 4.2.9.
A more highbrow proof of the previous theorem can be found in [465, Theorem 6.6], where the
authors define in the strictly local situation, the discriminant of a genus one fibration and prove that
it coincides with the discriminant of the jacobian fibration.

We end this section by showing that the list of possible degenerate fibers of a quasi-elliptic fibration
is much smaller than the corresponding list of an elliptic fibration.

Corollary 4.3.22. Let f : X → C be a quasi-elliptic fibration and let t ∈ C be a closed point.

1. If p = 2, then Xt can be of type Ã∗∗0 , Ã∗1, D̃2k, Ẽ7, or Ẽ8.

2. If p = 3, then Xt can be of type Ã∗∗0 , Ã∗2, Ẽ6, or Ẽ8.

3. If f is a jacobian fibration, then the discriminant group of the lattice Num(X) is an elemen-
tary p-group.



4.4. WEIERSTRASS MODELS 371

Proof. By the previous Theorem, we may assume that f is a jacobian fibration and, also that C
is strictly local. We also know that the Mordell-Weil group MW(X/C) is a finite p-group by
Theorem 4.3.3. By Proposition 4.3.1, the Néron model A of XK is a unipotent group, we conclude
that At/A

0
t is an elementary p-group. By Theorem 4.2.9, this group is isomorphic to Discrt(X),

hence Discrt(X) is a p-group. Since A0 is a smooth group scheme with unipotent generic fiber,
the closed fiber of A◦ is isomorphic to Ga. This implies that all singular fibers must be of additive
type. Consulting again Table (1) and using Kodaira’s classification of degenerate fibres of a genus
one fibrations, we obtain the lists asserted in (1) and (2). Applying the Shioda-Tate formula, we get
(3).

4.4 Weierstrass models

In this section, we study genus one fibrations f : X → B together with a section e : B → X .
Contracting the fiber components that do not meet E := e(B), we arrive at a fibration W → B with
slightly singular total space W , the Weierstrass model of the fibration f . This W can be embedded
into the projectivization of a locally free sheaf E3 of rank 3 on B, that is, a P2-bundle over B. More
precisely, W ⊂ P(E3)→ B is locally given by an equation of degree 3, that is, W → B is a relative
cubic, which makes the Weierstrass model a useful tool for computations. For example, we analyze
the singular fibers, compute automorphisms, and compute local and global invariants.

Let f : X → B be a genus one fibration, where B is any integral scheme over an algebraically
closed field k. We will also make the following assumptions

1. f admits a section e : B → X such that f is smooth at each point of E = e(B),

2. f is cohomologically flat, and

3. for every point t ∈ B, the canonical sheaf ωXt is isomorphic to OXt .

If X is normal and if B is a regular one-dimensional scheme, then the second condition follows
from the first one, see [590], Théorème 7.2.1. If X is even smooth, then we are in the situation
studied in the previous sections and we remind the reader of the discussion after Theorem 4.1.6,
where we treated wild fibers and their relation to cohomological flatness. Since wild fibers are
multiple, the existence of a section implies that there are no multiple fibers, in particular no wild
fibers, and thus, f is cohomologically flat. For other criteria of cohomological flatness, we refer to
[162], Proposition 2.7.

Coming back to the general setup above, we note that the third condition is satisfied, for example,
if all fibres Xt are reduced or we are in the situation of Proposition 4.3.7.

It follows from the discussion in the beginning of this chapter that every fiber Xt of f is a genus
one curve, whose canonical sheaf ωXs isomorphic to OXs .

In the case where B = Spec k, a genus one fibration is simply a genus one curve and the section
E gives a distinguished k-rational point. This point defines a Cartier divisor of degree one and three
times this divisor is a very ample divisor on X that embeds it as a curve of degree 3 inside P2.
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The equation of this latter curve can be chosen in such way that the image of E is the point [0, 1, 0]
at infinity and linear coordinate changes yield the Weierstrass normal form of the cubic, see, for
example, [663, Chapter 3, §1]. Coming back to the general setup f : X → B from above, we
now want to construct a relative Weierstrass model g : W → B. That is, we would like to derive
a birational model g : W → B of f : X → B, whose generic fiber is isomorphic to a plane cubic
curve in P2

η given by its Weierstrass normal form.

Lemma 4.4.1. Under the above assumptions

1. if i > 0 and n > 0, then Rif∗OX(nE) = 0,

2. if n ≥ 0, then the sheaf f∗OX(nE)) is locally free of rank equal to n,

3. the natural homomorphism of sheaves f∗OX → f∗OX(E) is an isomorphism,

4. there is an isomorphism of invertible sheaves (R1f∗OX)⊗−1 ∼= e∗Ω1
X/B , and

5. if n > 0, then the cokernel of the natural homomorphism f∗OX(nE) → f∗OX((n+ 1)E) is
isomorphic to L⊗n, where L = R1f∗OX .

Proof. We use some standard properties of cohomology of a projective morphism, see [287, Chapter
III]. Since f is of relative dimension one, for any coherent sheaf F on X , the higher direct images
are zero, that is, Rif∗F = 0 if i > 1. The base change theorem allows us to compute the fiber of
R1f∗F at a point t ∈ B. We have

(R1f∗F)t ∼= H1(Xt,F ⊗OXt).

Next, let us show that
H1(Xt,OXt(nE)) = 0, (4.4.1)

which implies that
R1f∗OX(nE) = 0, for all n > 0. (4.4.2)

Of course, if Xt is an integral scheme, then this follows from the vanishing of cohomology of
any invertible sheaf with positive degree on a genus one curve. By Serre Duality on Xt, we have
dimH1(Xt,OXt(nE)) = dimH0(Xt,OXt(−nE)). We will prove (4.4.1) by induction on n. First,
we treat the case n = 1. Consider the usual short exact sequence

0 → OX(−E) → OX → OE → 0.

After tensoring with OXt , we obtain the exact sequence

0 → OXt(−E) → OXt → Oo → 0,

where o = e(t) ∈ E. Here, we have used that TorOX1 (OE,OXt) = 0, since Xt and E intersect
transversally at o and since Xt is smooth at o0. By assumption, f is cohomologically flat and we
find H0(Xt,OXt) = k. Since the homomorphism H0(Xt,OXt) → OX(E) → Oo is nonzero, we
obtain that H0(Xt,OXt(−E)) = 0 and hence, H1(Xt,OXt(E)) = 0.
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To prove the induction step, we tensor the exact sequence

0 → OX(nE) → OX((n+ 1)E) → OE((n+ 1)E) → 0 (4.4.3)

with OXt and obtain an exact sequence

0 → OXt(nE) → OXt((n+ 1)E) → Oo → 0.

Here, we have used that the sheaf N = OE(E) is the normal sheaf of a regularly embedded hyper-
surface E, hence it is an invertible sheaf. Taking cohomology and using the induction hypothesis,
we obtain (4.4.1). This proves (1).

It follows from (4.4.1) that R1f∗OX(E) = 0. By the Change Base Theorem, this implies that
f∗OX(E) is a locally free sheaf. Its rank is equal to dimH0(Xt,OXt(E)) = χ(OXt). Since f is
flat, this number is the same for every t, which is why we may assume that Xt is an integral genus
one curve. But then, we obtain by Riemann-Roch that this number is equal to degOXt(E) = 1.
This proves (2) and (3).

Let us prove the remaining two assertions. We use exact sequence (4.4.3). The sheafOE((n+1)E)
is isomorphic to the (n + 1)-fold tensor power of the normal sheaf N = OE(E) of the section E.
Let n ≥ 0. Applying the functor f∗, and using (2) and (4.4.2), we obtain an exact sequence

0 → f∗OX(nE) → f∗OX((n+ 1)E) → f∗(N⊗(n+1)) → 0. (4.4.4)

Let us take n = 0. Since f is cohomologically flat and of relative dimension one, we find
dim(R1f∗OX)(t) = dimH1(Xt,OXt) = 1. Thus,

L := R1f∗OX (4.4.5)

is an invertible sheaf. In particular, the exact sequence (4.4.4) is an exact sequence of invertible
sheaves. Since a surjective homomorphism of invertible sheaves is an isomorphism, we obtain that
the arrow

f∗N ∼= e∗N → L

is an isomorphism and f∗OX → f∗OX(E) is bijective. This proves (3).

The exact sequence
0 → N−1 → Ω1

X/B → ΩE/B → 0

gives an isomorphism
e∗N−1 ∼= e∗Ω1

X/B

and establishes assertion (4). Since

f∗(N⊗n) ∼= e∗N⊗n ∼= (e∗N )⊗n ∼= L⊗n,

we get (5).

We now come to the construction of the Weierstrass model. We set

En := f∗OX(nE). (4.4.6)
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For for every n ≥ 0, we obtain a filtration

0 ⊂ E0 ⊂ E1 ⊂ . . . ⊂ En,

such that

gr(En) ∼=
n⊕
k=0

L⊗k.

Next, we recall that to give aB-morphism fromX to a projective bundle P(E)→ B is equivalent to
giving an invertible sheafM onX and a surjective homomorphism α : f∗E →M ofOX -modules.
We take M = OX(3E) and E = E3, so that we can choose α to be given by an isomorphism
E3 = f∗f

∗(E3)→ f∗O(3E). This isomorphism gives thus rise to a morphism

φ : X → P(E3) (4.4.7)

of schemes over B.

If t ∈ B is a closed point and we restrict φ to the Xt, then we obtain a morphism φt : Xt → P2.
This map φt corresponds to the complete linear system |OXt(3o)|. If Xt is irreducible, then φt is an
isomorphism. If Xt is reducible, then φt blows down all reducible components that do not intersect
the zero section. In particular, the morphism φ : X → P(E3) depends in general on the choice of
the zero section E.

Definition 4.4.2. The image of φ is a closed subscheme W of P(E3), which we will call the Weier-
strass model of the genus one fibration f : X → B with respect to the section E.

Next, we let xU (resp. yU ) be a section of E2 over some open affine set U . We assume that U is
small enough so the projection E2 → L⊗2 (resp. E3 → L⊗3) are split over U . Locally, this section
generates a subsheaf of E2 (resp. E3), which is isomorphic to L⊗2 (resp. L⊗3).

We can consider xU as a section of OXU (2E) and yU as a section of OXU (3E). Thus, x3
U and y2

U

are sections of OXU (6E) or E6 = f∗OXU (6E), whose images generate L⊗6. After multiplying by a
unit, we may assume that y2

U − x3
U is a section of E5. Thus, replacing xU with −xU , we can write

y2
U + aU1 · yUxU + aU3 · yU + x3

U + aU2 · x2
U + aU4 · xU + aU6 = 0. (4.4.8)

where aUk are certain sections over U . Our choice of indices will become clear below. This is a local
Weierstrass equation.

Next, let U = (Ui) be an open affine cover of B. We now study how xU , yU and aUk change when
passing from some Ui to some Uj . We denote by xi, yi, a

(i)
k the sections over Ui introduced above.

Choose a local generator ui of L in Ui. Let (cij) be the transition functions for the invertible sheaf
L⊗−1, that is, uj = cijui in Ui ∩ Uj . Then, we can write

xi = c2
ijxj + γij and yi = c3

ijyj + c2
ijαijxj + βij , (4.4.9)

where αij , βij , γij ∈ OB(Ui ∩ Uj). It follows that the transition functions for L are (c−1
ij ). We can

rewrite (4.4.9) in the form 1
xj
yj

 =

 1 0 0

−γijc−2
ij c−2

ij 0

(γijαij − βij)c−3
ij −c−3

ij αij c−3
ij

 1
xi
yi

 . (4.4.10)



4.4. WEIERSTRASS MODELS 375

This also gives the transition functions for E3

gij = t

 1 0 0

−γijc−2
ij c−2

ij 0

(γijαij − βij)c−3
ij −c−3

ij αij c−3
ij

 =

1 −γijc−2
ij (γijαij − βij)c−3

ij

0 c−2
ij −c−3

ij αij
0 0 c−3

ij


The transition matrices for E2 are (

1 −γijc−2
ij

0 c−2
ij

)
In particular, this shows that in general, E2 and E3 may not split into direct sums of invertible
sheaves.

Using the coordinate change (4.4.9), we obtain that in order that the local equations glue together,
the transition matrix for the coefficients is the following.

1

a
(i)
1

a
(i)
2

a
(i)
3

a
(i)
4

a
(i)
6


=



1 0 0 0 0 0
0 cij 0 0 0 0
0 0 c2

ij 0 0 0

0 0 0 c3
ij 0 0

0 0 0 0 c4
ij 0

0 0 0 0 0 c6
ij





1 0 0 0 0 0
2αij 1 0 0 0 0

3γij + α2
j αij 1 0 0 0

2βij γij 0 1 0 0
2αijβij + 3γ2

ij αijγij + βij 2γij αij 1 0

β2
ij + γ3

ij γijβij γ2
ij βij γij 1





1

a
(j)
1

a
(j)
2

a
(j)
3

a
(j)
4

a
(j)
6


(4.4.11)

This shows that the local equations

y2
i + a

(i)
1 yixi + a

(i)
3 yi + x3

i + a
(i)
2 x2

i + a
(i)
4 xi + a

(i)
6 = 0. (4.4.12)

glue together to define a closed subscheme of P := P(E3 ⊗ L−2)

y2 + a1yx + a3y + x3 + a2x
2 + a4x + a6 = 0. (4.4.13)

defined by an nonzero section in H0(P,OP(3)) ∼= S3(E3)⊗ L⊗−6. We call it a global Weierstrass
equation.

To say more, we consider the following five possible cases:

1. p 6= 2, 3,

2. p = 2 and f : X → B is an elliptic fibration,

3. p = 3 and f : X → B is an elliptic fibration,

4. p = 2 and f : X → B is a quasi-elliptic fibration,

5. p = 3 and f : X → B is a quasi-elliptic fibration.

We start with the most common case of an elliptic fibration and p = chark 6= 2, 3, that is,

• Case 1
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Replacing yi with yi + 1
2(a

(i)
1 xi + a

(i)
3 ) and then replacing xi with xi + 1

3a2, we may assume that

a
(i)
1 = a

(i)
2 = a

(i)
3 = 0. In order for this form to be preserved under the change from Ui to Uj , we

have to take αij = βij = γij = 0. In other words, for this to be fulfilled, the sheaves E2 and E3 must
split as follows

E2
∼= gr(E2) ∼= OB ⊕ L⊗2,

E3
∼= gr(E3) ∼= OB ⊕ L⊗2 ⊕ L⊗3.

For example, this is always possible if C = P1 because in this case degL = −χ(X,OX) ≤
0, hence Ext1(L⊗2,OC) ∼= H1(C,L⊗−2) = 0 and Ext1(L⊗2 ⊕ L⊗3,OC) ∼= H1(C,L⊗−2 ⊕
L⊗−2) = 0.

If E2 and E3 split into invertible sheaves as above, then the coefficients ak become sections of L⊗k,
which also explains our choice of numbering the indices. Moreover, in this case we obtain a global
equation of the form

y2 + x3 + a4x+ a6 = 0. (4.4.14)

We cannot use this if the sheaves E2 and E3 do not split.

Localizing at the generic point, we get a Weierstrass equation of the elliptic curve Xη (whence
also the name Weierstrass model). The condition that the generic fiber is indeed smooth, is that

∆ := 4a3
4 + 27a2

6 ∈ Γ(B,L⊗−12) (4.4.15)

is not zero. More precisely, it may vanish at some closed points of B, but it cannot be identically
zero.
Remark 4.4.3. The Weierstrass form can be used to show that a regular curve of genus one over
a field K is always smooth if p = char(K) 6= 2, 3, which we already deduced from the much
more general Theorem 4.1.3. Here is the argument: first, we pass to the Jacobian and thus, we may
assume that X(K) 6= ∅. We may thus assume that X is given by a Weierstrass equation of the
form y2 + x3 + a4x + a6 = 0. (Here, we use p 6= 2, 3.) Computing the partial derivatives of this
equation, we find that the curve is not smooth if and only if ∆ = 4a3

4 + 27a2
6 = 0 and in this case

the non-smooth point has coordinates (x, y) = (−3a6
2a4
, 0) if a4 6= 0 and (0, 0) if a4 = 0. (Here, we

use p 6= 2, 3 again.) We see from this explicit description that if there is a non-smooth point, then it
is K-rational. In particular, if X is not smooth over K, then there is a non-smooth and K-rational
point, and thus, X cannot be regular.

• Case 2: f : X → B is an elliptic fibration and p = 2

First, we determine the condition for the generic fiber Xη to be smooth. Taking partial derivatives,
a non-smooth point satisfies

a1x+ a3 = a1y + x2 + a4 = 0,

where we omit the upper indices. First, assume that a1 = 0. We find that Xη is smooth if and only
if a3 6= 0. If a1 6= 0, we get x = a3/a1, y = (x2 + a4)/a1 = (a2

3 + a4a
2
1)/a3

1 and plugging this
into the Weierstrass equation, we find

(a2
3 + a4a

2
1)2

a6
1

+
a3(a2

3 + a4a
2
1)

a3
1

+
a3(a2

3 + a4a
2
1)

a3
1

+
a3

3

a3
1

+
a2a

2
3

a2
1

+
a4a3

a1
+ a6
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= a4
3 + a3

1(a3
3 + a1a

2
4 + a2

1a3a4 + a1a2a
2
3 + a3

1a6) = 0.

Also, we see that if we replace ak here with a(i)
k using the local coordinates yi, xi, we obtain that

they can be glued together to define a section

∆ := a4
3 + a3

1a
3
3 + a4

1(a2
4 + a2

1a3a4 + a2a
2
3 + a2

1a6) ∈ Γ(B,L⊗−12). (4.4.16)

This section is called the discriminant of a jacobian elliptic fibration. The fibration is elliptic if and
only if ∆ 6= 0.

In particular, if ∆ 6= 0, then we see that at least one of the coefficients a1 and a3 must be non-
zero. In this case, we may not be able to split E2 or E3. In general, the coefficients (a1, a2, a3, a4, a6)
define a section of an affine bundle of rank 6 with transition functions



1

a
(i)
1

a
(i)
2

a
(i)
3

a
(i)
4

a
(i)
6


=



1 0 0 0 0 0
0 cij 0 0 0 0
0 0 c2

ij 0 0 0

0 0 0 c3
ij 0 0

0 0 0 0 c4
ij 0

0 0 0 0 0 c6
ij





1 0 0 0 0 0
0 1 0 0 0 0

γij + α2
ij αij 1 0 0 0

0 γij 0 1 0 0
γ2
ij αijγij + βij 0 αij 1 0

β2
ij + γ3

ij γijβij γ2
ij βij γij 1





1

a
(j)
1

a
(j)
2

a
(j)
3

a
(j)
4

a
(j)
6


(4.4.17)

We may locally kill the coefficient a(i)
2 by replacing xi with xi + a

(i)
2 . In order to eliminate a2

in the global equations, we must have αij = 0 if a(i)
1 6= 0 and α2

ij + γij = 0 if a(i)
6 6= 0. We can

achieve this if E2 and E3 split.

• Case 3: f : X → B is an elliptic fibration and p = 3

Replacing yi with yi + 1
2(a

(i)
1 xi + a

(i)
3 ), we may assume that a(i)

1 = a
(i)
3 = 0. In order to preserve

this form in the global equation, we must have γij = βij = 0. Then, E3 must split into a direct sum
E2 ⊕ L⊗3, but E2 may not split. We obtain the global Weierstrass equation

y2 + x3 + a2x
2 + a4x+ a6 = 0. (4.4.18)

Here, a2 is a section of L⊗−2. On the other hand, (a2, a4, a6) is a section of a rank 3 affine bundle
with transition functions

1

a
(i)
2

a
(i)
4

a
(i)
6

 =


1 0 0 0
0 c2

ij 0 0

0 0 c4
ij 0

0 0 0 c6
ij




1 0 0 0
α2
ij 1 0 0

−αijβij −γij 1 0
β2
ij + γ3

ij γ2
ij γij 1




1

a
(j)
2

a
(j)
4

a
(j)
6

 (4.4.19)

Computing partial derivatives, we find that Xη is smooth if and only if

a3
4 + 2a2

2a
2
4 + a3

2a6 6= 0,
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where we consider the coefficients as rational functions on B. The expressions a(i)
4

3 + 2a
(i)
2

2a
(i)
4

2 +

a
(i)
2

3a
(i)
6 glue together to a section

∆ := a3
4 + 2a2

2a
2
4 + a3

2a6 ∈ Γ(B,L⊗−12). (4.4.20)

The generic fiber Xη is an elliptic curve if and only if ∆ 6= 0.

• Case 4: f : X → B is a quasi-elliptic fibration and p = 2

In this case, the expression ∆ from (4.4.15) must be equal to zero after passing to an inseparable
cover of k(B), but it cannot be equal to zero over k(B). We use (4.4.13), where we assume that the
coefficients are rational functions on B.

If a1 6= 0, then we replace a1x + a3 with x′ to assume a3 = 0, a1 = 1. Then, we replace y with
y+a4 and may assume that a4 = 0. The discriminant ∆ becomes equal to a2

6. Thus, the curve is not
smooth if and only if a6 = 0. However, in this case it is also a non-regular point contradicting the
assumption. So, a1 = 0 and then, formula (4.4.15) shows that a3 = 0. Replacing xi with xi + a2

3 ,
we may assume that the local equation becomes

y2
i + x3

i + a
(i)
4 x+ a

(i)
6 = 0

Taking the partial derivative with respect to the xi’s, we see that x2
i + a

(i)
4 and y2

i + a
(i)
6 both must

vanish at a singular point of W .

Putting these observations together, we have thus shown that the fibration is quasi-elliptic if and
only if a(i)

4 or a(i)
6 is not a square in k(B).

Since a(i)
2 = a

(i)
3 = 0, the transition functions (4.4.17) show that γij = α2

ij . This allows to define
the global Weierstrass equation

y2 + x3 + a4x+ a6 = 0. (4.4.21)

The coefficients (a4, a6) are sections of an affine bundle A2 of rank 2 with transition functions
defined by matrices  1

a
(i)
4

a
(i)
6

 =

1 0 0
0 c4ij 0
0 0 c6ij

 1 0 0
γ2ij 1 0

β2
ij + γ3ij γij 1

 1

a
(j)
4

a
(j)
6

 (4.4.22)

If E2 and E3 split, then we may choose γij = βij = 0, and obtain that a4 ∈ Γ(C,L⊗−4) and
a6 ∈ Γ(C,L⊗−6). If a(i)

4 = b2i is a square in K, then the ideal of the cusp is given by xi + bi = 0
and it must be preserved under the transition functions. We have

xi + bi = c2
ijxj + γij + c2

ij(bj + γij)

= c2
ij(xj + bj) + (c2

ij + 1)γij .

Assume that degL = −χ(B) < 0. Then, ciij 6= 1, i > 0, and hence γij = 0.
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Remark 4.4.4. Suppose [K(a
1/2
4 , a

1/2
6 ) : K] = 2 (for example, if K = k((t)) or k(t))). If a4 is not

square in K, then we can write a6 = s2a4 + r2, and replacing y with y + r, we may assume that
r = 0 and a6 = s2a4. Now, replacing (x, y) with (x + s2, y + sx + s3), we get the Weierstrass
equation y2 + x3 + (a + s4)x = 0 with a6 = 0. The problem with this simple equation is that we
cannot globalize it: because in order to so, we would have to be able to choose γ = α = β = 0,
which may not always be possible.

• Case 5: f : X → B is a quasi-elliptic fibration and p = 3

We argue as in the previous case. First, we show that a1 = a3 = 0. If a2 6= 0, then we can
eliminate a4 by replacing x with x − 1

2a
−1
2 a4. Then, the formula for the discriminant implies that

a6 = 0 and hence, (x, y) = (0, 0) ∈ Xη is a singular point and Xη is not regular. So, we may
assume that a2 = 0 and the formula for the discriminant implies a4 = 0. This gives us local
equations of the form

y2
i + x3

i + a
(i)
6 = 0. (4.4.23)

The fibration is quasi-elliptic if and only if a(i)
6 is not a cube in OB(Ui). The local equations can be

glued together to a global Weierstrass equation of the form

y2 + x3 + a6 = 0. (4.4.24)

only if αij = βij = 0, that is, E2 may not split, but E3 has to split as E3
∼= E2 ⊕ L⊗3. We have

a
(i)
6 = c6

ij(a
(j)
6 + γ3

ij). (4.4.25)

This finishes our case-by-case analysis.

Of course, we can use equation (4.4.13) in all Cases 1, 2, and 3 from above, that is, in the cases
where the fibration is generically smooth, that is, is elliptic. Following [683], we can unify the
formulas for the discriminant in these cases by introducing the following expressions

b2 := a2
1 − 4a2

b4 := a1a3 − 2a4

b6 := a2
3 − 4a6

b8 := a1a3a4 − a2
4 − a2

1a6 − a2a
2
3 + 4a2a6.

(4.4.26)

In terms of these, we have the following

Proposition 4.4.5. The expression

∆ = −b22b8 + 9b2b4b6 − 8b34 − 27b26,

is equal to the discriminant of an elliptic fibration (up to multiplying by an integer scalar).

Proof. Assume p 6= 2, 3. Then a1 = a3 = a2 = 0 and we obtain

b2 = 0, b4 = 2a4, b6 = −4a6, b8 = −a2
4.
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This gives
∆ = −8b34 − 27b26 = −26a3

4 − 3324a2
6 = −24(4a3

4 + 27a2
6),

which agrees with formula (4.4.15).

Next, assume p = 2. Then

b2 = a2
1, b4 = a1a3, b6 = a2

3, b8 = a1a3a4 + a2
4 + a2

1a6 + a2a
2
3.

This gives

∆ = b22b8 + b2b4b6 + b26 = a4
3 + a3

1a
3
3 + a4

1(a2
4 + a2

1a3a4 + a2a
2
3 + a2

1a6),

which agrees with formula (4.4.16).

Finally, assume p = 3. Then a1 = a3 = 0 and

b2 = −a2, b4 = −a4, b6 = −a6, b8 = −a2
4 + a2a6.

This gives
∆ = −b22b8 + b34 = −a2

2(a2
4 + a2a6)− a3

4,

which agrees with formula (4.4.20).

We can simplify the formula for ∆ further by introducing

c4 = b22 − 24b4
c6 = −b32 + 36b4b2 − 216b6.

Then, we have
1728∆ = c3

4 − c2
6.

(If p = 2, 3, then this formula is also true, but there, it becomes 0 = 0, which has not much content.)
From now on we use this expression for the discriminant of an elliptic fibration.

The rational function on B
j := c3

4/∆ (4.4.27)

is called the absolute invariant or the j-invariant of the elliptic fibration.

We have

j =


1728

4a3
4

4a3
4+27a2

6
if p 6= 2, 3,

a12
1
∆ if p = 2,
a6

2
∆ if p = 3.

(4.4.28)

and we refer to [663], Appendix A for further details. The significance of the absolute invariant lies
in the following proposition, which shows that it classifies elliptic fibrations geometrically, that is,
up to finite covers of the base.

Proposition 4.4.6. Let C be a global or local. Then, two relatively minimal jacobian fibrations
f : X → C and X ′ → C admit isomorphic relative minimal models over some separable finite
cover C ′ → C if and only if their absolute invariants are equal.
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Proof. A finite separable cover C ′ → C is determined, via the normalization, by the field extension
K ′/K of their rational function fields. Applying the theory of relative minimal models, it is enough
to assume that f and f ′ are elliptic curves over the field K. Let e ∈ X(K) and e′ ∈ X ′(K).
Suppose the X and X ′ become isomorphic over some separable finite extension K ′/K. After
composing with a translation automorphism of X , we may assume that we have an isomorphism
φ : X → X ′ of elltiptic curves sends e to e′.

Then, the isomorphism φ gives rise to an isomorphism φ : W → W ′ of the Weierstrass models
defined over K ′. Let En, L, E ′n, and L′ be the OC′-modules defined in the previous discussion,
which we may regard as linear spaces overK. An isomorphism φ defines isomorphisms ω → ω′ and
En → E ′n. These are given by invertible matrices with entries in K ′. It follows that an isomorphism
W → W ′ is given by a projective automorphism of the form (z, x, y) = (z, c2x′ + γz′, c3y′ +
c2αx′ + βz′) that preserves the Weierstrass equations.

First, assume that we are in Case 1, that is p 6= 2, 3. Then, we have α = β = γ = 0. Thus, the
automorphism is given by (x, y, z) = (c3y, c2x, z). The projective curves V (y2z + x3 + a4xz

2 +
a6z

3) and V (y2z + x3 + a′4xz
′2 + a′6z

′3) are isomorphic if and only if a2 = a′2c
4 and a6 = a′6c

6.
This gives the equality of their absolute invariants. Conversely, assume j = j′ and a4, a6 6= 0. We
get a2

6/a
′
6

2 = a3
4/a
′
4

3. Let K ′/K be a separable extension such that these ratio is of the form c6 for
some c ∈ K ′. Then the projective transformation (x, y, z) = (c3y, c2x, z) defines an isomorphism
XK′

∼= X ′K′ . If j = j′ and a4 = a′4 = 0, then we have a6, a
′
6 6= 0. Then we find K ′/K containing

c = (a6/a
′
6)1/6 and we can define an isomorphism XK′ → X ′K′ . If j = j′ and a6 = a′6 = 0, then

a4, a
′
4 6= 0 and we find K ′/K containing c = (a4/a

′
4)1/4 and define an isomorphism XK′ → X ′K′ .

Next, assume we are in Case 2, that is, p = 2 and the curves X and X ′ are smooth over K.
We use Weierstrass equation (4.4.13). Suppose X and X ′ become isomorphic over some separable
extension K ′/K. Arguing as in the previous case, we obtain a projective transformation

(z, x, y) = (z, c2x+ γz, c3y + c2αx+ βz) (4.4.29)

with coefficients c ∈ K ′∗, α, β, γ ∈ K ′. The transition formulae for the coefficients of the Weier-
strass equation easily give that j = j′. Conversely, assume that j = j′. We know that (a1, a3) and
(a′1, a

′
3) are not equal to (0, 0). Assume a1 = 0. Then ∆ = a4

3 6= 0 and j = 0. Thus j′ = 0 and we
get a′1 = 0, a′3 6= 0. Now, we can get rid of the coefficients a2 and a′2. We can solve the equations

a3 = c3a′3, a4 = c4a′4 + c3αa′3 + α4,

a6 = c6a′6 + c4α2a′4 + c3(α3 + β)a′3 + β2

over a separable extensionK ′/K. The projective transformation (4.4.9) will define an isomorphism
X → X ′ over K ′.

Assume a1 6= 0. Then j = j′ implies that a′1 6= 0. Replacing x with a1x + a3 and x′ with
a′1x
′ + a′3, we get a3 = a′3 = 0 and a1 = a′1 = 1. Then j = j′ implies ∆ = a2

4 + a6 = ∆′ =
a′4

2 + a′6. Now, replace y with y + a4 and y′ with y′ + a′4. We get the Weierstrass equations
y2 + xy + x3 + a2x

2 + ∆ = 0 and y2 + xy + x3 + a′2x
2 + ∆ = 0. Let K ′ = K(α), where α is

a root of the separable equation t2 + t+ a2 + a′2 = 0. Then, the transformation (4.4.9) with c = 1
and γ = β = 0 yields an isomorphism of the Weierstrass models.
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Finally, let us consider Case 3, that is, p = 3 andX,X ′ are smooth overK. We check immediately
that j is an invariant under an isomorphism. Assume j = j′ = a2 = 0. Let c = (a4/a

′
4)1/4 so that

c4 = a4/a
′
4. Let γ be a solution of the separable equation t3 + a′4t − c2a′6 + a6 = 0. Then, the

transformation (4.4.9) with α = β = 0 defines an isomorphism of the Weierstrass models.

The proof of the previous proposition allows us to determine the automorphism group scheme
Aut(E)0 of an elliptic curve E over a field K, that is, the automorphism group scheme of the curve
E that send the distinguished point to itself, that is, the automorphism group scheme of E as an
abelian variety.

Let E be an elliptic curve over a field K with Weierstrass equation

y2 + a1xy + a3y + x3 + a2x
2 + a4x+ a6 = 0.

We have seen in the proof of the previous proposition that any automorphism of E as an elliptic
curve is a projective automorphism that preserves the Weierstrass equation. We now determine the
group scheme of automorphisms Autgr(E) of the elliptic curve E using the cases of above.

• Case 1, that is, p 6= 2, 3.

Here, a1 = a2 = a3 = 0 and the only possible automorphisms are the projective automorphisms
of the form. (z, x, y, z) = (z, c2x, c3y). Moreover, we have c4 = 1 if a4 6= 0 and c6 = 1 if a6 6= 0.
This gives

Autgr(E/K) ∼=


µ2,K if a4, a6 6= 0,

µ6,K if a4 = 0, or, equivalently, j = 0,

µ4,K if a6 = 0, or, equivalently, j = 1728.

• Case 2, that is, p = 2.

As we observed in the proof of the previous proposition, we may assume that either a1 = 1, a3 =
a4 = 0 if j 6= 0, or a1 = a2 = 0, a3 6= 0 if j = 0.

If j 6= 0, then the only possible automorphism is given by the projective automorphism g :
(z, x, y, z) = (z, x, y + x). If j = 0, then an automorphism is given by (4.4.9), where γ = α2, and

c3 = 1, (1 + c)a4 + a3α+ α4 = 0, cα2a4 + (α3 + β)a3 + α6 = β2 + βa3 + α2a4 + α6 = 0.

The group scheme of automorphisms is étale of order 24. The kernel of the homomorphism
Aut(E) → µ3,K , g 7→ c is isomorphic to a separable form of the quaternion group Q8. Its center
is isomorphic to µ2,K and is generated by the transformation g1 with c = 1, α = 0, β = a3. The
quotient is a separable form of the group (Z/2Z)2

K . In fact, it is not too difficult to see that this
group scheme is a separable form of the constant group scheme that is isomorphic to the binary
tetrahedron group of order 24, which is also isomorphic to the group SL(2,F3).

• Case 3, that is, p = 3.
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If j 6= 0, then the only possible automorphism is given by y → −y, x→ x.

Assume j = 0. Then, an automorphism is given by (4.4.9), where we drop the indices, with
c4 = 1, α = β = 0 and γ equal to a root of the separable equation t3 + a4t+ (1− c2)a6 = 0. It is
a group scheme of order 12. It admits a homomorphism onto µ4,K , whose kernel a separable form
of the group (Z/3Z)K .

Summarizing our calculations, we have the following.

Proposition 4.4.7. Let E be an abelian curve over a field K. Then, Autgr(E/K) is a separable
form of a constant group scheme G over K, where G is as follows

G ∼=



Z/2Z if j 6= 0, 1728,

Z/4Z if p 6= 2, 3, j = 1728,

Z/6Z if p 6= 2, 3, j = 0,

SL(2,F3) if p = 2, j = 0 = 1728

Z/6Z o Z/2Z if p = 3, j = 0 = 1728.

Example 4.4.8. Let y2 + x3 + a4x+ a6 = 0 be the Weierstrass equation of an elliptic curve E over
a field K of characteristic p 6= 2, 3. Let α ∈ K∗ \K∗2. The curve E′ = V (αy2 + x3 + a4x+ a6)
becomes isomorphic to E over the quadratic field extension K(α). In fact, E′ is an elliptic curve
with Weierstrass equation y2 +x3 +αa4x+α2a6 = 0. One says that E′ is the quadratic twist of E
with respect to α, see also [663], Chapter X. By Proposition 4.4.6, the absolute invariants of E and
E′ must be equal, but in this explicit case, this is also follows from a straight forward computation
with their Weierstrass equations.

Quite generally, an elliptic curve E′ over K that becomes isomorphic to E over some finite (and
separable) field extensionK ′/K is called a (separable) form or a (separable) twist ofE overK. By
Proposition 4.4.6, an elliptic curve E′ is a separable form of E if and only if j(E) = j(E′). Quite
generally, separable twists ofE are classified by the cohomology setH1(Gal(K̄/K),Aut(E)(K̄)),
which is an abelian group if Aut(E)(K̄) is an abelian group and which is merely a pointed set in
the general case. Since Autgr(E/K) is always a finite and étale group scheme over K, it follows
that any twist (a priori not necessarily separable or finite) of E is in fact a finite and separable twist
of E.

Moreover, Proposition 4.4.7 tells us that there are three possibilites for Aut(E)(K̄) (note that
we assume p 6= 2, 3 in this example). If Aut(E) ∼= µ2,K , then it follows from Kummer theory
that H1(Gal(K̄/K),Aut(E)(K̄)) is an abelian group that is isomorphic to K∗/K∗2. In this case,
every separable form is obtained as in the example just discussed and we refer to [663], Proposition
X.5.4 for the details. However, if Aut(E)(K̄) is a cyclic group of order 4 or 6, then we have more
separable forms and we refer again to [663], Proposition X.5.4 for details and equations.

Proposition 4.4.9. Let f : X → C be a minimal jacobian elliptic fibration over a one-dimensional
base C. Let div(∆) be the zero subscheme of C defined by the discriminant ∆ ∈ Γ(C,L⊗12). Then

1. t ∈ div(∆) if and only if Xt is not smooth.

2. If C is global, then deg div(∆) = c2(X) = e(X) ≥ 0 and the following assertions are
equivalent:
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(a) deg div(∆) = 0,

(b) L⊗12 ∼= OC ,

(c) f is a smooth morphism,

(d) there exists a finite étale cover C ′ → C such that X ×C C ′ ∼= C ′ × E, where E is an
elliptic curve over k.

In these equivalent cases, all fibers of f are isomorphic, e(X) = 0, and χ(OX) = 0. If f is
not smooth, then e(X) = 12χ(OX) > 0.

Proof. (1) It follows from the construction of the Weierstrass model that the map φ : X → W
to the Weierstrass model is a birational morphism, which contracts all irreducible components of
closed fibres Xt except the components Xo

t that contain the intersection point Xt ∩ E. It follows
from Kodaira’s classification of the degenerate fibres that Xt is either irreducible, and hence u(t) :
Xt → Wt is an isomorphism, or that Xt is reducible and that the component Xo

t is isomorphic to
P1. Hence, Wt is a rational curve and thus, not smooth. This shows that Wt is singular if and only
if Xt is singular.

(2) We know from Corollary 4.3.8 that degL = −χ(OX). Applying Noether’s Formula, we
obtain deg div(∆) = degL⊗12 = 12χ(OX) = c2(X) = e(X). Also, since an invertible sheaf
of degree 0 is isomorphic to OC if and only if it has a nonzero section, we see that (a) and (b) are
equivalent. It follows from Proposition 4.1.12 that e(X) ≥ 0 and that e(X) = 0 if and only if f is
smooth. In particular, χ(OX) ≥ 0 and χ(OX) = 0 if and only if f is smooth. This shows that (a)
is equivalent to (c).

The implication (d)⇒(c) is easy and if (d) holds, then all fibers of f are isomorphic. Thus, it
remains to show the implication (c)⇒(d).

Assume now that f is a smooth morphism, suppose p 6= 2, 3, and let φ : C ′ → C be an étale
cyclic cover of degree 12 that trivializes L, that is, φ∗L ∼= OC′ . The elliptic fibration f ′ : X ′ =
X ×C C ′ → C ′ has a trivial sheaf R1f ′∗OX′ . It follows from the construction of the Weierstrass
model W ′ that all its coefficients are sections of OC′ , hence they are constants. This shows that W ′

is isomorphic to the product C ′ × E. Since u : X ′ → W is an isomorphism in this case, we obtain
that X ′ is a product, too. This proves the implication (c)⇒(d) in the case p 6= 2, 3.

The implication (c)⇒(d) if p = 2, 3 is more involved. We now give a rather abstract and technical,
but also conceptual, argument that works for all characteristics. Here, we use the construction of a
fine moduli space of elliptic curves together with a level structure, see, for example, [154]. Since
f is smooth, the morphism f : X → C defines on X a structure of an abelian scheme A over C
(a relative elliptic curve). Let ` > 3 be a prime number that is different from p. The `-torsion `A
is a relative étale group scheme of degree `2 over C and we set C ′ :=` A. Then, we consider the
pull-back X ′ = X ×C C ′ → C ′, which is an abelian scheme over C ′. We have that `A′ gives
rise a nonzero section of X ′ → C ′, hence defines a smooth family of elliptic curves equipped with
a nontrivial `-torsion point. Since ` > 3, there exists a fine moduli scheme M0(`) for families
of elliptic curves with a non-trivial `-torsion section. Thus, our family X ′ → C ′ gives rise to a
classifying morphism C ′ →M0(`). It is known thatM0(`) is affine. Since C is global, it is proper
and thus, the classifying morphism C ′ → M0(`) must be constant. SinceM0(`) is a fine moduli
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space, the family X ′ → C ′ is isomorphic to the pull-back of the universal family overM0(`) via
the classifying morphism. Since the classifying morphism is constant, it follows that X ′ → C ′ is
isomorphic to the trivial family, which establishes (c)⇒(d).

Let us assume now that C = P1, that is, we study (quasi-)elliptic fibrations over P1. Here, some
of the previous discussions simplify (for example, it is easier to determine whether the sheaves E2 or
E3 are split, as is the computation with singular fibers) and this case will be of particular interest for
the study of (quasi-)elliptic fibrations on Enriques surfaces and rational surfaces. Let n = χ(OX).
It follows from Theorem 4.1.6 that

L = R1f∗OX ∼= OP1(−n). (4.4.30)

In particular, H1(P1,L⊗k) = 0 if k > 0 and hence

E2
∼= gr(E2) ∼= OP1 ⊕OP1(−2n),

E3
∼= gr(E3) ∼= OP1 ⊕OP1(−2n)⊕OP1(−3n).

Then, we can unite the five cases by writing the general global Weierstrass equation

y2 + a1xy + a3y + x3 + a2x
2 + a4x+ a6 = 0, (4.4.31)

where
ak ∈ H0(P1,L⊗−k) = H0(P1,O(kn))

and where we realize the Weierstrass model as

W ⊂ P(OP1 ⊕OP1(−2n)⊕OP1(−3n)).

Locally, yi (resp. xi) generates the subsheafL⊗3 (resp. L⊗2) of E3. It defines a section of E3⊗p∗L⊗3

(resp. E3⊗p∗L⊗2). Hence, the right-hand side of the global Weierstrass equation can be considered
as a section of E3 ⊗ f∗L⊗6 or as a section of OX(3E)⊗ p∗L⊗6 = OX(3E)⊗ f∗OP1(6n).

The inclusion of the symmetric algebras S•(E2) ⊂ S•(E3) defines a rational map P(E3) 99K
P(E2). It is the projection map from the section φ(E). The restriction of this projection to W is a
cyclic double cover

π : W → P(E2) ∼= P(OP1 ⊕OP1(−2n)). (4.4.32)

The surface P(E2) is a minimal ruled surface F2n. The image of E is the section of P(E2) defined by
the surjection E2 → L⊗2. It is the exceptional section e with self-intersection −2n. The blow-down
of this section defines a birational morphism F2n → P(1, 1, 2n) onto the weighted projective plane
P(1, 1, 2n), which is isomorphic to the projective cone over the Veronese curve ν2n(P1) of degree
2n in P2n.

Let W̄ be obtained fromW by blowing down the section E (recall that its self-intersection is equal
to −2n). Then, we obtain an embedding

W̄ ↪→ P(1, 1, 2n, 3n)

and it is given by equation (4.4.13) of degree 6n where the weights of y, x are equal to 3n, 2n and
the coordinates t0, t1 on P1 are of weight 1. The image of E under the composition X →W → W̄
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is the point with coordinates [0, 0, 1, 1]. In the case n = 1, this is an equation for the anti-canonical
model of a del Pezzo surface of degree 1.

If f is an elliptic fibration, then the map π : W̄ → F2n is a split cyclic cover of degree 2 given by
the data (OX((n+ 1)f+ 2e), s), where the zero scheme of the section s is equal to the union of the
exceptional section e and a divisor from the linear system |3nf + 2e|. The canonical class formula
tells us that

ωW̄
∼= π∗OP1(−2(n+ 1)f− 2e)⊗OP1(3nf + 2e) ∼= π∗OP1(n− 2). (4.4.33)

Since the morphism X → W blows down nodal cycles of type Ak, Dk, Ek, all singular points of
W are rational double points. This gives an isomorphism

ωX ∼= f∗OP1(n− 2). (4.4.34)

Applying Riemann-Roch, this confirms in this case the formula n = −χ(OX) that we already
established in Corollary 4.3.8. For example, if n = 1, then we conclude that X is a rational elliptic
surface and if n = 2, then X is a K3 surface.

If p = 2 and if the fibration is quasi-elliptic, then the cover π : W̄ → F2n is inseparable.
More precisely, it is a µ2-cover defined by the invertible sheaf OX(3nf + 2e). The formula for the
canonical class of X is the same.

We now return to the general study of jacobian (quasi-)elliptic fibrations. Our next task is to
determine the types of fibres of a jacobian fibration f : J → C in terms of the coefficients of the
Weierstrass modelW of f . We know that the morphism Φ : J →W blows down those components
of reducible fibres Jc that do not meet the zero section E. The type of a reducible fiber can be read
off from the type of the corresponding rational double point on W .

To determine the type of a singular fibre, we may assume that C is local. In fact, we may as-
sume that C is even strictly local, i.e., C = Spec k[[t]]. Then, the sheaves ω, En can be iden-
tified with modules over k[[t]]. Since the fibration f : X → C is relatively minimal, any auto-
morphism of the generic fiber extends to an isomorphism over C. Assume (a1, a2, a3, a4, a6) =
(ta′1, t

2a′2, t
3a3, t

4a′4, t
6a′6). Then the generic fibers of the Weierstrass models with coefficients

(a1, a2, a3, a4, a6) and (a′1, a
′
2, a
′
3, a
′
4, a
′
6) are isomorphic via x = t2x′, y = t3x′. However, the

isomorphism on generic fibers does not extend to an isomorphism of the Weierstrass models since
t is not invertible on C. By successively performing isomorphisms of generic fiber of this form, we
may eventually assume that the order of vanishing satisfies

ν(ak) < k (4.4.35)

for at least one nonzero coefficient ak.

We now shortly discuss Tate’s algorithm that determines the type of a singular fiber given a Weier-
strass equation W of some elliptic fibration f : X → C = Spec k[[t]]. For further details and for
the more involved computations if p = 2, 3 we refer to Tate’s original article [684] or to [664],
Chapter IV.9. Since C is strictly local, the sheaves E2 and E3 split into invertible sheaves. We as-
sume p 6= 2, 3 and thus, we may assume that we have a Weierstrass equation of the form (4.4.14),
that is,

W : y2 + x3 + a4x+ a6 = 0
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for some a4, a6 ∈ k[[t]]. By (4.4.35), we may assume that ν(a4) < 4 or ν(a6) < 6.

First, concerning the regularity of W : taking the partial derivatives with respect to x, t, y we find
that the scheme W ⊂ A2

R is not regular if and only if

3x2 + a4, −2x3 + a6,
da4

dt
x+

da6

dt

vanish at some point (t, x, y) = (0, x0, 0). The first two conditions imply that ∆ = 4a3
4 + 27a2

6

vanishes at t = 0, which is equivalent to saying that the special fiber of f : X → C is singular. The
remaining condition implies that either da4

dt and da6
dt both vanish at t = 0 or else that da4

dt does not
vanish and then a4(da4

dt )2 = 3(da6
dt )2.

Next, assume that W is regular, that is, the morphism φ : X → W over C is an isomorphism.
Then, the closed fiber of W is irreducible with Weierstrass equation y2 +x3 + a4(0)x+ a6(0) = 0.
If ∆ = 4a3

4 + 27a6 does not vanish at t = 0, then this fiber is smooth. Otherwise, it is a cuspidal or
a nodal rational curve.

In particular, we obtain that, ifW is regular, the fiber is cuspidal if and only if ν(a4) ≥ 1, ν(a6) =
1.

Case (a): a4 = 0.

After possibly scaling y, x by an invertible element of k[[t]], we may assume that a6 = tn with
1 ≤ n ≤ 5. If n = 1, then W is regular and the closed fiber is of type A∗∗0 , a cuspidal cubic.
Otherwise, W has a rational double point of type A1, D4, E6, E8 if n = 2, 3, 4, 5, respectively. In
this case, the closed fiber is of type Ã∗1, D̃4, Ẽ6, Ẽ8 if n = 2, 3, 4, 5, respectively.

Suppose now that a4 6= 0. After scaling, we may assume that a4 = tm and a6 = εtn, where ε is a
unit.

Case (b): a4 6= 0 and m < 4.

If m = 0, then ∆ = 4a3
4 + 27a2

6 does not vanish at t = 0 if n > 0. So, in this case W is regular
and its closed fiber is a nonsingular elliptic curve with equation y2 + x3 + x = 0.

If n = 0, then W is not regular if ∆(0) = 4 + 27ε(0)2, and da6
dt (0) = 0. We write ε = ε(0) + tkη

for some unit η. If k = 1, then the scheme W is regular. If k > 1, then we write x3 + x + ε(0) =

(x− α)2(x+ ε(0)
α2 ), where −2α3 + ε(0) = 0. We find a singular point (α, 0, 0) and the singularity

is formally isomorphic to the singularity V (xy + tk), that is, a rational double point of type Ak−1,
and the fiber is of type Ãk−1. We also have ν(∆) = ν(4 + 27(ε(0) + tkη)2) = ν(54tkη) = k.

If m = 1, then ∆ = 4t3 + 27t2nε2. If n = 0, then ∆(0) 6= 0 and W is regular and the fiber is
isomorphic to V (y2 + x3 + ε(0)), which is an elliptic curve with j = 0. If n > 0, then the equation
is of the form y2 + tx+ tnε+ · · · . It is regular if n = 1 and an ordinary double point if n > 1. In
the former case, the fiber is of type Ã∗∗0 , a cuspidal cubic. In the latter case, we obtain that the fiber
is of type Ã∗1, a nodal cubic. We also have ν(∆) = 2 in the first case and ν(∆) = 3 in the second
case.

If m = 2, then ∆ = 4t6 + 27t2nε2. If n = 0, then the fiber is nonsingular, and if n = 1, then W is
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regular, and the fiber is a cuspidal cubic. If n = 2, then f is a semi-quasi-homogeneous polynomial
with quasi-homogeneous part f1 = y2 + x3 + ε(0)t2 of type A2 (see Remark 0.4.14). Thus, the
singular point is of type A2 and the fiber is of type Ã∗2. We find also that ν(∆) = 4.

If m = 2 and n > 3, then f is a semi-quasi-homogeneous polynomial with quasi-homogeneous
part f1 = y2 +x3 +t2x of typeD4. Thus, the singular fiber is of type D̃4. Applying Remark 0.4.14,
we obtain that the singularity is of type D4. Thus, the singular fiber is of type D̃4. We also find that
ν(∆) = 6. Finally, if n = 3, then ∆ = (4 + 27ε(0)2)t6 with ν(∆) = 6 + ν((4 + 27ε(0)2) = 6 + k.
We can rewrite the equation in the form y2 + (x + αt)2(x + βt) + tk+3η = 0, where 3α2 = −1,
α2β = ε(0), and η is a unit. Replacing x+ α with x, we find a semi-quasi-homogeneous equation
with quasi-homogeneous part f1 = y2 + x2t+ tk+3 of type Dk+4. This gives us a singular fiber of
type D̃k+4 and ν(∆) = 6 + k.

If m = 3, then ∆ = 4t9 + 27t2nε2. If ν(∆) = 2n ≤ 6, then we obtain the previous cases with the
same value of ν(∆). If n = 4, then ν(∆) = 8 and f is a semi-quasi-homogeneous polynomial with
the quasi-homogeneous part f1 = y2 + x3 + t3x of type Ẽ7. This gives us a singular fiber of type
Ẽ7.

Case (c): a4 6= 0 and n < 6.

After possibly re-scaling, we may assume that a4 = tmε with m > 3 and a6 = tn.

If n = 0 (resp. n = 1), then W is regular, the closed fiber is nonsingular (resp. a cuspidal cubic)
and ν(∆) = 0 (resp. 2).

If n = 2, 3, 4, 5, then f is a semi-quasi-homogeneous polynomial with the quasi-homogeneous
part f1 = y2+x3+tnx of typeA2, D4, E6, E8, respectively. The closed fiber is of type Ã∗2, D̃4, Ẽ6, Ẽ8,
respectively and we have ν(∆) = 4, 6, 8, 10, respectively.

We now summarize our computations in Table 4.1.

Type ν(a4) ν(a6) ν(∆) ν(j)

Ã0 0 ≥ 0 0 ≥ 0

Ã0 ≥ 0 0 0 ≥ 0

Ã∗0 0 0 1 −1

Ã∗∗0 ≥ 1 1 2 ≥ 1

Ã∗1 1 ≥ 2 3 0

Ã∗2 m ≥ 2 2 4 ≥ 1

Ãn 0 0 n− 1 1− n
D̃4 2 ≥ 3 6 ≥ 0

D̃4 3 2 6 ≥ 0

D̃4+k, k > 0 2 3 6 + k −6− k
Ẽ6 m ≥ 3 4 8 3m− 8

Ẽ7 3 n ≥ 5 9 0

Ẽ8 m ≥ 4 5 10 3m− 2

Table 4.1: Types of fibers of an elliptic fibration if p 6= 2, 3

Comparing ν(∆) and the `-adic Euler characteristic e(X0) of the closed fiber, we obtain that
ν(∆) = e(X0) If we also allow p = 2, 3, then it follows from [555] that we have more generally

ν(∆) = e(X0) + δ, (4.4.36)
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where δ is an invariant of the wild ramification that already occured in the Proposition 4.1.12 and
which can be non-zero only if p = 2, 3. The formula from this Proposition gives the following.

Corollary 4.4.10. Let f : J → C be a jacobian elliptic fibration over a global base C. Then

e(J) = deg ∆ = −12 degL.

As already mentioned above, there is also a Tate algorithm in small characteristics, that is, if
p = 2, 3. Then, the algorithm becomes a little bit involved and rather than reproducing it here, we
refer to [684] or [664], Chapter IV.9. As an application of Tate’s algorithm we obtain the following
Table 4.2.

Ã∗∗0 Ã∗1 Ã∗2 D̃4 D̃n, n > 1 Ẽ6 Ẽ7 Ẽ8

min ν(ai)
i

1
6

1
4

1
3

1
2

1
2

2
3

3
4

5
6

extra condition − − ν(b6) = 2 ν(d) = 6 ν(d) > 6, ν(a2
2 − 3a4) = 2 ν(b6) = 4 − −

Table 4.2: Types of fibers of additive types

Here, we have

b6 = a2
3 − 4a6

d = Disc(x3 + a2x
2 + a4x+ a6) = −4a3

2a6 + a2
2a

2
4 + 18a2a4a6 − 4a3

4 − 27a2
6

We note that a simpler approach than a case-by-case analysis using Tate’s algorithm has been
given in [160].

For example, a fiber of additive type D̃n+4 occurs if and only if

• ν(a2) = 1,

• ν(ai) ≥ i
2 +

[
i−1

2

]
n
2 ,

• ν(d) = n+ 6 and ν(b6) ≥ n+ 3 if 2|n and = n+ 3 otherwise.

Note that can combine Ogg’s formula (4.4.36) together with Table 4.2 to compute the value of the
invariant of wild ramification δ. We illustrate this with an example.

Example 4.4.11. Consider the Weierstrass equations

y2 + t3y + x3 + tx2 + tx+ t = 0 if p = 2,

y2 + x3 + t4x+ t = 0 if p = 3.

These define elliptic fibrations over k[[t]]. Then, the Weierstrass model W is regular, we find ∆ =
t12, and we see that the type over t = 0 is a cuspidal cubic. Therefore, we conclude δ = 12−2 = 10,
which illustrates that the wild ramification invariant can become quite large.
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Next, we study jacobian quasi-elliptic fibrations and their associated Weierstrass equations. We
define a discriminant, a j-invariant, establish formulae similar to the ones for elliptic fibrations, and
show how to read off the type of the fibers from the coefficients of a Weierstrass equation. We
remind the reader that such fibrations can exist only in characteristic p = 2, 3.

First, we define the discriminant of a quasi-elliptic fibration. To point out the obvious, no fiber of
a quasi-elliptic fibration f : X → C is smooth and the generic fiber has a cusp over the algebraic
closure of k(C). Therefore, the zero locus of the discrimant will correspond to those fibers of f that
are more singular than the cusp inherited from the generic fiber, see also Proposition 4.4.12 below.

In the following discussion, the base B = C may be global, local, or strictly local. After covering
C by sufficiently small open affines, we have local Weierstrass models y2

i + x3
i + a

(i)
4 xi + a

(i)
6 = 0,

see Cases 4 and 5 in the above discussion. The singular points of these models satisfy x2
i +a

(i)
4 = 0

and xida
(i)
4 + da

(i)
6 = 0. The transition functions for a(i)

4 and a(i)
6 show that the maps a(i)

4 → da
(i)
4

and a(i)
6 7→ da

(i)
6 can be glued together to define global sections da4 ∈ H0(L−4 ⊗ ωC) and da6 ∈

H0(L−6 ⊗ ωC). After squaring, we define ∆i := a
(i)
4 (da

(i)
4 )⊗2 + (da

(i)
6 )⊗2. One can immediately

check that the ∆i’s glued together to a global section

∆ := a4da
⊗2
4 + da⊗2

6 ∈ Γ(C,L⊗−12 ⊗ ω⊗2
C ). (4.4.37)

We call ∆ the discriminant of a quasi-elliptic fibration. In characteristic 3, we may assume that
the local Weierstrass models satisfy a(i)

4 = 0 (see the discussion of Case 5 above) and in particular,
we can arrange ∆ to be of the form da⊗2

6 . In both characteristics 2 and 3, it is easy to see that the
singularities of W lie over the zeros of the discriminant ∆ in C.

Now, if C is global, comparing with formulas (4.1.7) and Theorem 4.1.6, we obtain

deg ∆ = 12χ(OJ)− 2χ(OC) = e(X)− e(C)e(Jη) =
∑
s∈C

(e(Js)− e(Jη)). (4.4.38)

This is similar to the formulae for an elliptic fibration, where ∆ ∈ H0(C,L⊗−12).

For any closed point s ∈ C, we have the local ring OC,s, which comes with a discrete valuation
νs : OC,s → Z. We define νs(∆) to be νs(∆(t)), where t is a local parameter of OC,s and where
we write locally ∆ = ∆(t)dt in OS,s. It is easy to check that this is well-defined, that is, does not
depend on the choice of the local parameter t. Below, we will see that if f : J → C is a jacobian
genus one fibration, then

νs(∆) = e(Js)− e(Jη) + δs,

which is a local version of (4.4.38) and which generalizes (4.4.36) from elliptic fibrations to arbitrary
jacobian genus one fibrations.

Proposition 4.4.12. Let ∆ be the discriminant of a jacobian quasi-elliptic fibration f : J → C and
let W → C be its Weierstrass model. Then,

1. t 6∈ ∆ if and only if Jt is irreducible if and only if W is regular over t.

2. If C is global, then deg ∆ = c2(J)− 4χ(OC).
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Proof. (1) By construction and our discussion above, t ∈ ∆ if and only if W is not regular over t.
On the other hand, W is not regular over t if and only if the contraction morphism J → C is not an
isomorphism, which is the case if and only if Jt is reducible.

(2) By the proof of Corollary 4.3.8, we have degL = degR1f∗OJ = −χ(OJ). We have deg ∆ =
−12 degL+ 2 degωC by (4.4.37) and thus, applying Noether’s Formula, we obtain

deg ∆ = 12χ(OJ) + 2 degωC = c2(J)− 4χ(OC).

By Corollary 4.3.22, a fiber of a jacobian quasi-elliptic fibration is irreducible if and only if it is
of type Ã∗∗0 , that is, an irreducible rational curve with a cusp. This is the generic case and thus, the
discriminant detects precisely those fibers of a quasi-elliptic fibration that are “more” singular than
the generic fiber or, equivalently, the reducible fibers of a jacobian quasi-elliptic fibration.

It follows from (2) that

χ(OJ) ≥ χ(OJ)− 1

12
deg ∆ =

1

3
χ(OC). (4.4.39)

In particular, if 3 does not divide χ(OC) (e.g. when C = P1), then the inequality is strict, which
implies deg ∆ > 0 and then, we have at least one reducible fiber.

Remark 4.4.13. Following [75, p. 203], there is a “ghost” of the classical absolute invariant or the
j-invariant for quasi-elliptic fibrations: let U be an open subset of C where ∆ does not vanish, i.e.
the fibers over points in U are irreducible. Then,

da⊗3
4

∆
=

da⊗3
4

a4da
⊗2
4 + da⊗2

6

∈ H0(U, ωU ), (4.4.40)

which should be compared to (4.4.27) and (4.4.28).

Finally, we study Tate’s algorithm for jacobian quasi-elltiptic fibrations. Let

y2 + x3 + a4x+ a6 = 0,

be the Weierstrass model of a quasi-elliptic fibration over the strictly local base k[[t]]. We con-
sider the left-hand-side polynomial as a formal singularity in k[[x, y, t]]. Since they arise from the
Weierstrass models of a jacobian quasi-elliptic fibrations, they are formally isomorphic to rational
double points. Moreover, since the equation is of the form y2 + f(x, t) if p = 2 and can be chosen
to be of the form x3 + f(y, t) if p = 3, these singularities arise as purely inseparable covers of
k[[x, t]] and k[[y, t]], respectively, that is, they are Zariski singularities, see Section 10.2 of Volume
2. In our case, it follows from the classification of reducible fibers of quasi-elliptic fibrations (see
Corollary 4.3.22) that the rational double points are of types A1, D

(0)
2k , E

(0)
7 , E

(0)
8 if p = 2 and of

types A2, E
(0)
6 , E

(0)
8 if p = 3. Here, the upper indices follow from the fact that the singularities

are Zariski. These singularities correspond to reducible fibers of respective types Ã∗1, D̃2k, Ẽ7, Ẽ8

if p = 2 and Ã∗2, Ẽ6, Ẽ8 if p = 3. We will now analyze the Zariski double points on the Weierstrass
models, which is sufficient to determine the singular fibers of the original quasi-elliptic fibration.
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We start with characteristic p = 2.

After a suitable change of variables from (x, y) to (t2ex, t3ey), we may assume that

ν(a4) < 4 or that ν(a6) < 6, (4.4.41)

see also the discussion around (4.4.35). If ν(a4) = 0 or ν(a4) = 1, then the ring k[[y, x, t]]/(f) is
regular, so the fiber is irreducible. If ν(a4) = 1, then f = y2 + xt + · · · and the singularity is an
ordinary double point of type A1. So, in the following we may exclude these cases.

By a change of coordinates y 7→ y+αx+ β, x 7→ x+α2, we may add α4 to a4 and add a square
(b+ α)2 to a6. Thus, we may assume that a4 (resp. a6) does not contain monomials of degree ≡ 0
mod 4 (resp. even degree). We can now write

a4 = t4k1+1α4
1 + t4k2+2α4

2 + t4k3+3α4
3 and a6 = t2k+1α2

4,

where the αi’s are units or zero. This can be rewritten in the form

a4 = t4s+2α4 + t2m+1β2 and a6 = t2k+1γ2, (4.4.42)

where α, β, γ are units or zeroes.

Case 1: γ = 0. Since a4 is not a square, we have β 6= 0.

If s 6= 0, then ν(a4) = 2m + 1 < 4 and hence, m = 1. We can write f = f1 + f2, where
f1 = y2 + x3 + t3x is a weighted homogeneous polynomial of degree 18 with weights (9, 3, 2) and
f2 does not contain monomials of degree ≤ 18. Applying Remark 0.4.14 and Theorem 0.4.13, we
see that the singularity is isomorphic to the rational double point of type E(0)

7 , which corresponds
to a fiber of type Ẽ7. On the other hand, if s = 0, then we get a singular point of type A1, which
corresponds to a fiber of type Ã∗1.

Case 2: β = 0. Since a6 is not a square, we have γ 6= 0.

In view of (4.4.41) and the excluded cases, it remains to consider the following cases:

(i) α = 0 or s > 0 and k = 1, 2;

(ii) α 6= 0 and s = 0;

First, assume that we are in case (i). Then, we can write f = f1 +f2, where f1 = y2 +x3 + t2k+1

is a weighted-homogeneous polynomial of degree 6 with weights (3, 2, 2) if k = 1 (resp. degree
30 with weights (15, 10, 6) if k = 2) and all monomials in f2 = c1t

4 + · · · are of degree > 6.
Applying Remark 0.4.14, we see that the singularity is isomorphic to the rational double point of
type D(0)

4 (resp. of type E(0)
8 ), which corresponds to a fiber of type D̃4 (resp. Ẽ8).

In case (ii), we replace x+ α2t by u and t by (u+ x)α−2 and rewrite the equation in the form

f = y2 + xu2 + (u+ x)2k+1ε2 = y2 + xu2 + xu2k + f2,

where f1 = y2 +xu2 +ux2k is a weighted homogeneous polynomial of degree 8k−2 with weights
(4k−1, 4k−2, 2) and no monomial entering in f2 has degree less than or equal to 8k−2. Applying
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Remark 0.4.14 and Theorem 0.4.13, we obtain that the singularity is a rational double point of type
D

(0)
4k .

Case 3: β 6= 0.

In view of (4.4.41), we have to consider the following cases:

(i) α = 0 or s > 0;

(ii) α 6= 0 and s = 0;

(iii) α 6= 0 and s > 0.

In case (i), we have f = y2+x3+t2m+1β2x+t2k+1γ2 = 0. First, assume thatm < k. Then,m =
1 and f is a semi-quasi-homogeneous polynomial with quasi-homogeneous part f1 = y2 +x3 + t3x

of type E7 (see Remark 0.4.14). Thus, f defines a rational double point of type Ẽ(0)
7 . Second, if

k ≤ m, then k = 1, 2 and we can write f = y2 + x3 + t2k+1 + f2, and similar arguments show that
the singularity is formally isomorphic to a double rational point of type D(0)

4 if k = 1 and of type
E

(0)
8 if k = 2.

In case (ii) and if k = 1, we can write f = y2 + x3 + t2x+ t3 + f2 and obtain a rational double
point of type D(0)

4 . If k > 1 and m < k, then we write

f = y2 + x(x+ tα2)2 + t2m+1(x+ tα2) + t2k+1γ2.

We replace x + tα2 by u and t by (x + u)α2 as in Case 2.(ii) and we write f as a semi-quasi-
homogeneous polynomial with quasi-homogeneous part f1 = y2 + xu2 + ux2m+1 of type D4m+2.
This gives us a rational double point of type D(0)

4m+2. If m ≤ k, then we write f = y2 + x(x +
tα2)2 + t2k+1 +xt2m+1 and making a similar change of variables we obtain a rational double point
of type D(0)

4k .

Assume that we are in case (iii). If ν(a4) < 4, then f = y2 + x3 + t3x + f2 is a semi-quasi-
homogeneous polynomial with quasi-homogeneous part of type E7 and we obtain a rational double
point of typeE(0)

7 . If ν(a4) ≥ 4, then ν(a6) = 2k+1 < 6, and we can write f = y2+x3+t2k+1+f2.
From this, we obtain a rational double point of type D(0)

4 if k = 1 and of type E(0)
8 if k = 3.

Next, we assume that p = 3.

After a suitably rescaling (x, y), we may assume that ν(a6) < 6. After possibly a cube to a6 a
cube, we may write

a6 = t3k+1α3 + t3m+2β3

for some k < m and where α, β are units or zero.

First, assume 3k + 1 < 3m + 2. Then, k = 0, 1 and we obtain a singular point that is formally
isomorphic to y2 + x3 + t3k+1 = 0. If k = 0, then it is nonsingular. If k = 1, then this is a rational
double point of type E(0)

6 .
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Second, assume 3k + 1 > 3m + 2. Then we have m = 0, 1. If m = 0, then we get a singular
point of type A2. If m = 1, then we get a singular point of type E(0)

8 .

The analysis of these singular points allows us to find the type of a singular fiber. We use the
normal form (4.4.42).

Char ν(a4) ν(a6) ν(∆) Type

any 1 0 Ã∗∗0
1 any 1 Ã∗1
> 3 3 4 D̃

(0)
4

p = 2 3 > 3 7 Ẽ
(0)
7

> 4 5 8 Ẽ
(0)
8

2 2k + 1 ≥ 5 4k D̃
(0)
4k

2,m > 1 > 2m+ 1 4m+ 2 D̃
(0)
4m+2

− 1 0 Ã∗∗0
p = 3 − 2 2 Ã∗2

− 4 6 Ẽ6

− 5 8 Ẽ8

Table 4.3: Types of degenerate fibers of a quasi-elliptic fibration

From this table, we conclude
ν(∆) = e(X0)− 2 (4.4.43)

4.5 Mordell-Weil lattices

Let f : J → C be a global jacobian genus one fibration. In Section 4.3, we introduced the Mordell-
Weil group MW(J/C), the abelian group of sections Jη(η). This maps to Num(J) and has triv-
ial intersection with Numfib(J), the subgroup of Num(J) generated by components of fibers of
f . It follows from the Shioda-Tate formula (4.3.1) that the subgroup of Num(J) generated by
Numfib(J), the zero section O, and MW(J/C) is of finite index. In this section, we study this
index in detail. Moreover, we study the intersection forms on Num(J) and Numfib(J) and the re-
lation to the intersection form on MW(J/C) coming from the canonical height pairing on Jη. For
further details, we refer the interested reader to [625], as well as to the book [627], which is entirely
dedicated to the theory of Mordell-Weil lattices.

Let f : J → C be a global and jacobian genus one fibration. If f is elliptic, then we will
assume that f is non-smooth. If f is quasi-elliptic, then we will assume that not all fibers of f are
irreducible. Then, χ(OJ) > 0 by Proposition 4.4.9 if f is elliptic and the proof of Corollary 4.3.6
if f is quasi-elliptic In particular, we have NS(J) = Num(J) and these groups have no torsion by
Proposition 4.3.5, see also Corollary 4.3.6.

The generic fiber Jη → η is an elliptic curve (resp. cuspidal rational curve) if f is elliptic (resp.
quasi-elliptic). Thus, the set of sections Jη(η) is an abelian group, the Mordell-Weil group of Jη or
f , which we denoted MW(J/C) in Section 4.3, see also Proposition 4.3.1. By the Mordell-Weil
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theorem (Theorem 4.3.3), this abelian group is finitely generated and the rank is called the Mordell-
Weil rank. Morever, the sections Jη(η) extend to divisors on J , which gives rise to a morphism of
abelian groups Jη(η)→ Pic(J).

Let us recall from Section 4.3 that we defined Picfib(J) to be the kernel of the restriction map
Pic(J) → Pic(Jη). Then, we defined Pic0(J) to be the kernel of Pic(J) → Pic(Jη) → Z, where
the last map is the degree map. We also defined Picfib(J/C) := Picfib(J)/f∗ Pic(C). Let Num0

and Numfib denote the images of Pic0 and Picfib inside Num(J). In Proposition 4.3.2 and (4.3.3),
we showed the isomorphisms

MW(J/C) = Jη(η) ∼= Pic0(J)/Picfib(J) ∼= Num(J)0/Numfib(J)

Next, the Shioda-Tate formula (4.3.1) expresses the Picard rank ρ(J) in terms of the Mordell-Weil
rank and the number of components of all reducible fibers. Thus, one should be able to describe
Num(J) in terms of MW(J/C) and Numfib(J/C). However, what makes the situation a little
bit subtle is the following: first, the Shioda-Tate formula is about ranks, which implies that the
sublattice generated by Jη(η) and Numfib(J) inside Num(J) is of finite index, but this index could
be large. Second, Num(J) comes with an intersection form, that is, it is a lattice, which should
somehow be explained by lattice structures on Numfib(J/C) and MW(J/C). In this section, we
study these two points.

First, we introduce several lattices. Let O be the zero section of f , considered as a divisor class
of J . Let T be the sublattice of Num(J) generated by Numfib(J/C) and O. Following [627],
we will call T the trivial lattice of the jacobian genus one fibration. We remind the reader that
we determined the lattice structure of Numfib(J/C) in Proposition 4.3.2. The trivial lattice has its
name from the fact that a basis and the intersection numbers can be determined quite easily from
the geometry of the reducible fibers and how they meet the zero section.

For a divisor class D we define degf (D) := D · F , where F is a fiber of f . Clearly, this number
depends only of the class [F ] ∈ Num(J). Recall that we have the class O of the zero section. Then,
we have a surjective homomorphism

Num(J) → MW(J/C) D 7→ D − (degf D)O mod Num(S)fib.

Its kernel is generated by Num(S)fib and O and thus, equal to the trivial lattice T . Thus, we obtain
an isomorphism

tr : Num(J)/T ∼= MW(J/C) (4.5.1)

and we will identify these two groups via this isomorphism. We denote by

M := T⊥ ⊂ Num(J)

the orthogonal complement of T inside Num(J) and call it the essential lattice. It follows from the
Hodge index theorem that M is negative definite.

The essential lattice leads to the Mordell-Weil lattice, the main topic of this section. Let

MW(J/C)fr := MW(J/C)/MW(J/C)tors

be the maximal free quotient of the Mordell-Weil group. We want to equip the dual group MW(J/C)∨fr
with positive definite quadratic form with values in Q. Above, we introduced the essential lattice
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M ⊂ Num(J). The intersection product induces a homorphism M → Num(J)∨ by sending m ∈
M to the linear function x 7→ 〈x,m〉. The image of M is equal to (Num(J)/T )∨ = MW(J/C)∨.
Passing to duals, we obtain an isomorphism

M ∼= MW(J/C)∨ := HomZ (MW(J/C),Z) (4.5.2)

and hence an isomorphism
φ : MW(J/C)fr → M∨. (4.5.3)

We have a symmetric bilinear Q-valued form on M∨(−1) and use φ to obtain such a form on
MW(J/C). By construction, we have

〈S, S′〉 = −φ(S) · φ(S′) ∈ Q (4.5.4)

and this is called the height pairing. Thus, MW(J/C)fr carries the structure of a quadratic Q-lattice,
which is dual to the negative definite lattice M .

Definition 4.5.1. The positive definite quadratic Q-lattice MWL(J/C) := MW(J/C)fr(−1) =
M∨(−1) is called the Mordell-Weil lattice of J/C.

Remark 4.5.2. The name “height pairing” needs some explanation: quite generally, a height function
is a function that measures the “arithmetic complexity” of numbers in a local or global field or of
closed points of a variety over some local or global field. For example, the naive height of a rational
number x = a/b ∈ Q with a, b ∈ Z and coprime is H(x) := max{|a|, |b|} (multiplicative naive
height) or its logarithm h(x) := logH(x) (logarithmic naive height). Given a height function on
h on a global field K, one can define the height of a point [x0, ..., xN ] ∈ PNK with xi ∈ OK (ring
of integers of K) with the {xi} assumed to be coprime, as max{h(xi)}i. This defines a height
function h : PNK(K) → Q, which can be extended to all closed points of PNK and to subvarieties
of PNK . These functions are called Weil heights. Of course, Weil heights on a projective variety X
over K are not unique and depend on many choices, such as an ample invertible sheaf on X that
defines the embedding into PNK . For an abelian variety A over a global field K, e.g., for an elliptic
curve overK, there are special height functions, the Néron-Tate heights: one starts with an arbitrary
Weil height h : A(K) → Q and then, it turns out that the limit ĥ(x) := limN→∞ h(Nx)/N2

defines a quadratic form on A(K). For elliptic curves, Néron-Tate heights are even unique. These
heights are important in proving the Mordell-Weil theorem (Theorem 4.3.3) and they play a crucial
role in the arithmetic of elliptic curves, see, for example, [663], Chapter VIII. For a jacobian genus
one fibration f : J → C, one still has a Néron-Tate height on its generic fiber Jη → Spec k(C),
although k(C) is not a global field if k is not a finite field, and it is given by (4.5.4), see [664],
Chapter III. We will say more about computing heights via local contributions in (4.5.7) and we
will give some general computations of heights at the end of this section.

Let t ∈ C be a closed point and let Jt be the fiber of f : J → C. Let Rt,0, Rt,1, . . . , Rt,nt be
the irreducible components of a reduced fiber (Jt)red and assume that Rt,0 is the unique component
that meets the zero section. Let At = (Rt,i · Rt,j) with 1 ≤ i, j ≤ nt be the intersection matrix of
those components that do not meet the zero section. The Rt,i with r > 0 form a root basis of finite
type, see Proposition 0.8.14 for the associated Dynkin diagram and the associated negative definite
lattice. We also refer to Proposition 2.2.5 for the connection to genus one fibrations. Associated
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to the invertible matrix At, we have an even and negative definite lattice and let Discrt be the
associated discriminant group, which we computed in Table (1) in Section 0.8. It follows from
the classification of fibers and the computation of discriminant groups that the order |Discrt | is
equal to the number rt of the reduced components of Jt (components of Jt of multiplicity 1). If
S is a section of f , then we have S · Jt = 1, which implies that S passes through exactly one of
the rt reduced components of Jt. If S meets the component Rt,j , we let (mt,1, . . . ,mt,nt) be the
j.th column of the inverse matrix A−1

t . The following proposition immediately follows from the
definition of isomorphism (4.5.3).

Proposition 4.5.3. For S ∈ MWL(J/C) we have

φ(S) ≡ S− O− [(S− O) · O]F −
∑
t∈C

nt∑
i=1

mt,iRt,i.

Corollary 4.5.4. For S ∈ MW(J/C)tors we have

S ≡ O + [(S− O) · O]F +
∑
t∈C

nt∑
i=1

mt,iRt,i.

Of course, this corollary can be proved directly by using that n(S− O) ∈ Numfib(J).

Let MW(J/C)0 be the subgroup of MW(J/C) that is generated by those sections that intersect
each fiber at the irreducible component which meets the zero section. Since f : J → C is not
smooth by assumption, Proposition 4.3.9 implies that MW(J/C)0 has no torsion and hence, can be
identified with a subgroup of MW(J/C)fr.

Proposition 4.5.5. The image of MW(J/C)0 under isomorphism (4.5.3) is equal to the sublattice
M of M∨. In particular, as a lattice, MWL(J/C)0 is isomorphic to M(−1).

Proof. If E ∈ MW(J/C)0, then E − O ∈ T⊥ and thus, by definition of the map φ, the image
of MW(J/C)0 is contained in M . Conversely, let D ∈ M = T⊥. Then, the intersection of D
with any component Rt,1, . . . , Rt,nt is equal to zero, hence all mt,i are equal to zero and φ−1(D −
(degf D)O) ∈ MWL(J/C)0. Thus, φ : MWL(J/C)0 →M is bijective.

Definition 4.5.6. The subgroup MW(J)0 of MW(J/C)fr equipped with the height pairing is called
the narrow Mordell-Weil lattice and it is denoted by MWL(J/C)0.

The Shioda-Tate formula (4.3.1) implies that the Mordell-Weil lattice MWL(J/C) and the trivial
lattice T generate Num(J) up to finite index. We now address this index and relate the three lattice
structures. In general, the sublattice T ⊂ Num(J) may not primitive, that is, the quotient group
Num(J)/T may not be free. Let T ′ = (T⊥)⊥ the double-dual of Num(J), which is the primitive
closure of T in Num(J). Under the trace isomorphism (4.5.1), the image of T ′/T is the torsion
subgroup of MW(J/C)

MW(J/C)tors
∼= T ′/T. (4.5.5)

It follows from the definition of T that we have |discr(T )| =
∏
t∈C |Discrt | and hence,

|discr(T ′)| =
discr(T )

|MW(J/C)tors|2
=

∏
t∈C |Discrt(J)|
|MW(J/C)tors|2

, (4.5.6)
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Note the formula (4.5.6) implies that if
∏
t∈C |Discrt(J)| is square-free, then the Mordell-Weil

group is torsion-free. Note that this formula agrees with formula (4.3.4) in the case where the
Mordell-Weil group is finite. Next, we prove the following discrimiant formula.

Proposition 4.5.7. Let r be the rank of MW(J/C).

discr (MWL(J/C)) =
|discr(Num(J))| · |MW(J/C)tors|2

discr(T )
= (−1)r·discr (Num(J))·discr(T ′).

Proof. Letm be the index ofM⊕T ′ inside Num(S). It is equal to the index ofM in Num(S)/T ′ =
MW(J/C)fr, which is equal to |M∨/M | = | discr(M)|. We compute

|discr(M⊕T ′)| = discr(M) discr(T ′) = m discr(T ′) =
m| discr(Num(S)|

m2
=
|discr(Num(S))|

discr(M)
.

This implies

| discr(MWL(J/C))| = | discr(M∨)| =
1

|discr(M)|

=
|discr(T ′)| · | discr(M)|

m2 · | discr(T ′)|
=
| discr(Num(J)|
|discr(T ′)|

.

Taking into account its rank and using formula (4.5.6), we obtain the asserted formula.

Next, we turn to the computation of the height pairing. For this, we need an explicit formula for
computing the vectors (mt,1, . . . ,mt,nt), where we remind the reader that these are the columns of
the matrix A−1

t . Using Proposition 4.5.3, we find

〈S,S′〉 = −O2 + S · O + S′ · O− S · S′ −
∑
t∈C

contrt(S, S
′), (4.5.7)

where contrt(S,S
′) is the local contribution expressed in terms of the vectors (mt,1, . . . ,mt,nt) and

(m′t,1, . . . ,m
′
t,nt). Let us recall that we have O2 = −χ(OJ) by Corollary 4.3.8,

It remains to understand and to compute the local contributions contrt(S,S
′), which depends on

the type of the reducible fiber Jt and on which components of Jt the sections S and S′. First, we
observe that a section intersects only reduced components of a fiber. Thus, we have to compute the
intersection of a section only with these components. To this end, we number the components as
follows.

• if Jt is of type Ãn, then we index the components cyclically by (0, 1, . . . , n − 1), where 0
corresponds to the component that intersects the zero section O and neighboring numbers
correspond to components that intersect each other.

• if Jt is of type D̃n, then we index the components by (0, 1, 2, 3), where 0 corresponds to
the component that intersects the zero section O and where 1 corresponds to the reduced
component closest to the zero component in the Dynkin diagram.

• if Jt is one of the remaining types, which is additive type, then we number O by 0 and all
other reduced components are indexed in an arbitrary way.
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Now, assume that S intersects Jt in the component Rt,i and that S′ intersect Jt in the component
Rt,j . Then, we have

contrt(S,S
′) = −(A−1

t )(i,j),

the (i, j)-entry of the matrix A−1
t . Here, i, j are assumed to be non-zero or otherwise the contribu-

tion is 0. The entries of the matrix A−1
t can be computed easily for each type. The following table

gives the computations of local contributions.

Ãn−1, Ã
∗
n−1 Ẽ6 Ẽ7 D̃n

i = j i(n− i)/n 4
3

3
2 1 i = 1

1
2 + n−4

4 i = 2, 3

i < j i(n− j)/n 2
3 - 1

2 i = 1
1
2 + n−4

4 i = 2

Table 4.4: Local contributions for the height pairing

Example 4.5.8. Consider a general pencil of cubic curves in P2, let p0, p1, . . . , p8 be its base points,
and let π : J → P2 be the blow-up in these base points. Then the pull-back of this pencil of cubics
to J gives rise to a genus one fibration f : J → P1 and we obtain a rational elliptic surface. Since
every exceptional divisor of π is a section of f , this fibration is jacobian. We let O be the exceptional
divisor π−1(p0). Morover, using π, we see that Num(J) is a unimodular and odd lattice isomorphic
to I1,9. Every fiber of f is irreducible and thus, the trivial lattice T is of rank 2 generated by the
classes of the fixed section O and a fiber F . In particular, T is a primitive sublattice of Num(J),
the intersection matrix is

(−1 1
1 0

)
and thus, T is unimodular. This implies that T is equal to its

primitive closure, that is, T ′ = T . We also find MWL(J/P1) = MWL(J/P1) ∼= T⊥. Since the
canonical divisor class satisfies KJ = −[F ], the essential lattice M = T⊥ is contained in K⊥J and
hence, an even lattice. Thus, MWL(J/P1) is an even and positive definite unimodular lattice of
rank 8, which is thus isomorphic to the lattice E8(−1). In fact, it is naturally isomorphic to the
lattice Num(J ′)(−1), where J ′ → P2 is the blow-up of the points p1, . . . , p8.

We have O = π−1(p0) and let Si be the eight sections of f defined by the exceptional curves
π−1(pi), i 6= 0. Since Si ·O = Si · Sj = 0, i 6= 1, the definition of the height shows that h(Si) = 2
and 〈Si, Sj〉 = 1 for i, j > 1. The Gram matrix (〈Si, Sj〉) has 1 as an eigenvalue of multiplicity 7
and is of trace equal to 16. Thus, the second eigenvalue is equal to 9, hence the determinant is equal
to 9. This shows that the sublattice of Mordell-Weil lattice spanned by the disjoint sections Si has
discriminant 9 and hence, its index is equal to 3.

Let S be a section of f . We consider its type, which is the vector (d, a0, . . . , a8) of coefficients in
the basis (e, e0, e1, . . . , e8): e0 is the pull-back via π of the class of a line in P2 and the ei, i > 0 are
the classes of the exceptional divisors π−1(pi). Since S is a section, it is an exceptional (−1)-curve,
which implies S2 = −1 and S · KJ = −1, from which we conclude a2 −

∑
i=0 a

2
i = −1 and

3d−
∑

i=0 ai = 1.

Next, assume that S lies in the subgroup of MW(J/C) generated by the disjoint sectionsS1, ...,S8.
Thus, we man write S = m1S1⊕ · · · ⊕m8S (the equality with respect to the group law of sections)
be a section from the subgroup generated by the disjoint sections According to [472], Theorem 6,
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its type is equal to (3d, d− s− 1, d+m1, . . . , d+m8), where

d =

8∑
i=1

(m2
i +mi) +

∑
1≤i<j≤8

mimj and s =

8∑
i=1

mi.

In particular, we see that the section equal to the proper transform of a line through two points
pi, pj does not belong to this subgroup. Also, there is a unique section S0 with the property 3S0 =
S1⊕· · ·⊕S8. Its type is equal to (4, 3, 1, 1, 1, 1, 1, 1, 1, 1), that is, it is equal to the proper transform
of a plane curve of degree 4 with triple point at p0 and simple points at the remaining points pi.
Summing up, one can take as a basis of the Mordell-Weil group the sections S0, S1, . . . ,S7.

It follows from the definition of the height that we have h(S) = 2+2a0 if S is of type (d, a0, a1, . . . , a8).
Replacing S0 with S0 − S1, we compute its height to be equal to 2. Thus, the Mordell-Weil group
has a basis formed by elements of minimal height 2.

Finally, we compare our definition with the definition of the height from [664], III, §4, see also
Remark 4.5.2. Assume that we have a global Weierstrass model

X : y2 + a1xy + a3y + x3 + a2x
2 + a4x+ a6 = 0 (4.5.8)

of f : J → C. Let us also assume for simplicity that C = P1, which will be enough for our
applications. The coefficients ai are binary forms in t0, t1 of degrees ik, where k = χ(OJ) = −O2.
Next, we view the Weierstrass equation as a hypersurfaceX of degree 6k in the weighted projective
space P(1, 1, 2k, 3k). A section S defines a morphism

s : P1 → P(1, 1, 2k, 3k), (u, v) 7→ (t0, t1, x, y) = (A0(u, v), A1(u, v), A2(u, v), A3(u, v)) ,

where the A0, A1, A2, A3 are binary forms of degrees d, d, 2kd, 3kd, respectively. Since s is a
section, the composition with the rational map given by the projection to P1 must be the identity.
This implies that the first two coordinates can be written in the form uL, vL, where L is a binary
form of degree d − 1. Its zeroes correspond to the intersection points of S and O. In particular, we
see that d − 1 = S · O. The image s(V (L)) is equal to the point [0, 0, 1, 1] in X , the image of the
zero section O under the contraction map J → X . The projection of s(P1) to P(1, 1, 2k) ∼= F2k.
Its pre-image in F2k is a curve from the divisor class (2k + d − 1)f + e, where f is the class of
a fiber on the minimal ruled surface F2k and where e is the class of the exceptional section with
self-intersection−2k. It intersects the exceptional section, whose pre-image in J is equal to O, with
multiplicity d− 1.

Summing up, a section of f is defined by a solution (x, y) of the equation (4.5.8) given by binary
forms A2 and A3 of degrees 2kd and 3kd, respectivley, such that the binary form of degree 6kd

A2
3 + a1LA2A3 + a3L

3A3 + A3
2 + L2a2A

2
2 + L6a6

is equal to zero.

If we assume that all fibers of f : J → P1 are irreducible, then the height h(S) of the section S is
equal to −(2O2 + 2O · S) = 2k+ 2d− 2. In other words, the degree of the coordinate x as a binary
form in u, v determines the height. If we view (x, y) as a rational point of the general fiber Jη, then
x has to be considered as a rational function x̃ = x/v2dk = A2(t), where t = u/v of degree 2dk.
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On the other hand, if some of the fibers of f : J → P1 are reducible, then the components that do
not meet the zero section get blown down to singular points of the Weierstrass model W . A section
from the narrow Mordell-Weil lattice MWL(J/P1)0 defines a section of W that does not pass
through any of these singular points. On the other hand, sections from MWL(J/P1)\MWL(J/P1)0

do pass through the singular points of W and the local correction terms in h(S) reflect the behavior
of the section at the singular points.

4.6 The Weil-Châtelet group: the local case

In the previous sections, we studied genus one fibrations that admit a section, that is, jacobian genus
one fibrations. In Proposition 4.3.1, we saw that every genus one fibration has an associated jacobian
fibration. In the next three sections, we want to understand the set of all genus one fibrations whose
associated jacobian fibrations are isomorphic. This set carries a group structure, the Weil-Châtelet
group. In this section, we will study this group over a local base, in the next section over a global
base, and in Section 4.8, we will study quasi-elliptic fibrations. On our way, we introduce the period
and the index.

We start with some generalities concerning torsors before turning to torsors under abelian varieties
and elliptic curves. Let G be a commutative group scheme over a field F and let PHS(G/F ) be
the group of G-torsors over F as defined in Section 0.1. If G is a smooth quasi-projective group
scheme, then Theorem 0.1.3 tells us that the group PHS(G/F ) coincides with the cohomology
groups

H1
ét(F,G) := H1

ét(Spec F,G) ∼= H1 (Gal(F sep/F ), G(F sep)) ,

where F sep denotes a separable algebraic closure of F , where we identify a smooth commutative
group scheme over a base scheme B with its abelian sheaf in étale topology of B, and where the
left hand side denotes étale cohomology and the right hand side denotes Galois cohomology.

Let X be a G-torsor over Spec F and let [X] ∈ PHS(G/F ) be its class. Using the isomorphisms
PHS(G/F ) ∼= H1

ét(F,G) ∼= Ext1
F (ZF , G), the class [X] defines an extension of group schemes

0 → G → G′ → ZF → 0, (4.6.1)

such that the image of 1 under the boundary homomorphism in the cohomology sequence is equal to
[X]. The fiber of G′ → Z over 1 is isomorphic to G, see [271, VII, §1.4]. The pre-image of n ∈ Z
is a G-torsor over Spec F , whose isomorphism class in PHS(G/F ) is equal to n[X]. Since the
Galois cohomology is a torsion group, [X] is an element of finite order in PHS(G/F ). The order is
called the period of the torsor X and denoted by per(X). A torsor of period n can be reconstructed
from G by means of the extension

0 → G → Ḡ′ → (Z/nZ)F → 0 (4.6.2)

as the pre-image of 1 in Ḡ′.

Let Y be a regular, proper, and geometrically irreducible algebraic curve over a field F . For brevity
of notation we denote by PY/F the abelian sheaf in flat topology associated to the relative Picard
functor PicY/F , which is representable by the Picard scheme PicY/F . Its connected component
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Pic◦Y/F is a (generalized) Jacobian variety Jac(Y/F ) of Y , which is a connected, commutative, and
smooth algebraic group scheme over F . If Y is smooth over F , then Jac(Y/F ) is an abelian variety
over F . In any case, the degree homomorphism defines an exact sequence of group schemes over F

0 → Jac(Y/F ) → PicY/F → ZF → 0.

Taking cohomology, let δ be the boundary homomorphism Z = H0
ét(F,ZF )→ H1

ét(F, Jac(Y/K)).
The image δ(1) ∈ H1

ét(F, Jac(Y/K)) is the isomorphism class of the Jac(Y/F )-torsor Y →
Spec F . It is equal to the pre-image of 1 in the exact sequence and coincides with Pic1

Y/F , consid-
ered as a natural Pic◦Y/F -torsor.

Definition 4.6.1. A connected, commutative, and algebraic group scheme over a field F is called
a genus g algebraic group if it is isomorphic to the Jacobian variety of a regular and geometrically
irreducible projective algebraic curve Y over F .

The case that will be relevant to us is where G is either an elliptic curve E or a one-dimensional
and inseparable form U of Ga,K over the field F = k(η), where η is a generic point of a local or
global base C. Applying the theory of minimal models, we can always realize G as algebraic group
J ], where J → C is a jacobian fibration overC. Then, we obtain that the groupH1

ét(F,G) classifies
isomorphism classes of genus one fibrations over C, whose jacobian fibrations are isomorphic to
f : J → C. Put differently, every genus one algebraic group over K can be realized as J ], where
f : J → C is a genus one fibration.

Definition 4.6.2. Let A be an abelian variety over a field F . Then the group

WC(A,F ) := WC(A/F ) := H1
ét(Spec F, A)

is called the Weil-Châtelet group of A.

This group has been extensively studied, especially in the arithmetic situation where F is an
algebraic number field or a local field.

Let X → Spec F be an A-torsor, where A is an abelian variety A over F . There is a canonical
isomorphism between the Picard variety Pic◦X/F and the dual abelian A′ variety of A, see [589, VII,
1.1]. In the one-dimensional case, that is, if E is an elliptic curve, then there is an isomorphism
E → E′ = Pic◦E/F and such an isomorphism depends on the choice of an F -rational point E(F ).
More precisely, let P ∈ E(F ) (usually, one takes the neutral element O ∈ E(F ) of the group law)
and then, a closed point x ∈ E is sent toOE(x−deg(x)P ). Similarly, there exists an isomorphism

X ∼= Pic1
X/F

that assigns to an F -rational point x ∈ X the isomorphism class of the invertible sheaf OX(x).
The degree of OX(x) in Pic(X ⊗F F (x)) is equal to 1. Under an isomorphism E → Pic◦E/F , the
action of E on X corresponds to the natural action of Pic◦X/F on Pic1

X/F , see [54, Lemma 3.2].
Coming back to the case of a general A-torsor X → Spec F , it follows from this discussion that
the period of X is equal to smallest integer n, such that the Pic◦X/F -torsor PicnX/F is a trivial torsor,
that is, PicnX/F (F ) 6= ∅. By abuse of notation, we will use the same notation for a torsor and its
isomorphism class.
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One also defines the index (resp. separable index) ind(X) (resp. inds(X)) of X as the greatest
common divisor of the degrees of closed points on it (resp. closed points whose residue fields are
separable extensions of F ). The following lemma shows that in our situation, this gcd is attained at
one closed point.

Lemma 4.6.3. Let Y be a regular genus one curve over a field F and X = Y ]. Then, the index of
the Jac(Y )-torsor X is equal to the smallest degree of a closed point on X .

Proof. Since Y is regular, all Weil divisors are automatically Cartier divisors. By Riemann-Roch
on a regular curve of arithmetic genus one, any divisor of positive degree is effective. Let x ∈ X
be a closed point of the smallest degree d. Suppose there exists a closed point y ∈ X of degree
coprime to d, say of degree n = kd+ r with 0 < r < d. Then, the divisor ny − kx is effective and
of degree r < d, a contradiction.

Note that residue field of a closed point x ∈ X of degree ind(X) splits X , which implies that
per(X) divides ind(X). In particular, we have the following divisibility relations

per(X) | ind(X) | inds(X) . (4.6.3)

Moreover, all three numbers have the same prime factors, but this is much harder to show, see, for
example, [418], Proposition 5.

Proposition 4.6.4. Let Y be a regular genus one curve over a field F . Set X := Y ]. Assume
that F is infinite and that Br(F ) = {0}. Then we have per(X) = ind(X) = inds(X) for the
Jac(Y )-torsor X .

Proof. We know from Section 0.9 that the étale sheaf PY/F is representable by a scheme PicY/F
By Proposition 0.9.2, we have PicY/F (F ) = Pic(Y ) if Y (F ) 6= ∅ or Br(F ) = 0. Since the period
is equal to the smallest n such that Picn(Y ) 6= ∅, the vanishing of Br(F ) implies that there exists a
F -rational divisor of degree n on Y . By Riemann-Roch, we may assume that it is effective and thus,
coincides with a closed point of degree n. If X = Y is an elliptic curve, we get ind(X) | per(X)
and hence per(X) = ind(X). Since the residue field of the cusp on a quasi-elliptic curve Y is a
purely inseparable extension of K of degree p, it remains to prove that ind(X) = inds(X).

Let x be a point of degree n = ind(X). It suffices to find a point of the same degree with
separable extension F (x)/F . If F (x)/F is inseparable, then n = pe for some e. By Riemann-
Roch, the dimension of the linear system |x| is equal to n− 1. We will show that one of the divisors
in |X| contains a separable point in its support. An effective Cartier divisor of degree d is a F -
rational point of the symmetric product Y (d), where the latter denotes the Hilbert scheme Hilbd(Y )
of d points on Y . We consider the map of symmetric products Y (e) → Y (n), which is defined by
multiplying an effective divisor of degree e by p. Since e < n − 1, unless p = n = 2, the image
of this map does not contain the subvariety |x| of Y (n) of dimension n − 1. Since F is an infinite
field, we can find a divisor D =

∑
nixi ∈ |x| of degree n, such that one of the points in its support

has degree not divisible by p. This point is separable, and hence inds(X) ≤ ind(X), Together with
ind(X)| inds(X), this implies inds(X) = ind(X).
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It remains to consider the case n = p = 2. The image of Y in Y (2) is contained in the diagonal
of Ȳ (2), where Ȳ = Y ⊗F F̄ . Suppose that Y has no separable points of degree 2. Then, X is the
union of linear systems |y| ∼= P1(F ) and hence, the diagonal contains the union of P1

F̄
’s, which is a

contradiction.

The Noether-Tsen theorem states that Br(K) = 0 if K is the field of rational functions on a
algebraic curve over an algebraically closed field or its localization (see [641], Chapter X, §6).
Using this result, we obtain the following.

Corollary 4.6.5. Let f : X → C be a genus one fibration. Then,

per(Xη) = ind(Xη) = inds(Xη) = ind(f).

The multiplicity of any fiber divides this index. If C is strictly local, then it coincides with the
multiplicity of the closed fiber.

Proof. The generic fiber Xη is a genus one curve over the field K of rational functions on an
algebraic curve over an algebraically closed field. By the Noether-Tsen theorem, we have Br(K) =
0, see, for example, [641], Chapter X, §6. The equality per(Xη) = ind(Xη) = inds(Xη) then
follows from the previous proposition. Moreover, any closed point onXη extends to a multi-section
of f and every multi-section of f induces a closed point on Xη. This shows that ind(X) = ind(f).

Similarly, any closed point on Xη extends to a multi-section of f , whose intersection number with
every closed fiber is divisible by the multiplicity of the fiber.

Now, let C be strictly local. Let Xt be the fiber over the closed point t ∈ C and let mt be the
multiplicity of Xt. We have already used in Section 4.2 the fact that there exists a regular closed
embedding T ↪→ X such that T ·Xt = mt, see also [590, Corollary 7.2.1]. The restriction of T to
the generic fiber Xη is a point of degree mt on Xη and thus, ind(f) | mt. The closure of a point
x on the generic fiber is a finite cover of C of degree deg(x). It intersects Xt with multiplicity
divisible by mt. Thus, ind(f) = mt.

From now on and until the end of this section, C is a strictly local base and f : X → C is an
elliptic fibration. We will consider the case when f is a quasi-elliptic fibration in Section 4.8.

For any abelian group A, we denote by A(6= p) the direct sum of the `-primary components of
A with ` 6= p, that is, the prime-to-p part of the abelian group A. The next result computes the
prime-to-p part of the Weil-Châtelet group WC(JK).

Theorem 4.6.6. Let f : J → C be an elliptic fibration over a strictly local base C. Then

WC(Jη)(6= p) ∼= (Q/Z)(6= p)b1(Js).

Proof. We know that the order of any element [X/K] of WC(JK) is equal to the multiplicity of
the closed fiber Xt of f . Let E := JK , which we identify with the étale sheaf on η = Spec K
represented by A. We have WC(Jη) ∼= H1(η, Jη) and for every n coprime to p the exact sequence

0 → nE → E
[n]→ E → 0
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of group schemes over K gives an exact sequence of cohomology groups

0 → E(K)(n) → H1(η, nE) → nWC(E,K) = nH
1(K,E) → 0. (4.6.4)

Consider the Weil pairing
nE × nE → µn

(see [663], Chapter III, §8). The induces cup-product in cohomology produces a perfect pairing (see
[493], Chapter V, §1, §2)

H1(K, nE) × nE(K) → H1(K,µn) ∼= K∗(n) ∼= Z/nZ. (4.6.5)

Let E → C be the Néron model of E. By the Néronian property, we have E(K) ∼= E(R). Let
E◦ be the identity component of E. The quotient group E/E◦ is isomorphic to the group Discrt of
reduced components of Jt. We we have an exact sequence

0 → E(K)◦ → E(K) → Discrt → 0,

where E(K)◦ = E◦(R). Since (n, p) = 1 and E◦t is a connected commutative algebraic group over
k, Proposition 4.2.1 implies that (E(K)◦)(n) ∼= (E◦t )

(n) = {0}. Thus, we obtain an exact sequence

nE(K)◦ → nE(K) → n Discrt → 0. (4.6.6)

The duality H1(K, nE) ∼= Hom(nE(K),Z/nZ) identifies E(K)(n) ∼= (Discrt)
(n) in the exact

sequence (4.6.4) to Hom(n Discrt,Z/nZ), which is a finite group of the same order. It is easy to
see this defines an isomophism

n WC(E,K) ∼= Hom(nE(K)◦,Z/nZ) ∼= Hom(nE
◦
t ,Z/nZ) ∼= (Z/nZ)b1(Jt). (4.6.7)

The structure of p∞ WC(E,K) is much more complicated. Understanding it will take up most of
the remainder of this section.

Recall that at the end of Section 0.1 we associated to a group scheme G over a complete discrete
valuation ring R a perfect pro-algebraic group G = (G(G)n), the perfect Greenberg realization of
G. We define the fundamental group of G by

π1(G) := lim←−
n

(Gn).

For our applications, we take G to be the Néron model E. Since the fundamental group of a finite
group scheme is trivial, we have

π1(E) = π1(E◦).

Let m be the maximal ideal of R and set Rn := R/mn. The reduction homomorphisms

rn : E◦(Rn) = G(E)n → E◦(k)

define surjective homomorphisms π1(G(E)n) → π1(E◦t ), and passing to the limit, we obtain a
surjective homomorphism

r̃ : π1(E◦) → π1(E◦t ).
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As we will see later, we have n Ker(r̃) = {0} for any n prime to p and the computations from
Section 0.10 show that nπ1(E◦t )

∼= nE
◦
t . Thus, the duality isomorphism (4.6.7) can be re-stated as

saying that the pairing

WC(E,K)(6= p)× π1(E)(6= p)→ Q/Z( 6= p)

is a perfect duality. Shafarevich conjectured that there must be an extension of this duality to a
perfect duality

WC(A,K) × π1(A∨) → Q/Z.

where A is an abelian variety over k and A∨ is the Néron model of the dual abelian variety A∨.
This conjecture has been solved by Bester [60] and Bertapelle [53, Theorem 3]. The case of elliptic
curves satisfying some mild assumptions was already proved much earlier in a series of papers by
Vvedenskii.

Theorem 4.6.7. Let C be stricly local and let K be its function field. Let A be an abelian variety
over K, let A∨ be its dual abelian variety, and let A∨ be the Néron model over C. Then

WC(A/K) ∼= Hom
(
π1(A∨),Q/Z

)
.

To compute the group WC(E,K) explicitly, we need to know the structure of π1(E◦).

Let L(E) be the kernel of the reduction homomorphism r : E(K) = E(R)→ Et(k). It is called
the Lutz group of E. It coincides with the maximal ideal m of R equipped with the group law
defined by the formal group associated to the elliptic curve E over K (see [663], Chapter IV).

Let us recall the definition of the formal group Ê associated to an elliptic curveE over an arbitrary
field F , see, for example, [663, Chapter IV] for details. Let

w − (a1wz + a3w
2 + z3 + a2wz

2 + a4w
2z + a6w

3) = w − f(z, w) = 0

be the affine equation of E obtained from the Weierstrass equation

y2 + a1xy + a3y + x3 + a2x
2 + a4x+ a6 = 0

by the change the variables z = −x/y and w = −1/y, so that the point at infinity in the Weierstrass
equation becomes the point (0, 0) in the new equation and z becomes a local uniformizer at (0, 0).
By recursively substituting w = f(z, w) in the equation, we obtain a unique solution w = w(z) as
formal power series of the equation Y − f(X,Y ) = 0. This solution has the form

w(z) = z3
∞∑
i=0

Aiz
i ∈ Z[a1, ..., a6][[z]]

where the Ai’s are quasi-homogeneous (or weighted homogeneous) polynomials in the coefficients
ai of the Weierstrass equation of E and A0 = 1. Now, if z is any element of the maximal ideal
m = tF [[t]], then we plug in the above formula z = z(t) and find a power series w(z) = w(z(t)),
such that (z, w(z)) is a solution of the equation Y − f(X,Y ) = 0 in formal power series in a
variable t. Note that the substitution of a formal power series in a power series is not defined unless
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the power series has no constant term. Since our power series belong to m, we have no problem
with the substitution.

Considering [1, z, w(z)] as a point in P2(F ), we can use the group law on E(F ) to obtain that
(z1, w(z1))⊕E (z2, w(z2)) = (z3, w(z3)), where

z3 = −z1 − z2 +
a1λ+ a3λ

2 − a2ν − 2a4λν − 3a6λ
2ν

1 + a2λ+ a4λ2 + a5λ3
= G(z1, z2) ∈ Z[a1, . . . , a6][z1, z2],

(4.6.8)
and

λ =
w2 − w1

z2 − z1
=

∞∑
n=3

An−3
zn2 − zn1
z2 − z1

∈ Z[a1, . . . , a6][[z1, z2]]

is the slope of the line joining the two points, and where ν = w1 − λz1. The inverse in the group
law on E(F ) is given by the formula

ι(z) =
z−2 − a1z

−1 − · · ·
−z3 + 2a1z−2 + · · ·

∈ Z[a1, a2, a3, a4, a6][[z]].

The formal power series Φ(X,Y ) ∈ Z[a1, a2, a3, a4, a6][[X,Y ]] defined by

Φ(z1, z2) := ι (G(z1, z2))

for z1, z2 ∈ m = tF [[t]] defines the structure of a formal group on the formal completion of the
local ring of E at the origin isomorphic to the ring F [[t]]. If we equip m with the structure of an
abelian group with composition

x(t)⊕ y(t) := Φ (x(t), y(t))

and inverse 	x(t) = x(ι(t)), then we obtain a homomorphism of abelian groups

m → E (F [[t]]) , z 7→ (x(z), y(z)) . (4.6.9)

Suppose now that our field F is the quotient field K of the ring R = k[[t]], where k is an alge-
braically closed field. Let E be an elliptic curve over K, let E be its Néron model over R, and let
L(E) be its Lutz group. The formula for the map shows that its image lies in L(E). It is proven in
[663, Chapter VII, Proposition 2.2] that the map (4.6.9) is an isomorphism onto the Lutz group.

This allows us to equip the Lutz group L(E) with the pro-algebraic structure defined by the filtra-
tion on m by its powers mi. It coincides with the pro-algebraic structure of the Greenberg realization
of L(E).

Let [n] : m → m be the multiplication-by-n homomorphism in the formal group Ê. It follows
from the formula for the formal law F (X,Y ) in (4.6.8) that [n](z) = nz+ higher order terms. In
particular, we see that [n] is bijective if n is invertible in R, hence Ker([n]) is uniquely divisible by
any integer coprime to the characteristic. This agrees with Proposition 4.2.1.

If n = p is the characteristic of k and K, then multiplication [n] is more complicated and the
height comes into play: recall from section 0.1 that the height of the formal group F (X,Y ) on
R = F [[t]] of characteristic p is the largest power pr of p such that [p](t) = g(pr) for some power
series g(T ) ∈ R. For formal groups arising from elliptic curves as just explained, we have the
following result, see, for example, [663, Corollary 7.5].
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Proposition 4.6.8. The height of the formal group of an elliptic curveE over a field of characteristic
p > 0 is equal to 1 if E is ordinary and it is equal to 2 if E is supersingular.

Let mi = mi. It follows from the formula of the formal group law on m that the filtration

m = m1 ⊃ m2 ⊃ . . .

has graded parts mi/mi+1 isomorphic to Ga,k.

We know that the height h0 of the formal group associated to the reduction E◦t of E◦ is equal to 1
if E◦t is Gm,k or an ordinary elliptic curve, equal to 2 it is a supersingular elliptic curve, and equal
to∞ if the reduction is additive. Let h be the height of L(E).

It follows that the multiplication by p in the formal group L(E) can be written in the form

[p](t) = f(tp) = pt+ c0t
p + c1t

p2
+ · · · , (4.6.10)

where the following conditions on the values of the valuations at c0, c1 determine the heights of Ê◦t
and L(E).

ν(c0) ν(c1) h0 h1

∞ r2 > 0 ∞ 2
r1 > 0 r2 > 0 ∞ 1

0 any 1 1
r1 > 0 0 2 1
∞ 0 2 2

Proposition 4.6.9. Let C be strictly local with function field K and let E be an elliptic curve
over K. Let H = L(E) be the Lutz group of E over considered as a perfect pro-algebraic group
G(L(E))pf over k with filtration

H1 := m ⊃ H2 := m2 ⊃ · · ·

There is a strictly increasing function λ : Z+ → Z+, such that the morphism [p] : H → H,x 7→ px
maps Hn to Hλ(n). Then

1. If h0 = 1 and h1 = 1, then λ(n) = pn.

2. If h0 = 2 and h1 = 2, then λ(n) = p2n.

3. If h0 = 2 and h1 = 1, then

(a) λ(n) = p2n if n ≤ ν(c2)/p(p− 1) and

(b) λ(n) = pn+ ν(c2) if n ≥ ν(c2)/p(p− 1).

The induced homomorphism un : Hn/Hn+1 → Hλ(n)/Hλ(n)+1 is an isomorphism for all n.
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In case (1), the formal group L(E) is isomorphic to the formal group associated to the group UK
of units of K, and the proof in this case can be found in [639, 1.7]. The other cases were studied in
[?] and [?].

Let W be the additive group of the ring of Witt vectors W = W (k). We consider W as a pro-
algebraic group of the additive groups arising from the the rings Wn(k) of Witt vectors of length n.
The proof of the next lemma can be found in [639, 1.8,Proposition 7].

Lemma 4.6.10. For each n, the isomorphism fn : Ga,k → Hn/Hn+1 and the natural projection
ρ : W → Ga can be lifted to fit into a commutative diagram

W

ρ

��

φn // Hn

��
Ga

fn// Hn/Hn+1

These diagrams define an isomorphism of pro-algebraic groups

W I ∼= H,

where I := Z+ \ λ(Z+).

Corollary 4.6.11. Let EK be an elliptic curve over K = k((t)), let E be its Néron model over
R = k[[t]], and let Et be the closed fiber of E. Suppose that Et is not of additive type. Then

p∞ WC(EK) ∼= Hom (π1(E◦),Qp/Zp) ∼= kI × (Qp/Zp)ε,

where ε = 1 if Et is an ordinary elliptic curve and ε = 0 otherwise.

Proof. We use Theorem 4.6.7 and Proposition 4.6.10. First, we have π1(L(E)) = π1(W (k))e. It
follows from [639, 8.5, Remarque] that

Hom (π1(W (k)),Z/pZ) ∼= Hom
(
π1(W (k))(p),Z/pZ

)
∼= Hom (π1(Ga),Z/pZ) .

By [639, 8.3], the latter group is isomorphic to Ga,k. Now

π1(E◦) ∼= π1(L(EK))× π1(E◦t ).

It remains to use the known structure of the group π1(E◦t ), see Section 0.1.

The treatment in the case of the additive reduction is more complicated and it is achieved by
passing to the semi-stable reduction.

Proposition 4.6.12. Let C be strictly local with function field K and let E be an elliptic curve of K
with additive reduction. Then, there exists a finite separable totally ramified extension L/K such
that EL has good or multiplicative reduction.
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Proof. Choose a prime ` different from p and consider the action of the absolute Galois group
GalK of K on `E(K̄) ∼= (Z/`Z)⊕2. This becomes trivial after a finite and separable extension
L/K, which we may assume to be totally ramified. Then, the base-change E′ = EL has all its
`-torsion points defined over L. Let R′ be the normalization of R in L and let t′ be the pre-image
of the closed point t. Let E′ be the Néron model of E′ over R′. We know from Proposition 4.2.1
that the kernel of the reduction homomorphism E′(L) = E′(R′) → E′t′ has no torsion points of
order prime to p. Thus, `E′t′ ∼= (Z/`Z)⊕2 and hence either E′t′ is smooth or E′t′ contains a subgroup
isomorphic to Gm ⊕ (Z/`Z).

The previous proposition is a special case of Grothendieck’s theorem on semi-stable reduction of
abelian varieties over the field of fractions of any noetherian regular irreducible scheme of dimen-
sion 1, see [271, IX, Théorème 3.6]. In this general context, semi-stable reduction means that the
closed fiber of the Néron model does not contain a non-trivial unipotent connected subgroup. A
more elementary proof in the case of Jacobians was given in [24].

Example 4.6.13. If we avoid some small characteristics p, then the proof of the previous Proposition
can be made very explicit.

For example, suppose that the special fiber is additive of type D̃n and that p 6= 2. Let J0 :=
R1 +R2 +2R3 + · · ·+2Rn−1 +Rn+Rn+1 as in Proposition 2.2.5. We have J0 = R+2

∑n−1
i=3 Ri.

Thus,OX(R) is divisible by 2 in Pic(J). Since p 6= 2, there exists a separable double coverX → J
ramified over R. The proper transform of the components of R on X are disjoint (−1)-curves. The
proper transforms of R3 and Rn−1 are smooth rational curves with self-intersection −4. The pre-
images of other curves Ri split into the disjoint unions of two (−2)-curves. Blowing down the
proper transform of R, we obtain a minimal relative model of X → C. Its closed fiber is smooth if
n = 4 or of type Ã2n−9 if n > 4.

A similar procedure leads to a smooth fiber if the special fiber is additive of type E6 or Ã∗2 (as-
suming p 6= 3), of type Ẽ7 (assuming p 6= 2) or of type Ẽ8.

If the invariant of wild ramification δ is equal to zero, in particular, if p 6= 2, 3, then a semi-stable
reduction can always be attained by a tamely ramified finite extension K ′/K. The smallest degree
of a tame extension achieving this equal to 2, 3, 4 or 6 as in the following table that also gives the
type of the semi-stable reduction, see [625, Table 5.2].

Ã∗∗0 Ã∗1 Ã∗2 D̃4 D̃n, n > 4 Ẽ6 Ẽ7 Ẽ8

[K ′ : K] 6 4 3 2 2 3 4 6

Type Ã0 Ã0 Ã0 Ã0 Ã2n−9 Ã0 Ã0 Ã0

Table 4.5: Semi-stable reduction: the tame case

If p 6= 2, 3, then it follows from this table that the semi-stable reduction is of multiplicative type
if and only if the singular fiber is of additive type D̃n with n > 4. If p = 2, then there are examples
of elliptic curves over K, whose reduction is additive of type D̃n with n > 4 that have a good
semi-stable reduction, see [466, Theorem 2.8].

Remark 4.6.14. One reconstructs the elliptic fibration from its semi-stable reduction as the quotient
of the minimal relative model of the semi-stable reduction by a finite group, which is isomorphic to
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the Galois group of the field extension. If the order of the group is prime to p or if the extension
is tame, then it is easy to find the singular points of the quotient and resolve them. For example,
if p 6= 2, [K ′ : K] = 2 and the semi-stable reduction has good reduction, then the quotient has 4
ordinary double points and resolving them we obtain a singular fiber of type D̃4.

Let E be an elliptic curve over K and let E0 be the special fibe of the Néron model of E. Let
K ′/K be a finite field extension such that EK′ has semi-stable reduction. Let E′0 be the special
fiber of the Néron model of EK′ . We use the notation from Proposition 4.6.9. We would like to see
how the heights h0, h1 change under a semi-stable reduction.

First we use the following result, see [663, Appendix A, Corollary 1.4].

Lemma 4.6.15. Let E be an elliptic curve over a local field K with ring of integers R. Then EK′
has good semi-stable reduction if and only if j(E) ∈ R.

Concerning supersingular elliptic curves, we have the following results of Deuring, see [419,
Chapter 13, Theorem 6] and [663, Chapter V, Theorem 4.1] for details and proofs.

Theorem 4.6.16. If E is a supersingular elliptic curve over a field of characteristic p > 0, then
j(E) ∈ Fp2 . Over an algebraically closed field of characteristic p > 0, there exist only a finite
number of supersingular elliptic curves (in fact, roughly p/12) and they all can be defined over Fp2 .

Being supersingular does not depend on the ground field, that is, E is supersingular if and only
if EK′ is supersingular. Moreover, if E has good reduction, say with special fiber E0 of the Néron
model, and if L/K is any finite extension field, then the special fiber of the Néron model of EL is
isomorphic to E0. In particular, having good and ordinary (resp. good and supersingular) reduction
does not change after passing to finite extensions of K.

Remark 4.6.17. 1 Let E be an ordinary elliptic curve over K with additive reduction E0 and such
that j ∈ R and j mod mR is the j-invariant of some supersingular elliptic curve E′0. Then, by
Lemma 4.6.15, there exists some finite extension K ′/K such that E′ := EK′ has good reduction.
In this case, the special fiber of the Néron model of E′ is isomorphic to E′0. In particular, E′ is an
ordinary elliptic curve, but E′0 is supersingular.

On the other hand, it is possible that E0 is an ordinary elliptic curve but its semi-stable reduction
E′ has good supersingular reduction. If p ≥ 5 and if y2 + x3 + a4x + a6 = 0 is the Weierstrass
equation of E over K, then we may consider the quadratic twist Ed of E, that is, separable form E
defined by an equation y2+x3+d2a4x+d3a6 = 0, where d ∈ m is not a square inK. The reduction
of Ed is additive but its semi-stable reduction must have supersingular elliptic curve. Since the two
elliptic curves are isomorphic over K(

√
d), we obtain that E has a semi-stable reduction with good

supersingular reduction.

We will use the Weil restriction functor, which we discussed in Section 0.1. We apply it to the
following situation: let K be a finite field, let K ′ be a finite Galois extension of K (totally ramified
in practice), say with Galois group Γ. Let E be an elliptic curve over K and E′ := EK′ and let E
and E′ be their Néron models over R and R′, respectively. The Γ-action on K ′ induces a Γ-action

1We thank Yuri Zarhin for this remark.



412 CHAPTER 4. GENUS ONE FIBRATIONS

on E′ and E′. We have the Weil restrictions RK′/K(E′) and RR′/R(E′). We note that there are
canonical homomorphisms of group schemes E → RK′/K(E′) and E→ RR′/R(E′).

The following proposition [53, Lemma 15] plays an important role in the proof of the Duality
Theorem 4.6.7. It allows one to reduce the proof to the case where the abelian variety in question
has semi-stable reduction.

Proposition 4.6.18. Let A be an abelian variety over K and let K ′/K be a finite and totally
ramified Galois extension, such that A′ := AK′ has semistable reduction. Let A′ be the Néron
model ofA′ overR′. LetX and X be the Weil restrictions RK′/K(A′) and RR′/R(A′), respectively.
Then

π1(X) ∼= π1(A′), WC(X/K) ∼= WC(A′/K).

Proof. We have a canonical homomorphism of group schemes A→ X that induce homomorphisms
of Greenberg realizations G(A) → G(X). So, it suffices to prove that G(X) ∼= G(A′). Let m′ be
the maximal ideal of the ring R′ of integers of AL. We have

R′ ⊗R Ri = R′ ⊗R R/mi = R′/miR′ = R′/m′eiR′ = R′ei,

where e = [K ′ : K]. By the assumption, e coincides with the ramification index of K ′/K. It is
known that the Weil restriction commutes with the base changes. This gives

RRi/k(X⊗R Ri) = RRi/k(RR′ei/Ri
(A′ ⊗R R′ei)) = RR′ei/k(A′ ⊗R′ R′ei).

Since the set eZ+ is a cofinal subset of Z+, we can pass to the projective limit and obtain that G(A′)
is also the projective limit of RR′ei/k(A′ ⊗R′ Rei).

This result has the following interesting corollary and we refer to Lemma 16 and Theorem 3 of
[53] for details.

Corollary 4.6.19. The canonical homomorphism of group schemes A → RR′/R(A′) induces a
monomorphism

π1(AK) → π1(AK′).

Under the Shafarevich pairing from Theorem 4.6.7, its transpose is the corestriction homomorphism
of the Weil-Châtelet groups WC(A′/K ′)→WC(A/K).

We can now also complement Proposition 4.6.9 by treating the case when h0 =∞, that is, where
the reduction of the elliptic curve E is of additive type. There are two possible cases to consider,
namely (1) h1 = h′0 = h′1 = 1 and (2) h1 = h′0 = h′1 = 2.

Let G = G(L(E))pf (resp. G′ = G(L(E′))pf be the perfect Greenberg realization of the Lutz
group of E (resp. E′). It follows from the proof of Proposition 4.6.18 that we have a commutative
diagram for every n > 0

Gn
φn //

[p]

��

G′en
[p]

��
Gλ(n)

φλ(n) // G′eλ(n)
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Applying Proposition 4.6.9, we obtain that the right vertical arrows are isomorphisms and that the
function λ coincides with λ′(en)/e. The function λ′ is given in Proposition 4.6.9 and it shows that
λ′(en)/e = λ′(n) in all cases. This allows us to compute λ. Applying Lemma 4.6.10, we obtain

G(E)pf ∼= W (k)I ×Ga,k,

where I = Z+ \ λ′(Z+).

Corollary 4.6.20. Let E be an elliptic curve over K with additive reduction. Then

p∞ WC(E/K) ∼= Hom (π1(E◦),Qp/Zp) ∼= π1(W (k))I × k.

The next corollary was proved in [465, Corollary 6.3].

Corollary 4.6.21. Let E be an elliptic curve over K. Then, for any m > 0,

pm WC(E/K) 6= {1}.

Proof. Since K is a field of cohomological dimension 1, it follows that the multiplication-by-
pm map H1(K,EK) → H1(K,EK) is surjective. Thus, the group WC(E/K) if divisible by
any power of p. Thus, it suffices to prove that p WC(E/K) 6= {1}. To see this, we note that
this group is isomorphic to Hom(π1(W (k)I),Z/pZ). The surjection W (k) → Ga,k induces a
surjection π1(W (k)) → π1(Ga,k). It only remains to note that there is a natural isomorphism
Ga → Hom(Ga,k,Z/pZ), see [638, 8.3, proposition 3].

As an application we now can prove the following result, which was proven by other methods in
[590], §9.

Theorem 4.6.22. Let k be an algebraically closed field of characteristic p > 0, let R := k[[t]], and
let K be the field of fractions of R. Let E be an elliptic curve K, let E be its Néron model over R,
and let Et be its closed fiber.

1. If Et is an ordinary elliptic curve, then p∞ WC(E/K) is given by an extension

0 → Qp/Zp → p∞ WC(E/K) → Hom
(

Gal(Kab/K),Qp/Zp
)
→ 0. (4.6.11)

2. If E◦t
∼= Gm,k, then

p∞ WC(E/K) ∼= Hom
(

Gal(Kab/K),Qp/Zp
)
.

Proof. We apply Theorem 4.6.7. Applying the exact sequence of homotopy groups to the reduction
homomorphism r : E(K) = E(R)→ E(k) = Et(k), we obtain an exact sequence

0 → π1(L(E)) → π1(E) → π1(Et) → 0. (4.6.12)

It follows from Examples 0.1.22 and 0.1.23 that

Hom (π1(L(E)),Qp/Zp) = Hom
(

Gal(Kab/K),Qp/Zp
)
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and
Hom (π1(Et),Qp/Zp) ∼= Hom (Zp,Qp/Zp) = Qp/Zp

if Et is an ordinary elliptic curve. If E0
t is of multiplicative type, we have

Hom
(
π1(E0

t ),Qp/Zp
)

= 0.

Applying the functor Hom(−,Qp/Zp) to exact sequence 4.6.12, the assertions follow from Theo-
rem 4.6.7.

Remark 4.6.23. As already mentioned, this result was also shown by Renaud in [590, §9]. He also
showed that in case (1), a non-zero element from p∞ WC(E/K) coming from an element from the
subgroup Qp/Zp has a tame closed fiber. In case (2), all non-zero elements from p∞ WC(E/K)
define torsors with wild closed fiber.

Let r̃ : π1(E◦)→ π1(E◦t ) be the reduction homomorphism. It gives an inclusion

Hom (π1(E◦t ),Qp/Zp) ⊆ Hom (π1(E◦),Qp/Zp) ∼= p∞ WC(E/K).

We denote by WC(E/K)tame the subgroup of WC(E/K) that is defined to the image of Hom(π1(E◦t ),Qp/Zp)
under the duality isomorphism from Theorem 4.6.7. The name and notation is justified by the fol-
lowing.

Proposition 4.6.24. Let X → C be a regular relatively minimal model of an E-torsor XK →
Spec K. Then its closed multiple fiber is tame if and only if the isomorphism class of XK belongs
to WC(E/K)tame.

If Et is additive or an ordinary elliptic curve, then the group Hom(π1(E◦t ),Qp/Zp) is non-trivial.
These are also the only possible cases when a torsor may have a tame multiple fiber. We conjecture
that

Hom (π1(E◦t ),Qp/Zp) = WC(E/K)tame,

where WC(E,K)tame is the subgroup of isomorphism classes of torsors with tame multiple fiber.
Raynaud’s results imply that this is true if Et is an ordinary elliptic curve.

It is an interesting open problem to find the subset of WC(E/K) of isomorphism classes of torsors
with given type of a wild multiple fiber described by the function φ(n) discussed in Section 4.2.

Using the Artin-Schreier exact sequence

0 → Z/pZ → Ksep ℘→ Ksep → 0,

where ℘(x) = xp − x, we obtain an isomorphism

Hom
(

Gal(Kab/K),Z/pZ
)
∼= H1

ét (K,Z/pZ) ∼= K/℘(K). (4.6.13)

Let R = k[[t]] be the ring of integers of K. By Hensel’s Lemma, for any element a ∈ R there exists
a unique solution of the Artin-Schreier equation ℘(x) = xp − x = a. This shows that the image of
℘ contains R. Since ℘(ct−i) = cpt−pi− ct−i, it follows that t−i is congruent to t−pi. It follows that
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we can choose representatives ofK/℘(K) of the form t−p(pn+k), where k = 1, . . . , p−1. Thus, any
element in K/℘(K) can be written in the form

∑p−1
k=1 t

−pkQk(t
−p2

) for some polynomials Qk(T )
of degree k and with Qk(0) 6= 0.

In particular, in the important case for us where p = 2, we see that every element of K/℘(K) can
be uniquely represented by an element of the form t−2Q1(t−4).

Let X → Spec R with R the ring of integers of some strictly local base as in Proposition 4.6.24.
We now study infinitesimal thickenings Xn of the special fiber X1. Let m be the multiplicity of
X1 so that X1 = mX̄1. Since mnIXn = IXn+1 ⊂ IXn , each Xn is a projective scheme over
Rn = R/mn and there is a natural homomorphism

P◦X/C(Rn) = Pic(X)◦ → Q◦X/C(Rn).

Although the Picard functor P◦X/C may not be representable in general, the Picard functors P◦Xn/Rn
of connected component of the identity are representable by schemes P◦n := Pic◦Xn/Rn , see [459].
Let Gn(P◦n) = RRn/k(P◦n) be the Weil restriction of P◦n. This is a smooth group scheme over k
with

Gn(P◦n)(k) = P◦Xn/Rn(Rn) = Pic(Xn)◦.

We define the (perfect) Greenberg realization G(P◦X/C) of the Picard functor P◦X/C by taking the
projective limit of quasi-algebraic group schemes Gn(P◦n)pf (see the end of Section 0.1). This is a
pro-algebraic group over k with

G(P◦X/C)(k) = lim←− n Pic(Xn)◦ ∼= Pic(X)◦.

Let G(Q′X/S) be the perfect Greenberg realization of the Néron model Q′X/S of EK = Jac(XK),
which we will denote by E. The morphism of functors Q′X/S → P

◦
X/C defines a homomorphism

of the perfect Greenberg realizations

q : G(P◦X/R) → G(E). (4.6.14)

In this context, we have the following theorem of Bertapelle and Tong [54, Theorem 4.7 and Corol-
lary 4.8]

Theorem 4.6.25. The homomorphism of pro-algebraic groups (4.6.14) induces for each n ≥ 1 an
isogeny of smooth algebraic k-groups

qn : Gψ(n)(P◦X/R) → Gn(E).

with kernel Ker(qn)(k) = {OXψ(n)
(−iX̄1)} ⊂ Pic(Xψ(n))

◦} and an isogeny of connected quasi-
algebraic k-groups

qpf
n : Gψ(n)(P◦X/R)pf → Gn(E)pf

whose kernel Ker(qpf
n )(k) is generated by OXψ(n)

(−X̄1). In particular, q is an epimorphism in
the category of of perfect pro-algebraic groups and the kernel is isomorphic to the constant group
scheme (Z/mZ)k.
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Corollary 4.6.26. There is a canonical surjective homomorphism

Pic◦X1/k = G1(P◦X1/k) → Pic◦Et/k = G1(E),

whose kernel generated by OX1(X1).

Consider the extension of pro-algebraic groups

0 → (Z/mZ)k → G(P◦X/R) → G(E) → 0.

For any n divisible by m, we have a natural inclusion of groups Z/mZ→ Z/nZ, which defines an
extension

0 → (Z/nZ)k → G(P◦X/R) → G(E) → 0 (4.6.15)

and hence, an extension class in Ext1(G(E),Z/nZ). It is known that for any connected pro-
algebraic group G and a constant étale group scheme N , there exists an isomorphism

Ext1(G,N) ∼= Hom (π1(G), N) ,

see [638, 5.4, Corollaire]. Thus, given a E-torsor XK → Spec K, it defines a genus one curve
X → C over C = Spec R, which, in turn, defines an extension (4.6.15). The extension class now
defines an element of the group Hom(π1(E◦,Z/nZ)). This gives a map of sets

n WC(E/K) ∼= Ext1 (G(E),Z/nZ) .

A natural guess is that this map coincides with the isomorphism of groups arising from Theorem
4.6.7. This was proved in [54] in the case where n is prime to p and it was stated there that it has
been checked in the case where E has good reduction.

4.7 The Weil-Châtelet group: the global case

Having studied the Weil-Châtelet group in the local case, we now study it in the global case. Thus,
we assume that C is global and that we have a jacobian elliptic fibration f : J → C. Let E := Jη
be the generic fiber of f , which is an elliptic curve over the generic point η = Spec K, where K is
the function field of C. In this section, we show how to compute the group WC(E/K).

For every closed point t ∈ C, we have the generic point Kh
t of the strict localization of C at

t. For the base change of f : J → C to Kh
t , the results of the previous section give us some

control over the Weil-Châtelet group WC(EKh
t
/Kh

t ). An element of WC(E/K) defines for every
t ∈ C an element in WC(EKh

t
/Kh

t ) and thus, a homomorphism from the global Weil-Châtelet
group WC(E/K) into the product (we will see that it lies in the sum) of local Weil-Châtelet groups

WC(E/K) →
∏
t∈C

WC(EKh
t
/Kh

t ).

In order to understand and compute the former, we have to understand the latter, as well as the
kernel and cokernel of this homomorphism.
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Quite generally, let F be an abelian sheaf in the étale topology on η = Spec K. The Leray
spectral sequence for the inclusion morphism i : η ↪→ C gives a long exact sequence

0 → H1
ét(C, i∗F) → H1

ét(η,Fη) → H0
ét(C,R

1i∗F) → H2
ét(C, i∗F) → H2

ét(η,Fη). (4.7.1)

Next, assume that F is the sheaf associated to a smooth connected group scheme G over η that
admits a Néron model G over C. Then, the Néronian mapping property implies that i∗GK ∼= G,
where we identify a group scheme with its associated sheaf in the étale topology. The known
computation of the fiber of direct images of étale sheaves [493, Chapter III, Theorem 1.15] shows
that the fiber of the sheaf (R1i∗G)t at a closed point t ∈ C is isomorphic to H1(η̃t, ĩ

∗
tG), where

ĩt : η̃ht → OhC,t → C and where η̃t = Spec Kh
t is the generic point of the strict localization of C at

a closed point t. By functoriality of Néron models, we obtain an isomorphism

H1
ét
(
η̃t, ĩ

∗
tG
) ∼= H1

ét

(
Kh
t , G⊗K Kh

t

)
.

An element ofH1
ét(K,G) is the isomorphism class of aG-torsorX → Spec K. It is trivialized over

some finite separable finite extension L/K. Let C ′ be the normalization of C in L and p : C ′ → C
be the corresponding finite map. For every t ∈ C, such that C ′ is not ramified over t, the torsor
X ⊗K Kh

t is trivial and hence, its image in (R1i∗G)t is equal to zero. This shows that the image
of each element is zero in almost all fibers of R1i∗GK and hence, we can replace H0(C,R1i∗F) in
the exact sequence (4.7.1) by the direct sum ⊕t∈CH1

ét(K
h
t , G⊗K Kh

t ). The exact sequence

0 → H1(C,G) → H1(η,G) →
⊕
t∈C

H1(Kh
t , G⊗K Kh

t ) → H2(C,G) → H2(η,G) (4.7.2)

is the global-to-local tool for the computation of the group of isomorphism classes of torsors of a
commutative algebraic group G over K.

In this section, we apply this exact sequence to the case when G is an abelian variety A over K
with Néron model A.

Definition 4.7.1. The group H1(C,A) is called the Tate-Shafarevich group and it is denoted by
Ш(A,K) or by Ш(A/K).

Note the order in the names is reversed probably because in the Cyrilic alphabet the letter Ш goes
after the letter T .

Theorem 4.7.2. Let f : J → C be a jacobian elliptic fibration over a global base C. Let E be the
generic fiber of f , which is an elliptic curve over the function field K of C.

1. If J is not supersingular or if pg(J) = 0, then for any prime ` (possibly equal to p),

`∞Ш(E/K) ∼= (Q`/Z`)t`(J)
⊕

` NS(J).

The group ` NS(J) is trivial if f is not smooth or f is a trivial fibration.
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2. If p > 0 and if the surface J is supersingular, then

p∞Ш(E/K) = U(k) ⊕ (Qp/Zp)tp(J)
⊕

p NS(X),

for some unipotent algebraic group U . (Conjecturally, we have tp(J) = 0.) The group
p NS(J) is trivial if f is not smooth or f is a trivial fibration.

Proof. Let E be the Néron model of E over C. We have proved in Corollary 4.3.12 that Br(J) =
H1

ét(C,R
1f∗Gm). The exact sequence

0 → E → R1f∗Gm → ZC → 0 (4.7.3)

together with the vanishing of H1
ét(C,ZC) implies that

Ш(E/K) = H1
ét(C,E) ∼= Br(J).

Now almost all the assertions follow from Theorems 0.10.2 and 0.10.28, which compute the Brauer
group of a surface. The only remaining assertion is that NS(J) has no torsion if f is not smooth or
not trivial. However, this follows from Corollary 4.3.5 (the assertion is obvious when f is trivial).

Let us give more information about the Tate-Shafarevich group in the case of an elliptic jacobian
fibration f : J → C that is smooth. Then, the j-invariant of the generic fiber E := Jη is a constant,
that is, lies in k, and all fibers are isomorphic to one and the same elliptic curveE0 over k. Since the
j-invariant E := Jη is equal to the j-invariant of E0, it follows from Proposition 4.5.5 that E and
E0 become isomorphic over some finite extension L/K. In fact, this extension can be chosen to be
separable of degree 2 if j(E) 6= 0, 1728 and of degree dividing 24 otherwise, see [419, Theorem 2,
Appendix 1].

Moreover, we can choose L/K to trivialize the Tate module T`(E) for some suitable prime ` any
thus, by [84, 7.4,Theorem 5], the extension L/K may be assumed to be unramified. Passing to the
Galois closure of L/K, we may assume the extension to be Galois, say with group G and it will
still be unramified. Let C ′ → C be the normalization of C in L and thus, C ′ → C is a finite étale
morphism of curves. Moreover, G acts on C ′ and the morphism C ′ → C is Galois with group G. In
particular, we have C ∼= C ′/G. By construction, the base change X := J ×C C ′ → C ′ is a trivial
fibration, that is, isomorphic to C ′ × E0 → C ′. We note that X coincides with the Néron model of
EL over C ′. In particular, we obtain an isomorphism

J ∼= (E0 × C ′)/G,

whereG acts freely on the productE0×C ′ by g : (x, y) = (g(x), ρ(g)(y)) for some homomorphism
ρ : G→ Aut(E0). The projection E0 × C ′ → C ′ onto the second factor, which is a trivial elliptic
fibration, induces an elliptic fibration J → C ′/G ∼= C. In this case, we will say that the fibration is
étale isotrivial.

Remark 4.7.3. The previous observations can also be viewed from the point of view of moduli stacks
and actually, it lies at the very heart of what a stack is as opposed to a scheme: first, there exists a
moduli stack M1,1,k of elliptic curves over k, see also Example 5.1.1. Assigning to an elliptic curve
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its j-invariant yields a morphism j : M1,1,k → A1
k, which is the closest approximation of M1,1,k to

a scheme, namely its so-called coarse moduli space.

If f : J → C is a smooth elliptic fibration as above, then we have a classifying morphism
γ : C →M1,1. There is a universal elliptic curve E →M1,1 and f : J → C is isomorphic to the
pullback E ×M1,1 C → C via γ. The composition j ◦ γ : C → A1 must be constant since C is
proper and A1 is affine. In particular, every fiber of f has the same j-invariant, which implies that
every fiber of f is isomorphic to the same elliptic curve E0 over k.

If j was an isomorphism, that is, if M1,1 was a scheme, then the pull-back E ×M1,1 C → C would
be a trivial product family, that is, of the form E0 × C → C. However, in general we have that
J ∼= (E0 ×C ′)/G with the notation as above. This type of phenomenon is possible since M1,1 is a
stack and in fact, a Deligne-Mumford stack: we have f : J → C and the trivial familyE0×C → C,
both of which give rise to classifying morphisms γ, γ′ : C →M1,1. Since j◦γ = j◦γ′, this implies
that there exists a finite and étale cover C ′ → C, that can be assumed, without loss of generality,
to be a Galois cover with respect to some group G, such that J ×C C ′ → C ′ and E0 × C ′ → C ′

are isomorphic. From there, one can argue as above to conclude the existence of an isomorphism
J ∼= (E0 × C ′)/G→ C ′/G = C.

Proposition 4.7.4. Let f : J → C be a non-trivial but étale isotrivial jacobian elliptic fibration.
Then, there exists an isomorphism of abelian groups

MW(J/C) ∼= Tors (NS(J)) .

Proof. Let C ′ → C be a Galois cover trivializing the fibration as above and let G be its Galois
group. Let K and L be the function fields of C and C ′ as above. Let E := Jη be the generic
fiber of f , which is an elliptic curve over K. We have E(K) = E(L)G = E0(k)G. Let G0 be the
image of G in Autgr(E0). The group G0 acts on E0 with a finite set of fixed points, which form
a subgroup isomorphic to MW(E). For example, if G is of order 2 and p 6= 2, then MW(E) ∼=
2E0
∼= (Z/2Z)⊕2.

The Leray spectral sequence for the morphism f and the sheaf µn gives a long exact sequence

0 → H1
ét(C,µn) → H1

ét(J,µn) → H0
ét(C,R

1f∗µn) → H2
ét(C,µn) → H2

ét(J,µn)

Next, we use the isomorphism H1
ét(Z,µn) ∼= n Pic(Z) for Z = C or J , as well as the fact that

R1f∗µn
∼= nR

1f∗Gm = nPJ/C . Also we use that the map H2
ét(C,µn) → H2

ét(J,µn) is injective.
Thus, we can rewrite the above long exact sequence as

0 → n Pic(C) → n Pic(J) → n Pic(J/C) → 0.

The group Pic◦(C) is n-divisible and the maximal n-divisible subgroup of Picτ (J) is Pic◦(J). The
homomorphism f∗ : Pic◦(C)→ Pic◦(J) is a bijection since f is non-trivial. This gives us that

n Tors(NS(J)) = n (Picτ (J)/Pic◦(J)) ∼= n MW(J/C).

and finishes the proof.
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The group G acts on E0 via ρ : G→ Aut(E0) as above and we let G0 be the subgroup of G that
consists of those automorphisms of E0 that fix the group structure. It follows from the description
of the automorphism group of an elliptic curve in Proposition 4.4.7 that the torsion of NS(J) is
restricted.

Corollary 4.7.5. Let f : J → C be as before. Then,

Tors (NS(J)) ∈
{
{0}, Z/2Z, Z/3Z, Z/4Z, (Z/2Z)⊕2

}
.

Example 4.7.6. Let us shortly digress on hyperelliptic surfaces: namely, we specialize to the case
where C := E is also an elliptic curve. Then, E1 := C ′ → E is an étale G-cover and thus, a
separable isogeny of elliptic curves with kernel G. We K be the subgroup of G that acts on E0 by
translations. Then we can replace E0 with its quotient by K to assume that K is trivial. In this case,
projection onto the first factor induces another elliptic fibration

f ′ : J → P1 = E0/G.

This fibration has multiple fibers and its jacobian is the trivial fibration. Since L⊗12 ∼= OC , the
canonical class formula gives ω⊗12

J
∼= OJ . Since b1(J) = 2, the surface J is a hyperelliptic (or

bielliptic) surface of Kodaira dimension zero. We mentioned these surfaces already at the end of
Section 1.1. We refer to [46] for classification of such surfaces over the complex numbers and to
[74] or the survey [448] for the classification in all characteristics. Since dimH1(J,OJ) = 1,
we know from Example 4.2.15 that l(Tors(R1f ′∗OJ)) ≤ 1 and that there can be at most one wild
multiple fiber. We refer to [74] for the classification of possible configuration of multiple fibers.

In Section 0.10, we discussed ordinary varieties. It follows from Example 0.10.23 that J is ordi-
nary in degree 1 if and only if the baseC of the fibration f is an ordinary curve of genus g and PicJ/k
is reduced (here, we use that Jac(C) is isogenous to the Albanese variety of J). Being ordinary in
degree 1, we see that Pic(J) is reduced, that h1(OJ) = h1(OC) = g, and that h2(OJ) = g − 1.

Lemma 4.7.7. Assume p ≥ 5. Then, the following properties are equivalent.

1. E0 and C are supersingular,

2. J is supersingular.

Proof. The trivializing cover π : J ′ := E0 × C ′ → J is étale and, since we assumed p 6= 2, 3,
its degree is prime to p. A trace map argument shows that the homomorphism π∗ : H2(J,OJ) →
H2(J ′,OJ ′) is injective. The map is the map of the Lie algebras of the homomorphism of formal
Brauer groups π∗ : B̂r(J)→ B̂r(J ′). Since there are no non-trivial maps between formal groups of
different heights, we see that J ′ is supersingular if and only if J is supersingular.

The Künneth formula in crystalline cohomology [58, Chapter 5, 4.1] yields a decomposition

H2(J ′/W ) ∼=
(
H1(E0/W )⊗H1(C ′/W )

)
⊕ H2(E0/W ) ⊕ H2(C ′/W ),

which is compatible with the action of Frobenius. We know that J ′ is supersingular if and only
if H2(J ′/W ) ⊗W K = (H2(J ′/W ) ⊗W K)1, where the subscript 1 indicates the slope 1 sub-
isocrystal. This implies that J ′ is supersingular if and only ifH1(E0/W )⊗WK = (H1(E0/W )⊗W
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K)1 and H1(C ′/W )⊗W K = (H1(C ′/W )⊗W K)1. The latter happens if and only if C ′ and E0

are supersingular curves. Since C ′ is an étale cover of C, we have that C ′ is supersingular if and
only if C is supersingular.

We refer to [337] for more information about ordinarity of isotrivial elliptic fibrations.

Next, we study the group H2(C,E). By (4.7.2), this group is crucial for the global-to-local tool:
given a system of local classes, that is, elements inH1(Kh

t , G⊗KKh
t ) for every closed point t ∈ C,

the obstructions to realizing them in a global fibration, lies in H2(C,E).

Lemma 4.7.8. Let A be an abelian variety over K. Then H2(K,A) = 0.

Proof. SinceH2(K,A) is a torsion group, it is enough to show that `H2(K,A) = 0 for every prime
` including the characteristic p = char(K). Using the long exact sequence in flat cohomology
associated to the short exact sequence

0 → `A → A
[`]→ A → 0,

we see that it is enough to prove that H2(K, `A) = 0. The sheaf `A is represented by a finite group
scheme of height one over K. It is known that, for any scheme X and every finite group X-scheme
G of height one, we have H i(X,G) = 0 for i > c(X) + 1, where c(X) is the cohomological
dimension of X in the category of quasi-coherent sheaves on X , see [30, Corollary (1.3)]. By
taking X = Spec K, we obtain H i(K, `A) = 0 for i > 1, and we are done.

Applying this lemma to the exact sequence (4.7.2), we find the exact sequence

0 → Ш(A/K) → WC(K/A) →
⊕
t∈C

WC(AKh
t
/Kh

t ) → Tors
(
H2(C,A)

)
→ 0. (4.7.4)

For non-trivial elliptic fibrations, we have the following fundamental result.

Theorem 4.7.9. If f : J → C is a non-trivial elliptic jacobian fibration over a global base C, then

Tors
(
H2(C,E)

)
= 0.

On the other hand, if f is trivial, say, J ∼= E0 × C for some elliptic curve E0 defined over k, then

nH
2 (C,E) ∼= nE0

for every n.

Proof. Assume that f is non-trivial. It suffices to prove that `H2(C,E) = 0 for any prime `
including the characteristic p = char(k).

First, assume that f is not smooth. By Corollary 4.3.12, we haveH2(C,R1f∗Gm) ∼= H3(J,Gm).
Next, we use the exact sequence (4.7.3) and the exact sequence of constant sheaves

0 → ZC → QZ → (Q/Z)C → 0
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to conclude that

H1(C,ZC) = 0, and H2(C,ZC) = H1(C, (Q/Z)C).

This gives an isomorphism

`H
2(C,E) ∼= Ker

(
`H

3(J,Gm) → `H
1(C, (Q/Z)C)

)
.

Multiplication by ` in (Q/Z)C shows that we have an isomorphism

`H
1 (C, (Q/Z)C) ∼= H1 (C, (Z/`Z)C) .

This gives
`H

2(C,E) ∼= Ker
(
`H

3(J,Gm) → `H
1(C, (Z/`Z)C)

)
. (4.7.5)

Next, the Kummer exact sequence on J gives an exact sequence

0 → Br(J)(`) → H3(J,µ`) → `H
3(J,Gm) → 0.

Since f is not smooth, Theorem 4.7.2 implies that Br(J) is a divisible group. Thus, H3(J,µ`)
∼=

`H
3(J,Gm) and (4.7.7) gives that

`H
2(C,E) ∼= Ker

(
H3(J,µ`) → H1(C, (Z/`Z)C)

)
. (4.7.6)

Assume ` 6= p. Then, by Poincaré Duality (0.10.18),

Hom
(
`H

2(C,E),Z/`Z
) ∼= Coker

(
f∗ : H1(C,µ`) → H1(J,µ`)

)
. (4.7.7)

By Corollary 4.3.5, we have b1(J) = b1(C) and the map f∗ is an isomorphism and hence, we find
`H

2(C,E) = 0.

If ` = p, then we use the duality in µp-cohomology for curves from [30, Corollary 4.9] that gives

Hom
(
H1(C, (Z/pZ)C),Q/Z

) ∼= H1(C,µp)

and duality for flat cohomology of surfaces from [30, §5], which we discussed in Section 0.10, gives
a short exact sequence

0 → U2(J,µp)
∨ → H3(J,µp) → D1(J,µp)

∨ → 0.

Since U1(C,µp) = 0 and D1(J,µp)
∼= p Jac(C), we obtain an isomorphism of quasi-algebraic

groups over k

pH
2(C,E) ∼= U2(J,µp)

∨ ∼= Coker (p Jac(C)→ p Pic(J)) .

Since b1(C) = b1(J), we get Coker(p Jac(C) → p Pic(J)) ∼= p NS(J) and this concludes the
proof in the case when the elliptic fibration is non-trivial.

Assume J ∼= E0 × C. We consider J as a constant abelian scheme over C identified with its
Néron model. In this case

Ш(J) ∼= Br(J) ∼= Br(C)× Br(E0) = {0}.
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The Kummmer type exact sequence

0→ nJ → J
[n]→ J → 0→ 0

shows that
nH

2(C, J) ∼= H2(C, nJ).

The duality in étale cohomology gives an isomorphism

H2(C, nJ) ∼= H0(C, nJ) ∼= nE0.

Remark 4.7.10. We have an exact sequence of sheaves of abelian groups on C

0 → E◦ → E → F → 0,

where F is a constant sky-scraper sheaf, whose fibers are the groups of connected components of
fibers of E. Taking (flat or étale) cohomology and using the Néronian property of E, we obtain an
exact sequence

0 → E◦(C) → E(C) → F → Ш(E/K)′ → Ш(E/K) → 0, (4.7.8)

where Ш(E/K)′ := H1(C,E◦). Let F be the cokernel of the map E(K) = E(C) → H0(C,F),
which is a finite group. We have an exact sequence

0 → F → Ш(E/K)′ → Ш(E/K) → 0. (4.7.9)

The group Ш(E/K)′ has a geometric interpretation as the group of locally trivial torsors of E
of together with a choice of a component of multiplicity 1 in each reducible fiber of its relatively
minimal model X → C, see see [423, p. 486].

Remark 4.7.11. Let A be any variety over a local or global field K and let A be its Néron model
over C. The original Ogg-Shafarevich theory computes the Weil-Châtelet group n WC(A/K) of
A-torsors over K, where (n, p) = 1. If dimA ≥ 2, we cannot use the computation of the Brauer
group of a minimal model of A. Thus, the theory of torsors of any abelian variety A over global
K, and, in particular, the computation of the Tate-Shafarevich group, is different. Raynaud [588],
following Grothendieck, deduces the following formula for the Euler-Poincaré characteristic of any
constructive sheaf F of finite modules over a commutative ring R in the étale topology of C or
some open subset U of C. The formula, which is called the Ogg-Shafarevich formula, is as follows.

χR(F) =

2∑
i=0

(−1)i clR
(
H i(C,F)

)
= (2− 2g(C)) clR(Fη̄)−

∑
x∈C(1)

εRx (F).

Here, clR(M) denotes the class of a finite R-module in the Grothendieck group of the abelian
category of finite R-modules. The local invariant εRx (F) is given by

εRx (F) = αRx (F) + clR(Fη̄) −
∑
i=0

(−1)i clR
(
H i
x(F)

)
,
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where H i
x(F) is the étale cohomology with support at x and the αRx (F) are the invariants of wild

ramification δ(K̂x,M) for the Gal(K̂s
x/K̂x)-module M defining the sheaf î∗xF . We defined these

invariants in Section 4.1. Note that both Ogg and Shafarevich assume that the sheaf nA is moder-
ately ramified, that is, that all the invariants αRx (nA) are zero.

We note that one can also deduce formula (7.1.8) for the Euler-Poincaré characteristic of an elliptic
fibration from the Ogg-Shafarevich formula by taking R = Z/nZ and F = R1f∗µn.

4.8 The Weil-Châtelet group: quasi-elliptic fibrations

In this section, we will study Weil-Châtelet groups for quasi-elliptic fibrations. We will use many
ideas and results from the previous two sections and focus on the differences that having a non-
smooth generic fiber display. We recall that quasi-elliptic fibrations can and do exist in characteristic
p ∈ {2, 3} only.

The setup is as follows: let f : J → C be a jacobian quasi-elliptic fibration over a global basis C.
We let Jη be the generic fiber over η = Spec K and let UK = J ]η be the smooth locus of Jη. Then,
UK is a wound unipotent group of dimension one and its Néron model U (which does exist despite
that fact that UK is not proper) is isomorphic to J ] → C. We can still apply exact sequence (4.7.2)
by taking G = UK and G = U. We denote H1(C,A) by Ш(UK/K) and continue to call it the
Tate-Shafarevich group of UK . The sequence (4.7.2) thus becomes

0 → Ш(UK/K) → H1(η,UK) →
⊕
t∈C

H1(Kh
t ,UKh

t
) → H2(C,U) → H2(η,U). (4.8.1)

Since the multiplication by p kills Ga,K , it also kills UK and U. Thus, all groups in this exact
sequence, are p-torsion groups.

To compute H1(η,UK), we need to understand and compute Ш(UK/K), the groups of local
invariants H1(Kh

t , UKh
t
), and the group of obstructions Ker(H2(C,U)→ H2(K,UK)).

We start with the Tate-Shafarevich group Ш(UK/K) = H1(C,U): as in the elliptic case,
this is isomorphic to the Brauer group of the jacobian surface J . Since the Mordell-Weil group
MW(J ]/C) = UK(K) is a finite p-group, the Shioda-Tate formula gives ρ = b2 (supersingular in
the sense of Shioda) and hence, tp(J) = 0. Thus, Theorem 4.7.2 shows that

Ш(UK/K) ∼= kpg(X) ⊕ p∞ (NS(J)) . (4.8.2)

We know from Corollary 4.3.5 that Tors(NS(J)) = {0} unless χ(J) = 0. Quasi-elliptic jacobian
surfaces with χ(J) = 0 are precisely that quasi-hyperelliptic surfaces, which we briefly discussed
in Corollary 4.3.6. As in the case of hyperelliptic surfaces, we have a presentation of the form
J ∼= (E0 × E1)/G, but now, E0 is a cuspidal cubic curve over k (rather than an elliptic curve),
E1 → E is an isogeny of elliptic curves, and G is a finite group scheme (possibly not étale). It
follows from the analysis of all possible G in [75, p. 214] that

Tors (NS(J)) = (E0(k) \ {cusp})G0 = {0}

Here, G0 is the subgroup scheme of G that fixes 0 an. Let us record this discussion in the following.
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Theorem 4.8.1. Let f : J → P1 be a jacobian quasi-elliptic surface over a global base C and let
UK = J ]η. Then, there is an isomorphism of abelian groups

Ш(UK/K) ∼= kpg(J).

Example 4.8.2. Let X be a K3 surface that admits a jacobian quasi-elliptic fibration f : X → P1.
The theorem implies that the Brauer group is p-torsion and in fact isomorphic to the additive group
of k. In fact, X is a supersingular and unirational K3 surface, see also Corollary 4.1.16. The Tate-
Shafarevich group is a p-torsion group also for any elliptic fibration g : X → P1. Thus, any elliptic
K3-surface whose jacobian fibration is isomorphic to X : J → P1 has a multi-section of degree p
and all other multi-sections are of degree divisible by p.

The proof of Theorem 4.7.9 extends word-by-word to quasi-elliptic fibrations. Since we do not
have trivial quasi-elliptic fibrations (the total space would not be normal and in particular, not a
smooth surface), we obtain the following.

Theorem 4.8.3. Let f : J → C be a quasi-elliptic fibration over a global base C. Then

H2(C,U) = 0.

In particular, there are no obstructions in (4.8.1) to realize a given set of local conditions in a
global quasi-elliptic fibration.

In order to finish our discussion on Ogg-Shafarevich theory for quasi-elliptic fibrations, it remains
to compute the Weil-Châtelet group of a quasi-elliptic fibration over a strictly local base C =
Spec R. We start with explicit equations

Proposition 4.8.4. Let X be a quasi-elliptic curve over a field K of characteristic p that has a
K-rational point. If p = 2, assume that the residue field of the cusp c is a quadratic extension of K.
Then, the unipotent group UK = X] = X \ {c} is isomorphic to a closed subgroup of the group
scheme

G2
a,K
∼= Spec K[u, u−1, v, v−1]

given by the following equations.

1. p = 2

(a) u2 + v + a2v
2 + a6v

4 = 0, where y2 + x3 + a2
2x+ a6 = 0 is the Weierstrass equation

of X . The map given by the linear system |c| is inseparable.

(b) u4 + v + a4v
2 = 0, where a4 is not a square in K and one can choose a Weierstrass

equation such that a6 = 0. The map given by the linear system |c| is separable.

2. p = 3

• u3 + v+ a6v
3 = 0, where y2 + x3 + a6 = 0 is the Weierstrass equation of X . The map

given by the linear system |c| can be separable or inseparable.
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Proof. First, assume that p = 2. Let f : X → P1
K be a degree 2 map given by the linear system |c|.

Suppose f is inseparable. It follows from Example 0.2.22 and the formula for the canonical sheaf
of a split cyclic cover that the equation of the curve in the weighted projective plane P(1, 1, 2) can
be chosen to be

t22 + b4(t0, t1) = 0,

where b4 =
∑4

i=0 cit
i
0t

4−i
1 . The non-smooth locus is the pre-image of the zero subscheme of da4,

which is of the form V (c1t
2
0 + c3t

2
1). Since it coincides with the image of the cuspidal point c,

which is of degree 2, the polynomial c1t
2
0 + c3t

2
1 must be the square of a linear polynomial. After

a linear change of the coordinates (t0, t1), we may assume that c1 = 0, c3 = 1. Since X has a
K-rational point, we may assume that its image is the point with coordinates [0, 1, 0]. This allows
us to assume that c0 = 0 and to write the equation of X in affine coordinates x = t1/t0, y = t2/t

2
0

in the following form:
y2 + x3 + a2x

2 + a6 = 0. (4.8.3)

After replacing x by x+a2, the Weierstrass equation can be rewritten in the form y2+x3+a2
2x+a′6 =

0. Conversely, if a4 = a2
2 is a square, we change x to x + a2 and obtain an equation of the form

(4.8.3). Using the change of variables u = y/x2, v = 1/x, we arrive at equation (4.8.3).

Assume now that f is a separable map of degree two. Then the equation of X has the form

t22 + b2(t0, t1)t2 +

4∑
i=0

cit
i
0t

4−i
1 = 0,

where b2 is a binary form of degree n. We may assume that [0, 1, 0] is a K-rational point of X .
We may thus assume c0 = 0. Also, we may assume that the cusp is the point [1, 0, c

1/2
0 ] and that

b2 = t21. Taking partial derivatives, we see that c3 = 0 and we obtain the equation

t22 + t21t2 + c0t
4
0 + c1t0t

3
1 + c2t

2
0t

2
1 = 0.

Replacing t2 by t2 + αt20 + βt0t1 for suitable α and β, we may assume c1 = c2 = 0. In affine
coordinates u = t0/t1, v = t2/t

2
1, we thus obtain an equation v2 + v + c0u

4 = 0. Replacing v by
c0v and cancelling by c0, we get equation

u4 + v + c0v
2 = 0. (4.8.4)

Let us see how to derive this equation from the Weierstrass equation of X . By the above, the
coefficient a4 in the Weierstrass form y2 + x3 + a4x + a6 = 0 is not a square. As we noted in
Remark 4.4.4, we may find another Weierstrass equation of the same curve with a6 = 0. Following
[584], we set v = a4

x2+a4
and u = x

y and we check that v2 + v + a4u
4 = 0. Replacing v by a4v and

cancelling by a4, we get equation (4.8.4) with a = a4.

This gives the relationship between the coefficients in (4.8.4) and the coefficients a4, a6 of the
Weierstrass form.

Next, assume that p = 3.

Suppose f is a separable map. Then X has an equation of the form

t32 + b2(t0, t1)t2 + c0t
3
1 + c1t

2
1t0 + c2t1t

2
0 + c3t

3
0 = 0
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We may assumeX has aK-rational point with coordinates [0, 1, α], where α3 +b2(0, 1)α+c0 = 0.
After a linear change t2 7→ t2−α, we may assume that c0 = 0 and α = 0. Taking partial derivatives,
we find that b2 must be square of a linear form and after a linear change of variables t0, t1, we may
assume that b2 = t21, c2 = 0 and that the cusp has coordinates in K̄ equal to [1, 0,−c1/3

3 ]. After the
linear change t2 7→ t2 + c1t0, we may assume that c1 = 0. In affine coordinates, u = t2/t1, v =
t0/t1, the equation is

u3 + u+ cv3 = 0. (4.8.5)

The same equation is obtained from the Weierstrass equation y2 + x3 + a6 by a substitution u =
x/y, v = 1/y, which shows that c = a6.

Finally, assume that f is inseparable and then, X is given by

t32 + c0t
3
1 + c1t

2
1t0 + c2t1t

2
0 + c3t

3
0 = 0.

As above, we may assume that the K-rational point on X has coordinates [0, 1, 0], which forces c0

to be 0. Also, we may assume that the cusp has coordinates in K̄ equal to [1, 0,−c1/3
3 ]. Taking

partial derivatives, we find that the image of the cusp is the point V (c1t1 + c2t0). As above, we may
assume that c0 = 0 and hence, the pre-image of this point in XK̄ is [−c2, c1, c

1/3
3 ]. Taking partial

derivatives, we obtain c2 = 0. Now, after suitably scaling t0 and working in the affine coordinates
u = t2/t1, v = t0/t1, the equation becomes (4.8.5).

Let us put these results into a broader perspective: in Russell [613] studied purely inseparable
twisted forms G of Ga over fields F of characteristic p > 0, that is, G is a group scheme over
F such that there exists purely inseparable extension L/F such that GL is isomorphic Ga. More
precisely, he showed that a non-trivial inseparable form G of Ga is isomorphic to a closed subgroup
of G2

a,F given by an equation

up
n

+ v + a1v
p + · · ·+ arv

pr = 0. (4.8.6)

where the coefficients ai satisfy ai 6∈ F p
i
. Thus, our groups U = J ]η correspond to the cases p = 2

and n = 1, r = 2 (equation (i)), or n = 2, r = 1 (equation (ii)), or n = 2, r = 2 (equation (??)), or
p = 3, n = 1. It is known that the number n is equal to the height, which is the smallest degree of a
purely inseparable extension such that the base change to it is isomorphic to Ga.

The group G admits a G-equivariant compactification, which is isomorphic to a plane curve X of
degree pmax{m,n} in the weighted homogeneous plane P(1, 1, pmax{m,n}−min{m,n}), which is given
by an equation

tp
n

2 + tp
m−1

0 t1 + · · ·+ am−1t
p
0t
pm−1

1 + amt
pm

1 = 0 (4.8.7)

if n ≤ m and which is given by an equation

tp
n

2 + t1t
pm

0 + · · ·+ am−1t
p
0t
pm−1

1 + amt
pm

1 = 0 (4.8.8)

if m ≤ n. With respect to these equations, U is given by the complement of the hyperplane at
infinity, that is, V (t0).
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Using formula (4.1.6), we obtain

ωX ∼= OX
(
−2− pmax{m,n}−min{m,n} + pmax{m,n}

)
and

pa(X) =
1

2

(
pmin{m,n} − 1

) (
pmax{m,n} − 2

)
. (4.8.9)

This curve is smooth except for the the point at infinity t0 = 0, where it has a singular unibranch
point. More precisely, we make the following local computations: First, suppose n ≥ m. In the
open subset t1 6= 0, the affine equation is

1 + xp
m−pn−my + · · ·+ am−1x

pyp
m−p + amy

pm = 0

We can write it as 1 + amy
pm + xpε = 0, where ε in the local ring at the non-smooth point. If

am 6∈ F p
s

for any 0 ≤ s ≤ m, then x generates the maximal ideal m and then, the curve is regular.
However, if am = cp

s
, then 1 + cyp

n−s ∈ m but does not belong to (x), so the curve is not normal
and we have to take its normalization defined over F . Second, if n ≤ m, then we obtain an affine
equation

yp
n

+ xp
m−1 + · · ·+ am−1x

pm−pm−1
+ am = 0

and come to a similar conclusion: the curve is regular if and only if am is not a p.th power.

Definition 4.8.5. A wound one-dimensional unipotent group is called a unipotent group of genus
g if it admits a regular compactification of arithmetic genus g. A unipotent group of genus one is
called a quasi-elliptic group.

We note that wound unipotent groups of genus 0 can exist only in characteristic p = 2 and that
they have a regular compactification given by an equation of the form

x2
2 + x0x1 + ax2

1 = 0,

where a is not a square.

It follows from the formula for the genus that the weighted homogeneous compactification from
above is a quasi-elliptic group with (p;n,m) ∈ {(2; 1, 2), (2; 2, 1), (3; 1, 1)}, which is in agreement
with Proposition 4.8.4. In the case (p;n,m) = (2; 2, 2) and the equation u4 + v + av2 + c2v4 = 0,
the genus formula gives pa = 3 and then, the weighted homogeneous compactification t42 + t30t

2
1 +

at20t
2
1 + c2t41 = 0 is not regular. The affine part y4 +x3 +ax2 + b2 = 0 is not normal since t = y2+b

x
satisfies t2 = x+ a and has to be added to the coordinate ring in order to obtain the normalization,
which is then given by equation y2 +w3 + aw + b = 0, see [?, Example 3.14]. This normalization
is a regular curve of genus 1. It follows from [584] that any quasi-elliptic curve is isomorphic to one
of the four cases (p : m,n) ∈ {(2; 1, 2), (2; 2, 1), (3 : 1, 1), (2; 2, 2)}.

Proposition 4.8.6. Let U be a unipotent group over K of genus g > 0. Then

WC(U/K) ∼= K/Φ(K⊕2),

where Φ : K⊕2 → K is the homomorphism of additive groups given by

Φ(u, v) = up
n

+ v + a1v
p + · · ·+ arv

pr ,
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where the ai are the coefficients of UK with respect to a Russell equation (4.8.6). In particular,

WC(U/K) = p WC(U/K),

that is, the Weil-Châtelet group of U is a p-torsion group.

Proof. Given an equation (4.8.6) for U and defining Φ as in the proposition, we have a short exact
sequence of group schemes in the flat topology

0 → U → G2
a,K

Φ→ Ga,K → 0.

Taking cohomology and using the fact that flat cohomology of a vector group scheme coincides
Zariski cohomology (see, for example [493], Chapter III, Proposition 3.7), we obtain an isomor-
phism WC(U/K) = H1(η, Jη) ∼= K/Φ(K⊕2).

Now, we are ready to compute the group WC(Jη/η) for a quasi-elliptic fibration f : J → C over
a strictly local baseC with function fieldK. As a first step, we make the equations from Proposition
4.8.4 more explicit.

Proposition 4.8.7. A quasi-elliptic group over K := k((t)) is isomorphic to a subgroup scheme of
G2
a,K = Spec K[u, u−1, v, v−1] given by one of the following equations:

1. p = 2

(a1) u2 + v + t2k+1v4 = 0, k = 0, 1, 2.

(a2) u2 + v + t2s+1ε2v2 + t2k+1v4 = 0, k = 0, 1, 2.

(b1) u4 + v + t2k+1v2 = 0, k = 0, 1, 2.

(b2) u4 + v + (ε4 + tε42 + t2ε43 + t3ε43)v2 = 0.

(b3) u4 + v + t2(ε4 + tε42 + t2ε43 + t3ε43)v2 = 0,

where ε is a unit and the εi’s are units or zeroes.

2. p = 3

u3 + v + tsv3 = 0, s = 1, 2, 4, 5.

Proof. Let ν : K× → Z be the discrete valuation with respect to the uniformizer t. We use
Proposition 4.8.4.

Assume we are in case 1(a). We know that the quasi-elliptic group arises from a quasi-elliptic
curve of the form y2 + x3 + a2

2x + a6 = 0. Replacing y by y + αx + β + a2α and x by x + α2

changes (a2, a6) to (a2 + α2, a6 + β2). We also can change (x, y) to (c3x, c2y) in order to assume
that ν(a6) < 6.

Since a6 6= 0 in this case, we may write a6 = t2k+1ε2 for some unit ε and k = 0, 1, 2. This gives
us an equation

u2 + v + t2s+1ε2v2 + t2k+1ηv4 = 0, k = 0, 1, 2, (4.8.10)
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where ε is a unit or zero and η is a unit. Applying Hensel’s lemma, we may change the local
parameter to tη1/2k+1 in order to assume that η = 1.

Assume that we are in case 1(b). Then, as already noted earlier, we may assume that a6 = 0 and
thus, deal with an equation

u4 + v + tsεv2 = 0, k = 0, 1, 2, 3, (4.8.11)

where ε is a unit. If s is odd, then we may rescale t to assume that ε = 1. If s is even, then we may
assume that ε is not a square. Since we may also add a fourth power of an element from K to a6,
we may obtain the following equations

u4 + v + εv2 = 0,

u4 + v + tv2 = 0,

u4 + v + t2ε = 0,

u4 + v + t3 = 0,

where ε = ε4 + tε41 + t2ε42 + t3ε43 for some unit ε and some units or zeros εi.

Assume p = 3. Then the equation may chosen to be u3 + v + at3 = 0. Replacing u by tsu and v
by t3sv for a suitably large s, we may assume that a ∈ R. Replacing u by u+ tkεv, we may assume
that k = 1. Using Hensel’s lemma, we may assume that ε = 1 and obtain an equation

u3 + v + tmv3 = 0, m = 1, 2, 4, 5, (4.8.12)

which ends the proof.

Using this proposition, we can now give explicit equations for representatives of the Weil-Châtelet
group WC(U/K) of a quasi-elliptic group U overK. By Proposition 4.8.6, we have that WC(U/K)
is isomorphic toK/Φ(K⊕2). In characteristic p = 3, the following realizations of elements of these
groups were given by Lang in [420], Theorem 2.1.

Proposition 4.8.8. Assume p = 3. Let X → Spec K be a non-trivial torsor under a quasi-elliptic
unipotent group U over K. Then, X is isomorphic to an affine curve over K given by an equation
of the form

u3 + v + tkv3 + t−kqn(t−3) = 0,

where k = 1, 2, 4, 5 and qn is a polynomial of degree n.

Proof. The equation of U can be chosen to be Φ := u3 + v + tkv3 = 0. We set h(v) := Φ(0, v) =
v + tkkv3. Let f(t) ∈ K be a representative of K/Φ(K⊕2). Using the fact that Φ(u, 0) = u3, we
may assume that f(t) does not contain cubes of monomials. Using h(v) = v + tkv3 and Hensel’s
lemma, we can find any given power series of k[[t]] in the image of Φ. Thus, we may assume that
f(t) is a negative Laurent polynomial.

We we write f ∼ g if f − g ∈ Im(Φ). For any constant c ∈ k, we have

h(ct−i) = Φ(0, ct−i) = ct−i + c3t−3i+k.
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First, assume k = 1. We see that all monomials t−i, i ≡ 1 mod 3 enter only in one of these
equations and that t−2 ∼ t−1, t−5 ∼ t−2 ∼ t−1, and t−8 ∼ t−3 ∼ 0. Continuing in this way, we
see that each monomial whose degree is not divisible by 3 is equivalent to a monomial of the form
t−i with i ≡ 3 mod 3. Thus, we can choose a unique representative of K/Φ(K⊕2) of the form
f(t) = t−1qn(t−3) as claimed.

Next, if k = 2, then the same arguments as before show that monomials t−i, i ≡ 2 mod 3 form a
basis of the cokernel of Φ. Thus, we can choose a unique representative of K/Φ(K⊕2) of the form
f(t) = t−2qn(t−3).

Finally, assume that k = 4 or k = 5. Then we see that t−1 and t−2 both lie in Im(Φ). We can thus
find representatives of the form f(t) = t−5qn(t−3) if k = 4 and of the form f(t) = t−4qn(t−3) and
if k = 5.

Corollary 4.8.9. Keeping the assumptions of the proposition, a non-trivial U-torsor admits an in-
tegral affine model over R = k[[t]] given by one of the following equations:

1. u3 + t2n+2v + tv3 + t2pn(t3) = 0.

2. u3 + t2n+2v + t2v3 + tpn(t3) = 0

3. u3 + t2n+3v + tv3 + t2pn(t3) = 0.

4. u3 + t2n+3v + t2v3 + tpn(t3) = 0.

where pn is a polynomial of degree ≤ n that does not vanishing at 0.

Proof. Assume k = 1. Multiplying the equation by t3n+3 and replacing u by tn+1u, as well
as v by tn+1v, we obtain the equation u3 + t2n+2v + tv3 + t2t3kqn(t−3) = 0. It remains to
write t3nqn(t−3) = pn(t3). If k = 3, we multiply both sides by t3n+6 and replace (u, v) by
(tn+2u, tn+1v). The other two cases are treated similarly.

The case p = 2 is more complicated.

Proposition 4.8.10. Assume p = 2. LetX → Spec K be a non-trivial torsor under a quasi-elliptic
unipotent group U over K. Then, X is isomorphic to an affine curve over K given by one of the
following equations.

1. u2 + v + tv4 + t−1qn(t−4) = 0,

2. u2 + v + t3v4 + t−3qn(t−4) = 0,

3. u2 + v + t5v4 + t−5qn(t−4) = 0,

4. u2 + v + t2s+1ε2v2 + tv4 + t−1qn(t−4) = 0,

5. u2 + v + t2s+1ε2v2 + t2k+1v4 + t−5qn(t−4) = 0, k = 1, 2,

6. u4 + v + (ε4 + tε42 + t2ε43 + t3ε43)v2 + t−1qn(t−4) = 0,
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7. u4 + v + tv2 + t−2qn(t−4) = 0,

8. u4 + v + t2(ε4 + tε42 + t2ε43 + t3ε43)v2 + t−3qn(t−2),

9. u4 + v + t3v2 + t−6qn(t−4) = 0,

where qn is a polynomial of degree n.

Proof. As in the characteristic 3 case before, we define f ∼ g if f(t)− g(t) ∈ Im(Φ).

We start with equation (4.8.10). Assume first that ε = 0. Replacing t with tη
1

2k+1 , we may assume
that η = 1, so that h(v) = Φ(0, v) = v + t2k+1v4. As in the proof of Proposition 4.8.8, we may
represent f(t) ∈ K/Φ(K⊕2) by a negative Laurent polynomial that is not a square. We have

h(ct−i) = ct−i + c4t2k+1−4i.

If k = 0, then all monomials t3−4i enter only in one of the relations from above. All monomials of
the form t1−4i are equivalent to one such monomials. Thus, we can choose a unique representative
of the form f(t) = t−1qn(t−4).

If k = 1, then we have
h(ct−i) = ct−i + c4t3−4i.

Arguing as in the previous case, we find a representative of the form t−3qn(t−4).

If k = 2, everything works as in case k = 0, except that we can eliminate t−1 ∼ t−2. Thus, we
find representatives of the form f(t) = t−5qn(t−4).

Assume ε 6= 0. If k = 0, then c4t−3 ∼ ct−1 + c2t2s−1 and hence, t−3 ∼ t−1. By induction,
we see that any monomial t1−4i is congruent to a monomial of the form t3−4i. Thus, we can find
representatives of the form t−1qn(t−4). Unfortunately, these representatives may be not unique.

If k = 1, 2, then we find ct−1 ∼ 0 and thus, we find representatives of the form t−5qn(t−4).

Next, let us consider equation (4.8.11). We write ε in the form ε4 + tε1 + t2ε42 + t3ε43. First, we
eliminate all fourth powers.

Assume k = 0. Then, we have

h(ct−2i−1) = ct−2i−1 + c2t−4i−2(ε4 + tε1 + t2ε42 + t3ε43)

and we obtain that t−4i−2 is equivalent to a linear combination of monomials of odd degree and
monomials of even degree larger than −4i − 2. By induction, we see that all monomials of even
degree can be expressed in terms of monomials of odd degree. Thus, we find representatives of the
form t−1qn(t−2). Note however, that we do not claim that they are linearly independent modulo the
image of h.

If k = 1, then we have ct−i ∼ −c2t−2i+1. We see that (c+ c2)t−1 ∼ 0 and hence, t−1 ∼ 0. Also
t−3 ∼ t−2 ∼ 0. By induction, we see that all odd degree monomials are equivalent to monomials
of even degree. Thus, we find representatives of the form t−2q(t−4).
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If k = 2, then we get
t−2i−1 ∼ t−4i(ε4 + tε41 + t2ε42 + t3ε34).

By induction, we see that any monomial of the form t−4i+2 can be expressed in terms of monomials
of odd degree. This is similar to case k = 0, but in this case we have t−1 ∼ 0. Thus, we can find
representatives of the form t−3q(t−2).

The case k = 3 can be treated in the same way as the case k = 1, only that we get t−2 ∼ 0. Here,
we can find representatives of the form t−6q(t−4).

Multiplying the equations by a suitable power of the form t4m, we obtain the following.

Corollary 4.8.11. Keeping the assumptions of the proposition, a non-trivial U-torsor admits an
integral affine model over R = k[[t]] given by one of the following equations:

1. u2 + t3n+3v + tv4 + t3pn(t4) = 0,

2. u2 + t3n+3v + t3v4 + tpn(t4) = 0,

3. u2 + t3n+5v + tv4 + t3pn(t4) = 0,

4. u2 + t3n+3v + t2s+2n+3ε2v2 + tv4 + t3pn(t4) = 0,

5. u2 + t3n+6v + t2s+2n+5ε2v2 + t3v4 + t3pn(t2) = 0, k = 0, 1, 2

6. u2 + t3n+5v + t2s+2n+7ε2v2 + tv4 + t3pn(t2) = 0, k = 0, 1, 2

7. u4 + t2n+2v + (ε4 + tε41 + t2ε41 + t3ε43)v2 + t3pn(t4) = 0,

8. u4 + t2n+2v + tv2 + t2pn(t4) = 0,

9. u4 + t2n+3v + (ε4 + tε41 + t2ε42 + t3ε43)v2 + tpn(t4) = 0,

10. u4 + t2n+5v + tv2 + t2pn(t4) = 0,

where pn is a polynomial of degree ≤ n that does not vanish at 0. In cases (1),(2),(3), (8), and (10),
the polynomial pn is defined uniquely determined by the equation of U.

Remark 4.8.12. The degree n of polynomials pn must have something to do with the length l(T ) of
the torsion sheaf Tors(T ) from the canonical class formula Theorem 4.1.6.

In our case, the multiplicity of the closed fiber is equal to p. If Xt is wild, then d0 = 1 and we
have only m0 = 1 and m1 = 1 + k0 in the formula for l(T ) from Section 4.2. It follows from this
formula that

l(T ) =

{[
m1
2

]
if p = 2,[

2m1
3

]
if p = 3.

Lang conjectures in [423] that l(T ) =
[

2n
3

]
if p = 3, or, in other words, thatm1 = n. We conjecture

that m1 = n if p = 2 and that pn is uniquely determined.



434 CHAPTER 4. GENUS ONE FIBRATIONS

Let X = mD be the multiple fiber. The restriction homomorphisms Pic(nD)→ Pic((n− 1)D)
have kernels isomorphic to k, soOmD(D) depends on m parameters. Let k be as in Corollary 4.8.9
and Corollary 4.8.11. The number of parameters for multiple fibers with fixed n is equal to the
number of possible non-zero coefficients in the polynomial pn, that is, equal to n + 1. Then Lang
conjectures in [420] that m = n + 1 if p = 3 and we conjecture that m = n + 1 if p = 2. In
particular, the torsor is tame only if n = 0 in cases (1)-(6) if p = 2, and n = 0 in all cases if p = 3.
In this case, the polynomial pn is a non-zero constant from k that defines a p-torsion divisor class
of the normal bundle of D.

Example 4.8.13. Assume that p = 3.

Consider case (1) with n = 0. After scaling t, we obtain an equation

u3 + t2v + tv3 + at2 = 0

with a 6= 0. By homogenizing t, u, and v, we get an equation

t20x
3 + t21yz

2 + t0t1y
3 + at21z

3 = 0.

This is a hypersurface in P1×P2 of bidegree (2, 3) with trivial canonical sheaf. One checks that the
surface is singular along the curve t0x3 + y3 = z = 0. Taking a minimal resolution of singularities
of its normalization, we obtain a rational quasi-elliptic surface f : V → P1. It follows from Remark
4.1.10 that this non-trivial torsor has only one multiple fiber and that it is tame. This verifies Lang’s
conjecture in this case.

In case (2) and n = 0, we obtain a surface in P1 × P2 of bidegree (2, 3) with trivial canonical
sheaf given by an equation

t20x
3 + t21yz

2 + t21y
3 + at1t0z

3 = 0.

We find that this surface has two isolated singular points ([1, 0], [0, 1, 0]) and ([0, 1], [1, 0, 0]). The
first one is a simple elliptic singularity and the second one is a rational double point. The minimal
resolution of the surface is a rational surface. This verifies Lang’s conjecture in this case.

In case (3) and n = 0, then we get a surface of bidegree (3, 3) with canonical divisor of bidegree
(1, 0). The equation of the surface is

t30x
3 + t31yz

2 + t1t
2
0y

3 + at0t
2
1z

3 = 0.

It has a double curve z = t0 = 0 and an isolated elliptic singularity ([1, 0], [0, 0, 1]). A resolution
of singularities of its normalization is a rational surface.

Finally, in case (4) and n = 0, we obtain a surface of bidegree (3, 3) with equation

t30x
3 + t31yz

2 + t0t
2
1y

3 + at20t1z
3 = 0.

It has two elliptic singularities ([1, 0], [0, 1, 0]) and ([0, 1], [1, 0, 0]). A resolution of singularities of
its normalization is a rational surface.
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Let f : J → C be a non-trivial jacobian quasi-elliptic fibration over a global base C. Theo-
rem 4.7.2 applies to this case too, and gives that Ш(U/K) = H1

ét(C,U) is a p-group and that
Tors(H2

ét(C,U)) = 0. However, a more precise knowledge of the structure of the Néron model U
allows us to give an independent proof and makes this assertion more explicit.

The following is an explicit equation of the identity component U◦, see [714, Theorem 2.8].

Theorem 4.8.14. Any smooth affine scheme over a discrete valuation ringR of characteristic p > 0
with connected closed fiber and wound unipotent generic fiber is isomorphic to a subgroup scheme
of G2

a,R defined by an equation of the form

up
n

+ v + a1v
p + · · ·+ arv

pr = 0,

where ai ∈ R.

In Proposition 4.8.4, we gave three explicit models for quasi-elliptic unipotent algebraic groups
over K - a Russell equation Φ = Φ(u, v). From there, we can find such an equation as in the
previous theorem by using a Russell equation of the generic fiber overK. Let t be a local parameter.
We replace u by t−su and v by t−sp

n
v for a suitably large s in order to assume that ai ∈ R. The

point of the proposition is that any smooth connect group model of the generic fiber can be written
in this way. In particular, we may assume that the identity component of the Néron model is given
by such an equation.

Before proceeding, we recall that the Lie algebra of a relative group scheme G→ S is the vector
group scheme Lie(G), whose values on any affine scheme f : Spec A → S is equal to the kernel
of G(A[ε]) → G(A), where ε2 = 0 and A[ε] → A, a + bε → a. We know that the Lie algebra of
the relative Picard functor PJ/S is given by V(L⊕−1)→ S.

We will now consider a general Russell equation over the funtion field K of global base C

up
n

+ v + a1v
p + · · ·+ amv

pm = 0.

Of course, for our applications to quasi-elliptic fibrations, we will only need the cases (n,m) =
(1, 2), (2, 1), (2, 2) if p = 2 or (n,m) = (1, 1) if p = 3. We will assume that the genus of the
unipotent group U is not zero. In this case, U admits a Néron model U over C.

Applying Theorem 4.8.14, we find an open affine cover (Vi)i∈I of C such that the restriction U◦i
of U◦ to each Vi is given by a Russell equation with coefficients in OC(Vi)

Φi(ui, vi) = up
n

i + vi + a
(i)
1 vpi + · · ·+ a(i)

m v
pm

i = 0.

Since any derivation of O(Vi)[u, v]/(Φi) is a derivation of O(Vi)[u, v] that vanishes on vi, the
O(Vi)-module Lie(Ui) = Lie(U◦i ) is generated by ∂

∂ui
.

For brevity of notation, we let L be the invertible sheaf on C equal to Lie(UC). Let (cij) be the
transition functions of L, so that ui = c−1

ij uj .

The transition functions for U from (vi, ui) to (vj , uj) must be p-polynomials in OC(Vi ∩ Vj).
Suppose n ≤ m. Then

vi = c−p
n

ij vj , (4.8.13)

ui = c−1
ij uj + c−p

n

ij α
(1)
ij vj + · · ·+ c−p

m

ij α
(m)
ij vp

m−n

j , (4.8.14)
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and
a

(i)
k = cp

n+k−pn
ij a

(j)
k − (α

(k)
ij )−p

n
, (4.8.15)

where α(k)
ij = 0 for k < n. If n > m, then the α(k)

ij are all zero.

We can view (1, a
(i)
1 , . . . , a

(i)
m ) as a section of a vector bundle A of rank m + 1 that sits in an

extension
0 → OC → A → L⊗p

n−pn+1 ⊕ · · · ⊕ L⊗pn−pm+n → 0 (4.8.16)

with transition functions inverse to the transition functions (4.8.15).

Next, let V be the group scheme over C that is locally isomorphic to G2
a and whose transition

functions are defined as above. The group scheme V fits into an extension of commutative group
schemes over C

0 → V(L⊗−pn) → V → V(L⊗−1) → 0 (4.8.17)

given by the projection (u, v)→ u. Taking cohomology, we obtain a long exact sequence

0 → H0(C,L⊗pn) → V(C) → H0(C,L) → H1(C,L⊗pn) → H1(C,V) → H1(C,L) → 0.

If n > m, then the short exact sequence (4.8.17) splits and in this case we get

H i(C,V) ∼= H i(C,L)⊕H i(C,L⊗pn).

In any case, the local embeddings of the U◦i ’s into the G2
a,Vi

’s glue together, from which we obtain
a short exact sequence

0→ U◦ → V
µ→ V(L⊗−pn)→ 0. (4.8.18)

of group schemes over C.

Remark 4.8.15. Note that V is a vector group if and only if m = n. In this case, the transition
matrices are given by (

cp
n

ij −αijcpij
0 cij

)
.

The vector group scheme V is equal to V(E∨), where E sits in an extension

0 → L⊗pn → E → L → 0.

If Ext1(L,L⊗pn) ∼= H1(C,L⊗1−pn) is zero, then this extension splits, that is, we may assume that
αij = 0, if H1(C,L⊗1−pn) = 0 For example, this happens if (1 − pn) deg(L) > 2g(C) − 2. If E
splits, then we may assume α(k)

ij = 0 and hence, A also splits.

We recall that quasi-elliptic surfaces is uniruled and supersingular in the sense of Shioda, see
Corollary 4.1.16. Thus, the computation for the Brauer group gives

Ш(U/K) = H1
ét(C,U) ∼= kpg(J) ⊕ p NS(J), (4.8.19)

where p NS(J) can be non-zero only if g(C) = 1 and if all fibers are irreducible. We briefly
discussed such surfaces in the previous sections.
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Since there are no trivial quasi-elliptic fibrations (the total space of a trivial quasi-elliptic fibration
would be non-normal), we get

H2
ét(C,U) = 0. (4.8.20)

Thus, there are no obstructions for constructing a non-jacobian quasi-elliptic surface from a collec-
tion of local torsors.

Let us confirm (4.8.19) and (4.8.20) using a global equation of U◦. For simplicity, let us assume
that the Picard scheme of J is reduced. The Leray spectral sequence for f : J → C gives a short
exact sequence

0 → H1(C,OC) → H1(J,OJ) → H0(C,R1f∗OX) → 0.

The mapH1(C,OC)→ H1(J,OJ) is the map Lie(f∗) of Lie algebras. We define L = R1f∗OJ =
Lie(U), which is an invertible sheaf on C, and thus, our assumption is equivalent to

H0(C,L) = 0.

Let us even assume the stronger condition that degL < 0. Then, H0(C,L) = H0(C,L⊗pn) = {0}
and hence, H0(C,V) = {0}. It follows that

H0(C,U◦) = {0}.

Taking cohomology in (4.8.18), we obtain an exact sequence

0 → H1
ét(C,U

◦) → H1
ét(C,V) → H1

ét(C,L⊗p
n
) → H2

ét(C,U
◦) → 0. (4.8.21)

Here, we use that the étale cohomology of a vector group scheme V(E) is isomorphic to the Zariski
cohomology of E∨, see, for example, [493, Chapter III, Proposition 3.7].

Let µ : V→ V(L⊗−pn) be the map from exact sequence (4.8.18) and let α be the restriction of µ
to the subgroup V(L⊗−pn). This is a surjective homomorphism in the étale topology and we denote
its kernel by G. This is a finite group scheme over C, but not necessary flat over C. We have

H1
ét(C,G) = Ker

(
H1(α) : H1(C,L⊗−pn)→ H1(C,L⊗−pn)

)
,

and
H2

ét(C,G) = Coker
(
H1(α) : H1(C,L⊗−pn)→ H1(C,L⊗−pn)

)
.

It follows that H1
ét(C,U

◦) fits in an extension

0 → H1
ét(C,G) → H1

ét(C,U
◦) → H1(C,L) → 0. (4.8.22)

We also have an isomorphism
H2

ét(C,U
◦) ∼= H2

ét(C,G).

Unfortunately, we do not know how to compute the cohomology groups H i
ét(C,G) for a general

unipotent group U of genus g > 0. In the particular case of quasi-elliptic groups in the cases 1 (b) or
2 of Proposition 4.8.4, we can apply the next Proposition, which immediately follows from Lemma
0.10.24.
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Proposition 4.8.16. Let up
n

+ v+ a1v
p + · · ·+ amv

pm = 0 be the equation of the Néron model U
of a unipotent group U of genus g > 0 over K. Suppose that a1 = · · · = am−1 = 0 and let

α : L⊗pn → L⊗pn

be the map given by v 7→ v + avp
m

and consider

H1(α) : H1(C,L⊗pn) → H1(C,L⊗pn)

be the induced map on cohomology. Then, H1(α) is surjective and its kernel is a vector space over
Fpm of dimension equal to the stable rank r of the pm-linear map H1(α) − id. In particular, we
have

H1
ét(C,G) ∼= (Z/pmZ)r, H2

ét(C,U) = H2
ét(C,G) = 0.

Let
π0(U) := U/U◦,

which is a sky-scraper group scheme over C. It follows from the short exact sequence

0 → U◦ → U → π0(U) → 0

that
H2

ét(C,U) ∼= H2
ét(C,U

◦) = H2
ét(C,G) = 0.

We also have a short exact sequence

0 → π0(U)/U(C) → H1
ét(C,U

◦) → H1
ét(C,U) → 0. (4.8.23)

Assume Tors(NS(X)) = {0}. The images of the divisor classes of a fiber of f : X → C and of a
section O generate a sublattice of NS(X) isomorphic to the integral hyperbolic plane U. It splits off
as an orthogonal summand of NS(X). Let NS0(X) be the orthogonal complement. The image of
the restriction homomorphism NS0(X) → Pic(X) is isomorphic to the group of sections U(C)
and its kernel is the sublattice NS0

fib(X) that is generated by components of fibers not intersection
O. Let us consider the chain of lattices and the corresponding dual lattices

NS0
fib(X) ⊂ NS(X)0 ⊂ NS0(X)∨ ⊂ NS0

fib(X)∨.

The discriminant group NS0
fib(X)∨/NS0

fib(X) of the lattice NS0
fib(X) is isomorphic to the group

π0(U) (see [590, 8.1.2]) and the discriminant group NS0(X)∨/NS0(X) of the lattice NS0(X) is
isomorphic to the discriminant group D(NS(X)) of NS(X). This gives a chain of finite abelian
groups

U(C) ⊂ U(C)′ ⊂ π0(U)

with quotients U(C)′/U ∼= D(NS(X)) and π0(U)/U(C)′ ∼= U(C). Comparing it with exact
sequences (4.8.22) and (4.8.23), we make the following

Conjecture 4.8.17. The intersection H1
ét(C,G)0 of the subgroups H1

ét(C,G) and π0(U)/U(C)
inside H1

ét(C,U
◦) splits the exact sequence

0 → D(NS(X)) → π0(U)/U(C) → U(C) → 0.

The group H1
ét(C,U) is isomorphic to H1(C,L) and fits in an extension

0 → H1
ét(C,G)/H1

ét(G,G)0 → H1
ét(C,U) → H1(C,L) → 0.
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We end this section with some explicit computations of a global quasi-elliptic fibrations f : J →
C.

Example 4.8.18. Assume that g = 1, C = P1, and that L ∼= OP1(−k) for some k > 0. Then we
have H0(C,L⊗n) = 0 for all n ≥ 0 and hence,

H0
ét(C,U

◦) = H2
ét(C,U) = 0, H1(C,U) ∼= H1(C,L).

The k-vector space H1(C,L⊗p) ∼= H1(C,OP1(−pk)) has a basis given by the negative Laurent
monomials ei = t−i0 tpk−i1 for i = 1, . . . , pk − 1, see also [287, III,§5].

Now, assume p = 3 and let u3 +v+a6kv
3 = 0 be the equation of U, where a6k ∈ H0(C,L⊗6) =

H0(C,OP1(6k)) is a binary form of degree 6k. Write a6k =
∑6k

i=0 cit
i
0t

6k−i
1 and let A = (cij) be a

matrix with entries defined by(
a6k(t0, t1)

t3i0 t
9k−3i
1

)′
=

3k−1∑
j=1

cijej , i = 1, . . . , 3k − 1.

Here, (−)′ means that we eliminate all monomials ti0t
j
1 with non-negative i, or j from the Laurent

polynomial. We compute the entries cij of A and obtain that

A =


c3−1 c6−1 · · · c3d−1

c3−2 c6−2 · · · c3d−2
...

...
...

...
c3−d c6−d · · · c3d−d

 ,

where cj = 0 if j < 0 and d = 3k − 1. The group H1(C,G) is isomorphic to (Z/3Z)⊕r, where r
is the stable rank of A, see (0.10.51).

The matrix A coincides with the Hasse-Witt matrix that computes the p-rank of the hyperelliptic
curve H of genus d that is given by equation t22 + a6k(t0, t1) = 0, that is, the maximal r such that
(Z/pZ)r embeds in its Jacobian. In our case it may of course happen that the polynomial a6k(t0, t1)
may degenerate and then, it does not define an hyperelliptic curve. Note that the projection π : H →
P1 is a double cover that is ramified over V (a6) that gives and exact sequence

0 → OP1 → π∗OH → OP1(−3k) → 0

and an isomorphismH1(H,OH) = H1(P1, π∗OH) ∼= H1(P1,OP1(−3k)). The matrixA describes
the action of the Frobenius on the basis (e1, . . . , e3k−1) of H1(H,OH).

Let us now discuss the cases k = 1 and k = 2.

1. Assume k = 1. The surface X is a rational quasi-elliptic surface with a section. The clas-
sification of such surfaces is known. In particular, the group U(C) is known in each case,
see Section 4.9. The conjecture is checked in characteristic p = 2, 3 by explicit computations
of the groups H1(C,G). Note that in this case D(NS(X)) = {0} and H1(C,L) = 0, so
that the Tate-Shafarevich group Ш(U/K) = H1

ét(C,U) is trivial, which is in agreement with
(4.7.2).
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2. Assume k = 2. Thus, L = OP1(−2) and we get a quasi-elliptic K3 surface f : X → P1. In
this case, we get

H1
ét(C,U) ∼= H1(C,L) ∼= Ga(k).

Example 4.8.19. The following two examples were communicated to us by T. Katsura.

1. It is known that the Fermat quartic surface x4 + y4 + z4 + w4 = 0 in characteristic 3 is a
supersingular K3 surface with Artin invariant σ = 1. It admits a quasi-elliptic fibration with
Weierstrass equation y2 + x3 + t20t

2
1(t80 + t81) = 0, see [362]. A Russell equation of U◦ is

given by
u3 + v + t20t

2
1(t80 + t81)v3 = 0.

The quasi-elliptic fibration has 10 reducible fibers of Kodaira type IV with π0(U) ∼= (Z/3Z)⊕10

and the Mordell-Weil group U(C) is isomorphic to (Z/3Z)⊕4. The discriminant group
D(NS(J)) is isomorphic to (Z/3Z)⊕2. We compute the Hasse-Witt matrix A and find that
H1(C,G) ∼= (Z/3Z)⊕4 ∼= U(C).

2. If we take the K3 surface in characteristic 3 given by the Weierstrass equation

y2 + x3 + t20t
10
1 + t50t

7
1 + t80t

4
1 + t10

0 t
2
1 = 0,

then we obtain that its Mordell-Weil group U(C) is an elementary 3-group of rank 2. The
quasi-elliptic fibration contains 10 reducible fibers of type IV . Thus, its Artin invariant is
equal to σ = 3, so that D(NS(J)) is an elementary 3-group of rank 6 and π0(U) is an
elementary 3-group of rank 10. Computing the Hasse-Witt matrix A we find that its stable
rank equal to 4. Thus, U(C) ∼= (Z/3Z)⊕2 is isomorphic to a proper subgroup ofH1

ét(C,G) ∼=
(Z/3Z)⊕4. Katsura finds an explicit isomorphism from a certain subgroup H1

ét(C,G)′ of
H1

ét(C,G) to U(C).

4.9 Genus one fibrations on rational surfaces

In the remaining sections of this chapter we apply the results from the previous sections to rational
surfaces and Enriques surfaces. We will start with genus one fibrations on rational surfaces. In the
next section, we will study genus one fibrations on Enriques surfaces. We will see in the next section
that the jacobian fibration of a genus one fibration on an Enriques surface is a genus one fibration
on a rational surface. A large part of this section will be concerned with the explicit classification
of jacobian and minimal genus one fibrations on rational surfaces that are extremal, that is, where
the classes of components of reducible fibers span a sublattice in the Picard lattice of rank 9, which
is the maximum possible.

Let f : J → C = P1 be a jacobian genus one fibration on a rational surface J . Since J is a rational
surface, f is non-trivial and Br(J) = 0. Using Theorem 4.7.2, Theorem 4.7.9, and applying it to
the exact sequence (4.7.1), we obtain the following result concerning Weil-Châtelet groups of genus
one fibrations on rational surfaces.
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Theorem 4.9.1. Let f : J → P1 be a genus one fibration on a rational surface J . Let Jη be the
generic fiber over the function field K of C and let J ]η be the smooth locus. Then,

loc : WC(J ]η/K) →
⊕
t∈C

WC(J ]η ×K Kh
t /K

h
t ) (4.9.1)

is an isomorphism.

Corollary 4.9.2. Let f : X → P1 be a genus one fibration, whose jacobian fibration J → P1 is a
rational surface. Let (m1, . . . ,mr) be the multiplicities of the multiple fibers of f . Then, the order
of [f ] in WC(J/P1) is equal to the least common multiple of m1, . . . ,mr.

Proposition 4.9.3. Let f : X → C be a relatively minimal genus one fibration on a rational surface
and let j : J → C be the associated jacobian fibration. Then

1. J is a rational surface, C ∼= P1, and KJ = −j∗F , where F is a fiber of j.

2. If f has multiple fibers, then there exists precisely one multiple fiber m0X0. Moreover, this
unique multiple fiber is tame and we have KX = −X0.

3. Any (−1)-curve E on X is an m-section of f for some m ≥ 1, that is, f |E : E → P1 is a
finite morphism of degree equal to m.

4. X is a basic rational surface, that is, it admits a birational morphism π : X → P2.

Proof. (1) Applying Proposition 4.3.14 and Corollary 4.3.18 we obtain that b1(X) = b1(J) = 0
and pg(X) = pg(J) = 0. In particular, we find C ∼= P1. By Corollary 4.3.8, we have S2 = −1 for
any section S on J and hence, KJ · S = −1. By Proposition 4.3.7, we have ωJ ∼= j∗(OP1(−1)).
This implies that J is a rational surface.

(2) By Theorem 4.1.6, we have Tors(R1f∗OX) = 0 and degL = −1. Thus, f cannot have
wild fibers and we have at = mt − 1 for all multiple fibers. By Theorem 4.1.6, we have KX =
−F +

∑
t∈P1(mt−1)X̄t, where F is some fiber. Since KX is not nef, there exists some irreducible

curve D with KX ·D < 0. This curve D cannot be contained in a fiber and thus, we find D · F =
D(mtXt) = a for some a > 0 and every t ∈ C. From this, we find −1 +

∑
t((mt − 1)/mt) < 0.

This is only possible if we have at most one multiple fiber and if we have a multiple fiber, then we
find F ∼ mt0Xt0 and KX = −Xt0 .

(3) By the adjunction formula, we have −1 = E ·KX = − 1
mE ·Xt and thus, E ·Xt = m.

(4) Since X is a relatively minimal rational genus one surface, it does not contain smooth rational
curves with self-intersection < −2. The assertion now follows from Lemma 9.1.2 from Section 9.1
in Volume 2.

Let X be a smooth projective rational surface and let

X = XN
π9 // XN−1

π8 // · · · π2 // X1
π1 // X0 = P2 (4.9.2)
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be the factorization of a birational morphism of π : X → P2 into a composition of blow-ups
πi : Xi → Xi−1 in closed points xi ∈ Xi−1. Let E1, . . . , EN be the exceptional configurations
and let |dh −m1x1 − · · · −mNxN | be the linear system of plane curves of degree d with points
xi of multiplicity ≥ mi, see [179], 7.3.1. The rational map f : X 99K Pn defined by the linear
system |π∗(dh) −m1E1 − · · · −mNEN | is obtained from the rational map g : P2 99K Pn defined
by the linear system |dh−m1x1− · · ·−mNxN | by (minimally) resolving its base points. We have
f = g ◦ π as composition of rational maps.

We now apply this to the situation where X is a rational surface that admits a relatively minimal
genus one fibration f : X → P1. We have

KX = π∗KP2 + E1 + · · ·+ EN .

Since K2
X = 0, we have N = 9. Thus,

| −mKX | = |Xt| = | − π∗(KP2)−mE1 − · · · −mE9| = |3mh−m(x1 + · · ·+ x9)|.

Thus, the linear system |3mh−m(x1+· · ·+x9)| is a pencil and the genus one fibration f : X → P1

is obtained from the rational map P2 99K P1 defined by resolving the base points of this pencil.

The pencil |3mh−m(x1 + · · ·+x9)| is called a Halphen pencil of indexm. Its general member is
a curve of degree 3m and geometric genus 1 if the fibration is elliptic and geometric 0 if the fibration
is quasi-elliptic. We have multiple points of multiplicity m at x1, . . . , x9. Among the members of
the pencil is the curve mπ(X̄t0), where mX̄t0 is a multiple fiber of f of multiplicity m. The curve
π(X̄t0) is a plane cubic (unique if m ≥ 2), which passes through the points x1, . . . , x9. A rational
surface obtained by minimally resolving the base points of a Halphen pencil of index m is called a
Halphen surface of index m.

Remark 4.9.4. A set of points x1, . . . , x9 ∈ P2, possibly including infinitely near points, is called
a Halphen set if the linear system |3m −m(x1 + · · · + x9)| is a pencil. Its mobile part of its full
preimage on the surface X obtained as a sequence of blow-ups (4.9.2) of x1, . . . , x9 and defines a
relatively minimal genus one fibration on X . Thus, we have bijections between

1. the set of Halphen pencils in P2 (up to Cremona equivalence),

2. Halphen sets of points (up to Cremona equivalence), and

3. rational surfaces with genus one fibrations.

We refer for more details about the geometry of surfaces obtained by blowing up Halphen sets of
points to [101].

Remark 4.9.5. Let λF +µG = 0 be a pencil of plane curves, whose general member is birationally
equivalent to a regular irreducible curve of arithmetic genus 1. Let π′ : X ′ → P2 be a resolution
of the base points of this pencil. It comes with a genus one fibration f ′ : X ′ → P1, which is not
necessary relatively minimal. Let φ : X ′ → X be a birational morphism to a relatively minimal
model. Then, f ′ factors through a relatively minimal genus one fibration f : X → P1. The formula
for the canonical class gives that KX = −F , where mF is a fiber of f . Let π : X → XN → · · · →
X1 → Y be a birational morphism onto a minimal rational surface. We can write it as a composition
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π : X → XN → · · · → X1 → Y of blow-ups in points. Suppose that Y is not isomorphic to P2.
If Y ∼= F0, then we find a birational morphism X1 → P2 that blows down proper transforms of
two intersecting lines on F0. Thus, we get a birational morphism π′ : X → P2. Next, assume that
Y = Fn for some n ≥ 2 and let E0 be the exceptional section on Y → P1. If X1 → Y is the
blow-up of a point x 6∈ E0, then we obtain a birational morphism X1 → Fn−1 that blows down the
proper transform of the fiber of Fn → P1 passing through x. By induction, we may assume that
x ∈ E0. Then, the proper inverse transform π−1(E0) is a curve on X with self-intersection ≤ −3.
The formula for KX shows that there are no such curves on X .

The upshot of this discussion is that we may assume that Y = P2. The image of the genus one
fibration in the plane is a Halphen pencil of index m. This proves a classical theorem of Bertini
that states that any pencil of plane curves of geometric genus one can be reduced by a Cremona
transformation T to a Halphen pencil. The transformation T here makes the following diagram of
rational maps commutative:

X ′

f ′

~~

//

π′
��

X

π
��

f

  
P1 P2oo T // P2 // P1

Let V (G3) be the plane cubic passing through a Halphen set of points x1, . . . , x9 and let V (F3m)
be a member of this Halphen pencil different from V (G3). The Halphen pencil consists of curves
V (λF3m + µGm3 ). If the cubic E = V (G3) is a nonsingular elliptic curve and if there are no
infinitely near points among x1, . . . , x9, then the divisor m(x1 + · · ·+x9) on V (G3) is cut out by a
curve V (F3m) of degree 3m. This shows that OE(m(x1 + · · ·+ x9)) ∼= OE(3m). By considering
the group law on E with respect to an inflection point as its origin, this can be interpreted as that
the sum x1 ⊕ · · · ⊕ x9 in the group law is an m-torsion point. In fact, the order n of this sum
must be equal to m, since reversing the argument we find a curve V (F3m) that intersects E at the
points x1, . . . , xm with multiplicities m. One can choose F3n such that V (F3n) has multiple points
of multiplicities n at x1, . . . , xm, see [175], Lemma 4.4. This shows that V (λF3n + µGn3 ) is a
Halphen pencil of index n. If E is any reduced cubic curve and x1, . . . , xn are nonsingular points,
then the same is true if one uses the group law on the set of nonsingular points on a reduced plane
cubic, see [157], Appendix.

Without any assumption on E or on x1, . . . , x9, let D = E1 + · · ·+E9 and L = OX(D). We have
L⊗m ∼= OX(mD) ∼= OX(−mKX) ∼= OX(Xt). Let Xt0 = mX̄t0 be a multiple fiber of multiplic-
ity m of f and ι : X̄t0 ↪→ X be the closed embedding. The invertible sheaf ι∗(L) ∼= OX̄t0 (X̄t0)

satisfies ι(L)⊗m ∼= OX̄0
, hence its isomorphism class in Pic(X̄t0) belongs to m Pic(X̄t0). If the

order is equal to n, then the exact sequence

0 → OX → OX(nX̄t0) → OX(ι∗(L)⊗n) → 0

shows that h0(OX(nX̄t0) = 2. Thus, nX̄t0 moves in a pencil. This implies that n = m. This is the
analog of the condition m(x1 ⊕ · · · ⊕ x9) = 0 in the case of infinitely near points.

Let f : J → P1 be a jacobian genus one fibration on a rational surface J . Since ωX ∼= f∗OP1(−1),
we obtain that the sheaf ω = (R1f∗OX)∨ is isomorphic to OP1(1). Thus, the Weierstrass model
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W of j is a closed subscheme of P(OP1 ⊕ OP1(−2) ⊕ OP1(−3)). The projection X → W →
P(OP1 ⊕ OP1(−2)) = F2 is a composition of a birational morphism that blows down irreducible
components of fibers not intersecting a fixed section E0 and a finite map of degree 2 as described in
Section 4.4.

By Theorem 4.3.20, the types of degenerate fibers of j are the same as the types of fibers on any
genus one fibration f : X → P1, where [f ] ∈ WC(J/P1). Since ρfib ≤ 9, all the reducible fibers
can have at most 8 irreducible components.

All possible types of degenerate fibers on rational elliptic surfaces in characteristic 0 were classi-
fied by Persson [576] in characteristic zero, by Lang [428] in characteristic 2, and by Jarvis, Lang,
et al. in characteristic 3 [342]. All quasi-elliptic rational surfaces were classified by Ito [328], [327].

In the sequel, we will give our own method for the classification of extremal genus one fibrations
on jacobian rational surfaces. By definition, this means that ρfib takes the maximal possible value,
which is equal to 9 on a rational surface. By formula (4.3.2), this is equivalent to the property
that the Mordell-Weil group of the fibration is finite. All quasi-elliptic surfaces are automatically
extremal. We will need the classification later for classifying Enriques surfaces with finite automor-
phism groups. The classification was done by Naruki [537] and by Miranda and Persson [498] in
characteristic p 6= 2, 3. The classification in characteristic 2 and and 3 is due to Lang [428], [429].
Their classification is based on the analysis of the Weierstrass equation of a jacobian rational elliptic
surface. In the following we will do it in all characteristics by another, more geometric method.

Let f : X → P1 be a relatively minimal genus one fibration on a rational surface. Then, Pic(X) ∼=
NS(X) ∼= Num(X) is isomorphic to the unique odd unimodular lattice I1,9 of signature (1, 9). Its
orthonormal basis can be chosen to be (e0, e1, . . . , e9), where π∗(Pic(P2)) = Ze0 and ei are the
classes of the exceptional configurations Ei. We have

KX = −3e0 + e1 + · · ·+ e9.

If X is a Halphen surface of index m, then the class of a fiber of f : X → P1 is equal to −mKX .
We have isomorphisms of quadratic lattices K⊥X ∼= Ẽ8 and K⊥X/ZKX

∼= E8.

It follows that Picfib(X) is a primitive sublattice of Ẽ8 and that the quotient by the class KX is
isomorphic to a primitive sublattice of E8. This gives a useful information about possible structure
of reducible fibers.

We have the following lemma, which we will use below for a detailed analysis of extremal and
jacobian genus one fibrations on rational surfaces.

Lemma 4.9.6. Let f : J → P1 be an extremal jacobian genus one fibration on a rational surface.
Then the types of reducible fibers belong to the following list:

Ẽ8, D̃8, Ã8, Ẽ7 + Ã1, Ã7 + Ã1, Ẽ6 + Ã2, D̃5 + Ã3, D̃4 + D̃4, Ã4 + Ã4,

D̃6 + Ã1 + Ã1, Ã5 + Ã2 + Ã1, Ã3 + Ã3 + Ã1 + Ã1, Ã2 + Ã2 + Ã2 + Ã2.

Here, type Ãk for k = 1, 2 means type Ãk or Ã∗k.

Proof. Let Dt be the subgroup of Pic(J)t generated by irreducible components of a reducible fiber
Jt and D̄t = Dt/Z[Jt] be the quotient by its radical. This is an irreducible root lattice. The
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orthogonal sum of lattices D̄t is a root sublattice of E8. Its reflection group is a subgroup of W (E8).
All such subgroups and hence, the types of root sublattices of E8, can be found using the Borel-
de Siebenthal-Dynkin algorithm, see Section 6.4. In particular, we can find all root sublattices of
maximal possible rank 8. Among them are sublattices whose Coxeter-Dynkin diagram obtained by
deleting one vertex from the Coxeter-Dynkin diagram of Ẽ8. These are the lattices

E8, A8, D8, A1 +A7, A2 +A6, A1 +A2 +A5, A4 +A4, A3 +D5, A2 +D6, A1 +D7.

Not all root sublattices are realized in extremal fibrations. Indeed, it follows from the Shioda-Tate
formula that the discriminant of the lattice ⊕tD̄t must be a square of the order of the Mordell-Weil
group. For example, the discriminants of the sublattices of typesA2 +A6, A2 +D6, A1 +D7 are not
squares and hence, they can not be realized. Applying the Borel-de Siebenthal-Dynkin algorithm
and checking the square condition, we arrive at the asserted list.

Remark 4.9.7. As we will see later, all types can indeed be realized as the types of reducible fibers
on rational surfaces with a genus one fibration. However, some of them cannot be realized in
characteristic zero.

We will need also the following result [625, Corollary 8.6].

Lemma 4.9.8. Let J → P1 be a jacobian elliptic fibration on a rational surface. Then, any two
different torsion sections are disjoint.

Proof. In fact, we may assume that one section is the zero section O and that the other section S is
a non-trivial torsion section. We use the theory of Mordell-Weil lattices from Section 4.5. Since J
is a rational surface, we have S2 = −1. Suppose that S and O are not disjoint, that is, S · O ≥ 1.
Since S is a torsion section, its height 〈S, S〉 is equal to 0. Applying (4.5.7), we obtain that

0 = 〈S,S〉 ≥ 4−
∑
t∈C

contrt(S,S).

The sum of the local contributions is less or equal than the sum of local contributions on an extremal
rational surface. Using Lemma 4.9.6 and Table 4.4, we check that it is always less than 4. This
contradiction proves the assertion.

Remark 4.9.9. Note that this assertion is false in general for quasi-elliptic rational surfaces. Given
such a surface in characteristic p = 2 with 8 reducible fibers of type Ã∗1, its Mordell-Weil group is
isomorphic to (Z/2Z)⊕4 and some 2-torsion sections intersect.

In fact, Table 4.4 gives us useful information on how a torsion section intersects the irreducible
components of a reducible fiber. Note that on an extremal surface all sections are torsion sections
(the Mordell-Weil rank is zero). First, we use the equality∑

t∈C
contrt(S, S) = 2. (4.9.3)

Let
y2z + a1xyz + a3yz

2 + x3 + a2x
2z + a4xz

2 + a6z
3 = 0 (4.9.4)
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be the Weierstrass equation of the jacobian genus one fibration j : J → P1. Since the base curve is
P1 and since J is a rational surface, the ak ∈ k[u, v] are binary forms of degree k. We now analyze
the possible types of Lemma 4.9.6 case by case and deal with small characteristics p separately.
These are the elliptic cases, but we will treat the quasi-elliptic cases of these types at the same
time. We note that there are a couple of types that can show up on quasi-elliptic surfaces but not on
rational extremal elliptic surfaces and we will deal with them afterwards.

• Type Ẽ8.

It follows from the determinant formula (4.3.4) that

MW(j) = {1}.

Thus, we have the following diagram:

• • • • • • • •

•

R2 R3 R4 R5 R6 R7 R8 R9

R1

E?

Figure 4.3: Extremal rational elliptic surface: type Ẽ8

Starting from E, we blow down the 9 curves R9, . . . , R2. The image of R1 is a line ` taken with
multiplicity 3. It is the tangent line of the image of a general fiber at its inflection point. Let L = 0
be the equation of this line and let V (F3) be the image of a nonsingular member if the fibration is
elliptic and of an irreducible member otherwise. Our fibration is obtained from resolving the base
points x9 � · · · � x1 of the pencil of cubic curves λF3 + µL3 = 0.

Choose projective coordinates, such that the equation of the pencil is given as

λF3 + µG3 = λ(y2z + c1xyz + c3yz
2 + x3 + c2x

2z + c4xz
2) + µz3 = 0. (4.9.5)

Multiplying the equation by λ5, replacing x by λ2x, and y by λ3y, we obtain an equation

y2 + λc1xyz + λ3c3yz
2 + x3 + λ2c2x

2z + λ4c4xz
2 + λ5µz3 = 0.

This equation is the global Weierstrass equation over P1 with coefficients

(a1, a2, a3, a4, a6) = (λc1, λ
2c2, λ

3c3, λ
4c4, λ

5µ).

In characteristic p 6= 2, 3, we may assume that c1 = c2 = c3 = 0. If c4 6= 0, then after scaling λ,
we may assume that c4 = 1. The coefficients in the Weierstrass equation become

(a1, a2, a3, a4, a6) = (0, 0, 0, eλ4, λ5µ). (4.9.6)

3` x1•
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where e = 0, 1. The formula (4.4.16) and (4.4.27) gives

∆ = −16λ10(4eλ2 + 27µ2), j = 1728
4eλ2

4eλ2 + 27µ2)
.

This shows that fibration has two irreducible singular fibers of type Ã∗0 if e = 1 and one irreducible
fiber of type Ã∗∗0 if e = 0. In the latter case, we have j = 0.

Assume p = 2. If c1 6= 0, then replacing c1x + c3λ
2z2 by x, we may assume that c1 = 1 and

c3 = 0. Replacing y by y + αλx+ βλ2z, we may assume that c2 = c4 = 0.

The coefficients in the Weierstrass equation then become

(a1, a2, a3, a4, a6) = (λ, 0, 0, 0, λ5µ), (4.9.7)

Computing the discriminants and the j-invariant, we find

∆ = λ11µ, j =
λ

µ
.

Thus, we have two singular fibers, one of type Ẽ8 and with wild ramification invariant δ = 1 and
the other of type Ã∗0.

If c1 = 0 and c3 6= 0, then we can arrange c3 = 1 and c2 = c4 = c6 = 0 and obtain that

(a1, a2, a3, a4, a6) = (0, 0, λ3, 0, 0, λ5µ), (4.9.8)

Thus, we have only one singular fibers of type Ẽ8 with wild ramification invariant δ = 2. The
discriminant now is equal to λ12 and j = 0.

If c1 = c3 = 0, then the pencil is quasi-elliptic with Weierstrass equation

y2 + x3 + λ4x+ λ5µ = 0.

We have one reducible fiber of type Ẽ8.

If p = 3, then we may assume that c1 = c3 = 0. If c2 6= 0 then after a linear transformation
x 7→ x+ αλ2, we may assume that c4 = 0. Thus,

(a1, a2, a3, a4, a6) = (0, λ, 0, 0, λ5µ).

Computing the discriminant ∆ and the j-invariant, we find that

∆ = −λ11µ, j = −λ/µ.

In this case, we have two reducible fibers of types Ẽ8 and Ã∗0.

If c2 = 0 and c4 6= 0, then after scaling we get

(a1, a2, a3, a4, a6) = (0, 0, 0, λ4, λ5µ).

and then
∆ = λ12, j = 0.
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This time, we have only one singular fiber of type Ẽ8.

If c4 = 0, then the pencil is quasi-elliptic with Weierstrass equation

y2 + x3 + λ5µ = 0.

We have one reducible fiber, which is of type Ẽ8.

If p = 2 or p = 3 and if the fibration is quasi-elliptic, then we have c1 = c3 = 0 and Proposition
4.4.12 and Corollary 4.4.10 tell us that the fibration has only one reducible fiber, which is of type
Ẽ8.

• Type D̃8.

Applying the determinant formuls (4.3.4), we get

MW(f) ∼= Z/2Z.

Thus, we have the following diagram, where the curves E1 and E2 are sections.

• • • • • • •

• •

R2 R3 R4 R5 R6 R7 R8

R9R1

E2?E1?

Figure 4.4: Extremal rational elliptic surface: type D̃8

First, we blow down E1, R2, R3, R4, R5 and then, we blow down E2, R8, R7, R9 to points x1 and
x2 in the plane. We obtain a birational morphism π : J → P2. The images of R1 and R6 are a line
`1 and a line `2, taken with multiplicity 2. The line `1 is the inflection tangent of the image of a
general fiber at the point x1, the line `2 is tangent to the image of a general fiber at the point x2.

`1

2`2

x2

x1

•

•

After a linear change of the parameters, we can write the equation of the pencil in the form

λF3 + µG3 = λ(y2z + c1xyz + c3yz
2 + x3 + c4xz

2 + c6z
3) + µx2z = 0, (4.9.9)

Since the line x = 0 is tangent to the curve V (F3), we must have

c2
3 − 4c6 = 0. (4.9.10)

If p 6= 2, then we may assume that c1 = c3 = 0. Equation (4.9.10) gives c6 = 0. After scaling
the coordinates and λ, µ, we may assume that c4 = 1. Arguing as in the previous case, we get a
Weierstrass equation with

(a1, a2, a3, a4, a6) = (0, λµ, 0, λ4, 0). (4.9.11)
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The formula (4.4.16) gives

∆ = 16λ10(−4λ2 + µ2), j = 28 (−3λ2 + µ2)3

λ4(−4λ2 + µ2)
. (4.9.12)

In this case, there are two irreducible singular fibers of type A∗0.

If p 6= 2, 3, then we can reduce the equation to a Weierstrass equation with a1 = a2 = a3 = 0 and

(a4, a6) = (3u2(3u2 − v2), u3v(−9u2 + 2v2))

with ∆ = 36u10(4u2 − v2).

If p = 2, then it follows from (4.9.10) that c3 = 0. If the pencil is elliptic, then c1 6= 0 and after
scaling λ, we may assume that c1 = 1. Replacing y by y+ c4λz, we may assume that c4 = 0. Thus,
we obtain a Weierstrass equation with

(a1, a2, a3, a4, a6) = (λ, λµ, 0, 0, c6λ
6). (4.9.13)

Here, c6 6= 0 since otherwise the curve is not regular. This gives

∆ = λ12c6λ
12, j = 1/c6.

Thus, there is only one singular fiber and it has wild ramification index δ2. Note that the family
depends on one parameter.

If c1 = 0, then we may arrange c6 = 0 and after a linear change x 7→ x + λµz, we get a
quasi-elliptic fibration with Weierstrass equation

y2 + x3 + λ2µ2x+ λ5µ = 0,

which has one reducible fiber of type D̃8.

• Type Ã8.

Applying the determinant formula (4.3.4), we get

MW(j) ∼= Z/3Z.

We have the following diagram:

• • • • • • • • •

? ? ?
E0 E1 E2

R0

R1 R2 R3 R4 R5 R6 R7
R8

Figure 4.5: Extremal rational elliptic surface: type Ã8

We first blow down E1, R3, R4, then E2, R6, R7 and E3, R9, R2 to obtain a birational morphism
π : J → P2. This is the blow up of 9 points x5 � x4 � x1, x7 � x6 � x2, x9 � x8 � x3. The
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`1 `2

`3x1

x2

x3

• •

•

image of R2 +R5 +R8 is a triangle of lines with vertices at x1, x2, x3. The image of a general fiber
is tangent to sides of the triangle at its vertices. We can choose projective coordinates to write the
equation of the pencil of cubics in the form

λ(y2x+ x2z + z2y) + µxyz = 0. (4.9.14)

We conclude that the pencil is unique. In affine coordinates u = x/z, v = y/z, the equation is
λuv2 + u2 + v + µuv = 0. Multiplying by u and setting w = uv, we get the equation λw2 + u3 +
w + µuw = 0. Homogenizing again, we obtain that the generic fiber of the fibration is isomorphic
to the Weierstrass curve

y2 + µyx+ λ3y + x3 = 0. (4.9.15)

We have
∆ = −λ9(27λ3 + µ3), j = −µ3(24λ3 + µ3)3/λ9(27λ3 + µ3).

If p 6= 3, then we have three additional singular fibers of type Ã∗0.

If p = 3, then
∆ = −λ9µ3, j = −µ9/λ9.

In this case, there is only one additional fiber of type Ã∗∗0 and it has wild ramification index δ = 1.

If p 6= 2, 3, then we can reduce the equation to a standard Weierstrass form with

(a4, a6) = (−3µ(λ3 + 24µ3),−2(216λ3 + 36λ3µ3 + µ6).

Conversely, resolving the base points of the pencil (4.9.14), we obtain a genus one fibration on a
rational surfaces with fibers of type Ã8.

• Type Ẽ7 + Ã1.

Applying the determinant formula (4.3.4), we get

MW(j) ∼= Z/2Z.

We have the following diagram:

We blow down the curves E1, R2, R3, R4, R5, R1 to a point x1 and then, we blow down the curves
E2, R8, R7 to a point x2. The image of the fiber of type Ẽ7 is equal to the image of R1. It is a line
`1 = V (L1) with multiplicity 3. The image of the fiber of type A1 is the union of a nonsingular
conic C = V (Q) that is equal to the image of R9 and a line `2 = V (L2) that passes through
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• •

•

•

• • • •

••R2

R3 R4 R5 R6 R7

R8R1

E2
?

E1
?

R9 R10

Figure 4.6: Extremal rational elliptic surface: type Ẽ7 + Ã1

x2 ∈ `1. The line `1 is tangent to C at the point x1. This way, we obtain a pencil of cubic curves
V (λQL2 + µL3

1). We have to consider the following two possible: first, the fiber R9 + R10 is of
type Ã1 or second, it is of type Ã∗1. In the first case, `2 and Q intersect transversally. In the second
case they are tangent to each other. Fixing the equation of C, we are left with a 3-dimensional
group of projective transformations that fixes the equations of the tangent line `1 and the line `2. In
appropriate coordinates it looks like

λz((y + z)2 + xy) + µx3 = λ(y2z + 2yz2 + yxz + z3) + µx3 = 0 (4.9.16)

if `2 is not tangent to C and

λz((y + z)2 + xz) + µx3 = λ(y2z + 2yz2 + xz2 + z3) + µx3 = 0 (4.9.17)

otherwise.

3`1

`2 C

x1 x2
•• 3`1

`2

C

x1 x2
••

After replacing y + λ2µ by y, the Weierstrass equation becomes

y2 + λxy + x3 + λ3µx = 0. (4.9.18)

if `2 is not tangent to C and
y2 + x3 + λ3µx = 0.

otherwise. Moreover, we obtain

∆ = λ9µ2(λ− 64µ), j =
(λ− 48µ)3

µ2(λ− 64µ)
.

in the former case and
∆ = −64λ9µ3, j = 1728

in the latter case. Assume that p 6= 2. Then, the pencil is elliptic with singular fibers of types
Ẽ7, Ã1, A

∗
0 or of types Ẽ7, Ã1. In the latter case, all nonsingular fibers are isomorphic. The standard

Weierstrass equation is

y2 + x3 − 3λ3(λ− 2µ)x− 2λ5(λ− 3µ) = 0.
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If p = 2, then the first case is an elliptic pencil with

∆ = λ10µ2, j = λ2/µ2.

It has singular fibers of types Ẽ7 (with δ = 1) and Ã∗1. If p = 2, then the second case is a quasi-
elliptic pencil with Weierstrass equation

y2 + x3 + λ3µx = 0, (4.9.19)

It has two reducible fibers, which are of types Ẽ7 and Ã∗1.

• Type Ã7 + Ã1.

Applying the determinant formula (4.3.4), we get # MW(j) = 4. To choose one of the two possible
groups of order 4, we use that Lemma 4.9.8 implies that MW(j) embeds in the discriminant group
of each fiber (otherwise an element of the kernel intersects the zero section). This gives

MW(j) ∼= Z/4Z.

We have the following diagram:

•

•

•

• •

•

•

•

•

• ?

?

?

?

R2

R3 R4

R6

R7R8

R5

R1 R9

R10

E1
E3

E4E2

Figure 4.7: Extremal rational elliptic surface: type Ã7 + Ã1

We blow down the exceptional configurations E1 = E1 +R8 +R7 +R6 +R5, E2 = E2 +R2 +R3,
and E3 = E3 to points x1, x2, x3 in the plane. The image of R1 in the plane is a conic C that passes
through the points x1, x2. The image of R4 is a line ` that passes through x2, x3. The image of R9

is a conic C ′ that passes through x1 and x3. The image of R10 is a line `′ that passes through x2.
The line `′ is tangent to C at the point x2. The conics C and C ′ are tangent at x1 with multiplicity
4. We have the following picture.

0.8 `

`′

C

C ′

x1 x2 x3
• • •

We fix the equation of the conic C to be yz + x2 = 0 and the equation of the line ` to be x = 0.
The points x1, x2 have coordinates [0, 0, 1] and [0, 1, 0]. The line `′ must now be equal to V (z).
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The equation of a conic C ′ has to be of the form yz + x2 + αy2 = 0 with α 6= 0. Using the
transformation (y, z) 7→ (ty, t−1z), we may assume that α = 1. Note that `′ intersects C ′ at two
distinct points if p 6= 2 and at one point if p = 2. Thus, we see that the fiber R9 + R10 is of type
Ã1 if p 6= 2 and of type Ã∗1 if p = 2. Now, the pencil is uniquely determined up to a projective
isomorphism, and its equation is

λz(yz + x2 + y2) + µx(yz + x2) = 0. (4.9.20)

The Weierstrass equation is

y2 + µxy + λ2µy + x3 + λ2x2 = 0. (4.9.21)

Replacing x+ λ2 by x, we arrive at the equation

y2 + µxy + x3 − 2λ2x2 + λ4x = 0

The discriminant and the absolute invariant are

∆ = λ8µ2(16λ2 + µ2), j =
(16λ4 + 16λ2µ2 + µ4)3

λ8µ2(16λ2 + µ2)
.

The pencil is elliptic in all characteristics. If p 6= 2, then its singular fibers are of types Ã7, Ã1, Ã
∗
0, Ã

∗
0.

If p = 2, then we have
∆ = λ8µ4, j = µ8/λ8

and then, the pencil has two singular fibers of types Ã7 and Ã∗1.

If p 6= 2, 3, then we can transform the Weierstrass equation to an equation of the form

y2 + x3 + 3(λ4 + 4u2µ2 + v4)x+ (4λ2 + µ2)(λ4 − 8λ2µ2 − 2µ4) = 0.

Conversely, resolving the base points of the pencil (4.9.20), we obtain a rational elliptic surface with
reducible fibers of type Ã7, Ã1 or Ã7, Ã

∗
1.

• Type Ẽ6 + Ã2.

Applying the determinantal formula (4.3.4), we obtain

MW(j) ∼= Z/3Z.

We have diagram 4.8:

We blow down the curves E0, R1, R2, then E1, R6, R3, and then E2, R5, R4 to the points x1, x2, x3

in the plane. The image of R0 is the image of the fiber of type Ẽ6, which is a line ` in the plane
of multiplicity 3. The image of the second reducible fiber is the triangle of lines, the images of
R7, R8, R9. The line ` does not pass through the vertices of the triangle. Thus, by choosing appro-
priate projective coordinates, we find that the equation of the pencil is

λyz(y + z + εx) + µx3 = λ(y2z + yz2 + εxyz) + µx3 = 0, (4.9.22)



454 CHAPTER 4. GENUS ONE FIBRATIONS

•

• • •

• • •

• • •

R2 R1

R3

R4

R5

R6

R7

R8

R9

R0

?

?

E2
?

E0

E1

Figure 4.8: Extremal rational elliptic surface: type Ẽ6 + Ã2

`1

`2

`3

x1 x3
x2

• ••3`

`1

`2
`3

x1 x3
x2

• ••3`

where ε = 1 if the triangle consists of non-concurrent lines and 0 otherwise. The latter happens if
the fiber R8 +R9 +R10 is of type Ã∗2.

Multiplying equation (4.9.22) by λ3µ2 and changing λµx to x and λ2µy to y, we get the Weier-
strass equation

y2 + λ2µy + ελxy + x3 = 0. (4.9.23)

We have

∆ = −λ8µ3(ελ+ 27µ), j = −ελ(λ+ 24µ)3

µ3(ελ+ 27µ)
.

Thus, if e = 1, then we have 3 singular fibers of types Ẽ6, Ã2 and Ã∗0. If e = 0, then we have two
singular fibers of types Ẽ6 and Ã3.

If p 6= 3, then the fiber F = R8 +R9 +R10 is of type Ã2 or Ã∗2. The latter happens if ε = 0. Thus
the singular fibers are of types Ẽ6, Ã2, Ã

∗
0 or Ẽ6, Ã

∗
2.

If p = 3 and ε = 1, then we have

∆ = λ9µ3, j = λ3/µ3.

If p = 3 and ε = 0, then the pencil is quasi-elliptic with Weierstrass equation

y2 + x3 + λ4µ2 = 0.

It has two reducible fibers of types Ẽ6 and Ã∗2.

If p 6= 2, 3, then we can reduce the Weierstrass equation to the form

y2 + x3 − 3λ3(λ+ 2µ)x− 2u4(2λ2 + 3λµ+ 18µ2) = 0.

Conversely, resolving the base points of the pencil (4.9.22), we obtain a rational surface with a
genus one fibration with fibers of types described in above.

• Type D̃5 + Ã3.
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Applying the determinantal formula (4.3.4), we obtain that # MW(j) = 4. As we explained earlier,
Lemma 4.9.8 shows thatA

MW(j) ∼= Z/4Z.
We have the following diagram 4.9:

• • • •

• • • •

• •

R1
R2 R3

R4

R5 R6 R7 R8

R9 R10

? ? ? ?E0 E1 E2 E3

Figure 4.9: Extremal rational elliptic surface: type D̃5 + Ã3

We blow down the curves E1 +R5 +R9, then E2, R3, then E3, R7, and, finally, E4, R8 to the points
x1, x2, x3, x4 in the plane. The remaining curves in the diagram are mapped to lines. The curves
R6, R10 are mapped to a member of the pencil equal to the union of two lines 2`1 + `2. The curves
R1, R2, R4 are mapped to a member of the pencil equal to the union of three non-concurrent lines
`3 + `4 + `5.

`3

`4

`5

x1 x3
x2

x4

• ••
•

2`1

`2

The equation of the pencil is

λy(x+ y)z + µx(x+ z)2 = λxyz + y2z + µ(x3 + 2x2z + xz2) = 0.

The Weierstrass equation is

y2 + λxy + x3 + 2λµx2 + λ2µ2x = 0. (4.9.24)

We have

∆ = λ7µ4(λ− 16µ), j =
(λ2 − 16λµ+ 16µ2)3

λµ4(λ− 4µ)
.

In any case, the fibration is elliptic. If p 6= 2, then we have three singular fibers of types D̃5, Ã3, A
∗
0.

If p = 2, we have a Weierstrass equation of the form

y2 + λxy + x3 + λ2µ2x = 0.

with ∆ = λ8µ4 and j = λ4

µ4 . The fibration has two singular fibers of types D̃5 with wild ramification

invariant δ = 1 and Ã3.

If p 6= 2, 3, then we can reduce the Weierstrass equation to the form

y2 + x3 − 3u2(u2 − 4uv + v2)x− 2u3(u− 2v)(λ2 − 4uv − 2v2) = 0

with discriminant ∆ = − 1
212λ

7µ4(λ− 4µ).
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• Type D̃4 + D̃4.

Applying the determinantal formula 4.3.4, we obtain

MW(j) ∼= (Z/2Z)2.

We have the following diagram (4.10):

•

•

•

•

•

•

•

•

•

•

?

?

?

?

R1

R2

R3

R4

R6

R7

R8

R9

R5 R10

E1

E2

E3

E4

Figure 4.10: Extremal rational elliptic surface: type D̃4 + D̃4

We blow down the curves E1, R1, R5, then E2, R7, then E3, R8, and finally E4, R9. The image of
the fiber 2R5 + R1 + R2 + R3 + R4 is the union of three concurrent lines `1, `2, `3, the image of
the second reducible fiber is the union of two lines `, `′, where one has to be taken with multiplicity
two. The line with multiplicity two does not pass through the concurrency point. The equation of
the pencil

λy2z + µx(x+ z)(x+ az) = λy2z + µ(x3 + (a+ 1)x2z + axz2) = 0,

where a 6= 0, 1. The cross-ratio of the four lines V (y), V (z), V (y + z), V (y + az) in the pencil of
lines is an invariant of the surface.

The Weierstrass equation is

y2 + x3 + (a+ 1)λµx2 + aλ2µ2x = 0 (4.9.25)

and we have

∆ = 16a2(a− 1)2λ6µ6, j =
28(a2 − a+ 1)3

a2(a− 1)2
.

Note that we must have a 6= 0, 1, since otherwise the general member is not regular. If p 6= 2, then
the fibration is elliptic with two singular fibers of type D̃4.

If p = 2, then the fibration is quasi-elliptic with Weierstrass equation

y2 + x3 + (a2 + a+ 1)λ2µ2x+ a(a+ 1)λ3µ3 = 0.

`1

`2
`3

x1 x3
x2

x4

• ••

•

2`

`′
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There are no additional singular fibers.

If p 6= 2, 3, then the Weierstrass equation can be transformed to the form

y2 + x3 − 3(a2 − a+ 1)λ2µ2x+ (a+ 1)(2a− 1)(a− 2)λ3µ3 = 0

with discriminant ∆ equal to −36a2(a− 1)2λ6µ6.

If p = 2, then the fibration is quasi-elliptic with two reducible fibers of type D̃4. In this case, its
Weierstrass equation is

y2 + x3 + λ2µ2(a2 + a+ 1) + a(a+ 1)λ3µ3 = 0.

• Type Ã4 + Ã4

Applying the determinantal formula 4.3.4, we obtain

MW(j) ∼= Z/5Z.

We have diagram 4.11:

• • • • •

• • • • •

? ? ? ? ?

R′0 R′1 R′2 R′3 R′4

R0 R1 R2 R3 R4

E0 E1 E2 E3 E4

Figure 4.11: Extremal rational elliptic surface: type Ã4 + Ã4

Let σ : X → Y be the blow-down morphism of the curves E0, . . . , E4. The images of the curves
Ri, R

′
i are (−1)-curves on Y , whose intersection graph is the Petersen graph.

•

•

••

••

•

••
•

•

•

•

R2
R′1

R0

R4

R′2

R1

R′4

R3

R′3

R′0

Recall that the Petersen graph is the incidence graph of lines on a del Pezzo surface of degree 5,
see [179], 8.5. It is obtained by blowing up four points x1, x2, x3, x4 in the plane no three of which
are collinear. The 10 lines are the inverse transforms of the lines `ij = xi, xj . Our surface Y is
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isomorphic to a del Pezzo surface of degree 5 and we can blow down the curves R0, R2, R
′
4, R

′
2 on

Y to four points in the plane.

We can also go to the plane in another way: we blow down E0, R0, R1, R2, R3 and E4, R
′
2, R

′
3, R

′
4

to points x1, x2 in the plane. The image of the fiber R0 + · · ·+R4 is equal to the image of the curve
R4. It is a nodal cubic curve C with the node at x1. The image of the fiber R′0 + · · ·+ R′4 is equal
to the image of R′0 and R′1. The image of R′0 is an irreducible conic Q that intersects C at x1 with
multiplicity 5 and passes through x2. The image of R′1 is the inflection tangent line ` of C and the
point x2.

Choose the equation of C to be x3 + y3 + xyz = 0, such that x1 = [0, 0, 1] and x2 = [1,−1, 0]
with the inflection tangent line ` = V (3x+ 3y− z). Then, the equation of the conic Q must be (up
to switching x with y) x2 − y2 + yz = 0. This gives us the equation of the pencil:

λ(x3 + y3 + xyz) + µ(x2 − y2 + yz)(3x+ 3y − z) = 0. (4.9.26)

After a linear change of variables (x′, y′, z′) = (x + y, y, 3x + 3y − z), the equation of the pencil
becomes

λ(x3 + y2z − xyz) + µ(x2z + xyz − yz2) = 0.

The Weierstrass equation is

y2 + (−λ+ µ)xy − λ2µy + x3 + λµx2 = 0, (4.9.27)

which is always an elliptic pencil. We have

∆ = λ5µ5(−λ2 − 11λµ+ µ2), j =
(λ4 + 12λ3µ+ 14λ2µ2 − 12λµ3 + µ4)3

∆
.

The discriminant of λ2 + 11λµ− µ2 is equal to 125. Thus if p 6= 5, then we have 4 singular fibers
of types Ã4, Ã4, Ã

∗
0, Ã

∗
0. If p = 5, then we get three singular fibers of types Ã4, Ã4, Ã

∗∗
0 .

• Type D̃6 + Ã1 + Ã1

Applying the determinantal formula 4.3.4, we obtain

MW(j) ∼= (Z/2Z)2.

We have the following diagram 4.12:

• • • •

• •

• • • •

? ?

? ?

?
E1

E4

E2

E3

R1 R3 R4 R5 R6

R2 R7

R5

R8 R9 R10 R11

Figure 4.12: Extremal rational elliptic surface: type D̃6 + Ã1 + Ã1

We blow down the curves E1, R1, R2, R3, R4, then E2, R9, and then E3, E10 to points x1, x2, x3 in
the plane. The image of the fiber of type D̃6 is the union of three lines `1, `2, `3, which are equal to
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the images of R2, R6 and R7, respectively. They intersect at the point x1. The image of R8 and R10

are singular irreducible cubics Q1 and Q2 with singular points at x2, x3, respectively. Each cubic
passes simply through the node of the other and they are tangent with multiplicity 5 at x1. The line
`1 is the inflection tangent of Q1 at the point x1. The lines `2, `3 join the points x1 with x2 and x3,
respectively.

If p 6= 2, then in an appropriate coordinate system, the equation of the pencil can be written in the
form

λ(y2z + x3 − x2z) + µ(x2z − xz2) = 0. (4.9.28)

`2

`1

`3

x1

x2

x3

•

•

•

The Weierstrass equation is

y2 + x3 + (µλ− λ2)x2 − µλ3x = y2 + x(x+ λµ)(x− λ2) = 0. (4.9.29)

We get

∆ = 16λ8µ2(λ+ µ)2, j = 256
(λ2 + λµ+ µ2)3

λ2µ2(λ+ µ)2
.

There are three singular fibers, which are of types D̃6, Ã1, Ã1.

If p = 2, then the pencil is quasi-elliptic. The singular cubics Q1 and Q2 are cuspidal cubics. The
equation of the pencil can be reduced to the form

λ(y2z + x3) + µ(x2z + xz2) = 0.

The third singular fiber of the fibration corresponds to λ = µ = 1. The Weierstrass equation can be
transformed to the equation

y2 + x3 + λµ(λ+ µ)2x+ λ4µ2 = 0.

Applying formula (4.4.37), we find that the pencil has 3 reducible fibers, which are of types D̃6, Ã
∗
2, Ã

∗
2.

• Type Ã5 + Ã2 + Ã1

Applying the determinantal formula 4.3.4, we obtain

MW(j) ∼= Z/6Z.

We have the following diagram 4.13.
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• • • • • •

• • • • •

? ? ? ? ? ?

R0 R1 R2 R3 R4 R5

R6 R7 R8 R9 R10

E0 E1 E2 E3 E4 E5

Figure 4.13: Extremal rational elliptic surface:Ã5 + Ã2 + Ã1

We blow down E1 +R1, E3 +R3, E5 +R5 and E0, E2, E4. The image of the fiber R0 + · · ·+R5

of type Ã5 is a triangle of lines in the plane. The image of the fiber R6 + R7 + R8 of type Ã2 is
another triangle of lines, whose sides pass through the vertices of the former triangle. The image of
the fiber R9 + R10 of type Ã1 is the union of a line that passes through the vertices of the second
triangle and a conic which pass through the vertices of the first triangle and tangent direction equal
to the sides of the second triangle. In appropriate coordinates the equation of the pencil becomes

λ(x+ y)(x+ z)(y + z) + µxyz = 0. (4.9.30)

Assume p 6= 2. We set t := 2λ/µ in order to avoid fractions in formulas. We apply a linear change
of variables (x′, y′, z′) = (x− y, y+ x, z), then multiply the equation by (xt+ z) and then replace
y by y(xt+ z). We reduce the equation to the form

y2 − t2x4 + 2t(t+ 1)x3 + (t+ 1)2x2 + tx = 0.

Multiplying the equation by t2/x4, replacing ty/x2 by y, −t/x with x, we arrive at the Weierstrass
equation

y2 + x3 − (1 + t)2x2 + 2t2(1 + t)x− t4 = y2 + x3 − ((1 + t)x− t2)2 = 0.

Replacing y with iy + (1 + t)x+ t2 and x with −x, we obtain

y2 − 2(t+ 1)xy + 2t2y + x3 = 0.

We compute

∆ = 16u6v3(4u+ v)(u− 2v)2, j =
256(u+ v)3(u3 − 3u2v + 3uv2 + v3)3

u6(4u+ v)(u− 2v)
.

If p 6= 3, then the fibration has one additional irreducible singular fiber of type Ã∗0.

If p = 3, then we have 3 singular fibers of types Ã5, Ã2, Ã
∗
1 and

∆ = u6v3(u+ v)3, j =
(u+ v)9

u6v3
.

If p = 2, then we take t = µ/λ and replace (x, y, z) by (y, x, z + tx+ y) and set z = 1, to obtain
an equation

y2 + y + txy + t(t+ 1)x3 + x2 + x = 0.
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Multiplying by t2(t + 1)2 and replacing t(t + 1)y by y and t(t + 1)x with x, we get a Weierstrass
equation

y2 + t(t+ 1)y + x3 + x2 + t(t+ 1)x = 0.

We have

∆ = u4v6(u+ v)2, j =
u8

v6(u+ v)2
.

We have three singular fibers, which are of types Ã1, Ã∗2, and Ã5.

• Type Ã3 + Ã3 + Ã1 + Ã1

Applying the determinantal formula 4.3.4, we obtain

MW(j) ∼= (Z/2Z) ⊕ (Z/4Z).

Note that we have 2 MW(J/C) ∼= (Z/2Z)⊕2 and that an elliptic curve in characteristic 2 does
not contain such a 2-torsion group, we see an elliptic fibration of this type can exist only if p 6= 2.
Moreover, a quasi-elliptic unipotent group does not contain a subgroup isomorphic to Z/2Z⊕Z/4Z.
Thus, there exists no quasi-elliptic fibration of this type.

Being an extremal fibration, all sections are torsion sections and we have just seen that such
fibrations are elliptic. In particular, all sections of j are disjoint by Lemma 4.9.8. Moreover, it
follows from the formula for the Euler-Poincaré characteristic that there are no irreducible singular
fibers.

We have the following diagram 4.14:

• • • • • • • •

• • • •

? ? ? ? ? ? ?

?

E6 E1 E3 E0 E5 E7 E4

E2

R1 R2 R3 R4 R5 R6 R7 R8

R9 R10 R11 R12

Figure 4.14: Extremal rational elliptic surface: type Ã3 + Ã3 + Ã1 + Ã1

We blow down the curves E0, R4, then E2, R7, then E1,E3,E5,E6,E7 to points x1, . . . , x7. The
images of the fibers F1 are two triangles of lines. One side of one triangle passes through the vertex
of the another one. In appropriate coordinates, we can write the equation of the pencil in the form

λxyz + µ(x+ ay)(x+ y + z)(x+ y + bz) = 0,

where b 6= 1. We also have to use the condition that the point x6 is collinear with two other points
not on the same side of triangles. An easy check gives a = b = −1. Thus, the pencil is unique and
has the equation

λxyz + µ(x− y)(x+ y + z)(x+ y − z) = 0. (4.9.31)
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`1

`′1`′3

`3

• • •
•

••
•

`2

`′2

One checks that the members of the pencil with λ/µ = ±4 are singular. They are unions of a line
and a conic given by equations ((x+y)2 +z(y−z))(x−y+z) = 0 and ((x+y)2 +z(z−y))(x−
y − z) = 0. The conics are tangent at the base points of multiplicity 2.

To compute the Weierstrass form, we first make the variable change x′ = x − y, y′ = x + y and
µ′ = 4µ, to transform the equation to the form

λ(y2 − x2)z + µx(y2 − z2) = y2(µx+ λz)− xz(λx+ µz) = 0.

Multiplying by µx+ λz, replacing y by y′ = y(µx+ λz), and dividing by z4, we get

y2 − x(λx+ µz)(µx+ λz) = y2 − λµx3 − (λ2 + µ2)x2 − λµx = 0.

Multiplying by−λ2µ2, replacing y by λµy, and replacing x by−λµ, we get a Weierstrass equation

y2 + x3 + (λ2 + µ2)x2 + λ2µ2x = 0. (4.9.32)

We compute the discriminant and the absolute invariant to obtain

∆ = 16λ4µ4(λ− µ)2(λ+ µ)2, j =
28(λ4 − λ2µ2 + µ4)3

λ4µ4(λ2 − µ2)2
.

If p = 2, then the general fiber is not a regular curve. There are no irreducible singular fibers.

If p 6= 2, 3, then we can transform the Weierstrass equation to the form

y2 − 3(λ4 − λ2µ2 + µ4)x− 3λ4µ2 + 3(λ2 + µ2)(2λ2 − µ2)(λ2 − 2µ2) = 0

with discriminant ∆ = −λ4µ4(λ2 − µ2)2.

• Type Ã2 + Ã2 + Ã2 + Ã2

Applying the determinantal formula 4.3.4, we obtain

MW(j) ∼= (Z/3Z)2.

Before entering the detailed analysis of this case, we note that if p 6= 3, then this type can be realized
by the famous Hesse pencil,see [179], 3.1 or [16]:

λ(x3 + y3 + z3) + µxyz = 0, (4.9.33)
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Figure 4.15: Extremal rational elliptic surface: type Ã3 + Ã3 + Ã3 + Ã3

which we will encounter again several times in Volume II. The blow up of its nine base points is the
universal elliptic curve with a fixed basis of 3-torsion points. The picture of the surface is given by
the following Levi graph of the configuration of lines and points in the affine plane A2(F3) over the
field F3 of 3 elements.

We now analyze this type in detail. First, let us find the Weierstrass form. Replacing λ/µ by s,
then making the variable change (x, y, z) 7→ (x + y,−y,−z + 3sx), and finally dehomogenizing
with respect to z, we get the equation

y2 + xy + s(x3 + (−1 + 3sx)3) = 0.

Multiplying both sides by s2(1 + 27s3)2 and replacing x by s(1 + 27s3)x and y by s(1 + 27s3)y),
we get the equation

y2 + yx+ x3 − 27s3x2 + 9s3(1 + 27s3)x− s3(1 + 27s3)2 = 0.

Next, after a linear change (x, y) = (x′ + 9s3, y′ − x′ − 6s3), we obtain the Weierstrass equation

y2 + vxy + 3u3y + x3 + 6u3vx+ 9u6 − u3v3 = 0 (4.9.34)

Using formulas (4.4.16), we find

∆ = u3(v3 − 27u3)3, j =
v3(v3 − 216u3)3

u3(v3 − 27u3)3
.

This means that the singular fibers are over the points v/u = ∞,−3,−3ω,−3ω2, where ω3 = 1
and ω 6= 1. It is known that the singular members of the Hesse pencil (4.9.33) correspond to the
same values of the parameter t.

Assume p 6= 2, 3. Then, after homogenizing the parameter and change (u, v) to (u/6, v), we can
rewrite the Weierstrass equation in terms of λ = t/6 and then, it has the following form

y2 + x3 + 12v(u3 − v3)x+ 2(u6 − 20u3v3 − 8v6) = 0 (4.9.35)

with

∆ = −2633u3(u3 + 8v3)3, j = 21233 v3(u3 − v3)

u3(u3 + 8v3)3
.
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This is the classical way to write the Weierstrass equation of the Hesse pencil

x3 + y3 + z3 + 6txyz = 0,

where t = v/u, see [16].

Assume p = 2. Then, after substituting (x, y) 7→ (x + s3, y + 1), we can rewrite the equation in
the form

y2 + vxy + u3y + x3 + u3(u3 + v3) = 0. (4.9.36)

We have

∆ = u3(u3 + v3)3, j =
v12

u3(u3 + v3)3
.

Suppose p = 3. Note that the reduction of the Hesse pencil modulo 3 is the pencil

(x+ y + z)3 + txyz = 0.

Its fiber over t = 0 is of type Ẽ6 and its fiber over t = ∞ is of type Ã2. Thus, it is an extremal
elliptic fibration of type Ẽ6 + Ã2, which have been already studied above. In particular, type under
consideration, that is, Ã2 + Ã2 + Ã2 + Ã2, does not arise from the Hesse pencil. Instead, we have
to look at a quasi-elliptic pencil in this case. It must have 4 reducible fibers of type Ã∗2. It follows
from (4.3) that the Weierstrass equation

y2 + x3 + a6(u, v) = 0,

where da6 has 4 simple zeros. The polynomial a6(u, v) =
∑6

i=0 a6−iv
i is considered up to addition

of a cube of a binary quadratic form. First, for a general form a6, one can find a linear transformation
of the variables to assume that a1 = a5 = 0, see [213], p. 287. Then, after possibly adding
a cube, we assume that a0 = a3 = a6 = 0. After scaling, we reduce the polynomial to the form
u2v2(u2 +v2). In the affine subset with coordinate t = u/v, we have da6 = d(t4 +t2) = (t3−t)dt,
so the differential has 3 simple roots at t = 0, 1,−1. In the open subset with affine coordinate
t = v/u, it has additional simple root at t = 0. Thus, it has 4 simple roots and the order of the
discriminant is equal to 2 at each root. By (4.1), we see that the fibration has 4 fibers of type Ã∗3
with Weierstrass equation

y2 + x3 + u2v2(u2 + v2) = 0.

This suggests that there must be a unique quasi-elliptic fibration with such fibers. To confirm this,
we use the conic bundle argument that the nine sections must be disjoint. Thus, the fibration comes
from a pencil of cubic curves with nine distinct base points. It has 4 reducible members, each of
which is equal to the union of three concurrent lines. It is easy to check that such a pencil is unique
up to a linear transformation, and that it coincides with the pencil

λy(x2 − y2) + µz(x2 − z2) = 0. (4.9.37)

It singular members are 4 triples of concurrent lines

V (z(x−z)(x+z)), V (y(x−y)(x+y)), V ((y−z)(x+y−z)(x−y+z)), V ((y+z)(−x+y+z)(x+y+z)).
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It has 9 base points

[1, 0, 0], [1, 1, 0], [1,−1, 0], [1, 0, 1], [1, 1, 1], [1,−1, 1], [1, 0,−1], [1, 1,−1], [1,−1,−1].

The 9 points and the 12 lines corresponding to the irreducible components of reducible fibers form
a Hesse configuration (123, 94). We can view the points as points in the projective plane P2(F3)
with coordinates (t0, t1, t2) lying outside the line t0 = 0 and take all lines in the plane except this
one. In particlar, the Hesse configuration can be realized over the finite field F3.

Note that the singular points of the reducible members of the pencil are [0, 1, 0], [0, 0, 1], [0, 1,−1].
They are points at the line t0 = 0. The line is the image of the curve of cusps on the rational quasi-
elliptic surface.

We summarize our investigation with the following table. Even in characteristic p 6= 2, 3, for
typographical reasons, we sometimes give a Weierstrass form with nonzero coefficients a1, a2, a3 6=
0. One can use formula (4.4.16) to recompute the coefficients satisfying a1 = a2 = a3 = 0. Also,
for typographical reason, we dehomogenize the coordinates (u, v) on the base P1.

Singular fibers MW Weierstrass equation ∆ j

Ẽ8, 2Ã
∗
0 {0} y2 + x3 + x+ t −16(4 + 33t2) − 21033

4+33t2)

Ẽ8, Ã
∗∗
0 {0} y2 + x3 + t t 0

D̃8, 2Ã
∗
0 Z/2Z y2 + x3 + tx2 + x 16(t2 − 4) 28(t2−3)3

(t2−4)

Ã8, 3Ã
∗
0 Z/3Z y2 + txy + y + x3 −(27 + t3) t3(24+t3)3

27+t3

Ẽ7, Ã1, Ã
∗
0 Z/2Z y2 + xy + x3 + x t2(1− 64t) (1−48t)3

t2(1−64t)

Ẽ7, Ã
∗
1 Z/2Z y2 + x3 + tx −64t3 1728

Ã7, Ã1, 2Ã
∗
0 Z/4Z y2 + txy + x(x− 1)2 t2(16 + t2) (16+16t2+t4)3

∆

Ẽ6, Ã2, Ã
∗
0 Z/3Z y2 + xy + x3 + tx −t3(1 + 27t) − (1+24t)3

t3(1+27t)

Ẽ6, Ã
∗
2 Z/3Z y2 + ty + x3 −27t4 0

D̃5, Ã3, Ã
∗
0 Z/4Z y2 + txy + x(x+ t)2 t4(1− 16t) (1−16t+16t2)3

t4(1−16t)

D̃4, D̃4 (Z/2Z)⊕2 y2 + x3 + (a+ 1)tx2 + at2x 16a2(a− 1)2t6, a 6= 0, 1 256(a2−a+1)3

a2(a−1)2

2Ã4, 2Ã
∗
0 Z/5Z y2 + (t− 1)xy − ty + x3 + tx2 t5(t2 − 11t− 1) (1+12t+14t2−12t3+t4)3

∆

2Ã4, Ã
∗∗
0 , (p = 5) Z/5Z y2 + (t− 1)xy − ty + x3 + tx2 −t5(t− 3)2 t−3

t5

D̃6, 2Ã1 (Z/2Z)2 y2 + x(x+ 1)(x− t) 16t2(1 + t)2 (1+t+t2)3

t2(1+t)2

Ã5, Ã2, A1, A
∗
0 Z/6Z y2 − 2(1 + t)xy + t2y + x3 16t6(t− 2)2(1 + 4t) 212(1+t)3(3+3t−3t2−t3)3

∆

2Ã3, 2Ã1 Z/2Z⊕ Z/4Z y2 + x3 + (1 + t2)x2 + t2x 16t4(1− t2)2 256(1−t2+t4)3

∆

4Ã2 (Z/3Z)⊕2 y2 + x3 + 12t(1− t3)x+ 2(1− 20t3 − 8t6) −2633(1 + 8t3)3 21233t3(1−t3)3

(1+8t3)3

Table 4.6: Extremal elliptic rational surfaces (p 6= 2, 3)
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Singular fibers MW Weierstrass equation ∆ j

Ẽ8, Ã
∗
0 {0} y2 + xy + x3 + t t 1

t

Ẽ8 {0} y2 + ty + x3 + t5 t12 0

D̃8 Z/2Z y2 + txy + x3 + tx2 + at4, a 6= 0 at12 a−1

Ã8, 3Ã
∗
0 Z/3Z y2 + txy + y + x3 1 + t3 t12

1+t3

Ẽ7, Ã1 Z/2Z y2 + xy + x3 + tx t2 1
t2

Ã7, Ã
∗
1 Z/4Z y2 + txy + x3 + x t4 t8

Ẽ6, Ã2, Ã
∗
0 Z/3Z y2 + xy + ty + x3 t6(1 + t)4 1

t3(1+t)

Ẽ6, Ã
∗
2 Z/3Z y2 + ty + x3 t4 0

D̃5, Ã3 Z/4Z y2 + xy + x3 + t2x t4 1
t4

2Ã4, 2Ã
∗
0 Z/5Z y2 + x3 + (t+ 1)xy + ty + tx2) t5(1 + t+ t2) (1+t4)3

∆

Ã5, Ã
∗
2, A1 Z/6Z y2 + x3 + (t+ 1)(xy + ty + tx2) t6(1 + t)4 t8

t6(t+1)2

4Ã2 (Z/3Z)⊕2 y2 + txy + y + x3 + 1 + t3 (1 + t3)3 t12

1+t3)3

Table 4.7: Extremal elliptic rational surfaces (p = 2)

Singular fibers MW Weierstrass equation ∆ j

Ẽ8, Ã
∗
0 {0} y2 + x3 + x2 + t −t 01

t

Ẽ8 {0} y2 + x3 + x+ t 1 0

D̃8, 2Ã
∗
0 Z/2Z y2 + x3 + tx2 + x t2 − 1 t6

t2−1

Ã8, Ã
∗
0 Z/3Z y2 + txy + y + x3 −t3 −t9

Ẽ7, Ã1, Ã
∗
0 Z/2Z y2 + xy + x3 + tx t2(1− t) 1

t2(1−t)
Ẽ7, Ã

∗
1 Z/2Z y2 + x3 + tx −t3 0

Ã7, Ã1, 2Ã
∗
0 Z/4Z y2 + txy + x(x− 1)2 t2(t2 + 1) (1−t2)6

∆

Ẽ6, Ã2 Z/3Z y2 + x3 + xy + y + x3 t3 1
t3

D̃5, Ã3, Ã
∗
0 Z/4Z y2 + xy + x(x+ t)2 t4(1− t) (1−t)6

∆

D̃4, D̃4 (Z/2Z)⊕2 y2 + x3 + (a+ 1)tx2 + at2x, a 6= 0, 1 a2(a− 1)2t6 (a+1)6

a2(a−1)2

2Ã4, 2Ã
∗
0 Z/5Z y2 + (t− 1)xy − ty + x3 + tx2 t5(t2 + t− 1) ((1−t)6

∆

D̃6, 2Ã1 (Z/2Z)2 y2 + x(x− 1)(x− t)3 t2(1 + t)2 (1+t+t2)3

t2(1+t)2

Ã5, Ã2, A
∗
1 Z/6Z y2 + (1 + t)xy + (1− t)ty + x3 + (1− t)x2 t3(t− 1)3 t9

t3(t−1)3

2Ã3, 2Ã1 Z/2Z⊕ Z/4Z y2 + x3 + (1 + t2)x2 + t2x t4(1− t2)2 (1+t2)6

∆

Table 4.8: Extremal elliptic rational surfaces (p = 3)

As a result of our explicit classification, we now draw a couple of conclusions. For example, by
inspection of the table we find the following.

Corollary 4.9.10. Let f : J → P1 be an extremal jacobian elliptic fibration on a rational surface.
Assume that the j-invariant is constant. Then one of the following cases occurs:

1. p 6= 2, 3

• j = 0 and f has two singular fibers of types Ẽ8 and Ã∗∗0 .

• j = 1728 and f has two singular fibers of types Ẽ7 and Ã∗1.

• j = 0 and f has two singular fibers of types Ẽ6 and Ã∗2.
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• j is constant depending on the parameter t of the elliptic fibration with two singular
fibers of types D̃4.

2. p = 2

• j = 0 and f has one singular fiber of types Ẽ8.

• j = c 6= 0 and f has one singular fiber of types D̃8.

• j = 0 and f has two singular fibers of types Ẽ6 and Ã∗2.

3. p = 3

• j = 0 and f has one singular fiber of types Ẽ8.

• j = 0 and f has two singular fibers of types Ẽ7 and Ã∗1.

• j is a constant depending on the parameter t of the elliptic fibration with two singular
fibers of types D̃4.

We can also give the table for quasi-elliptic fibrations. It follows from Proposition 4.4.12 that
the Euler-Poincaré characteristics of reducible fibers add up to 8 + 2k, where k is the number of
reducible fibers.

Suppose p = 3. Then a possible reducible fiber must be of type Ẽ8, Ẽ6 or Ã∗2. This allows us to
list all possible configurations of reducible fibers

Ẽ8, Ẽ6 + Ã∗2, 4Ã∗2.

All such configurations occur on extremal rational elliptic surfaces and they occur as specializa-
tion of such surfaces in characteristic 3. We discussed these specialization in our classification of
extremal rational elliptic surfaces.

Suppose that p = 2. Then a possible reducible fiber must be of type Ẽ8, Ẽ7, D̃2k, Ã
∗
1. We also

know that the Mordell-Weil group is finite, that is, a quasi-elliptic fibration is automatically ex-
tremal, hence

∑
t∈C(# Irr(Jt) − 1) = 8. This allows us to list all possible configurations of

reducible fibers. They are

Ẽ8, D̃8, Ẽ7 + Ã∗1, 2D̃4, D̃6 + 2Ã∗1, D̃4 + 4Ã∗1, 8Ã∗1.

Note that the first five cases have been already discussed in our analysis of extremal rational elliptic
surfaces. The last two cases are new, and are not realized as elliptic fibrations on rational surfaces.
Let us realize these two new cases.

• Type D̃4 + 4Ã∗1 (quasi-elliptic and p = 2)

For this type, the Mordell-Weil group MW(j) is isomorphic to (Z/2Z)3.

Let F1 = R0 + R1 + R2 + R3 + 2R4 be the fiber of type D̃4 and F2 = R5 + R6, F3 =
R7 + R8, F4 = R9 + R10, F5 = R11 + R12 be other reducible fibers. Each R0, . . . , R3 intersects
two sections and each Ri, i = 5, . . . , 10 intersects 4 sections. We assume that the zero section E0
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intersects R0. Let E1 intersect R0, let E2, E3 intersect R1, and the rest intersect R2, R3. We may
assume that E0 intersects R5, R7, R9, R11 and we will call them the zero component. It follows
from the computations of local contributions for the height of sections in the Mordell-Weil group
that E1 intersects R6, R8, R10 and R12. Also, E2, E3 intersect two zero components of fibers of
type Ã∗1 and other sections intersect three zero components of these fibers.

We blow down E0, R0, R4 to a point x0 and then blow-down E2, . . . , E8 to six points x1, . . . , x6.
The image of F1 is the union of three lines passing through x0. The images of the zero components
of F2, . . . , F5 are conics C1, . . . , C4 that intersect each other with multiplicity 3 at the point x0.
The images of the other components of these fibers are lines L1, . . . , L4, each passing through two
points x1, . . . , x6 and intersecting only at one these points. Each line Li is tangent to the conic Ci.

Let us see that these properties define a one-parameter family of quasi-elliptic pencils that give
rise to our surface.

First, we observe, that the six points x1, . . . , x6 must be the vertices of a complete quadrilateral.
We choose projective coordinates, such that the sides are V (x), V (y), V (z), V (x+ y + z) and the
points x1, . . . , x6 have coordinates [0, 0, 1], [0, 1, 0], [1, 0, 0], [1, 1, 0], [0, 1, 1], [1, 0, 1]. The image
of F1 must be the union of the diagonals, that is, it must be equal to V ((x− y)(x− z)(y− z). Each
conic Ci belongs to the pencil of conics through three non-collinear points xi. The line component
passes through the remaining three points. An easy computation shows that the four conic+line
members belong to the following pencils

a2y(y + x) + (a2 + 1)z(z + x) = 0, x(x+ z) + a2y(y + z) = 0,

x(x+ y) + (a2 + 1)z(z + y) = 0 y(x+ z) + a2x(y + z) = 0.

Each conic from each pencil passes through the point q1 = (1, 1, 1). It remains to choose one
irreducible conic Ki from each pencil, such that the four conics are tangent at q1 with multiplicity
3. Computing the equations of tangent lines of the conics at the point (1, 1, 1), we easily find that
the four conics must be

a2y(y + x) + (a2 + 1)z(z + x) = 0, x(x+ z) + a2y(y + z) = 0,

x(x+ y) + (a2 + 1)z(z + y) = 0 y(x+ z) + a2x(y + z) = 0.

The common tangent is x+a2y+(a2 +1)z = 0. The singular points of the corresponding reducible
cubics from the pencil are the points [0, a+ 1, a], [a, 1, 0], [a+ 1, 0, 1], [1, a, a+ 1]. They lie on the
line x+ ay + (1 + a)z = 0. The inverse transform of this line on the blow-up surface is the curve
of cusps C. The equation of our pencil is

λ(x+ y)(x+ z)(y + z) + µz(x2 + xz + a2y2 + a2yz) = 0,

where a 6= 0, 1. The pencil has four reducible fibers corresponding to the parameters [λ, µ] =
[0, 1], [1, 0], [1, 1] and [1, a−1]. The Weierstrass equation

y2 + x3 + uv(u2 + avu+ (a+ 1)v2)x = 0.

Replacing the parameter a with
√
a+ 1, we get the same equation as in [328], Table 1 (f).
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• Type 8Ã∗1 (quasi-elliptic and p = 2)

For this type, the Mordell-Weil group MW(j) is isomorphic to (Z/2Z)4.

Let C be the curve of cusps of j, which is a smooth rational curve and a bisection (a 2-section).
We have C ·KJ = −2, hence C2 = 0.

Consider the map φ : J → W → F2, where the first map is the birational morphism onto
the Weierstrass model that blows the irreducible components that do not intersect a fixed section
E. The morphism W → F2 is purely inseparable of degree 2 given by the invertible sheaf L =
OF2(3f+2e), see (4.4.33). Applying Proposition 0.2.10, we expect thatW has c2(ΩF2⊗L⊗2) = 8
ordinary double points. This could happen only if the quasi-elliptic fibration has 8 reducible fibers
of type Ã∗1. Taking a general curve B ∈ |6f+ 3e|, we see that we get a quasi-elliptic fibration of this
type. It follows from the Weierstrass equation that such fibrations depend on 5 parameters, namely
the coefficients of (a4(t0, 1), a6(t0, t1) modulo projective transformations and modulo adding to a6

the square of a binary form of degree 3.

Obviously, the 16 sections cannot be disjoint in this case. It follows from Section 4.5 that each non-
zero section intersects the zero section with multiplicity 1 and does not intersect the zero component
for any reducible fiber Fi (the sum of local contributions must be equal to 4). If two sections are
disjoint, then they intersect exactly four common irreducible components of reducible fibers. Let
O, P1, . . . , P7 be the eight sections that intersect the zero component of a reducible fiber F1 and let
O′, Q1, . . . , Q7 be the sections intersecting the other component. We may assume that O′ intersects
O and that all other Qi do not intersect O, but intersect exactly one Pi.

The theory of heights tell us that each section from the first group intersects one section from an-
other group, say O·O′, Pi·Qi = 1. Following [328], we blow down the components O, P1, . . . , P6, Q7

and the non-zero component of F1. The image of F1 is an irreducible cuspidal cubic. All other re-
ducible fibers are mapped to the union of a conic and its tangent line. We have eight distinct base
points q1, q2, . . . , q8, q

′
8 and one base point q′8 � q8 infinitely near to q8. The point q8 is the cusp of

the image F̄1 of F1. The image of seven sections O′, Q1, . . . , Q6 are lines `1, . . . , `7 passing through
the point q8 and one other point qi, which is the the image of Pi. The image of P7 is the cuspidal
tangent of the curve F̄1. The image of the section Q7 is the line `9 passing through q8, q

′
8 and other

point qi. We see that the set of points q1, . . . , q7 and the lines `1, . . . , `7 form the configuration of
points and lines in the Fano plane P2(F2). The net of cubics through q1, . . . , q8 has equation

F (a, b, c) = a1xy(x+ y) + a2xz(x+ z) + a3yz(y + z) = 0. (4.9.38)

The point [
√
b,
√
c,
√
a] is the singular point of F (a, b, c) = 0. Let π : Y → P2 be the blow-up of

the base points q1, . . . , q7. The net defines a quasi-elliptic fibration over Y . Its reducible fibers over
the pre-images of the lines in the Fano plane with coordinates (a1, a2, a3) are of type Ã∗1. Thus, any
general pencil in the net defines a quasi-elliptic surface with seven singular fibers of type Ã∗1. Their
line components are the lines in the Fano plane with coordinates (x, y, z). The points in the Fano
plane are among its base points. Any other base point q8 comes automatically with an infinitely near
base point, and the member of the pencil with the cusp at q8 gives the eight reducible fiber of type
Ã∗1. Let the equation of the line defining the pencil be a1 = u, a2 = v, a3 = au+ bv. The equation
of the pencil is

u(xy(x+ y) + ayz(y + z)) + v(xz(x+ z) + byz(y + z)) = 0.
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We find that the base points are the seven points of the Fano plane, the eighth point

q8 = [x0, y0, z0] := [
√
ab(a+ b),

√
a(a+ 1),

√
b(b+ 1)],

and the infinitely near point q′8 with tangent direction z0x+ bz0y+ (x0 + by0)z = 0. Since q8 does
not lie on any line in the Fano plane, we get2

a, b 6= 0, a 6= 1, b 6= 1, a 6= b. (4.9.39)

The reduced fibers correspond to the points

[u, v] = [1, 0], [0, 1], [1, 1], [b, a], [b, a+ 1], [a, b+ 1], [b+ 1, a+ 1)], [b(b+ 1), a(a+ 1)].

Let us find the Weierstrass equation. Recall that the transformations y 7→ y+α1x+α3 changes the
coefficients a4, a6 to

a′4 = a4 + α4
1, a′6 = a6 + α2

1a4 + β3.

Let V (k) denote the linear space of binary forms of degree k. Counting parameters, we see that
quasi-elliptic surfaces depend on dimP(V (4) + V (6)) − dim(V (1) + V (3)) − dim PGL(2) =
5 + 7− (2 + 4− 1− 3) = 2 parameters, as expected from the previous analysis. Write

a4 =

4∑
i=0

riu
4−ivi, a6 =

6∑
i=0

siu
6−ivi.

We know that ∆ = a4da
2
4 + da2

6 has eight simple distinct zeros. This implies that the coefficients
r2 and r4 are non-zero. Taking appropriate β3, we may assume that s0 = s2 = s4 = s6 = 0.
Taking α1 = Au+Bv, we can make the coefficients s1, s5 equal to zero. Then again adding some
square to a6, and scaling the unknowns, we may assume that a6 = u3v3. After a linear change of
the coordinates (u, v), we may assume that a4 has zeroes [0, 1] and [1, 0]. Thus, the Weierstrass
equation acquires the form

y2 + uv(u2 + αuv + βv2)x+ u3v3 = 0.

This agrees with the formula in [328], Table 1 (g).

The following Table contains the classification of rational quasi-elliptic surfaces in characteristic
2 and 3. We refer to [328, Table 1] for explicit formula for sections in terms of the Weierstrass
equations.

Remark 4.9.11. Suppose p = 2 and let f : X → P1 be a jacobian quasi-elliptic fibration and C
be its curve of cusps. Then it intersects each fiber with multiplicity 2 at its singular point. Since C
is invariant with respect to a translation automorphism by a non-zero torsion point of the Mordell-
Weil group, it intersects a fiber of type D̃2k at its central component of multiplicity 2. It follows
from Figure 4.6 that it intersects the component R1 of a fiber of type Ẽ7. The description of the
blow-down morphism X → P2 shows that it intersects the component R2 of a fiber of type Ẽ8. In
all other cases, it is clear which components the curve C must intersect.

2The restriction on the parameters is stronger than in [328], where the parameters a, b satisfy only a 6= 0.
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p Types MW(f) Weierstrass equation

2 Ẽ8 {1} y2 + x3 + t

2 D̃8 Z/2Z y2 + x3 + t2x+ t

2 Ẽ7, Ã
∗
1 Z/2Z y2 + x3 + tx

2 D̃4, D̃4 (Z/2Z)⊕2 y2 + x3 + (a2 + a+ 1)t2x+ a(a+ 1)t3

2 D̃6, 2Ã
∗
1 (Z/2Z)2 y2 + x3 + t(1 + t2)x+ t2

2 D̃4, 4Ã
∗
1 (Z/2Z)3 y2 + x3 + (1 + a+ a2)t2x+ a(a+ 1)t3, a 6= 0, 1

2 8Ã∗1 (Z/2Z)4 y2 + x3 + t(1 + at+ bt2)x+ t3

3 Ẽ8 {1} y2 + x3 + t

3 Ẽ6, Ã
∗
2 Z/3Z y2 + x3 + t2

3 4Ã∗2 (Z/3Z)⊕2 y2 + x3 + t2(1 + t2)

Table 4.9: Quasi-elliptic rational surfaces

Remark 4.9.12. Assume k = C. Some of the extremal rational elliptic surfaces are isomorphic to
modular elliptic surfaces. Let Γ be a subgroup of finite index of SL(2,Z) that does not contain −1.
Given such a Γ, one defines the modular elliptic surface S(Γ) to be the relatively minimal elliptic
surface birationally isomorphic to the quotient

S(Γ) := (Γ o Z2)\(H× C) → X(Γ) := Γ\H,

where H = {z = a+ bi ∈ C : b > 0} is the upper half-plane and Γ oZ2 is the semi-direct product
is taken with respect to the natural action of Γ on Z2, and Γ o Z2 acts on H× C by the formula

((m,n), g) · (τ, z) :=

(
aτ + b

cτ + d
,
z +mτ + n

cτ + d

)
.

The structure of an elliptic surface is given by the projection onto the first factor, that is, to X(Γ) =
Γ\H. The unique smooth projective comptactification X̄(Γ) of X(Γ) is called the modular curve.
The name has to do with the fact that these curves often have descriptions as moduli spaces of
elliptic curves with some extra structure. The complement X̄(Γ) \ X(Γ) consists of some finite
number t of points and by definition, these points are called cusps. Cusps come in two kinds. The
fibers of S(Γ) → X̄(Γ) over cusps of the first kind (resp. second lind) are of type Ãn or Ã∗0 (resp.
D̃n, n > 4). There could be also some singular fibers over points in X(Γ). They correspond to
elements of finite order 2 or 3 in Γ. (Note that we assumed if −1 6∈ Γ. If we allow −1 ∈ Γ, then
there may also be elements of order 4, 6.) The corresponding fibers are of type Ã∗2 and Ẽ6 in the
former case and of type Ẽ7 and Ẽ8 in the latter case.

Let g be the genus of the modular curve X̄(Γ) and let pg be the geometric genus of S(Γ). We
have (see [655])

g = 1 +
µ

12
− r2

4
− r3

3
− t

2
,

pg = 2g − 2 + t− t1
2
− r2

3
,

where
µ =

1

2
[SL(2,Z) : Γ],
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where t1 denotes the number of cusps of the first kind, and where r2 (resp. r3) is the number of
points in X(Γ) corresponding to orbits with stabilizer subgroup of order 2 (resp. 3).

The connection between the elliptic modular surfaces and the surfaces discussed in this section is
as follows: an elliptic modular surface has finite Mordell-Weil group and non-constant j-invariant
[655]. Conversely, a jacobian elliptic surface with pg = 0 over C with finite Mordell-Weil group,
non-constant j-invariant and pg = 0, and no singular fibers of type Ẽ8 and Ẽ7 is isomorphic to an
elliptic modular surface [547].

Comparing this result with our list of extremal rational elliptic surfaces, we find that all of them
are elliptic modular surfaces, except those of type Ẽ8, Ẽ7 + Ã1, D̃4 + D̃4. In fact, we can say more.
Recall that Γ is called a congruence subgroup if it contains a subgroup of the form

Γ(n) :=

{
M =

(
a b
c d

)
∈ SL2(Z) : M ≡ I2 mod n

}
.

for some n ≥ 2. For n ≥ 3, the group Γ(n) does not contain −1 and we have

µ =
1

2
n3
∏
p|n

(1− p−2), t = t1 = µ/n, r2 = r3 = 0.

An example of a congruence subgroup is the group

Γm(n) :=

{
M =

(
a b
c d

)
∈ SL2(Z) : M ≡

(
1 ∗
0 1

)
mod n, b ≡ 0 mod m

}
,

where m,n are positive integers with m|n. Obviously, we have Γ(n) = Γn(n). Moreover, we have
(see [136]):

µ =


3 if (n,m) = (2, 1),

6 if (n,m) = (2, 2),
1
2mn

2
∏
p|n(1− p−2) otherwise.

t =


2 if (n,m) = (2, 1),

3 if (n,m) = (2, 2), (4, 1),
1
2

∏
p|n(p− 1)pνp(mn)−2(p+ 1 + (p− 1)νp(n/m)) otherwise.

We also recall the group

Γ0(n) :=

{
M =

(
a b
c d

)
∈ SL2(Z) : c ≡ 0 mod n

}
.

Let S̄m(n) → X̄m(n) be the elliptic surface associated to the elliptic modular surface Sm(n) :=
S(Γm(n)) together with its elliptic fibration over the modular curve Xm(n) = X(Γm(n)). Its
Mordell-Weil group is known to be isomorphic to (Z/nZ) ⊕ (Z/mZ), see [136]. In particular, if
S̄m(n) is a rational surface, then it is an extremal rational elliptic surface. It is thus natural identify
the pairs (m,n), for which the surface is rational.
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Next, it is known that over C, a semi-stable jacobian elliptic surface over P1 has at least 4 singular
fibers, see [47]. The surfaces with exactly four singular fibers are known as Beauville surfaces, they
were classified in [48], and they coincide with extremal rational semi-stable elliptic surfaces. The
corresponding modular groups are torsion-free congruence subgroups of the modular group with
g = 0 and µ = 12, which can be found in the list of torsion free congruence subgroups with g = 0,
see [629]. All finite index subgroups of SL(2,Z) of genus g ≤ 24 were found in [140].

In the following Table 4.10, we use their notation for some of the groups. Here, the level N of Γ
is defined to be largest N , such that Γ(N) is contained in Γ.

Singular fibers Level µ Γ

Ã8, Ã
∗
0, Ã

∗
0, Ã

∗
0 9 12 Γ0(9) ∩ Γ1(3)

Ã7, Ã1, Ã
∗
0, Ã

∗
0 8 12 Γ0(8) ∩ Γ1(4)

Ã4, Ã4, Ã
∗
0, Ã

∗
0 5 12 Γ1(5)

Ã5, Ã2, Ã1, Ã
∗
0 8 12 Γ1(6)

Ã3, Ã3, Ã1, Ã1 4 12 Γ1(4) ∩ Γ(2)

Ã2, Ã2, Ã2, Ã2 3 12 Γ(3)

D̃5, Ã3, Ã
∗
0 4 6 Γ1(4)

D̃6, Ã1, Ã1 4 6 3C0

D̃8, Ã
∗
0, Ã

∗
0 2 6 2C0

Ẽ6, Ã2, Ã
∗
0 3 4 Γ1(3)

Ẽ7, Ã1, Ã
∗
0 2 3 2B0

Ẽ8, Ã
∗
0, Ã

∗
0 2 2 2A0

Table 4.10: Rational elliptic modular surfaces

Remark 4.9.13. Assume k = C and consider extremal rational elliptic surfaces, all of whose singu-
lar fibers are of additive type or, equivalently, whose j-invariants are constant. There are 4 of them,
and their fibers are the following types:

D̃4 + D̃4, Ẽ7 + Ã∗1, Ẽ6 + Ã∗∗0 , Ẽ8 + Ã∗∗0 .

After an appropriate base change ramified over the two points corresponding to the two singular
fibers, the surface is birationally equivalent to a constant elliptic fibration (E × C) → C. We
may assume C → P1 to be Galois, say with group G, and ramified over two points {x1, x2}. In
particular, G is a quotient of π1(P1 − {x1, x2}) ∼= Z, which implies that G is cyclic. Moreover,
the Riemann-Hurwitz formula implies that C ∼= P1. Thus, the original surface is isomorphic to the
quotient (E × P1)/G → P1/G by a cyclic group G of order 2, 4, 3, 6, respectively to the order in
the list.

4.10 Genus one fibrations on Enriques surfaces

Every Enriques surface S admits a genus one fibration, see Corollary 2.3.4. Moreover, there is a
bijection between the set of genus one fibrations S and nef primitive isotropic vectors in Num(S).
We also know from Corollary 2.2.9 that a genus one fibration on S cannot be jacobian and that it
has multiple fibers of multiplicity 2. More precisely, it has one or two such half-fibers. The first
case occurs if and only if S is a non-classical Enriques surface in characteristic p = 2.
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Proposition 4.10.1. Let f : S → C be a genus one fibration on an Enriques surface and let
j : J → C be the associated jacobian fibration. Then, J is a rational surface.

Conversely, let j : J → P1 be a jacobian genus one fibration on a rational surface. Then, any
torsor of j with two tame fibers of multiplicity 2 or with one wild fiber of multiplicity 2 and with
h0(Tors(R1f∗OX)) = 1 is a genus one fibration on an Enriques surface.

Proof. The first assertion follows from Proposition 4.3.14, Corollary 4.3.18, and the formula (4.3.7)
for the canonical class.

Concerning the second assertion, let f : X → P1 be a torsor of j with at most two double fibers.
Then, the same comparison assertions show that X is a surface with b2(X) = 10 and b1(X) = 0.
If we have two tame double fibers, then the formula for the canonical class shows that KX is the
difference of two half-fibers. Thus, KX 6= 0 but 2KX = 0, so that X is a classical Enriques
surface. If we have one wild fiber Xt, then p = 2 and it follows from Theorem 4.1.6 that at = 0
and the formula for the canonical class shows that KX = 0 and dimH1(X,OX) = 1. Using the
classification of algebraic surfaces, we obtain that X is a non-classical Enriques surface.

If p 6= 2, then it follows from Ogg-Shafarevich theory that an elliptic fibration on an Enriques
surface is uniquely determined by its local invariants of order 2 at the pair of points where the
associated jacobian fibration has a smooth or a multiplicative type singular fiber. Moreover, any pair
of local invariants of order 2 is realized. If p = 2, then the situation is more complicated. It follows
from Proposition 4.6.22 that a torsor with two tame double fibers exists if the local invariants are
of order 2 and at arbitrary two points where the fibers of the jacobian fibration are ordinary elliptic
curves. We can also construct a torsor with one wild double fiber, but we do not know how to
control the torsion of R1f∗OX . We do not know how to compute the length of T for a torsor over
a quasi-elliptic fibration.

By Theorem 4.3.20, the types of singular fibers of a genus one fibration on an Enriques surface are
the same as the types of singular fibers on the associated jacobian fibrationa. For example, one can
define an extremal genus one fibration on an Enriques surface to be a fibration such that the rank of
Picfib is maximal possible, that is, equal to 9. The types of singular fibers of such a fibration will be
the same as for the extremal jacobian fibration. We classified them in the previous section.

Lemma 4.10.2. Let S be a non-classical Enriques surface in characteristic p = 2.

1. If S is a µ2-surface, then every genus one fibration is elliptic.

2. If S is a µ2-surface (resp. α2-surface), then the unique multiple fiber of an elliptic fibration
on S is either an ordinary (resp. supersingular) elliptic curve or it is singular of multiplicative
type (resp. additive type).

Proof. Let E be the unique half-fiber of a genus one fibration on S. The short exact sequence

0 → OS(−E) → OS → OE → 0

induces an isomorphism H1(S,OS) → H1(E,OE). One can check that it is compatible with the
action of the Frobenius morphism F. In particular, F is bijective (resp. zero) on H1(S,OS) if
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and only if it is bijective (resp. zero) on H1(E,OE). If E is nonsingular, then E is an ordinary
(resp. supersingular) elliptic curve if F is bijective (resp. zero) on H1(E,OE). If E is singular,
then H1(E,OE) is isomorphic to the Lie algebra of Pic0

E/k, hence the latter is Gm (resp. Ga) if
F is bijective (resp. zero) on H1(E,OE). Finally, S is a µ2-surface (resp. an α2-surface) if F is
bijective (resp. zero) on H1(S,OS). From this, all statements follow.

In particular, if S is a µ2-surface, then the half-fiber is an ordinary elliptic curve or singular of
multiplicative type, which implies that the generic fiber cannot be quasi-elliptic. Here is another
argument: we know that S is not unirational by Theorem 1.3.11. By Corollary 4.1.16 and the fact
that the base of a genus one fibration on an Enriques surface is P1, it follows that quasi-elliptic
Enriques surfaces are unirational. Thus, S does not admit quasi-elliptic fibrations.

The following theorem summarizes what we know about singular fibers of a genus one fibration
on an Enriques surface.

Theorem 4.10.3. Let f : S → P1 be a genus one fibration on an Enriques surface.

1. If p 6= 2, then KS 6= 0 and f is an elliptic fibration with two half-fibers, each of which
is either nonsingular or singular of multiplicative type. In particular, there exist no quasi-
elliptic fibrations on Enriques surfaces in characteristic p = 3.

2. If p = 2, then there are three cases:

(a) If KS 6= 0, that is S is classical, then f is either a quasi-elliptic or an elliptic fibration.
It has two half-fibers, each of which is either an ordinary elliptic curve or singular of
additive type.

(b) If S is a non-classical µ2-surface, then f is an elliptic fibration with one half-fiber that
is a nonsingular ordinary elliptic curve or a singular curve of multiplicative type.

(c) If S is a non-classicalα2-surface, then f is either an elliptic or a quasi-elliptic fibration
with one half-fiber that is either a supersingular elliptic curve or a singular curve of
additive type.

Fibers and half-fibers on any S are of the same type as the corresponding fibers of the jacobian
fibration on a rational surface.

Proof. We have seen f has at least one and at most two multiple fibers in Corollary 2.2.9. Moreover,
there is one multiple fiber if and only if p = 2 and S is non-classical. Multiple fibers are of
multiplicity 2.

It follows from Corollary 4.1.15 that there are no quasi-elliptic fibrations on S if p = 3. Morever,
if there are no quasi-elliptic fibrations on S if p = 2 and S is a µ2-surfaces by Lemma 4.10.2.

If p 6= 2, then the assertions concerning the types of the multiple fibers follow from Proposition
4.1.17.

If p = 2 and S is non-classical, then the assertions concerning the types of the multiple fibers have
been established in Lemma 4.10.2.
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If p = 2 and S is classical, then it follows from Theorem 4.1.6 that the Picard group of a half-fiber
contains a non-trivial 2-torsion element. This happens only if it is either an ordinary elliptic curve
or a singular fiber of additive type.

The last assertion follows from Theorem 4.3.20.

Remark 4.10.4. In characteristic p = 2, there exist elliptic as well as quasi-elliptic Enriques sur-
faces. Moreover, there are different types of Enriques surfaces: classical and non-classical, where
the latter fall into those of type µ2 and α2. Let us do some (naive) moduli counts and note that we
properly treat moduli spaces of Enriques surfaces in the next chapter.

Let f : S → P1 be an elliptic fibration on an Enriques surface S, let j : J → P1 be its associated
jacobian, and assume p = 2. We know that the Weierstrass fibration of j is of the form

y2 + (a1x+ a3)y + x3 + a2x
2 + a4x+ a6 = 0,

where the ak are binary forms of degree k. It follows that the generic fiber of j is supersingular
if a1 = 0. Otherwise, it has one fiber that is a supersingular elliptic curve or a singular fiber of
additive type.

1. Concerning classical Enriques surfaces: Pencils of plane cubic curves depend on 8 param-
eters and a general pencil defines a jacobian elliptic fibration with non-constant j-invariant.
Thus classical Enriques elliptic surfaces depend on 10 parameters defined by a choice of two
smooth ordinary fibers of its jacobian fibration and a non-trivial 2-torsion point on each of
them. Note that a classical Enriques surface may not admit any elliptic fibrations but only
quasi-elliptic fibrations, We will see examples of such surfaces in Volume 2.

2. Concerning non-classical Enriques surfaces: First, we recall from Example 4.2.15 that a wild
fiber of multiplicity m = p, where the length of the torsion sheaf is equal to 1, is defined by
a choice of an element in the kernel of the homomorphism Pic(X2) → Pic(X1), which is
isomorphic to the additive group of k. This suggests that a wild fiber of an elliptic fibration
on an Enriques surface depends on one parameter.

(a) Thus, a µ2-surface is defined by choosing an ordinary smooth fiber or a fiber of multi-
plicative type and a wild fiber over it, which gives 10 = 8 + 2 parameters.

(b) On the other hand, anα2-surface is defined by the choice of a supersingular smooth fiber
or a fiber of additive type that vary in a finite set unless j ≡ 0, which gives one condition
on the moduli of the jacobian surface. This gives us at most 8 + 1 = 9 parameters.

We can also do a moduli count for Enriques surfaces that admit a quasi-elliptic fibration. We
know that jacobian quasi-elliptic fibrations on rational surfaces are extremal. It follows from Table
4.9 that they depend on at most two parameters. Similar to the above, we conclude that

1. classical Enriques surfaces admitting a quasi-elliptic fibration depend on at most 6 parameters
(two points on the base and one parameter for the identity component of the corresponding
fiber), whereas
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2. non-classicalα2-surfaces admitting a quasi-elliptic fibration depend on at most 4 parameters.

We refer to [428] where one can find the classification of all possible collections of singular fibers
on rational elliptic surfaces in characteristic 2. This gives the classification of possible collections
of singular fibers of an elliptic fibration on an Enriques surface in characteristic 2. For example, it
follows that the singular non-multiple fibers of aα2-surface whose jacobian fibration has j-invariant
equal to zero are all of multiplicative type.

The following Proposition often allows us to distinguish an elliptic fibration from a quasi-elliptic
fibration. Recall our discussion of bielliptic maps in Section 3.3.

Proposition 4.10.5. Let S be an Enriques surface in characteristic p = 2, let |2F |, |2G| be a
non-degenerate U -pair of genus one pencils, and let φ : S → D be the corresponding bielliptic
map.

1. If φ is inseparable, then both genus one pencils are quasi-elliptic.

2. If φ is separable, then at most one of the two pencils can be quasi-elliptic. If one of them
is quasi-elliptic, then its curve of cusps is a component of a non-multiple fiber of the second
pencil, as well as a component of the ramification curve of φ. If S is classical, then a general
member of the other pencil, which is necassirly elliptic, is an ordinary elliptic curve.

3. F and G have no common irreducible components.

Proof. First, consider the case where φ is inseparable. Then a general member of |2F | is the pre-
image of a conic on D under an inseparable cover. Obviously, it cannot be an elliptic curve. The
same argument applies to |2G|. In particular, both the pencils are quasi-elliptic.

Second, suppose that φ is separable. In this case, we already saw that at most one of the pencils can
be quasi-elliptic in Proposition 3.3.23. Since a µ2-surface does not admit quasi-elliptic fibrations,
we may assume that S is either a classical or an α2-surface and D = D1 or D3, respectively.

Suppose S is classical. In the notation of Theorem 3.3.11, the cover is defined by a quartic curve
Z(a)0 ∈ |2e0− e2− e4| that passes through the singular points of D and a octic Z(b)0 ∈ |− 2KD|.
Suppose that one of the genus 2 fibrations is quasi-elliptic. We may assume that it is given by the
pencil of lines |e0−e1| in the double plane model of S. Let C be the conic in the plane representing
the curve Z(a)0. If a general line from this pencil intersects C ransversally at two points, then
its pre-image must be an elliptic curve. So, we obtain that point p1 must be the strange point of
the conic C, that is, a general line through p1 is touching C at one point. If additionally Z(b) has
Z(a)0 as a component of multiplicity 2 (the other components will be represented by lines passing
through p1), then the pre-image of each point of C will be a cusp of a member of |2F | and the
proper transform of C will be the curve of cusps. In the usual coordinates used in Section 0.5, the
equation of C must be x2

0 + ax1x2 = 0. The second genus one pencil is given by the pencil of
conics |2e0 − e2 − e3 − e4 − e5| ⊂ |2e0 − e2 − e4|. This shows that the branch curve of φ on D1

contains two disjoint lines corresponding to double fibers of the genus one fibration |2G| defined
by the pencil |2e0 − e2 − e3 − e4 − e5|. Thus, any member of the pencil |2G| different from the
one defined by the conic C intersects it at two distinct points and, hence, it is an ordinary elliptic
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curve. Also, we see that the inverse transform of C on S is a simple fiber of the elliptic fibration.
The proper inverse transform of C is its irreducible component.

Next, suppose S is a non-classical α2-surface. Then D = D3 and Z(a)0 is a rational quartic curve
from |2e0−e2−e3|. The curve Z(b) is the union of the exceptional curve A = A1 +A2 +A3 +A4

on D and a curve Z(b)0 from | − 2KD|. The pencils |2F | and |2G| are the pre-images of the pencils
of conics |2e0−e2−e3−e4−e5| and |e0−e1| (recall that a minimal resolution of D is the blow-up
of p1, p5 � p4 � p3 � p2). We may assume that, in the plane model, a general member of |2F |
corresponds to a general line ` through p1 and that Z(a)0 is represented by a conic through p2, p3.
If we choose coordinates in the plane such that p1 = [1, 0, 0] and p2 = [0, 1, 0], then a conic from
|2e0 − p2 − p3| for which p1 is its strange point must have an equation x2

0 + ax1x2 = 0. So, if
we choose such a conic for C and additionally choose Z(b)0 singular along Z(a)0, then the pencil
|e0−e1| defines a quasi-elliptic pencil whose curve of cusps is equal to the proper inverse transform
of C. A general member of the pencil |2e0 − e2 − e3 − e4 − e5| may intersects C at two points if
C 6∈ |2e0 − e2 − e3 − e4|. In this case, the second pencil is elliptic and its general member is an
ordinary elliptic curve. If C ∈ |2e0 − e2 − e3 − e4| (resp. C ∈ |2e0 − e2 − e3 = e4 − e5|), then
C contributes to the branch curve on D the line `1 with class e5 and |2F | is an elliptic pencil whose
general fiber is a supersingular elliptic curve.

To prove (3), we use that F is numerically 2-connected, that is, if we write F as a sum of two
proper effective divisors F = D1 + D2, then D1 · D2 ≥ 2. see Section 2.5. To see this, we use
that D2

1 < 0, D2
2 < 0, and F · D1 = F · D2 = 0, hence 2D1 · D2 = −D2

1 − D2
2 + 2D1 ≤ −4.

Now, if D1 is the maximal effective divisor with D1 ≤ F and D1 ≤ G and if we let F = D1 +D2

and G = D1 + D′2 be decompositions into effective divisors, then we have D2.D
′
2 ≥ 0. Therefore

1 = F ·G = (D1 +D2) ·G = (D2 ·D1 +D2 ·D′2) ≥ D2 ·D1 and hence, D1 = 0.

In the following example, we construct a couple of genus one fibrations Enriques surfaces in
characteristic p = 2 and describe their fibers.

Example 4.10.6. Suppose that p = 2 and that S → D1 is a separable double cover of the anti-
canonical del Pezzo surface D1, that is, the quartic symmetroid surface in P4 given in Corollary
0.6.13, see also Theorem 3.3.4. We know that it is a split Artin-Schreier cover defined by minimally
resolving the equation

F = z2 + t1t2A2(t0, t1, t2)z + t1t2B6(t0, t1) = 0, (4.10.1)

where A2 = 0 defines a conic C from the linear system |2e0 − e2 − e4| and where B6 = 0 defines
a curve W ′ from the linear system |6e0 − 2(e1 + · · ·+ e5)|. The polynomial B6 is given in (3.3.9).
Suppose the conic A2 = 0 is nonsingular and that ∂A2

∂t0
6= 0. The latter condition means that the

conic has only two tangent lines containing the point p1 = [1, 0, 0]. We also assume that none of
the lines t1 = 0, t2 = 0 is the tangent line. Let ` : t2 + λt1 = 0 be a line passing through p1, which
intersects C at two distinct points. The restriction of the cover over the line is the Artin-Schreier
split cover

u2 + a(t)z + b(t) = 0,

where t = t1/t0 is the affine parameter on `, u = z/t2, a(t) = 0 (resp. b(t) = 0) give the
intersection points of ` with C (resp. with W ′ outside p1). We see that for a general line `, the cover
is a nonsingular elliptic curve. It is a fiber of the elliptic fibration |D1| on S defined by the pencil
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|e0− e1|. The fiber is singular if and only if b′(c)2 + b(c)a′(c)2 = 0, where c is one of the two roots
of a(t). For example, this happens if the conic C and the sextic W ′ intersect at some point q such
that line ` = p1, q is tangent to W ′ at q. Now, let us specialize and see what happens

1. First, suppose ` is tangent to C at some point t = c 6= 0. Replacing t by t + c, the equation
becomes

u2 + t2u+ b(t+ c) = 0. (4.10.2)

(a) If b′(c) 6= 0, that is, if the coefficient of b(t + c) at t is not zero, then the cover is a
smooth supersingular elliptic curve. Using the equation of W ′ from (3.3.9), we find that
the cover is singular if and only if

A2(1, λ) + λc2A4(1, λ) = 0, (4.10.3)

where A2 and A3 are linear forms from (3.3.9). Thus, we may have 0, 1 or 2 supersin-
gular elliptic fibers.

(b) If b′t(c) = 0, then the pre-image of the line ` in the cover is a singular curve with an
ordinary cusp. After minimally resolving the singular point of the cover, we obtain that
the corresponding fiber is of additive type.

2. Next, we assume that a general line in |e0 − e1| intersects the conic C with multiplicity 2.
For example, C could be the double line ` = p2, p4. If we assume that equation (4.10.3)
is not identically zero, then a general fiber of the elliptic fibration is a supersingular elliptic
curve given by equation (4.10.2). The absolute invariant of the associated jacobian fibration
is identically zero and all singular fibers must be of additive type.

The equation of the conic C must be of the form G = t20 + at1t2 = 0. A line t2 + λt1 = 0
intersects the conic at the point [1, 1,

√
λ−1a]. Thus, by (4.10.3), we must have c2 = λ−1a

and thus, the equation transforms to aA2(1, λ) + A4(1, λ) = 0. In this case, the equation of
the curve W ′ takes the form

t40A1(t1, t2) + t20t1t2A3(t1, t2) + t0t1t2G(t0, t1, t2)A4(t1, t2) + t21t
2
2A5(t1, t2) = 0.

Observe that if we take the partial derivatives of the equation of the surface, we get ∂F
∂t0

=
∂F
∂z = 0 and ∂F

∂t1
= ∂F

∂t2
when restricted to to the conic C. This shows that the surface has

some singular points over the curve C. The proper transform of C must be the curve of cusps
on S. Also, note that the exceptional curves e3 and e5 on D enter in the branch locus because
the conic C belongs to the pencil |2e0 − e2 − e3 − e4 − e5|. This shows that the genus one
pencil |D2| on S defined by this pencil is an elliptic fibration. So, we have constructed an
example of a pair of genus one fibrations |D1| and |D2|, one is elliptic and the other is quasi-
elliptic such that the linear system |D1 +D2| is bielliptic and maps S to a 4-nodal quartic del
Pezzo surface D1. Any conic from the pencil |2e0 − e2 − e3 − e4 − e5| is tangent to a line
from the pencil |e0 − e1| at some point. We see that a general fiber of the genus one pencil
|D2| is tangent to the general fiber of the quasi-elliptic pencil |D1| on S defined by the pencil
|e0 − e1| at two points.

Let p = 2 and S be a classical Enriques surface or an α2-surface. In these two cases, there exists
a non-zero global 1-form on S and more precisely, we have dimH0(S,Ω1

S/k) = 1, see Section 1.4.
The following proposition is taken from [356].
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Proposition 4.10.7. Assume p = 2 and let f : S → P1 be a genus one fibration on a classical or an
α2-Enriques surface S as above. Let ω be a generator of H0(S,Ω1

S/k). Then there exists a rational
1-form η on P1 such that ω = f∗(η). More precisely, there exists an affine coordinate t on P1, such
that ω = f∗(dt/t) (resp. ω = f∗(dt)) if S is classical (resp. an α2-surface).

Proof. First, assume that S is a classical Enriques surface and let f be as in the proposition. Choose
an affine coordinate t on P1, such such that the multiple fibres of f are over 0 and∞. Set η := dt/t.
Let R be an irreducible component of the fiber F0 over 0 and let m be its multiplicity. Then, f
is given locally at a general point of R by t = εφ2m, where φ = 0 is a local equation of R and
where η is a unit. Next, f∗(η) = φ2mdε is regular at this point. A similar argument shows that
f∗(η) is regular at a general point of any irreducible component of the other multiple fiber. It is
obviously regular over the complement of the two multiple fibers. Thus, f∗(η) is regular outside
of finitely many points and hence, regular everywhere. Since H0(S,Ω1

S/k) is one-dimensional, we
obtain ω = f∗(cη) for a suitable constant c.

Second, assume that S is an α2-surface. Let F = 2E be the unique double fiber of a genus one
fibration f . Since this fiber is wild, we have dimH0(F,OF ) ≥ 2. The exact sequence

0 → OS(−F ) → OS → OF → 0 (4.10.4)

defines a non-trivial coboundary homomorphism δ : H0(F,OF ) → H1(S,OS(−F )). Let F ′ be
any other fiber. As above, we chose an affine coordinate t to assume that F is a fiber over ∞
and F ′ is the fiber over 0. Then OS(−F ′) ∼= OS(−F ) and the isomorphism is defined explicitly
by multiplication by a rational function f∗(t), which we identify with t. Replacing F by F ′ in
exact sequence (4.10.4), we obtain an isomorphism H1(S,OS(−F ′)) → H1(S,OS). Let α ∈
H0(F,OF ) be such that δ(α) 6= 0. Choose an affine open cover (Ui) such that α is represented by
regular functions gi on Ui and δ(α) is represented by a cocycle (fij) in this cover. The composition
H0(F,OF )→ H0(S,OS(−F ))→ H0(S,OS(−F ′))→ H1(S,OS) allows us to write gi − gj =
fijt. Since the Frobenius endomorphism acts trivially on H1(S,OS), we obtain that f2

ij = fi − fj
for some regular functions fi on Ui. This gives

(gi/ti)
2 − fi = (gj/tj)

2 − fj on Ui ∩ Uj .

We know that a nonzero regular 1-form ω on S can be defined locally by dfi. The previous equality
shows that ω = dφ, where φ is a rational function on S defined by φi = (gi/ti)

2 − fi on Ui. This
rational function is regular outside F and hence, it is equal to f∗(h(t)) for some rational function
h(t) on the base. Thus, ω = f∗(dh(t)). The function h(t) must have pole of order 2 at∞ and it
must be regular outside∞. Thus, h(t) = at2 + bt + c and hence, dh(t) = bdt. This shows that ω
can be written in the form f∗(dt).

Next, we study Enriques surfaces, genus one fibrations, and the induced fibrations on their K3-
covers. Let π : X → S be the K3-cover of S and let f : S → P1 be a genus one fibration
on S. Consider the composition g = f ◦ π : X → S → P1. Since g∗OX = f∗(π∗OX) is
a locally free sheaf of algebras of rank 2, the Stein factorization gives us a degree 2 morphism
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a : C = Spec (g∗OX)→ P1 such that the following diagram is commutative:

X
π //

f̃
��

S

f
��

C
a // P1

(4.10.5)

Let t ∈ P1 be a point such that the fiber Et of f is not multiple.

1. If π is a µ2-cover corresponding to the canonical sheaf ωS , then the restriction of ωS to E is
isomorphic to the canonical sheaf ωE , which has has a nonzero section. This implies that the
preimage of E in X splits and hence, a : C → P1 is étale over t. Thus, a is a separable cover
of degree 2, which is ramified over two points corresponding to the multiple fibres.

2. Next, suppose π is not a µ2-cover. The exact sequence

0 → OS(KS − E) → ωS → ωE → 0

together with the fact that h1(OS(−E)) = h0(OE) = 1 shows that the homomorphism
H1(S,OS)→ H1(E,OE) is zero. Thus, the restriction of π defined by someα ∈ H1(S,OS)
to E is a trivial principal cover. It follows from C ∼= P1 that the cover a : C → P1 is an in-
separable µ2-cover defined by the sheaf L ∼= OP1(−2) and a section s of this sheaf vanishing
at the point corresponding to the unique half-fiber.

In particular, we see that a general fiber of f̃ is a genus one curve and that C ∼= P1. Let us now
study the genus one fibration f̃ : X → C and its singular fibers in detail.

First, assume that X is smooth, that is, we have p 6= 2 or that S is a µ2-surface. The morphism f̃
defines a genus one fibration on the K3 surface X . We now discuss its singular fibers. Obviously,
each non-multiple fiber of f defines two isomorphic fibers of f̃ . If a half-fiber F is smooth, then its
pre-image is a smooth fiber F̃ of f̃ and the morphism F̃ → F is an étale double cover corresponding
to the sheaf OF (KS). If F is of type Ãn, then a straightforward computation shows that F̃ is of
type Ã2n+1.

Let us study a more interesting case when p = 2 and X is not smooth. Assume first that X is
normal and that is has only rational double points (this is the generic case if X is not smooth). Let
σ : X ′ → X be a minimal resolution of singularities of X , which is a K3 surface. The composition
f̃ ◦ σ : X ′ → X is a relatively minimal genus one fibration. Let us study the singular fibers of this
fibration and the singularities of X .

1. First, assume that E is a non-multiple fiber.

(a) If it is of type Ãn, then the morphism f is locally given at a singular point of the fiber as
t = uv and the pre-image of t on C is equal to t1/2. Thus, the pre-image of the singular
point of E is an ordinary double point of X . After resolving it, we obtain a fiber of type
Ã2n+1, as in the case of p 6= 2.
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(b) Next, assume that E is of type Ã∗∗0 . Then, we have t = ε(u2 + v3), where ε is a unit
at the singular point of the fiber. The singular point of X over this point is locally
given by z2 = ε(u2 + v3). Replacing ε by ε1/3, we may assume that the equation is
z2 = εu2 + v3. Write ε = ε20 + η and replacing z by z + ε(0)u, we may assume that
the equation is z2 + a(u, v)u2 + v3 = 0, where a(u, v) vanishes at the singular point. It
follows from the classification of rational double points that the singular point could be
of type D̃(0)

4 , Ẽ
(0)
7 , or Ẽ8.

(c) Next, suppose E is of type Ã∗1. Similarly to the previous case, the equation of the
singular point is z2 + a(u, v)u2 + uv2 = 0. We get the singular fiber over this point is
of type D̃(0)

n for some n ≥ 6.

(d) Finally, if E is of type Ã∗2, then we get the equation z2 + a(x, y)x3 + y3 = 0. The
possible type of the singular fiber is D̃(0)

4 or Ẽ(0)
7 .

2. Next, assume that F is a half-fiber of f , that is, E = 2F . Following the proof of Theorem
4.10.3, we see that the restriction of X → S over F is a principal cover of degree 2. Using
Example 0.3.8, we conclude that if F is an ordinary (resp. supersingular) elliptic curve, then
its preimage is an ordinary (resp. supersingular) elliptic curve. If F is of type Ã∗∗0 , then the
preimage of F is a singular fiber of additive type. Unfortunately, nothing more can be said.

The following result describes the preimage of rational 2-sections of an elliptic fibration f : S →
P1 on an Enriques on its K3 cover in characteristic p 6= 2. In particular, this shows that the induced
elliptic fibration on the K3 cover is jacobian in this case.

Lemma 4.10.8. Assume p 6= 2. Let f : S → P1 be an elliptic fibration on an Enriques surface
and let π : X → S be the K3 cover of S. Let R be an irreducible rational bisection of an elliptic
fibration on S withm ordinary nodes or smooth. Then, its pre-image under π splits into two smooth
rational curves R+ + R−, which intersect transversally at m pairs of points and each pair is over
one of the nodes.

Proof. First, if R is smooth, then the assertion is obvious.

Next, if m = 1, then R is of arithmetic genus one and since it is a bisection, it must be a half-fiber
of some elliptic fibration on S. In this case we know that H1(OS(−R+KS)) = H1(OS(R)) = 0
and the exact sequence

0 → OS(−R+KS) → OS(KS) → OR(KS) → 0

shows that H0(OR(KS)) = 0 and hence, the restriction of the canonical cover over R is a non-
trivial étale cover.

Finally, if m ≥ 2, then R2 > 0 and H1(OS(R)) = 0 by the Vanishing Theorem. Let p : R̃ → R
be the normalization map. The base change X ×S R̃ → R̃ splits into components, whose images
under the first projection are the curves R+ and R− as asserted.

The following extends a result of Kondō [399, Lemma (2.6)], see also [308]. It connects a genus
one fibration f : S → P1 on an Enriques surface with its jacobian fibration j : J → P1, as well
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as with the induced fibration f̃ : X → P1 on the K3 cover π : X → S. It also gives a recipe to
construct an Enriques surface from a jacobian elliptic fibration on a rational surface and the choice
of two points on the base of the fibration, which we will discuss after this result. We will refer to it
as a quadratic twist construction.

Proposition 4.10.9. Assume p 6= 2 and let f : S → P1 be an elliptic fibration on an Enriques
surface S with two half-fibers Ft1 and Ft2 . Let π : X → S be the K3 cover of S. Suppose that f
admits a rational bisection R with m ordinary nodes.

1. The Stein factorization of f ◦ π : X → P1 is equal to the composition of a jacobian elliptic
fibration f ′ : X → P̃1 followed by the double cover φ : P̃1 ∼= P1 → P1 that is ramified over
t1, t2.

The surface X is a minimal resolution of the base change j : J → P1 along the double cover
P̃1 → P1 that is ramified over t1, t2. It coincides with J if the fibers Jt1 , Jt2 are smooth.

2. There exists an involution σ : X → X , such that the quotient J ′ = X/(σ) is smooth and
admits a birational morphism β : J ′ → J , where j : J → P1 is the jacobian fibration of
f : S → P1.

If C denotes the image of R+ + σ(R+) on J , then C is a rational bisection of j and we have the
following additional properties

1. The bisection R splits into two sections R+ and R− of the induced fibration f̃ on X . The
curve R− is σ-invariant and its image on J is a section O of j : J → P1.

2. The bisection C is tangent to the fibers Jt1 , Jt2 if they are smooth.

3. If Jti is singular of type Ã2k−1 (resp. Ã2k), then C is tangent to an irreducible component
(resp. passes through the singular point) opposite to the component intersected by O.

4. The bisection C intersects the zero section O at m ordinary double points.

5. If none of the fibers Fti is singular of type Ã2k+1, then the section C is invariant with respect
to the negation involution of J → P1 with respect to the zero section O.

S ×P1 P̃1 X
/σ //

π

yy

f ′

��

J ′

β

��
S

f
��

P̃1 ×P1 J
p2 //

p1

��

J

j
��

P1 P̃1oo // P1

Proof. By Lemma 4.10.8, the bisection R splits on the canonical cover X into the union of smooth
rational curvesR++R−. They intersect at 2m points, wherem is the number of double points ofR.
As explained earlier in (4.10.5), the canonical cover π : X → S is obtained from the base change
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a : P̃1 → P1 ramified at the points t1, t2. One can see also that the base change cover coincides
with the composition R̃→ R

π→ P1, where R̃→ R is the normalization map.

We use R+ to be the zero section of the elliptic fibration f ′ : X → P̃1 and we let tR− : X → X
be the translation automorphism that sends R+ to R−. Let

σ := tR− ◦ τ,

where τ is the deck involution of the K3-cover. Set R′− := tR−(R−), where tR− is the translation
automorphism with respect to the zero section R+. Then

σ(R+) = tR−(R−) = R′−, σ(R−) = tR−(R+) = R−.

The automorphism σ preserves the elliptic fibration f̃ , but it acts as an involution on the base of
the fibration. Thus, σ2 acts is identity on the fibration and fixes its section R−. It must act on the
general fiber Xη as an automorphism of the elliptic curve Xη with the zero point R−. Since τ (resp.
tR−) acts as −1 (resp. identically) on H0(X,ωX) ∼= H0(Xη, ωXη), we see that σ acts as −1 on
H0(X,ωX). Hence, σ2 acts identity on this vector space. Since a non-trivial automorphism of an
elliptic curve that acts non-identically on the regular 1-form, we get that σ2 must be the identity.

Let J ′ = X/(σ) be the quotient by the cyclic group (σ). The involution σ switches the non-
multiple fibers and its fixed points have to lie on the half-fibers. The curve R± intersects F̃i at the
point p(i)

+ and p(i)
− . If Fi is singular of type Ãki−1 (type Ã0∗ if ki = 1), then F̃i is singular of type

Ã2ki−1. We index them by E(i)
s , where s ∈ Z/2kiZ, p+ ∈ E

(i)
0 , and p− ∈ E

(i)
ki

. We call the

components E(i)
s even (resp. odd) if s ≡ 0 mod 2 (resp. s ≡ 1 mod 2).

The restriction of tR− and τ to F̃i sends p(i)
+ to p(i)

− . If F is smooth, then they are both translations
by the same point, so that σ acts as the identity on F̃i. Suppose that Fi is singular. Then τ and tR−
sendE(i)

s toE(i)
−s and hence, σ leaves all components invariant. SinceE(i)

ki
contains 3 fixed points of

σ, it is pointwise fixed. Suppose that one of the intersection points E(i)
ki−1∩E

(i)
ki−2 or E(i)

ki−1∩E
(i)
ki−2

is an isolated fixed point of σ, say the first case occurs. Then the extension of σ to the blow-up
of this point has no isolated fixed points on the proper transform of E(i)

k−1, whose self-intersection
is equal to −3. Taking the quotient by σ, we find a contradiction using how intersection numbers
behave under finite maps. Continuing in this way, we obtain that the components E(i)

s with s ≡ ki
mod 2 are pointwise fixed. In particular, if k is even, then Ei0 is pointwise fixed. Otherwise, σ is an
involution on Ei0 that fixes two points E(i)

0 ∩E
(i)
±1 and sends p(i)

+ to q(i)
+ = E

(i)
0 ∩R′−. The point q(i)

+

is a 2-torsion point of F̃ ]i with respect to the group law, where p(i)
+ is the zero point.

Thus, we infer from the above discussion that the fixed locus Xσ of σ consists of disjoint union of
k1 + k2 isolated curves contained in the fibers Xt1 and Xt2 . Two (resp. one) of them is an elliptic
curve if k1 +k2 = 0 (resp. k1 +k2 = 1), the rest of them are (−2)-curves. If ki > 0, then the image
of F̃i in J ′ = X/(σ) is a (2ki)-gon of smooth rational curves. If ki is odd (even), then the odd
(even) components are in Xσ. Their images on J ′ are (−2)-curves. The images of the remaining
components are (−1)-curves on J ′. Blowing down these (−1)-curves, we obtain a rational elliptic
surface j : J → P1 with a section O that is equal to the image of R− and a 2-section C, the image
of R+ + R′−. The involutions τ and σ of X differ by a translation automorphism and act on the
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base P̃1 of the fibration f ′ : X → P̃1 in the same way. This shows that the generic fiber of f ′ is
obtained from the generic fiber of f or j by the same base change η̃ → η, where η̃ is the generic
point of P̃1. This proves that j : J → P1 is the jacobian fibration of f : S → P1. We also see that
the base change P̃1×P1 J is singular at the pre-images of the singular points of Jt1 ∪Jt2 and hence,
the morphism X → P̃1 ×P1 J is a minimal resolution of singularities. If ki is odd, the exceptional
curves over singular points of Jti are even (odd) components of Xti .

Suppose Fti is smooth. Then, R+ and R′− intersect it at the same point p(i)
+ . Since Fi lies in the

ramification locus of X → J ′, their image is a bisection C which is tangent to J ′ti at the image

of p(i)
+ . If Fti is singular and ki is odd, then R+ and R′− intersect at different points in an even

component of Fti . Their images belong to a (−1)-curve of Jt′i , which is blown down to a point on
Jti . Thus, the images of R+ +R′− is a bisection on J that passes through the singular point of Jti .
It is opposite of the component that intersects O.

To see the last property we use that

R+ ·R− = σ(R+) · σ(R−) = R′− ·R− = 2m.

This shows that the image C of R+ +R− intersects the image O of R− at m double points, which
are the images of the intersection points of R+ and R−.

We now explain a converse to this result, which gives an explicit construction of Enriques surfaces.
Let J →W be the birational morphism from J to its Weierstrass model. Recall that W is a double
cover of the Hirzebruch surface F2 branched along the union of the special section E and a curve
B ∈ |6f + 3e|, where f is the divisor class of a fiber of p : F2 → P1 and e is the divisor class of E.
The linear system |2O− 2KJ | defines a map equal to the composition of the map φ : J → F2 and
the contraction of the special section.

1. Suppose that Jti is smooth. Since R+ and R′− intersect Xti at a 2-torsion point with respect
to the zero sectionR−, the bisection C is tangent to Fti at a 2-torsion point with respect to the
zero section O. The image of Jti on F2 is the fiber p−1(ti), which intersects B transversally
at 3 points. The image C̄ of C in F2 passes through one of them and intersects the fiber
transversally at this point. This shows that C̄ is a section of p and hence, belongs to the linear
system |af+e|. Since C ·O = 2m, the curve C̄ is tangent toE atm points and hence, belongs
to the linear system |(2m+2)f+e|. We have C̄ ·B = ((2m+2)f+e)·(6f+3e) = 6(m+1). If
C̄ intersectsB transversally at some point not lying over t1 and t2, then the composition of the
normalization mapR+ → C and the double coverC → C̄ is ramified over more than 2 points
and hence is not rational. This shows that C̄ must be tangent at all 1

2(6(m+1)−2) = 3m+2
intersection points with B not over t1, t2. Since dim((2m+ 2)f + e) = 3 + 2m, we see that
one does not expect that such curve C exist. This agrees with the fact that a general Enriques
surface does not contain a rational bisection R.

2. Suppose that Jti is of type Ãki−1. Then B has a simple singular point bi of type aki−1 on
p−1(ti). The fiber intersects B with multiplicity 2 at this point. If ki is odd, then the curve C̄
is nonsingular at bi and intersects B with multiplicity 2ki at this point. It belongs to the linear
system |(2m + 2)f + e)| and the rest of the analysis is similar to the previous case. If ki is
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even, then bi is a simple singular point of C̄ of type aki+1. It intersects B with multiplicity
4ki at this point. The curve C̄ is a bisection of p and splits under the cover J → F2 into the
sum of C and C ′ = ι(C), where C is the negation involution. It belongs to the linear system
|(4m+4)f+2e|. The singularities of C̄ on E are tacnodes locally isomorphic to y2 +x4 = 0,
where y = 0 is the local equation of E. We have C̄ · B = 6(m + 2) and we have to impose
some further conditions to guarantee that C is a rational curve.

Example 4.10.10. Let S be an unnodal Enriques surface (that is, S does not contain smooth rational
curves) that admits an elliptic fibration with an irreducible nodal half-fiber. By Lemma 4.10.8, this
half-fiber splits in the K3-cover π : X → S. To construct the surface S from its jacobian fibration,
we have to find a curve C̄ in the linear system |4f + e| on F2 that satisfies the following conditiont:
it is tangent to the exceptional section at one point, it passes through a point b1 ∈ B where it is
tangent to the fiber of p : F2 → P1, and it passes through another point b2 ∈ B, where the fiber
intersects B transversally and tangent to other four points on B. Since dim |4f + e| = 7 and each
tangency condition imposes one constraint, counting constants, we can always find an irreducible
member of |4f + e| satisfying our conditions. The moduli space of curves B is of dimension 8 and
the curves C̄ depend on one parameter corresponding to a choice of one smooth half-fiber on S.
From this, we see that the moduli space of unnodal Enriques surfaces that admit an elliptic fibration
with an irreducible nodal half-fiber depends on 9 parameters. Over C, this corresponds to the fact
that the Picard number of the K3-cover is equal to 11, see Section 5.3.

Example 4.10.11. Assume that S is a nodal surface, that is, S contains at least one smooth and
rational curve. We will prove in Theorem 6.3.5 that S admits an elliptic fibration with a special
bisection R. Suppose for simplicity, that its half-fibers are smooth. Then, m = 0 and we have to
look for a curve C̄ ∈ |2f + e| that passes through two fixed points on B and also tangent to B at
two other points. The set of pairs (C̄, B) ∈ |2f + e| × |6f + 3e| satisfying these conditions is an
irreducible subvariety of |2f+e|×|6f+3e| that is fibered over |6f+3e|with general fiber isomorphic
to a hypersurface in |2f + e|. It is easy to see that the variety of such pairs modulo Aut(F2) is of
dimension 9. This confirms our expectation that the moduli space of nodal Enriques surface is of
dimension 9: all Enriques surfaces form a 10-dimensional moduli space and containing at least one
smooth rational curve should impose one condition.

Example 4.10.12. Assume p 6= 2, 3 and let (4.9.33)

F (t) := x3 + y3 + z3 + txyz = 0

be the Hesse pencil of plane cubics, which we already discussed in the previous section. It has 9
base points

p0 = (0, 1,−1), p4 = (0, 1,−ε), p7 = (0, 1,−ε2),

p2 = (1, 0,−1), p5 = (1, 0,−ε2), p8 = (1, 0,−ε),

p3 = (1,−1, 0), p6 = (1,−ε, 0), p9 = (1,−ε2, 0),

where ε denotes a primitive third root of unity. Let J → P1 be the corresponding rational elliptic
surface. The base points lead to sections of this elliptic fibrations and we fix one of the base base
points, say p1 = (0, 1,−1) to define a group law on J → P1 by declaring the corresponding section
to be the zero section.
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The polar conic of V (Ft) splits into the union of the tangent line V (3y + 3z − tx) at the point
(0, 1,−1) and the line V (y + z) that does not depend on t. It is called the harmonic polar line. It
intersects any member at the set of 2-torsion points of the connected component of identity of (J ]t )

0.
Its image in F2 is our curve B. It has four cusps, the images of the components of singular fibers
different from the one that intersects O. Fix two cusps ci, cj on B and consider the pencil K(i, j)
in |2f + e| of conics (in the embedding of F2 into P3) passing through ci, cj . A general member C̄
of the pencil intersects B with multiplicity 2 outside ci, cj . It is tangent to B at two points b1, b2.

Now we can make our construction of a torsor f : S → P1 with two smooth fibers over the
projections of b1, b2 under the projection p : B → P1. This way, we construct a pencil of Enriques
surfaces with an elliptic fibration of Hesse type (that is, with 4 singular fibers of type Ã2) and a
special bisection.

We can do this even more explicitly: it follows from [16, Remark 6.2] that the map φ′ : P2 99K

J
φ→ F2 is given by the linear system

a(x3 + y3 + z3)2 + bx2y2z2 + cxyz(x3 + y3 + z3) + dΦ6(x, y, z)

of plane curves of degree 6 with double points at the base points p2, . . . , p9. Here, Φ6 is a certain
invariant of degree 6 with respect to the Hesse group G216 of projective automorphisms leaving
invariant the Hesse pencil. The deck transformation of the cover φ : J → F2 corresponds to the
projective involution

g0 : [x, y, z] 7→ [x, z, y].

The pre-image of a curve from |2f + e| passing through three of the cusps is a pair of disjoint
sections on J that add up to O in the Mordell-Weil group. Its pre-image under φ′ is the union of
three pairs of sides of the triangles of lines corresponding to the reducible members of the pencil
lines that intersect the sections. For example, assume that the sections correspond to the base points
p2 = [1,−1, 0] and p3 = [1, 0,−1]. They intersect the six components V (y), V (z), V (x+ y+ εz),
and V (x + εy + z) of reducible members of the Hesse pencil that do not contain p1. The pencil
K(1, 2) is generated by conics from |2f + e| that pass through the cusps c1, c2, c3 and c1, c2, c4 of
B. For example, we may assume the first curve splits into a pair of sections corresponding to the
base points p2, p3 and the pair of base points p5 = [1,−ε, 0] and p6 = [1, 0,−ω]. This shows
that the pre-image of a conic from the pencil K(1, 2) belongs to the pencil generated by the curves
V (yz(x+ y + εz)(x+ y + ω2z)(x+ εy + z)(x+ ε2y + z)) and V (yz(x+ εy + ω2z), (x+ ε2y +
εz)(x + y + εz)(x + y + ε2z)). Getting rid of the common irreducible components, we obtain a
pencil of conics

x2 − xy + y2 − yz + z2 + sxz = 0.

It has four base points, the remaining base points p4, p7, p8, p9 of the Hesse pencil. The two re-
ducible fibers correspond to the parameters s = −1, 2.

The intersection of a general member H(s) of this pencil with a general member Ft of the Hesse
pencil consists of 6 points, four of them are base points of both pencils. This shows that the residual
set of two intersection points is given by a quadratic polynomial P (T, s, t) in a rational parameter
T of H(s). We parameterize a general member of the pencil of conics

[x, y, z] = [−εT 2 − ε2sT 2 + (1− ε2)T,−ε(T 2 + Ts+ 1), ε2T 2 − εT + 1].
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Then we find the equation for T that determines the intersection points of H(s) with Ft:

P (T, s, t) = T 2(−ε2s2− 2εs+ εt− 1) + (−s2ε+ (−2ε2 + εt)s+ 2)T + (ε2 + 2)s− ε2 + εt+ ε.

If s 6= −1, 2 corresponding to t = −3,−3ε2, then this is a quadratic equation in T and its discrimi-
nant is equal to

R(s, t) := (s− 2)[t2(s+ 2)− 2t(s2 + 2s− 2) + s3 + 6s2 + 4).

This shows that fixing a pair of cusps of B, the pre-image H(s0) of a member of |2f + e| that
passes through these cusps is tangent to two members Ft1 , Ft2 of the Hesse pencil, where t1, t2
are solutions of the quadratic equation (s − 2)−1R(s0, t) = 0. Note that the special values of the
parameter s = 2 and s = −1 (in this case we get a double root t = −3) correspond to the reducible
members E + fi, E + fj of the pencil |2f + e|, where fi, fj are the fibers of F2 → P1 that pass
through the two fixed cusps of B.

We see an explicit relationship between two multiple fibers of an elliptic fibration of Hesse type
that admit a special bisection. The pairs of fibers, considered as a point in (P1)(2) ∼= P2 (Hilbert
scheme of two points of P1) is a cubic curve given in parametric form as

[x, y, z] = [(u+ 2v)v2,−2v(u2 + 2uv − 2v2), u3 + 6u2v + 4v3)]

or in an explicit forms as

432x3 − 216x2y + 72xy2 − 5y3 − 144x2z + 12xyz + y2z − 4xz2 = 0.

This is an irreducible plane cubic with a node at [1, 24, 90] (It corresponds to the parameters s =
−7± 3

√
−3, whose geometric meaning we do not know).

Note that the Hesse group G216 of automorphisms of J acts transitively on pairs of reducible
fibers, so we may also fix the choice of the pair of cusps ci, cj . This shows that each irreducible
component of the moduli space of Enriques surfaces together with an elliptic fibration of Hesse type
that admits a special bisection is a rational curve.

Remark 4.10.13. Let f : S → P1 be an extremal elliptic fibration on an Enriques surface (that is, the
associated jacobian fibration is an extremal rational surface) with a special bisectionR. Suppose we
can choose one irreducible component in each reducible fiber, such that the remaining components
of reducible fibers together with R generate a negative root lattice, which is then necessarily of rank
9. Blowing down the nine (−2)-curves, we obtain a surface with rational double points and Picard
number equal to 1, a Q-homology projective plane). In [314] and [626], it is shown that there are
31 different isomorphism classes of negative definite lattices of rank 9 that can be realized in this
way (in characteristic p = 0). The latter paper describes the moduli spaces of Enriques surfaces
supporting such lattices. In our example, the special bisection that we constructed intersects two
reducible fibers at one component and the other two reducible fibers at two components. This gives
a lattice isomorphic to A2⊕A2⊕A5. The other possibility is whenR intersects one component in one
fiber and two components in other three fibers. This gives the lattice isomorphic to A2⊕A2⊕A2⊕A3.
The parametric equation of the corresponding curve parameterizing the locus of Enriques surfaces
of Hesse type admitting such bisections is given in [626, Table 5]. It is a nodal cubic curve.
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Chapter 5

Moduli spaces

5.1 Moduli problems and moduli spaces

In this Chapter, we discuss various moduli spaces of Enriques surfaces. The idea and the terminol-
ogy of a moduli space goes back to Riemann, who showed that the set of isomorphism classes of
compact Riemann surfaces of genus g ≥ 2 depends on 3g− 3 parameters or moduli, that is, this set
forms a (3g − 3)-dimensional space. See, for example, [252, Chapter 2.3] for Riemann’s original
heuristics and considerations that led to these insights.

To make this idea and some of these heuristics more precise, one has to consider not individual
objects, but families of the objects one wants to parametrize from the very beginning. Next, one has
to introduce appropriate equivalence relations on these families, and then, one seeks for a universal
family, from which all families arise via base change. This leads to the very conceptual approach
to moduli problems using the language of functors. However, one is then led to the problem of
showing that such a functor is representable by a suitable space (a scheme, an algebraic space, or an
algebraic stack), which is the sought moduli space, and which automatically comes with a universal
family of the objects one wants to parametrize. A necessary condition for the representability of the
moduli functor is that is satisfies a sheaf axiom (with respect to some fixed Grothendieck topology)
and that one can find some family that contains all the objects one wants to parametrise. The idea of
Deligne and Mumford was to turn this approach into a definition: by definition, a groupoid valued
functor that satisfies a sheaf axiom is a stack, and if it can be covered by some algebraic families
then it is algebraic. In this Section, we will sketch the ideas and notions of this approach, but we
claim by no means a thorough treatment of moduli theory, of algebraic stacks, etc. Working out this
program in detail requires quite an amount of theoretical foundations and is rather complicated and
lengthy. Here, we will only sketch some of the main ideas so that we can work with the objects and
refer the reader to [566] for a thorough treatment.

In this chapter, our objects of concern will be K3 surfaces or Enriques surfaces. We fix an alge-
braically closed field k. An algebraic family of such surfaces is a smooth morphism f : X → T
in the category of schemes (or algebraic spaces) over k, such that the fiber ιt̄ : Xt̄ → X over every
geometric point t̄ : Spec K → T , that is K is an algebraically closed field extension of k, is a K3

491
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surface (resp. Enriques surface) over K. Often, we will put additional structures on these families.
For example, the families may come together with an invertible sheaf L on X , such that ι∗t̄ (L) is
ample or nef on Xt̄. We will give details later, when discussing moduli of polarized surfaces.

Next, we define a contravariant functor

M : Schemes/k→ (Sets)

that associates to every scheme T over k the set of all families over T modulo some appropriate
notion of isomorphism. If T ′ → T is a morphism of schemes, then M(T ) is a family X → T
and then, the fiber product X ×T T ′ → T ′ is a family over T ′, that is, an element ofM(T ′). This
defines a mapM(T )→M(T ′) and turnsM into a contravariant functor.

The idea behind this approach is as follows: we hope for the existence of a scheme M over k
together with a family U → M, such that for every family f : X → T as above there exists a
unique morphism T →M, the classifying morphism, such that the family X → T is isomorphic to
the pull-back U ×M T → T along the classifying morphism. In particular, if K is a field extension
of k, then the set of all objects we are interested over K is in bijection with the set of K-valued
points of M, that is, M(K). In this case, the space M is called a (fine) moduli space and the family
U → M is called the universal family. The relation to the functorM is as follows: if such an M
exists, then the functorM is isomorphic to the Yoneda functor hM : T → Mork(T,M). Moreover,
the universal family U corresponds to the identity morphism in Mork(M,M).

In view of this discussion, we say that our moduli problem admits a fine moduli space if the
functorM is representable, that is, if there exists a scheme M over k, such that the functorM is
isomorphic to the Yoneda functor hM : T → Mork(T,M). It follows from the Yoneda lemma that
a fine moduli space, if it exists, is unique up to isomorphism. As explained above, it comes with a
universal family U → M, namely, the family over M corresponding to the identity in hM(M). It
is easy to see that this universal family has the property that every family over T is isomorphic to
the base change of the universal family along the classifying morphism T →M.

Unfortunately, fine moduli spaces exist rather rarely, unless we put some additional structure on
the families. One of the reasons is the existence of automorphisms of objects that we want to
parametrize. Here is a classical example.

Example 5.1.1. LetM1,1 be the moduli problem of pairs (E,O) of elliptic curves together with a
fixed point O (the neutral element of the group law) over k. Thus, a family f : E → T is a smooth
genus one fibration together with a section s : T → E . Suppose that a fine moduli space M1,1 exists
and let U1,1 →M1,1 be the universal family. Then, for every family X → T , we have a Cartesian
diagram

X

��

φ̃ // U1,1

��
T

φ //M1,1

Now, consider the sign involution automorphism ι : x 7→ −x with respect to the group law of
the relative elliptic curve X → T . Then, the composition X ι→ X → T yields an isomorphic
family, hence defines, by uniqueness, the same classifying morphism T → M1,1. If M1,1 was a
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fine moduli space, then T → M1,1 would correspond to a unique family of elliptic curves rather
than two distinct ones that are isomorphic. However, even when identifying isomorphism classes
of families, then this does not help: suppose that there exists a non-trivial (Z/2Z)-torsor S → T .
Then, one can form the twisted family X ′ := (X ×T S)/(Z/2Z) → T , where the quotient is with
respect to the diagonal action given by ι on the first factor and by the (Z/2Z)-action on the second
factor. Both families over T have isomorphic geometric fibers and thus, define the same classifying
morphism T →M1,1. In general, these two families over T are not isomorphic, but since they have
the same classifying morphism, at most one can be the pull-back of the universal family over M1,1.
This contradiction shows that there does not exist a universal family and thus, the functorM1,1 is
not representable. To give an explicit example, we let T = A1

k − {0} = Spec k[t](t) and consider
the two families of elliptic curves over T

X : y2 = x3 − 1 and X ′ : y2 = x3 − t.

In both cases, all geometric fibers are isomorphic to the elliptic curve y2 = x3 − 1, that is, in both
cases, the classifying morphism T →M1,1 would be constant. In particular, the pull-back from the
universal family U → M1,1 along this classifying morphism would yield a trivial product family.
This is indeed the case for X , but not for X ′, and we refer to [566, Preface] for details and further
discussion of this example.

Similar arguments show that the moduli problem for hyperelliptic curves of genus g ≥ 2 is not
representable. We refer to [284, Section 2.A] for details and further discussion.

However, the following approach can remedy this problem: let n ≥ 3 be an integer that is coprime
to the characteristic p of k. Now, consider the functor that associates to a scheme T over k the set
of families E → T of smooth genus one fibrations together with a choice of section s : T → E
(the zero section that turns this family into a family of elliptic curves) and another section that is
fiberwise a n-torsion point. Then, there are no automorphisms of such families and in fact, this
time, a fine moduli space does exist, namely the modular curve X0(n).

Since fine moduli spaces do not exist in many cases of interest, one often asks for less, namely for
a coarse moduli space. Instead of requiring the representability of the functorM, we merely ask for
the existence of a scheme (or an algebraic space and we note that we discuss algebraic spaces below)
M over k and a morphism of functors π :M→ hM, such thatM(Spec K) → hM(Spec K) is
bijective for every algebraically closed field K and such that for every scheme (or algebraic space)
N over k and every morphism g : M → hN , there exists a unique morphism f∗ : hM → hN (or,
equivalently, a unique morphism f : M → N ), such that g = f∗ ◦ π. A coarse moduli space, if
it exists, is unique up to isomorphism. In the sense made precise by its definition, it is the closest
approximation ofM to a scheme (or algebraic space). We refer to [566, Chapter 11] for details.

For example, a coarse moduli space of the moduli functorM1,1 from Example 5.1.1 exists and
coincides with the affine line A1

k. More precisely, for every family E → T in M1,1(T ), the j-
invariant t→ j(Et) defines a map T → A1

k. This defines a morphism of functorsM1,1(T )→ hA1
k

that satisfies the properties of a coarse moduli space. The j-invariant is the classifying morphism in
this case.

Unfortunately, even this weaker notion of representing a moduli functor may not exist, as the
following example shows.
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Example 5.1.2. Let G be an affine group scheme over k, let X be a variety over k, and assume that
X comes with a G-action. LetM(T ) be the set of diagrams

P
f //

p

��

X

T

where f is a G-equivariant morphism and where p : P → T is a G-torsor over T , that is, p is a
G-equivariant morphism f : X → T , where G acts trivially on T and such that locally for some
chosen Grothendieck topology, X is isomorphic to T ×G. A morphism φ : T ′ → T defines a map
fromM(T )→M(T ′) that sends a pair (p, f) as above to (p′ : P ×T T ′ → T ′, f ◦ pr2).

Now, suppose that X is affine. We claim that if the functorM admits a coarse moduli space, then
it is isomorphic to M := Spec OX(X)G. In fact, it follows from the definition of a torsor that
OT = (p∗OP )G and hence, OT (T ) = OP (P )G. The G-equivariant morphism f : P → X defines
a homomorphism of coordinate rings OX(X)G → OP (P )G = OT (T ). This defines a morphism
T → M. Using this, it is easy to check that a coarse moduli space, if it exists, coincides with M.
Taking T = Spec k, we see thatM(T ) consists of G-orbits in X . On the other hand, it must be
equal to Homk(OX(X)G,k). However, this cannot be always true. For example, one could take
G = C∗, X = C, and the G-action on X defined by z 7→ λz. Then, we have OX(X) = C, but we
have the two orbits {0} and C− {0}.

To overcome these difficulties, Deligne and Mumford [147] introduced a novel idea that a moduli
problem should not be considered as a contravariant functor (Schemes/k)→ (Sets), but rather as a
contravariant functor from (Schemes/k) to the category to groupoids rather than sets. (A groupoid
is a category, in which every morphism is an isomorphism. A set is becomes a groupoid, whose
objects are the elements of the sets and whose morphisms are only the identity maps.) In particular,
when considering a family X → T as above, then we do not identify isomorphic families, that
is, M(T ) is the groupoid of all families over T . All such families must form a category M that
comes with a functor p : M → (Schemes/k). More precisely, the category M(T ) is a fiber of
this functor, that is, it consists of objects f in M, such that p(f) = T . One also says that M
is a category fibred in groupoids. We will write objects of M(T ) as arrows φ : X → T . The
morphisms (f : X → T ) → (f ′ : X ′ → T ′) consist of morphisms φ : T ′ → T in (Schemes/k)
and a morphism φ̃ : X ′ → X , such that the diagram

X

f
��

X ′

f ′

��

φ̃oo

T T ′
φoo

is Cartesian, that is, a pull-back diagram.

This definition is too general to work with. Without being very precise (we refer to [566] for details
and precise definitions), we say thatM is a stack if the association T 7→ M(T ) is a presheaf with
values in groupoids, that is, it satisfies the axiom of a sheaf with respect to coverings {Ti → T}i∈I
with respect to some chosen Grothendieck topology (usually flat or étale) and it also is required that
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for any f, g ∈ M(T ) the presheaf Isom(f, g) on the category (Schemes/T ) is a sheaf. Roughly
speaking, the first condition says that to give a family X → T is equivalent to giving a covering
{Ti → T}i∈I and familiesXi → Ti, such that the pull-backs ofXi andXj to Ti×TTj are isomorphic
and fulfill a certain cocycle condition on triple fiber products over T . Similarly, the second condition
says that to give a morphism f : X → Y of families over T is equivalent to giving a covering
{Ti → T}i∈I and morphisms fi : X ×T Ti → Y ×T Ti, such that the pull-backs of fi and fj to
X ×T (Ti×Tj) coincide. Even more roughly, these conditions ensure is that one construct families
and morphisms between them locally if they glue on overlaps. An example of a stack is the category
(Schemes/X) for any X ∈ (Schemes/k). We denote it by X . More precisely, the groupoid X(T )
is the set of all morphisms of schemes to T → X , that is, hX(T ).

A morphism of stacksM′ → M is a functor F : M′ → M that commutes with the projection
functors p′ :M′ → (Schemes/k) and p :M→ (Schemes/k) and the pull-back functors.

For example, a morphism X →M assigns to any morphisms of schemes f : T → X a “family”
f ∈ M(T ). We say that X is a fine moduli space for the stackM if there exists an equivalence
of categories X → M. One can also define a coarse moduli space of a stack. If it exists, then it
is an object M of (Schemes/k) (or (AlgebraicSpaces/k)), together with a morphism of stacks π :
M→M, such thatM(Spec K)→ X(K) is an equivalence of categories for every algebraically
closed field extension K of k and such that for every scheme (or algebraic space) N and every
morphism g :M→ N , there exists a unique morphism f : M→ N such that g = f ◦ π. Clearly,
a coarse moduli space, if it exists, is unique up to isomorphism.

Next, one may try to cover a stack by a scheme X , that is, to find a morphism of stacks X →M,
such the functor X(T )→M(T ) is surjective on objects. Such stacks are said to be algebraic.

An example of suchs stack, which generalize the notion of a scheme, is an algebraic space, where
M is defined to be the quotient of some scheme X by an equivalence relation R→ X×kX , where
the two projections R → X are étale morphisms. Then, the sheaf in the étale topology associated
to the pre-sheaf of quotients X(T )/R(T ) defines a stack and since it can be covered by X , it is
algebraic. A morphism of algebraic spaces α : F → G is a morphism of étale sheaves. We say
that α is representable by a scheme if for every T ∈ (Schemes)/k and every morphism of sheaves
hT → G the fiber product

F ×G T : U 7→ {(a ∈ F(U), f : U → T ) |α(a) = G(f)}

is representable by a scheme. This means that the restriction of the morphism F → G to the
subcategory (Schemes/T ) of (Schemes/k) coincides with a morphism of a scheme. We say that a
representable morphism F → G has property P (for example, affine, étale, a closed immersion, an
open immersion, proper, or smooth) if, for every scheme T , the projection morphism of schemes
F ×G T → T has property P.

An equivalent definition of an algebraic space F is that F is a sheaf in étale topology, that the
diagonal morphism ∆ : F → F×kF is representable by a scheme, and that there exists a surjective
and étale morphism U → F . The property of the diagonal map being representable guarantees that
for every scheme T any morphism hT → F is representable by a scheme. Conversely, the latter
property implies that F is a quotient of a scheme by an étale equivalence relation.

It is known that, for any algebraic space F , there exists a morphism from a k-scheme f : X → F
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that is representable by a birational morphism of algebraic varieties. In particular, there exists an
open and dense subalgebraic space of F that is isomorphic to a scheme.

Example 5.1.3. The following two examples are typical sources of algebraic spaces that are not
schemes.

1. Let k be an algebraically closed field of characteristic zero. Let C0 ⊂ P2
k a smooth cubic

curve, let P1, ..., P10 be ten distinct points on C0, let X ′ be the blow-up of P2 in these ten
points, and letC be the strict transform ofC0 onX ′. Thus,C is isomorphic toC0 and satisfies
C2 = −1. Then, there exists a contraction X ′ → X of C in the category of algebraic spaces,
that is the morphism is proper, birational, equal to its own Stein factorization, it contracts
C to a point, and induces an isomorphism on X ′ − C. If the P1, ..., P10 are chosen to be
sufficiently general, then X is not isomorphic to a scheme. This classical example is due to
Mumford and Nagata and we refer to [23, Section 4] for details.

2. Second, if a finite group G acts on a quasi-projective variety X , then the quotient X/G exists
in the category of quasi-projective schemes. In fact, quasi-projectivity ensures that there exists
an open and affine cover {Ui = Spec Ri}i∈I of X such that each Ui is G-stable. Given such
a cover, the individual quotients Ui/G exist, namely, Spec RGi , where RGi denotes the ring
of G-invariants. These quotients {Ui/G}i∈I then glue to X/G. On the other hand, if X is
not quasi-projective, then there exist examples, where the quotientX/G exists as an algebraic
space, but not as a scheme. We refer to [389, Chapter 4] for details.

Moreover, a theorem of Keel and Mori asserts that the quotient of an algebraic variety by a proper
action of a group scheme acting with finite stabilizers always exists as a separated algebraic space
[371]. This collection of results should illustrate that the category of algebraic spaces does have
some advantages over the category of schemes. We refer to [23, 389, 566] for more about algebraic
spaces.

Remark 5.1.4. Let X be a compact analytic manifold over C. Then, its field of meromorphic
functions C(X) is of transcendence degree at most equal dim(X). If it is equal to dim(X), then X
is said to be a Moishezon manifold. Now, given a smooth and proper algebraic space Y over C, there
is an associated complex analytic manifold Y an and since the function field of Y is of transcendence
degree equal to the dimension of Y over C, it follows that Y an is a Moishezon manifold. Conversely,
every Moishezon manifold arises as analytification of a smooth and proper algebraic space over C.
We refer to [287, Appendix B] for details and references.

Finally we come to the notion of an algebraic stack and a Deligne-Mumford stack. We say that
a stack is an algebraic stack or an Artin stack if the diagonal morphism ∆ : M → M×kM is
representable and if there exists a surjective morphismX →M for some schemeX . If additionally
this surjective morphism can be chosen to be étale, we say thatM is a Deligne-Mumford stack. We
note that an algebraic stackM is a Deligne-Mumford stack if for every algebraically closed field
K the automorphism group scheme of any object inM(K) is a finite reduced group scheme, see
[566], Theorem 8.3.3 and Remark 8.3.4.

Similar to the above notion for algebraic spaces a morphism F : M → M′ is said to be rep-
resentable if for any k-scheme T the fiber product M×M′ T is is representable by an algebraic
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space. The condition that the diagonal morphism is representable is equivalent to the following: for
any k-scheme T and two objects f1, f2 ∈ M(T ), the sheaf Isom(u1, u2) on (Schemes/T ) is an
algebraic space.

The following crucial results show that this approach via stacks does indeed work in the sense that
some very important and central moduli problems are representable by Deligne-Mumford stacks.

Example 5.1.5. For non-negative integers g, n, one defines the moduli functor

Mg,n : (Schemes/k)→ (Groupoids),

that associates to every k-scheme T the groupoid of families X → T , whose geometric fibers are
smooth and projective curves of genus g, together with disjoint sections s1, ..., sn : T → X . That
is,Mg,n is the moduli functor for n-marked curves of genus g. If 2g − 2 + n > 0, thenMg,n is a
smooth Deligne-Mumford stack over k. In particular, the set-valued moduli functor from Example
5.1.1 does not admit a fine moduli space, but the just constructed groupoid-valued functor can be
represented by a Deligne-Mumford stack. They key point is that if 2g − 2 + n > 0, then the
automorphism group scheme of a n-marked curve of genus g over a field is finite and étale. We
refer to [566, Chapter 13] for details, proof, and further discussion.

Example 5.1.6. This is the follow-up of Example 5.1.2: first, we convert the moduli problem M
into a stack that will be denoted by [X/G]. We set [X/G] to be the category, whose objects are
(P → T, f : P → X) as before and whose morphisms from (P ′ → T ′, f ′ : P ′ → X) to
(P → T, f : P → X) are isomorphisms of torsors Φ : (P ′ → P ×T T ′ → T ′)→ (P ′ → T ′) such
that f ◦ pr1 ◦Φ = f ′. This is a fibered category [X/G] → (Schemes/k), whose fibers [X/G](T )
are the category, whose objects are pairs (P → T, f : P → X) as above and whose morphisms
(P → T, f : P → X) → (P ′ → T, f ′ : P → X) are isomorphisms of torsors ΦT : P ′ → P
with f ◦ Φ = f . Note the stack makes sense even if G acts trivially on X . One can check that
[X/G] is an algebraic stack, and that if G is an algebraic group that acts with finite and reduced
stabilizer subgroup schemes, then it is a Deligne-Mumford stack [147], Theorem 4.21. For example,
if X = Spec k, then we obtain the so-called classifying stack for the group G.

Finally, let us mention the following fundamental result of Keel and Mori [371], Corollary 1.3: a
separated algebraic stack over k always admits a coarse moduli space in the category of algebraic
spaces (but not necessarily in the category of schemes). In Example 5.1.6, assuming thatG acts with
finite stabilizers, the coarse moduli space of [X/G] is the geometric quotient of the subset Xs(Pre)
of pre-stable points, that is, points admitting an open affine neightborhood that is G-invariant.

This suggests the following strategy when constructing moduli spaces: one first sets up a functor
M from (Schemes/k) to (Groupoids) that associates to T the groupoid of families over T one is
interested in. IfM is a sheaf with respect to the étale topology, say, and if the automorphism group
schemes are finite and étale, then there is a good chance to represent M by a Deligne-Mumford
stack, which is indeed true in many cases of interest. Moreover, since the stabilizers are finite,
a coarse moduli space exists at least in the category of algebraic spaces. Moreover, whenever a
“parameter space” was classically constructed using geometric invariant theory, then the discussion
of the previous paragraph suggests that this might actually be the coarse space forM, which is true
in many cases.
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5.2 Lattice polarized K3 surfaces

In this section, we consider moduli spaces for pairs (X, j), where X is a K3 surface and j : M →
Pic(X) is a primitive embedding of lattices for some fixed lattice M . These moduli spaces will
be used in the next section to construct moduli spaces for Enriques surfaces. For more details on
moduli spaces of lattice polarized K3 surfaces, we refer to [3, 241, 171, 604].

Let X be an algebraic K3 surface. By Definition 1.1.10, this means that X is a smooth and
projective surface with KX = 0 and h1(OX) = 0. Note that there exist compact complex but not
algebraic surfaces satisfying these conditions. They admit a structure of a Kähler manifold [241,
Exp. XII]. However, we will be mainly concerned with K3 surfaces that are K3 covers of Enriques
surfaces and these are always algebraic.

First, assume that X is a complex K3 surface. Let us shortly run through the computations of
some important invariants and we refer to Section 0.10 for background and further discussion of
the results we are using. Recall that KX = 0 and Wu’s formula (0.10.12) imply that H2(X,Z) is
an even lattice with respect to the cup-product, which is a symmetric bilinear form. By Poincaré
Duality, it is unimodular. Since h1(X,OX) = 0, we have b1(X) = b3(X) = 0 and thus, by
Noether’s formula (0.10.22), we find b2(X) = 22. By Hirzebruch’s signature theorem (0.10.8),
the signature of the cup-product on H2(X,R) is (3, 19). Moreover, by Theorem 1.4.4, the Hodge
numbers of X are given by h2,0(X) = h0,2(X) = 1 and h1,1(X) = 20. Thus, by Proposition 0.8.7,
there is an isomorphism of lattices

H2(X,Z) ∼= U⊕3 ⊕ E⊕2
8
∼= U⊕ E2

10,

where E10 denotes the Enriques lattice studied in Section 1.5. We denote the lattice on the right-
hand side by L and call it the K3 lattice. It follows from Proposition 1.1.9 that the Picard scheme of
X is reduced and its connected component of identity is trivial. There is an isomorphism of abelian
groups

Pic(X) ∼= NS(X) ∼= Num(X) ∼= Zρ,

where ρ is the Picard number of X . The Chern class homomorphism

c1 : Pic(X) → H2(X,Z)

is injective and its image lies in H2(X,Z)∩H1,1(X). This implies that the Picard number satisfies

1 ≤ ρ(X) ≤ 20.

The intersection form on Pic(X) defines a structure of a quadratic lattice on Pic(X). The Chern
class homomorphism c1, which respects the intersection forms on both sides, and thus, identifies
Pic(X) with a sublattice of H2(X,Z). Moreover, it follows from Lefschetz’s theorem on (1, 1)-
classes that this embedding of lattices is primitive.

Now, we use the terminology from Section 0.8. Assume ρ > 1, so that the lattice Pic(X) is
hyperbolic. We let WX := Ref2(Pic(X)) to be the Weyl group of the lattice Pic(X), which is
generated by reflections in the divisor classes δ with δ2 = −2. We have already seen in Section
2.2 that this group coincides with the nodal Weyl group W nod

X defined by the root basis R(X) that
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consists of (−2)-curves on X . By Proposition 2.2.1, the fundamental chamber of this root basis
coincides with the nef cone Nef(X) of X . The interior of Nef(X) is the ample cone Amp(X)
of X . The boundary ∂Nef(X) := Nef(X) \ Amp(X) consists of those numerical classes [D] in
Nef(X) with D2 = 0 or D2 > 0, such that D ·R = 0 for some R ∈ R(X). We set

Pic(X)pa = {x ∈ ∂Nef(X) : x2 > 0} ∩ Pic(X),

Pic(X)a = Amp(X) ∩ Pic(X).

which are the line bundles on X that are big and nef (also called “pseudo-ample”) and ample,
respectively.

Let us now generalize and abstract this setup: let M be an even and non-degenerate lattice of
signature (1, t). Let

V (M) :=
{
MR |x2 > 0

}
⊂MR,

We choose one of the connected components of V (M) and denote it by V (M)+. Then, we define

C(M) := fundamental chamber of W (M) := Ref2(M) in V (M)+.

With respect to this setup, we now make the following definition and refer to [171] for background
and further information.

Definition 5.2.1. An M -polarized K3 surface is a pair (X, j), where X is a K3 surface, and

j : M → Pic(X)

is a primitive lattice embedding and j(C(M)) contains a big and nef divisor class D. Moreover,
we say that the M -polarization (X, j) is ample if j(C(M)) contains an ample class.

Remark 5.2.2. Let C(M)◦ be the interior of C(M). It follows from this definition that a connected
component of j(C(M)◦) intersects the interior of the nef (resp. ample) cone. Since both sets are
convex, there exists a convex cone C(M)+ in C(M), such that j(C(M)+) is contained in the nef
(resp. ample) cone of X .

If one is interested only in ample lattice polarizations (as it seems to be in many applications of
the theory of lattice polarized K3 surfaces), then the definition should only require that the image
j(h) of some h ∈M is ample. This will fix (V (M)+, C(M) by requiring that h ∈ C(M)◦.

Remark 5.2.3. It is important to understand that a lattice polarization comes with a choice of the
data (V (M)+, C(M)). Composition with an an isometry of the lattice M changes the polarization
but also may change the choice of (V (M)+, C(M)). It sends an ample polarization to an ample
polarization.

Example 5.2.4. Let M = Z · e with e2 = 2d and d > 0. Choose V (M)+ to be one of the rays of
MR\{0}. In this particular case, an M -polarized K3 surface (X, j) is called a degree 2d polarized
K3 surface.1 A polarization is ample if and only if j(e) is an ample divisor class.2 Then, there are
three possibilities depending on the behavior of the complete linear system |j(e)| and the associated
rational map f .

1A non-ample poilarization is often called a quasi-polarization.
2A non-ample polarization is often called a quasi-polarization.
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1. (unigonal case) The linear system |j(e)| = |C + (d + 1)E|, where C is a smooth rational
curve and E is a genus one curve with C · E = 1. It has C as fixed component and the map
associated to |(d + 1)E| is a morphism X → Pd+1, whose image is a rational normal curve
of degree d+ 1.

2. (hyperelliptic case) The linear system |j(e)| has no base points and f is a morphism of degree
2 onto a normal surface of degree d in Pd+1, whose singular points are at worst rational double
points.

3. (birational case) The linear system |j(e)| has no base points and f is a morphism of degree 1
onto a normal surface of degree 2d in Pd+1, whose singular points are at worst rational double
points.

We refer to [241, Exposé IV] for details.

Example 5.2.5. If S is an Enriques surface, then there exists an isometry Num(S) ∼= E10, where
E10 is the Enriques lattice, see Section 1.5. If π : X → S denotes the canonical K3 cover, then
π∗ Pic(Y ) → Pic(X) yields a sublattice isometric to E10(2) ∼= U(2) ⊕ E8(2), and we obtain a
lattice E10(2) polarized K3 surface

j : E10(2) → Pic(X) .

In Proposition 5.2.12 below we will see that we obtain this way a bijection of sets of marked En-
riques surfaces and ample E10(2)-polarized K3 surfaces.

Next, we want to construct moduli spaces of lattice polarized K3 surfaces. First, we set up the
moduli functor as discussed in Section 5.3. Then, we first describe their automorphisms and in-
finitesimal deformations, which gives a local description of the moduli spaces we look for and
allow us to conclude that they exist as smooth Deligne-Mumford stacks. Let us slightly enhance
the setup and work over arbitrary fields or even arbitrary base schemes, where we loosely follow
[3, 171, 561, 604] and refer to these articles for more details and proofs.

First, we define families of (ample) M -polarized of K3 surfaces and associated moduli functors in
the following two settings.

1. (algebraic) In this case, we fix a base scheme B, for example, B = Spec k, where k is a field
or B = Spec Z, which is the universal case since every scheme is a scheme over Z. Given a
lattice M , we define the two functors

K3M (resp. K3a
M ) : (Schemes/B) → (Groupoids)

that assigns to every scheme T over B the groupoid of pairs (X → T, j), where X → T
is a smooth projective family of K3 surfaces and where j : MT ↪→ PicX/T is a map of
sheaves in the étale topology such that j(C(M)) contains a nef and big invertible sheaf (resp.
j(V (M)+) contains an ample invertible sheaf). Clearly, K3a

M is an open subfunctor ofK3M ,
that is, for any T , the morphism K3aM ×K3M hT → hT is represented by an open embedding
of schemes.
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2. (analytic) Then, a family of M -polarized K3 surfaces is a morphism of complex spaces X →
T , each of whose fibers is a complex K3 surface, and a morphism MS → PicX/T as before.

3. (analytic and marked) We fix a lattice M and an embedding M → L of M into the K3
lattice and then, we define a marked (ample) M -polarized K3 surface to be a pair (X,φ),
where X is a K3 surface and φ : H2(X,Z) → L is an isomorphism of lattices, such that
φ−1|M : M → Pic(X) is an (ample) M -polarization. Similarly, families of (ample) marked
M -polarized K3 surfaces are defined, which leads to the functors

KM and Ka
M : (ComplexSpaces) → (Groupoids).

We refer to [171] for details.

The following result gives the local structure and local charts for the moduli spaces of M -polarized
K3 surfaces that we want to construct.

We refer to Section 5.11 for some basic definitions and results in the theory of local deformations.

Proposition 5.2.6. Let M be an even non-degenerate lattice of signature (1, t).

1. Let (X, j) be anM -polarized K3 surface over an algebraically closed field k of characteristic
p ≥ 0. Then, there exists a formal deformation space SM of M -polarized K3 surfaces that is
a formal scheme over k. Assume that one of the following holds

(a) p = 0,

(b) p > 0 and p does not divide the discriminant disc(M),

(c) p > 0 and X is not a supersingular K3 surface.

Then, SM is formally smooth and of dimension 19 − t over k. If p > 0, there even exists a
formal deformation space SM over the ring of Witt vectors W (k) that is smooth of relative
dimension (19− t).

2. If, additionally to assumptions (a), (b) and (c), we assume that (X, j) is an ample M -
polarization, then the formal deformation space can be algebraized, i.e. there exists a smooth
proper morphism f : X → Spec R, whereR ∼= k[[t1, . . . , t19−t]] whose fiber over the closed
point is isomorphic to X and every ample L from j(M) lifts to an ample invertible sheaf on
X . If p > 0 one may choose R to be W (k)[[t1, . . . , t19−t]].

3. Let (X, j) be a marked or ample M -polarized K3 surface over C. Then, there exists a local
moduli space of M -polarized K3 surfaces that is a formal complex space that is smooth of
dimension (19− t).

Proof. There exists a formal deformation space Def(X) of X that is is a smooth formal scheme
of dimension 20 over Spf(k) (or even Spf(W (k)) if p > 0). Next, Deligne [151, Théorème 1.6]
showed that if L is an invertible sheaf on X , then the formal deformation space of the pair (X,L)
is a formal Cartier divisor Def(X,L) inside Def(X), which is even flat over W (k) when p >
0 and allowing deformations in mixed characteristic. Thus, after choosing a basis m0, ...,mt of
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M , the desired local moduli space SM is the intersection of the (t + 1) formal Cartier divisors
Def(X, j(mi)) inside Def(X), and it is easy to see that it is flat over k (resp. W (k)) of relative
dimension at least (19 − t). Next, d log induces a map δ : M ⊗Z k → H1(X,Ω1

X), which is
compatible with intersection forms on both sides. The Zariski tangent space of SM is the orthogonal
complement of δ(M ⊗ k) in H1(X,Ω1

X). In the case, where p = 0 or where p does not divide
disc(M), then the intersection form on M ⊗Z k is non-degenerate, and thus, δ is injective. Thus, in
these cases, the Zariski tangent space of SM has dimension (19−t), and SM is at least of dimension
(19− t) over k (resp. W (k)). Being flat over k (resp. W (k)), it follows that SM is formally smooth
of relative dimension (19− t) over k (resp. W (k)). See also [3, Proposition 3.8]. If p > 0 and X is
ordinary, then the claimed dimension and formal smoothness have been shown in [3, Proposition 3.3
and Section 3.5]. In fact, this argument works more generally if p > 0 and ifX is not supersingular,
which is slightly implicit in [443], see also [113, Proposition 2.11]. The algebraization assertion
follows from [151, Corollary 1.8].

We leave the proof in the complex analytic setting to the reader. In the marked case, we refer to
[171, Proposition (2.1)] for details.

This results is the key to proving the following result, which shows that the moduli functors intro-
duced above give rise to reasonable moduli spaces.

Proposition 5.2.7. Let M be an even non-degenerate lattice of signature (1, t).

1. The functors K3M and K3a
M can be represented by Deligne–Mumford stacks. Moreover,

K3a
M is separated. When non-empty, both stacks are smooth of relative dimension (19 − t)

over Spec Z[1
d ], where d = disc(M).

2. For complex K3 surfaces, there exists a fine moduli space KM of marked M -polarized K3
surfaces as a smooth and non-separated complex space.

Proof. In the first case, the assertion about K3aM is proven essentially in [49, Proposition 2.6] (over
C) with details in the general case given in [3, Proposition 3.3]. The latter proof relies on results of
[604] on the moduli functor for polarized K3 surfaces with ample primitive polarization. This latter
has been extended to the case of quasi-polarized K3 surfaces in [486] and [470]. Let us shortly
sketch the arguments: it is easy to see that the functors K3M and K3a

M are sheaves in the étale
topology and thus, give rise to stacks. Next, the formal deformation spaces that we established in
Proposition 5.2.6 can be algebraized because the families considered come with (pseudo-)ample
polarizations. From these algebraizations, we obtain morphisms to the functors K3M and K3a

M . In
fact, these morphisms can be combined to give an algebraic family (usually not connected when
constructed this way) that maps surjectively to K3M and K3a

M . This shows that both stacks are
algebraic stacks or Artin stacks. Moreover, the automorphism group scheme of a (quasi-)polarized
family is finite and since K3 surfaces have no global vector fields, these group schemes are finite
and étale. This implies that the stacks K3M and K3a

M are Deligne-Mumford stacks. Finally, the
statement about smoothness and dimensions of these spaces follow again from the local description
of these stacks provided by Proposition 5.2.6.

For the second statement, we refer to [171, Section 3], [241, Exposé XIII], and [540]. It uses the
the theory of periods of K3 surfaces, which we will discuss later in this section.
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Remark 5.2.8. We end this discussion with two remarks.

1. The non-separatedness of these moduli spaces when working with non-ample polarizations
has to do with flops or elementary modifications. More precisely, there may exist the spectrum
T of a discrete valuation ring, say with algebraically closed residue field, and smooth families
X → T of K3 surfaces together with an invertible sheaf L such that L is ample on the generic
fiber Xη, that is big and nef, but not ample on the special fiber X0. In this case, there exists
at least one (−2)-curve R ⊂ X0 such that L has zero intersection with R and a rational and
birational map

φ : X 99K X+

of smooth and proper algebraic spaces over T that is defined outside R and such that φ
restricted to X − R is an isomorphism onto its image. Although φ does not extend to a
morphism, it induces an isomorphism of the special fibers X0 and X+

0 . These two families X
and X+ over T are not isomorphic, but have isomorphic geometric fibers. In particular, they
violate the uniqueness requirement for the valuative criterion of separatedness of the moduli
stack K3M . This type of phenomenon cannot happen for ample polarized families.

2. The moduli spaceM1,1 of elliptic curves exists as a Deligne-Mumford stack, but not as an
algebraic space or scheme, and we mentioned in Example 5.1.1 the modular curvesX0(n)→
M1,1, which are representable by algebraic spaces (in this case even schemes). Now, if one
wants to have moduli spaces that exist as algebraic spaces rather than Deligne–Mumford
stacks in the case of M -polarized K3 surfaces, then one can add level structures as follows:
one considers families of M -polarized K3 surface f : X → S together with an isomorphism
Rf∗(Z/nZ) ∼= (L/nL) of the relative étale cohomology. If n is sufficiently large, then
such families do not admit non-trivial automorphisms and then, the corresponding moduli
functor can be represented by Deligne-Mumford stacks with trivial stabilizers, which are
representable by algebraic spaces. We refer to [604] and [470] for further information, details,
and results.

The previous results show the existence of moduli spaces for lattice polarized K3 surfaces, give
smoothness and dimension (if non-empty). However, to understand the geometry of these spaces,
such as non-emptyness, number of connected components, or their birational geometry, such as
uniruledness or unirationality of these spaces, one needs another approach to these moduli spaces.
Over the complex numbers, such an approach is provided by period maps, period spaces, and yields
coarse moduli spaces.

For the remainder of this section, we work with complex algebraic K3 surfaces. Let M be an even
non-degenerate lattice of signature (1, t) together with an embedding ıM : M → L into the K3
lattice. Then, we define

N := M⊥

to be the orthogonal complement ofM in L and note that it is a lattice of signature (2, 19− t). Now,
given a marked M -polarized K3 surface (X,φ), the Hodge decomposition of H2(X,C) defines
a point [ω] := φ(H2,0(X)) in P(LC). More precisely, H2,0(X) is orthogonal to H1,1(X) with
respect to the cup-product, and thus, [ω] is orthogonal to M ⊂ L, which implies that [ω] is a point
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in P(NC) ⊂ P(MC). Since ω2 := ω · ω lies in H4,0(X), which is zero, we conclude that [ω] lies in
the quadric

QN :=
{

[ω] ∈ P(NC) |ω2 = 0
}
⊂ P(NC) .

Next, we observe that ω · ω lies in H2,2(X) ∩H4(X,R) ∼= R and that it is positive. Putting these
observations together, we find that

φ(H2,0(X)) ∈ DN :=
{
C · ω ∈ P(NC) |ω2 = 0, ω · ω > 0

}
⊂ P(NC) .

We call the open subset DN of QN the period space. Note that DN is not connected and consists of
two connected components, each is analytically isomorphic to a Hermitian symmetric domain (of
type IV or of orthogonal type) and we refer to Section 5.9 and especially Example 5.9.2 for more
details. In many cases, as we

To see these two components, we choose a basis in NC with coordinates t1, t2, . . . , tk, where
n := rank(N) = 19 − t, such that DN consists of points in P(NC) with projective coordinates
[z1, . . . , zn] satisfying

z2
1 + z2

2 − z2
3 − · · · − z2

n = 0,

|z1|2 + |z2|2 − |z3|2 − · · · − |zn|2 > 0,

This set consists of two connected components that are distinguished by the sign of Im(t1/t2).
Another way to see this is to consider a real plane P (z) ⊂ NR spanned by the imaginary and real
part of a vector z = x + iy ∈ NC that represents a point [z] ∈ QN . Then, 0 = z2 = (x + iy)2

implies x2 − y2 = x · y = 0 and z · z̄ = (x + iy) · (x − iy) > 0 implies x2 + y2 > 0. Thus,
x2 = y2 > 0 and x · y = 0 implies that P (z) is a positive definite plane in NR. This defines a map
from QN to the Grassmannian G(2, NR)+ of positive definite planes in NR. This consists of two
connected components defined by a choice of an orientation of the plane.

Via the natural action of O(NR) ∼= O(2, 19−t) onG(2, NR), the Grassmannian inherits the struc-
ture of a homogeneous space isomorphic to O(2, 19− t)/SO(2)×O(19− t). The connected com-
ponent containing the image of neutral element is isomorphic to SO(2, 19−t)/SO(2)×SO(19−t)
and it is a Hermitian symmetric domain. The complex involution switches the two components and
the action on the periods correspond to switching the complex structure to the conjugate one.

Let (X,φ) be a marked M -lattice polarized K3 surface and let X → SM be the local moduli
space together with its universal family around (X,φ) established in Proposition 5.2.6. Shrinking
if necessary, we may assume that SM is contractible, and thus, we may assume that the marking
φ extends to a marking φ : H2(Xs,C) → L for all fibers Xs with s ∈ SM . Thus, we obtain a
period point φ(H2,0(Xs)) ∈ DN for all s ∈ SM with respect to the extended marking. By the local
Torelli theorem for K3 surfaces [241, Exposé V], the resulting local period map p : SM → DN
is holomorphic and locally an isomorphism in a neighborhood around the point corresponding to
(X,φ). Thus, if KM is the fine moduli space of marked M -polarized K3 surfaces from Proposition
5.2.7, then these local period maps glue to a holomorphic map

p : KM → DN .

Being locally an isomorphism, p is étale, but not necessarily injective. In the following Proposition
we describe the fibers. Let z ∈ QN and let π be a positive definite oriented plane in NR associated



5.2. LATTICE POLARIZED K3 SURFACES 505

to z. Let π⊥ be its orthogonal complement in LR. It contains MR. Let Wπ be the 2-reflection group
of π⊥ ∩ L. It acts on M and its subgroup leaving C(M) invariant is contained in the reflection
group W (π⊥ ∩N). We denote it by Wπ(N). Applying the Global Torelli Theorem for Kähler K3
surfaces from [99], one obtain the following theorem (see [171, Theorem (3.1)]).

Theorem 5.2.9. The restriction

p′ := p|KM : KM → DN

of the period map p to the subset KM of marked M -polarized K3 surfaces is surjective. For all
π ∈ DN , there is a natural bijection between the fiber p′−1(π) and the subgroup Wπ(N).

To determine the image of Ka
M under the period map, we recall and define

N−2 =
{
δ ∈ N | δ2 = −2

}
HN,δ := {x ∈ NC |x · δ = 0} , δ ∈ N−2,
HN (−n) :=

⋃
δ∈N−n Hδ ∩ DN ,

D◦N := DN \HN (−2)

and note that D◦N is an open and dense subset of DN .

The divisorHN (−n) is called the Heegner divisor. If n = 2, then we also call it the discriminant
of the period domain. Now, if (X,φ) is an ample marked M -polarized K3 surface, then the ample-
ness assumption implies c1(j(M))⊥ ∩ H1,1(X) does not contain vectors δ with δ2 = −2. Thus,
the period point π := φ(H2,0(X)) satisfies π⊥ ∩N−2 = ∅, and we obtain the following corollary,
see [171, Corollary (3.2)].

Corollary 5.2.10. The restriction
p|Ka

M
: Ka

M → D◦N
of the period map p to the subset Ka

M of marked ample M -polarized K3 surfaces is bijective. In
particular, the points in HN are the period points of marked pseudo-ample but not ample M -
polarized K3 surfaces.

Note that during the proof of Theorem 5.2.9 and its Corollary, we used the following Global Torelli
Theorem for K3 surfaces. In fact, this result is the key to the injectivity of the period map p. We
refer to [583] for the original proof, other proofs can be found in [42] or [241].

Theorem 5.2.11 (Global Torelli Theorem). Let X,X ′ be complex algebraic K3 surfaces and let
φ : H2(X,Z) → H2(X ′,Z) be an isometry such that the induced linear isomorphism φC :
H2(X,C) → H2(X ′,C) sends H2,0(X) to H2,0(X ′) and that it also sends the nef cone Nef(X)
to the nef cone Nef(X ′). Then, there exists a unique isomorphism f : X ′ → X , such that φ = f∗.

Note that the condition φ(Nef(X)) = Nef(X ′) is equivalent to one of the following conditions:

(i) f(Eff(X)) = Eff(X ′);

(ii) f(Amp(X)) ∩Amp(X ′) 6= ∅;
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(iii) f(Amp(X)) = Amp(X ′);

(iv) f(R(X)) = R(X ′).

In Proposition 5.2.7, we constructed algebraic moduli spaces for (ample) M -polarized K3 sur-
faces. To link these moduli spaces to the analytic moduli spaces of marked and M -polarized K3
surfaces, we have to get rid of the markings. Let M be a primitive sublattice of finite index of a
non-degenerate lattice L. Suppose an isometry σ of M acts as identity on the discriminant group
D(M). Using the chain of sublattices (see Section (0.8)), we see that σ acts identically on L/M ,
transforming any x ∈ L to x + m ∈ L,m ∈ M . In particular, it defines an isometry of L that
restricts to the isometry σ. Applying this to our situation, let

O(N)] := Ker (O(N)→ O(D(N)) . (5.2.1)

We introduced this notation in Section 0.8 for an arbitrary even non-degenerate lattice N . As we
explained in this section, for any σ ∈ O(N)], the isometry idM ⊕σ extends to an isometry of L.
Conversely, if σ̃ is an isometry of L that leaves M invariant and acts as identity on it, then its
restriction to M⊥ = N belongs to O(N)].

An element σ ∈ O(N)] acts as identity on O(D(M ⊕N)) and hence extends to an isometry σ̃ ∈
O(L) that leaves both M and N invariant and acts as identity on M . Therefore, the group O(N)]

acts on KM by replacing the marking of a K3 surface, but not changing the lattice polarization. The
group O(N) contains a subgroup of index ≤ 2 that is an arithmetic group of automorphisms of a
Hermitian symmetric domain. This implies that O(N) and hence O(N)], acts discretely onDN and
that the quotient has a uniquely defined structure of a quasi-projective algebraic variety, see [43].
We come back to the structure of this quasi-projective variety in Section 5.9 below.

Since any reflection in an element δ ∈ N−2 belongs to the subgroup O(N)], each fiber of the map
p : KM → DN is mapped to the same O(N)]-orbit KM . Thus, by Theorem 5.2.9, we obtain a
bijection

MK3,M := O(N)]\KM ∼= O(N)]\DN . (5.2.2)

The points of the quotient on the left are precisely the isomorphism classes of M -polarized K3
surfaces, where we fixed the embedding of M into L. Changing the embedding may change N and
hence the group O(N)] and the corresponding quotient.

The quotient on the right carries the structure of a quasi-projective variety. However, we should
warn that the moduli functor K3M is not a separated Deligne-Mumford stack and thatMK3,M is
not its coarse moduli space. We only have a bijection of points between the isomorphism classes of
complex M -polarized K3 surfaces and points ofMK3,M .

Finally, we assume that M has the property that every two primitive embeddings into L dif-
fer by an isometry of L. For example, it is true if rank M ≤ 9, hence l(M) ≤ 9. Then
rank N ≥ 13 > 2 + l(N) = l(M). Theorem 0.8.5 implies that all primitive embedding of
N , and hence of M are equivalent. Now, if (X, j) is an M -polarized K3 surface, we obtain a
primitive embedding M → Pic(X) → H2(X,Z) ∼= L into the K3 lattice. By assumption, we
can change this previous embedding so that it coincides with the fixed one. Thus, the pair (X, j)
occurs as a point of O(N)]\DN and we may view this latter quotient as the moduli space of M -
polarized K3 surfaces. In fact, following [241, Exposé XIII], one can show that O(N)]\DN is a
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coarse moduli space of M -polarized K3 surfaces. In Section 5.11 we will discuss compactifications
of the quotients O(N)]\DN , which will be projective algebraic varieties. The existence of such
compactifications implies that the just considered quotients are quasi-projective varieties. More-
over, it follows from [171, Proposition 5.6] that these varieties are irreducible if N contains a direct
summand isomorphic to U(m).

Proposition 5.2.12. Let M be an even non-degenerate sublattice of L of signature (1, t) with t ≤ 9
and set N = M⊥.

1. The quotient O(N)]\DN has the structure of a quasi-projective variety and its points are
in a natural bijection with isomorphism classes of lattice M polarized K3 surfaces. It is
irreducible if N contains a direct summand isomorphic to U(m) (this condition is satisfied,
for example, if rankN ≥ l(N) + 3 [541, Proposition 1.13.5]).

2. The quotient O(N)]\D◦N is an open subvariety of O(N)]\DN , and it is the coarse moduli
space for the moduli space K3a

M of ample M -polarized K3 surfaces.

3. The quotient O(N)]\D◦N is a Zariski open subset of O(N)]\DN , whose complement is a
union of finitely many hypersurfaces.

Example 5.2.13. Assume M = 〈2d〉. We have O(M) = {±1} and O(D(M)) = O(〈 1
2d〉) ∼=

(Z/2Z)p(d), where p(d) is the number of prime divisors of d [619, Lemma 3.6.1]. Although the
homomorphism ρM : O(M) → O(D(M)) is not surjective the homomorphism ρN : O(N) →
O(D(N)) is surjective. This follows from Theorem 0.8.5. The same theorem implies that all
primitive embeddings of N = E⊕2

10 ⊕ 〈−2d〉 into L are equivalent. Thus we can denote the moduli
space of lattice M polarized K3 surfaces by MK3,2d. It is an irreducible space of dimension 19
isomorphic to an arithmetic quotient of Γ]2d\DN , where Γ2d = O(N).

Let

M̌ = E10 ⊕ E8 ⊕ 〈−2d〉

be the orthogonal direct sum decomposition of U⊥ in N . The moduli space MK3,M̌ is one-
dimensional, it is the mirror moduli space, see [171]. We have M̌⊥ ∼= U ⊕ 〈2d〉. The period
space DM̌⊥ is the union of two copies of the upper half plane H = {z = a + bi ∈ C : b > 0}.
The subgroup of O(M̌⊥)] that fixes one of the copies is isomorphic to the modular group Γ0(d)+.
It is a subgroup of PSL(2,R) generated by the modular group Γ0(d) ⊂ PSL(2,Z) and the Fricke

involution defined by the matrix
(

0 − 1√
n

1√
n

0

)
. Thus

MK3,M̌
∼= Γ0(d)+\H.

To obtainMa
K3,M̌

we have to throw awayN points, the orbits of points c
b+ i

b
√
d
, c ∈ Z and b|c2d+1.

They correspond to the isomorphism classes of K3 surfaces with Picard number 20 that contain a
(−2)-class in their Picard group orthogonal to M̌ . In other words, its transcendental lattice T (X) is
contained in the orthogonal complement of a (−2)-vector in the lattice 〈2d〉 ⊕U. One can compute
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the number N to get

N =


1 if d ≤ 4,

2h(−4d) if d ≡ 7 mod 8,

4h(−4d)/3 if d ≡ 3 mod 8, d ≥ 4,

h(−4n) otherwise,

where h(k) denotes the class number of integral primitive positive definite binary forms with dis-
criminant k (see [171, Theorem 7.3]).

Example 5.2.14. Assume M ∼= Pic(X). This corresponds to a general point ofMK3,M . We fix
one lattice polarization j0 : M → Pic(X) and choose C(M) to be the pre-image of the nef cone
Nef(X). Obviously, any polarization is ample and differ by an isometry of Pic(X) (or M ) that
preserves the nef cone Nef(X). We denote the group of such isometries by A(X). The elements of
A(X)] lift to isometries of H2(X,Z) that preserve the nef cone and act identically on T (X). Thus
they are realized by automorphisms of X .

Let A(C(M)) be the subgroup of O(M) that leaves invariant C(M). It follows from above that
A(C(M))0 = A(C(M) ∩ O(M)] acts identically on MK3,M . Assume that ρM : O(M) →
O(D(M)) and ρN : O(M) → O(D(M)) are surjective. Choose an isomorphism γ : D(M) →
D(N) such that qD(N) ◦ γ = −qD(M). Then it defines an isomorphism of groups O(D(M)) →
O(D(N)) and in this way O(D(N)) = O(N)/O(N)] acts onMK3,M by composing lattice po-
larizations j : M → Pic(X) with elements of A(C(M)). In the case A(C(M)) = O(M)′, we get
a geometric realization of the quotient space

MK3,M/O(D(M))′ = O(N)\DN

Its dense subset parameterizes K3 surfaces with Picard number ρ = rank M that admit a lattice M
polarization.

Let α : M ′ ↪→ M be a primitive sublattice of M of signature (1, t′). We choose the data
(V (M ′)+, C(M ′)+) such that α((V (M ′)+, C(M ′)◦)) ⊂ (V (M)+, C(M)◦). Note that the lat-
ter condition is equivalent to the condition that the orthogonal complement K of M ′ in M does not
contain vectors of norm square −2.

The forgetful functor defines a morphism of Deligne-Mumford stacks

F (α) :MK3,M →MK3,M,M ′ , F (α)a :Ma
K3,M →Ma

K3,M,M ′ (5.2.3)

where the target denotes the stack of lattice M ′ polarized K3 surfaces where we choose the em-
bedding M ′ ↪→ L equal to the composition M ′

α
↪→ M ↪→ L. Given a T -point ofMK3,M,M ′ , the

fiber
MK3,M ×MK3,M,M′ T

over this point is either empty or a torsor under the subgroup O(M)α of O(M) that restricts to
idM ′ on M ′. Since the orthogonal complement K of M ′ in M is negative definite the group
O(M)α is finite. Also, it follows from the assumption on α that any σ ∈ O(M)α leaves invari-
ant (V (M)+, C(M)+).
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Example 5.2.15. Choose M ′ = Zv ∼= 〈v2〉, where v ∈ C(M)◦. This defines a primitive embedding
α : M ′ ↪→ M . ThenMK3,M,v is an open substack of the stack PK3 of polarized K3 surfaces of
degree 2d = v2. The fibers of F (α) are either empty or torsors over the group O(M)α = O(M)v

Over the complex numbers, α defines a morphism of quasi-projective varieties

F (α) : O(N)]\DN → O(N ′)]\DN ′

whereN (resp. N ′) is the orthogonal complement ofM (resp. M ′) in L. Let O(N ′, N)] be the sub-
group of O(N ′)] of elements that leaveN ⊂ N ′ invariant. The image of the natural homomorphism
rN : O(N ′, N)] → O(N) is a subgroup of O(N) of isometries which can be lifted to isometries
of L which leaves invariant M = N⊥ and acts on M ′ identically. Let G̃(α) be the subgroup of the
image of rN that in its action on M leaves invariant (V (M)+, C(M)). It acts onDN with kernel of
the action equal to O(N)]. Let G(α) be the quotient group G̃(α)/O(N)]. It is isomorphic to the
group O(M)α from above. In this way, we see that

MK3,M,M ′ = O(N ′)]\DN ′ ∼= G̃\DN ∼=MK3,M/G(α). (5.2.4)

5.3 Marked and unmarked Enriques surfaces

In this section, we construct and discuss coarse moduli spaces of marked and unmarked Enriques
surfaces over the complex numbers using moduli spaces of ample E10(2)-lattice polarized K3 sur-
faces. On our way, we show that every two Enriques surfaces are diffeomorphic, we discuss their
automorphism groups, we establish the global Torelli theorem, and we introduce Coble surfaces.

Let us start with a more general situation, where we only assume that the characteristic satisfies
p 6= 2 so that the canonical cover of an Enriques surface is a K3 surface. In the previous section, we
defined the Deligne-Mumford stacksK3M andK3a

M . In the sequel, we will consider the case where
M is equal to or contains E10(2). Following Achter [3], we modify these functors and define the
functor in groupoids FM,ρ (resp. Fa

M,ρ) of triples (X → T, α, ρ), where (X → T, α) ∈ K3M (resp.
in K3a

M ) and ρ : µ2,T → Aut(X/T ) is a non-trivial homomorphism such that (PicX/T )µ2,T =

α(M) and µ2,T acts as minus the identity on H2(X ,OX ). The following assertion is proven in [3,
Proposition 3.6].

Proposition 5.3.1. The functorsFE10(2),ρ andFa
E10(2),ρ are represented by smooth Deligne-Mumford

stacks over Z of relative dimension 10. The stack Fa
E10(2),ρ is separated.

Applying the main theorem of Keel and Mori from [371] we obtain the following.

Corollary 5.3.2. The stacks FE10(2),ρ and Fa
E10(2),ρ admit coarse moduli spaces in the category of

algebraic spaces. The coarse moduli space of Fa
E10(2),ρ is separated.

We will now work over the complex numbers. We will show that the coarse moduli space of
FaE10(2),ρ is isomorphic to the coarse moduli space of K3aE10(2) and, as such, it is isomorphic to
an open subset of the arithmetic quotient O(N)]\DN , where N is the orthogonal complement of
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E10(2) in the K3-lattice L. Since such a description as an arithmetic quotient is not available in
positive characteristic p, it is not clear whether a coarse space of FaE10(2),ρ, if it exists, is irreducible
if p > 0.

First, we fix a primitive embedding of the lattice E10(2) in the K3-lattice L. Since D(E10(2)) ∼=
u5

2, we can apply Theorem 0.8.5 to obtain that all primitive embeddings of E10(2) are equivalent with
respect to O(L). We can fix one such an embedding as follows. We write E10(2) as the orthogonal
sum U(2)⊕ E8(2) and write L as the orthogonal sum U⊕3 ⊕ E⊕2

8 . Then we embed diagonallyU(2)
into U⊕ U and E8(2) into E8 ⊕ E8.

Lemma 5.3.3. Let X be a complex algebraic K3 surface.

1. Assume that there exists an involution g that acts as − id on the transcendental lattice T (X).
Then, the sublattice Pic(X)g

∗
of Pic(X) of divisor classes fixed by g∗ is a 2-elementary

lattice that contains an ample divisor class.

2. Conversely, let Pic(X)′ be a 2-elementary primitive sublattice of Pic(X) that contains an
ample divisor class. Then, there exists a unique involution g of X that acts as the identity on
Pic(X)′ and as the minus the identity on the transcendental lattice TX .

Proof. Let g be an involution of X such that g∗ acts as − idT (X) on the transcendental lattice
T (X). Thus, H2(X,Z)g

∗
is contained in Pic(X), which actually shows that Pic(X)g

∗
coincides

withH2(X,Z)g
∗
. Since g is of finite order, we can always find a g-invariant ample divisor class. Let

M := Pic(X)g
∗

and let N be the orthogonal complement of M in H2(X,Z) ∼= L. The restriction
of g∗ to N acts as − idN . Since it extends to an involution of L that acts trivially on the orthogonal
complement ofN , it acts as identity onD(N). This is possible only ifD(N) (and henceD(M)) is a
2-elementary abelian group. Thus N is an 2-elementary lattice and so is its orthogonal complement
M .

To prove the converse, we use the Global Torelli Theorem for K3 surfaces 5.2.11. Let M =
Pic(X) and N = M⊥ inside H2(X,Z). We define an involution σ of H2(X,Z) that extends the
involution σ0 = idM ⊕ − idN to an involution on H2(X,Z). Since M is 2-elementary, N is also
2-elementary and thus, σ0 acts trivially on its discriminant lattice, which implies that it extends to
H2(X,Z). Now, σ acts as − idT (X) on T (X) and hence, preserves H2,0(X) and leaves invariant
an ample divisor onX . By the Global Torelli Theorem, there exists a unique involution g ofX such
that σ = g∗. It acts as idM on M and as − idT (X) on T (X).

Let M be a 2-elementary lattice of rank r and signature (1, r − 1), that is, the discriminant group
of M is a 2-elementary abelian group (Z/2Z)l. All such lattices that admit a primitive embedding
into the K3 lattice L were classified by Nikulin [542]. It follows that the isomorphism class of M
is uniquely determined by a triple (r, l, δ), where δ is equal to 0 or 1 depending on whether the
quadratic form on D(M) is of even or odd type. All possible invariants (r, l, δ) can be found in
Nikulin’s triangle diagram in [542], section 6. In particular, we find that l ≤ 11 and r ≤ 11. Of
course, the lattice E10(2) is one of them and it corresponds to the triple (r, l, δ) = (10, 10, 0).

Let g be an involution on a complex algebraic K3 surface X that acts as minus the identity on
T (X). By the previous result M := Pic(X)g

∗
is a 2-elementary lattice and we let (r, l, δ) be the
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triple associated to M as defined in above. Then the locus of fixed points is described in [542,
Theorem 4.2.2]. We have

Xg =


∅ if (r, l, δ) = (10, 10, 0),

C
(1)
1 + C

(1)
2 if (r, l, δ) = (10, 8, 0),

C(g) +
∑k

i=1Ri otherwise,

(5.3.1)

where C(g) denotes a curve of genus g ≥ 0, Ri are disjoint (−2)-curves, and

g =
1

2
(22− r − l), k =

1

2
(r − l).

Proposition 5.3.4. LetM be a 2-elementary lattice. Then, the two functorsFaM,ρ andK3aM coincide
over the complex numbers.

Proof. Given a scheme T → Spec C, a family (X → T, jT , ρ) ∈ FaM,ρ(T ) defines a family in
FaM (T ) by forgetting the action ρ.

Conversely, let (f : X → T, jT , ρ) ∈ FaM (T ). Replacing T by a contractible set, we introduce a
marking of the family φT : LT → R2f∗ZX with φ = jT on M and, using Lemma 5.3.3, define an
involution σ on H2(X ,Z) that induces an involution gt on each fiber Xt with g∗t = σ. The union of
the graphs of these involutions on X ×X is the graph of an involution g̃ of X/T that restricts to the
involutions gt on fibers. The involution g̃ defines an action ρ : µ2,T → Aut(X/T ) that turns the
pair (f, jT ) into a family from FaM,ρ(T ). Since the functor FaM,ρ is a stack, the local families glue
together to a global family over T .

Definition 5.3.5. A marked Enriques surface is a pair (S, φ) of an Enriques surface S and an
isomorphism φ : Num(S) → E10 (called a marking). Two marked Enriques surfaces (S1, φ1) and
(S2, φ2) are said to be isomorphic if there exists an isomorphism of surfaces f : S1 → S2 such that
φ1 ◦ f∗ = ±φ2. A family of marked Enriques surfaces is a pair (f : S → T, jT ) that consists of
a family of Enriques surfaces f : S → T and an isomorphism of abelian sheaves jT : (E10)T →
PicS/T /PicτS/T that is compatible with the quadratic form on E10 and the intersection form on
PicS/T /PicτS/T .

We define an isomorphism of marked families (S → T, φ)→ (S ′ → T, φ′) to be an isomorphism
f : S/T → S ′/T , such that φ = f∗ ◦ φ′. It follows that for any t ∈ T , an automorphism of a
marked family acts as identity on the group Num(St). It follows from Proposition 8.2.1 in Volume
2 that the group of such automorphisms is finite. This allows to show that the functor Em of families
of marked Enriques surfaces is a Deligne-Mumford stack. We denote byMm

Enr its coarse moduli
space.

Corollary 5.3.6. Over an algebraically closed field of characteristic p 6= 2, the functor FaE10(2),ρ
coincides with the functor Em of marked Enriques surfaces.

Proof. Let M := E10(2) and let g be an involution on a lattice M -polarized K3 surface X with
Pic(X)g

∗
= j(M). Since p 6= 2, we can apply the Lefschetz fixed point formula

Lef(g) = Tr (g∗ : H∗ét(X,Q`)→ H∗ét(X,Q`)) = e(Xg)
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to conclude e(Xg) = 0. We set Y = X/(g) and we note that the map X → Y is generically étale
of degree 2. The Hurwitz type formula e(X) = 2e(Y )− e(Xg) gives that e(Y ) = 12. Since g acts
non-trivially on H0(X,ωX) and the map X → Y is generically étale, the classification of algebraic
surfaces shows that Y must be either an Enriques surface or a rational surface. A rational surface
with e(Y ) = 12 is not minimal, hence contains a (−1)-curve. Its pre-image on X is a g-invariant
(−2)-curve. Obviously, its class does not belong to j(M). This contradiction shows that Y must be
an Enriques surface.

Let (X → T, jT , ρ) ∈ FaM,ρ and let g be the involution on X defined by ρ. The restriction
of g to each fiber has no fixed points, hence g has no fixed points on X and the quotient family
is a smooth family of Enriques surfaces. The lattice polarization jT descends to a marking of
the family. Conversely, let (S → T, φ) be a smooth family of marked Enriques surfaces. Then,
ωS/T ∈ PicτS/T (T ) is a non-zero 2-torsion element. It defines an étale degree 2 cover π : X →
S, whose fibers Xt are the K3-covers of the fibers St. Thus, it is a smooth family X → T of
K3 surfaces. The marking φ : (E10)T → PicS/T /PicτS/T defines a lattice E10(2)-polarization
φ∗(JT ) : E10(2) → PicX/T . Since PicS/T (T ) contains a relatively ample invertible sheaf, the
lattice polarization is ample.

Corollary 5.3.7. Over an algebraically closed field of characteristic p 6= 2, the coarse moduli
space of the functor FaE10(2) is isomorphic toMm

Enr.

We have learnt that any ample lattice E10(2)-polarized complex K3 surface (X, j) admits a fixed-
point involution τ . Choose a marking φ : H2(X,Z) → L compatible with j, then T (X) =
Pic(X)⊥ admits a primitive embedding in N = E10(2)⊥ = U⊕ E10(2). Since the polarization j is
ample, the orthogonal complement of j(E10) in Pic(X) does not contain divisor classes with self-
intersection−2. Since its image K under φ coincides with the orthogonal complement of φ(T (X))
in N , we have K−2 = ∅. Let us prove the converse (see [373, Theorem 1]).

Theorem 5.3.8. A complex K3 surface X admits a fixed-point-free involution if and only if T (X)
admits a primitive embedding into the latticeN = U⊕E10(2) such that the orthogonal complement
of the image does not contain vectors of norm square −2.

Proof. Let ι : T (X) ↪→ N be a primitive embedding satisfying the assumption from the theorem.
Its composition with the inclusion N ⊂ L gives a primitive embedding of T (X) into L. Choose
a marking φ : H2(X,Z) → L, then its restriction to T (X) defines another primitive embedding
of T (X) into L. Suppose we prove that all primitive embeddings of T (X) into L are equivalent.
Then. composing with an isometry of L we may assume that φ(T (X)) ⊂ N . Then M = E10(2) ⊂
φ(Pic(X)) and hence φ|Pic(X) defines a lattice M polarization j : M ↪→ Pic(X) of X . After e
choose V (M)+ appropriately, we may assume that j(V (M)+) = j(C(M)) ⊂ V (Pic(X))+. By
assumption, Pic(X) has no (−2)-divisor classes in the orthogonal complement of j(M), hence the
image of V (M)+ lies in the interior of Nef(X) and hence contains an ample divisor class. Thus the
lattice M polarization is ample, and hence X admits a fixed-point-free involution.

It remains to prove that all primitive embedding of T (X) into L are equivalent. We follow an
argument due to H. Ohashi. Let t(X) = 22 − ρ(X) ≤ 12 be the rank of T (X). If t(X) = 12,
then M ∼= Pic(X) and we know that all primitive embeddings of the Enriques lattice into the K3
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lattice are equivalent. If t(X) ≤ 10, then ρ(X) ≥ 12 and l(Pic(X)) ≤ 10. Applying Theorem
0.8.5, we obtain that all primitive embeddings of Pic(X) into L are equivalent, hence all primitive
embeddings of T (X) into L are equivalent.

It remains to consider the case t(X) = ρ(X) = 11. In this case rank K = 1 and hence K ∼=
〈−2n〉. Since, by assumption, K−2 = ∅, we have n ≥ 2. The lattice Pic(X) = T (X)⊥ contains
E10(2)⊕〈−2n〉 as a sublattice of finite index, and hence the embedding E10(2)⊕〈−2n〉 ↪→ Pic(X)
corresponds to an isomorphism γ : H → H ′ ⊂ D(〈−2n〉 of a subgroup H of u⊕5

2 to a subgroup
H ′ of D(〈−2n〉). Since H is an elementary 2-group and D(〈−2n〉) is cyclic of order 2n, we have
two possibilities: (a) H = H ′ = {1} and (b) H and H are of order 2. Since u⊕5

2 is isomorphic to
the even non-degenerate quadratic space F10

2 and the group of its symmetries acts transitively on its
non-zero elements, we can fix H and hence γ. In case (a) we get M = E10(2)⊕〈−2n〉, and in case
(b) we get M ∼= U⊕E8(2)⊕〈−4k〉. It remains to apply Theorem 0.8.5 to obtain the uniqueness of
a primitive embedding of Pic(X) into L.

All possible isomorphism classes of transcendental lattices of K3 surfaces admitting a fixed-point-
free involution have been classified in [90]. There are only 11 of them of rank T (X) ≥ 7.

We will further discuss the functor Em in characteristic p = 2 in Section 5.11.

We remind the reader that we introduced period spaces for K3 surfaces, orthogonal groups acting
on them, and Heegner divisors in Section 5.2. To simplify the notation, we set

DEnr := DE10(2)⊥ ,

Hδ := HE10(2)⊥,δ, δ ∈ E10(2)⊥,

H(−2n) := ∪δ∈(E10(2)⊥)−2n
HE10(2)⊥,δ,

D◦Enr := D◦E10(2)⊥ .

We also set
ΓEnr = O(E10(2)⊥)], ΓEnr(2)] := O(E⊥10)]

Taking into account Proposition 5.2.12, Proposition 5.3.4, Corollary 5.3.6, and Corollary 5.2.10, we
obtain the following.

Theorem 5.3.9. Over the complex numbers, the period map KaE10(2) → DEnr defines an isomor-
phism

Mm
Enr := Γ]Enr\D

◦
Enr.

In particular,Mm
Enr carries the structure of a 10-dimensional irreducible quasi-projective variety

over C,

A projective model of a compactification of the moduli spaceMm
Enr is described in Appendix A.3

written by S. Kondō.

Since this space is irreducible, it is connected, which has the following important application to
the differential topology of complex Enriques surfaces.
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Corollary 5.3.10. Any two complex Enriques surfaces are homeomorphic and diffeomorphic as
four-manifolds.

To get rid of a marking, we consider the group O(E10(2))′ ∼= O(E10)′ = W (E10) and note that we
have to restrict to isometries of the lattice M that preserve V (M)+. We have a natural isomorphism

E10(1
2)/2E10(1

2) → E10(2)∨/E(2) = D(E10(2)). (5.3.2)

Using this, we can identify the quadratic form qE10(2) with an even quadratic form on the vector
space E10/2E10

∼= F10
2 and obtain an isomorphism

O
(
D(E10(2), qE10(2))

) ∼= O+(10,F2),

see Corollary 6.4.6 in Section 6.4 of Volume 2. Also, the natural homomorphisms give rise to a
commutative diagram

O(E10)

��

φ // O(E10(2))

��
O(E10/2E10)

φ̄ // O(D(E10(2)))

where the horizontal arrows are isomorphisms. Applying Theorem 0.8.5, we see that the right
vertical arrow is surjective, so the left vertical arrow is also surjective. By the same theorem, an
isometry of E10, identified with an isometry of E10(2), lifts to an isometry of E10(2)⊥ and hence
acts onMm

Enr by changing the markings. The kernel of this action is the 2-congruence subgroup
W (E10)(2) identified with O(E10(2))]. The quotient by the action of

W (E10) := W (E10)/W (E10)(2) ∼= O+(10,F2)

is identified with the action of the quotient of ΓEnr/Γ
]
Enr on DEnr.

We set
MEnr := ΓEnr\Mm

Enr =Mm
K3/W (E10)

and call it the moduli space of (unmarked) complex Enriques surfaces.

The group W (E10) does not act freely onMm
Enr. The stabilizer subgroup of (X,φ) is equal to the

image Aut(S)∗φ of the group

φ∗(Aut(S)∗) := φ−1 ◦Aut(S) ◦ φ.

in W (E10). In other words

Aut(S)∗φ = φ∗(Aut(S)∗)/φ∗(Aut(S)∗) ∩W (E10)(2). (5.3.3)

As we will see later, the group of automorphisms of an unnodal Enriques surface is an infinite dis-
crete group. Thus, although we can define the stack of Enriques surfaces, it is not an algebraic stack
and it is unclear whether it admits a coarse moduli space. In particular, our moduli spaceMEnr is
not a coarse moduli space in the usual sense because the automorphism group of a general Enriques
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surface is infinite. What we can really say is that its points are in a bijective correspondence with the
set of isomorphism classes of complex Enriques surface and this correspondence is compatible with
the bijection between the set of isomorphism classes of marked Enriques surfaces and the points of
its coarse moduli space.

Remark 5.3.11. Note that via the isomorphism (5.3.2), a marking i : Num(S)→ E10 of an Enriques
surface S defines an isomorphism

(E10/2E10, qE10 mod 2) ∼= (F10
2 , q)→ (Num(S)/2 Num(S), qNum(S) mod 2)

that can be thought as a 2-level structure on Num(S) by analogy with the 2-level structure on a
principally polarized abelian variety of dimension g that defines an isomorphism between the group
of 2-torsion points in its Picard variety equipped with the Weil pairing and the space F2g

2 equipped
with the standard non-degenerate symplectic form

∑g
i=1(xiyi+g + xi+gyi) (see [527, Chapter IV,

20]).

We have learnt that the canonical cover X of a general Enriques surface S admits a unique lattice
E10(2) polarization and hence its transcendental lattice is isomorphic to U⊕ E10(2).

Let (X, j) be a K3 surface with an ample lattice polarization j : M → Pic(X) such that j is
bijective. We discussed such lattice polarizations in Example 5.2.14. We have N = M⊥ ∼= T (X),
where T (X) is the transcendental lattice of X .

It is a natural question whether a given K3 surface X admits a fixed-point-free involution and how
many of them, up to conjugacy by automorphisms of the surface. In the case k = C, we we gave in
Theorem 5.3.8 a necessary and sufficient condition for the existence of such an involution in terms
of the transcendental lattice T (X) of X .

Let τ be a fixed-point-free involution on X , then Pic(X)τ is isomorphic to Num(X/(τ))(2) ∼=
E10(2). Thus any fixed-point-free involution of X defines a primitive sublattice of Pic(X) iso-
morphic to E10(2) that does not contain a (−2)-vector in its orthogonal complement. In its turn,
it defines an ample lattice E10(2) polarization on X . However, we identify two such polarizations
if they differ by an isometry of E10(2). Let M be the set of such sublattices of Pic(X) and let
{M1, . . . ,Mk} be representatives of the orbits of O(Pic(X)) on M. For any Mi let Ḡi be the
image of the stabilizer subgroup Gi of Mi under the homomorphism ρPic(X) : O(Pic(X)) →
O(D(Pic(X))). Let

B :=

k∑
i=1

[O(D(Pic(X))) : Ḡi]. (5.3.4)

The following theorem belongs to H. Ohashi [562].

Theorem 5.3.12. The number of conjugacy classes of fixed-point free involutions on a complex
algebraic K3 surface is less than or equal to the number B from (5.3.4). It is equal to this number
if the homomorphism O(Pic(X))→ O(D(Pic(X))) is surjective and AutHdg(T (X)) = {±1}.

Proof. Let Ni be the number of fixed-point-free involutions τ of X such that Pic(X)τ belongs
to the orbit of Mi. Let σ ∈ O(Pic(X))′, composing it with some reflection w ∈ WX , we may
assume that Mi → Pic(X) is an ample lattice polarization ji : E10(2) → Pic(X). Then we know
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that it defines a fixed-point-free involution τi of X . The stabilizer subgroup of ji in O(Pic(X))
is equal to the subgroup A(X) preserving the ample cone of X . Its subgroup A(X)] extends to
a group of automorphisms of X and all involution from the orbit of A(X)] of ji define conjugate
involutions. Thus the number of conjugacy classes of involutions defined by the orbit of Mj is at
most [A(X) : A(X)]] = [O(D(Pic(X))) : Ḡi]. This proves the asserted bound.

Suppose ρ = ρPic(X) is surjective. Let Ki be the orthogonal complement of Mi. Since M
is 2-elementary, the isometry (− idM , idKi) of M ⊕ Ki extends to an isometry of Pic(X) that
does not preserve V (M)+ and hence does not preserve the ample cone of X . Since its image
in D(M ⊕ Ki) is trivial, its lift to O(Pic(X)) belongs to O(Pic(X))]. Thus the restriction of
ρ to its index 2 subgroup O(Pic(X))′ of elements preserving V (Pic(X))+ is surjective. Since
W (Num(X)) is contained in O(Pic(X))] and O(Pic(X))′ = W (Num(X)) o A(X), we see
that ρ defines a surjective homomorphism A(X) → O(D(Pic(X))). Thus the subgroup Ḡi of
O(D(Pic(X))) is equal to the image of some subgroup of A(X) and we may assume that Gi is
such a subgroup. The bound is sharp if no non-zero element σ from Ḡi is equal to the image of
g∗ for some g ∈ Aut(X). Here the second assumption is used. If σ is such an element then it
extends to an isometry of H2(X,Z) that leaves T (X) invariant and defines a non-trivial element
of O(D(T (X)) ∼= O(D(Pic(X))). But then it defines a Hodge isometry of T (X) different from
± idT (X), contradicting our assumption.

Example 5.3.13. The following example is taken from [562]. It shows that the number of possible
fixed-point-free involutions on some complex K3 surface is unbounded.

Assume that X admits an ample E10(2)-polarization and rank(T (X)) = 11. It follows from
the proof of Theorem 5.3.8 that Pic(X) ∼= M , where M = E10(2) ⊕ 〈−2d〉, where d ≥ 2, or
M ∼= U ⊕ E8(2) ⊕ 〈−4d〉. We have O(D(Pic(X))) ∼= O(10,F2)+ × (Z/2Z)p(d) in the first case
and it is isomorphic to O(8,F2)+ × (Z/2Z)⊕p(2d) in the latter case. It follows from Theorem 0.8.5
that the homomorphism ρ : O(Pic(X)) → O(D(Pic(X))) is surjective. Also, since the rank of
T (X) is odd, AutHdg(T (X) = {±1} [313, Corollary 3.5].

Assume that M is as in the first case. Since Pic(X)(1
2) is an integral lattice, and any primitive

embedding of E10(2) in M is defined by a primitive embedding of the unimodular lattice E10 in
Pic(X)(1

2). It follows from Theorem 0.8.5 that all such embedding are equivalent. Let K be the
orthogonal complement of E10(2) in M . It is isomorphic to 〈−2d〉. The stabilizer of the embedding
E10(2) → M is equal to O(E10(2)) × O(〈−2d〉). Since the homomorphism ρE10(2) is surjective,
we obtain that the image of K in O(D(M)) is isomorphic to O(D(E10(2))× {±1}. Its index B in
O(D(M)) is at least 1

2#O(〈− 1
2d〉). Using [619], we see that B ≥ 2p(d)−1 (in fact, it follows from

[562, Lemma 3.1] that B = 210+p(d)).

Example 5.3.14. Let A be an abelian surface and let X be the minimal resolution of the Kummer
surface Kum(A) = A/(ι), where ι is the negation involution. If no confusion arises, we continue
to call it a Kummer surface. Let Ã → A be the blow-up of 16 fixed points of ι and let π : Ã → X
be the quotient map for the action of the lift of ι to Ã. The homomorphism π∗ : H2(X,Z) →
H2(Ã,Z) defines an isomorphism of lattices T (X)(2) → T (A)[313, Chapter 3,2.5]. Since the
sum of the classes of the exceptional curves of X → Kum(A) is divisible by 2, the sublattice of
Pic(X) generated by the classes of the exceptional curves is not primitive. In fact, its primitive
closure (called the Kummer lattice) is defined by an isotropic subgroup of D(〈−2〉⊕16) isomorphic
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to (Z/2Z)⊕5 [313, Chapter 14.3.3].

Since H2(A,Z) is a unimodular even lattice of signature (3, 3), it is isomorphic to U⊕3. The
Néron-Severi lattice NS(A) is equal to the image of Pic(A) in H2(A,Z) under the Chern class
map c1. It is isomorphic to the numerical lattice Num(A). If A is moduli general, Num(A) is
isomorphic to 〈2d〉 for some positive integer d. Thus rankT (X) = 5 and ρ(X) = 17. We have
T (X) = T (A)(2) ∼= U(2)⊕2 ⊕ 〈−4d〉. If ρ(X) = 18 (resp. 19 or 20), T (X) ∼= T (2) ⊕ U(2)
(resp. T (2)) for some even hyperbolic lattice T . For example, if A = E1 × E2, where E1, E2 are
two non-isogenous elliptic curves, we have ρ(X) = 18. If A = E1 ×E2 are two isogenous elliptic
curves then ρ(X) ≥ 19. If A = E × E, where # Aut(E) > 2, then ρ(X) = 20.

Since T (X) is always contained in U(2)⊕2 ⊕ 〈−4d〉, we can primitively embed it in N = U ⊕
U(2)⊕ E8(2) by embedding U(2)⊕ 〈−4d〉 into U⊕ E8(2). Less obvious fact is that we can find an
embedding such that its orthogonal complement does not contain (−2)-vectors (see [373, Theorem
2]). This shows that any Kummer surface admits a fixed-point-free involution.

To compute the number of them we apply Theorem 5.3.12. For example, assume thatA ∼= Jac(C)
of some general curve of genus 2. In this case Pic(A) ∼= 〈2〉 and T (X) ∼= U(2)⊕2⊕〈−4〉. One can
choose a representative Θ of a generator of NS(A) such that the linear system |2Θ| defines a map
A → P3 that factors through a closed embedding of Kum(A). Its image is a quartic surface with
16 ordinary nodes, a Kummer quartic surface. The linear subsystem of |4Θ| of divisors passing
through sixteen 2-torsion points of A defines a map of Ã that factors through a closed embedding of
X into P5 as a surface of degree 8. In appropriate projective coordinates it can be given by equations

5∑
i=0

x2
i =

5∑
i=0

aix
2
i =

5∑
i=0

a2
ix

2
i = 0,

where (a0, a1, . . . , a5) are branch points of the coverC → P1 defined by the hyperelliptic involution
of C (see [179, 10.3]). The group of automorphisms of X generated by changing the signs of the
coordinates is isomorphic to (Z/2Z)⊕5. Any automorphism obtained by changing the signs of
exactly three coordinates is fixed-point-free (for some reason which we do not want to discuss here,
it is called a switch). Note that the subring A of invariant element of the projective coordinate
ring of X in P5 is generated by x3, x4, x5 and yij = xixj , i, j ≤ 2. Thus the quotient Enriques
surface S is isomorphic to Proj A and admits two maps to P2 defines by the homomorphism
k[x3, x4, x5] → A and k[x0, x1, x2](2) → A. This agrees with our models of Enriques surfaces
defined by a polarization of degree 4 discussed in Section 3.4. We can express x2

0, x
2
1, x

2
3 as quadratic

forms in x3, x4, x5 and obtain the equations of S in P(1, 1, 1, 2, 2, 2) given by these quadratic forms
and the quadratic forms in x0, x1, x2 expressing the equations of the Verones surface ν2(P2) in P5.

There are also other examples of fixed-point-free involutions.

It is known that a minimal nonsingular model of the Hesse quartic surface of a Sylverster non-
degenerate cubic surface is a K3 surface that admits a natural fixed-point-free involution (see Ex-
ample 6.4.19 in Volume 2). It was shown by Hutchinson that the Kummer surface associated to
a the Jacobian variety of a curve of genus 2 admits a birational model isomorphic to the Hessian
surface of a cubic surface (it must be a special cubic surface) (see [174] and the references there).
Each such model is defined by a choice of a Weber hexad of nodes on Kum(A). Another type of
a fixed-point-free involution is also due to Hutchinson. It is defined by a cubic Cremona involution
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with the set of four fundamental points forming a Göpel tetrad of nodes. It is shown in [563] that the
set of conjugacy classes of fixed-point-free involutions on X can be represented by 10 switches, 6
Hutchinson-Weber involutions and 15 Hutchinson-Göpel involutions (see Vol. 2, Theorem 10.7.4).
We will give later in Volume 2 many examples of fixed-point-free involutions on Kummer surfaces
of other types.

5.4 Moduli space of Coble surfaces of K3 type

In this section, we will show that the Heegner divisor

Γ]Enr\H(−2) = Γ]Enr\(DEnr −D◦Enr)

is irreducible and that it contains a dense and locally closed subset that parameterizes isomorphism
classes of marked Coble surfaces which we will discuss in this section. We denote this devisor by
Mm

Coble and its image in ΓEnr\DEnr byMm
Coble.

We will start with the following nice observation of Allcock [6], Lemma 1.

Lemma 5.4.1. Let M be an even unimodular lattice and set N := M(2)⊕U. Then, there exists an
odd lattice N ′ isomorphic to M ⊕ I1,1 with N ′R = NR, such that every isometry of N extended to
NR preserves N ′ and vice-versa. In particular, O(M(2)⊕ U) ∼= O(M ⊕ I1,1).

Proof. Note that the lattice 1√
2
M(2) ⊂MR is isomorphic to M and that 1√

2
U ∼= U(1

2). Thus, there

exists an isometry of lattices ( 1√
2
N)∨ ∼= M ⊕ U(2). Its discriminant quadratic form is isomorphic

to the discriminant quadratic form of U(2) given by the Gram matrix 1
2 · ( 0 1

1 0 ). A suitable non-zero
non-isotropic vector defines an unimodular odd overlattice of U(2), which must be isomorphic to
I1,1. Thus, ( 1√

2
N)∨ lies inN ′ = M⊕ I1,1. We can recoverN fromN ′ as (

√
2N ′ev)∨, whereN ′ev is

the maximal even sublattice of N ′. It is clear that any isometry of N or N ′ preserves the other.

Corollary 5.4.2. The boundary
Mm

Coble := Γ]Enr\H(−2)

ofMm
Enr in Γ]Enr\DEnr is an irreducible divisor.

Proof. This follows from the fact that all (−2)-vectors in E10(2) ⊕ U form one orbit with respect
to the Γ]Enr. First we see that that they form one orbit with respect to ΓEnr = O(E10)′. We apply
Lemma 5.4.1 to M = E10. Then, the set of vectors of norm −2 in N := E10(2)⊥ = E10(2) ⊕ U
corresponds bijectively to the set of vectors of norm −1 in N ′ := E10 ⊕ I1,1. Next, we use that
O(E10 ⊕ I1,1) acts transitively on vectors of norm −1. In fact, for any such vector v, the orthogonal
complement 〈v〉⊥ is an odd unimodular lattice of signature (1, 10) and hence, by Proposition 0.8.7,
it must be isomorphic to I1,9, which gives a decomposition

E10 ⊕ I1,1 = 〈v〉 ⊕ 〈v〉⊥ = 〈−1〉 ⊕ I1,10.

Given two vectors of norm −1, it is immediate that there exists an isometry sending one to another.
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To see that there is only one orbit under the Γ]Enr-action, we use an argument from [400, Lemma
2.1]. Since Γ]Enr is a normal subgroup of ΓEnr with quotient D(E20(2)), it follows that the number
of orbits is equal to

c :=
[ΓEnr : (Γ]Enr]

[(ΓEnr)r : (Γ]Enr)r]
,

where r ∈ N−2. However, the reflection sr defined by r belongs to Γ]Enr, so that the natural map
from (ΓEnr)r/(Γ

]
Enr)r to D(E10(2)) is an isomorphism. This implies that c is equal to 1.

We recall the definition of a Coble surface from [173].

Definition 5.4.3. A Coble surface is a smooth projective rational surface V with | −KV| = ∅ and
| − 2KV| 6= ∅.

We will be interested only in terminal Coble surfaces of K3 type, see [173], Section 6.1. These are
Coble surfaces with | − 2KV| = {C1 + · · · + Cn}, where C1, . . . , Cn are disjoint smooth rational
surfaces with self-intersection −4, which we will call (−4)-curves for short. Following Mukai, we
call these (−4)-curves the boundary components and the union of them the boundary of V .

In characteristic p 6= 2, the double cover π : X → V branched along C1 + · · · + Cn is a K3
surface X . The pre-images C̄i of the curves Ci are disjoint (−2)-curves on X . Generically, the
ramification divisor of the cover is described by (5.3.1), where g = 0 and k = n− 1. Thus Pic(X)
is a 2-elementary lattice of rank r = 10 + n and the rank l of the 2-elementary discriminant group
equal to 12− n.

It is known that V is a basic rational surface, that is, it admits a birational morphism f : V → P2

that decomposes as the blow-up of N points, which are allowed to be infinitely near. The condition
| −KV| = ∅ implies that N ≥ 10, so that rank Pic(V) ≥ 11. We have

K2
V = 9−N = −n (5.4.1)

Now, let (e0, e1, . . . , eN ) be a geometric basis in Pic(V ) as introduced in (0.5.3) in Section 0.3. A
marking of V is a choice of such a geometric basis. It defines an isomorphism of lattices Pic(V)→
I1,N . The sublattice Pic(V)′ of Pic(V) spanned by e0, e1, . . . , e10 is a sublattice of I1,N , which is
isomorphic to I1,10. It contains the lattice isomorphic to E10 as the orthogonal complement to the
vector k10 := 3e0 − e1 − · · · − e10.

Let M = Pic(X)′ be the sublattice of Pic(X) generated by π∗(Pic(V)) and the classes of the
curves C̄i. It is a 2-elementary sublattice of Pic(X) of index 2k−1 in π∗(Pic(V)) ∼= I1,N (2). Taking
into account formula (5.4.1), we obtain

l(D(M)) = l(I1,N (2))− 2(n− 1) = 21−N.

This agrees with formula (5.3.1), where g = 0 and k = n − 1. Thus, generically, Pic(X) is a
2-elementary lattice of rank r = 10 +n and the rank l of the 2-elementary discriminant group equal
to 12 − n. The discriminant quadratic form could be of even or of odd type. The following Table
is based on Nikulin’s classification of 2-elementary lattices (see [542, 4.3] or Theorem 10.1.6 in
Section 10.1 of volume 2).
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Note all such lattices are marked on the the right-hand-side of the triangle Table of Nikulin.

We now give some explicit constructions of Coble surfaces. Let dP5 be a del Pezzo surface of
degree 5, see also Section 0.5.

Example 5.4.4. We recall that a dP5 is obtained by blowing up four points p1, p2, p3, p4 in the
projective plane P2, which are in general position, that is, no three of them are collinear. A general
member of the linear system | − 2KdP5 | is of proper transform of a plane curve of degree 6 with
double points p1, . . . , p4. Let B be a member from | − 2KdP5 | that is either a rational irreducible
curve with double points (including infinitely near) or a reducible curve which consists of h > 1
irreducible rational components B1, . . . , bh and such that all singular points of B are double points.
Let V be the blow-up of dP5 with centers at the singular points of B. It is a Coble surface with
N = 4 + δ, where δ is the number of singular points of B. Since pa(B) = 6, the formula pa =∑h

i=1 gi+ δ−h+ 1 implies that δ = 5 +h. Moreover, in the anti-canonical embedding dP5 → P5,
the curve B is of degree 10, so we obtain h ≤ 10. We have the following extreme cases

1. If B is irreducible, then h = 1, δ = 6, N = 10, and V is the Coble surface originally
considered by A. Coble, namely, the blow-up of the 10 nodes of a plane rational sextic curve.
This realizes the top row of Table 5.1.

2. If the Coble surface V is obtained by blowing up the 15 intersection points of ten lines on
dP5, then we have h = 10, δ = 15, and N = 19. This realizes the bottom row of Table
5.1. Moreover, the double cover of V branched over B is isomorphic to one of the two most
algebraic K3 surfaces studied by E. Vinberg in [702].

Example 5.4.5. It is known that a dP5 contains 5 pencils of conics, see also the end of Section
0.5. They are the proper transforms of pencils of lines through each point pi and the pencil of
conics through the four points pi. Two conics from different families intersect transversally at one
point. We choose one conic Ki from each pencil. They mutually intersect in 10 =

(
5
2

)
points

qij = Ki∩Kj . Suppose K1, . . . ,Ks with 0 ≤ s ≤ 5 are reducible conics and let q1, . . . , qs be their
singular points if s > 0. Let V be the blow-up of dP5 with centers at the 10+s points qij , q1, . . . , qs.

This is a Coble surface with the boundary C1 + · · ·+C5+s ∈ |−2KV |. A general surface obtained
in this way depends on 5− s parameters and represents a general Coble surface with n = 5, . . . , 10
or, equivalently, N = 14, ..., 19, whose K3 double cover has transcendental lattice I2,5−s(2).

To construct the other case with n = 8, where M⊥ ∼= U(2)⊕2 of Table 5.1, we consider the
double cover of P1 × P1 branched along four curves of type (0, 1) and four curves of type (1, 0).
The corresponding K3 double cover is a nonsingular model of the Kummer surface associated to
the product of two elliptic curves. Of course, it can also obtained by blowing up points on dP5 or
P2.

The proof of the next proposition is completely analogous to Theorem 5.3.9 and we leave it to a
reader.

Proposition 5.4.6. Let M1 = E10(2) ⊕ A1, that is, the first lattice from Table 5.1. Then, K3aM1

admits an open embedding into K3E10(2), such that its image under the period map is an open
subset ofMCoble. The coarse moduli space of K3aM1

is the coarse moduli space of marked Coble
surfaces with n = 1.
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Similarly, one can prove that for each lattice M of rank 10 + n from Table 5.1, the functor K3aM
admits an embedding into K3E10(2) as an open subset of an irreducible and closed subset of codi-
mension n − 1 of Γ]Enr\H(−2). It can be interpreted as a coarse moduli space of Coble surfaces
with n boundary components.

5.5 Automorphisms of complex Enriques surfaces

In this section, we study automorphisms of complex Enriques surfaces. The case of the ground field
of arbitrary characteristic is discussed in Chapter 8 of Volume 2.

We will see that the group of automorphisms of any Enriques surface is discrete and finitely
generated and will determine the automorphism group in the very general case.

We recall from Section 2.3 that a nodal curve on an Enriques surface S is a (−2)-curve, that is,
a smooth and rational curve, and we denote by R(S) the set of all nodal curves. The nodal Weyl
group W nod

S is the Weyl group associated to the root basis formed by the classes of R(S) inside
Num(S). Let W̃ nod

S be the image ofW nod
S in O(E10(2)) under the homomorphism π∗ : Num(S)→

Num(X) = Pic(X). For a smooth rational curve R ∈ R(S) with class δ = [R] ∈ Num(S), we
denote by rδ ∈ W nod

S the associated reflection. On the K3-cover π : X → S, the curve R splits
into the disjoint union of two (−2)-curves R′1 and R′2. Thus, π∗(δ) = δ′1 + δ′2, where δ′i = [R′i]. For
any x ∈ Num(S), we compute

π∗ (rδ(x)) = π∗(x+ (x · δ)δ) = π∗(x) + (x · δ)(δ′1 + δ′2)

= π∗(x) +
1

2
(π∗(x) · (δ′1 + δ′2))(δ′1 + δ′2)

= π∗(x) + (π∗(x) · δ′1)δ′1 + (π∗(x) · δ′2)δ′2

= rδ′1 ◦ rδ′2(π∗(x)).

This shows that W̃ nod
S can be extended to a subgroup of the Weyl group W nod

X := W (Pic(X))
of Pic(X) by setting r̃δ :=: rδ′1 ◦ rδ′2 . It is easy to see that this subgroup is contained in W nod

X ∩
Cent(τ∗), where Cent(τ∗) is the centralizer of the covering involution τ∗ of X → S. In general,
it does not coincide with the centralizer of τ∗ in W nod

X . In fact, if S admits an elliptic fibration
with an irreducible nodal double fiber 2F0, then the pre-image of F0 in X splits into the sum of two
(−2)-curves R1 and R2 with R1 ·R2 = 2 and the product of the reflections r[R1] ◦ r[R2] belongs to
the centralizer, but does not come from W nod

S .

Theorem 5.5.1. Let Aut(S)∗ be the image of the automorphism group of S in O(Num(S))′ =
W (Num(S)). Then,

W (Num(S))(2) ⊂ W nod
S o Aut(S)∗.

Proof. We fix a marking Num(S) → E10 and its lift to a marking φ0 : H2(X.Z) → L such
that we can identify Num(S) with E10 and its image in Pic(X) with E10(2). The elements of the
group W (Num(S))(2) are lifted to isometries of L that act identically on E10(2)⊥. Let h be an
ample divisor class of S. We know that its pre-image h̃ = π∗(h) is an ample class in Pic(X). Let
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σ̃ ∈ O(E10(2))] be a lift of σ ∈ W (E10)(2). Composing σ̃ with the lift w̃ of some w ∈ W nod
S , we

may assume that w̃ ◦ σ̃(h̃) belongs to the ample cone Amp(X). By the Global Torelli theorem for
K3 surfaces 5.2.11, we obtain that w̃ ◦ σ̃ = g′∗ for some automorphism g′ of X . Since both w̃ and
σ̃ commute with τ , we obtain that g′ descends to an automorphism g of S. Thus, any element of
W (E10)(2) can be written as the product of an element of W nod

S and an element of Aut(S)∗. So
we obtain that W (Num(S))(2) is contained in the subgroup G = W nod

S · Aut(S)∗ generated by
W nod
S and Aut(S)∗. Clearly, Aut(S)∗ normalizes W nod

S and hence W nod
S is a normal subgroup of

G. Since no element of W nod
S leaves the nef cone invariant, we see that W nod

S ∩ Aut(S)∗ = {1}.
This proves the assertion of the theorem.

Corollary 5.5.2. Aut(S) is a finitely generated group.

Proof. We use that W (Num(S)) is isomorphic to the Coxeter group W2,3,7, which is finitely
generated by its Coxeter generators. We have just seen that the subgroup W nod

S o Aut(S)∗ of
W (Num(S)) contains a finitely generated subgroup of finite index, hence it is finitely gener-
ated. Since Aut(S)∗ is its quotient, it is also finitely generated. Finally, we use that the kernel
of Aut(S)→ Aut(S)∗ is a finite group (see Section 8.2).

Corollary 5.5.3. The action of Aut(S) in Nef(S)R has a rational polyhedral cone as a fundamental
domain. In particular, Aut(S) has finitely many orbits on the set of divisor classes of irreducible
curves with fixed arithmetic genus.

Proof. We use that the Coxeter group W2,3,7 has a natural linear representation in RB , where B
is the set of Coxeter generators. This linear action preserves the quadratic form and the lattice
E2,3,7 = E10. Passing to the associated hyperbolic space H9, it becomes isomorphic to a discrete
group of its motions with a fundamental domain equal to a convex rational simplicial polyhedron,
see 0.8. We have seen that W nod

S o Aut(S)∗ is a subgroup of finite index inside W (Num(S)).
Thus, its fundamental domain Π in H9 is of finite covolume. Fix an interior point h ∈ Π defined by
an ample class H ∈ Num(S). Let ρ(x, y) be the hyperbolic distance defined by formula (0.8.9). It
is known that Π is a Dirichlet domain for Γ, that is,

Π = {x ∈ H9 : ρ(x, h) ≤ ρ(γ(x), h), γ ∈ Γ} = {x ∈ H9 : (x, h) ≤ (γ(x), h)},

see [703], 1.4. A Dirichlet domain is bounded by hyperplanes Hγ in H9 passing through the middle
point of the geodesic connecting h with γ(h). Thus, it is a rational convex polyhedron in our
case. Taking γ = sr ∈ W nod

S , we obtain that, for any x ∈ Π, we have (x, h) ≤ (sr(x), h) =
(x + (r, x)r, h) = (x, h) + (r, x)(x, h), hence (r, x) ≥ 0. This shows that Π is a subset of the
image Nef(S) of the nef cone in H9. Thus, Π is a fundamental domain for Aut(S)∗ in H9. Taking
the pre-images of Π,Nef(S) in Num(S)R, we conclude that the fundamental domain of Aut(S)∗

in Num(S)R is a rational polyhedral cone inside the nef cone.

Since Π is of finite volume, its closure in H̄9 has only finitely many points on the boundary, the
cusps. The rational cusps correspond to primitive isotropic vectors in the lattice representing elliptic
curves. This proves the assertion for curves of arithmetic genus 1. An irreducible curve of positive
arithmetic genus corresponds to a rational point in the interior. There is also only finitely many of
them. It remains to prove the assertion for smooth rational curves. These correspond to the faces
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Hr = {x : x · r = 0} of the nef cone. The group Aut(S)∗ acts on this set and has only finitely
many orbits represented by Hr inside of Π.

Corollary 5.5.4. The following properties are equivalent:

1. Aut(S) is a finite group,

2. W nod
S is of finite index in W (Num(S)), and

3. the set of smooth rational curves on S forms a crystallographic basis in Num(S).

Remark 5.5.5. Properties 1 and 2 can be stated also for a K3 surface and can be proven along the
same lines using the Global Torelli Theorem for K3 surfaces, see [313], Chapter 4. The Kawamata-
Morrison conjecture states that the automorphism group of a Calabi-Yau manifold has a rational
polyhedral cone as a fundamental domain with respect to its action on the nef cone. We refer to
Section 8.1 in Volume 2, where we extend the previous two corollaries to the case of arbitrary
characteristic.

Corollary 5.5.6. Assume that S is unnodal. Then, Aut(S)∗ contains O(Num(S))′(2) ∼= W2,3,7(2).

In Section 8.2 from Volume 2 we will prove the same result for Enriques surfaces over fields of
arbitrary characteristic. We also prove that the homomorphism

ρ : Aut(S)→ Aut(S)∗

is an isomorphism if S is an unnodal surface or a general nodal surface.

Now, suppose that S is unnodal and let g ∈ Aut(S) be an automorphism such that g∗ does not
belong to O(Num(S))(2). Then its lift g̃ to the K3-cover X fixes the period point and hence, has
H2,0(X) as an eigensubspace with some eigenvalue λ. Since g̃∗ preserves H2(X,Q), the eigenval-
ues of g̃∗ are algebraic integers and the degree of the minimal polynomial divides dimT (X)Q = 12.
This gives the following possibilities for possible orders of g

ord(g) ∈ {1, . . . , 16, 18, 20, 21, 22, 24, 26, 28, 30, 36, 42}. (5.5.1)

This also shows that the period point of a surface admitting such an automorphism belongs to a
countable set of eigensubspaces of elements σ ∈ ΓEnr \ {±} in (E10(2)⊥)C. Let F be the union of
the images of these eigensubspaces inMm

Enr.

Definition 5.5.7. An unnodal Enriques surface with Aut(S) 6= W (Num(S))(2) is called an unn-
odal Enriques surface with extra automorphisms.

We will discuss unnodal surfaces with extra automorphisms in Section 8.3 in Volume 2 and refer
to [477] for more information about such surfaces.

LetMun,m
Enr be the open and dense subset ofMm

Enr of isomorphism classes of unnodal Enriques
surfaces. We will describe the nodal locus in detail in the next section. The action of the group
D(E10(2)) on Mm

Enr is free outside F . Its locus of fixed points corresponds to the isomorphism
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classes of unnodal Enriques surfaces with extra automorphisms. Since these surfaces belong to F ,
a very general Enriques surface inMm

Enr will be unnodal and it will not have extra automorphisms.

We remark that in general, a fixed point of D(E10) on Mm
Enr is the isomorphism class of an

Enriques surface with non-trivial image of Aut(S)∗ in D(Num(S)).

Let us consider the natural projection map

p : Mm
Enr
∼= Γ]Enr\D

◦
E10(2)⊥ −→ MEnr

∼= ΓEnr\D◦E10(2)⊥ .

Over the open and dense subset Mun
Enr of unnodal Enriques surfaces (we will describe the nodal

locus in detail in the next section), it is a finite map of degree

#(ΓE10/Γ
]
E10

) = #W (E10)/W (E10)(2) = # O(10,F2)+ = 221 · 35 · 52 · 7 · 17 · 31.

A point in p−1(Mun
Enr) represents the isomorphism classes of a marked unnodal Enriques surface.

The map p is unramified over the open subset of Mun
Enr that consists of isomorphism classes of

unnodal Enriques surfaces without extra automorphisms. The map is ramified over the locusMnod
Enr

of nodal surfaces.

Now, let z ∈ MEnr be a point corresponding to the isomorphism class of an Enriques surface S
and letW nod

S be its nodal Weyl group. Then the fiber of p over z corresponds to a weak isomorphism
class of marked Enriques surfaces:

Definition 5.5.8. Let S be an Enriques surfaces. Two marked Enriques surfaces (S, ı) and (S′, ı′)
are called weakly isomorphic if there exists an isomorphism f : S → S′, an element w ∈ W nod

S in
the nodal Weyl group of S, and an isometry σ ∈ O(E10) such that

±w ◦ f∗ ◦ ı = ı′ ◦ σ .

The surfaces are called isomorphic if we can choose σ = id.

In fact, this is a special case of the following result.

Theorem 5.5.9 (Global Torelli Theorem for Enriques Surfaces). Let S1 and S2 be two complex
Enriques surfaces, let X1 and X2 be their K3-covers, and let f : Num(S1) → Num(S2) be an
isometry of lattices such that

1. f extends to an isometry f̃ : H2(X2,Z) → H2(X1,Z) that preserves the period, that is, we
have f̃(H2,0(X2)) = H2,0(X1), and

2. f maps each effective class of H2(S2,Z) to an effective class of H2(S1,Z).

Then, f is induced by an isomorphism a : S1 → S2.

Proof. From the assumptions, we obtain f(C(S2)+) = C(S1)+, which implies that f̃(C(X2)+) ∩
C(X1)+ 6= ∅, which implies that f̃(C(X2)+) = C(X1)+. Thus, by the Global Torelli theorem
for K3 surfaces, f̃ is induced by an isomorphism ã : X1 → X2 that commutes with the covering
involutions. Therefore ã descends to an isomorphism a : S1 → S2 that induces f .
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Remark 5.5.10. Assuming condition (1) of the theorem holds, the following assertions are equiva-
lent

1. Condition (2) of the theorem.

2. fR(V (S2)+) ⊆ V (S1)+ and f(∆(S2)+) ⊆ ∆(S2)+.

3. f(C(S2)+) = C(S1)+.

4. f(C(S2)+) ∩ C(S1)+ 6= ∅.

In the case of K3 surfaces, the Global Torelli Theorem even gives uniqueness of the isomorphism
a. However, for an Enriques surface X , the homomorphism ρ : Aut(S) → O(Num(S)) may
fail to be injective: there are two 2-dimensional families of Enriques surfaces with involutions, and
a 1-dimensional family of Enriques surfaces with an automorphism of order 4, such that ρ is not
injective, see Section 8.2. Thus, the isomorphism a, whose existence is assured in Theorem 5.2.11
is even unique except for the three families just explained, see also [535, Remark 5.4].

The next Corollary is Theorem (3.3) from [41].

Corollary 5.5.11. Let A(S) be the subgroup of O(Num(S)) that preserves the nef cone Nef(S) of
a complex Enriques surface S. Then,

G := A(S) ∩W (Num(S))(2) ⊂ Aut(S)∗.

Proof. Let π : X → S be the K3-cover. We know thatW (Num(S))(2) lifts to a group of isometries
of Pic(X) that acts as identity on the orthogonal complement of π∗(Num(S)) in H2(X,Z). In
particular, it leaves the period of X invariant. Since any element of G leaves invariant the nef cone,
it leaves invariant the cone of effective divisors. The previous Theorem finishes the proof.

5.6 Moduli space of nodal Enriques surfaces

In this section, we discuss and construct coarse moduli spaces for complex (marked and unmarked)
nodal Enriques surfaces, that is Enriques surfaces with (−2)-curves. These are constructed via
ample U ⊕ E8(2) ⊕ 〈−4〉-polarized K3 surfaces. Finally, we construct moduli spaces of nodal
Enriques surfaces with fixed Nikulin R-invariant.

Let S be a nodal Enriques surface and R be a (−2)-curve on it. Then, its pre-image under the
K3-cover π : X → S splits into a disjoint sum of two (−2)-curves R′1 + R′2. Fix a E10(2)-lattice
polarization of X , fix a marking φ : H2(X,Z)→ L, and let ı be the involution of L corresponding
to the covering involution. Obviously, [R1 − R2] ∈ π∗(Pic(S))⊥ and (R1 − R2)2 = −4, hence
δ := φ([R′1 −R′2]) ∈ (E10(2)⊥)−4.

The following lemma is due to Namikawa [535, Theorem 2.15].

Lemma 5.6.1. Let N = E10(2)⊕ U and let v ∈ N−4. Then its orthogonal complement v⊥ in N is
isomorphic to either E8(2)⊕ U⊕ 〈4〉 or to E8(2)⊕ U(2)⊕ 〈4〉. In particular, there are two orbits
of such vectors.
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Proof. The discriminant group of N is equal to the discriminant group of E10(2). By (??), it is
isomorphic to the even type quadratic space F10

2 and hence, it is also isomorphic to u⊕5
1 . Here we

use the notation for the discriminant quadratic forms from Section 0.8. The discriminant group of
Zv is Z/4Z with quadratic form 〈−1

4〉. As explained in Section 0.8, the discriminant group of the
overlattice N of 〈−4〉 ⊕ v⊥ is isomorphic to H⊥/H , where H is an isotropic subgroup of 〈−1

4〉 ⊕
D(v⊥). This gives only two possibilities, namely D(v⊥) ∼= u⊕4

1 ⊕ 〈14〉 or u⊕5
1 ⊕ 〈14〉. Applying

Theorem 0.8.5, we conclude that an even hyperbolic lattice P of rank 11 with such a discriminant
quadratic form is unique up to isometry and the canonical homomorphism ρv⊥ is surjective. We
may take P = E8(2) ⊕ U ⊕ 〈4〉 in the first case and P = E8(2) ⊕ U(2) ⊕ 〈4〉 in the second case.
Applying the theorem again, we find that there are two orbits of v: one is represented by a vector
v = f1 + g1 in the U(2)-summand of N and another is represented by a vector v = 2f2 + g2 in the
U-summand (where (fi, gi) is the standard basis of U(2) or U).

We call a vector v ∈ N−4 of even type if its orthogonal complement is isomorphic to E8(2)⊕U⊕
〈4〉 and of odd type otherwise. It follows from the proof of the previous lemma that v is of even
type if and only if 1

2v belongs to N∨. Also, it follows from the proof of Lemma 5.4.1 that an even
vector corresponds to a vector of square non−2 in the unimodular lattice E⊕ I1,1 and an odd vector
corresponds to a vector of norm −8 in this lattice.

Theorem 5.6.2. Let
H(−4)ev :=

⋃
even v ∈ N−4

{z ∈ DEnr : z · v = 0}

and letH(−4)◦ev be the complement of the discriminantH(−2), which is open. Then

Mnod,m
Enr

∼= Γ]Enr\H(−4)ev
◦,

Mnod
Enr

∼= ΓEnr\H(−4)ev
◦.

Both varieties are irreducible and quasi-projective of dimension 9.

Proof. Let π : X → S be the canonical cover of an Enriques surface. We fix an isomorphism
Pic(X)→ L and identify π∗(Num(S))⊥ with the lattice N = E10(2)⊥. Suppose that S contains a
smooth rational curve R. In the K3-cover, it splits as π∗(R) = R1 +R2 and we set δ+ = [R1 +R2]
and δ− = [R1 −R2]. Obviously, δ− ∈ N . Since δ+ ∈ E10(2), 1

2δ− = [R1]− 1
2δ+ ∈ N∨. Thus δ−

is an even vector in N .

Since δ± ∈ Pic(X), the period of X must belong toH(−4)ev. Since π∗(Pic(S)) contains an am-
ple divisor, it does not belong toH(−2). Thus, the isomorphism class of a marked (resp. unmarked)
nodal Enriques surface belongs to O(N)]\HN (−4)◦ (resp. O(N)\HN (−4)◦).

Suppose that the period point of a marked ample E10(2)-polarized K3-surface X belongs to a
hyperplane Hv = {[z] : z · v = 0}, where v2 = −4. First, assume that v is of odd type. By the
characterization given above, we may assume that v = f2−2g2 ∈ U with f2, g2 as above. Applying
an element w from W nod

X = W (Pic(X)), we may assume that g′ is a nef isotropic vector. Then
(f2 − g2)2 = −2 and thus, r = f2 − g2 is effective or −r is effective by Riemann-Roch. Since
r ·g2 = 1, it follows that r must be effective. Hence, if the period of (X,φ) belongs to Hv, then it is
also belongs to HN (−2). However, since the lattice polarization is ample, we find a contradiction.
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Thus, we may assume that v is of even type. In this case, the period point lies in the orthogonal
complement of v, which is isomorphic to P(NC), where N = U⊕ E8(2)⊕ 〈4〉. Also, the stabilizer
ofHN (−4) is isomorphic to O(N)].

Thus, suppose that the period point lies in Hδ− for some vector δ− with δ2
− = −4 and of even

type. Note that δ− ∈ φ(Pic(X)) and ı(δ−) = −δ−. By taking a particular nodal Enriques surface,
we may assume that one of these vectors comes from the previous scenario. In this case, there exists
a vector δ+ ∈ E10(2)−4, such that 1

2(δ+ + δ−) = r for some r ∈ Pic(X). Since all vectors of
even type form one orbit with respect to the orthogonal group, we may assume that δ− satisfies
this property. Thus, returning to our marked E10(2)⊥-lattice polarized K3 cover of S, we obtain
that there exists r+ ∈ Pic(S)−2 such that r = 1

2(π∗(r+) + r−) ∈ Pic(X) ⊂ H2(X,Z), where
r2

+ = r2
− = −4 and τ∗(r−) = −r−. We have r2 = −2, hence r or −r is effective. Since

π∗(r) = π∗(π
∗(r+) + π∗(r−)) = 2r+, and we may assume that r is effective, we obtain that r+ is

effective. This shows that S is a nodal Enriques surface.

Definition 5.6.3. A Cayley lattice is a lattice isomorphic to the lattice

Ca := U⊕ E8(2)⊕ 〈−4〉.

The reason for this name is that, by Proposition 7.7.4, the Picard lattice of a minimal resolution
X of a general Cayley quartic symmetroid is isomorphic to such a lattice, see also Section 8.4. By
Corollary 7.9.9, the Picard lattice of the K3-cover of a general nodal Enriques surface is isomorphic
to the lattice Ca.

We define a primitive embedding E10(2) ↪→ Ca by taking the identity on the summand E8(2) and
take the embedding U(2) ↪→ U ⊕ 〈−4〉 that sends the basis (f1, g1) of U(2) to (2f2 + g2 + e, g2),
where e is a basis of 〈−4〉. Using this embedding, we see that the coarse moduli space Mm

Ca of
marked Cayley lattice polarized K3 surfaces is included naturally in Mm

Enr and that it coincides
withMnod,m

Enr .

We end this section by defining subloci in Mnod,m
Enr that correspond to nodal Enriques surface

with special configurations of nodal curves. These are described using Nikulin R-invariants and
we refer to Section 6.4 for details. A Nikulin R-invariant on an Enriques surface S consists of
a pair of abelian groups (K,H), where K is a root lattice of finite type and where H is a finite
abelian group. This is associated to a nodal Enriques surface as follows: Let K ′ be the sublattice of
Pic(X) ∩ π∗(Pic(S))⊥ that is generated by the classes of [R+ − R−], where R+ + R− = π∗(R)
for some (−2)-curve R ⊂ S. We set K := K ′(1

2). The finite abelian group H is defined to be the
kernel of the homomorphism γ : D(K)→ Num(S)/2 Num(S) that sends [R+ −R−] to the class
of [R]. The group H is a 2-torsion subgroup of the discriminant group of K and it defines an odd
overlattice K̃ ofK with K̃/K ∼= H . Equivalently, it defines an even overlattice K̃ ′ ofK ′ contained
in Pic(X) with K̃ ′/K ′ ∼= H .

Theorem 5.6.4. Let (K,H) be a Nikukin R-invariant and let r be the rank of K. Let K ′ :=
K(2) ↪→ E10(2)⊥ be a primitive embedding and let K̃ ′ be an overlattice with K̃ ′/K ′ ∼= H . Let
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M(K,H)
Enr be the closure of the locus of Enriques surfaces inMEnr with NikulinR-invariant (K,H).

Then
M(K,H)

Enr
∼= ΓEnr,K\D◦K⊥ ,

where K⊥ is the orthogonal complement of K in E10(2)⊥ and where ΓEnr,K is the stabilizer sub-
group of K in ΓEnr. In particular,

dimM(K,H)
Enr = 10− r.

Proof. Choose a marking of S and a marking φ of the corresponding E10(2)-lattice polarized K3
cover (X, j). Then, φ(K) is a root sublattice of E10(2)⊥ and since K ⊂ Pic(X), we see that the
period of (X,φ) lies in P((K⊥)C), where the orthogonal complement K⊥ is taken in the lattice
E10(2)⊥. This shows that the isomorphism class of (X, j) belongs to ΓK\D◦K⊥ , where ΓK is the
stabilizer subgroup ofK in Γ]Enr. More precisely, if (k1, . . . , kr) is a root basis ofK and δi = φ(ki),
then the period of (X, j) belongs to the intersection of the hyperplanes Hδi , which is contained in
the Heegner divisorH(−4).

Conversely, suppose the period of (X,φ) belongs to the intersection of r hypersurfacesHδi , which
are contained in H(−4). Assume also that δ1, . . . , δr are linearly independent over Z. Then, we
define K ′ to be the lattice φ−1(Zδ1 + · · · + Zδr). It is a negative definite sublattice generated by
vectors of norm −4. Moreover, the lattice K = K ′(1

2) is a root lattice of rank r. Using the proof of
Theorem 5.6.2, we can show that the vectors ki = φ−1(δi) are equal to R+

i − R
−
i , where R±i are

smooth rational curves that are interchanged by the covering involution. Thus, K together with the
group H defined above form the Nikulin R-invariant of S.

Example 5.6.5. If K = A1 = 〈−2〉 and H = {0}, then an Enriques surface with Nikulin R-
invariant (K,H) is a general nodal Enriques surface as defined in Section 6.5 of Volume 2. In this
case, M(K,H)

Enr is equal to Mnod
Enr, the locus of all nodal Enriques surfaces in MEnr. We will give

more examples and computations of the Nikulin R-invariant in Section 6.4 of Volume 2.

Remark 5.6.6. Note the notation D◦
K⊥

is somewhat misleading since there could be different primi-
tive embeddings of K(2) in E10(2)⊥ that are not equivalent with respect to the orthogonal group of
E10(2)⊥. Thus, the moduli space of Enriques surfaces with a fixed (abstract) Nikulin invariant may
be reducible. However, if we fix a sublattice K(2), then it consists of at most two irreducible com-
ponents. For example, it is irreducible if the orthogonal complement of K(2) in E10(2)⊥ contains a
lattice isomorphic to U or U(2).

5.7 Moduli of polarized Enriques surfaces

Having constructed moduli spacesMEnr and Mm
Enr of (marked) Enriques surfaces, we construct

and study moduli spaces of polarized Enriques surfaces in this section.

Slightly changing the terminology, we call a choice of the isomorphism class of a big and nef
(=pseudo-ample) invertible sheaf L on a smooth projective algebraic variety X a polarization. We
say that the polarization is an ample polarization if L is ample.
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A numerical (ample) polarization is a choice of a numerical equivalence class of a big and nef
(ample) of an invertible sheaf on X .3

A smooth projective variety equipped with a (numerical) polarization are called (numerically)
polarized varieties. Two polarized varieties (X, [L]) and (X ′, [L′]) are called isomorphic if there
exists an isomorphism f : X → Y such that f∗([L′]) = [L].

There is a natural notion of a family of (numerically) polarized varieties (f : X → T,L). It
consists of a smooth projective morphism f : X → T and a relatively pseudo-ample (ample)
invertible sheaf L on X . Two families (f : X → T,L) and (f ′ : X ′ → T,L′)are isomorphic if
there exists an isomorphism φ : X/T → X ′/T such that φ∗(L′) ∼= L (resp. their isomorphism
classes are numerically equivalent). In particular, taking T = Spec k, we see that an isomorphism
class of a polarized variety (resp. numerically polarize) defines the isomorphism class of a pseudo-
ample (ample) invertible sheaf (resp. the numerical class of such a sheaf).

Example 5.7.1. Let A be an abelian variety over a field K, a choice of an invertible sheaf defines a
map λL : A → Â := Pic0

A/K . If L is algebraically equivalent to zero, then this map is zero. This
allows one to associate the unique map λ to any numerical equivalence class of an invertible sheaf.
If the numerical class of L is not zero, then L is ample and the map λL is an isogeny. A polarized
abelian variety is an abelian variety equipped with an isogeny λ : A → Â ([529, Chapter 6,§2]).
Using the universal Poincaré sheaf P on A × Â one can show that each isogeny λ is equal to λL
for some L. In this way, we see that the notion of a numerical polarization of an abelian variety
coincides with the notion of a numerically polarization from above.

More precisely, there are two types of polarizations, namely numerical and Picard polarizations,
giving rise to different types of moduli spaces that are related by an étale double cover. We also
refer to [309] for a treatment of this topic.

We have a functor P (Pnum) (resp. Pa (Pnum,a) from the category Schemes/k to the category
of groupoids that assigns to T the groupoid of families of polarized (numerically polarized) (resp.
ample polarized (resp. numerically polarized varieties). It is known that it defines an algebraic stack
(ID: reference?). We could also consider Pnum as the quotient of P by the equivalence relation
R → P such that

R(T ) = {(X → T,L), (X ′ → T,L′) : ∃ an isomorphism φ : X/T → X ′/T such that φ∗(L′) ≡ L}

The quotient by this equivalence relation is the algebraic stack Pnum.

For any Q ∈ Q[t] we can consider the subfunctor of families (X → T,L) such that for all points
t ∈ T , we have χ(L⊗m ⊗OXt) = Q(m). It is an open substack of P which we denote by PQ. We
have similar notations PQ,a,PQ,num,PQ,num,a.

Let HilbQPnk
be the Hilbert schemes of closed subscheme Z ⊂ PNk with χ(Z,OZ(n)) = Q(n). We

have a natural morphism of algebraic stacks

HilbQPnk
→ PQ,a.

3In [529] calls an ample numerical polarization an inhomogeneous polarization. A homogeneous polarization is a
choice of the set of rational multiples of a numerical polarization.
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Its image parameterized families with very ample polarization. Its image is contained in PQ,a and
denoted by PQ,va.

Now we specialize and consider families of polarized (numerically polarized) Enriques surfaces
with polarization L satisfying (L,L) = 2d (called the degree of the polarization) restricted to any
fiber of a family. It is an open subfunctor of PQ (resp. PQ,num), where Q = 2dt2 + 1. We denote
it by ẼEnr,2d (resp. EEnr,2d). They are open substacks of P (resp. Pnum).

Proposition 5.7.2. Assume p 6= 2. The algebraic stacks ẼEnr,2d and Enum
Enr,2d are Deligne-Mumford

stacks.

Proof. It follows from [566, Theorem 8.3.3] that to prove it we have to verify that the subscheme
G of the scheme of automorphisms AutS/k of an Enriques surface S that leaves invariant the
numerical class of L is a finite étale group scheme. We will prove in Theorem 8.1.1 in Chapter 8
that, if p 6= 2, the identity component Aut0

S/k is trivial, hence AutS/k is reduced and coincides
with the trivial group scheme Aut(S) over k. We will also prove in Proposition 8.2.1 that the kernel
of its natural action on Num(S) is a finite group. This proves the assertion.

Let (S, φ,L) be a marked polarized Enriques surface, then φ(L) = v ∈ E10 with v2 = 2n. We
assume that v is a primitive vector. Taking the canonical cover π : X → S we get a lattice E10(2)
polarization of X and a sublattice Zṽ ∼= 〈4n〉 ⊂ E10(2), where ṽ is the image of v in E10(2). It
defines a primitive embedding α : 〈4d〉 ↪→ E10(2) with the image of a generator equal to ṽ and the
corresponding morphism

F (v) :Mm
Enr =Ma

K3,E10
→Mm

Enr,v :=Ma
K3,E10(2),ṽ

which we introduced at the end of Section 5.2. It follows from (5.2.4) that

MEnr,v
∼=Mm

Enr/G(v),

where
G(v) = O(E10(2))ṽ/O(E10(2))]v

∼= W (E10)v/W (E10)(2)v

The groupW (E10)v/W (E10)(2)v is equal to the image ofW (E10)v in O(E10/2E10) ∼= O+(10,F2).
We denote it by W (E10)v.

Note that the moduli spaceMm
Enr admit an explicit quasi-projective model described in Appendix

A.3. This gives quasi-projective models ofMEnr,v as finite quotients of this model.

We know that the group W (E10) acts on Mm
Enr with the stabilizer subgroup at (S, φ) over the

isomorphism class [S] of a surface S isomorphic to the group

Aut(S)∗φ := φ−1 ◦
(

Aut(S)∗/Aut(S)∗ ∩W (Num(S))(2)
)
◦ φ.

Since the forgetful mapMm
Enr →Mm

Enr,v is a torsor under the group G(v), we obtain the formula
for the number P (S, v) isomorphism classes of polarizations on X that contains φ(v).

P (S, v) = [W (E10) : 〈G(v),Aut(S)∗φ0
〉], (5.7.1)
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where we fix one marking φ0 : E10 → Num(S) with φ0(v) = h.

Note that applying to v an element from W (E10)(2) changes φ(v) = h to a divisor class which
may be not nef and hence does not define a polarization, so we may change v only by the isometries
from the group A(S)φ0 = φ−1

0 ◦ A(S) ◦ φ0. So, in the case when Nef(S) 6= V (Num(S))+,
the number of isomorphism classes of polarizations h with h2 = 2n is larger then the number of
O(E10)-orbits on the set (E10)2n.

Recall that Corollary 5.5.11 gives thatA(S)∩W (Num(S))(2) ⊂ Aut(S)∗, so this part disappears
in Aut(S)∗φ. In the case when S is an unnodal surface without extra automorphisms, we know that
Aut(S)∗ = W (Num(S))(2), so the contribution of this group in the counting formula disappears
altogether. We will see in Section 8.4 that Aut(S)∗ is contained in W (Num(S))(2) in the case of
general nodal surfaces. So, we can again ignore its contribution in P (S, v).

Before we present some examples of computation of the number P (S, v), let us list the orbits
of W (E10) of vectors of small square norm ≤ 10. The following Table can be deduced using the
information that can be found in Section 1.5.

2n #{orbits} reprsentatives of W2,3,7-orbits
0 1 ω9 = f10

2 1 ω8 = f9 + f10

4 2 ω1 = ∆− f1, ω8 + ω9 = f9 + 2f10

6 2 ω7 = f8 + f9 + f10, ω8 + 2ω9 = f9 + 3f10

8 3 2ω8 = 2(f9 + f10), ω8 + 3ω9 = f9 + 4f10, ω1 + ω9 = ∆− f1 + f10

10 3 ω0 = ∆, ω7 + 3ω9 = f8 + f9 + 4f10, ω8 + 4ω9 = f9 + 5f10

Example 5.7.3. We take S to be an unnodal Enriques surface without extra automorphisms. We
know that Aut(S)∗ = W (Num(S))(2), hence Aut(S)∗φ is trivial. This gives

P (S; v) = [O+(10,F2) : W (E10)v] =
221 · 35 · 52 · 7 · 17 · 31

#W (E10)v
. (5.7.2)

We have the following values of P (S, v) for n ≤ 5 and primitive v satisfying F (v) ≥ 2 that define
linear systems without fixed points.

2n orbit Φ(v) P (S, v)

0 ω9 − 17 · 31
2 ω8 1 27 · 17 · 31
4 ω1 2 27 · 3 · 5 · 17 · 31
4 ω8 + ω9 1 28 · 17 · 31
6 ω7 2 210 · 5 · 17 · 31
8 ω1 + ω9 2 29 · 17 · 31
10 ω0 3 213 · 3 · 17 · 31.

Let us explain the computations. We will skip the case n ≥ 3 and Φ(v) = 1 which define polariza-
tions φ(v) such that the linear system |φ(v)| has base points.
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Although we have assumed so far that the polarization is defined by a vector of positive square
norm, we can do similar computations for a primitive isotropic vector. The fibers of the map
MEnr,v →MEnr can be interpreted as the number of isomorphism classes of elliptic pencils on S.
We can still use formula 5.7.2. To find (W̄2,3,7)v, we complete ω to a hyperbolic plane U, which
we assume to be the usual direct summand U of E10 = E8 ⊕ U. Using this realization, we find that
W (E10)ω8 = E8 oW (E8) ∼= O(E9). Its image in O(Ē10) ∼= O+(10,F2) is equal to the stabilizer
subgroup of an isotropic vector. We know that these are all equivalent under the orthogonal group
and that their number is equal to 527 = 24(25 + 1)− 1. Thus, the index of the stabilizer subgroup
is equal to 527 = 17 · 31. This gives the first row of the Table.

If n = 1, we embed 〈v〉 in U as the sum of two canonical generators of U to obtain that v⊥ =
〈f9 − f10〉 ⊕ E8. Each isometry from (W (E10)v of this lattice leaves invariant the first summand,
and hence W (E10)v = {±1} ×W (E8). Its image modulo W (E10)(2) is a group of order equal to
#W (E8) = 214 · 33 · 52 · 7. This gives Row 2 of the Table.

If n = 2 and v = ω8, we check that 〈v〉⊥ is spanned by the vectors αi, i 6= 1, where (α0, . . . ,α9)
is a standard root basis in E10. They generate the sublattice isomorphic to D9 with W (D9) ∼=
(Z/2Z)⊕8 o S9. The group W (E10)v is a subgroup ∼= O(D9)] of index 2 in O(D9). It is mapped
isomorphically to a subgroup of O+(10,F2) of order 214 · 34 · 5 · 7. This gives Row 3 of the Table.

If n = 2 and v = ω8 + ω9, we check that 〈v〉⊥ is spanned by the vectors α0, . . . , α7, α9 − ω9

and it is isomorphic to L = E8 ⊕ 〈−4〉. We have O(L)] ∼= W (E8). It is mapped isomorphically to
a subgroup of O+(10,F2) isomorphic to the group O+(8,F2) of order is 213 · 33 · 52 · 7. This gives
Row 4 of the Table.

Assume n = 3. In this case 〈v〉⊥ is generated by α0, . . . ,α5 and α8,α9 and isomorphic to
L = E7 ⊕ A2. The group W (E10)v is isomorphic to O(L)] = Ker(ρL). Since the homomorphism
ρL is surjective by Theorem 0.8.5 and O(D(L)) = O(〈12〉⊕ 〈

1
3〉 ∼= O(〈56〉) = {1}, we get O(L)] =

O(L). We have W (E10)(2) ∩ O(L) = 〈− idE7 ⊕ idA2〉. Thus W (E10)v is mapped isomorphically
to a subgroup of O+(10,F2) of order 210 · 35 · 5 · 7. This gives Row 5 of our Table.

Assume n = 4 and v = ω1 + ω9. The linear system |φ(v)| defines a birational map onto a non-
normal octic surface in P4. We can write v = (∆− f1 − f9) + 2g, where f = ∆− f1 − f9, g = f9

are two primitive isotropic vectors with f · g = 2. Their sum f + g defines a polarization of degree
4 considered before. As in the case n = 2, v′ = ω8 + ω9, we obtain that there is a degree 2 map
MEnr,v →MEnr,v′ . This gives Row 5.

Finally assume n = 5. In this case 〈v〉⊥ is generated by α1, . . . ,α9 and isomorphic to A9. We
have W (Num(S))2

∼= O(A9)] ∼= S10 (we use that O(D(〈 1
10〉) = {1}). It is mapped isomorphi-

cally onto a subgroup of O+(10,F2) of order 28 · 34 · 5 · 7. This gives Row 5 of our Table.

We will prove in Section 8.4 that Aut(S)∗ is contained in W (Num(S))(2) in the case when S
is a general nodal surface. So, we can still use formula (5.7.2). However, in this case A(S) 6=
W (Num(S)) and there are more A(S)-orbits of vectors of fixed norm square. For example, in case
n = 1, we have four orbits. The computation of the number P (S, v) for v2 ≤ 10 in this case can be
found in Table 8.4.

Remark 5.7.4. Observe that P (S,ω8 + ω9) = 2P (S,ω8). For an ample marking φ, an ample
representative of φ(ω8 + ω9) defines a linear system |F1 + 2F2| with two base points that defines
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a double plane model of S. An ample representative of 2φ(ω8) defines a bielliptic linear system
|2F1 + 2F2| that defines a map onto a 4-nodal quartic surface D1. We see that two linear systems
|F1 + 2F2| and |2F1 +F2| correspond to the same bielliptic linear system. They define two rational
maps S 99K P2 that differ by a Cremona involutions [x, y, z] 7→ [z2, xy, xz] that switches the pencil
of lines |e0 − e1| and the pencil of conics |2e0 − e1 − · · · − e5|.

By analogy with the spaces MK3,M,M ′ introduced in Section 5.2 we can introduce the spaces
MEnr,M , where M is a primitive sublattice of E10. Over C, we can define them to coincide with
Ma

E10(2),M(2).

Example 5.7.5. Let us take M = U[k] defined in Section 0.8. It is generated by isotropic vectors
f1, . . . , fk forming an isotropic k-sequence. It contains the vector vk = f1 + . . . + fk and the
forgetful map F (α) : Ma

E10(2),M(2) = Mm
Enr → MEnr,M defined by the primitive embedding

M(2) ↪→ E10(2) is a torsor over the group O(M⊥)]. The discriminant group D(U[k]) is a cyclic
group of order k generated by 1

k−1vk and is isomorphic to 〈k−2
k−1〉. We know that U[10] is a sublattice

of index 3 in E10. It follows from Proposition 6.1.1 in Section 6.1 in Volume 2 that all primitive
embeddings of U[k], k ≤ 9 are equivalent. There is a non-primitive embedding of U[9] with 1

2v9 ∈
E10. Its image under an ample marking of an Enriques surface is the Mukai polarization of degree
18 (see Section 3.5).

Assume k ≤ 7, we find
U⊥[k]
∼= E8, E7, E6, D5, A4, A1 ⊕ A2.

We have O(〈k−2
k−1〉) = Z/2Z if k 6= 1, 2 and trivial otherwise. From this we deduce that

O(U⊥[k])
] ∼= W (U⊥k ), k = 1, . . . , 7

If k = 8, the lattice U⊥[8] has a basis α, β with the Gram matrix
(−2 7

7 −28

)
. The group O(U⊥[8]) is

generated by the reflection sα. If k = 9, U[9] is generated by v9 − 8f10 and again O(U⊥[k])
] is of

order 2. This computation allows one to compute the degree of the forgetful map

MEnr,U[k]
→MEnr.

It is equal to # O+(10,F2)

# O(U⊥
[k]

)]
. For example, if k = 2, the degree is equal to 28 · 17 · 31.

As a corollary we see that all moduli spacesMU[k]
are irreducible.

The orthogonal complement v⊥k in U[k] is isomorphic to the root lattice Ak−1. Since O(D(Ak−1))
is trivial, we find that the forgetful map

MEnr,U[k]
→MEnr,vk .

is a Galois cover with the Galois group isomorphic to Sk. For example, we obtain that that the
forgetful map from MEnr,v10 to MEnr is a Galois cover with the group S10, as expected. The
moduli spaceMEnr, 1

3
v10

coincides with the moduli spaceMEnr,w0 . We re-denote it byMEnr,Fano.
It is the moduli space of Enriques surfaces with a numerical Fano polarization.

Our final remark is that we can consider the forgetful maps

fk :MEnr,U[k+1] →MEnr,U[k], k = 1, . . . , 7.
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by considering a primitive embedding Uk ↪→ Uk+1 defined by forgetting fk+1. This corresponds to
the natural embedding of W (U[k]) into W (U[k+1] as the stabilizer of the fundamental weight wk+1.
Thus we obtain that the degree of the map fk is equal to [W (U[k]) : W (U[k+1])]. This is the known
number of lines on a smooth anti-canonical del Pezzo surface of degree k − 1. For example, the
degree of f4 is equal to 27. So the tower

MEnr,U[7]
=Mm

Enr/W (A2 ⊕ A1)→MEnr,U[6]
→ · · · →MEnr,U[2]

=MEnr/W (E8)

is similar to the tower of the moduli spaces of marked del Pezzo surfaces together with a choice of
lines

Mm
dP,1 →Mm

dP,2 → · · · →Mm
dP,6,

where the morphisms are defined by the blowing down the last member in an exceptional sequence
of (e1, . . . , e9−k) whose image under a marking is an ordered set of skew lines that defines the
marking (see [179, Remark 9.4.19]).

Example 5.7.6. Assume p 6= 2. The moduli spaceMa
Enr,v2

parameterizes the isomorphism classes
of pairs (S, φ), where φ : S → D1 is a bielliptic map onto a non-degenerate quartic symmetroid del
Pezzo surface. The isomorphism class of the pair (S, φ) is determined by a choice of a section s of
OD4(2) with smooth V (s), up to an automorphism of D1. A U[2] marking j : U = U[2] ↪→ E10,
is defined by a choice of one of the two pencils of conics on D1 that define two elliptic pencils on
S. In the geometric basis (e0, e1, . . . , e5) of a minimal nonsingular model D̃1, the two pencils are
|2e0− e1− · · · − e5| and |e0− e1|. A choice of e0 defines a birational map D̃→ P2 that allows one
to distinguish the two pencils. In this way, we can constructMEnr,U as the moduli space of 5 points
p1, . . . , p5 whose blow-up is isomorphic to D̃1 modulo the group of projective transformations. In
view of Remark 5.7.4, a U-polarization is equivalent to vector ω8 polarization of degree 2.

So far we dealt with numerical polarizations. We know that the moduli space of polarized Enriques
surfacesPEnr is a Deligne-Mumford stack that comes with a degree 2 étale map onto the stackPnum

Enr

of numerically polarized Enriques surfaces. We denote its component overMEnr,v by M̃Enr,v.

We can construct the substack M̃a
Enr,v, where Φ(v) ≥ 3 by using the Hilbert scheme construction.

Let S be an Enriques surface embedded into Pn by a complete linear system |D| with D2 = 2n.
Then, the Hilbert polynomial of S ⊂ Pn is given by PS(t) = χ(S,OS(t)) = 2nt2 + 1. We let
HilbEnr,2n be the Hilbert scheme of subschemes of Pn with Hilbert polynomial P (t) = 2nt2 + 1.
Next, we compute the tangent space of HilbEnr,2n at the point [S]. Let NS be the normal bundle of
S ⊂ Pn. We have a natural short exact sequence

0 → ΘS → ΘPn ⊗OS → NS → 0, (5.7.3)

where ΘS and ΘPn denote the tangent sheaves of S and Pn, respectively. We know from Section
1.4 that

hi(S,ΘS) = hi(S,Ω1
S)− hi(S,Ω1

S) =

{
10 if i = 1 ,

0 otherwise.

Applying exact sequence (5.7.3) and the exact sequence

0 → OS → OS(1)⊕(n+1) → ΘPn ⊗OS → 0
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obtained from the known resolution of the tangent sheaf of projective space (the Euler sequence),
we obtain

hi(S,NS) = dimH i(S,NS) =

{
10 + n2 + 2n if i = 1 ,

0 otherwise.
(5.7.4)

By deformation theory of Hilbert schemes, it is known that the tangent space of the Hilbert scheme
at the point corresponding to S is isomorphic to H0(S,NS) and that it is smooth at this point if
H1(S,NS) = 0, see [259, §5] or [632, Theorem 4.3.5 and Proposition 4.3.6]. Thus, we see that
HilbEnr,2n is smooth at the point [S] and that it is of dimension n2 + 2n + 10 at [S]. Since this
dimension is equal to dim PGL(n + 1) + 10, it follows that there is an open neighborhood of [S]
in HilbEnr,2n that parametrizes only Enriques surfaces that are embedded via a complete and ample
linear system |D| with D2 = 2n.

Proposition 5.7.7. The Hilbert scheme HilbEnr,2n of Enriques surfaces embedded into Pn by a
complete linear system is a smooth variety. The dimension of each of its connected (=irreducible)
component is equal to n2 + 2n+ 10 = dim PGL(n+ 1) + 10.

The group PGL(n+1) acts on HilbEnr,2n via its action on Pn. Since the algebraic group PGL(n+
1) is reductive, this action is proper, that is, orbits are closed, see [529, 0.8]. It also has finite
stabilizer groups: indeed, by Proposition 8.2.1 from Volume 2, the kernel of the homomorphism
Aut(S)→ Aut(S)∗ ⊂ O(Num(S)) is finite. Since Aut(S)∗ leaves the numerical class [h] of a big
and nef divisor h invariant, as well as its negative definite orthogonal complement [h]⊥, the group
Aut(S)∗[h] is also finite. Now, we can apply [371, Theorem 1.1] to conclude that the geometric
quotient HilbEnr,2n /PGL(n+ 1) exists as a separated algebraic space.

Proposition 5.7.8. The quotientMa
Enr,2n := HilbEnr,2n /PGL(n + 1) is a coarse moduli space

for the functor PEnr,2n.

This result is analogous to the existence of coarse moduli spaces for the moduli functor of polar-
ized K3 surfaces, see [312, Chapter 5, Theorem 2.4] and its proof.

We can similarly treat polarizations (S,D) with Φ(D) = 2. For example, if D2 = 2, we know
that |2D| defines a bielliptic map S → D to a quartic symmetroid del Pezzo surface in P4. If p 6= 2,
it is defined by a section of OD(2) and we construct the moduli spaceMEnr,v as the quotient of the
Hilbert scheme of curves in |OD(2)| by Aut(D). We will discuss this quotient in the next section.

Example 5.7.9. Let us consider a Fano polarizations as discussed in Section 3.5. It follows from
Example 5.7.5 that the moduli space spaceMEnr,Fano of Enriques surfaces with a numerical Fano
polarization is irreducible. Let us consider its double cover M̃Enr,Fano, the moduli space of Enriques
surfaces with a Fano polarization.

It follows from Theorem 3.5.1 that M̃Enr,v3 is rationally dominated by a 10-dimensional affine
space A10 of quadratic polynomials in 4 variables. In particular, M̃Enr,v3 is an irreducible and
unirational variety. The pre-image of each edge `ij = V (xi, xj) of the coordinate tetrahedron
V (x1x2x3x4) is a half-fiber Fij of an elliptic pencil on S. In fact, a choice of such an equation
defines a family of degree 6 polarized Enriques surfaces over an open and dense subset of A10 that
dominates the coarse moduli space.



536 CHAPTER 5. MODULI SPACES

In [696] Verra uses the family X → T from the previous example to prove the irreducibility of the
moduli space M̃Enr,Fano. Since he does not state this result explicitly, we give a brief sketch of his
argument and refer to [117] for details. Verra chooses the edges `12 and `34 and considers the family
F of quintic elliptic curves in P3 that do not pass through the vertices of the coordinate tetrahedron,
that intersect exactly in one point the edges `12, `34 and that intersect exactly at two points of the
remaining edges. If we choose a Fano polarization H then such curve can be taken from the linear
system |∆−F13−F14|. This suggests to look for ∆ as the divisor class of F13 +F14 +E, where E
is the pre-image of a quintic elliptic curve from the familyQ the pre-im is a Fano polarization curve
from the family Q. [696, Proposition 3.1]. In Proposition 1.1. he shows that F is an irreducible
rational variety of dimension 10 that dominates M̃Enr,Fano.

There is also a notion of a supermarked Enriques surface discussed in detail in [183]. Let us
discuss it briefly here.

Definition 5.7.10. A supermarking of an Enriques surface S is an isomorphism φ̃ : E10 → Pic(S)
such that its composition with the natural map Pic(S) → Num(S) is a marking φ : E10 →
Num(S). A supermarking φ̃ is called ample if φ is an ample marking.

Two supermarkings φ̃ and φ̃′ are called isomorphic if there exists an automorphism g of S such
that φ̃′ = ±φ̃ ◦ g∗.

It is clear that W (E10) acts on supermarkings by compositions on the right. Also any l ∈ E10 =
E10/2E10

∼= F10
2 acts on supermarkings by replacing φ̃ with φ̃+ l defined by x 7→ φ̃(x) + (l ·x)KS .

In this way, the group
W̃ (E10) := E10 oW (E10)

acts on the set of isomorphism classes of supermarkings and the kernel of the action is the subgroup
Ãut(S)∗ := Aut(S)∗ o Aut(S)∗, where Aut(S)∗ is the image of Aut(S)∗ in its action on E10. In
particular, when S is a general unnodal surface without extra automorphisms, the normal subgroup
E10 of W̃ (E10) acts freely on the set of isomorphism classes of supermarkings.

We can define a family of supermarked surfaces as a family (X → T, φ : (E10)T → PicX/T ) such
that the composition of φ with the map PicX/T → PicX/T /PicτX/T defines a family of marked
surfaces. This gives us a functor with values in groupoids on the category schemes over k and
a stack Esm

Enr on which the group F10
2 acts with the quotient isomorphic to the Deligne-Mumford

stack Em
Enr of marked Enriques surfaces. One can prove that the stack Esm,a

Enr of ample supermarked
Enriques surfaces is a separated Deligne-Mumford stack.

The following theorem is proved in two different ways in [183, Theorem 3.7 and Corollary 7.9].

Theorem 5.7.11. Assume k = C. Then Esm,a
Enr is an irreducible Deligne-Mumford stack.

Remark 5.7.12. It is natural to expect that the complex analytic spaceMsm,a
Enr is isomorphic to the

quotient of an open subset of the period domain for a normal subgroup of the monodromy group
Γ]Enr with quotient group isomorphic to E10. According to R. Borcherds, ΓEnr indeed contains such
a subgroup. Let us explain his construction.

Let N = E10(2)⊥. We have

N/2N∨ ∼= (E10(2)⊕ U)/(2E10(2)∨ ⊕ 2U(2)∨ ⊕ 2U∨) ∼= U/2U ∼= F2
2.
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Let f, g be the standard isotropic generators of U and f̄ , ḡ be their cosets in U/2U. The subgroup
Γ]Enr of O(N) in its natural action on (N/2N)∨ leaves the vector η = f̄ + ḡ invariant (since it is the
only vector of square 2 mod 4 in F2

2 with quadratic form inherited from U). Let A be the quotient
F2

2/F2η ∼= F2. Define a map from

α : Γ]Enr → Hom(N∨/N,A) ∼= F10
2

as follows. The image of g ∈ ΓEnr is equal to the linear function l(w + N) = g(w) − w
mod F2η. One can show that the images of reflections in vectors of square 2 are nonzero, and
generate Hom(N∨/N,A) ∼= F10

2 . One can hope that the quotient space of an open subset of DEnr

by the group Ker(α) is the coarse moduli space of the stack Esm
Enr.

We know that, over C, the stack Em,a
Enr admits the coarse moduli space Ma

Enr isomorphic to
Γ◦Enr\DEnr. The map of stacks Esm,a

Enr → E
m,a
Enr defines a Galois cover Msm

Enr of Mm
Enr with the

Galois group E10.

Using the irreducibility ofMsm
Enr, we can prove the following theorem, that was proved by other

methods in [385].

Theorem 5.7.13. The moduli space M̃Enr,v is irreducible for all primitive ample polarizations
v ∈ E10.

Proof. Let v̄ be the image of v in E10 and 〈v̄〉⊥ be its orthogonal complement in the corresponding
quadratic space. We know thatMsm,a

Enr /E10
∼=Mm,a

Enr, therefore M̃m,a
Enr :=Msm,a

Enr /〈v̄〉⊥ is a double
cover ofMm,a

Enr. We also know thatMa
Enr,v =Mm,a

Enr/G(v), where G(v) is a subgroup of W (E10)

that fixes v̄. It follows that the pre-image ofG(v) in E10oW (E10 contains the subgroup 〈v̄〉⊥oG(v)
and the quotient ofMsm,a

Enr by this subgroup is a double cover ofMa
Enr,v.

An element l ∈ E10 acts on supermarkings φ̃ : E10 → Pic(D) replacing φ̃ with φ̃ + l, where
l(D) = D + l([D] + 2 Num(S))KS , where [D] is the numerical class of D. In this action, the
subgroup 〈v̄〉 fixes the divisor class D such [D] = φ(v). It shows that, forgetting the supermarking,
we get an isomorphic class of S together with a choice of a divisor class D with [D] = φ(v). This
is the definition of the moduli space M̃a

Enr,v of ample polarized Enriques surface with polarization
defined by a vector v. We get

M̃a
Enr,v

∼=Msm,a
Enr /〈v̄〉

⊥ oG(v) ∼= M̃m,a
Enr/G(v).

As a finite quotient of an irreducible spaceMsm
Enr, the moduli space M̃a

Enr,v is irreducible.

Note that for non-primitive polarizations (which we have ignored) the moduli space could be
reducible if v is divisible by 2. For example, if we take v = 2w, where v2 = 2. We used this
numerical polarization to define bielliptic linear systems |2F1 + 2F2|. However, we know from
section 3.3 that if we take the adjoint polarization |2F1 + 2F2 + KS | the map is not bielliptic but
defines a birational map onto a surface of degree 8 in P4. It is proven in [388] that the reduciblity
occurs only in the case when the polarization is divisible by 2.

We remark also that restricting MEnr,v over the hypersurface of isomorphism classes of nodal
Enriques surfaces the space usually become reducible. We compute the number of components with
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v2 ≤ 10 in Section 8.4. As we mentioned earlier there are four different irreducible components
when v2 = 2. It is an interesting problem to find whether the restriction of M̃Enr,v over these
components is irreducible.

Remark 5.7.14. One of the proofs of irreducibility of the moduli space of supermarked Enriques
surfaces [183, Theorem 3.7] relies on Verra’s proof of irreducibility of the moduli space of Enriques
surfaces with a Fano polarization discussed in Example 5.7.9. However, the second proof [183,
Corollary 7.9] does not relay on Verra’s result.

5.8 Birational geometry of moduli spaces

In this section, we study the birational geometry of coarse moduli spaces of - marked, unmarked,
polarized, and nodal - Enriques surfaces over the complex numbers. Since these moduli spaces
are of dimension 9 or 10, this means that we ask for the Kodaira dimension κ of these spaces, see
Section 1.1 If κ = −∞, one can ask whether these spaces are (uni-)ruled or (uni-)rational. We refer
to [117] and [309] for further results.

We start with the following result of S. Kondō [400]:

Theorem 5.8.1. The moduli spaceMEnr is a rational variety.

Proof. The proof is based on a birational isomorphism (of non-geometric nature) between the mod-
uli space MEnr and the moduli space M5,cusp of K3 surfaces that are isomorphic to the double
cover of P2 branched along the union of a cuspidal plane quintic curve and the cuspidal tangent
line.

Let N = E⊥10
∼= U ⊕ U(2) ⊕ E8(2) and recall that MEnr

∼= O(N)′\DN . We have N∨ ∼=
U⊕ U(1/2)⊕ E8(1/2), from which we obtain that

N∨(2) ∼= U(2)⊕ U⊕ E8
∼= U⊕ U⊕ D8.

Here, we use that the lattices U(2)⊕ E8 and U⊕ D8 have isomorphic discriminant groups together
with their quadratic forms, hence, applying Nikulin’s theorem 0.8.5, they must be isomorphic. Since
O(N)′ ∼= O(N∨(2), we obtain that

MEnr
∼= O(N∨(2))′\DN .

Let X be a K3 surface that is birationally equivalent to the double cover of P2 branched along
a curve of degree six that is equal to the union of a plane quintic C with a cusp c0 ∈ C and the
cuspidal tangent line `, that is, the line that intersects C at c0 with multiplicity 3. Thus, the local
equation of C at the point c0 is given by (y2−x3)y = 0. It follows from Proposition 0.4.13 that the
double cover acquires a rational double point over c0 that is of type E7. This cover has two more
ordinary double points over the remaining intersection points of ` with C. Consider the pencil of
lines through the point c0. Its pre-image on X is an elliptic pencil with two reducible fibers of type
I2 and one reducible fiber of type D̃8. The pre-image of the line ` is a section of this fibration. If
τ denotes the covering involution of X as double cover P2, then Pic(X)τ contains a sublattice M
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isomorphic to U ⊕ D8. LetM5,cusp be the moduli space of lattice M polarized K3 surfaces. From
the isomorphism

M⊥ ∼= U⊕ U⊕ D8
∼= N∨(2)

we conclude thatMEnr andM5,cusp both are isomorphic to the quotient of a 10-dimensional period
space by the same discrete group.

Now,M5,cusp is birationally equivalent to the quotient of the space of cuspidal curves of degree
5 by the projective group. When we fix the line ` and a point c0 on it, then the quotient becomes
isomorphic to the quotient of a linear space by a subgroup of PGL(3) that fixes the flag (c0, `),
which is a solvable linear group. A well-known result of E. Vinberg [701] and T. Miyata [505]
asserts that this quotient is rational.

We refer to [181] for a possible geometric explanation of the birational equivalence betweenMEnr

andM5,cusp. The same paper also proves the following results:

Theorem 5.8.2. The moduli space of nodal Enriques surfacesMnod
Enr and the moduli space of Coble

surfaces of K3 typeMCob are rational varieties.

On the other extreme, according to a yet unpublished result of V. Gritsenko, the moduli space
Mm

Enr of marked Enriques surfaces, which is a Galois cover ofMEnr with Galois group O(10,F2)+,
is of general type.

For a vector v ∈ E10, we constructed the corresponding coarse moduli spaceMEnr,v of numeri-
cally polarized Enriques surfaces in Section 5.5. We have also seen that there exist dominant maps

Mm
Enr → MEnr,v → MEnr,

where the first map is the quotient map by a finite subgroup G(v) of W (E10) ∼= O+(10,F2). We
also have the irreducible moduli space M̃Enr,v of primitively polarized Enriques surfaces of type v
that is a double cover ofMEnr,v and is a quotient of a double cover M̃m

Enr ofMm
Enr by the group

G(v).

The left-hand side being of general type, the right-hand side being rational (and thus of negative
Kodaira dimension), this begs the question for the Kodaira dimension and (uni-)rationality of the
moduli spacesMEnr,v and M̃Enr,v. Among other things, Gritsenko and Hulek [309] prove that the
extremal cases do occur.

A standard approach to birational geometry of arithmetic quotients of period spaces DN is via
the theory of automorphic forms on it. We refer to Appendix for the definition of a holomorphic
automorphic form of weight k ≥ 0 and character χ on DN . When the signature of N is equal
to (2, 1) this is the usual definition of an automorphic form in one variable. We assume that the
signature of N is equal to (2, n), where n ≥ 3. In fact for our applications to Enriques surfaces
N = U ⊕ E10(2) and n = 10. Let Γ be a subgroup of finite index of O(N). We will consider the
algebra of modular forms Mk(Γ, χ) of weight k, character χ and the group Γ.

LetMΓ := Γ\DN . When we refer to a birational property of this quasi-projective algebraic vari-
ety we mean the birational property of its smooth projective model. We will discuss in Section 5.9
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various compactifications of MΓ, and in particular a torodal compactification Mtrd
Γ . It is known

that there exists a toroidal compactification with only canonical singularities [254, Theorem 1]. To
investigate the Kodaira dimension ofMtrd

Γ we have to study the linear spaces of holomorphic dif-
ferentials H0(Mtrd

Γ , ω⊗k
Mtrd

Γ

). Let πγ : DN →MΓ be the projection map to the quotient. If it were

unramified, then it follows from the definition of a modular forms that the space H0(MΓ, ω
⊗k
MΓ

)
coincides with the vector space Mnk(Γ, 1). However, the projection map πΓ is ramified along the
Heegner divisors

HN (δ) = {x ∈ DN : x · δ = 0},

where δ ∈ N such that, for any v ∈ N , 2δ·v
δ2 ∈ Z. In other words δ defines a reflection sδ : v 7→

v − 2δ·v
δ2 δ on N (see [254, Corollary 2.13]). Let

HN (−n) = ∪δ∈N−nHN (δ).

In our case N = U ⊕ E10(2), there are only two types of Heegner divisors HN (−2) and HN (−4)
which we denoted in Section 5.3 by H(−2) and H(−4). The first one is the discriminant which
we have to throw away to consider the moduli space of Enriques surfaces. Its quotient by ΓEnr =
O(N)] is the moduli spaceMCoble of Coble surfaces. The quotient of the second one by the same
group is the moduli spaceMnod

Enr of nodal Enriques surfaces. To see the relations between differ-
ential forms and modular forms we have to restrict ourselves with modular forms from M10k(Γ, 1)
that vanish on the ramification locus of order k and extend to a holomorphic form on the compact-
ification. Note that according to the Koeher principle any modular form extends to the boundary
of the Baily-Borel compactification ofMΓ (because we assumed that n ≥ 3). But it is not clear
whether it extends to the toroidal compactification Mtrd

Γ . To construct modular form that extend
to a holomorphic form on the compactification one uses Borcherds forms whose construction we
review in Appendix.

We restrict ourselves to the caseN = U⊕E10(2). In this case, we have two Borcherds automorphic
forms with zeros on Heegner divisors. These are the forms Φ4(z) of weight 4 that vanishes with
order 1 on the Heegner divisor H(−2) and Φ124(z) of weight 124 that vanishes or order 1 on the
Heegner divisor H(−4) (see Corollary A.2.10 and Corollary A.2.12 in Appendix). The vectors
δ ∈ N(−4) that define the Heegner divisorsHδ are of even type, i.e. 1

2δ ∈ N
∨.

Suppose F10k(Z) ∈ M10k(Γ, 1) that vanishes of order k on H(−2). Then, applying the Koeher
principle, we obtain that

F6k(z) =
F10k(z)

Φk
4(z)

∈M6k(Γ, χ),

where χ is a character dependent on Γ. We put

F (z) =
∏

γ∈ΓEnr

F6k(g · z) ∈M6k[ΓEnr:Γ](ΓEnr, χ
′).

Here the product is finite since each factor depends only on the coset of γ modulo ΓEnr. The factor
γF (z) = F6k(γ · z) is an automorphic form with respect to the group γ−1 ·Γ · γ. If F6k vanishes on
the Heegner divisor Hδ, then γF (z) vanishes on the Heegner divisor Hγ−1(δ). By Corollary 5.6.2,
all even vectors δ ∈ N−4 form one orbit with respect to ΓEnr. We know that the orbits of Γ]Enr on
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the set of even vectors δ ∈ N−4 are in bijective correspondence with 496 non-isotropic vectors in
E10
∼= F10

2 . Let R = R(Γ) be the number of orbits of such vectors with respect to Γ. If Γ = ΓEnr

this number is equal to 1 and in another extreme case, if Γ = Γ]Enr, R is equal to 496. It follows
that F (z) vanishes on the image of a Heegner divisorHδ inMEnr with multiplicity

m =
kR[ΓEnr : Γ]

496
.

This implies that F is divisible by the automorphic form Φm
124 and

6k[ΓEnr : Γ] ≥ 124m =
kR[ΓEnr : Γ]

4
.

ThusR ≤ 24 is the necessary condition in order that an automorphic form fromM10k(Γ, 1) extends
to a non-zero holomorphic form onMtrd

Γ .

We have proved the following theorem which is Theorem 5.1 from [309].

Theorem 5.8.3. Assume that the image Γ of Γ in O(E10) ∼= O+(10,F2) contains at least 25 reflec-
tions with respect to non-isotropic vectors. Then the Kodaira dimension ofMΓ is negative,

Corollary 5.8.4. LetMEnr,M be the moduli space of Enriques surfaces with latticeM polarization.
Assume that the image of O(M)] in O(E10) contains at least 25 reflections in non-isotropic vectors.
ThenMEnr,M has negative Kodaira dimension.

Example 5.8.5. Let M = U[k]. We know from Example 5.7.5 that O(U[k])
] ∼= W (E10−k), k =

2, 3, 4. Its image in W (E10 contains 120, 56, 36 non-isotropic vectors. Thus the moduli space
MEnr,U[k]

) is of negative Kodaira dimension if k = 2, 3, 4.

Let v ∈ (U[k])2n. Assume k ≤ 4. Then the projectionMEnr,M →MEnr,v shows thatMEnr,v is
of negative Kodaira dimension. In fact, computations from [309] show thatMEnr,v is of negative
Kodaira dimension for all v with v2 ≤ 32.

On the positive side we have the following

Theorem 5.8.6. Let ω ∈ E10 be a vector with ω2 > 0. There exists an ω ∈ E10 such thatMm
Enr =

MEnr,v, which is of general type.

Let C be the fundamental chamber in E10 of the Weyl group defines by the root basis α0, . . . ,α9

and fundamental weights ω0, . . . ,ω9. We know from Section 1.5 that we can write v ∈ C as in
(1.5.12)

v = m∆−
10∑
i=1

miωi, (5.8.1)

where mi ≥ 0, 3m = m1 + · · · + m10 and m ≥ m1 + m2 + m3,m1 ≥ . . . ≥ m10. We call the
vector (m,m1, . . . ,m10) the numerical type of v. For any vector v we choose w ∈ W (E10) such
that w(v) ∈ C and say that the numerical type of v is the numerical type of w(v).

If m1 ≥ . . . ≥ mk > mk+1 = · · · = m10, we say that k is the threshold of the numerical type (it
is equal to zero if m1 = · · · = m10).

We have the following.
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Lemma 5.8.7. If C2 > 0, then
Φ(v) = m10.

Proof. Since v ∈ C and f10 is the only primitive isotropic vector in C, for any other such vector f
we have f = f10 +

∑
aiαi, ai ≥ 0. This gives v · f ≥ v · f10. It follows from Lemma 1.5.8 that

v · f10 = m10.

Lemma 5.8.8. Let v ∈ C be of numerical type (m1, . . . ,m10) and threshold k. Then

(i) v2 = 0 if and only if mk+1 = 0 and in this case v = f10;

(ii) if k = 0, then v = aω0;

(iii) if k = 1, then v = aω1 + bω0;

(iv) if k = 2, then v = aω2 + bω1 + cω0;

(v) if k ≥ 3, then v = a4f4 + · · ·+ a10f10 + v′, where a4 ≤ . . . ≤ a10 and v′ ∈ C is of threshold
k′ ≤ 2.

Proof. (i) By the previous lemma, m10 = 0. Then v · f10 = 3m−
∑10

i=1mi = 0. Since the lattice
E10 has signatures (1, 9) we obtain that v = af10.

(ii) In this case 3m = 10m1, hence v = m1(10
3 ∆ − f1 − · · · − f10) = m1

3 ∆. So, m1 = 3a and
v = a∆. Since f1,2 = ∆− f1, we get ∆ = f1,2 + f1.

(iii) We have
ω1 = ∆− f1 = f12 + f2 = 7∆− 3f1 − 2(f2 + · · ·+ f10).

So, its numerical type has threshold equal to 1. Suppose v ∈ C has threshiold equal to 1. We can
write

v = m∆−m1f1 −m2(f2 + · · ·+ f10),

where 3m = m1 + 9m2 and m ≥ m1 + 2m2,m1 ≥ m2. This gives 3m = m1 + 9m2 ≥
3m1 + 6m2, hence 3m2 ≤ 2m1 > 2m2. This implies that m2 ≥ 2,m3 ≥ 3 and m ≥ 7.
Since v · α1 = m1 − m2 ≥ 1, subtracting ω1, we obtain v − α1 is still in C and it is equal to
v−α1 = (m−7)∆− (m1−3)f1− (m2−2)(f2 + · · ·+ f10. Continuing in this way, we will either
get a vector with threshold 0, or a vector with threshold 1 and m′10 = 2. It is equal to ω1. Thus we
obtain v = aω1 + b∆.

(iv) We have
ω2 = ∆− f1 − f2 = 4∆− 2f1 − 2f2 − (f3 + · · ·+ f10)

has threshold equal to 2. As in the previous case, we can subtract subtract aω2 until we either get
zero, or a vector with threshold ≤ 1.

(v) We have

v′ = v−(fk+1+· · ·+f10) = (m+3k−30)∆−
k∑
i=1

(mi+k−10)fi−(mk+1+k−9)(fk+1+· · ·+f10)
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satisfies v′ · α0 = v · α0 ≥ 0 and v′ · · ·αi ≥ 0, i 6= 0, thus v′ ∈ C. Continuing subtracting this
vector, we get a vector with m′k = m′k+1 = · · ·m′10 with threshold k′ < k. Then we subtract
(fk′+1 + · · ·+ f10) and decrease it again. In this way, we arrive at a vector with threshold ≤ 2.

The next corollary is Proposition 2.3 of [388] that improves Lemma 2.12 from [386].

Corollary 5.8.9. Every effective divisor classD withD2 ≥ 0 on an Enriques surface can be written
as a positive integer linear combination

D = a0F0 + a1F1 + · · ·+ a7F7 + a8F8 + a9F9 + a10F10 + εKS ,

where (F1, . . . , F10) is an effective lift on an isotropic 10-sequence and F0 is an effective lift of an
isotropic vector f0 with f0 · f9 = f0 · f10 = 2 and f0 · fi = 1, i 6= 9, 10. Moreover,

(a) a8 = 0;

(b) a1 ≤ · · · ≤ a7;

(c) a9 + a10 ≥ a0 ≥ a9 ≥ a10.

Proof. We fix a marking φ : Num(S) → E10 and let v = φ([D]). Applying w ∈ W (E10) we
assume that v belongs to the fundamental chamber C. Let (m,m1, . . . ,m10) be the numerical type
of v. If D2 = 0, we get v = af10 and the assertion is true. Let k be the threshold of v. If k = 0,
v = aω0 = a∆ = a(f1,2 + f1 + f2), so we take F0 with [F0] = f1,2 and Fi with [Fi] = fi
and get (a0, a1, . . . , a10) = (a, a, a, 0, . . . , 0). After permuting fi, we get (a0, a1, . . . , a10) =
(a, 0, . . . , a, a) and the assertion is true.

If k = 1, we get
v = aω1 + bω0 = a(f1,2 + f2) + b(f1,2 + f1 + f2),

hence (a0, . . . , a10) = (a + b, b, a + b, 0, . . . , 0). After permuting fi, we get (a0, . . . , a10) =
(a+ b, 0, . . . , 0, a+ b, b), and the assertion is true.

If k = 2, we get

v = aω2 + bω1 + cω0 = a(2f12 + f1 + f2) + b(f1,2 + f2) + c(f1,2 + f1 + bff2)

= (2a+ b+ c)f1,2 + (a+ c)f1 + (a+ b+ c)f2.

Thus, after permutation of the fi, we find (a0, a1, . . . , a10) = (2a+ b+ c, 0, . . . , 0, a+ b+ c, a+ c)
and again the assertion is true.

Finally, if k ≥ 3, we can write v as a sum of a vector with k ≤ 2 and a vector a4f4 + · · ·+ a10f10

with a4 ≤ · · · ≤ a10. After permuting fi’s, we get (a0, a1, . . . , a10) = (a0, a10, . . . , a4, 0, a9, a10)
and the assertion is true again.
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Note that, it follows from the uniqueness of the numerical type of a numerical class [D] that it can
be written uniquely in the form a0f0 + · · ·+ a10f10 as above.

To state the next theorem, following [?], we define a simple isotropic decomposition of a numerical
class h with h2 > 0 to be a choice of primitive isotropic vectors g1, . . . , gn such that

h = k1g1 + · · ·+ kngn, k1, . . . , kn ∈ Z+,

where one of the following conditions is satisfied

(a) n 6= 9, and (g1, . . . , gn) is an isotropic n-sequence;

(b) n 6= 10, and g1 · g2 = 2 and gi · gj = 1 for all other i 6= j;

(c) g1 · g2 = g1 · g3 and gi · gj = 1 for all other i 6= j.

It follows from Corollary 5.8.9 that a simple isotropic decomposition always exists although not
unique (we take g1 = [F0] if a0 6= 0 and g1 = [F9] if a9 6= 0, a10 = 0 and g1 = [F9], g2 = [F10] if
a10 6= 0).

The next theorem was proven in [117] using a construction similar to one we used in Example
5.7.9 proving the rationality ofMEnr,Fano.

Theorem 5.8.10. Ma
Enr,v is unirational in the following cases:

1. there exists a marking φ : E10 → Num(S) such that φ(v) admits a simple isotropic decom-
position with n ≤ 4;

2. there exists a marking φ : E10 → Num(S) such that φ(v) admits a simple isotropic decom-
position with l = 5 satisfying (a) and it is uniruled otherwise.

Note that in Example 5.8.5 we have proved that MEnr,v is of negative Kodaira dimension if
v ∈ U[4] that implies that l ≤ 4, so the case in the Theorem improves this result.

We now turn to the moduli spaces MEnr,v and we show that if v2 is small, then not only the
Kodaira dimension is negative, but that in some cases, these spaces are actually rational. We start
with polarizations of degree 2. We recall from Corollary 1.5.4 that every vector v ∈ E10 with v2

lies in the O(E10)-orbit of ω8.

Theorem 5.8.11. The moduli space MEnr,2 = MEnr,ω8 of degree 2 numericallly polarized En-
riques surfaces is connected and rational.

Proof. If L is a polarization of degree 2 on a general Enriques surface S, then the complete linear
system |L⊗2| defines a bielliptic map of degree 2 from S onto a non-degenerate 4-nodal quartic
del Pezzo surface D1 ⊂ P4, see Section 3.3. The branch curve is cut out by a quadric. Thus, the
moduli spaceMEnr,ω8 is birationally equivalent to the quotient of the projective space |OD1(2)| by
the automorphism group of D1, which is isomorphic to the semi-direct product G = G2

m oD4. We
will now use the equations and computations of Section 0.6.
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First, we choose projective coordinates to write D1 in the equations

x2
0 + x1x2 = x2

0 + x3x4 = 0.

Then, the automorphism group G is generated by the transformations

gλ,µ : [x0, x1, x2, x3, x4] 7→ [x0, λx1, λ
−1x2, µx3, µ

−1x4]

g1 : [x0, x1, x2, x3, x4]→ [x0, x2, x1, x3, x4],

g2 : [x0, x1, x2, x3, x4]→ [x0, x1, x2, x4, x3],

g3 : [x0, x1, x2, x3, x4]→ [x0, x3, x4, x1, x2].

We set V (15) := H0(P4,OP4(2)) and let V (13) ⊂ V (15) be the subspace of harmonic quadratic
forms with respect to the linear space of quadratic forms spanned by q1 = x2

0 + x1x2 and q2 =
x2

0 + x3x4. This means that V (13) is equal to those quadratic forms that are annihilated by the
differential operators

∂2

∂x2
0

+ 2
∂2

∂x1∂x2
and

∂2

∂x2
0

+ 2
∂2

∂x3∂x4
.

If V (2) ⊂ V (15) denotes the subspace spanned by the quadratic forms q1, q2, then we obtain
a direct sum decomposition of linear G-representations V (15) = V (13) ⊕ V (2). This gives an
isomorphism V (15)/V (2) ∼= V (13) of linear G-representations. The space V (13) is spanned by
the 13 polynomials

x2
1, x

2
2, x

2
3, x

2
4, x0x1, x0x2, x0x3, x0x4, x1x3, x1x4, x2x3, x2x4, 2x2

0 − x1x2 − x3x4,

which we denote by m′i, i = 1, . . . , 13. Passing to the projective space P(V (13)), we introduce the
12 invariant rational functions mi := m′i/m

′
13
di , where di is the degree of the monomial mi.

We have to show that the field of invariants K = C(m1, . . . ,m12)G is a purely transcendental
extension of C. The torus G2

m acts on P(V (13)) with a basis m1, . . . ,m12 via the diagonal matrix
by the characters

diag(λ2, λ−2, µ2, µ−2, λ, λ−1, µ, µ−1, λµ, λµ−1, λ−1µ, λ−1µ−1, 1).

A monomial ma1
1 · · ·m

a12
12 in the basis is invariant if and only if

2a1 − 2a2 + a5 − a6 + a9 + a10 − a11 − a12 = 0,

2a3 − 2a4 + a7 − a8 + a9 − a10 + a11 − a12 = 0.

Solving these equations, we conclude that the algebra of G2
m-invariant polynomials in mi is freely

generated by the following ten Laurent monomials

(n1, . . . , n10) = (m1m2, m3m4, m5m6, m7m8, m1m
−1
2 m−2

5 m2
6,

m3m
−1
4 m−2

7 m8, m9m10m11m12, m9m12m10m
−1
11 ,

m−4
5 m−4

6 m9m10m
−1
11 m

−1
12 , m

4
7m

4
8m9m10m

−1
11 m

−1
12 ).

Now, let us see how the finite subgroup G0
∼= D8 of G acts on this basis. We have

g1 : (n1, . . . , n10) 7→ (n1, n2, n3, n4, n
−1
5 , n6, n7, n

−1
8 , n−1

9 , n10),

g2 : (n1, . . . , n10) 7→ (n1, n2, n3, n4, n5, n
−1
6 , n7, n

−1
8 , n9, n

−1
10 ),

g3 : (n1, . . . , n10) 7→ (n2, n1, n4, n3, n6, n5, n7, n
−1
8 , n−1

10 , n
−1
9 ).
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This shows that the field K is generated by the 10 rational functions

n1 + n2, n1n2, n3 + n4, n3n4, n5 + n−1
5 + n6 + n−1

6 , n5n6 + n−1
5 n6 + n−1

5 n−1
6 ,

n7, n8 + n−1
8 , n9 + n10 + n−1

9 + n−1
10 , n9n10 + n−1

9 n−1
10 + n9n

−1
10 + n−1

9 n10.

This proves the assertion.

Next, we turn to polarizations of degree 4. If v ∈ E10 satisfies v2 = 4, then it lies in the O(E10)-
orbit ofω1 orω8+ω9. Since Φ(ω8+ω9) = 1, polarizations of this type correspond to hyperelliptic
linear systems. On the other hand, Φ(ω1) = 2 and polarizations of this type correspond to Cossec-
Verra polarizations, which we studied in Section 3.4. The following result was proven by G. Casnati
[105], but the proof is too involved to be reproduced here. It is based on the construction of degree
4 covers of the projective plane using sections of vector bundles.

Theorem 5.8.12. The moduli space MEnr,CV := MEnr,ω1 of Cossec-Verra polarized Enriques
surfaces is connected and rational.

Remark 5.8.13. We know from Section 3.4 that a general Cossec-Verra polarized Enriques surface
is defined by the choice of two nonsingular cubic curves ∆± = V (F±) in P2 with nontrivial 2-
torsion points η± on both. It is well-known that the Hessian curve V (Hess(F )) of a cubic curve
V (F ), which is defined by the Hessian determinant Hess(F ), comes with a unique nontrivial 2-
torsion point and assigning the Hessian curve to V (F ) establishes a birational equivalence between
the projective space of plane cubics and its triple cover corresponding to pairs (C, η) consisting of
a plane cubic and a nontrivial 2-torsion point on it, see also [179], Section 3.2. We conclude that
MEnr,CV is isomorphic to the moduli spaceM of unordered pairs (C1, C2) of plane cubic curves
modulo projective equivalence. Assigning to (C,C ′) the pencil of cubic curves spanned by C and
C ′, we obtain thatM is birationally equivalent to the product P2 (more precisely: the symmetric
product of the pencil) and the 8-dimensional moduli space of pencils of plane cubics. We do not
how to prove the rationality of the latter moduli space, but it follows from Casnati’s result that this
space is stably rational.

Next we consider polarizations of degree 6. By Corollary 1.5.4, there are two O(E10)-orbits of
vectors v ∈ E10 with v2 = 6. The orbit that does not correspond to hyperelliptic linear systems is
the orbit containing ω7. By Proposition 3.1.1 (see also Remark ??), there are two polarizations L
on an Enriques surface S with L2 = 6 and Φ(L), namely a bielltipic one and one that gives rise
to a birational morphism. For the former, we refer to Section 3.3 and for the latter to Section 3.5.
Moreover, by Theorem 3.5.1, if L is a polarization of the latter type, then |L| defines a morphism
to P3, whose image is a sextic surface that is singular along the lines of a tetrahedron, see also
Example 1.6.2. In fact, using the explicit description of these surfaces from Theorem 3.5.1, we
find that the moduli space of such surfaces is isomorphic to the quotient space of the space of
quadratic polynomials in four variables modulo the action of the symmetric group S4 that permutes
the unknowns. This is the key to the following result.

Theorem 5.8.14. The moduli space M̃Enr,ω7 is connected and rational. An open and dense subset
parametrizes pairs (S,L) of an Enriques surface S together with a degree 6-polarization L with
Φ(L) = 2, such that the image of |L| is an Enriques sextic in P3.
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Proof. This is an easy exercise. First, the representation of S4 in the space V10 of quadratic polyno-
mials in four variables {x1, ..., x4} decomposes as the direct sum of representations V4 ⊕ V3 ⊕ V ′3 ,
where

V4 = 〈x2
1, x

2
2, x

2
3, x

2
4〉,

V3 = 〈x1x2 + x3x4, x1x3 + x2x4, x1x4 + x2x3〉,
V ′3 = 〈x1x2 − x3x4, x1x3 − x2x4, x1x4 − x2x3〉.

This implies that there is an isomorphism

C[V10]S4 ∼= C[V4]S4 ⊗ C[V3]S4 ⊗ C[V ′3 ]S4 .

The first space C[V4]S4 is isomorphic to the polynomial algebra in elementary symmetric polyno-
mials in the x2

i . The varieties V3/S4
∼= Spec C[V3]S4 and V ′3/S4 = Spec C[V3]S4 are both

birationally equivalent to affine cones over the rational surfaces P2/S4. All of them are obviously
rational varieties.

Remark 5.8.15. A bielliptic polarization L of degree 6 has class [L] = ω7. However, such polariza-
tions only exist on nodal Enriques surfaces and thus, form locally closed subsets ofMEnr,ω7 and
MEnr,ω7 that are not dense. We refer to Table 8.4 at the end of Section 8.4 for details.

Finally, there are three O(E10)-orbits of vectors v ∈ E10 with v2 = 10. One of them is the orbit
of the class ω0, which corresponds to the class of a Fano polarization, see Section 3.5. We denote
byMEnr,Fano be the component of theMEnr,ω0 corresponding to Fano polarizations. Finally, we
sketch the proof of the following result due to Verra [696]:

Theorem 5.8.16. The moduli space M̃Enr,Fano of Fano-polarized Enriques surfaces is irreducible
and unirational.

Proof. Let U be the 10-dimensional linear space of Enriques sextics given by the equations from
Theorem 3.5.1. Let T = V (t0t1t2t3) be the coordinate tetrahedron. Let `ij : ti = tj = 0 be its
edges and let Pi be the vertex with ti 6= 0. Let h be the ample divisor class on a general Enriques
surface from U that defines the sextic model. We may assume that its numerical class is equal to
f1 + f2 + f3, where (f1, f2, f3) is a non-degenerate isotropic 3-sequence. Let F be the variety
of elliptic curves of degree 5 in P3 that intersect the edges `23 and `01 with multiplicity 1 and that
intersect the other edges with multiplicity 2. If C ∈ F lies on X , then its pre-image under the
normalization map S → X is an elliptic curve C ′, such that C ′ ·f1 = 1, C ′ ·f2 = C ′ ·f3 = 2. Then,
the divisor class ∆ = C ′ + f2 + f3 satisfies ∆2 = 10 and Φ(∆) ≥ 3. This is a Fano polarization
on S.

Claim 1: For a general C ∈ F there exists a unique sextic X ∈ U that contains C.

To see this, we consider the 10-dimensional linear system of sexticsXq, q ∈ U . Each such surface
cuts out on C a divisor of the form 2d0 + dq, where d0 is a divisor of degree 10 that is supported on
the edges. Since C is an elliptic curve, the dimension of the linear series |dq| is equal to 9, hence
there exists a surface X that contains C. To show that X is unique, suppose that C is contained in
two such surfacesX,X ′. Subtracting the normalized equations ofX,X ′, we see that C is contained
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in the base locus of the pencil λQ(t0, t1, t2, t3)+µQ(t0, t1, t2, t3)′ = 0 of quadrics. Since a general
C does not lie on a quadric, we find X = X ′.

Claim 2: There exists a dominant and rational map : F 99KMEnr,Fano.

It follows from the previous step that we have a rational map f : F 99K U . As we saw above,
each C ∈ F determines a Fano polarization on Xf(C). Thus, we obtain a map F 99KMEnr,Fano.
Since U 99KMEnr andMEnr,Fano →MEnr are finite rational maps, it follows that f is dominant.
Thus, the map is dominant.

Claim 3: F is an irreducible rational variety of dimension 10.

Let C ∈ F and let p : P3 99K V (t3) ∼= P2 be the projection map from the point P3 to the plane
t3 = 0. The image of C is a plane quintic. It passes doubly through the points q0 = p(`03) and
q1 := p(`13) and it passes simply through the point q2 = p(`23). It has also 3 other double points
A,B,C.

Counting dimension of variety F ′ of such plane elliptic quintics, we find that it is equal to 10.
However, two curves C and C ′ may project to the same plane. This happens only if they differ by a
projective automorphism that preserves the coordinate tetrahedron, that fixes the vertex P3, and that
acts as identity on the coordinate plane t3 = 0. The set of such automorphisms is a one-parameter
group of homotheties. This seems to imply that dimF = 11. An explanation for this paradox is that
not every plane quintic from the above is the projection of a curve from F . Verra proves in [696],
Lemma 1.1 that a necessary and sufficient condition for a quintic C ′ ∈ F ′ to be a projection is that
there exists a plane cubic that passes through the singular points q0, q1, q2, A,B,C of C ′ and also
through the 5 residual points of the intersection of C ′ with the edges `03, `13, `23 lying in the plane
t3 = 0. This make F to be birationally equivalent to a line bundle over a 9-dimensional variety F ′0.

Finally, it remains to prove that F ′0 is a rational variety. First, we use that there is a natural rational
map from F ′0 to the symmetric product Sym3(P2) of the plane that assigns to F ′ the set of singular
points {A,B,C}. The fiber of this map {A,B,C} is isomorphic to the 3-dimensional linear pro-
jective space of plane cubics passing through the points q0, q1, q2, A,B,C. Since Sym3(P2) is a
rational variety, we are done.

Remark 5.8.17. Verra uses this beautiful construction in order to give a proof of the unirationality
of the moduli spaceA5 of principally polarized abelian varieties and its coverR6, the moduli space
of genus 6 curves together with a non-trivial 2-torsion divisor class. The cover R6 → A5 is given
by the Prym variety construction. In order to prove this, he introduces a P5-bundle overMEnr,Fano,
whose fiber over the isomorphism class (S,∆) is the linear system |∆|. A curve D from |∆| is a
genus 6 curve that comes with a non-trivial 2-torsion divisor class defined by ωS ⊗OD.

We refer to [117] for more resulst on unirationality of the moduli spacesMEnr,v. For example, if
0 < ω2 ≤ 58, then all known components of these spaces are unirational.
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5.9 Compactifications of moduli spaces

In Section 5.3 and Section 5.5, we constructed the coarse moduli spaces MEnr and MEnr,v of
unmarked and of numerically polarized Enriques surfaces, respectively, as quotients of the form
ΓEnr\D◦Enr and ΓEnr\D◦Enr,v. These moduli spaces are quasi-projective varieties, but not proper
over C. In section 5.4, we have already found a partial compactification Mm

Enr and MEnr and
interpreted this boundary as the moduli space of Coble surfaces.

The goal of this section is to discuss compactifications of these moduli spaces in the following
way: using the Baily–Borel–Satake compactification DEnr ⊂ DEnr of the period domain, we then
obtain a compactification

ΓEnr\D◦Enr ⊂ ΓEnr\DEnr ⊂ ΓEnr\DEnr,

which is a normal complex projective variety, such that the complement of ΓEnr\DEnr in ΓEnr\DEnr

has only components of dimension 0 and 1.

We refer to [171] for more background and to [34] for a thorough treatment of compactifications
of symmetric domains.

Before doing so, we first shortly review some general properties of Baily–Borel–Satake compact-
ifications of bounded Hermitian symmetric domains.

We recall, for example from [293], that a symmetric Hermitian space is a connected complex
manifold M together with a Hermitian Riemannian metric, such that every point is an isolated fixed
point for some involution in the group A(M) of holomorphic automorphisms of M . Both, the
group A(M) and its connected component of the identity A(M)◦, admit structure of real algebraic
Lie groups. The group A(M)◦ acts transitively on M and the stabilizer subgroup of every point
is a maximal compact subgroup K of A(M)◦. If a symmetric Hermitian space is not the product
of two such spaces, it is said to be irreducible. Each such space is either an Euclidean space or
a homogeneous space G/K, where G is either a simply connected non-compact (resp. compact)
real Lie group and K is a maximal (resp. maximal proper) subgroup. In the former case, it is of
non-compact type and in the latter case it is of compact type. Each irreducible symmetric Hermitian
space G/K of non-compact type admits a natural open embedding into an irreducible symmetric
Hermitian space Gc/K of compact type, whereGc is a compact real form of the complex Lie group
GC. It is called the dual compact form of G/K. The dual compact form admits the structure of a
complex homogeneous spaceGC/P , where P is a parabolic subgroup ofGC, such that P ∩G = K.
An irreducible symmetric Hermitian space of non-compact type also admits an open embedding into
Cn, whose image is a bounded domain D. It can be realized as an open subset of Ď = Gc/Kc. A
bounded domain obtained in this way is called a bounded Hermitian symmetric domain.

Example 5.9.1. The simplest example is the upper half-plane H = {z = a + bi ∈ C : b > 0}. In
this case, it is a homogeneous space with respect to G = SL(2,R) and K ∼= SO(2). Here, K is
embedded into G as the subgroup of matrices of the form

(
a b
−b a

)
. The group G acts on H by the

Möbius transformations z 7→ az+b
cz+d . Although H is not a bounded domain, it is holomorphically

isomorphic to the unit disk

∆ := {z ∈ C : |z| < 1} ⊂ C .
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via the map z 7→ z−i
z+i . In this latter case, we obtain a description of ∆ as a homogeneous space with

respect to G ∼= SU(1, 1), the group of complex unimodular matrices preserving the Hermitian form
|z1|2 − |z2|2. The subgroup K is the group of diagonal matrices in G. Since GC = SL(2,C) and
KC = SO(2,C), we obtain an embedding

D ⊂ Ď = SL(2,C)/SO(2,C) ∼= P1
C .

The upper-half plane H is the one-dimensional case of the Siegel upper-half space Hg, which is
defined as the set of complex symmetric g × g matrices with positive definite imaginary part. It is
an irreducible symmetric Hermitian space of non-compact type with (G,K) = (Sp(2g,R),U(g)).
It can be realized as a bounded domain in C

1
2
g(g+1) of complex symmetric g × g-matrices Z with

Ig−Z̄ ·Z > 0. The bounded domainHg serves as the period space for abelian varieties of dimension
g. It is of Type III in Cartan’s classification. Its compact form is the Grassmannian of maximal
isotropic subspaces in a complex symplectic space of dimension 2g.

Example 5.9.2. This example will be of the main concern for us. Let (V, q) be a real quadratic space
with signature (2, t) and let VC be its complexification. The complex manifold

D := {Cz ∈ P(VC) : (z, z) = 0, (z, z̄) > 0}

consists of two connected components, each isomorphic to an irreducible Hermitian symmetric
space G/K, where G = SO(V, q) ∼= SO(2, t) and K = SO(2)× SO(t). This is an example of an
irreducible symmetric Hermitian spaces of orthogonal type or of Type IV in Cartan’s classification
of such spaces. The corresponding compact symmetric Hermitian space is

Ď = SO(21− t,C)/SO(2,C)× SO(19− t,C),

which is isomorphic to a quadric hypersurface V (q) ⊂ P(VC). Another model of D is the subset
G+(2, V ) of the real GrassmannianG(2, V ) that parameterizes positive definite subspaces of V . An
isomorphism is given by assigning to z ∈ D the real plane spanned by the real and the imaginary
part of z. To choose a connected component we put an orientation in this real plane.

To see that a connected component ofD is realized as a Hermitian bounded homogeneous domain,
we use coordinates (x1, . . . , xt, xt+1, xt+2) in V , such that the quadric hypersurface is given by
q = x2

t+1 + x2
t+2 −

∑t
i=3 x

2
i . Let zi = xi + iyi be the corresponding coordinates in VC. Choose a

connected component of D by requiring that Im zt+1

zt+2
> 0. Then, the map is given by the formula

w1 =
z1 + iz2

zt+1 + izt+2
, w2 =

z1 − iz2

zt+1 + izt+2
, and wk =

zk
zt+1 + izt+2

, k = 3, . . . , t,

see [582], Chapter 2, §8 and [617], Appendix, §6. The image is a domain in Ct given by inequalities

|w1|2 + |w2|2 + 2

t∑
k=3

|wk|2 < 1 + |w1w2 + w2
3 + · · ·+ w2

t | < 2.

As we have seen in Section 5.3, the period spaces for K3 surfaces and Enriques surfaces are exam-
ples of such spaces D with t ≤ 19. We keep calling D a period domain. If t = 1, then D coincides
with the upper half-planeH from the previous example.
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Being isomorphic to GC/P , the compact form Ď of D = G/K is a projective algebraic variety.
Thus, the open embedding D ⊂ Ď could be viewed as a compactification of D. However, this
compaticfication has no geometric meaning, which is why we proceed to define a smaller partical
compactification of D, which leads to a compactification of an arithemetic quotient of the period
domain.

A subset F of the boundary ∂D := Ď\D is called a boundary component if it satisfies the follow-
ing properties:

1. F is an analytic subset of ∂D in an open neighborhood of each of its points,

2. any holomorphic curve in ∂D that intersects F is entirely contained in F , and

3. F is minimal with respect to the previous properties.

An equivalent definition is that F is a minimal analytic subset of the boundary, such that any two
points lie in the image of a holomorphic map from the unit disk to F .

The group G acts transitively on the set of boundary components and the stabilizer subgroup of
a boundary component F is a maximal parabolic subgroup GF of G (this means that the Zariski
closure in G(C) is a parabolic subgroup). The assignment{

boundary components of D ⊂ Ď
}
→ { maximal parabolic subgroups of G }

F 7→ GF := {g ∈ G | g(F ) = F}

is a bijection of sets.

A choice of boundary component of a non-compact Hermitian symmetric domain B gives a
realization of B as a certain Siegel domain in a complex affine space. It is given by the data
(U, E ,W,C+, B,H), where U is a real linear space, where π : E → B is a complex vector
bundle over a bounded domain B in a complex linear space W , where C+ is an open convex cone
in U , and where H is a semi-hermitian form on E with values in the trivial vector bundle (UC)B
(a semi-hermitian form is the sum of a hermitian form and a symmetric bilinear form). A Siegel
domain associated to this data is the set

S := {(x+ iy, v) ∈ UC × E : y − Re(Hπ(v)(v, v)) ∈ C+}. (5.9.1)

There are different kinds of Siegel domains:

1. In the case where W = E = {0}, we obtain

S = {x+ iy : y ∈ C+},

which is called a Siegel domain of the first kind. An example of such a domain is the Siegel
half-spaceHg, where C+ is the cone of positive definite symmetric matrices.

2. In the case where W = E = E × {0} and H is a Hermitian form, we obtain

S = {(x+ iy, v) ∈ UC × E : y −H(v, v) ∈ C+},

which is called a Siegel domain of the second kind. One can show that such a domain is
holomorphically isomorphic to the unit ball in Cn, where n = dimU + dimE.
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3. In the case where dimB > 0, a Siegel domain is called a Siegel domain of the third kind.

We are now interested in the case of a period space D (more precisely, their connected compo-
nents) associated with a real quadratic space (V, q) of signature (2, t), that is, we consider

D = {Cz ∈ P(VC) : (z, z) = 0, (z, z̄) > 0}

as introduced in Example 5.9.2.

A boundary component corresponds to a parabolic subgroup of SO(V ). Such groups are stabilizer
subgroups of flags of isotropic subspaces in V . Since the signature of V is (2, t), there are three
types of such flags: lines, planes, and lines contained in planes. The first two types define maximal
parabolic subgroups. More precisely, we can describe the boundary components as follows: the
boundary ofD consists of points Cz ∈ Ď ⊂ P(VC) with (z, z) = (z, z̄) = 0. If we write z = x+iy,
then this means that x2 = y2 = (x, y) = 0. Thus x, y span an isotropic subspace of dimension 1 or
2.

1. In the first case, we have Cz = Cf , where f is an isotropic vector representing a real point
on the quadric Ď. This is a 0-dimensional boundary component.

2. In the second case, x, y span an isotropic plane J in V and the closure of the boundary
component F is equal to |JC| ∼= P1. The conjugation involution z 7→ z̄ switches the two
connected components of D, so the intersection of |JC| with one of the components, say
D+, is the upper half-plane {x + iy, u > 0}, and the intersection with the other component
D− is the lower half-planne {x + iy, y < 0}. This gives rise to a 1-dimensional boundary
component.

Next, we realize D± as Siegel domains. Below, we will use this to describe neighborhoods of an
arithmetic quotient of D± near the boundary components.

First, let I = Rf be an isotropic line corresponding to a 0-dimensional boundary component
F . The tangent hyperplane of the quadric Q = Ď at the point [f ] is given by the linear function
v → (v, f) that vanishes on |(I⊥)C|. Since any point z ∈ D corresponds to a real positive definite
subspace (spanned by the real and the imaginary part of z ∈ VC), it does not lie in the tangent
hyperplane. Projecting Q from the point [f ], we obtain an open embedding

πI : D ↪→ AI = |(V/I)C| − |(I⊥/I)C| = {z = x+ iy ∈ (V/I)C|(x, f) = 1, (y, f) = 0}.

A point z ∈ D can be represented by a vector λf + x + iy with x, y as above. From (z, z) = 0,
we find (x, x) − (y, y) + 2Re(λ) = 0 and from (z, z̄) > 0, we find (x, x) + (y, y) + Re(λ) > 0.
This gives (y, y) > 0 and conversely, if (y, y) > 0, then we get (z, z) = 0 and (z, z̄) > 0. Thus, we
obtain that a choice of a 0-dimensional bouindary component defines an isomorphism

πI : D+ → TI := {x+ iy ∈ V/I + i(I⊥/I) : (x, f) = 1, y ∈ C+},

where C+ is connected component of the cone C = {y ∈ (I⊥/I)R : (y, y) > 0}. The real part
{x ∈ V/I : (x, f) = 1} is a real affine space associated to the vector space (I⊥/I)R.
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If t > 0, that is, if the quadratic space (V, q) is not positive definite (otherwise D+ is a singleton),
then we can choose an isotropic vector g with (f, g) = 1, we can identify both the real and the
imaginary parts with the linear subspace U = 〈f, g〉⊥ of V , so that TI becomes a Siegel domain
of the first kind. This is also a special case of a tube domain, that is, a subset of Cn of the form
{x+ iy : y ∈ C}, where C is a convex open subset in Rn.

Now let us look at one-dimensional rational boundary component F ⊂ |JC|, where J ⊂ V is an
isotropic plane. Since J is negative definite, we find D+ ∩ |JC| = ∅. Thus, we can project D+ to
|(V/J)C| ∼= Pt−1. The fibers of the projection of Q from the line |JC| are lines, namely the residual
lines of intersections of Q with planes containing the line. The fibers of πI : D+ → |(V/J)C|
are isomorphic to upper half-planes. Next we project |(V/J)C| to |(V/J⊥)C| ∼= |J∨C | ∼= P1 from
the subspace |(J⊥/J)C|. The image of D+ under the composition of the projections will be our
boundary component F . The fibers of the second projection πJ⊥ : πJ(D+)→ F are vector spaces
of dimesnion t − 2 isomorphic to (J⊥/J)C. As a result, we find an isomorphism from D+ to an
upper half-plane bundle over a complex vector bundle of rank t− 2 over F . One can show that this
gives a realization of D+ as a Siegel domain of the third kind.

The Siegel domain realizations allow us to describe the neighborhoods of an arithemtic quotient of
D+ near the images of the boundary components. To do this, we first have to describe the stabilizers
of the boundary components.

Lemma 5.9.3. Let F be a 0-dimensional boundary component corresponding to a one-dimensional
isotropic subspace I = Rf . Then, there is a homomorphism GF → O(I⊥/I), whose kernel ZF is
isomorphic to I⊥/I , where each w ∈ I⊥/I is identified with a transformation of V

Ew,f : v 7→ v − (w, v)f + (v, f)w − 1

2
(w,w)(v, f)f

a so-called Siegel-Eichler transformation.

Proof. One checks immediately that each Ew,f is an orthogonal transformation of V that leaves I
invariant and that induces transformations v 7→ v − (v, f)f on I⊥. Thus, I⊥/I ⊂ ZF . If σ ∈ ZF ,
then for any v ∈ I⊥, we have σ(v) = v − α(v)f , where α ∈ (I⊥)∨. Since σ ∈ SO(V ), it acts
as identity on I . Hence, α ∈ (I⊥/I)∨ and it can be written as α(v) = (w, v). This shows that σ
coincides with Ew,f on I⊥. Choosing some splitting (not orthogonal) V = I ⊕ I⊥, we see that the
only possible orthogonal extension of σ to the whole V is equal to Ew,f for some w ∈ I⊥/I .

Lemma 5.9.4. Let F be a 1-dimensional boundary component corresponding to a two-dimensional
isotropic subspace J of V . Then, there is a homomorphism GF → GL(J) × O(J⊥/J), whose
kernel ZF in its action on J preserves the flag 0 ⊂ J ⊂ J⊥, and whose center Z0

F
∼= Λ2J ∼= R is

the subgroup that acts trivially on the quotients of the flag.

Proof. For any σ ∈ ZF , the restriction of σ−id to J⊥ is the identity on J and it defines a homomor-
phism J⊥/J → J . Thus, we have a homomorphism ZF → Hom(J⊥/J, J) ∼= (J⊥/J)⊗J ∼= R2t.
Using some splitting V = J ⊕ J⊥, one can show that the homomorphism is surjective. Its kernel
Z0
F consists of transformations that induce the identity on J⊥/J . Each such transformation can be

written in the form v 7→7→ v+α(v, f ′)f + β(v, f)f ′ in some basis (f, f ′) of J . It depends only on
the image of f ∧ f ′ ∈ Λ2J and thus, it is isomorphic to this group.
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Remark 5.9.5. It follows from this lemma that we have a non-trivial and central extension of groups

1 → Z0
F → ZF → (J⊥/J)⊗ J → 1, (5.9.2)

so that ZF is a non-abelian nilpotent group, a Heisenberg group.

In order to define an action on an arithmetic group Γ on D, one has to put a Q-structure on the
group G. We do it by fixing a sublattice N in V of signature (2, t), so that V can be identified with
NR. An arithmetic subgroup of G is a subgroup Γ of finite index of O(N). Recall that this means
that Γ is a subgroup of G(Q), which is commensurable with a subgroup of G(Z). An arithmetic
subgroup of G is a discrete subgroup, but the converse is in general not true.

We will call a boundary component F rational if GF is defined over Q. This is equivalent to
the isotropic subspace corresponding to F being of the form JR, where J is a primitive isotropic
sublattice of N . Thus, we have a bijection between rational boundary components of dimension
0 (resp. 1) and primitive isotropic sublattices of rank 1 (resp. 2). To distinguish the two different
types of a rational boundary domain, we will use I for a rank one primitive isotropic sublattice and
we will use J otherwise.

For an arithmetic subgroup Γ, we set

ΓF := GF (Q) ∩ Γ,

we denote by ∂ratD the union of all rational boundary components, and we set

Dc := D ∪ ∂ratD .

Thus, we have

Γ\Dc = Γ\D ∪ {ΓF \F : F is a rational boundary component} ,

By a theorem of Cartan, the space Dc can be given a topology, such that Γ\Dc is a Hausdorff and
compact topological space and such that it is the topological space underlying a normal analytic
space containing Γ\D as an open and dense analytic subset.

Next, let L be the line bundle on Q = Ď ⊂ |NC| that arises as pull-back of O(1) of the ambi-
ent projective space. There is an O(NC)-action on |NC|, which gives rise to an action on Q and
therefore, all line bundles L⊗k are equivariant with respect to the group O(NC). The canonical
bundle of Q satisfies ωQ ∼= L⊗t and hence, sections of L⊗k restricted to D ⊂ Q can be viewed as
automorphic forms of weight kt . We refer to L as the automorphic line bundle.

By a theorem of Baily–Borel [43], the automorphic line bundle descends to the quotient Γ\D and
it can be extended to an ample line bundle on Γ\Dc. It particular, this shows that it is a projective
algebraic variety. Moreover, it even carries the structure of a normal projective algebraic variety,
which is isomorphic to the projective spectrum of a certain graded ring of automorphic forms. This
is the Baily–Borel compactification of Γ\D and we will be denote it by (Γ\D)BB.

Example 5.9.6. We return to the upper half-plane H, which we already studied in Example 5.9.1.
It is easy to see that a boundary component of H ⊂ C is defined by points z = a + bi with b = 0
and the point ∞ ∈ P1(C). The group G = SL(2,R) acts transitively on the set of boundary
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components. The stabilizer subgroup G∞ of ∞ is the parabolic subgroup of matrices
(

1 b
0 1

)
. A

rational boundary component is simply a point with rational coordinates on the real line and the
point∞. If Γ = SL(2,Z), then ΓF consists of matrices as above where b is an integer.

The group SL(2,Z) acts transitively on the set of rational boundary components and thus, all
ΓF ’s, where F runs through the rational boundary components, are conjugate by elements from
SL(2,Z). Now, let Γ be a subgroup of SL(2,Z) of finite index, which is an arithmetic subgroup.
Then, X := Γ\H is an affine curve over C, and the Baily–Borel compactification X := H/Γ is a
smooth projective curve over C, the modular curve of level Γ.

The boundary ∂X := X\X is a finite set of points, the so-called cusps, whose number is equal to
the index of ΓF ∩ Γ inside Γ ∩ SL(2,Z). For example, if Γ is one of the congruence subgroups

Γ0(n) :=

{(
a b
c d

)
, c ≡ 0 mod n

}
⊂ SL(2,Z),

then X0(n) := X = H/Γ0(n) is called the modular curve of level n. We refer to [654, Chapter 1]
for the genus of X0(N) and the number cn of cusps, as well as proofs and details.

We now return to the period space D associated to a real quadratic space (V, q) of signature (2, t).
We fix a lattice N ⊂ V , which equips the orthogonal group O(V ) with a Q-structure. We let Γ
be a subgroup of finite index in O(N)′. Then, the two previous Lemmas 5.9.3 and 5.9.4 give the
following structure of the groups ΓI , ΓI , ΓJ , and ΓJ .

ΓI = I⊥/I ∼= Zt,
ΓI = ΓI o ΓI ,

where ΓI is a subgroup of finite index in O(I⊥/I).

Z(ΓJ) = Λ2J ∼= Z,
ΓJ/Z(ΓJ) = J⊥/J ∼= Zt−2,

ΓJ = ΓJ o Γ
J
,

where Γ
J is a finite subgroup of O(J⊥/J). We consider the quotient map

DN → Γ\DN ,

which extends to a continuous map DcN → (Γ\DN )BB.

First, assume that F = |I| is a 0-dimensional rational boundary component. The group ΓI (or its
subgroup of index 2) preserves the tube domain realization TI = πI(D+

N ). The subgroup ΓI acts
trivially on the subspace (I⊥/I)R, but acts on the affine space AI by real translations. If we choose
coordinates in V , such that the quadratic form in (I⊥/I)R is given by y2

1 − y2
2 − · · · − y2

t , then
we see that C+ is given by inequalities yi > 0. Using the vector exponential map exp(2πiz), the
quotient ΓI\TI becomes isomorphic to the product (∆∗)t, where ∆∗ is the punctured unit disk. It
is an open subset UI of the complex algebraic torus (I⊥/I)C/Γ

I ∼= (C∗)t. The group ΓI acts on
UI via its action on the image e2πC+

of the cone C+ in the purely imaginary part of TI .
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Next, assume that F ⊂ |J | is a 1-dimensional boundary component. The center of ΓJ is iso-
morphic to Z and it acts on the upper half-plane bundle with quotient isomorphic to a punctured
unit disk bundle. The lattice ΓJ/Z(ΓJ) acts on the vector bundle with quotient a compact complex
torus bundle. One can show that the punctured unit disk bundle embeds into a principal C∗-bundle,
whose associate line bundle L is anti-ample. The line bundle L−1 and the bracket skew-symmetric
bilinear form ΓJ × ΓJ → Z(ΓJ) defined by the extension class of the exact sequence (5.9.2) is the
first Chern class of L−1. This gives a structure of a smooth family of abelian varieties of dimension
(t− 2) for the map

(ΓJ/Z(ΓJ))\πJ(DN ) → ΓJ\πJ⊥(DN ) ∼= ΓJ\F.

Finally, the finite group ΓJ acts on the family and we have to take the quotient by this group.

A toroidal compactification (Γ\DN )trd is a certain blow-up of the Baily–Borel compactification.
First, in a neighborhood of a cusp (the image of a 0-dimensional rational boundary component),
one partially compactifies the open subset of the torus TI by using a toric compactification X(ΣJ),
where ΣJ is a certain (admissible) fan of rational polyhedral cones inside of C+. Here, a choice of
fan ΣJ has to be made. Over the images of 1-dimensional components, one adds to the punctured
unit disk bundle the zero section of the line bundle L. Then, the map

σJ : (ΓJ\DN )trd → (ΓJ\DN )BB

blows down the zero section to the modular curve F̄ = ΓJ\F . Finally, we have to take a finite
quotient by ΓJ . All these local constructions can be glued together (here one uses the definition of
the admissibility of the fans ΣJ ). As a result, we obtain a birational morphism

σ : (Γ\DN )trd → (Γ\DN )BB.

The fibers of the map σ over a general point of the image of a 1-dimensional boundary component
are (finite quotients) of polarized abelian varieties of dimension (t − 2). The fibers over the cusps
are their degenerations.

A semi-toric compactification as introduced by Looijenga is a certain version of the toroidal com-
pactification. In it, the lattice J⊥/J is replaced with a sublattice M that contains J . This results in
enlarging the boundary of the toroidal compactification. More precisely, an appropriate choice of
fanX(ΣM ) leads to the blow-up of a Weil divisor on the Baily-Borel compactification. In all known
applications, one takes for M the primitive hull of J + (J⊥∩A), whereA is the set of vectors in N
of negative norm forming a finite set of Γ-orbits. It defines an arrangement of hyperplanes in DN .
We refer to [463] for the details.

We now apply this general machinery to our period spaceD. To obtain a rational structure, we use
(of course) the latticeN = E10(2)⊥ = E8(2)⊕U(2)⊕U and Γ = O(E10(2)⊥)] or Γ = O(E10(2))′.

To understand the 0-dimensional rational boundary components, we have to understand primitive
isotropic vectors. Let (f, g) (resp. (f ′, g′)) be the standard basis of the summand U (resp. U(2)) that
consists of isotropic vectors. It is clear that the vectors f and f ′ belong to two different O(N)′ orbits
of primitive isotropic vectors in N . Thus, there are at least two rational 0-dimensional boundary
components. The complete picture is given by the following result.
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Proposition 5.9.7. Every primitive isotropic vector of N is either O(N)′-equivalent to f or to f ′.
In particular, there are two ΓEnr-orbits of rational 0-dimensional boundary components of DEnr.

There are also two orbits of primitive isotropic planes and hence, two ΓEnr-orbits of 1-dimensional
rational boundary components of DEnr.

Proof. We apply Lemma 5.4.1 to replace the latticeK with the odd unimodular lattice U⊕E8⊕ I1,1

and follow the proof of Corollary 3 from [6]. By construction of K, there is a bijection between the
orbits of primitive vectors in N and in K. Any primitive isotropic vector v in an odd unimodular
indefinite lattice Ip,q defines the latticeMv = 〈v〉⊥/〈v〉, which is unimodular of signature (p−1, q−
1). The lattice Mv embeds into Ip,q with orthogonal complement a hyperbolic plane containing v.
This defines a bijection between orbits of primitive isotropic vectors in Ip,q and isomorphism classes
of unimodular lattices of signature (p − 1, q − 1). Applying this to our case, we see that we have
two orbits corresponding to lattices E10 and I1,9. This proves the first assertion.

Next, consider a primitive isotropic plane P in K and let P ∗ be the set of primitive isotropic
vectors in P . We claim that P ∗ contains an odd vector. If this were not true, then the orthogonal
complement of an even vector in P ∗ contains a sublattice A ∼= E10. Since K is an odd lattice, the
orthogonal complement of A is isomorphic to I1,1. The intersection P ∩A contains a vector v with
〈v〉⊥ containing a sublattice isomorphic to I1,1, so that 〈v〉⊥ is odd and hence, v ∈ P ∗ is odd. Since
odd primitive isotropic vectors form one orbit, any primitive isotropic plane can be transformed to a
plane P ′ containing v. Let 〈w〉 (resp. 〈w′〉) be the image of P (resp. P ′) in M = 〈v〉⊥/〈v〉 ∼= I1,9.
There are two O(M)-orbits of such sublattices corresponding to whether w or w′ is odd or even. If
w and w′ are in the same O(M)-orbit, then we can transform P ′ to P . This gives one orbit. The
other orbit is represented by a plane P ′ that is spanned by an odd and an even vector.

The previous Proposition allows us to give an explicit description of the Baily–Borel compactifi-
cation ofMEnr.

Theorem 5.9.8. There exist immersions

MEnr = ΓEnr\D◦Enr ⊂ ΓEnr\DEnr ⊂ MEnr := ΓEnr\D
◦
Enr.

of complex quasi-projective varieties, such that

1. ΓEnr\DEnr −MEnr is an irreducible divisor, which is isomorphic toMCob.

2. The boundaryMEnr − (MEnr ∪MCob) is the union of two curves, one isomorphic to the
modular curve X0(2) ∼= P1 and the another one isomorphic to the modular curve X ∼= P1

corresponding to the group SL(2,Z). The two cusps of theX0(2) coincide with the two cusps
ofMEnr. The two curves intersect at one of the cusps.

Proof. By Theorem 5.3.9 and Corollary 5.4.6, it only remains to show claim (2). By Proposition
5.9.7, there are two 0-dimensional boundary components p1 and p2 and they correspond to the
ΓEnr-orbits of the isotropic vectors f ∈ U and f ′ ∈ U(2), respectively. Moreover, by the same
proposition, there are two 1-dimensional boundary components C1 and C2 and they correspond to
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ΓEnr-orbits of two isotropic planes P1 and P2. One easily sees that they can be represented by the
planes 〈f, f ′〉 and 〈f, f ′ + g′ + α〉, where α ∈ (E8)−4.

To determine the structure of Ci, we have to compute the groups NΓEnr
(Pi)/ZΓEnr

(Pi).

CASE 1: P1 = 〈f, f ′〉. Given σ ∈ NΓEnr
(P1), there exist integers a, b, c, d such that

σ(f ′) = af ′ + cf and σ(f) = bf ′ + df .

Since f ·N = Z and f ′ ·N = 2Z, we find d 6∈ 2Z and c ∈ 2Z. Thus, we have a homomorphism

ϕ : NΓEnr
(P1) → Γ0(2)

σ 7→
(
a b
c d

)
.

Since P⊥/P ∼= E8(2), we can write N as

N = U⊕ U(2)⊕ (P⊥/P )

and thus, given a matrix A =

(
a b
c d

)
∈ Γ0(2), we can define an isometry σA by setting it to

be the identity on P⊥/P and by setting it to be f ′ 7→ af ′ + cf , f 7→ bf ′ + df , g′ 7→ − c
2g, and

g 7→ ag − c
2g
′ on U ⊕ U(2). Then, ϕ(σA) = A, which shows that ϕ is surjective. By definition,

the kernel of ϕ is ZΓEnr
(P1). Thus, C1 is isomorphic to the modular curve X0(2) = Γ0(2)\H.

We recall that the modular curve X0(2) is a compactification of the moduli space of elliptic curves
together with a choice of a non-trivial 2-torsion point. It is isomorphic to P1 and the boundary
consists of two cusps, see, for example, [654].

CASE 2: We may choose P to be 〈f ′, 2f + 2g + α〉, where α ∈ E8(2) is of norm −8. Since this
plane is generated by isotropic vectors v with v · N ⊂ 2Z, it does not belongs to the orbit of the
plane 〈f, f ′〉. This time, we have a surjective homomorphism NΓEnr

(F ) → SL(2,Z). In this case,
the boundary component is the modular curve X = SL(2,Z)\H with one cusp.

Since we have only two 0-dimensional boundary components, we see that the two boundary com-
ponents intersect at one point.

Corollary 5.9.9. The number of 0-dimensional (resp. 1-dimensional) boundary components in
Mm

Enr is equal to 2 · 17 · 31 (resp. 22 · 33 · 5 · 17 · 31).

Proof. The group ΓEnr/Γ
]
Enr
∼= D(E10(2)) ∼= O(10,F2)+ acts on the set of Γ]Enr-orbits of primitive

isotropic vectors (resp. planes) with stabilizer subgroup isomorphic to the stabilizer subgroup of an
isotropic vector (resp. isotropic line) in the even quadratic space F10

2 . It is isomorphic to 28 o
O(8,F2)+ (resp. 216 o O(6,F2)+). This implies that the number orbits of 0-dimensional (resp.
1-dimensional) boundary components is equal to 2[# O(10,F2)+ : 28# O(8,F2)+] = 2 · 17 · 31
(resp. 2[# O(10,F2)+ : 212# O(6,F2)+] = 22 · 33 · 5 · 17 · 31).

Corollary 5.9.10. LetMCob be the closure ofMCob inMEnr. Then, the boundary has a unique 0-
dimensional component and a unique 1-dimensional component, which is isomorphic to the modular
curve X = SL(2,Z)\H.
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Proof. The orthogonal complement of any δ ∈ (E10(2)⊥)−2 contains primitive isotropic vectors
only of even type (that is, the corresponding linear form takes values in 2Z). Thus, the closure of
MCob misses the boundary components isomorphic to X0(2).

Theorem 5.9.11. The moduli spacesMm
Enr,MEnr, andMEnr,v for ω ∈ E10 are 10-dimensional

quasi-affine varieties over C.

Proof. Since the maps from (??) are quasi-finite, it is enough to prove thatMEnr,v is quasi-affine
for one ω ∈ E10 or for the quotientMEnr,v = Γ\D◦ with respect to some arithmetic subgroup Γ of
ΓEnr. We follow the proof of Pappas [571] and in the Appendix, we will give the original proof of
this result due to Borcherds.

The proof consists of three steps. In Step 1, we fix an ω ∈ E10 with ω2 = 2, then we construct
a normal subgroup Γ of finite index in ΓEnr such thatM = MEnr,v = Γ\DEnr can be realized as
the base of smooth family f : S → M of Enriques surfaces. In Step 2, we prove that f∗(ωS/M)
coincides with the descent LM of the automorphic line bundle L toM. In Step 3, we prove that
ωS/M is a torsion line bundle. The theorem now follows from this, because we know by Baily–
Borel that some tensor power of L⊗n extends to a very ample sheaf on the compactificationMBB.
Thus, it has a section, whose divisor of zeroes is contained in the boundary ofMBB, which implies
thatM is an open subset of an affine variety, that is, quasi-affine.

STEP 1: To choose Γ, we first consider a congruence subgroups of ΓEnr,v with ω2 = 2 defined by

Γ′n := {g ∈ ΓEnr : g(ω) = ω, g ≡ id mod nE⊥10}.

For sufficiently large n, the congruence subgroup in SL(N,Z) will be torsion-free, so we choose
an n so that Γ′n is torsion free, see [83, Proposition 17.4]. Since we need a normal subgroup of
ΓEnr, we define Γ to be the normal subgroup ∩g∈ΓEnr

g · Γ′n · g−1 contained in Γ′n. In general, an
arithmetic quotient of the period space for lattice polarized K3 surfacesDEnr is only a coarse moduli
space, that is, it does not admit a universal family. However, it is a fine moduli space if the group
acts without fixed-points, see Remark 5.4.8 and the discussion in [313], Chapter 6. We denote by
f : S →M := Γ\DEnr the universal family overM.

STEP 2: We identify the family f : S →M with the corresponding family of lattice polarized K3
surfaces and consider the Hodge line bundle f∗(ωS/M) ⊂ R2f∗C, whose fibers are the subspaces
H2,0 ⊂ H2(f−1(m),C) spanned by a holomorphic 2−form on the fiber. It follows from the
definition of the automorphic line bundle that f∗(ωS/M) coincides with LM.

STEP 3: Since the restriction of ω⊗2
S/M to each fiber is the pull-back of the bi-canonical bundle

on an Enriques surface, it is trivial along the fibers of f . Hence, there exists a line bundle L on
M, such that ω⊗2

S/M = f∗(L). Applying the projection formula and using that f∗OS = OM, we

conclude that L ∼= L⊗2
M . Thus, Ω⊗2

S/M
∼= f∗(L⊗2

M).

Now, we apply the Grothendieck-Riemann-Roch formula for the proper morphism f and the sheaf
OS , see, for example, [234]. Let λ be the first Chern class of f∗(ωS/M). By the above, we find
f∗(λ) = −2c1(ω−1

S/M) = −2c1(ΘS/M), where ΘS/M is the relative tangent bundle. To simplify
the notation, we let c1, c2 be the Chern classes of this bundle. The Grothendieck-Riemann-Roch
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Theorem gives the equality

c1(Rf∗OS) =
1

24
f∗(c1 · c2)

in Pic(M)Q. Since Rif∗OS = 0 for i 6= 0, we obtain f∗(c1 · c2) = 0. Hence

0 = 2f∗(c1 · c2) = −f∗(f∗(c1) · c2) = −λ · f∗(c2).

Noether Formula (0.10.22) implies that f∗(c2) = 12 in the Chow group of M tensored with Q.
Thus, λ is trivial in Pic(M)Q, hence it is a torsion class. This ends the proof.

Remark 5.9.12. In fact, one can say more. By Theorem 5.9.8,MBB
Enr−MEnr consists of the closure

H of the irreducible divisorMCob and the union of two modular curvesX andX0(2), both of which
are isomorphic to P1. It follows from Corollary 5.9.10 that the closure of the Coble divisor contains
the modular curve X . This shows that the complement of H in the Baily-Borel compactification is
an affine open set that consists ofMEnr and the affine line X \ {cusp}.

The fact that moduli spaces MEnr and Mm
Enr are quasi-affine (Theorem ?? and the previous

corollary) has the following interesting application to families of Enriques surfaces.

Corollary 5.9.13. Let Y → T be a smooth family of Enriques surfaces, where B is connected,
proper and of dimension ≥ 1 over the complex numbers C. Then, this family has no moduli, that is,
for every two points t1, t2 ∈ T , the fibers Yt1 and Yt2 are isomorphic.

Proof. Given a flat family σ : Y → T of Enriques surfaces, we let PY/T = R1σ∗Gm be the relative
Picard sheaf and we let PτY/T be the quotient sheaf modulo numerical equivalence. Then, a marking
of the family is an isomorphism E10,T → PτY/T of sheaves equipped with the structure of sheaves of
quadratic lattices. Here, E10,T denotes the constant sheaf associated with the quadratic lattice E10.

Now, let Y → T be as in the statement of the corollary. Passing to some finite cover of T , we may
assume that the general fiber (PτY/T )η of PτY/T contains an isotropic 10-sequence (f1, . . . , f10) that
defines a marking of the general fiber Yη of the family. Using the specialization homomorphism of
the Picard groups, which is known to preserve the intersection form, we specialize (f1, . . . , f10) to
define a marking of the whole family, that is, we trivialize the sheaf PτY/T and obtain a family of
marked Enriques surfaces. SinceMm

Enr is a coarse moduli space (in category of analytic spaces),
we get a holomorphic map T →Mm

Enr that must be constant since T̃ is proper andMm
Enr is quasi-

affine.

Moreover, one can consider the compactifications and the boundaries of the moduli spacesMEnr,v

of polarized and numerically polarized Enriques surfaces. As far as we know, the only known case
that has been worked out it, is the case of degree 2 polarizations in work of Sterk [671], [672].

Let us shortly discuss Sterk’s results, that is, we consider the compactification MEnr,2 of the
coarse moduli space MEnr,2 = MEnr,ω8 = ΓE10(2),2\DEnr of degree-2 numerically polarized
Enriques surfaces. Moreover, there is a finite cover

MEnr,2 → MEnr,

which is of degree 27 · 17 · 31, see the end of Section 5.7. In these cases, the geometry of the
boundary is considerably more complicated than in the case of unpolarized surfaces.
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Theorem 5.9.14. . The boundary ΓE10(2),2\(DEnr−DEnr) ofMEnr,2 consists of 5 zero-dimensional
(marked by hollow dots (1), (2), (3), (4), (5) in the following diagram) and 9 one-dimensional com-
ponents (marked by filled dots in the following diagram). The following graph describes the inci-
dence relation between the components:

Figure 5.1: Boundary components ofMEnr,2

The boundary components marked by {3, 5}, {3, 4}, {4, 5} are modular curvesX0(2). The bound-
ary component marked by {5, 5} is the modular curve X for the full modular group and the bound-
ary component marked by {2, 4, 5} is the modular curve X(2) for the 2-level congruence subgroup
of SL(2,Z).

Let H be a non-special Picard polarization of degree 2 of an Enriques surface S. Then, the linear
system |2H| is bielliptic and defines a degree 2 map f : S → D1, where D1 is a non-degenerate
4-nodal quartic del Pezzo surface in P4. It ramifies over the four nodes and a curve W cut out by
a quadric. Let |OD1(2)| be the projective space of such curves. In Theorem 5.8.11, we studied the
rational quotient of this space by the group G = Aut(D1), which is isomorphic to (C∗) oD8. Let
M := |OD1(2)|//G be the GIT-quotient. Passing K3-covers, it is isomorphic to the GIT-quotient
W//G, where W is the projective space of curves of bi-degree (4, 4) on P1 × P1 that are invariant
with respect to the involution with four isolated fixed points. The analysis of stable and semi-
stable points for the GIT-quotient was done by J. Shah [648]. It follows from this description that
the points represented by hyperplane sections of D1 passing through two opposite vertices of the
quadrangle of lines and taken with multiplicity 2 form a minimal orbit of strictly semi-stable points.
Let M′ → M be the blow-up of this point (in fact, a certain weighted blow-up). Sterk shows
that points in the exceptional divisor E can be viewed as minimal semi-stable orbits of curves in
the linear system |OD′1

(2)|, where D′1 is a degenerate 4-nodal quartic del Pezzo surface. Next, he
defines the blow up ofM′ along the proper inverse transform onM′ of one-dimensional strata of
the union of two conics passing through the opposite vertices of the quadrangle of lines on D1. Let
M be the result of the two blow-ups. Let [B] be a point on the GIT-quotient M representing a
smooth curveB in |OD1(2)|. The double cover S → D1 branched alongB and the singular locus of
D1 is an Enriques surface S. The double cover is given by a non-degenerate bielliptic linear system
|2F1 + 2F2| and h = [F1] + [F2] equips S with a numerical ample polarization of degree 2. This
defines a rational mapM 99KMEnr,2, which is not defined on the divisor of special polarizations.
Let Mstrd

Enr,2 → MEnr,2 be the semi-toric compactification of Looijenga that blows up the Weil
divisor of special polarizations. The proof of the following theorem can be found in [672].
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Theorem 5.9.15. The rational mapM 99KMEnr,2 extends to a birational morphism

f : M 99K Mstrd
Enr,2

to the semi-toric compactification ofMEnr,2 obtained by blowing up the Weil divisor H that cor-
responds to the locus (E, h) of Enriques surfaces with special degree 2 polarizations. The strict
transform of the exceptional divisor E1 of the first blow-up M′ → M is mapped to the strict
inverse transform of the divisor H .

Sterk’s paper also describes a match between different strata of semi-stable points in |OD1(2)| and
the pre-images of the boundary components in the semi-toric compactification. We come back to
these two compactifications ofMEnr,2 at the end of Section 5.10.

5.10 Degenerations of Enriques surfaces

Having studied compactifications of moduli spaces of Enriques surfaces, it is natural to ask whether
the boundary has a modular description, that is, whether it also parametrizes some interesting ob-
jects. In the previous section, we have interpreted an open set of the boundary divisor as moduli
space of Coble surfaces of K3 type. We have also seen that the remaining parts of the boundary
in the Baily-Borel compactification are unions of zero-dimensional and one-dimensional sets. To
understand these, we are led to studying degenerations of K3 surfaces and Enriques surfaces. We
refer to [411], [508], [574], and [575] for details and further background.

Quite generally, we denote by ∆ := {z ∈ C||z| < 1} the complex disk and by ∆∗ := {z ∈ C|0 <
|z| < 1} the pointed disk.

Definition 5.10.1. A degeneration of a family of surfaces is proper and flat map X → ∆ from a
3-dimensional complex manifold such that for all t ∈ ∆∗, the fiber Xt is smooth. The degeneration
is called semi-stable if the central fiber X0 is a simple normal crossing divisor.

Let us recall that X0 being a simple normal crossing divisor means that all its components are
smooth, and that it is locally analytically at each point x ∈ X0 of the form z0 · ... · zk = 0, where
the zi are local parameters of x in X . We will say that two degenerations X → ∆ and X ′ → ∆
are bimeromorphically equivalent, if there exists a bimeromorphic map X 99K X ′ over ∆ that is an
isomorphism outside the central fibers. By a theorem of Mumford [34], [372], given a degeneration
X → ∆, then, after some finite base change ∆′ → ∆, it is bimeromorphically equivalent to a
semi-stable degeneration.

Now, let X → ∆ be a semi-stable degeneration of a family of surfaces. Let V1, ..., Vk be the
irreducible components of the special fiber X0. Being semi-stable, all Vi are smooth surfaces, and
their intersections Cij := Vi ∩ Vj are smooth curves. We shall call the irreducible components
of the Cij the double curves of X0. Being semi-stable, the intersection Vi ∩ Vj ∩ Vk for pairwise
distinct i, j, k is either empty or consists of triple points that are analytically locally of the form
z1 · z2 · z3 = 0. The dual graph Γ associated to X0 is the undirected graph with a vertex vi for every
component Vi, and an edge (vi, vj) for every component of Cij , and a two-simplex (vi, vj , vk) for
every triple point of Vi ∩ Vj ∩ Vk.
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For two components V,W ⊂ X0, and a double curve C ⊂ V ∩W , we have Persson’s triple point
formula

C2
V + C2

W = −τC
where C2

V (resp. C2
W ) denotes the self-intersection number of C as a curve on the surface V (resp.

W ), and where τC denotes the number of triple points of X on C, see [574, Corollary 2.4.2]. Next,
we have the normal bundle formula

NVi/X
∼= OVi(−

∑
j

Cij)

where the sum runs over all double curves Cij contained in Vi.

In particular, if X → ∆ is a semi-stable degeneration of a family of surfaces with numerically
trivial canonical sheaves, then the normal bundle formula implies that the components of the special
fiber are ruled surfaces or also have a numerically trivial canonical sheaf. For example, if the special
fiber X0 is irreducible, then it a smooth surface with numerically trivial canonical class of the same
type (K3, Enriques, Abelian, Hyperelliptic) as the general fiber of that family. In the remaining
cases, we distinguish whether there exist triple points in X0 or not. We start with the case where
there are no triple points, and refer to [574], Proposition 3.3.1 for details and proofs.

Proposition 5.10.2 (Persson). Let X → ∆ be a semi-stable degeneration of a family of surfaces,
whose general fiber has a numerically trivial canonical sheaf. Assume that X0 has no triple points,
and that the components of X0 are algebraic. Then, after having blown down exceptional compo-
nents of the special fiber, we have the following possibilities:

1. X0 is a smooth surface with numerically trivial canonical class (trivial degeneration).

2. X0 is a cycle V1 ∪ ... ∪ Vk of elliptic ruled surfaces. The double curves are smooth elliptic
curves, and, more precisely, disjoint sections of the Vi.

3. X0 is a chain of surfaces V1 ∪ ... ∪ Vk. The “interior” components V2, ..., Vk−1 are elliptic
ruled surfaces. The “end” components V1 and Vk are either elliptic ruled or rational surfaces.
The double curves are smooth elliptic curves. The general fiber will be:

K3 in case of two rational components
Enriques in case of only one rational component
Hyperelliptic if all components are elliptic ruled

4. X0 is a flower pot, and the general fiber is an Enriques surface. All components and the
double curves are rational. Each flower P is a P2, its double curve is a conic. The stalk
consists of minima l rulded surfaces surfaces F4, its double curves are disjoint sections. All
the double curves of the pot B have self-intersection −4.

Example 5.10.3. Let X → ∆ be a smooth family of K3 surfaces that is equipped with an involution
τ : X → X over ∆ that acts without fixed points on every fiber Xt, t 6= 0, and whose fixed point set
on the special fiber X0 is equal to a (−2)-curve C. We consider the quotient π : X → Y ′ := X/τ ,
which is singular along D := π(C). Then, Y ′∗ → ∆∗ is a smooth family of Enriques surfaces. In
Example ??, we showed that X0 → Y := X0/τ is a double cover of the Coble surface Y , which
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is branched over the smooth rational curve D := π(C) with D2 = −4. To obtain a semi-stable
degeneration, we have to resolve the double curve D ⊂ Y ′. For this, let X̃ → X be the blow-up
along C. Then, the exceptional divisor is a quadric surface, which intersects the proper transform of
X0 along a conic (use the triple point formula and the normal bundle formula). Next, the involution
τ extends to an involution τ̃ on X̃ . The restriction of τ̃ to the exceptional divisor acts without fixed
points outside the conic. Then,

Y := X̃/τ̃ → ∆

is a semi-stable degeneration of a family of Enriques surfaces. The central fiber Y0 is the union
of the Coble surface Y and a P2. The double curve of the intersection is a smooth rational curve,
which is a conic in P2 and a (−4)-curve on Y . In particular, Y → ∆ is an example of a flower pot
degeneration.

In the case, where the special fiber X0 of a semi-stable degeneration has triple points, then we
have a detailed description for which we refer to [508].

Now, if we do not insist on finding a semi-stable degeneration over ∆, but also allow finite base-
changes ∆′ → ∆, then we have the existence of Kulikov models, where the geometry of the special
fiber becomes much simpler. Let us first introduce these models.

Theorem 5.10.4 (Kulikov). Let X → ∆ be a semi-stable degeneration of a K3 surface or an
Enriques surface. Then, after a finite base change ∆′ → ∆, it is bimeromorphically equivalent to a
semi-stable fibration X ′ → ∆′, such that ωX ′/∆′ is numerically trivial.

Proof. The original proof is due to Viktor Kulikov [411], but see also [575]. A more recent approach
is via the semi-stable minimal model program, which, given X → ∆, produces a bimeromorphic
(weakly) semi-stable model Y → ∆ with terminal singularities such that ωY/∆ is numerically
trivial. Weakly in the sense that the special fiber Y0 is a normal crossing divisor but maybe not a
simple normal crossing divisor (the components of Y0 need not be smooth). However, there exists
a finite base-change ∆′ → ∆ after which the singularities of Y and the ones of the components of
Y0 can be resolved. We refer to [486] for this point of view and [454] for an overview.

Now, when dealing with Kulikov models, the classification of the special fiber becomes much
easier, see [411], [508], [574], and [575].

Theorem 5.10.5. Let X → ∆ be semi-stable degeneration of K3 surfaces or Enriques surfaces,
and assume that ωX/∆ is numerically trivial. Then, the special fiber is one of the following

1. X0 is smooth or a flower pot degeneration.

2. X0 is not smooth, but contains no triple points. Then, X0 = V1 ∪ ... ∪ Vk, where V1 and Vk
are rational surfaces, V2, ..., Vk−1 are elliptic ruled surfaces. Moreover, for i = 2, ...k − 1
each Vi intersects Vi−1 and Vi+1 along a smooth elliptic curve.

3. X0 contains triple points. Then, X0 is a union of rational surfaces Vi, the double curves on
each Vi form a cycle of smooth rational curves, and the dual graph Γ associated to X0 is
topologically homeomorphic to the 2-sphere S2 (degeneration of K3 surfaces), or the real
projective 2-plane RP2 (degeneration of Enriques surfaces).
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According to the three cases of the theorem, one also speaks of a Kulikov model of type I (resp.
type II, resp. type III).

Example 5.10.6. 1. The degenerations of K3 surfaces and Enriques surfaces given in Remark
?? give examples of Kulikov models for families of K3 surfaces and a family of Enriques
surfaces, which are of of type III, that is, with triple points.

2. This example is taken from [201]. Let ∆ be a simplicial complex on the setE = {e0, . . . , en}.
It defines a closed subscheme X(∆) of Pnk called the face variety of ∆ defined by the mono-
mial ideal generated by monomials xi0 · · ·xim such that {i0, . . . , im} is not a face of ∆. The
projective coordinate ring is the Stanley-Reisner ring of ∆, see [668]. If the topological real-
ization |∆| of ∆ is a manifold, thenX(∆) is a locally Gorenstein scheme with dualizing sheaf
ω⊗2
X(∆)

∼= OX(∆). Moreover, ωX(∆)
∼= OX(∆) if and only if |∆| is an orientable manifold.

We have H i(X(∆),OX(∆)) ∼= H i(|∆|, k).

Now, we take ∆ to be a minimal simplicial triangulation of P2(R) given by the following
figure.

Figure 5.2: A minimal simplicial triangulation of P2(R)

Depending on the characteristic p of k, we have the following:

(a) If p 6= 2, then ωX(∆) 6∼= OX(∆) since |∆| is not orientable. Moreover,H1(X(∆),OX(∆)) ∼=
H2(X(∆),OX(∆)) = 0. The surface X(∆) is a degeneration of type III of an Enriques
surface.

(b) If p = 2, then ωX(∆)
∼= OX(∆) since |∆| is orientable with respect to mod 2 coefficients.

Moreover, H1(X(∆),OX(∆)) ∼= H2(X(∆),OX(∆)) ∼= k because these singular co-
homology groups of P2(R) with coefficients in Z/2Z in degree 1 and 2 are non-zero.
The surface X(∆) is a degeneration of type III of a non-classical Enriques surface.

In both cases, X(∆) is the union of ten planes in P5 and it is a projective degeneration of a
Fano model of an Enriques surface.

3. Finally, the flower pot degeneration of Example 5.10.3 is not a Kulikov model.
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An important feature of semi-stable degenerations and Kulikov models of K3 surfaces is that the
type of the special fiber can be detected from monodromy. Let π : X → ∆ be a semi-stable
degeneration of a family of K3 surfaces, and let Λ be a commutative ring. Then, the restriction
of R2π∗Λ to the pointed disk ∆∗ is a locally constant sheaf with fibers (R2π∗Λ)t ∼= H2(Xt,Λ)
for all t ∈ ∆∗. Next, we identify the universal cover U := ∆̃∗ → ∆∗ with the exponential map
exp : ∆ → ∆∗, we fix some t0 ∈ ∆∗, and then, we choose a trivialization of the pull-back of the
local system exp∗(R2π∗Λ) ∼= H2(Xt,Λ)× U . This gives rise to the monodromy representation

π1(∆∗, t0) → Aut
(
H2(Xt0 ,Λ)

)
,

and the image of a generator of π1(∆∗, t0) ∼= Z under this representation is called a monodromy
operator. Since X is a degeneration of K3 surfaces, we can represent this operator by a matrix
T ∈ GL(22,Λ), the monodromy matrix. By the Grothendieck-Landman Monodromy Theorem
[417] and [271], Theorem I.1.2, T is quasi-unipotent, that is, there exist positive integers r and n
such that

(T r − 1)n = 0.

Since the degeneration is semi-stable, we have r = 1. Moreover, being an operator on H2, we may
choose n = 2 + 1. Thus, N := T − 1 is nilpotent and gives rise to a filtration

0 ⊆ W0 ⊆ W1 ⊆ W2 ⊆ W3 ⊆ W4 := H2(Xt0 ,Λ),

by setting

W0 := N2(W4)
W3 := Ker(N2)
W1 := the inverse image of Ker(N : W3/W0 →W3/W0) in W3

W2 := image of N : W3/W0 →W3.

This is called the monodromy weight filtration. The monodromy operator N satisfies N(Wk) ⊆
Wk−2 and Nk induces isomorphisms Wk+2/Wk+1 → W2−k/W1−k for all k, see also the discus-
sion on [574], page 66.

In case Λ = C, there is another filtration

0 ⊆ F 2
∞ ⊆ F 1

∞ ⊆ F 0
∞ := H2(Xt0 ,C),

the limit Hodge filtration, that is defined as follows: for the family X ∗ → ∆∗ of K3 surfaces, let
U → ∆∗ be the universal cover, and let p : U → D be the period map. By definition, p(z) is the
line `(z) = H2,0(Xz), considered as a point of D. As in Example 5.9.6, we identify U with the
upper half plane H, and use this to define

F 2
∞ := limIm(z)→∞ exp(−zN)`(z)

F 1
∞ := F 2

∞ +
(
F 2
∞ ∩ F

2
∞

)
where F 2

∞ denotes complex conjugation. This structure of two filtrations, an ascending weight
filtration Wm and a descending Hodge filtration F j∞ such that the F j∞ induce Hodge structures on
the subquotients Wm/Wm−1 is called a mixed Hodge structure. For example, if N = 0, then the
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weight filtration is trivial, that is, Wm = 0 for m = 0, 1 and Wm = H2(Xt0 ,Λ) for m = 2, 3 in
the example above, and we obtain a pure Hodge structure. We refer to [705] for details and precise
definitions.

After these preparations, we have the following result, which shows that the monodromy can
detect potential good reduction of K3 surfaces.

Theorem 5.10.7. Let X → ∆ be a semi-stable degeneration of K3 surfaces that is a Kulikov model.
Let N be the monodromy operator on H2(Xt0 ,C) for some t0 ∈ ∆∗. Then,

1. X0 is smooth if and only if N = 0.

2. X0 is a chain of ruled surfaces if and only if N 6= 0 and N2 = 0.

3. X0 is a union of rational surfaces, whose dual graph Γ is homeomorphic to S2, if and only if
N2 6= 0.

Proof. This seems to be folklore, see [574] and [480]. See also [454] for discussion.

Remark 5.10.8. In fact, the assumption that is semi-stable and already a Kulikov model is not
needed: given a smooth family X ∗ → ∆∗ of K3 surfaces with trivial monodromy (resp. unipotent
monodromy), that is, if N is trivial (resp. N is unipotent), then this family can be completed to a
smooth family (resp. a Kulikov model) X → ∆ of K3 surfaces. We refer to [290], Theorem 35,
who attribute this result to R. Friedman, D. Morrison, and F. Scattone.

If X0 is smooth, one also says that the family X ∗ → ∆∗ has good reduction. We note that if
Xi → ∆ are two smooth families of K3 surfaces that extend the given X ∗ → ∆∗, then these
families are related by a sequence of flops or elementary modifications in (−2)-curves of the special
fiber X0. On the other hand, the special fibers of the two models are birationally equivalent by a
theorem of Matsusaka and Mumford [485] and since they are K3 surfaces, they are isomorphic.
Thus, the special fibers are unique, but the completed families Xi → ∆ usually are not.

For semi-stable degenerations of Enriques surfaces, we have the following analog of the previous
theorem:

Theorem 5.10.9. Let Y → ∆ be a semi-stable degeneration of Enriques surfaces that is a Kulikov
model. Let N be the monodromy operator on H2(Ỹt0 ,C) for some t0 ∈ ∆∗, where Ỹt0 → Yt0
denotes the K3 cover. Then,

1. Y0 is smooth if and only if N = 0.

2. Y0 is a chain of ruled surfaces if and only if N 6= 0 and N2 = 0.

3. Y0 is a union of rational surfaces, whose dual graph Γ is homeomorphic to RP2, if and only
if N2 6= 0.

In particular, for Enriques surfaces, the monodromy operator cannot detect good reduction. The
typical example of this phenomenon is given by Example 5.10.3: here, one has a family of Enriques



568 CHAPTER 5. MODULI SPACES

surfacesY∗ → ∆∗, such that the associated familyX ∗ → ∆∗ of K3 surfaces has trivial monodromy.
Therefore, the latter family has good reduction, say to X → ∆. The covering involution on X ∗ →
Y∗ → ∆∗ extends to X , however, it acquires a fixed locus on X0. Thus, although the monodromy
operator does detect good reduction of X ∗ → ∆∗, it cannot detect whether the involution acts
without fixed points on the special fiber X0.

Let us also shortly discuss the algebraic case: The roles of ∆ and ∆∗ are played by Spec R and
Spec K, where R is some DVR, where K is its field of fractions, and where k is the residue field.
As above, a degeneration of some surface X over K is a proper flat map X → Spec R from a
regular 3-dimensional algebraic space, whose generic fiber is isomorphic to X . When discussing
Kulikov models in the complex analytic setting, one has to work in the category of complex analytic
Moishezon manifolds and thus, it is not surprising that in the purely algebraic situation one has to
work with algebraic spaces. Again, we can define a notion of semi-stable families, by requiring
the components of the special fiber to be smooth, and that the strict local ring at each point is
étale locally of the form z0 · ... · zk = 0. Unfortunately, the semi-stable reduction for surfaces is
not known in this setting (if the characteristic of k is zero, then it follows from [34] and [372]).
Assuming this result, K3 surfaces and Enriques surfaces do admit Kulikov models after possibly
replacing R by a finite extension, which is a theorem of Maulik [486], see also the discussion in
[454]. The classification of the special fibers of Kulikov models in this setting is due to Nakajima
[534]. For the computation of the monodromy operator and good reduction results, we refer to
[114], [115], [454], and [480].

Finally, we come back to the compactifications of the moduli spaces of Enriques surfaces. By
Theorem 5.9.8, we have immersions

MEnr = ΓEnr\D◦Enr ⊂ ΓEnr\DEnr ⊂ MEnr,

where the left space is the moduli space of Enriques surfaces. Moreover, the complement ΓEnr\DEnr−
MEnr is an irreducible divisor, which we identified with the moduli spaceMCob of Coble surfaces.
Next, the complementMEnr−ΓEnr\DEnr is the union of two curvesX andX0(2), which intersect
in one point. There are two cusps, which coincide with the cusps of X and X0(2). Moreover, we
also discussed Sterk’s compactification [671], [672]

MEnr,2 = ΓE10(2),2\D◦Enr ⊂ ΓE10(2),2\DEnr ⊂ MEnr,2,

in Theorem 5.9.14, which has nine 1-dimensional boundary components and five cusps.

The general expectation is that the period space should correspond to surfaces with trivial mon-
odromy operator N . Since the period space DEnr of Enriques surfaces is really that of their K3-
covers, Theorem 5.10.9 suggests that this would correspond to ΓEnr\DEnr = MEnr ∪MCob. On
the other extreme, the rational cusps of DEnr should correspond to semi-stable degenerations with
unipotent monodromy operator N , such that N2 6= 0, that is maximal unipotent monodromy. More-
over, the 1-dimensional boundary components outside the cusps should correspond to semi-stable
degenerations with N 6= 0 and N2 = 0. Thus, one would hope to identify the cusps (resp. the 1-
dimensional boundary components) ofMEnr with Kulikov models of Enriques surfaces ot type III
(resp. type II). The main technical difficulty here is that in general, the Baily-Borel compactification
is “too small” to extend a universal family to it, which is why in practice complicated blow-ups of
boundary components are needed. We illustrate this problem in the case ofMEnr,2.
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In Section 5.9, we discussed two compactifications of the moduli space MEnr,2 of numerically
polarized Enriques surfaces of degree 2. The first oneMEnr,2 is defined to be ΓE10(2),2\DEnr. The
other one is Looijenga’s semi-toric compactificationMstrd

Enr,2 → MEnr,2, which is the blow-up of
MEnr,2 along the Weil divisor of special polarizations. In [648], Shah studied and classified pro-
jective degenerations of Enriques surfaces. For example, he found 9 types of type II degenerations,
compare Theorem 5.9.14. Now, Shah’s results can used to “explain” the boundary components of
the compactifications ofMEnr,2. It turns out that Shah’s results can be used to interpreteMEnr,2

outside the cusps as the coarse moduli space of Enriques surfaces including type II degenerations.
If one also wants to include Shah’s degenerations of type III, it turns out that the cusps ofMEnr,2

are to small and that one has to use the blow-upMstrd
Enr,2 instead. This gives the following modular

interpretation of the compactifications discussed at the end of Section 5.9.

Theorem 5.10.10. If C denotes the set of cusps ofMEnr,2, thenMEnr,2 − C is the coarse moduli
space of numerically degree 2 polarized Enriques surfaces together with Shah’s degree 2 polarized
degenerations of type II.

Moreover,Mstrd
Enr,2 is the coarse moduli space of numerically degree 2 polarized Enriques surfaces

together with Shah’s degree 2 polarized degenerations.

5.11 Deformation theory and arithmetic moduli

In this section, we study the deformation theory and moduli spaces of Enriques surfaces in positive
characteristic, especially in characteristic 2, and then, over Spec Z. We construct the moduli space
of numerically Cossec-Verra polarized Enriques surface over Spec Z and describe its geometry.
We end by discussing crystalline period maps and crystalline period spaces for unipotent Enriques
surfaces in characteristic 2.

As general references for deformation, we refer to [224] or [632]. We start with discussing defor-
mation theory adapted to deformations of Enriques surfaces, which is easy in characteristic p 6= 2,
and rather subtle if p = 2. First, we recall Schlessinger’s setup [620]: let Λ be a complete, Noethe-
rian, local ring, with maximal ideal µ and residue field k = Λ/µ. Associated, we consider the
following two categories

C = CΛ Artinian local Λ-algebras with residue field k, and
Ĉ = ĈΛ Noetherian local Λ-algebras (R,m) such that R/mn ∈ CΛ for all n ≥ 1.

The first category is a full subcategory of the second. A surjective morphism B → A in C is called
a small extension if its kernel is a principal ideal (t) such that mBt = 0, where mB is the maximal
ideal of B. Its importance comes from the fact that any surjection in C can be factored into a
sequence of small extensions.

We will be only interested in covariant functors F : C→ (Sets) such that F (k) contains just one
element. If F,G : C→ (Sets) are two such functors as above, then a morphism of functors F → G
is called smooth, if for any surjection B → A in C, the canonical morphism F (B)→ F (A)×G(A)

G(B) is surjective. In fact, it suffices to check small extensionsB → A. Also, we extend a covariant
functor F : C → (Sets) to a functor F̂ : Ĉ → (Sets) by setting F̂ (R) := lim←−F (R/mn) for every



570 CHAPTER 5. MODULI SPACES

R ∈ Ĉ, where m denotes the maximal ideal of R. Next, tF := F (k[ε]/(ε2)) is called the tangent
space to F . In practice, tF always carries naturally the structure of a k-vector space, see [620],
Lemma 2.10. An important example of such functors arises as follows: for every R ∈ ĈΛ, we set

hR : CΛ → (Sets)
A 7→ Hom(R,A),

and then, thR ∼= Hom(R,k[ε]/(ε2)), which is dual as k-vector space to m/(m2+µR) ∼= DerΛ(R,k),
where m ⊆ R, µ ⊆ Λ are the respective maximal ideals. In case a functor F as above is isomorphic
to hR for some R ∈ Ĉ, it is called pro-representable. In case, there exists R ∈ Ĉ and a smooth
morphism hR → F , such that the induced map on tangent spaces thR → tF is an isomorphism of
k-vector spaces, R is called a hull (or miniversal defomation) for F .

Let us now turn to the deformation theory of a schemeX over a field k, that is, we want to classify
all schemes that are flat over R ∈ C and have special fiber X . Now, if k is of characteristic zero,
one usually sets Λ = k. On the other hand, if k is of positive characteristic p, then there are two
natural choices: the first one is Λ = k, which means that one only studies deformations over rings in
characteristic p, so called equi-characteristic deformations. Secondly, if k is assumed to be perfect,
one can also consider the case Λ = W (k), i.e., the Witt ring over k. In this latter case, one also
allows liftings to characteristic zero. This said, we make the following definition.

Definition 5.11.1. Let X be a scheme over k.

1. An infinitesimal deformation of X is a scheme X → Spec R with R ∈ C that is flat over R,
and with special fiber X ×Spec R Spec k isomorphic to X .

2. The functor DefX : C → (Sets) that associates to each R ∈ C the set of infinitesimal
deformations of X over R modulo isomorphism is called the deformation functor of X .

Before proceeding, let us mention a technical point: when constructing moduli stacks below, it
is crucial to look at deformations that are allowed to be algebraic spaces rather than only schemes,
even if one is only interested in moduli spaces for schemes. Now, by [389, Corollary 3.6], an
algebraic space over R ∈ C, whose special fiber over k is a scheme, is automatically a scheme.
So, to understand the deformation theory of a scheme X over k, it suffices to study deformations as
previously defined.

Now, we want to understand DefX for a scheme X of finite type over a field k in detail. Quite
generally, whenever X is proper over k, or affine with isolated singularities, then DefX possesses
a hull, see [620], Proposition 3.10. On the other hand, pro-representability of this functor is more
subtle and not even true for all Enriques surfaces.

To understand pro-representability of DefX , let us shortly digress on tangent-obstruction theories:
first, letX be an affine scheme that is of finite type over k, let f : A→ B be a small extension in C,
and let X → Spec B be a deformation of X . Consider the preimage of X ∈ DefX(B) under the
map DefX(A)→ DefX(B), which is the set of deformations of X over A that become isomorphic
to X when restricting to B. This set, which may be empty, is a torsor under HomX(ΩX/k,OX)⊗k
Ker(f). We note that if Λ = k, then there exist distinguished deformations, namely trivial product
families, which allows us to compare deformations with trivial ones, and thus, the torsor-structure is



5.11. DEFORMATION THEORY AND ARITHMETIC MODULI 571

in fact a module structure. However, if Λ is not a k-algebra - for example, if k is perfect of positive
characteristic and Λ = W (k) - then there is no such thing as a trivial product family.

Now, let X be a scheme that is smooth over k, let f : A → B be a small extension in C, and
let X → Spec B be a deformation of X . Next, we choose an open affine cover Uα, α ∈ I of
X . Since X is smooth over k, also X is smooth over B by openness of smoothness, and then,
for every Uα → Spec B, there exists a scheme Vα → Spec A that is smooth over A and with
Vα×Spec A Spec B ∼= Uα. From this, a standard computation with cocycles shows that there exists
a cohomology class in

Ext2
X(ΩX/k,OX)⊗k Ker(f) ∼= H2(TX)⊗k Ker(f),

whose vanishing is necessary and sufficient for the existence of a scheme Y → Spec A with
Y ×Spec A Spec B ∼= X , i.e. for an extension of the deformation X from B to A. If this class is
zero, then the set of all such extensions is non-empty and is a torsor under

Ext1
X(ΩX/k,OX)⊗k Ker(f) ∼= H1(TX)⊗k Ker(f).

And finally, the set of automorphisms of an extension Y → Spec A that are trivial over X →
Spec B is isomorphic to Ext1

X(ΩX/k,OX) ⊗k Ker(f) ∼= H1(TX) ⊗k Ker(f). If X is also as-
sumed to be proper over k, then all the H i(TX)⊗k Ker(f) are finite-dimensional k-vector spaces.
These considerations show that if X is a scheme that is smooth and proper over k, then the functor
possesses a tangent-obstruction theory via T iX := H i(TX), see also [224], Definition 6.1.21 for
definitions and details. Let us now apply these general techniques to Enriques surfaces.

Proposition 5.11.2. Let S be an Enriques surface over a perfect field k of characteristic p ≥ 0.
Then, DefS possesses a hull. If we assume moreover that h0(TS) = 0, which holds, for example, if
p 6= 2 (see Table 1.2 for all cases), then DefS is pro-representable by R, where

R =

{
k[[x1, ..., x10]] if Λ = k,
W (k)[[x1, ..., x10]] if p 6= 0, k is perfect, and Λ = W (k),

and where W (k) denotes the ring of Witt vectors of k.

Proof. Being a proper variety over a field, DefS possesses a hull by [620], Proposition 3.10. Next,
assume that H0(TS) = 0. Since this is the tangent space to the identity component of AutS/k, it
follows that AutS/k is reduced, and thus, smooth. By loc. cit., DefS is pro-representable by some
Noetherian, local and complete Λ-algebra R. Moreover, by Table 1.2, we have h2(TS) = 0 and
h1(TS) = 10. The former implies that R is formally smooth over Λ, and since the latter gives the
dimension of the Zariski tangent space of R, the remaining assertions follow.

Similar to Definition 5.11.1 above, one can also consider a scheme X over k together with an
invertible sheaf L ∈ Pic(X), and define the functor Def(X,L) : C → (Sets) that associates to
each R ∈ C the set of deformations of the pair (X,L) over R modulo isomorphism. Assume
for simplicity that X is smooth over k so that the tangent sheaf TX is a locally free of rank equal
to dim(X). The first Chern class, which can be purely algebraically defined via the d log-map,
c1(L) ∈ H1(Ω1

X) ∼= Ext1(TX ,OX) defines an extension

0→ OX → EL → TX → 0,
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the Atiyah extension of L. Then, the deformation theory of the pair (X,L) has a tangent-obstruction
theory given by H i(EL) with i = 0, 1, 2. If S is an Enriques surface in characteristic 6= 2, and
L ∈ Pic(S) is arbitrary, then taking cohomology in the Atiyah extension sequence and using Table
1.2 we find h0(EL) = 1, h1(EL) = 10, and h2(EL) = 0. We refer to [632, Section 3.3] for details
and background. We obtain the following result, whose proof is completely analogous to that of
Proposition 5.11.2.

Proposition 5.11.3. Let S be an Enriques surface over a perfect field k of characteristic p 6= 2,
and L ∈ Pic(S) be an invertible sheaf. Then, Def(S,L) is pro-representable by a formally smooth
Λ-algebra, where Λ = k or Λ = W (k) as above.

The tangent space to (the identity component of) the automorphism group scheme Aut0S/k of an
Enriques surface S is isomorphic to H0(TS). In particular, this group scheme is smooth if and only
if it is reduced if and only if h0(TS) = 0. By [620], Proposition 3.10, this is also equivalent to
DefS being pro-representable. In particular, for Enriques surfaces with h0(TS) 6= 0, which exist in
characteristic 2 by Table 1.2, the situation is much more complicated. The following highly-non-
trivial result is due to Ekedahl, Hyland, and Shepherd-Barron [210].

Theorem 5.11.4. Let S be an Enriques surface over an algebraically closed field k of characteristic
p = 2, and let Λ = W (k).

1. If S is an α2-surface, then the hull of DefS is given by

R = W (k)[[x1, ..., x12]]/(fg − 2),

where f, g lie in the ideal (2, x1, ..., x12).

2. If S is a classical Enriques surface with h0(TS) = h2(TS) = 1, then the hull of DefS is given
by

R = W (k)[[x1, ..., x12]]/(h),

where the power series h = h(x1, ..., x12) that satisfies p - h.

In both cases, DefS is not pro-representable.

We refer to [210, Section 4] for a more detailed analysis of the deformation functors of Enriques
surfaces (polarized as well as without polarization) in characteristic 2.

An important application is the liftability of Enriques surfaces to characteristic zero. Let us recall
the definitions: let X be a smooth and proper variety over some perfect field k, and let R be a
Noetherian, local, and complete DVR with residue field k. Since k is perfect, R contains naturally
the ring W (k) of Witt vectors. Moreover, if R is a finite and integral extension of W (k), then
the valuation (normalized such that a uniformizer of R has valuation 1) of p with respect to the
discrete valuation of R is called the (absolute) ramification index. An algebraic (resp. formal) lift
of X over R is a scheme (resp. formal scheme) X → Spec R (resp. X → Spf R), which is flat
over R with special fiber X . By passing to the completion along its special fiber, every algebraic
lift yields a formal lift. Moreover, since R is automatically a W (k)-algebra, the most desireable
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lifts are algebraic lifts over W (k). We refer to [448], Section 11 for more about lifting of varieties
and references. The following combines several results of Lang [423], Liedtke [447], as well as
Ekedahl, Hyland, and Shepherd-Barron [210].

Theorem 5.11.5. Let S be an Enriques surface over an algebraically closed field k of positive
characteristic p.

1. If h0(TS) = 0, which holds, for example, if p 6= 2, then S admits an algebraic lift over W (k).

2. In the remaining cases, there exists a an algebraic lift of S over a finite extension R ⊇W (k),
whose ramification index divides 29N , where N ∈ {9, 49, 56, 60, 128, 192}.

3. If S is an α2-surface, then it does not lift over W2(k). In particular, it does not lift over
W (k), not even formally.

Proof. In the first case, we have h0(TS) = h2(TS) = 0, and then, it follows from Proposition
5.11.2 that S admits a formal lift over W (k). If S is classical, then h2(OS) = 0, which implies that
invertible sheaves can be lifted to every formal lift. In particular, one can lift an ample invertible
sheaf to this formal lift, which is thus algebraizable by Grothendieck’s existence theorem. If p = 2
and S is a µ2-surface, then for every L ∈ Pic(S), the invertible sheaf L⊗2 lifts to every formal
lift by [210], Proposition 4.2, [447], Proposition 4.4, see also [423], Theorem 1.4. From this,
algebraization follows as before.

In the remaining cases, p = 2 and S is anα2-surface or a classical Enriques surface with h0(TS) =
h2(TS) = 1. But then, there exists a formal lift over a possibly ramified extension R ⊇ W (k) by
Theorem 5.11.4. Algebraicity of the formal lift follows as in the case of µ2-surfaces. Next, to
bound the ramification, we use that by Corollary 5.11.10 (see also [447], Theorem 4.9), there exists
a birational morphism S → S′ such that S′ has at worst rational double point singularities, and
such that S′ lifts algebraically over W (k) (if it not an α2-surface), or to W (k)[

√
2] (if S is an

α2-surface). By Artin’s theorem on simultaneous resolutions of rational double point singularities
[25], there exists an algebraic lift (via an algebraic space) to some R ⊇W (k). Extending an ample
invertible sheaf from the special fiber to the total space of the lift, it follows that the algebraic space
is projective over R, whence a scheme. A careful analysis of the possible singularities of S′ then
yields the estimate on the bound of ramification, and we refer to [210], Corollary 5.7 for details.

Finally, if S is an α2-surface, then PicτS/k ∼= α2. If S were to lift to W2(k), then so would PicτS/k.
On the other hand, it follows from the description of all deformations of α2, see, for example,
Example 1.6.6 or [569] that α2 does not admit a lift to W2(k).

We now turn to moduli stacks of Enriques surfaces over arbitrary base rings and remind the reader
of the short introduction given in Section 5.3. We start with a rather technical observation: we saw
in Section 5.5 that a general Enriques surface over C has an infinite and discrete automorphism
group. Thus, when considering moduli of Enriques surfaces with no extra data, we obtain a stack,
whose stabilizers are in general infinite discrete groups. Thus, the diagonal morphism of this stack
is not quasi-compact, that is, this stack is not quasi-separated. However, quasi-separatedness is
usually built in from the very beginning when discussing stacks for several technical reasons, see
for example [433] or [566]. Therefore, we shall only consider moduli spaces of (numerically)
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polarized Enriques surfaces in the sequel, as this will force the automorphism groups of the objects
to be finite, and then, the moduli spaces will exist as algebraic Artin stacks. In characteristic 6= 2,
these will even be Deligne-Mumford stackts.

We fix a base scheme B or Z. We fix a positive and even integer n and consider the functor of
degree n polarized Enriques surfaces

F̃Enr,n,B : (Schemes/B) → (Groupoids)

T 7→


morphisms of algebraic spaces (S,L)→ T ,
whose geometric fibers are Enriques surfaces,
and where L ∈ Pic(S/T ) restricts to a big and nef
invertible sheaf with self-intersection number n
in every geometric fiber.


We have the following related functors: F̃a

Enr,n,B denotes the open subfunctor of F̃Enr,n,B that
takes values in those families whereL is relatively ample, that is, degree n ample polarized Enriques
surfaces. Next, we denote by F̃a

EnrRDP,n,B the functor that takes values in families whose geometric
fibers are pairs of Enriques surfaces with at worst rational double point (RDP) singularities and
ample invertible sheaves of self-intersection n. Given a pair (Y,L), where Y is an Enriques surface
and L is big and nef, we consider the map

Y → Y ′ := Proj
⊕
i≥0

H0(Y,L⊗i), (5.11.1)

which is a birational morphism that contracts precisely those curves on S that have zero-intersection
with L and nothing else. Since contracted cycles have negative intersection matrix, and since an in-
tegral curve on a surface with numerically trivial canonical sheaf must be a P1 with self-intersection
number −2 by the adjunction formula, we conclude that S′ has at worst RDP singularities. More-
over, theOS′(1) is an ample invertible sheaf with self-intersection number equal to that of L. Since
(5.11.1) works in families, we obtain a contraction morphism Φ of functors, and we obtain the
following:

F̃a
Enr,n,B

ı−→ F̃Enr,n,B
Φ−→ F̃a

EnrRDP,n,B .

Here, ı is an open immersion, and Φ ◦ ı is still an open immersion. Moreover, since RDP sin-
gularities have unique minimal resolutions, it follows that Φ is a bijection on geometric points.
However, in general Φ is not an isomorphism, which is related to functor of simultaneous resolution
of deformations of RDP singularities.

We may also consider the functor of degree n numerically polarized Enriques surfaces, denoted
FEnr,n,B , where we consider the class of L ∈ Pic(S/T ) = PicS/T (T ) inside Num(S/T ). Sim-
ilarly, we can define functors Fa

Enr,n,B and Fa
EnrRDP,n,B , Again, we have a natural forgetful mor-

phism
F̃Enr,n,B → FEnr,n,B

and similarly for the other functors. This map is a torsor under a finite and flat group scheme of
length 2. More precisely, if Y → T is a family of numerically polarized Enriques surfaces, then the
fiber over it is a torsor under PicτY/T of In particular, if 2 is invertible in B, then this morphism of
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functors is a Z/2Z-torsor and thus, étale. This follows easily from Theorem 1.2.1 and we note that
the Z/2Z-action is given on geometric points by (Y,L) 7→ (Y,L ⊗ ωY ).

After these preparations, we have the following representability results, which are straight forward
applications of Artin’s work on deformation theory, algebraization, and stacks.

Theorem 5.11.6. For all positive integers n and base schemes B, the functors

Fa
Enr,n,T , FEnr,n,S , FaEnrRDP,nT , Fa

Enr,n,T , Fa
Enr,n,T , and Fa

EnrRDP,n,T

are representable by quasi-separated Artin stacks of finite type over S. Moreover,

Fa
Enr,n,B, Fa

Enr,n,B, Fa
EnrRDP,n,B, and Ma

EnrRDP,n,B

are separated over B. If 2 is invertible on B, then

FEnr,n,B, Fa
Enr,n,B, FEnr,n,B, and Fa

Enr,n,B

are representable by Deligne–Mumford stacks that are smooth over B.

Proof. The fact that all these functors are representable by quasi-separated Artin stacks of finite
type over R follows from Artin’s work, see, for example, [27], Example 5.5. The separatedness
assertion for functors of polarized families follows from the Matsusaka-Mumford theorem [485],
and we refer the reader to [604], Theorem 4.3.3 for details.

If 2 is invertible on B then every geometric point (Y,L) of FEnr,n,B or of Fa
Enr,n,B corresponds

to a polarized Enriques surfaces in characteristic 6= 2. By Table 1.2, we have h0(ΘY ) = 0, which
implies that the automorphism group scheme of Y is discrete and reduced. In particular, the auto-
morphism group of (Y,L) is discrete, reduced, and finite, whence étale. In particular, F̃Enr,n,B and
F̃a

Enr,n,B are representable by Deligne-Mumford stacks. Since deformations of polarized Enriques
are unobstructed by Proposition 5.11.3, these stacks are smooth over B. Using the finite étale maps
F̃Enr,n,B → FEnr,n,B and F̃a

Enr,n,B → Fa
Enr,n,B , we obtain the remaining assertions. We refer to

[447] and [604] for more details.

This settles existence of these moduli spaces, but it says nothing about their geometry, such as
dimension, number of components, and birational geometry (such as unirationality). For a field k
and a vector ω ∈ E10, we denote by FEnr,ω,k (resp. FEnr,ω,k) the component of FEnr,ω2,k (resp.
FEnr,ω2,k) corresponding to Enriques surfaces that are numerically (resp. Picard) ω-polarized. In
Section 5.5, we constructed quasi-projective varieties M̃Enr,v and M̃Enr,v over C. Using period
spaces and complex analytic methods, we were able to describe their birational geometry in some
cases. It seems plausible that these latter spaces are the coarse moduli spaces of the former stacks.
This is indeed the case.

Theorem 5.11.7. Let ω ∈ E10.

1. The moduli stacksFEnr,ω,C and F̃Enr,ω,C admit coarse moduli spacesMEnr,ω,C and M̃Enr,ω,C.
Moreover, we have a commutative diagram of algebraic stacks

F̃Enr,ω,C → M̃Enr,ω,C
↓ ↓

FEnr,ω,C → MEnr,ω,C,
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where the horizontal morphisms are the universal maps of coarse moduli spaces and where
the vertical morphisms are étale of degree 2.

2. The complex algebraic spaceMEnr,ω,C (resp. M̃Enr,ω,C) is isomorphic to the complex quasi-
projective varietyMEnr,v (resp. M̃Enr,v) constructed in Section 5.5

Proof. Existence of the coarse moduli spacesMEnr,ω,C and M̃Enr,ω,C follows quite generally from
the theorem of Keel and Mori [371]. Moreover, we have already noted above that there is an étale
morphism F̃Enr,ω,C → FEnr,ω,C of degree 2 of stacks. This induces a morphism M̃Enr,ω,C →
MEnr,ω,C of coarse moduli spaces and we obtain the stated commutative diagram. (See also [309],
Proposition 4.1.)

Let T be a scheme over C. We denote by Mω the complex quasi-projective variety MEnr,v

constructed in Section 5.5. To give a morphism T → FEnr,ω,C is the same as to give a family
S → T of numerically ω-polarized Enriques surfaces. In Section 5.5, we saw how this gives rise
to morphism T → Mω. By the Yoneda lemma, this induces a morphism of stacks FEnr,ω,C → Mω

and by the universal property of coarse moduli spaces, we obtain a morphism of algebraic spaces
MEnr,ω,C → Mω. It follows from the construction of Mω in Section 5.5 that this latter map
induces a bijection on the level of C-valued points. Moreover, MEnr,ω,C is a normal algebraic
space and by construction, Mω is a normal and quasi-projective variety. Thus, MEnr,ω,C → Mω

is an isomorphism by Zariski’s Main Theorem. We leave the case of Picard polarized Enriques
surfaces to the reader.

In the case B = Spec k, especially if k is a field of characteristic 2 or even B = Spec Z,
currently only one moduli space has been studied in detail, namely the moduli stack for numeri-
cally Cossec-Verra polarized Enriques surfaces. Let us recall (for example, from Corollary 1.5.4
or the discussion in Section 5.5), that there are two W (E10)-orbits of vectors of self-intersection
number 4 in E10, namely the orbit of ω1 and the orbit of ω8 + ω9. The vectors of the first orbit
satisfy Φ = 2 and the vectors of the second orbit satisfy Φ = 1 with respect to the Φ-function
introduced in (2.4.6). Clearly, the Φ-function is constant on every component of a (coarse) moduli
space of (numerically) polarized Enriques surfaces. In particular, moduli spaces of (numerically)
degree 4 polarized Enriques surfaces have component(s) corresponding to Φ = 1-polarizations and
component(s) corresponding to Φ = 2-polarizations. We are now interested in the latter case. A
(numerical) polarizationL, whose class belongs to the second case, that is, a big and nef (numerical)
invertible sheaf with L2 = 4 and Φ(L) = 2 is called a Cossec-Verra polarization and we studied
such polarizations in Section 3.4. In particular, we denote the union of components of the moduli
stacks Fa

Enr,4,B , FEnr,4,B , and Fa
EnrRDP,4,B by

Fa
Enr,CV,B, FEnr,CV,B, and Fa

EnrRDP,CV,B

respectively, and similarly for moduli stacks of numerically polarized Enriques surfaces. The fol-
lowing result shows that the moduli stackMa

EnrRDP,CV,Z has a very easy and beautiful geometry.

Theorem 5.11.8. There exists a smooth morphism of relative dimension 10

Fa
EnrRDP,CV,Z

Picτ−→ [Spec Z[a, b]/(ab− 2) /Gm].

More precisely,
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1. For every field k of characteristic p 6= 2, Fa
EnrRDP,CV,k is a smooth, geometrically irre-

ducible, 10-dimensional, and unirational Artin stack over Spec k.

If p 6∈ {3, 5, 7}, then this stack is even Deligne-Mumford.

2. For every field k of characteristic 2,

(a) FaEnRDP,CV,k consists of two components FZ/2Z and Fµ2 , both of which are smooth,
geometrically irreducible, 10-dimensional, and unirational Artin stacks over Spec k.

(b) They intersect transversally along a smooth, geometrically irreducible, 9-dimensional,
and unirational substack Fα2 over Spec k.

(c) The geometric points of Fα2 are α2-Enriques surfaces, whereas for G = µ2 and G =
Z/2Z, the geometric points of FG\Fα2 are G-Enriques surfaces.

Proof. Let us sketch the idea of proof and refer to [447] for details: Let S be an Enriques surface
with at worst RDP singularities, let π : X → S be its K3-cover, and let L be an ample numerical
Cossec-Verra polarization. Then, π∗L is a globally generated invertible sheaf on X , and defines a
morphism f : X → P5 that is an isomorphism onto its image, which is the complete intersection of
three quadrics, see Theorem 3.4.1. Moreover, the (PicτS/k)∗-action on X extends to a linear action
on P5, and the three quadrics cutting out f(X) can be chosen to be (PicτS/k)∗-invariant. Thus,
we obtain a description of X and S as in the Bombieri-Mumford-Reid examples from Example
1.6.8. Using that complete intersections have unobstructed deformations, the only obstruction to
deforming X comes from deforming PicτS/k, from which it follows that the deformation functor of
the pair (S,L) is smooth over the deformation functor of PicτS/k. Using the Oort-Tate classification
[569] (see also Example 1.6.6), we thus obtain smooth morphism of relative dimension 10 from
Fa

EnrRDP,CV,Z to [Spec Z[a, b]/(ab − 2)/Gm]. Next, let G be a group scheme of length 2 over a
field k and recall the G-invariant quadrics from Lemma 1.6.7. Then, complete intersection of three
G-invariant quadrics in P5 are parametrized by some open dense set of some affine space, which is
rational. From this, we obtain an over-parametrization of a component of Fa

EnrRDP,CV,k, and the
stated unirationality and irreducibility results follow

Remark 5.11.9. Since an Enriques surface S in characteristic p 6= 2 satisfies h0(S, TS) = 0, the
automorphism group Aut(S) is reduced and thus, stacks of smooth and polarized Enriques surfaces
are then Deligne-Mumford stacks. On the other hand, FaEnRDP,CV,k parametrizes Enriques surfaces
with RDP singularities. Now, it could happen that such a surface does have global vector fields,
which would be related to the fact that the RDP singularities occuring on such a surface admit non-
trivial global vector fields that do not lift to the resolution of singularities and refer to [296] for
results concerning this phenomenon. At points of FaEnRDP,CV,k corresponding to such a surface,
the stack cannot be Deligne-Mumford. We do not know whether such RDP-Enriques surfaces with
global vector fields exist in characteristic p ≥ 3. However, if p ≥ 11, then no RDP singularity that
can possibly occur an Enriques surface admits such non-trivial and non-liftable vector field, that is,
no RDP-Enriques surface admits global vector fields, which shows that the stacks FaEnRDP,CV,k are
Deligne-Mumford if p ≥ 11.

In the proof of the theorem we have seen that the deformation functor of the pair (S,L), where S
is an Enriques surface with at worst RDP singularities and where L is an ample numerical Cossec-
Verra polarization, is smooth over the deformation functor of PicτS/k. It follows that deformations
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and liftings of S to characteristic zero are controlled by deformations and liftings of PicτS/k. This
has the following interesting consequence.

Corollary 5.11.10. Let S be an Enriques surface over an algebraically closed field k of character-
istic p > 0.

1. If p 6= 2, then S lifts algebraically over W (k).

2. If p = 2, then let L be an ample Cossec-Verra polarization and let S → S′ be the associated
contraction morphism (5.11.1). Then, S′ is an Enriques surface with RDP singularities and
S′ lifts algebraically to W (k) (resp. W (k)[

√
p]) if S′ is not an α2-surface (resp. an α2-

surface).

Remark 5.11.11. The contraction morphism

Φ : FEnr,CV,Z → Fa
EnrRDP,CV,Z

induces a bijection on geometric points, but it is not an isomorphism of functors. The fibers of Φ
are related to the functor of simultaneous resolutions of families of RDP singularities, and we refer
to [25] for details. By Theorem 5.11.4, the deformation functor of classical Enriques surfaces in
characteristic 2 may not be pro-representable by a smooth algebra. In particular, FEnr,CV,Z may not
be smooth at points corresponding to classical Enriques surfaces in characteristic 2. By the previous
theorem, these singularities can be explained from the fibers of Φ, whereas Fa

EnrRDP,CV,Z is smooth
at points corresponding to classical Enriques surfaces. We refer to [447] for details.

We discussed coarse moduli spaces already in Section 5.3 and constructed coarse moduli spaces
for (numerically) polarized Enriques surfaces in Section 5.5. In the case of Fa

EnrRDP,CV,k for a field
k, the previous theorem gives an explicit construction of the coarse space: let V be the space of
Ga,b-invariant quadrics from Lemma 1.6.7 and let U ⊂ P(V )3 be the open and dense subset that
consists of triples of quadrics (Q1, Q2, Q3) such that Q1∩Q2∩Q3 ⊂ P3 is a complete intersection
of three quadrics, such that the quotient by the Ga,b-action is an Enriques surface with at worst RDP
singularities. Then, the sought components of the coarse moduli spaces arise as quotients of U by
a linear algebraic group. In particular, also the coarse moduli space is unirational. Moreover, the
coarse moduli space of the double cover F̃Enr,CV,C is even rational by a theorem of Casnati, see
Theorem 5.8.12 or [105].

We end this section by discussing crystalline periods of unipotent Enriques surfaces in character-
istic 2, as developed by Ekedahl, Hyland, and Shepherd-Barron [210]. Here, an Enriques surface S
in characteristic 2 is called unipotent if PicτS is a unipotent group scheme, that is, if S is an α2-, or
an Z/2Z-Enriques surface. Note that the K3-cover X → S of a unipotent Enriques surface is finite
and flat, but not étale. As before, a marking of S is a choice of isomorphism φ : E10 → Num(S).
Inside the positive cone of E10 ⊗ R, we have the chamber D0 defined by the roots of E10. More
precisely, if ω0, ...,ω9 denote the fundamental dominant weights of E10 defined by the root basis,
then D0 is the R≥0-span of all the ωi. Then, we define the moduli functor

Euni : (Schemes/F2) → (Groupoids)

B 7→


morphisms of algebraic spaces (S, φ)→ B,
whose geometric fibers are unipotent Enriques surfaces,
and where φ : E10,B → NumS/B
is a marking such that φ(D0)lies fiberwise in the ample cone.
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Via such a marking, the fundamental dominant weight ω1 corresponds to a Cossec–Verra polariza-
tion, see [210], Lemma 5.3. Thus, there exists a natural forgetful functor

Euni −→ FEnr,CV,F2

that is surjective onto theFZ/2Z-component of the latter space, that is, the component parametrizing
unipotent Enriques surfaces.

Next, let Euni,K3 be the open and dense substack of Euni of those Enriques surfaces, whose associ-
ated flat double cover π : X → S is a K3 surface with at worst RDP singularities. More precisely,
for a generic surface S in Euni,K3, this double cover X has 12 RDP singularities of type A1, and the
tangent sheaf ΘX (the dual of the sheaf of Kähler differentials) is trivial. Since π is a torsor under
an infinitesimal group scheme, it corresponds to a p-closed foliation F ⊂ ΘX , and since S is an
Enriques surface, we find F ∼= OX . This leads us to considering the moduli stack of E10(2)-marked
K3 surfaces with RDP singularities of RDP rank 12 and with trivial tangent sheaf:

K : (Schemes/F2) → (Groupoids)

T 7→



Families (X , φ)→ T of algebraic spaces, whose
geometric fibers are non-smooth K3 surfaces with
RDP-singularities of RDP rank 12, and such that
f∗f∗ΘX/T → ΘX/T is an isomorphism, and where
φ : E10(2)T → PicX/T is a marking such that
φ(D0(2)) lies fiberwise in the ample cone.


see also [210], Section 8. Next, we consider the P1-bundle P := P((f∗TX/K)∨)→ K, where TX/K
is the relative tangent sheaf on the universal K3 surface f : X → K. Thus, a geometric point of P
is a marked K3 surface X from K together with a line Ξ ⊂ H0(X,ΘX). Since Ξ is automatically
p-closed, we always have a purely inseparable quotient map X → X/Ξ, and in case Ξ vanishes at
the singularities of X , the quotient is in fact a unipotent Enriques surface. More precisely, if Ξ is a
multiplicative vector field, which is the generic case, then X/Ξ is a Z/2Z-Enriques surface, and in
case Ξ is an additive vector field, then X/Ξ is an α2-Enriques surface.

Example 5.11.12. An explicit example of a 1-dimensional family of Enriques surfaces that arises as
quotient of a K3 surface by a family of p-closed vector fields was constructed in [361]: in charac-
teristic 2, the equation

y2 + y + x3 + t2 · x · (y2 + y + 1) = 0

is the Weierstraß model X ′t → P1 of an elliptic surface X → P1, which has four singular fibers
of type I6. This surface is the unique supersingular K3 surface with Artin invariant σ0 = 1. The
model X ′ has 12 RDP singularities of type A1, which correspond to singular points of the singular
fibers. For parameters a, b with a+ b = ab and a3 6= 1 we obtain a family

Da,b :=
1

1 + t

(
(t+ 1)(t+ a)(t+ b)

∂

∂t
+ (1 + t2x)

∂

∂x

)
of p-closed vector fields on X ′ and we let

Sa,b := X ′/Da,b

be the corresponding quotient. Then, if moreover a 6∈ F4 (resp. a = b = 0), then Sa,b is a classical
Enriques surface (resp. α2-surface).
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If U ⊂ P denotes the open substack, where Ξ vanishes at the singularities, then we obtain the
following diagram of moduli stacks

P ⊇ U

��

φ // Euni,K3

K

As shown in [210], Theorem 8.2, φ is a smooth and surjective morphism, that is in fact a gerbe
associated the height 1 subgroup scheme of the stabilizer of K over Spec F2.

Finally, K can be described using an extension of Ogus’ period map to moduli spaces of super-
singular K3 crystals. More precisely, consider the lattice 〈−2〉12, say with generators e1, ..., e12,
such that ei · ej = −2δij , and let R be the lattice generated by e1, ..., e12 and 1

2

∑12
i=1 ei. Next, let

M := R⊕ E10(2). Then, extending Ogus’ moduli space of supersingular K3 crystals from [560] to
characteristic 2, there exists a moduli space

Mcrys
M geometric points are supersingular K3 crystals (H, 〈−,−〉,Φ), that is

H is a free W (k)-module of rank 22 together with an injective Frobenius-linear map Φ,
and 〈−,−〉 is a non-degenerate symmetric bilinear form, together with
M → TH an isometric embedding of M into the Tate-module

plus certain axioms that this data has to satisfy, see [560] or [210]. This space is the period space
for supersingular M -polarized K3 surfaces, andMcrys

M × F2 has two components, both of which
are smooth, 9-dimensional, and unirational.

Next, the locus H ⊂ Mcrys
M , whose points correspond to M -marked crystals (H,φ : M → TH),

such that there exists a root in the saturation of E10(2) → M
ı→ TH ⊂ H , is a divisor by [210],

Lemma 6.11. We denote its complement by Mcrys,◦
M , and by [210, Proposition 8.6], there exist

morphisms
Mcrys,◦

M → [Mcrys,◦
M /S12] → K,

where S12 denotes the symmetric group on 12 letters that acts on the {ei} in R by permutations. In
loc. cit., it is shown that the induced maps on geometric quotients induces a bijection on geometric
points.

Put a little bit sloppily, we thus obtain a description of an open substack of Euni as an open subset
of a P1-bundle over an open subset of the period space of M -polarized supersingular K3 crystals.
The latter space parametrizes M -polarized supersingular K3 surfaces and let X be such a surface.
After contracting the (−2)-curves corresponding to M , one obtains a K3 surface X ′ with RDP
singularities and trivial tangent sheaf ΘX′ . There is an open and dense subset of P(H0(X ′,ΘX′)) ∼=
P1, whose points correspond to p-closed vector fields D on X ′, such that the quotient X ′/D is a
unipotent Enriques surface.
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(under a different name) by V. Nikulin in [540]. The theory of periods of lattice polarized K3 surfaces was
used for introducing and explaining a certain duality of moduli spaces of lattice polarized K3 surfaces, which
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an exposition of the work of J. Keum [373] and H. Ohashi [562], [563] on fixed-point-free involutions on
complex K3 surfaces and, in particular, K3 surfaces birationally isomorphic to a Kummer surface associated
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marked or unmarked Coble surfaces was first proven by Y. Namikawa. We gave another proof of this result
based on a note of D. Allcock [6]. Yet another proof of this result is due to R. Borcherds [79]. Namikawa
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that the number of orbits of the automorphism group on the set of smooth rational curves and elliptic pencils
is finite. The same result was proved independently by E. Looijenga and H. Sterk [670]. The fact that the au-
tomorphism group of an unnodal Enriques surface contains a subgroup isomorphic to the 2-level congruence
subgroup W2,3,7(2) of W2,3,7 was deduced from the Global Torelli Theorem by Barth and Peters in [41]. In
a short note [544], Nikulin described a much more general result about automorphisms of Enriques surfaces,
from which the same theorem follows as a special case. Around the same time, a geometric proof of this
theorem based on a result of A. Coble about the normal generation of the subgroup W2,3,7(2) was given by
the first author [168]. We will return to this in Volume 2, Chapter 8.

The irreducibility of the moduli spaceMnod
Enr of nodal Enriques surfaces was proven first by Y. Namikawa

[535]. We give a simpler proof following D. Allcock [6]. The moduli spaces MEnr,v of polarized En-
riques surfaces for low degree h2 ≤ 10 were studied in earlier Chapters. The degrees of the forgetful map
MEnr,v → MEnr were first computed by Barth and Peters [41]. In the case h2 = 2, a systematic study of
the GIT-quotient model of this space and its relationship with the moduli spaceMEnr,v , as well as various
compactifications were studied by H. Sterk [672]. The rationality of the moduli spacesMEnr was first proven
by S. Kondō [400]. Much later, the first author and S. Kondō proved the rationality of the moduli spaces of
Mnod

Enr andMCob [181]. The fact that there are only finitely many birational types of moduli spaces of polar-
ized Enriques surfaces was first observed by V. Gritsenko and K. Hulek [309]. They also proved that some of
these spaces are not unirational. A recent paper [117] gives many examples of unirational irreducible moduli
spaces of polarized Enriques surfaces. In the even more recent papers [388] the question when the moduli
space is irreducible is completely answered.

We did not discuss the toroidal compactifications of the moduli spaces of Enriques surfaces.

The study of deformations of Enriques surfaces in positive characteristic was initiated by P. Blass [65]
and W.E. Lang [423], [424]. The construction and description of moduli spaces for Enriques surfaces and
especially in characteristic 2 is due to [447] and work of T. Ekedahl, J.M.E. Hyland, and N.I. Shepherd-Barron
[209], [210].
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k N K2
V (r, l, δ) 2-elementary lattice M N = M⊥

1 10 −1 (11, 11, 1) E10(2)⊕ A1 I2,9(2)
2 11 −2 (12, 10, 1) E10(2)⊕ A⊕2 I2,8(2)

3 12 −3 (13, 9, 1) D⊕2
4 ⊕ A⊕3

1 ⊕ U(2) I2,7(2)

4 13 −4 (14, 8, 1) E7 ⊕ A⊕5
1 ⊕ U(2) I2,6(2)

5 14 −5 (15, 7, 1) E8 ⊕ A⊕5
1 ⊕ U(2) I2,5(2)

6 15 −6 (16, 6, 1) E10 ⊕ A⊕6
1 I2,4(2)

7 16 −7 (17, 5, 1) E8 ⊕ D6 ⊕ A1 ⊕ U(2) I2,3(2)
8 17 −8 (18, 4, 0) E8 ⊕ D8 ⊕ U(2) U(2)⊕2

8 17 −8 (18, 4, 1) E10 ⊕ D6 ⊕ A⊕2
1 I2,2(2)

9 18 −9 (19, 3, 1) E10 ⊕ D8 ⊕ A1 I2,1(2)
10 20 −10 (20, 2, 1) E10 ⊕ D10 〈2〉⊕2

Table 5.1: Types of Coble surfaces



Appendix A

Automorphic forms and moduli spaces
by by S. Kondō

In this Appendix we will discuss a theory of automorphic forms on bounded symmetric domains
of type IV associated with an even lattice of signature (2, n). In particular we will give a proof of
the existence of a discriminant form on the period space of Enriques surfaces mentioned in Part I,
Chap. 5, Theorem ??.

A.1 Multiplicative and additive liftings

We follow the notation of Chapter 5. Let L be an even lattice of signature (2, n) and let

DL = {[ω] ∈ P(LC) | ω2 = 0, ω · ω̄ > 0}.

Let Γ be a subgroup of O(L) of finite index. We recall the notion of an automorphic forms on DL
with respect to Γ. Let

D̃L = {ω ∈ LC | ω2 = 0, ω · ω̄ > 0}.
The natural map D̃L → DL gives a structure of a principal C∗-bundle. A holomorphic (resp.
meromorphic) function f : D̃L → C is called a holomorphic (resp. meromorphic) automorphic
form on DL of weight k ∈ Z≥0 if{

f(γ · ω) = χ(γ)f(ω) (∀γ ∈ Γ),

f(α · ω) = α−kf(ω) (α ∈ C∗),
(A.1.1)

where χ : Γ → U(1) is a unitary character of Γ. There is also some technically stated condition
requiring that a holomorphic form must be holomorphic at cusps. It is automatically satisfied when
n ≥ 3, the fact often referred to as the Koecher principle [395]. Since D̃L → DL can be identified
with the principal C∗-bundle associated to the nth root of the cotangent bundle ofDL, an equivalent
definition is that f is a holomorphic (meromorphic) function on DL satisfying

f(γ · z) = χ(γ)
1

(det dγz)
k
n

f(z) (∀γ ∈ Γ). (A.1.2)

583
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In this way, the notion of an automorphic form extends to the notion of an automorphic form on
any complex domain and a discrete group Γ of its holomorphic automorphisms. The notion of a
modular form is a special case of this definition when n = 1. In this case DL is identified with with
two copies of the upper half-plane H = {z = a + bi ∈ C : b > 0}, γ = az+b

cz+d is a fractional-linear
transformation with ad − bc = ±1 and dγz = 1

(cz+d)2 . Let D(L) = L∨/L be the discriminant
group of L, qL : D(L) → Q/2Z the discriminant quadratic form and bL : D(L) ×D(L) → Q/Z
the discriminant bilinear form of D(L).

Now, for simplicity, we assume that n = 2m is an even integer because this is enough for appli-
cations to the case of Enriques surfaces. Let

T =

(
1 1
0 1

)
, S =

(
0 −1
1 0

)
, (A.1.3)

be the standard generators of SL(2,Z). Let C[D(L)] be the group ring of D(L) and let {eα}α∈D(L)

be the standard generators of C[D(L)]. There is a unitary representation ρL of SL(2,Z) on C[D(L)]
defined by ρL(T ) · eα = eπ

√
−1qL(α)eα,

ρL(S) · eα =
√
−1

m−1

√
|D(L)|

∑
β∈D(L) e

−2π
√
−1bL(α,β)eβ.

(A.1.4)

This representation ρL is called the Weil representation associated with the discriminant quadratic
form (D(L), qL). In general case, that is, not assuming the evenness of n, one can consider a double
cover of SL(2,Z) called the metaplectic group. We remark that the natural action of the orthogonal
group O(D(L)) on C[D(L)] commutes with the action of SL(2,Z) on C[D(L)]. If we denote
by N the smallest integer such that NbL(α, β) = NqL(α)/2 = 0 for all α, β ∈ D(L), then the
representation ρL factors through the finite group SL(2,Z/NZ).

One extends the notion of a holomorphic (resp. meromorphic) modular form of weight k with
respect to Γ = SL(2,Z) by considering a holomorphic map f : H→ C[D(L)] satisfying

f(γ · τ) = (cτ + d)kρL(γ) · f(τ)

for any γ =

(
a b
c d

)
∈ SL(2,Z) and requiring that f is holomorphic (resp. meromorphic) at∞. If

L is not unimodular, this is a vector valued function. As usual, f has a Fourier expansion

f(τ) =
∑

λ∈D(L)

eλ
∑
m∈Q

cλ(m)e2π
√
−1mτ .

The following theorem, due to Borcherds [80] (see also [96]), gives a criterion for the existence of
an automorphic form whose zero or pole divisor is a given Heegner divisor.

Theorem A.1.1. Suppose L is an even lattice of signature (2, n) and let f be a modular form of
weight 1− n

2 with respect to ρL whose Fourier coefficients cλ(`) are integers for ` ≤ 0. Then there
exists a meromorphic function Ψ(ω) for ω ∈ D̃L with the following properties.

1. Ψ is an automorphic form of weight c0(0)/2.
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2. The only zeros or poles of Ψ lie on a Heegner divisor λ⊥ for λ ∈ L with λ2 < 0 and their order
is equal to ∑

0<x∈R,xλ∈L∨
cxλ(x2λ2/2)

(or poles if this number is negative).

3. Ψ is a holomorphic function if the orders of all zeros in item 2 above are nonnegative. If, in
addition, rank(L) ≥ 5, or if rank(L) = 4 and L contains no 2-dimensional isotropic sublattice,
then Ψ is a holomorphic automorphic form.

The function Ψ is called a Borcherds product or a multiplicative lifting.

On the other hand, Borcherds generalizes constructions of Saito-Kurokawa, Shimura, Maass, Grit-
senko, Oda et. al. for liftings of modular forms to automorphic forms. For our application, it is
sufficient to consider the most simple case, that is, modular forms of weight 0 with respect to ρL.

Theorem A.1.2. Suppose L is an even lattice of signature (2, n) with an even integer n ≥ 4. Then
there exists an O(D(L))-equivariant linear map

C[D(L)]SL(2,Z) → [O(L)], n/2− 1] (A.1.5)

where [O(L)], n/2 − 1] is the space of holomorphic automorphic forms of weight n/2 − 1 with
respect to O(L)], and with trivial character. Here O(L) acts on source of the map because O(L)# is
a normal subgroup, and it acts on the target of the map via the action on O(D(L)) ∼= O(L)/O(L)].

The linear map from the theorem is called an additive lifting. The weight n/2 − 1 is called the
singular weight which is the smallest weigth of non-zero holomorphic automorphic forms. The
Fourier series of the obtained automorphic form is given explicitly in terms of Fourier coefficients
of the original modular form. Here we give only the constant term of the Fourier expansion.

Theorem A.1.3. Suppose L is an even lattice of signature (2, n) with an even integer n ≥ 6. Let
F be the additive lifting corresponding to

∑
cαeα ∈ C[D(L)]SL(2,Z). Let z be a primitive isotropic

vector of L. Then the constant term of the Fourier expansion of F around z is given by

−
∑

δ∈Z/NZ

cδz/N
∑

0<ε≤N
Nn/2−1e2π

√
−1δε/NBn/2−1(ε/N)/(n− 2) (A.1.6)

where Bn/2−1(x) is the Bernoulli polynomial of degree n/2− 1.

A.2 Borcherds Φ-function

In this section, we restrict ourselves to the case qL = u⊕l1 , where u1 = qU(2) is given by the matrix(
0 2−1

2−1 0

)
. Its discriminant group and quadratic form can be identified with the quadratic space

(F2l
2 , q) of even type. We will show the existence of Borcherds Φ-function found in the paper [79],

that is, an automorphic form on the period space of Enriques surfaces vanishing exactly on the
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locus of the periods of Coble surfaces. Recall that in this case L = E10(2)⊕U and the discriminant
group D(E10(2)) can be identified with the quadratic space (E10/2E10, q), where q(x + 2E10) =
1
2x

2 mod 2 (see (5.3.2)). The quadratic form is of even type, i.e. can be reduced to the form∑5
i=1 xixi+5. It is known that all non-zero vectors form two orbits with respect to the orthogonal

group represented by a vector with q(x) = 1 and q(x) = 0. The number of vectors in each orbit is
equal to 24(25 − 1) = 496 (resp. 24(25 + 1) = 528) (see Section 6.3). This extends to any lattice
L with discriminant quadratic form isomorphic to u⊕l1 . An easy count of vectors with q(x) = 0 (by
induction on l or using Witt’s Theorem) gives the following.

Lemma A.2.1. The discriminant group D(L) consists of the following 22l vectors.

Type (00) : α = 0;

Type (0) : α 6= 0, qL(α) = 0, #q−1(0) = 2l−1(2l + 1)− 1;

Type (1) : qL(α) = 1, #q−1
L (1) = 2l−1(2l − 1).

Let mij(k) be the number of nonzero vectors of type (j) = (0) or (1) with inner product with a
fixed vector of type (i) = (0) or (1) is equal to k = 0, 1. A straightforward inductive computation
shows that

m00(0) = 2l−1(2l−1 + 1)− 1, m01(0) = 2l−1(2l−1 − 1),

m00(1) = 22l−2, m01(1) = 22l−2,

m10(0) = 22l−2 − 1, m11(0) = 22l−2,

m10(1) = 2l−1(2l−1 + 1), m11(1) = 2l−1(2l−1 − 1).

By definition of the Weil representation A.1.4, we have ρ(S)2 = ρ(T )2 = 1 on C[D(L)].
Hence the action of SL(2,Z) factrizes through the one of SL(2,Z/2Z). The conjugacy classes
of SL(2,Z/2Z) ∼= S3 consist of E, T, ST where E is the identity matrix. Let χ1, χ2, and χ3

be the trivial character, the alternating character, and the irreducible character of degree 2 of S3,
respectively. For the convenience of the reader we give the character table of S3.

E T ST
χ1 1 1 1
χ2 1 −1 1
χ3 2 0 −1

Table A.1: Character table of S3

Lemma A.2.2. Let χ be the character of the Weil representation ρL of SL(2,Z/2Z) on C[D(L)].
Let

χ =

3∑
i=1

miχi

be the decomposition of χ into irreducible characters. Then

χ =
1

6
(22l + 3 · 2l + 2)χ1 +

1

6
(22l − 3 · 2l + 2)χ2 +

1

3
(22l − 1)χ3.
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Proof. It follows from the definition of ρL and computation of the numbersmij(k) that trace(ρL(E)) =
22`, trace(ρL(T )) = 2`−1(2` + 1) − 2`−1(2` − 1) = 2`, trace(ρL(ST )) = 2−`2` = 1. Thus we
have

m1 +m2 + 2m3 = 22`, m1 −m2 = 2`, m1 +m2 −m3 = 1,

and hence we have proved the Lemme.

Let 
f00(τ) = 8η(2τ)8/η(τ)16,

f0(τ) = −8η(2τ)8/η(τ)16,

f1(τ) = 8η(2τ)8/η(τ)16 + η(τ/2)8/η(τ)16

where η(τ) is the Dedekind eta function. Recall that

η(τ)24 = q
∞∏
n=1

(1− qn)24 (q = e2π
√
−1τ ).

Then we have

f00(τ + 1) = f00(τ), f0(τ + 1) = f0(τ), f1(τ + 1) = −f1(τ),

f00(−1/τ) = τ−4(−f00(τ) + f1(τ))/2,

f0(−1/τ) = τ−4(f00(τ)− f1(τ))/2,

f1(−1/τ) = τ−4(3f00(τ) + f1(τ))/2.

By using these, we have the following lemma.

Lemma A.2.3. Let
h00 = (2l − 1)f00, h0 = f0, h1 = f1.

Then {hα}α∈D(L) is a modular form of weight −4 and of type ρL, and their q-expansion are given
by 

h00 = 8(2l − 1) + 128(2l − 1)q + · · ·
h0 = −8− 128q + · · ·
h1 = q−1/2 + 36q1/2 + · · ·

By applying Theorem A.1.1 to {hα}α∈D(L) in Lemma A.2.3, we now have the following theorem.

Theorem A.2.4. Let L be an even lattice of signature (2, 10) with qL = u⊕l1 . Then there exists
an automorphic form Ψ of weight 4(2l − 1) on the bounded symmetric domain DL of type IV
associated to L such that the zero divisor (Ψ) is the Heegner divisorH−1.

We keep the assumption that L is an even lattice of signature (2, 10) with qL = u⊕l1 . Let α ∈ D(L)
be a non-isotropic vector, i.e. qL(α) = 1. We define a map

tα : D(L)→ D(L), x→ x+ 2bL(x, α)α
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which is called a transvection and is contained in O(qL). Let r be a vector in L with r2 = −4 such
that r/2 + L = α. Since r/2 ∈ L∨, the reflection

sr : x→ x− 2〈x, r〉
r2

r

associated with r is contained in O(L). Note that sr induces the transvection tα.

Let V be a subspace of D(L) = F2l
2 . Then V is called totally isotropic if qL|V ≡ 0 and totally

singular if it is generated by mutually orthogonal non-isotropic vectors. For each maximal totally
singular subspace V in D(L), let I be the maximal totally isotropic subspace in V . Then there
exist exactly two maximal totally isotropic subspaces M+ and M− in D(L) containing I because
I⊥/I(∼= F2

2) is a hyperbolic plane. Let

θV =
∑
α∈M+

eα −
∑
α∈M−

eα.

Lemma A.2.5. (1) θV ∈ C[D(L)]SL(2,Z).

(2) tα(θV ) = −θV for any α ∈ V with qL(α) = 1.

Proof. (1) It suffices to see that, for any maximal totally isotropic subspace M ,
∑

α∈M eα ∈
C[D(L)]SL(2,Z). By definition, ρL(T )(

∑
α∈M eα) =

∑
α∈M eα. On the other hand,

ρ(S)(
∑
α∈M

eα) =
1

2`

∑
β∈M

(∑
α∈M

(−1)2bL(α,β)

)
eβ +

1

2`

∑
β 6∈M

(∑
α∈M

(−1)2bL(α,β)

)
eβ.

Obviously
∑

α∈M (−1)2bL(α,β) = 2` for any β ∈M and
∑

α∈M (−1)2bL(α,β) = 0 for any β /∈M .

(2) Since the projection of α in I⊥/I is non-isotropic, tα exchanges M+ and M−, and hence the
assertion follows.

Recall that 0-dimensional rational boundary components of DL bijectively corresponds to primi-
tive isotropic vectors in L. Since L is a 2-elementary indefinite lattice, by Theorem 0.8.5, the natural
map

O(L)→ O(D(L))

is surjective. This implies the following.

Proposition A.2.6. The O(L)]-orbits of 0-dimensional boundary components bijectively corre-
sponds to the set of isotropic vectors in D(L).

Proposition A.2.7. Let FV be the additive lifting associated to θV . Then FV is a non-zero auto-
morphic form of weight 4.

Proof. Note that c0 = 0 for θV . It follows from Theorem A.1.3 that there exists a non zero constant
a = a` such that for every primitive isotropic vector z ∈ L∨ which is not contained in L the formula
FV (z) = a · cα.
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Since the additive lifting is O(D(L))-equivariant and the transvections tα is represented by (−4)-
reflections in O(L), Lemma A.2.5, (2) implies that the zero divisor (FV ) contains the Heegner
divisor

H(V ) :=
∑

α∈V, qL(α)=1

Hα.

Let m be the number of all maximal totally singular subspaces V in D(L). Put

k = m/(2l − 1).

Consider the ratio ∏
V

FV /Ψ
k

where V varies in the set of all maximal totally singular subspaces in D(L). Note that
∏
FV is

of weight 4m and vanishes along each Heegner divisor Hα (α ∈ D(L) with qL(α) = 1) with at
least multiplicity 2l−1m/2l−1(2l − 1) = m/(2l − 1) = k. On the other hand, Ψk is of weight
4(2l − 1)k = 4m and vanishes along Hα with multiplicity k. Thus the ratio is a holomorphic
automorphic form of weight zero, and hence it is constant. Hence we have the following theorem.

Theorem A.2.8. Let L be an even lattice of signature (2, 10) with qL = u⊕l1 . Then FV is a holo-
morphic automorphic form of weight 4 with (FV ) = H(V ).

Now we apply these results to the case of complex Enriques surfaces. Recall that the moduli space
of Enriques surfacesMEnr is given by an arithmetic quotient

MEnr := O(E10(2)⊥)\D◦E10(2)⊥ .

For simplicity we denote E10(2)⊥ by N which is isomorphic to U⊕ U(2)⊕ E8(2). Then D(N) =
(Z/2Z)10 and qN = u⊕5

1 . Note that

N∨(2) ∼= U(2)⊕ U⊕ E8, O(N) ∼= O(N∨(2)).

We denote by M the lattice N∨(2). Obviously D(M) = (Z/2Z)2 and qM = u1.

By applying Theorem A.2.4 to the lattice M we have the following corollary.

Corollary A.2.9. There exists an automorphic form Φ of weight 4 on DM whose zero divisor is the
Heegner divisorH(−4).

Recall from the proof of Corollary 5.4.2 that (−2)-vectors in N form one orbit with respect to
O(N). Therefore, any such vector is conjugate to a (−2)-vector in the factor U in N under the
action of O(N). Therefore (−2)-vectors in N bijectively correspond to (−4)-vectors r in M with
r/2 ∈ M∨, or, in other words, (−1)-vectors in M∨. Moreover, we identify DN and DN∨(2) under
O(N) ∼= O(N∨(2))-equivarinant isomorphism. Then Corollary A.2.9 implies the following:

Corollary A.2.10. There exists an automorphic form Φ of weight 4 on DN whose zero divisor is
the Heegner divisorH(−2).
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It is surprising that the above corollary came from the denominator formula in some generalized
super Kac-Moody algebra (Borcherds [79]). Later Borcherds [80] reproved the corollary in the
same setting in this section.

Recall that D◦N = DN \ H−2 and Φ defines an ample line bundle on the Baily-Borel compactifi-
cation of O(N)\DN . Therefore Corollary A.2.10 implies

Corollary A.2.11. The moduli space of Enriques surfaces is quasi-affine.

Recall that we have proved this result in Theorem 5.9.11 by a different method. On the other hand,
by applying Theorem A.2.4 to N , we have the following.

Corollary A.2.12. There exists an automorphic form Φ′ of weight 124 on DN whose zero divisor is
the Heegner divisorH(−4).

SinceH(−4) is the locus of nodal Enriques surfaces, we have the following Corollary as in the case
of Corollary A.2.11.

Corollary A.2.13. The moduli space of unnodal Enriques surfaces is quasi-affine.

We can also apply Theorem A.2.8 to the lattice M . Note that u1 has a unique non isotropic vector
and hence M∨/M has a unique 1-dimensional singular subspace. Thus we have an automorphic
form F of weight 4 whose zero divisor is the Heegner divisor H(−4). This automorphic form F
is non-zero by calculating the Fourier expansion at a cusp. Since the ratio F/Φ is a holomorphic
automorphic form of weight zero, F/Φ is constant. Thus we have the following Corollary.

Corollary A.2.14. The Borcherds product Φ is obtained as an additive lifting.

A.3 A projective model of the moduli space of marked Enriques sur-
faces

By applying the results in the previous sections, we will show the following theorem. LetMm
Enr be

the moduli space of marked Enriques surfaces and letMm
Enr be its Baily–Borel compactification.

Theorem A.3.1. There exists a holomorphic O(D(N))-equivariant map

ϕ :Mm
Enr → P186,

defined by automorphic forms of weight 4 obtained as additive liftings. The map is birational onto
its image.

We use the same notation as in the previous section and assume ` = 5. Then the discriminant group
D(N) consists of 0, 527 non-zero isotropic vectors and 496 non-isotropic vectors. By applying
Lemma A.2.2, we have the following

Proposition A.3.2. The character of the Weil representation ρN is given by

χ = 187χ1 + 155χ2 + 341χ3.
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Denote by W the subspace of C[D(N)] of dimension 187. Since the action ρN of SL(2,Z) and
the one of O(D(N)) on C[D(N)] commute, O(D(N)) acts on W . The degrees of irreducible
representations of O(D(N)) are 1, 155, 186, . . . . On the other hand, the character of the action of
O(D(N)) on the space C4590 of maximal totally isotropic subspaces in D(N) is given by ([127],
p.146)

2χ1 + 2χ186 + 2χ2108.

Thus we can see that W decomposes into a 1-dimensional and a 186-dimensional subspaces W1

and W186 on each of which O(D(N)) acts irreducibly. Note that W1 is fixed under the action of
SL(2,Z)×O(D(N)). Proposition A.2.7 and Schur’s lemma imply that the additive lifting

W186 → [O(N)#, 4]

is injective. On the other hand, W1 is generated by

θ =
∑
M

∑
α∈M

eα

where M varies on the set of all maximal totally isotropic subspaces in D(N). We can easily see
that

θ = 270

17e0 +
∑

α 6=0,qL(α)=0

eα

 .

It follows from Theorem A.1.3 that the additive lifting F0 of θ is a non-zero automorphic form of
weight 4 with respect to the full orthogonal group O(N). Thus we have a rational map

ϕ :Mm
Enr → P186. (A.3.1)

For the base-point freeness of the map ϕ, we use the following lemmas.

Lemma A.3.3. ⋂
V

H(V ) = ∅,

where V varies on the set of all maximal totally singular subspaces in D(N).

For the proof of this lemma we need a case by case analysis and hence omit it here (see [402,
Theorem 5.1]).

We denote by H(V ) the closure of H(V ) in QN = {[ω] ∈ P(L ⊗ C) ω2 = 0}. Recall that 0-
dimensional rational boundary components of the Baily-Borel compactification O(N)#\DN bijec-
tively correspond to O(N)#-orbits of isotropic vectors in D(N). Denote by e a primitive isotropic
vector in N such that e/2 is not in N∨. Let Fe denote the 0-dimensional boundary component
corresponding to e. By the proof of Proposition A.2.7, we have the following (see [402, Remark
5.1]).

Corollary A.3.4. ⋂
V

H(V ) = O(N) · Fe,

where V varies on the set of all maximal totally singular subspaces in D(N).
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On the other hand, by Theorem A.1.3, we see that the additive lifting F0 of θ does not vanish at
e. Thus, combining this with Theorem A.2.8, we have proved that the map ϕ is holomorphic. Since
Mm

Enr is compact, ϕ is a proper map.

To prove that ϕ is birational, we consider a special point inMm
Enr. Let ω0 ∈ DN be the period of

the marked Enriques surface of type VI in the section 8.9. Is is known that

ω⊥0 ∩N = E6(2)⊕A4(2)

(see Proposition 8.9.26).

Lemma A.3.5. Let ω ∈ DN . Assume that ω is not equivalent under the action of O(N)#. Then
there exists a maximal totally singular subspace V satisfying ω ∈ H(V ), ω0 /∈ H(V ) or ω /∈ H(V ),
ω0 ∈ H(V ).

It follows that ϕ−1(ϕ([ω0])) = [ω0] and hence ϕ has degree 1. Thus ϕ is birational.

Remark A.3.6. Corollary 7.2 in [402] is wrong. Theorem A.3.1 is the correction of the corollary.
This was pointed out by Freitag and Salvati Manni [231].

Remark A.3.7. In the case ` = 3, we get an embedding of the moduli space of semi-stable ordered
sets of eight points in the projective line into P13 which is O(D(L))(∼= S8)-equivariant ([403]).
This embedding coincides with the one defined by "cross ratio" of ordered 8 points on P1.

Remark A.3.8. Allcock and Freitag [7] were the first to apply Borcherds additive and multiplicative
liftings to moduli problems. They considered the moduli space of marked cubic surfaces. They
obtained an embedding of the moduli space into P14 which is W (E6)-equivariant. This embedding
coincides with the one, due to Naruki [536], defined by Cayley’s cross ratios of cubic surfaces. It
would be interesting to study a geometric meaning of the map ϕ in Theorem A.3.1.

Bibliographical notes

The construction of modular forms on Hermitian symmetric homogeneous domains of orthogonal type from
modular forms in one variable is the special case of the theta correspondence that transforms automorphic
forms on the Lie group Sp(V1) to the automorphic form on the Lie group SO(V2) [302]. The fundamental
discovery of Borcherds was the fact that the denominator of the Kac-Weyl character formula for generalized
Kac-Moody infinite-dimensional Lie algebras of hyperbolic type based on a hyperbolic lattice represent the
infinite product of some of such modular forms [78]. Later, based on the ideas of physicists J. Harvey and
G. Moore who used Borcherds forms in string theory, he gave another less computational treatment of his
theory [80]. In between, he was already able to give the first application to algebraic geometry by proving
that the moduli space of Enriques surfaces is quasi-affine [79]. We follow his proof in this Chapter. A good
exposition of Borcherds’s theory can be found in Bruinier’s book [96].

The systematic use of Borcherds automorphic forms for the study of moduli spaces of K3 and Enriques
surfaces can be found in the works of S. Kondō [402], [406], [405], [404] and in the work of D. Allcock and
E. Freitag [7]. A brief exposition of some of this work is given in this chapter.
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(−n)-curve, 68, 72, 92, 95, 243, 251, 252
F -rational, 82
K/k-trace, 359
U -pair, 302

degenerate, 302
αp-cover, see cover
αp-torsor, see cover
αL,a-torsor, see cover
Gpf
a , 26

Gpf
m , 26

Q-homology projective plane, 484
Z/pZ-cover, see cover
F-crystal, 164

Hodge polygon, 166
isocrystal, 164
isogeny, 164
multiplicity, 165
slope, 165
supersingular, 176

µn-cover, see cover
Ĝa, 23
Ĝm, 23
k-very ample, see invertible sheaf
m-section, 439
étale cohomology, see cohomology
étale topology, see topology
4-nodal quartic

A3-vertex, 110
degenerate quadrangle, 110
quadrangle, 109
simple vertices, 110

abelian variety, see group scheme
absolute invariant, 378, 389
action, 11

fixed locus, 12
fixed-point-free, 12

geometric quotient, 12
linearization, 53

additive lifting, 583
adjunction formula, 37
Albanese morphism, 195
Albanese variety, 145, 171, 195
algebraic family, 490
algebraic group

genus g, 400
algebraic space, 493
algebraically simply connected, 194
arithmetic subgroup, 552
Artin representation, 345
Artin-Schreier extension, 29
Artin-Schreier sequence, 16
Artin-Schreier torsor, see cover
automorphic form, 581
automorphic forms, 552
automorphic line bundle, 552

Baily-Borel compactification, 552
basic rational surface, 439
Beauville surface, 469
Betti number, see cohomology
Bockstein operator, 141
Bogomolov’s theorem, see vector bundle
Borcherds forms, 538
Borcherds product, 583
Borel-de Sibenthal-Dynkin algorith, 442
branch locus, 34, 40, 44, 50, 75

purity, 34
wild ramification, 44

Brauer group, 170
cohomological, 139, 154, 156, 203
formal Brauer group, 170, 225
of a field, 156
of a scheme, 156

636
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of a surface, 183

canonical cover, 205
canonical dimension, see Kodaira dimension
canonical isotropic sequence, 332
canonical sheaf, 30
cap-product, 149
Cartan matrix, 136
Cartier divisor, see divisor
Cartier isomorphism, 160
Cartier operator, 160, 180
Cartier-Dieudonné module, 22, 172

of a formal group, 24
Castelnuovo’s Rationality Criterion, 191
Cayley lattice, 525
Cayley surface, see cubic surface
chamber

fundamental, 129
character group, see group scheme
Chern class, 152

in crystalline cohomology, 166
class group, see divisor, see singularity
Coble surface, 517

(−4)-curve, 517
boundary components, 517
marking, 517
moduli space, 516
terminal of K3 type, 517
types, 518

cohomological flatness, 344, 369
cohomology

`-adic, 155, 191
étale, 12, 154, 191
Betti number, 142, 149, 155, 158, 201
Chern class, 152
comparison theorem, 155
crystalline, 163
de Rham, 150, 158
de Rham-Witt, 168
deformation invariance, 201
divisorial torsion, 172
Euler-Poincaré characteristic, 150, 155, 191,

344, 365
exotic torsion, 172, 221
flat, 12, 177

Hilbert’s Theorem 90, 15
Hodge, 150, 191, 201
local, 83
Poincaré Duality

for constructible sheaves, 156
in `-adic cohomology, 155
in étale cohomology, 155
in crystalline cohomology, 163
in topology, 149

singular, 149
torsion, 149, 164, 172, 177
universal coefficient formula, 149, 164
Witt vector, 161

conductor ideal, 207
conductrix, see Enriques surfaces
cone

ample cone, 251, 497
effective cone, 250
nef cone, 251, 497
of big divisor classes, 251

connection, 36
Cartier, 36

Cossec-Verra polarization, 321, 334, 544, 574
cover

αp-cover, 46
αp-torsor, 42, 51
αL,a-torsor, 42, 193
Z/pZ-cover, 46
Z/pZ-torsor, 51
µn-cover, 38
µn-torsor, 51
Artin-Schreier torsor, 42, 193
branch locus, 34, 44
inseparable, 36, 42
local principal G-cover, 82
of type µn, 33
separable, 34
simple µn-cover, 33
split αL,a-torsor, 43
trivial, 49

Coxeter group, 128
elliptic type, 130
euclidean type, 130
geometric representation, 130
hyperbolic type, 130
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irreducible, 129
Lanner, 136
length function, 131
quasi-Lanner, 136
Tits representation, 130

Coxeter-Dynkin diagram, 71, 128
rank of a subgraph, 137
subgraph of finite type, 137
subgraph of parabolic type, 137

Cremona involution, 118
crystalline cohomology, see cohomology
cubic surface, 115

Cayley cubic surface, 118
cup-product, 149
curve

arithmetic genus, 76, 338
hyperelliptic, 297
simple singularity, 76

curve of cusps, 346
cusp, 553

de Rham cohomology, see cohomology
de Rham-Witt complex, see cohomology
Dedekind eta function, 585
Degeneration, 560

Enriques surface, 324
good reduction, 565
K3 surface, 324
Kulikov model, 562
of type III, 324
semi-stable, 560

degeneration
elementary modification, 501, 565
flop, 501, 565

degree
homomorphism, 347

del Pezzo surface, 91, 94
(−2)-curve, 95
4-nodal quartic, 108

degenerate, 108
anti-canonical, 92
anti-canonical algebra, 92
anti-canonical model, 92, 95, 97
conics, 95
degree, 91

lines, 95
nodal curve, 95
of degree 1, 384
of degree 5, 454
Picard group, 95
root diagram, 96

del Pezzo surface
anti-canonical, 300

derivation, see vector field, 54
determinantal formula, 363
Dirichlet domain, 520
discrete group, 127
discriminant

of a quasi-elliptic fibration, 388
of an elliptic fibration, 375, 377, 378, 387

discriminant bilinear form, see lattice
discriminant quadratic form, see lattice

isotropic subgroup, 122
divided power structure, 161
divisible group, 152
divisor

0-curve, 252
Q-divisor, 244
ample, 251
big, 189, 243
Cartier divisor, 31
class group, 31
fundamental cycle, 276
linear equivalence, 190
nef, 190, 242, 251
negative part, 244
numerical equivalence, 190
numerically m-connected, 274
numerically connected, 245, 252
of canonical type, 252, 282
of elliptic fiber type, 252
Picard group, 31
positive part, 244
Reducibility Lemma, 262
Weil divisor, 31
Zariski decomposition, 244

double plane construction, 336
double-nine, 334
double-ten, 333
Duality
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Cartier, 17, 19, 235
in flat cohomology, 183
Poincaré in `-adic cohomology, 185
Poincaré in p-adic cohomology, 185
Poincaré in flat cohomology, 186
quasi-algebraic groups, 184

dualizing sheaf, 30, 37, 77

elementary modification, see degeneration
elliptic curve, 11, 17

automorphisms, 380
elliptic modular surface, 467
formal group, 404
formal group law, 24
Frobenius morphism, 11
ordinary, 17, 24, 52, 60
quadratic twist, 381, 409
supersingular, 17, 24, 52, 60, 238, 409

elliptic fibration, see genus one fibration
absolute invariant, 378
extremal, 442
j-invariant, 378
Lutz group, 404
semi-stable reduction, 407

elliptic surface, 339
Enriques double plane, 318

degenerate, 318
Enriques involution, see Enriques surface, 324
Enriques lattice, 227

fundamental weights, 228
Weyl group, 228

Enriques octic, 234, 318
Enriques surface, 192

2-level structure, 513
F -split, 248
Φ, 268
α2-surface, 193, 198
µ2-surface, 193, 198
Bloch-Kato ordinary, 224
Brauer group, 203, 204, 213, 364
classical, 193
conductrix, 207, 210
degeneration, 324
double model, 317
double plane model, 298

Enriques involution, 213
exceptional, 207, 219
Fano model, 332, 545, 563
general nodal, 526
Hodge versus de Rham spectral sequence,

221
Horikawa model, 300, 318
K3-cover, 205, 225, 287, 321
Kulikov model, 562
marked, 509
moduli space, 573
Mukai model, 333
noda, 526
nodal, 261

moduli space, 525
nodal curve, 243, 251
nodal Weyl group, 252, 262
ordinary, 193
Picard group, 196, 213, 226
polarized, 528
quintic model, 234
sextic model, 232, 330, 544
simply connected, 197, 220
singular, 193
slope spectral sequence, 219
supersingular, 193
Tate conjecture, 203
tropicalization, 324
unipotent, 197, 576
unirational, 199, 212, 238
unnodal, 261

with extra automorphisms, 521
weakly isomorphic, 522
Weyl group, 228, 252
with vector fields, 199, 219
Zariski surface, 199, 218

Enriques’ Reducibility Lemma, 262
euclidean reflection groups, 133
Euler-Poincaré characteristic, see cohomology

of a fiber, 344
of a genus one fibration, 365

exceptional configuration, see surface
exceptional configurations, 439
exceptional curve, 68

(−1)-curve, 68
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of the first kind, 68
exceptional cycle, 69
extremal genus one fibrations, 442

face variety of a simplex, 563
Fano model, 332, 545, 563
Fano polarization, 332, 531, 545
Fano variety, 92
fiber

Euler-Poincaré characteristic, 344
of additive type, 341
of multiplicative type, 341
semi-stable, 341
tame, 343
unstable, 341
wild, 343

fibration, 337
elliptic, 191, 339
genus one fibration, 339
genus one pencil, 258
half-fiber, 258
multiple fiber, 259, 340
quasi-elliptic, 191, 312, 339
relative dimension, 337
wild conic bundle, 338
wild fiber, 259

flat cohomology, see cohomology
flat topology, see topology
flop, see degeneration
foliation, 57

p-closed, 57, 62
integrable, 57

formal group
height, 405
of elliptic curve, 404

formal group law, 23, 170
Ĝa, 23
Ĝm, 23
additive formal group law, 23
Artin-Mazur functors, 170
Cartier-Dieudonné module, 24, 170, 175
elliptic curve, 24
formal Brauer group, 170, 175, 212
formal Picard group, 170
Frobenius morphism, 24

height, 24, 175
multiplicative formal group law, 23

formal Lie group, see formal group law
Fourier-Mukai transform, 328
Fricke involution, 505
Frobenius morphism, 10, 11, 20, 21, 24, 36, 42,

55, 160, 193, 222
F -splitting, 83, 222
absolute, 10
flatness, 82
linear, 11
relative, 11

Fujita’s conjecture, 267
fundamental cycle, 69

of a nef divisor, 276
fundamental group, 403
fundamental weights, see Enriques lattice

genus one curve, 339
genus one fibration, 339

étale isotrivial, 416
Betti number, 367
Brauer group, 364
curve of cusps, 346
degenerate fiber, 340
degenerate fibers, 341
discriminant, 375
elimination of multiple fibers, 365
elliptic, 339
essential lattice, 393
Euler-Poincaré characteristic, 365
extremal, 442, 470
Halphen pencil, 440
height pairing, 394, 399
index, 401
jacobian, 357
Kodaira’s notation, 255
Mordell-Weil group, 360, 393
Mordell-Weil lattice, 394
multiple fiber, 340
Néron’s notation, 255
narrow Mordell-Weil lattice, 395
period, 399
Picard rank, 360, 367
quasi-elliptic, 339
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relatively minimal, 340
separable index, 401
Shioda-Tate formula, 360
singular fiber, 340
Tate-Shafarevich group, 415
trivial, 359
trivial lattice, 393
Weierstrass model, 372
Weil-Châtelet group, 400
wild fiber, 343

genus one pencil, see fibration
gonality pencil, 333
Gorenstein, 30, 37
Greenberg realization, 29, 403

perfect, 29
group scheme, 9

αp, 15
αL,a, 16, 42
Ga, 15
Gpf
a , 26

Gm, 15
Gpf
m , 26

Ln,m, 21
µn, 16, 33
étale, 9
abelian variety, 10, 143, 195, 223, 237
action, 11
additive, 15
additive perfect group scheme, 26
Cartier duality, 17, 19, 53, 235
character group, 19, 39
connected, 18
connected component, 18
connected-étale exact sequence, 18
constant, 9
diagonalizable, 17
dual abelian variety, 143
duality, 26
elliptic curve, 10
finite, 9
Frobenius morphism, 11
Hopf algebra, 10
idenity component, 140
identity component, 18
inertia, 40

Lie algebra, 22, 141
linear algebraic, 10
linearly reductive, 19, 44
multiplicative, 15
multiplicative perfect group scheme, 26
of multiplicative type, 17
perfect group scheme, 26
torsor, 51, 53
torus, 17
twisted form, 15, 425
unipotent, 21, 44, 197
Witt group scheme, 21

half-discriminant, 119
half-fiber, see fibration
Halphen pencil, 440

Bertini theorem, 441
index, 440

Halphen set of points, 440
Halphen surface of index m, 440
Hasse-Witt matrix, 437
Heegner divisor, 538, 582
height

of a morphism, 55
of a formal group law, 24, 175

height pairing, 394, 399
Heisenberg group, 552
Hesse configuration, 460
Hesse pencil, 459, 482

harmonic polar line, 483
Hilbert scheme, 528

of Enriques surfaces, 532
Hochschild-Serre spectral sequence, 213
Hodge decomposition, 151
Hodge filtration, 158
Hodge index theorem, see signature
Hodge polygon, see F-crystal
Hodge symmetry, 148, 151
Hopf algebra, see group scheme
Horikawa model, 300, 318
Hurwitz formula

positive characteristic, 345
hyperbolic space, 127

absolute, 127
isometry group, 127
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hyperelliptic surface, 418

Igusa inequality, see Picard group
index, 401
infinitely near point, see surface
intersection form, 143
intersection matrix, 68
invariant subscheme, 12
invertible sheaf

k-very ample, 272
algebraic equivalence, 143
ample, 251
big, 189, 242
Fujita’s conjecture, 267
Kodaira-Iitaka dimension, 189, 242
linear equivalence, 143, 190
nef, 190, 242, 251
numerical equivalence, 143, 190
pseudo-effective, 242
section ring, 189
Seshadri constant, 273

isotropic sequence, see lattice
isotropic vectors

simple isotropic decomposition, 542

j-invariant, see absolute invariant
jacobian fibration, see genus one fibration
jacobian fibration

associated to a genus one fibration, 353
Jacobian of a curve, 144, 147, 237
Jacobson correspondence, 56
Jung–Milnor formula, 76

K3 lattice, 496
K3 surface, 206, 496

F -split, 223
Artin invariant, 185, 211, 225
degeneration, 324
K3 lattice, 496
Kulikov model, 562
Kummer surface, 237
lattice-polarized, 497
most algebraic, 518
ordinary, 212, 223
Picard number, 496
polarized, 497

projective models, 287
Shioda-supersingular, 185, 207, 208, 211,

237
supersingular, 166, 177, 179
Torelli theorem, 503
tropicalization, 324
unirational, 211
Weyl group, 252

K3-cover, see Enriques surface
Kähler differentials, see variety
Künneth formula

in crystalline cohomology, 418
Kawamata-Morrison conjectures, 521
Kodaira dimension, 63, 190, 201, 239
Kodaira-Iitaka dimension, see invertible sheaf
Koecher principle, 581
Kulikov model, 562

type I,II,III, 563
Kummer exact sequence

in étale topology, 142, 157
in classical topology, 154
in flat topology, 16, 177

Kummer extension, 29
Kummer lattice, 514
Kummer surface, see K3 surface, 238, 514

quartic surface, 515

lattice, 119
2-elementary, 508
Φ, 268
An, etc., 71, 125, 243
En, 227
Ep,q,r, 124, 227
H, 125
Im,n, 124, 227
U, 125
U[n], 125
k-reflective, 135
p-elementary, 121
affine orthogonal group, 126
Cayley lattice, 525
definite, 120
discriminant, 120
discriminant bilinear form, 121
discriminant group, 121
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discriminant quadratic form, 121
dual lattice, 121
embedding of, 120
Enriques lattice, 227, 496
essential, 393
even, 119
genus, 122
Gram matrix, 120
hyperbolic, 120, 125, 227, 268
hyperbolic plane, 125
indefinite, 120, 125
isometry, 120
isotropic sequence, 230
isotropic vector, 124, 268
K3 lattice, 496
odd, 119
orthogonal complement, 120
orthogonal group, 120, 126
orthogonal sum, 120
primitive element, 120
primitive embedding, 120
primitive sublattice, 120
quadratic form, 120
quadratic module, 120
radical, 121
reflection group, 128, 497
reflection in a root, 126
reflective, 135
root basis, 129, 228
root lattice, 133
root vector, 126
signature, 120
sublattice, 120
sublattice of finite index, 120
sum, 120
trivial, 393
unimodular, 125
Weyl group, 129, 228, 497

Lie algebra, 22, 56, 433
p-Lie algebra, 22, 56
restricted, 22, 56

lift to characteristic 0, 163
linear system

anti-canonical, 92, 95
bielliptic, 300

non-special, 302
canonical, 189, 286
composite with a pencil, 253
Cossec-Verra, 321, 334, 544, 574
Fano, 332, 545
gonality pencil, 333
hyperelliptic, 291

non-special, 293
Mukai, 333
non-special, 321
pencil, 253
projective normality, 290
Prym canonical, 286
special, 321
superelliptic, 300

Lobachevsky space, see hyperbolic space
local cohomology, see cohomology
log differentials, see variety
logarithmic transformation, 485
Lutz group, 404

map, see linear system
marking, 509
metaplectic group, 582
Milnor number, 74, 76
minimal surface, see surface
modular curve, 467, 491, 553

cusp, 467
modular elliptic surface, 467
modular form, 582
moduli space, 490

M -polarized K3 surfaces, 500, 505
algebraic space, 493
Artin stack, 494
coarse moduli space, 491, 573
compactification

Baily-Borel-Satake, 547
compatictification

semi-toric, 559
Deligne-Mumford stack, 417, 494
elliptic curve, 417, 491
elliptic modular surface, 467
Enriques surfaces

2-level structure, 513
fine moduli space, 490
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modular curve, 491, 553
moduli stack, 417, 492
polarization, 528

Monodromy Theorem, 564
Mordell-Weil group, 360, 393
Mordell-Weil lattice, 394

discriminant formula, 396
essential lattice, 393
height pairing, 394, 399
local contribution, 396
narrow, 395
trivial lattice, 393

Mordell-Weil Theorem, 359
Mukai model, 333
Mukai polarization, 333, 336, 531
multiple fiber, see fibration
multiplicative lifting, 583
multiplicity

of a fiber, 340
of a fiber component, 340

Néron model, 352, 353
Néron mapping property, 352

Néron-Severi group, see Picard group
Nakai-Moishezon criterion, 243
net of conics, 328, 329

discriminant curve, 327, 328
Newton polygon

see F-crystal, 166
Nikulin R-invariant, 525
nodal curve, see (−n)-curve
nodal cycle, 283
Noether formula, 156

Ogg-Shafarevich formula, 421
ordinary double point, see rational double point
ordinary node, see rational double point
ordinary singularity, 232
ordinary variety, 172

abelian variety, 174
algebraic curve, 174
algebraic surface, 174

orisphere, 137
orthogonal group, see lattice

perfect group scheme, see group scheme

perfect scheme, 25
period, 399
period domain, 548

Baily-Borel compactficiation, 552
boundary component, 549
cusp, 553
discriminant, 503
Grassmann realization, 548
Heegner divisor, 503
Siegel domain, 549
Siegel half-space, 548
toroidal compactification, 554
tube domain, 551
upper half-plane, 548

period space, 502
Petersen graph, 454, 455
Picard functor, 138
Picard group, 31, 138, 201

Chern class, 152
formal Picard group, 170
Igusa inequality, 157
Igusa-Artin-Mazur inequality, 175, 178
local Picard group, 77
Néron-Severi group, 143, 153, 172, 198
of a del Pezzo surface, 95
Picard lattice, 144
Picard number, 144
Picard rank, 153

Picard rank, 201
Picard scheme, 52, 139, 196

Lie algebra, 141
Picard variety, 143
Poincaré sheaf, 140

Picard variety, see Picard scheme
pinch point, 233
plurigenus, 63, 201
Poincaré duality, see cohomology, 165
Poincaré sheaf, see Picard scheme
polarization, see linear system, 526

ample, 526
Cossec-Verra, 321, 334, 335, 544, 574
degree, 528
Fano, 545
Mukai, 333
numerical, 528
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Picard, 528
polarized variety, 490
positive cone, 126
principal G-cover

local, 82
principal homogeneous space, see torsor
projective normality, 290
proper transform of a linear system, 95
purity

for torsors, 14
of the branch locus, 34

quadrangle
vertices of, 109

quadratic form, see lattice
quadratic lattice, see lattice
quadratic module, see lattice
quadratic twist construction, 479
quartic surface, 98
quasi-algebraic group, see perfect group scheme

duality functor, 184
quasi-elliptic curve, 339
quasi-elliptic fibration, 312, 339

absolute invariant, 389
j-invariant, 389
Tate-Shafarevich group, 422

quasi-elliptic surface, 339
quasi-hyperelliptic surface, 422
quintic model, 234

ramification locus, see branch locus
rational double point, 61, 70, 243

F -injective, 85
F -rational, 83
F -regular, 83
F -split, 85
classical form, 73
nodal cycle, 72
of type An, etc., 71
ordinary double point, 45, 72
ordinary node, 72
Pinkham–Demazure construction, 83
quotient singularity, 81
taut, 74
Zariski singularity, 389

rational normal scroll, see surface

rational surface, 191
basic, 517
Coble surface, 517
Halphen surface, 440

Raynaud polygon, 354
Reducibility Lemma, 262
reflection group

chamber, 128
cocompact, 135
finite covolume, 135
root basis, 129
spherical, 132
uniform, 135
Weyl group, 129, 252, 262

reflexive hull, see reflexive sheaf
reflexive sheaf, 30

rank, 30
singular locus, 31

relative duality, 342
Riemann-Roch theorem, 156
root basis, 129, 228

canonical, 129
crystallographic, 135
hyperbolic type, 135
of affine type, 132, 254
of finite type, 71, 132, 245

root vector, 71, see lattice
positive, 132
reflection group, 130

section ring, see invertible sheaf
semi-quasihomogeneous, 74
semi-stable reduction, 407
Seshadri constant, see invertible sheaf
sextic model, 232, 330
Shafarevich pairing, 404
Shioda-Tate formula, 360, 485
Siegel domain, 549

first kind, 550
second kind, 550
third kind, 550

Siegel half-space, 548, 549
Siegel-Eichler transformation, 551
signature, 120

Hirzebruch signature theorem, 151
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Hodge index theorem, 153
simple curve singularity, 75, 254

of type an, dn, . . ., 75
singular point, see singularity
singularity, 67

F -injective, 83
F -regular, 82
F -split, 83
analytic isomorphism, 67
canonical, 77
class group, 77
Cohen–Macaulay, 77
cyclic quotient, 61
cyclic quotient singularity, 61, 78
double curve, 233
dual resolution graph, 72
elliptic, 68, 234
embedding dimension, 70
exceptional curve, 68
exceptional cycle, 69
exceptional locus, 67
formal isomorphism, 67
fundamental cycle, 69
genus, 68, 338
Gorenstein, 77
Hirzebruch–Jung, 80
Hirzebruch-Jung, 61
intersection matrix, 68
Jacobian algebra, 74
linearly reductive, 61
linearly reductive quotient singularity, 78
local fundamental group, 77
local Picard group, 77
Milnor number, 74–76
minimal resolution, 68
multiplicity, 70
numerical cycle, 70
ordinary, 232, 233
ordinary tacnode, 234
ordinary triple point, 233, 234
pinch point, 233
Pinkham–Demazure construction, 83
quotient singularity, 78
rational, 68
rational double point, 61, 70

resolution, 67
simple, 254
taut, 74
terminal, 77
vector field, 60

spectral sequence
conjugate, 161
Frölicher, 158
Hodge filtration, 158
Hodge versus de Rham, 158, 164, 221
slope, 168, 219

splitting under a cyclic cover, 50
stable rank, 174
stack, 492

algebraic, 494
Artin, 494
Deligne-Mumford, 494
supermarked Enriques surfaces, 534

Stanley-Reisner ring, 563
strange point of a conic, 319
sublattice, see lattice
superelliptic map, 336
supermarkings, 534
supersingular

F-crystal, 176
algebraic curve, 174
in the sense of Shioda, 185

supersingular surface, 175
in the sense of Shioda, 176, 347

surface
(weak) del Pezzo surface, 91
abelian surface, 10, 195, 237
Beauville surface, 469
bielliptic surface, 196, 418
elliptic, 191, 339
elliptic modular surface, 467
Enriques surface, 192
exceptional configuration, 94
Fano surface, 92
geometric genus, 192
Halphen surface, 440
Hirzebruch surface, 90
hyperelliptic surface, 196, 418
infinitely near points, 94
minimal, 190, 201
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minimal model, 191
of general type, 191
quasi-elliptic, 339
rational normal scroll, 90
ruled, 191
Segre surface, 90
symmetroid, 99, 302
unirational, 64, 199
uniruled, 347
Zariski surface, 64, 199

symmetric space
Baily-Borel compactification, 552
cusp, 553
Grassmannian realization, 548
irreducible, 547
of (non-)compact type, 547
orthogonal type, 548
Siegel domain, 549
Siegel half-space, 548
symmetric Hermitian space, 547
toroidal compactification, 554
tube domain, 551
upper half-plane, 548

symmetroid surface, 99, 302
4-nodal quartic del Pezzo, 108
automorphism group, 112
cubic, 115
determinantal equation, 118
quartic, 100
type, 99, 115

tacnode, 234
tame fiber, 343
tangent sheaf, 156

relative, 35
Tate conjecture, 176, 203
Tate module, 155, 203

`-adic, 152
Tate twist, 155
Tate-Shafarevich group, 415, 422
tight closure, 82
topology

étale, 12, 138, 154
classical, 148
crystalline, 162

flat, 12, 138, 177
Zariski, 138

Torelli theorem
for Enriques surfaces, 522
for K3 surfaces, 502, 503

toroidal compactification, 554
torsor, 12, 51, 53

αp-torsor, 42
αL,a, 42
αL,a-torsor, 42
cyclic, 51
extension theorem, 14
index, 401
period, 399
purity, 14
separable index, 401
Weil-Châtelet group, 400

transcendental lattice, 153
Tropicalization

Enriques surface, 324
K3 surface, 324

tube domain, 551

unipotent algebraic group
wound, 352

unipotent group
height, 425
of genus g, 426
quasi-elliptic, 426

universal coefficient formula, see cohomology
upper half-plane, 548, 553

cusp, 553

vanishing theorem
for F -split varieties, 247
for Enriques surfaces, 249, 264
Grauert–Riemenschneider, 69
Kawamata-Viehweg, 247
Kodaira, 247
Ramanujam, 247

variety, 9
F -split, 222, 247
canonical sheaf, 30
cone, 90
dualizing sheaf, 30, 37
exact differential form, 52
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Kähler differentials, 30, 54, 158, 159
Kodaira dimension, 190, 223
log differentials, 52
minimal degree, 90
non-degenerate, 90
ordinary, 161, 212, 223
plurigenus, 201
supersingular, 161, 179
unirational, 199

vector bundle
Bogomolov unstable, 264
Bogomolov’s theorem, 264
geometric, 32
line bundle, 32
tautological section, 33
total space, 32

vector field
p-closed, 56
divisor of, 60, 209
integral curve, 65
isolated zero, 60, 209
multiplicity, 60
non-divisorial zeros, 60
of additive type, 23, 58
of multiplicative type, 23, 58
quotient by, 55
rational, 55
resolution of singularities, 66, 89
singularity, 60

vector group scheme, 15
Verschiebung morphism, 20, 21
Vinberg criterion, 137

web of quadrics, 119
discriminant surface, 118

Weierstrass equation
discriminant, 375, 377
elliptic fibration, 374
elliptic fibration, p = 3, 375
global, 373
local, 372
quasi-elliptic fibration, p = 2, 376
quasi-elliptic fibration, p = 3, 377

Weierstrass model, 372
Weil divisor, see divisor

Weil representation, 582
Weil restriction, 25, 409
Weil-Châtelet group, 400
Weyl group, 129

affine, 133
Enriques surface, 252, 262
length function, 131
of an Enriques surface, 228
order, 134

wild fiber, see fibration
wild ramification invariant, 345
Witt ring, see Witt vectors
Witt vectors, 20

Frobenius, 20
Verschiebung, 20

Wu’s formula, 154

Zariski decomposition, 244
Zariski singularity, 389
Zariski surface, 64, 199
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